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The Robustness of Rasch Estimates

Fons J. R. van de Vijver
Tilburg University

The small scale applicability of Rasch estimates
was investigated under simulated conditions of guess-
ing and heterogeneity in item discrimination. The ac-
curacy of the Rasch estimates was evaluated by means
of the correlation between the item/person parameters
and their estimates, the standard deviations of the esti-
mates, and the difference as well as the root mean

squared difference between parameters and estimates.
Within the range of the present investigation (from 10
to 50 items and from 25 to 500 persons) these criteria
yielded favorable results under conditions of heteroge-
neous item discrimination. Under conditions of guess-

ing, robustness could only be demonstrated for the
correlational criterion. Guessing affects the difference
measures between the parameter values and estimates

quite strongly in a systematic way. It is argued that,
notwithstanding these estimation errors, the Rasch
model is to be preferred over nonstandard estimation
procedures, from which the validity is unclear, or the
use of the three-parameter model with its computa-
tional problems in small samples.

This article is concerned with one particular item
response model, namely, the Rasch model. The
choice for the Rasch model rather than the two- or

three-parameter model was motivated first and

foremost by the small scale applicability of the
Rasch model. The often reported lack of conver-

gence of the estimation procedures for small data
sets (cf. Hulin, Lissak, & Drasgow, 1982; Lord,

1968) does not occur in the Rasch model. Even if
in more-parameter models the iterative procedure
converges, not all parameters may be estimated

accurately. In particular, the accuracy of the guess-
ing parameter is often poor (cf. Hulin et al., 1982;
Thissen & Wainer, 1982).
A second reason to focus on the Rasch model

was that the few comparisons between the different
methods carried out so far showed converging re-
sults, or as Traub and Lam (1985) stated: &dquo;When

a model has been fit to a set of data by different
methods, any difference in estimates associated with
a difference in methods has been too small to be

of practical consequence&dquo; (p. 26). This implicitly
favors the use of the computationally simpler and
less computer time-consuming model, that is, the
Rasch model.

In this article the robustness of Rasch estimates

was investigated against violations of the assump-
tions of no guessing and homogeneity of item dis-
crimination. A few related monte carlo studies on

the Rasch model have been reported. Hambleton
and Traub (1971) compared the information and

efficiency of three scoring systems, namely, of the
one-, two-, and three-parameter models, with re-

spect to various ability levels. Using 15-item tests,
they found that person estimates were rather robust

against heterogeneity of item discriminations. Un-
der conditions of guessing, however, their depen-
dent measure showed less favorable results for the

one- and two-parameter models, in particular for
examinees with low scores. Although their con-
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clusions will generalize over various test lengths,
it should be noted that the authors used a test length
of 15 items, which is rather small, if not too small,
for an application of the three-parameter model.

In another monte carlo study, Dinero and Haertel

(1977) investigated the impact of variation in item
discriminations on the correlation between param-
eter values (difficulties as well as abilities) and their
estimates. They found that the form of the distri-
bution of the item discrimination parameter criti-

cally affected the robustness of the estimates. For
normal distributions of the item discrimination pa-
rameters the authors observed high correlations.
The correlations decreased considerably when the
discrimination parameters were distributed uni-

formly. Since it seems difficult to believe that the

shape of the item discrimination parameter distri-
bution influences the robustness of Rasch estimates

so dramatically, major parts of their study were

replicated in the present study.
Wainer and Wright (1980) investigated the ro-

bustness of ability estimates under conditions of

guessing. They found that jackknife procedures
outperformed the standard estimation procedure of
the Rasch model in tests of up to 40 items.

In the present study the accuracy of the estimates
was evaluated in terms of four measures (cf. Hulin
et al., 1982). First, the correlations between the
item parameters and their estimates as well as be-
tween the person parameters and their estimates

were calculated. Second, the standard deviations
of the item and person estimates were computed.
Third, the logit scale was split in 20 intervals and
for each interval the bias was calculated, being the
mean difference between the item or person pa-
rameters and their respective estimates. Finally, the
same was done for the root of the mean squared
difference between parameters and estimates.

Procedure

The program structure was as follows:

1. A number of vectors of specified length were
generated: (1) uniformly distributed item dis-
crimination parameters drawn from a uniform
distribution and then rescaled in order to make

the product of all parameters equal to one,
(2) standard normally distributed item diffi-

culties, (3) uniformly distributed lower

asymptotes, and (4) standard normally distrib-
uted person parameters.

2. On the basis of these vectors, the matrix P

with elements p,i was computed, containing
the theoretical probabilities of correct answers

by means of

where ai is the item discrimination parameter
of item i,

bi is the difficulty of the item,
ci is the lower asymptote, and

0v is the ability of person v.
Under the Rasch model at = 1 and c; = 0 for
each item.

3. A matrix R with elements ~v~ was filled with

uniformly distributed random numbers within
the interval (0,1 ) .

4. The dichotomous data matrix D was computed
with elements C~vt so that: dvi = 1 if Pvi ~ rvi and
clv; = 0 if p,i <rvi.

5. All persons and items with only zeros or ones
were removed.

6. It was checked whether the maximum likeli-

hood estimates based on these data were unique.
If not, the program returned to the beginning
(this situation did not occur during the simu-
lations). This procedure stems from Fischer
(1981) who has derived necessary and suffi-
cient conditions for the existence of unique
maximum likelihood estimates in the Rasch

model.

7. Conditional item and person parameters were
estimated. The procedure for the estimation of
item parameters used here does not lead to

computational inaccuracy and can be applied
even for large numbers of items (Verhelst, Glas,
& van der Sluis, 1984).

8. The following dependent variables were com-

puted :
(a) The correlation between (item and person)
parameter values and their estimates, (b) The
standard deviations of these estimates, (c) The
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bias, that is, for each interval (smaller than
- 2.70, between - 2.70 and - 2.40, ... , larger
than 2.70), the average difference between pa-
rameters and estimates, and (d). The root mean

squared error (RMSE), the square root of the
average squared difference per interval be-
tween parameter values and their estimates.
To reduce the number of points in the graphs
the results of the bias and RMSE statistics were

averaged pairwise (mean of the first and sec-
ond interval, mean of the third and fourth in-

terval, etc.).
Simulation runs were performed for the following
number of items (k) and persons (~e)a k = 10 and
n = 25; k = 25 and ~c = 50; k = 25 and - 100;
k = 25 and n = 500; and k = 50 and n = 500. The
levels of items and persons were not crossed com-

pletely because little information would be gained
by a complete crossing at the cost of much com-

puter time.

The simulations consisted of four parts; in each

part all (n,k)-combinations were used (see Ta-

ble 1). First, data were generated under the Rasch
model to provide a criterion against which subse-

quent findings could be evaluated; for each (n,k)-
combination 50 runs were performed. As these data
were generated under the (null) hypothesis of the

validity of the Rasch model, they are referred to
as &dquo;null data.&dquo;

Then, data sets were generated in which the items
had heterogeneous discrimination parameters. Three
different levels of variability of the discrimination

parameter were used, with lower and upper limits

ranging from .90 to 1.10, from .50 to 1.50, and
from .00 to 2.00, respectively, with 50 runs for
each level per (n,k)-combination. Thereafter, data
were generated in which guessing occurred. Three
different average guessing levels were used, rang-
ing from .10 to .30, from .25 to .45, and from .40
to .60, with 50 runs for each level. In the final run
of simulations, data were generated in which both

assumptions were violated. The three levels of the
two factors, item discrimination and guessing, were
crossed, with each crossing containing 25 runs.

Table 1

The Design of the Study
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Results

Correlations

In Table 2 the correlations between the param-
eters and their estimates are presented. In all data
sets it was observed that the correlation between

item difficulties and their estimates increases with

the sample size, and that the correlation between

person parameters and estimates increases with test

length. This is fairly obvious as the influence of
&dquo;calibration error&dquo; decreases. For instance, when

the sample size increases, with the number of items

remaining constant, the sum of the estimated prob-
abilities of a correct response for each person, equal
to the sufficient statistic, will better approximate
the sum of the probabilities expected under the
Rasch model. The influence of improbable item

responses will diminish in large data sets.
It appears from these simulations that in the null

case 25 items/persons is sufficient to produce cor-
relations of over .90 between person/item param-
eters and their estimates. In the two-parameter model
a similar figure has been found (Hulin et al. , 1982).
The correlations in Table 2 between item param-

eters and their estimates are typically higher than
between person parameters and their estimates. This
is a consequence of the fact that the number of

persons in the simulations was always larger than
the number of items. Since this is generally the
case in empirical data sets, it follows that item

estimates as a rule are more accurate than person
estimates.

From Table 3 it can be gathered that the corre-
lations are not very sensitive to heterogeneity of
item discriminations. A decrement in the correla-

tion could only be observed for discrimination pa-
rameters with extreme variation. However, this

largest dispersion used, ranging from .00 to 2.00,
is unlikely to be present in empirical data. The
correlation between the person parameters and their
estimates was unaffected by variation in item dis-
criminations, even when these values range from
.00 to 2.00. Thus, with the correlation between

parameters and estimates as the main criterion, the
Rasch model appears to be robust against hetero-
geneity of item discriminations. This confirms the
results of Hambleton and Traub ( 1971 ) .
The reason for this robustness can easily be

understood. Suppose that two tests are adminis-
tered to the same people, one test meeting the as-

sumptions of the Rasch model and the other test
having the same item difficulties, but heteroge-
neous item discrimination values. The vectors with

the person totals derived from these two tests will

Table 2

Correlations and Standard Deviations for the Null Data
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not differ much from each other because the under-

estimations and overestimations in the test, which

can be expected under the Rasch model, will cancel
out when summed over the items. Suppose, in ad-
dition, that all items have the same difficulty pa-
rameter bt. The item characteristic curves (Ices) of
the second test will all intersect at point bi. The
item totals will not differ for the various items of

both tests, if the average of the person parameters
does not differ too much from bi, that is, as long
as the number of persons observed at either side

of bi is approximately the same. Only those items
with highly uneven numbers of observations at either
side, the very easy or difficult items, will be af-
fected.

When guessing is introduced, the correlations
are more strongly affected, with higher guessing
rates giving rise to lower correlations, though the

impact remains fairly small (see Table 4). The cor-
relation between the item parameters and their es-

timates, averaged over all combinations of sample
size and test length, was .90, whereas a value of
.97 was observed in the null case. For the corre-

lation between the person parameters and their es-

timates, these values were .89 for the null case and
.78 under heterogeneity of the item discrimina-
tions. The reason for this robustness is rather clear;

guessing does not tend to alter the original distances
between either the items or the persons or both,

except for a simple linear transformation, thereby
maintaining high correlations. Only for very high
guessing rates (e.g., yes/no alternatives) may the
relative distance not be well preserved, and by con-

sequence, the correlation may decrease.

When both assumptions are violated simulta-

neously, the average correlations drop fro. .97 in
the null case to .85 for the item difficulties, and
from .89 to .75 for the person abilities (see Ta-
ble 5). Apparently, the two violations do not am-
plify each other.

Table 3

Correlations and Standard Deviations under Heterogeneous Item
Diserimination ___

*See Table 2 for an explanation of the symbols.
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Table 4

Correlations and Standard Deviations under Conditions of Guessing

*See Table 2 for an explanation of the symbols.

Standard Deviations

Under the assumption of a normal distribution
of abilities in the latent distribution, Andersen and
Madsen (1977) have described a procedure to es-
timate the mean and standard deviation of this dis-

tribution. Such a distributional assumption, how-
ever, is not strictly needed to estimate parameters
of the latent distribution of item difficulties and

person abilities, since the standard deviations of
the latent distributions can be simply estimated on
the basis of the estimates. In the present study the
standard deviations of both the item and person
distributions were estimated and compared with the

parameter value, which was always equal to 1.00.
The results are presented in Tables 2 through 5. It
can be seen that, even in the null case, the dis-

persion of the latent distribution is usually some-
what overestimated, particularly in small data sets.

Quite a number of persons and items seem to be

required for accurate estimation. Remarkably, the
standard deviations are more accurately estimated

when the items have varying item discriminations
(see Table 3). Again, it appears that heterogeneity
in item discrimination does not invalidate the use

of the Rasch model.

Under conditions of guessing, there is a dramatic
shrinkage of the estimated standard deviation of
both item and person estimates (see Table 4). Higher
guessing rates lead to smaller standard deviations
of the estimated latent distribution. This finding is
not surprising, since in this shrinkage the standard
deviation of the Rasch estimates simply behaves
like the number of items correct, which also shows

smaller standard deviations under guessing. When
the two assumptions are violated simultaneously,
the standard deviations are mainly determined by
the guessing level (see Table 5). Thus, it appears
to be quite possible to estimate the standard de-
viation of the latent distributions without any dis-

tributional assumption, provided a sufficiently large
number of observations are available and guessing
does not occur.
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Table 5

Correlations and Standard Deviations under Violation of Both

Assumptions

*See Table 2 for an explanation of the symbols.

Bias and RMSE: The Null Data

In Figure 1 the bias of the item estimates is pre-
sented. It can be seen that the bias of the estimates

is small, except for the extremes of the logit scale
where the bias can become larger. Figure 2 shows

that the size of the RMSE is mainly determined by
the sample size, with larger samples giving rise to
a smaller RMSE. The finding of a higher accuracy
of the item estimates in larger samples replicates
the finding of the previous section. Furthermore,

Figure 1
Bias of the Item Estimates
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Figure 2
RMSE of the Item Estimates

(See Figure 1 for Explanation of Symbols)

it illustrates the consistency of conditional esti-

mates in the Rasch model. At the same time, it has
to be noted that the difference between a parameter
and its estimate is usually substantial as exempli-
fied by the present RMSE values.

Analogous results were observed for the bias and
RMSE of the person estimates, as can be seen in

Figure 3. In general, the bias was 1&reg;w9 thc RMSE
of the person estimates decreases with test length.
From a comparison of Figure 3 and Figure 4, it

can be gathered that the RMSE is smaller for the
item estimates than for the person estimates, be-
cause the number of persons in the samples was
larger than the number of items in the tests.

Bias and RMSE Under

Violation of the Assumptions

An inspection of Figures 1 thorough 4 shows that
heterogeneity of item discriminations hardly af-

fects the bias and RMSE, replicating the previous
findings of robustness of the item estimates in this
respect. Guessing, on the other hand, influences
both the bias and RMSE measures dramatically. For
difficult items the bias graphs are below zero and
for easy item values the reverse holds. Thus, the

Figure 3
Bias of the Person Estimates

(See Figure 1 for Explanation of Symbols)

item estimates are systematic underestimations and
overestimations of their parameter values.

The effect of this distortion is a reduction in the

dispersion of the estimates. It appears that the pa-
rameter values of difficult items are systematically
underestimated and the parameter values of easy
items are overestimated when guessing occurs. This

may seem counterintuitive. It may seem more likely
to expect the bias and RMSE to decrease with item

difficulty, that is, to expect the smallest bias in the
easiest items, since guessing is less likely to occur
in these items. It should be bone in mind, how-

ever, that the logit scales are determined up to a
constant. The (arbitrary) midpoint of the item scale
was set at zero, as usually done. This leads to a

larger bias and RMSE at the extremes. The inde-

terminacy implies that it is perfectly legitimate to
move the bias graphs along the vertical axis. An-

choring the items at the easiest item (e.g., by fixing
this item at - 3. 00) would have yielded a picture
with probably a higher intuitive appeal.

Although not further documented here, it was

found that both the bias and RMSE increase with

higher guessing levels and that the systematic es-
timation errors do not decrease with an increase in

sample size or test length. Thus, guessing leaves
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Figure 4
RMSE of the Person Estimates

(See Figure 1 for Explanation of Symbols)

the rank order of the item difficulties largely intact,
thereby maintaining high correlations between the
item parameters and their estimates, but also in-
troduces large differences between the two, as

demonstrated in the shrinkage of the variance of
the item estimates.

The results of the person estimates are compa-
rable to those from the previous section. Both bias
and RMSE have low values under heterogeneous
item discriminations and high values under guess-
ing. Once again, there is a very strong negative
correlation between ability and bias.
On the basis of Figure 2, a correction for bias

seems straightforward; a procedure similar to the
traditional correction for guessing would be indi-
cated. The feasibility of such a guessing correction,
however, depends on the data generating algorithm
used in which guessing, an item characteristic, oc-
curs whenever the person does not know the correct

answer. In more complicated guessing models, for

example, models in which guessing is considered
as a function of both the person and the item, the
traditional correction may turn out to be inferior to

other procedures (cf. Wainer & Wright, 1980). At
the same time, it should be noted that the validity
of different guessing models is difficult to evaluate.

A closer examination of the results with respect
to guessing is presented in Figures 5a and 5b. In
the first of these figures the theoretical and empir-
ically fitted Iccs are given for two easy items (b;
- -1.95 for both items), one with a low guessing
parameter (ci = .20) and one with a high guessing
parameter (c; _ .50). For both items the estimated
item difficulties (b; _ -1.5~ and bi = - 1.34, re-
spectively) were larger than the parameter values,
with the larger difference for the item with the

higher guessing parameter. The item difficulty, the

point of inflection of a curve, is marked in the

graphs of Figures 5a and 5b. Apparently, in both
cases, the item difficulty is overestimated. In Fig-
ure 5b the same procedure has been followed for
two difficult items (b, = 1.95 for both items). In
this case the estimated item difficulties were less

than the parameter values (bi = 1.41 for c; _ .20,
and ~; _ . .85 for ci = .50); thus, the item difficul-
ties were underestimated here. Again, the discrep-
ancy was larger for the item with the higher guess-
ing rate. As the estimated values of both easy and
difficult items are closer to their average than their

corresponding parameter values, it can be con-
cluded that guessing reduces the dispersion of the
item difficulties by overestimating the parameters
of easy items and underestimating the parameters
of difficult items.

Replication of Dinero and
Haertel’s (1977) Study

Since the results of the present simulations sharply
contrast with those of Dinero and Iiacrtel’s (1977)

investigation, major parts of their study were rep-
licated. Dinero and Haertel generated two types of
data matrices. The first was the so-called &dquo;P matrix&dquo;

(matrix P in Step 2 of the program structure de-
scribed above) in which the cells of the data matrix
with the probabilities are summed and rounded to
the nearest integer in order to obtain the sufficient
statistics. The second data matrix, the so-called
&dquo;D matrix,&dquo; is generated in the same way as the
data matrix D described in Step 4 of the program
structure. In the present replication these P and D
matrices were analyzed for two types of population
distributions of the item discrimination parameters,
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Figure 5
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namely, uniform and normal, each combined with
five different levels of variance of the item dis-

crimination parameter for 75 persons and 30 items.

The results of this replication are presented in
Table 6. When item discrimination parameter val-

ues were sampled from a normal distribution, Di-
nero and Haertel’s (1977) results could reasonably
be replicated for both P and D matrices (note that
each cell in Table 6 is based on only one simulated
data set). No noteworthy differences between the
statistics for the two population distributions of the
item discriminations emerged. The lowest corre-
lation for uniformly distributed discrimination pa-
rameters obtained was . ~~, which is very far from
the low negative values reported by Dinero and
Haertel.

Discussion

In this monte carlo study, it was shown that,
even in small samples and for short tests, hetero-

geneity of the item discriminations hardly affects
the accuracy of Rasch estimates. The robustness

of the model in this respect somewhat downplays
the importance of detecting heterogeneity by means
of fit tests (e.g., Gustafsson, 1980; Molenaar, 1983;
van den Wollenberg, 1982). For an adequate inter-
pretation of the present simulations, it should be

noted that all the Iccs in these simulations were

monotonically increasing. Consequently, the ro-

bustness reported here may apply to ability and
achievement tests rather than to attitude question-
naires.

The question of robustness of Rasch estimates
is more complicated when guessing occurs, since
it depends on the criterion used. When the differ-
ence between the item or person parameter and its
estimate is used for this purpose, Rasch estimates

are definitely not robust. Guessing reduces the dis-

persion in both person and item estimates. This

problem cannot be eliminated by increasing the test
length or sample size; the difference between the

parameter and its estimate almost exclusively de-

pends on the value of the lower asymptote. In the

present simulations it was found that this difference
increases with item difficulty and decreases with
ability. A similar finding has been reported by
Hambleton and Traub (1971). It should be noted

that this result is a consequence of the anchoring
used. On the logit scales, item difficulties and per-
son abilities are determined up to a constant; adding
a constant to all difficulties and abilities does not

influence the likelihood of the data matrix. In the

present simulations the anchoring was done by fix-

ing the average of the estimated difficulties at zero,
thereby equating the average of the item parameters

Table 6

Results of the Replication of the Dinero and Haertel (D & H) Study
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and their estimates. However, other anchorings are

perfectly legitimate. Needless to say, the (squared)
difference between parameter and estimates can be

arbitrarily eliminated at any point of the logit scale.
The measures used here in the evaluation of ro-

bustness, the correlation between parameters and

estimates, the standard deviations of the estimates,
and the bias and RMSE differ considerably in their

degree of precision. Both the correlations and the
standard deviations are rather crude measures in

comparison with bias and RMSE. For applications
of the Rasch model in which the exact values rather

than, for example, the rank order of the estimates
are needed, the bias and RMSE measures are more
relevant than the other measures.

Different approaches are available in item re-

sponse theory to deal with guessing. One involves
the use of the three-parameter model. However,
this model cannot be used in small data sets as

demonstrated by Hulin et al. (1982) and Thissen
and Wainer (1982), among others. The accuracy
of the estimates of the guessing parameter is often

poor.
Another approach to deal with guessing involves

the use of nonstandard estimation procedures (cf.
Molenaar, 1983). Basically, nonstandard proce-
dures will weigh responses differentially; the rel-
ative contribution of a correct response to the es-

timated ability is considered to be low (cf. Mislevy
& Bock, 1980; Wainer & Wright, 1980) or even
absent (cf. Waller, 1974) when the response is very
unlikely. The practical value of these approaches
will depend on the validity of the underlying model.

Obviously, guessing may lead to extremely un-
likely correct answers, which should be given little
or no weight in the estimation of ability, but these
answers can also be indicative of a poor &dquo;person
fit,&dquo; that is, of the fact that the test is not an ad-

equate instrument for the examinee due to moti-

vational problems, fatigue, poor instructions, and
so forth (cf. Tatsuoka, 1984). The attribution prob-
lem, whether difficult items were correctly guessed
or easy items were missed for some reason other

than lack of ability, is far more complex than these
correction procedures suggest.
The present study has some interesting conse-

quences for assessment in applied settings. When
dealing with small data sets, there does not seem
to be an urgent need to investigate the homogeneity
of the item discriminations, a condition which is
not easily checked in small data sets. On the other
hand, guessing can invalidate the use of the Rasch
model, but the presence of guessing is inherent to
the response format used and its detection is not

dependent on psychometric analysis. In either case
there is a need to use formal fit statistics.
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