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The Rokhlin dimension of topological Zm-actions

Gábor Szabó

Abstract

We study the topological variant of Rokhlin dimension for topological dynamical systems
(X,α,Zm) in the case where X is assumed to have finite covering dimension. Finite Rokhlin
dimension in this sense is a property that implies finite Rokhlin dimension of the induced action
on C∗-algebraic level, as was discussed in a recent paper by Hirshberg, Winter and Zacharias. In
particular, it implies under these conditions that the transformation group C∗-algebra has finite
nuclear dimension. Generalizing partial results of Lindenstrauss and Gutman, we show that free
Z

m-actions on finite dimensional spaces satisfy a strengthened version of the so-called marker
property, which yields finite Rokhlin dimension for such actions.

0. Introduction

The study of group actions and their associated C∗-algebras has always been a central theme in
the theory of operator algebras. Topological dynamical systems in particular play a significant
role in C∗-algebra theory. The C∗-algebras arising from topological dynamical systems, say
from (X,α,G) for a countable discrete group G, a compact metric space X and a continuous
action α : Gy X, give rise to plenty of interesting questions about their structure. From the
point of view of C∗-algebra classification theory, this setting begs the question of whether the
transformation group C∗-algebras can be classified via their Elliott-invariant, at least under
suitable conditions like simplicity.
By now there exist classification results for large classes of crossed products by Z-actions:

early results of Putnam about characterizing crossed products of minimal homeomorphisms
on the Cantor set as AT algebras (see [17]) or of Elliott and Evans about irrational
rotation algebras (see [2]) have set the stage for this project. In one of the more recent
breakthroughs, Toms, Strung and Winter proved that crossed products of uniquely ergodic
minimal homeomorphisms on infinite compact metrizable spaces with finite covering dimension
are classified by ordered K-theory (see [21, 19]).

The case of Zm-actions begins to gather more and more attention and interest as the next
step for this long-term study of group actions. Towards a generalization of the celebrated
results of [6], Giordano, Matui, Putnam and Skau undertook a deep study on topological orbit
equivalence of Cantor minimal Zm-actions in [4] and [5]. Going in a more similar direction as
this paper, Phillips initiated the study of certain large subalgebras inside crossed products by
topological Zm-actions as a means to study the radius of comparison of these C∗-algebras (see
[16]). In particular, an important question concerning the C∗-classification of these crossed
products is when they have strict comparison of positive elements.

The current trend in C∗-algebra classification theory is to show certain regularity properties
for a class of nuclear C∗-algebras as the first intermediate step towards their K-theoretic
classification. Following this philosophy, we focus on finite nuclear dimension (see [22]) as the
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regularity property of our choice and show that it is prevalent for transformation group C∗-
algebras of free Zm-actions on finite dimensional spaces. Looking in the direction of the second
step in this classification philosophy, Winter has found a method to deduce classification of
simple transformation group C∗-algebras of this type. This works under the prevalence of finite
nuclear dimension and a technical condition involving the set of invariant ergodic measures (see
[20]). An alternative immediate application is to combine the main results of [12] and [14] to
obtain a classification result for free, minimal and uniquely ergodic Z

m-actions.
The concept of Rokhlin dimension developed in [10] is a natural tool for a systematic

approach of showing finite nuclear dimension for crossed products. This notion has been
introduced for finite group actions and integer actions on unital C∗-algebras, but can be defined
similarly for Z

m-actions. Integer actions with finite Rokhlin dimension have been shown to
behave well with underlying C∗-algebras of finite nuclear dimension. That is, the property of
having finite nuclear dimension passes from the underlying C∗-algebra to the crossed product.
The aim of the first section is to define Rokhlin dimension for Zm-actions on unital C∗-algebras
and establish the same permance property for Zm-actions of finite Rokhlin dimension.
In the second section, we introduce a topological variant of Rokhlin dimension for topological

Z
m-actions. In particular, finite Rokhlin dimension in the topological sense is designed in such

a way that it implies finite Rokhlin dimension in the C∗-algebraic sense for its induced C∗-
action. Moreover, it can be regarded as a topological analogue of the measure theoretic Rokhlin
Lemma. The rest of the paper will be devoted to show that finite Rokhlin dimension in the
topological sense is satisfied for free Z

m-action on finite dimensional spaces.
In the third section, we introduce a technical condition that is a stronger version of the small

boundary property introduced by Lindenstrauss in [13], namely the bounded topological small
boundary property. We show that free actions of countably infinite groups on finite dimensional
spaces satisfy said property.

In the fourth section, we define the marker property as in [8] within the more general
setting of countable group actions. We also define a stronger variant of this property for Zm-
actions, namely the controlled marker property. In [8], Gutman has shown that aperiodic
homeomorphisms on finite dimensional spaces have the marker property. We generalize this
result and show that free actions of countably infinite groups have the marker property
whenever the system has the bounded topological small boundary property. In the case of
Z
m-actions, a closer look at the proof will even yield the controlled marker property under

these conditions.
In the fifth section, we bring together the results of all the previous sections. Combining

the third and fourth section, we can deduce that free Z
m-actions on finite dimensional spaces

satisfy the controlled marker property. The consequence is finite Rokhlin dimension in the
topological sense. By the second section, we get finite Rokhlin dimension for the induced
C∗-action. Applying the results of the first section, we get the main result:

Theorem. Let X be a compact metric space of finite covering dimension and let α : Zm y

X be a free continuous group action. Then the induced C∗-action ᾱ : Zm y C(X) has finite
Rokhlin dimension and the transformation group C∗-algebra C(X)⋊ᾱ Z

m has finite nuclear
dimension.

Afterwards, we discuss some possible further generalizations of this result. In particular, we
review the overall line of argument towards our main result and explain how one can modify
it to get a more general statement, namely where X is merely assumed to be locally compact.
We also take a look at possible generalizations towards actions of groups other than Z

m.
The results of this paper belong to the research of the author’s PhD studies. I would like

to thank my advisor Wilhelm Winter for many helpful suggestions and the overall guidance.
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Moreover I would like to thank Selçuk Barlak, Nicolai Stammeier and Dominic Enders for some
very fruitful discussions on the topic of this paper.

1. Preliminaries and C∗-Rokhlin dimension

Notation 1.1. Throughout the whole paper, we will stick to the following notations unless
specified otherwise:
– X is a compact metric space. In applications, it is often assumed to have finite covering

dimension.
– G is a countable and discrete group.
– A is a unital C∗-algebra.
– A completely positive map between C∗-algebras is abbreviated c.p. A completely positive

and contractive map between C∗-algebras is abbreviated c.p.c.
– Either α : Gy X is a continuous group action or α : Gy A is an action via automor-

phisms. When α : Gy X is a topological action, we denote the induced C∗-action by
ᾱ : Gy C(X). In applications, we often have G = Z

m.
– Suppose M is some set. If F ⊂M is a finite subset, we write F⊂⊂M .
– For a, b ∈ A in some C∗-algebra and ε > 0, a =ε b means ‖a− b‖ ≤ ε.
– Suppose we have F, F ′⊂⊂A in a C∗-algebra and ε > 0. The notation F =ε F

′ means that
for all a ∈ F , there exists b ∈ F ′ with a =ε b and vice versa.

– Given n ∈ N, we define

Bmn = {0, . . . , n− 1}m ⊂ Z
m.

Since m will always be known from context to be the rank of Zm, we will just write Bn
instead.

– Similarly, we define

Jmn = Jn = {−n+ 1, . . . , 0, . . . , n}m ⊂ Z
m.

We begin with a few remarks about almost order zero maps and nuclear dimension.

Definition 1.2. Let A,B be C∗-algebras and δ ≥ 0. A c.p.c. map ψ : A→ B has order
zero up to δ, if for all a, b ∈ A with ab = 0 we have ‖ψ(a)ψ(b)‖ ≤ δ‖a‖‖b‖. ψ has order zero if
δ = 0.
Order zero maps in particular appear in the definition of nuclear dimension and decomposi-

tion rank (see [11, 22]), which are important regularity properties for the classification theory
of nuclear C∗-algebras. We shall recall a stability property of order zero maps that is satisfied
whenever the domain is finite dimensional (see [11, 2.5]).

Lemma 1.3. Let F be a finite dimensional C∗-algebra. For all ε > 0, there exists δ > 0
with the following property: Let A be a C∗-algebra and ϕ : F → A a map of order zero up to
δ. Then there exists an order zero map ϕ′ : F → A such that ‖ϕ− ϕ′‖ ≤ ε.

Definition 1.4 (see [22]). Let A be a C∗-algebra. A is said to have nuclear dimension n,
denoted by dimnuc(A) = n, if n is the smallest natural number with the following property:
For all F⊂⊂A and ε > 0, there exists a finite dimensional C∗-algebra

F = F (0) ⊕ · · · ⊕ F (n)

and c.p. maps A
ψ−→ F ϕ−→ A such that

– ψ is contractive.
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– For every i = 0, . . . , n, the map ϕ(i) := ϕ|F(i) is c.p.c. order zero.
– ‖ϕ ◦ ψ(a)− a‖ ≤ ε for all a ∈ F .

In this context, the triple (F , ψ, ϕ) is called an n-decomposable c.p. approximation of tolerance
ε on F . If no such n exists, we write dimnuc(A) = ∞.

Remark 1.5 (see [10, Lemma A.4]). Using 1.3, one can show the following:
If n is a number such that for all F⊂⊂A and δ > 0, there exists a finite dimensional C*-algebra

F such that for all η > 0, we can choose a c.p. approximation (F , ϕ, ψ) of tolerance δ on F
with ϕ being decomposable into n+ 1 maps ϕ(i) of order zero up to η, then dimnuc(A) ≤ n.

Definition 1.6. Let A be a unital C∗-algebra, and let α : Zm y A be a group action
via automorphisms. We say that the action α has (cyclic) Rokhlin dimension d, and write
dimcyc

Rok(α) = d, if d is the smallest natural number with the following property:

For all F⊂⊂A, ε > 0, n ∈ N, there exist positive contractions (f
(l)
v )l=0,...,d

v∈Bn
in A satisfying the

following properties:

(1) ‖1A −
d∑

l=0

∑

v∈Bn

f (l)v ‖ ≤ ε.

(2) ‖f (l)v f
(l)
v′ ‖ ≤ ε for all l = 0, . . . , d and v 6= v′ in Bn.

(3) ‖αv(f (l)w )− f
(l)
v+w‖ ≤ ε for all l = 0, . . . , d and v, w ∈ Bn.

(Note that f
(l)
v denotes f

(l)
(v mod nZm), whenever v /∈ Bn.)

(4) ‖[f (l)v , a]‖ ≤ ε for all l = 0, . . . , d , v ∈ Bn and a ∈ F .

If there is no such d, we write dimRok(α) = ∞.

Remark. We define (cyclic) Rokhlin dimension with commuting towers of α, written
dimcyc,c

Rok (α), in the same way with the additional property

(5) ‖[f (l)v , f
(l′)
w ]‖ ≤ ε for all l, l′ = 0, . . . , d and v, w ∈ Bn

for the Rokhlin elements (f
(l)
v )l=0,...,d

v∈Bn
.

Remark. In [10], several possible variants of Rokhlin dimension have been exhibited for
integer actions. Insertingm = 1 in 1.6 yields the so-called Rokhlin dimension with single towers
of [10].

Remark 1.7. Observe that the finite set F⊂⊂A in the definition above may be replaced
by a compact set K ⊂ A. Suppose K ⊂ A and ε > 0 is given. Then cover K by balls of radius
ε/3. By compactness, we have

K ⊂
⋃

a∈F

Bε/3(a) for a finite set F⊂⊂K.

Choose Rokhlin elements (f
(l)
v )l=0,...,d

v∈Bn
for the pair (F, ε/3) and observe that these are in fact

Rokhlin elements for the pair (K, ε).
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Remark 1.8. For n ∈ N and j ∈ {−n+ 1, . . . , n}, define

dn(j) = 1− |j|
n
.

Recall the notation Jn = {−n+ 1, . . . , n}m. Form ∈ N, denote dmn : Jn → [0, 1] the map defined
by

dmn (j1, . . . , jm) =

m∏

i=1

dn(ji).

For a ∈ {0, 1}m, let sa : Jn → Jn be the bijection defined by

sa[(ji)i≤m] = (ji + ai · n mod 2n)i≤m.

One can easily see that for all j ∈ {−n+ 1, . . . , n}, one has

1 = dn(j) + dn(j + n mod 2n).

Inductively, one can prove that then for all v ∈ Jn, one has

1 =
∑

a∈{0,1}m

dmn (sa(v)).

Remark 1.9. Let A be a unital C∗-algebra. Representing it on a Hilbert space A ⊂ B(H),
one can prove the following by application of the Cotlar-Stein Lemma (see [18, chapter 7,
section 2]). Let J be a finite index set. For all δ > 0, there exists η > 0 such that if {bj | j ∈ J} ⊂
A is a family of contractions with ‖b∗i bj‖, ‖bjb∗i ‖ ≤ η for all i 6= j in J , then

‖
∑

j∈J

bj‖ ≤ δ +max
j∈J

‖bj‖.

We now come to the main theorem of this section. Namely, we show that Zm-actions of finite
Rokhlin dimension preserve finite nuclear dimension of the underlying C∗-algebra.

Theorem 1.10 (compare to [10, 4.1]). Let A be a unital C∗-algebra and α : Zm y A be
a group action via automorphisms. Then we have

dimnuc(A⋊α Z
m) ≤ 2m(dimnuc(A) + 1)(dimcyc

Rok(α) + 1)− 1.

Proof. We may assume that both s = dimnuc(A) and d = dimcyc
Rok(α) are finite, or else the

statement is trivial. Let F⊂⊂A⋊α Z
m a finite subset and δ > 0. Then we can find N ∈ N and

F ′⊂⊂A⋊α Z
m such that F =δ F

′ and

a =
∑

v∈JN

a(v)uv for all a ∈ F ′.

Note that the {uv|v ∈ Z
m} denote the canonical unitaries in A⋊α Z

m implementing the action
α on A. Let F̃1⊂⊂A be the finite subset of all possible coefficients occuring in such a sum.
Without loss of generality, we can assume that F̃1 consists of contractions. Let ε > 0 and
n ≥ N . As will be specified later, n is a very large number compared to N and ε very small
compared to both δ and n. Let

F̃ =
⋃

v∈Jn

α−v(F̃1) ⊂⊂ A.

Choose an s-decomposable c.p. approximation (F , ψ, ϕ) for F̃ up to δ
|Jn||JN | , i.e. a finite

dimensional C∗-algebra F = F (0) ⊕ · · · ⊕ F (s) and c.p. maps A
ψ−→ F ϕ−→ A such
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that ψ is c.p.c., the maps ϕ(i) = ϕ|F(i) are c.p.c. order zero and ‖x− (ϕ ◦ ψ)(x)‖ ≤ δ
|Jn||JN |

for all x ∈ F̃ .
Let ψn = id|Jn| ⊗ψ :M|Jn| ⊗A→M|Jn| ⊗F and ϕn = id|Jn| ⊗ϕ :M|Jn| ⊗F →M|Jn| ⊗A

denote the amplifications of ψ and ϕ. Analogously write ϕ
(i)
n = id|Jn| ⊗ϕ(i).

Let BF be the closed unit ball in F and define the compact set K ⊂ A by

K =
⋃

v∈Jn

s⋃

i=0

α−v(ϕ(i)(BF )).

Using 1.7, we may choose positive contractions (f
(l)
v )l=0,...,d

v∈B2n
as in 1.6 for the triple (K, ε/2, 2n).

Moreover, we may arrange with a standard functional calculus argument that the relations
(2)-(4) are also true for the square roots. By doing an index shift, we get elements (f

(l)
v )l=0,...,d

v∈Jn
satisfying the analogous properties (1)-(4) (with the square roots in (2)-(4)) up to ε for the
index set Jn instead of B2n.

Let A act faithfully on a Hilbert space H and let A⋊α Z
m be canonically embedded into

B(ℓ2(Zm)⊗H)). Let Q ∈ B(ℓ2(Zm)⊗H)) be the projection onto the subspace ℓ2(Jn)⊗H.
Then x 7→ QxQ defines a u.c.p. map Ψ : A⋊α Z

m →M|Jn|(A). More specifically, we have for
all a ∈ A, v ∈ Z

m that

Ψ(auv) = Q
[ ∑

w∈Zm

ew,w−v ⊗ α−w(a)
]

Q

=
∑

w∈Jn:
w−v∈Jn

ew,w−v ⊗ α−w(a) =
∑

w∈Jn∩(v+Jn)

ew,w−v ⊗ α−w(a).

Define the diagonal matrix D ∈M|Jn|(C) by Dv,v = dmn (v). Observe that if v, w ∈ Jn, then

|dmn (v)− dmn (w)| ≤ m‖v−w‖∞

n . If n is large enough in comparison to N , we can ensure that

|
√

dmn (v)−
√

dmn (w)| ≤ δ/|JN | for all v, w ∈ Jn with v − w ∈ JN .

It follows for all v ∈ JN that

‖[
√
D,QauvQ]‖

=

∥
∥
∥
∥
∥
∥

∑

w∈Jn∩(v+Jn)

(√

dmn (w)−
√

dmn (w − v)
)

ew,w−v ⊗ α−w(a)

∥
∥
∥
∥
∥
∥

≤ max
{ ∣
∣
∣

√

dmn (w)−
√

dmn (w − v)
∣
∣
∣

∣
∣ w ∈ Jn ∩ (v + Jn)

}

· ‖a‖

≤ δ
|JN |‖a‖.

Define the c.p.c. map µ : A⋊α Z
m →M|Jn|(A) by µ(x) =

√
DΨ(x)

√
D. By the previous

calculation, we have

‖µ(auv)−DQauvQ‖ ≤ δ/|JN | · ‖a‖ for all v ∈ JN and a ∈ A.

Now let p ∈ {0, 1}m and l ∈ {0, . . . , d}. Define maps

σ(l)
p :M|Jn|(A) → A⋊α Z

m by σ(l)
p (ev,w ⊗ a) = f

(l)1/2
sp(v)

uvau
∗
wf

(l)1/2
sp(w) ,

see 1.8 for notation. Note that these are indeed c.p. since σ
(l)
p (x) = vl,pxv

∗
l,p for the matrix

vl,p ∈M1,|Jn|(A⋊α Z
m) defined by vl,p = (f

(l)1/2
sp(w) uw)w∈Jn .
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Now let w1, w2, w3, w4 ∈ Jn and a, b ∈ K. In the case w2 = w3 we have

σ
(l)
0 (ew1,w2 ⊗ a)σ

(l)
0 (ew3,w4 ⊗ b) = f

(l)1/2
w1 uw1au

∗
w2
f
(l)1/2
w2 · f (l)1/2w3 uw3bu

∗
w4
f
(l)1/2
w4

= f
(l)1/2
w1 uw1au

∗
w2
f
(l)
w2uw2bu

∗
w4
f
(l)1/2
w4

(3)
= ε f

(l)1/2
w1 uw1

af
(l)
0 bu∗w4

f
(l)1/2
w4)

(4)
= ε f

(l)1/2
w1 uw1f

(l)
0 abu∗w4

f
(l)1/2
w4

(3)
= ε f

(l)
w1f

(l)1/2
w1 uw1

abu∗w4
f
(l)1/2
w4

(2)
= (|Jn|−1)ε f (l)f

(l)1/2
w1 uw1

abu∗w4
f
(l)1/2
w4 .

For the last step of the above calculation, we denote f (l) =
∑

w∈Jn
f
(l)
w for all l = 0, . . . , d. In

the case w2 6= w3 we have

‖σ(l)
0 (ew1,w2

⊗ a)σ
(l)
0 (ew3,w4

⊗ b)‖ = ‖f (l)1/2w1
uw1

au∗w2
f (l)1/2w2

· f (l)1/2w3
uw3

bu∗w4
f (l)1/2w4

‖
(2)

≤ ε.

So in any case, we get

σ
(l)
0 (ew1,w2

⊗ a)σ
(l)
0 (ew3,w4

⊗ b) =(|Jn|+2)ε f
(l)σ

(l)
0 ((ew1,w2

⊗ a)(ew3,w4
⊗ b)).

It follows that

σ
(l)
0 (a)σ

(l)
0 (b) =(|Jn|+2)|Jn|3ε f

(l)σ
(l)
0 (ab)

for all a, b ∈M|Jn|(K) and all l = 0, . . . , d. The respective statements also hold for σ
(l)
p in place

of σ
(l)
0 . So keeping in mind the definition of K, we have that σ

(l)
p ◦ ϕ(i)

n is order zero up to
(|Jn|+ 2)|Jn|3ε for all i = 0, . . . , s, p ∈ {0, 1}m and l = 0, . . . , d.
Moreover, we have for all l = 0, . . . , d, v, w ∈ Jn and a ∈ K

σ
(l)
0 (ev,w ⊗ a) = f

(l)1/2
v uvau−wf

(l)1/2
w

(3)
= ε f

(l)1/2
v uvaf

(l)1/2
0 u−w

(4)
= ε f

(l)1/2
v uvf

(l)1/2
0 au−w

(3)
= ε f

(l)
v uvau−w.

The respective statements also hold for σ
(l)
p in place of σ

(l)
0 . Let us denote

(⋆) σ(l)
p (ev,w ⊗ a) =3ε f

(l)
sp(v)

uvau−w for all l, v, w, p and a ∈ K.
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Applying 1.9 and (2), if ε is chosen small enough in comparison to δ, we get for all v ∈ JN
and l = 0, . . . , d that

∥
∥
∥

∑

w∈Jn\(v+Jn)

dmn (w)
∑

p∈{0,1}m

f
(l)
sp(w)

∥
∥
∥

≤ 2m ·max
p

∥
∥
∥

∑

w∈Jn\(v+Jn)

dmn (w)f
(l)
sp(w)

∥
∥
∥

1.9
≤ 2m ·

[

δ/|JN |+max
{

‖dmn (w)f
(l)
sp(w)‖ | w ∈ Jn \ (v + Jn), p ∈ {0, 1}m

}]

≤ 2m · [δ/|JN |+max {dmn (w) | w ∈ Jn \ (v + Jn)}]

≤ 2m ·
[
δ/|JN |+ (1− n−N

n )m
]
.

We may assume that n is large enough in comparison to N such that the right side is less or
equal 2m+1δ/|JN |. Observe that we have for all l

∑

w∈Jn

f (l)w =
∑

w∈Jn

dmn (w)
∑

p∈{0,1}m

f
(l)
sp(w).

It follows for all v ∈ JN that

∥
∥
∥1A −

d∑

l=0

∑

w∈Jn∩(v+Jn)

dmn (w)
∑

p∈{0,1}m

f
(l)
sp(w)

∥
∥
∥

(1)

≤ ε+
∥
∥
∥

d∑

l=0

∑

w∈Jn\(v+Jn)

dmn (w)
∑

p∈{0,1}m

f
(l)
sp(w)

∥
∥
∥

≤ ε+ (d+ 1)2m+1δ/|JN | ≤ 2m+2(d+1)δ
|JN | .

Now let l ∈ {0, . . . , d} , a ∈ F̃ and v ∈ JN . Denote σ :=
∑d
l=0

∑

p∈{0,1}m σ
(l)
p . We have

σ ◦ ϕn ◦ ψn ◦ µ(auv)

=

d∑

l=0

∑

p∈{0,1}m

s∑

i=0

(σ(l)
p ◦ ϕ(i)

n ◦ ψn ◦ µ)(auv)

= 2m(d+1)(s+1)δ/|JN |

d∑

l=0

∑

p

s∑

i=0

(σ(l)
p ◦ ϕ(i)

n ◦ ψn)(DQauvQ)

=

d∑

l=0

∑

p

s∑

i=0

(σ(l)
p ◦ ϕ(i)

n ◦ ψn)




∑

w∈Jn∩(v+Jn)

dmn (w) · ew,w−v ⊗ α−w(a)





=

d∑

l=0

∑

p

s∑

i=0

σ(l)
p




∑

w∈Jn∩(v+Jn)

dmn (w) · ew,w−v ⊗ (ϕ(i) ◦ ψ)(α−w(a))
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(⋆)
= 2m|Jn|(d+1)(s+1)·3ε

d∑

l=0

∑

p

s∑

i=0

∑

w

dmn (w)f
(l)
sp(w) · uw[(ϕ(i) ◦ ψ)(α−w(a))]uv−w

=
d∑

l=0

∑

p

∑

w

dmn (w)f
(l)
sp(w) · uw[(ϕ ◦ ψ)(α−w(a))]uv−w

= 2m(d+1)|Jn|·
δ

|Jn||JN |

d∑

l=0

∑

p

∑

w

dmn (w)f
(l)
sp(w) · uwα−w(a)uv−w

=

(
d∑

l=0

∑

p

∑

w

dmn (w)f
(l)
sp(w)

)

· auv

= 2m+2(d+1)δ/|JN | auv.

Assuming that 3|Jn|ε ≤ δ/|JN |, it follows for all a ∈ F̃ and v ∈ JN that

‖auv − (σ ◦ ϕn ◦ ψn ◦ µ)(auv)‖ ≤ 2m+3(d+ 1)(s+ 1) · δ

|JN | .

Hence for x ∈ F ′ we get

‖x− (σ ◦ ϕn ◦ ψn ◦ µ)(x)‖ ≤ 2m+3(d+ 1)(s+ 1)δ.

Observe that ‖σ‖ ≤ 2m(d+ 2) for small enough ε. Hence ‖σ ◦ ϕn‖ ≤ 2m(d+ 2)(s+ 1). Thus,
we get for all x ∈ F

‖x− (σ ◦ ϕn ◦ ψn ◦ µ)(x)‖
F≈δF ′

∃y∈F

≤ δ + 2m(d+ 2)(s+ 1)δ + ‖y − (σ ◦ ϕn ◦ ψn ◦ µ)(y)‖

≤ 2m+4(d+ 1)(s+ 1)δ.

Now let us recall what we got. We have contructed a c.p. approximation

(M|Jn|(F)2
m(d+1), ψn ◦ µ, σ ◦ ϕn)

of tolerance 2m+4(d+ 1)(s+ 1)δ on F , where the map

σ ◦ ϕn =

s∑

i=0

d∑

l=0

∑

p∈{0,1}m

σ(l)
p ◦ ϕ(i)

n

is a direct sum of 2m(d+ 1)(s+ 1) c.p.c. maps of order zero up to (|Jn|+ 2)|Jn|3ε. Since we

can always choose ε as small as we want in relation to n, the maps σ
(l)
p ◦ ϕ(i)

n can be chosen to
be order zero up to η for any given η > 0.
Since m, d, s are constants and F⊂⊂A⋊α Z

m and δ > 0 were arbitrary, it follows from 1.5
that

dimnuc(A⋊α Z
m) ≤ 2m(d+ 1)(s+ 1)− 1,

which is what we wanted to show.

2. The Rokhlin dimension for topological Zm-actions

Since we are (at least here) mainly interested in C∗-dynamical systems arising from topological
dynamical systems, it is natural to ask whether there exists a variant of Rokhlin dimension
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for these actions that is phrased in topological terms. The aim of this section is to give such
a variant and to show that finite Rokhlin dimension in the topological sense implies finite
Rokhlin dimension in the C∗-algebraic sense.

The definition of the topological variant is due to Wilhelm Winter.

Definition 2.1. Let (X,α,Zm) be a topological dynamical system. We say that α has
Rokhlin dimension d, and write dimRok(α) = d, if d is the smallest natural number with the
following property:
For all n ∈ N, there exists a family of open sets

R =
{

U (l)
v | l = 0, . . . , d, v ∈ Bn

}

in X such that

– U
(l)
v = αv(U

(l)
0 ) for all l = 0, . . . , d and v ∈ Bn.

– For all l, the sets
{

U
(l)

v | v ∈ Bn

}

are pairwise disjoint.

– R is an open cover of X.

If there is no such d, we write dimRok(α) = ∞. In this context, we call R a Rokhlin cover.

Lemma 2.2 (cf. [10, Proposition 2.7]). Let α : Zm y X be a free continuous action on a
compact metric space. Let ᾱ : Zm y C(X) denote the induced C∗-algebraic action by α. Let
d ∈ N be a natural number with the properties of 1.6, with the exception that property (1) is
replaced by the condition

(1′)

d∑

l=0

∑

v∈Bn

f (l)v ≥ 1A.

Then dimRok(ᾱ) ≤ d.

Proof. Let ε, δ > 0 and n ∈ N be given. Choose positive contractions
{

h(l)v | l = 0, . . . , d, v ∈ Bn

}

satisfying properties (1’) and (2)-(4) for δ. If δ is small enough, we can ensure that

1 ≤
d∑

l=0

∑

v∈Bn

h(l)v ≤ d+ 2.

Denote the function in the middle by S. We have

‖S − S ◦ α−v‖ ≤ |Bn|(d+ 1)δ for all v ∈ Bn.

By approximating the function [1, d+ 2] → [0, 1], t 7→ t−1 by polynomials, one gets that

‖S−1 − S−1 ◦ α−v‖ ≤ ε/2 for all v ∈ Bn,

if δ is small enough in relation to ε and n. Now define f
(l)
v = S−1 · h(l)v for all l = 0, . . . , d and

v ∈ Bn. Observe that these elements satisfy the following properties:

– The f
(l)
v are positive contractions.

–
∑d
l=0

∑

v∈Bn
f
(l)
v = 1A.

– Property (4) holds trivially.
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– Property (2) still holds for δ.
– As for property (3), we get for all v, w ∈ Bn

‖ᾱv(f (l)w )− f
(l)
v+w‖ = ‖(S−1 ◦ α−v) · ᾱv(h(l)w )− S−1 · h(l)v+w‖

≤ ε/2 + ‖S−1‖ · ‖ᾱv(h(l)w )− h
(l)
v+w‖

≤ ε/2 + δ.

We see that if δ is chosen small enough in relation to ε and n, then the new functions f
(l)
v

satisfy the relations (1)-(4) for ε.

Remark 2.3. A slightly more general statement is true by almost the same proof. Namely,
if A is a unital C∗-algebra with an action α : Zm y A, let d be a natural number with the
properties (2)-(5) of 1.6 and the property (1’). Then dimcyc,c

Rok (α) ≤ d. In other words, in the
above theorem, one only needs approximately commuting towers instead of a commutative
C∗-algebra.

Proposition 2.4. Let α : Zm y X be a continuous group action on a compact metric
space. Let ᾱ : Zm y C(X) denote the induced C∗-algebraic action by α. Then

dimcyc
Rok(ᾱ) ≤ 2m(dimRok(α) + 1)− 1.

Proof. We may certainly assume that the right side is finite. Let d = dimRok(α). For N ∈ N,

let
{

U
(l)
v | l = 0, . . . , d, v ∈ B2N

}

be a Rokhlin cover. Note that by doing an index shift, we

may as well assume the form
{

U
(l)
v | l = 0, . . . , d, v ∈ JN

}

with the corresponding relations,

which is notationally more convenient in this proof.

Fix some l and find δ > 0 small enough such that the sets
{

V
(l)
v | v ∈ JN

}

are still pairwise

disjoint for V
(l)
v = αv(Bδ(U

(l)
0 )). Let h ∈ C0(V (l)

0 ) be a function with h|
U

(l)
0

= 1. For all v ∈ JN ,

define g
(l)
v ∈ C0(V (l)

v ) via g
(l)
v (x) = h(α−v(x)).

Observe the following properties:

– g
(l)
v = g

(l)
0 ◦ α−v for all v ∈ JN .

– g
(l)
v · g(l)w = 0 for v 6= w in JN .

– g
(l)
v is constantly 1 on U

(l)
v for all v ∈ JN .

Now let L ∈ N and ε > 0. Choose n large enough such that 2
n ≤ ε. Choose

a Rokhlin cover
{

U
(l)
v | l = 0, . . . , d, v ∈ JN

}

for N = 4Ln and choose the functions
{

g
(l)
v | l = 0, . . . , d, v ∈ JN

}

as above. For all l, define functions (f
(l)
v )v∈BL

via

f (l)v (x) =







g
(l)
w (x) , if x ∈ V

(l)
w for ‖w‖∞ ≤ 2Ln

and w = v mod LZm

3Ln−‖w‖∞

Ln · g(l)w (x) , if x ∈ V
(l)
w for 2Ln < ‖w‖∞ ≤ 3Ln

and w = v mod LZm

0 , elsewhere.



Page 12 of 23 GÁBOR SZABÓ

Now the properties of g
(l)
v ensure that

– f
(l)
v · f (l)w = 0 for v 6= w in BL.

–
∑

v∈BL
f
(l)
v is constantly 1 on

⋃

w∈I2Ln
U

(l)
w .

– For ‖w‖∞ = L, we have ‖f (l)0 − f
(l)
0 ◦ α−w‖ ≤ 1

n .

– For v ∈ BL, we have ‖f (l)v − f
(l)
0 ◦ α−v‖ ≤ 1

n .

– Hence ‖f (l)w ◦ α−v − f
(l)
(v+w) mod LZm‖ ≤ 2

n ≤ ε for all v, w ∈ BL.

Now choose {aj | j = 1, . . . , 2m} ⊂ Z
m such that

JN = J4Ln =

2m⋃

j=1

aj + J2Ln.

For l = 0, . . . , d, j = 1, . . . , 2m and v ∈ BL, define f
(l,j)
v = f

(l)
v ◦ α−aj . We have established that

for all l and j, the functions (f
(l,j)
v )v∈BL

satisfy the relations (2)-(4) of 1.6. Furthermore,
∑

v∈BL
f
(l,j)
v is constantly 1 on

⋃

w∈(aj+J2Ln)
U

(l)
w , so the choice of the aj ensures that

∑2m

j=1

∑

v∈BL
f
(l,j)
v ≥ 1 on

⋃

w∈JN
U

(l)
w , hence

d∑

l=0

2m∑

j=1

∑

v∈BL

f (l,j)v ≥ 1.

We see that the family
{

f
(l,j)
v | l, j, v

}

has 2m · (d+ 1) upper indices, so we are done by Lemma

2.2.

We see now that it suffices to study the topological variant of Rokhlin dimension of a
topological Zm-action in order to study the C∗-algebraic counterpart. A result of [8] enables
an easy proof of finite Rokhlin dimension for m = 1 in this vein:

Theorem 2.5 (see [8, theorem 6.1] with proof). Let X be a compact metric space of finite
covering dimension d and ϕ : X → X an aperiodic homeomorphism. For all n ∈ N, we can find
an open set Z ⊂ X such that

– Z ∩ ϕj(Z) = ∅ for all j = 1, . . . , n− 1.

– X =
⋃2(d+1)n−1
j=0 ϕj(Z).

Such an open set is called an n-marker. We will generalize this notion in Section 4 for
arbitrary countable group actions.

Corollary 2.6. Let X be a compact metric space and ϕ : X → X an aperiodic
homeomorphism. Then we have

dimRok(ϕ) ≤ 2(dim(X) + 1)− 1.

Proof. We may assume that X has finite covering dimension d, or else there is nothing
to show. Let n ∈ N be given. Find an open set Z ⊂ X like in 2.5 for this number. For j =
0, . . . , n− 1 and l = 0, . . . , 2d+ 1 set

U
(l)
j = ϕln+j(Z).
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Then it is obvious that R =
{

U
(l)
j | l = 0, . . . , 2d+ 1, j = 0, . . . , n− 1

}

is a Rokhlin cover.

That is, we have

– U
(l)
j = ϕj(U

(l)
0 ) for all l and j.

– For all l, the sets
{

U
(l)

j | j = 0, . . . , n− 1
}

are pairwise disjoint.

– R is an open cover of X.

Hence dimRok(ϕ) ≤ 2d+ 1.

3. The topological small boundary property

In this section, we define a technical condition that we name the (bounded) topological small
boundary property. Weaker versions of this were considered by Lindenstrauss in [13], by
Gutman in [7] and [9] and had connections to a dynamical system having mean dimension zero.
To the author’s knowledge, Phillips was the first one to link the topological small boundary
property to strict comparison for the crossed product, thereby linking it to C∗-classification as
well (see [16]). Note also [1], where the topological small boundary property is shown to imply
a purely dynamical analogue of strict comparison.
It will turn out that we can in fact assume a stronger bounded variant, whenever we have a

finite dimensional underlying space.

Definition 3.1. Let (X,α,G) be a topological dynamical system. Let M ⊂ G be a subset
and k ∈ N be some natural number. We say that a set E ⊂ X is (M,k)-disjoint, if for all
distinct elements γ(0), . . . , γ(k) ∈M we have

αγ(0)(E) ∩ · · · ∩ αγ(k)(E) = ∅.

We call E toplogically α-small if E is (G, k)-disjoint for some k. We call the smallest such k
the (topological) smallness constant of E.

Definition 3.2 cf. [13]. Let G be a countably infinite group. A topological dynamical
system (X,α,G) has the topological small boundary property, if whenever A ⊂ X is closed
and U ⊃ A is open, we can find A ⊂ V ⊂ U open such that ∂V is topologically α-small.
If we can arrange that each such ∂V has a smallness constant bounded uniformly by a

number d, we say that (X,α,G) has the bounded topological small boundary property with
respect to d, abbreviated (TSBP ≤ d).

The main goal of this section is to prove that free actions on finite dimensional spaces have
this property. It is important to note that the case G = Z has been treated by Lindenstrauss
in [13]. He has shown that, if ϕ : X → X is an aperiodic homeomorphism, then (X,ϕ) has
the bounded topological small boundary property with respect to dim(X). We merely give a
modification of his proof to obtain essentially the same result for free countable group actions.
We would like to quote some well-known facts about properties of covering dimension, since

using these will be crucial in some key steps. These statements come up in [13], but for a
detailed treatment the reader is referred to [3]. All spaces in question are assumed to be
separable metric spaces.

D1 A ⊂ B implies dim(A) ≤ dim(B).
D2 If {Bi}i∈N

is a family of closed sets in A with dim(Bi) ≤ k, then dim(
⋃
Bi) ≤ k.
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D3 Let E ⊂ A be a zero dimensional subspace and x ∈ U ⊂ A a point with an open
neighbourhood. There exists some open U ′ ⊂ A with x ∈ U ′ ⊂ U such that ∂U ′ ∩ E = ∅.

D4 If A 6= ∅, there exists E ⊂ A, which is the countable union of zero dimensional closed
subsets in A, such that dim(A \ E) = dim(A)− 1.

D5 Any countable union of k-dimensional Fσ-sets is a k-dimensional Fσ-set.

Lemma 3.3. Let X be a compact metric space and U, V open sets with U ⊂ V . Let E ⊂ X
be a zero dimensional subspace. There exists an open set U ′ with U ⊂ U ′ ⊂ V such that
∂U ′ ∩ E = ∅.

Proof. Clearly ∂U is compact. For x ∈ ∂U , apply (D3) and find open neighbourhoods x ∈
Bx ⊂ V such that ∂Bx ∩ E = ∅. Choose a finite cover ∂U ⊂ ⋃Mi=1Bi of such neighbourhoods

and set U ′ = U ∪⋃Mi=1Bi. It is now easy to see that ∂U ′ ⊂ ⋃Mi=1 ∂Bi, so we have indeed
∂U ′ ∩ E = ∅.

Definition 3.4. Let X be a compact metric space, G a countable group and α : Gy X
a continuous group action. For any g ∈ G \ {e}, set

Xg = {x ∈ X | αg(x) = x} .
Moreover, let

XG =
⋃

g∈G\{e}

Xg.

We call Xg the g-fixed point set. If dim(Xg) ≤ 0 for all g 6= e, we say that α has at most zero
dimensional fixed point sets. By D5, this is equivalent to dim(XG) ≤ 0. Obviously, free actions
fall under this category.

Definition 3.5. Let X be a compact metric space of finite covering dimension n. A family
B of subsets in X is in general position, if for all finite subsets S⊂⊂B we have

dim(
⋂

S) ≤ max(−1, n− |S|).

Lemma 3.6. Let X be a compact metric space of finite covering dimension n together with
a continuous group action α : Gy X that has at most zero dimensional fixed point sets.
Let U, V ⊂ X be open sets with U ⊂ V . For any finite subset F⊂⊂G, there exists an open

set U ′ with U ⊂ U ′ ⊂ U
′ ⊂ V such that the family {αγ(∂U ′)}γ∈F is in general position and

∂U ′ ∩XG = ∅.

Proof. We prove this by induction in the variable k = |F |. The assertion holds for k = 1 by
application of 3.3. Now assume that the assertion holds for some natural number k. We show
that it also holds for k + 1.
Let F = {γ(0), . . . , γ(k)} be a set of cardinality k + 1 in G. Using the induction

hypothethis, there exists an open A0 with U ⊂ A0 ⊂ A0 ⊂ V , such that the collection
{
αγ(0)(∂A0), . . . , α

γ(k−1)(∂A0)
}
is in general position and ∂A0 ∩XG = ∅.

Because of A0 ⊂ V and the fact that ∂A0 ⊂ X \XG, for all x ∈ ∂A0 we can find η(x) > 0
such that Bη(x)(x) ⊂ V and such that (αγ(j)(Bη(x)(x)))j=0,...,k are pairwise disjoint. Denote

B̂x = Bη(x)(x) and Bx = Bη(x)/2(x).

Find some finite subcover ∂A0 ⊂ ⋃Mi=1Bi. We will now construct open sets Ai for i =
0, . . . ,M (A0 is already defined) with the following properties:
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(0) ∂Ai ∩XG = ∅.
(1) Ai ⊂ A0 ∪

⋃M
j=1Bj .

(2) Ai ⊂ Ai+1 ⊂ Ai ∪ B̂i+1.
(3) The collection

Ai =
{

αγ(j)(∂Ai)
}

j<k
∪
{

αγ(k)(∂Ai ∩
i⋃

j=1

Bj)
}

is in general position.

Since by (1) we clearly have AM ⊂ V , combining this with (3) implies that the set U ′ = AM has
the desired property once we have done this construction. It remains to show how to construct
the sets Ai.
So suppose that the set Ai has already been defined for i < M . According to D4, for all

nonempty subsets S ⊂ Ai, there exists a zero dimensional Fσ-set ES ⊂ ⋂S such that dim(
⋂
S \

ES) = dim(
⋂
S)− 1. Define

E :=
⋃

∅6=S⊂Ai
0≤j≤k

α−γ(j)(ES).

By D5, E is a zero dimensional Fσ-set. Use 3.3 to find an open set W such that

(⋆) Ai ∩Bi+1 ⊂W ⊂W ⊂ B̂i+1 ∩ (A0 ∪
M⋃

j=1

Bj) and ∂W ∩ (E ∪XG) = ∅.

Now set Ai+1 := Ai ∪W . This clearly satisfies the properties (0),(1) and (2). To show (3), let
∅ 6= S = {S1, . . . , Sm} ⊂ Ai+1 correspond to some subset {j1, j2, . . . , jm} ⊂ {0, . . . , k}. Note
that since ∂Ai+1 ⊂ ∂Ai ∪ ∂W , we have either

Sl = αγ(jl)(∂Ai+1) ⊂ αγ(jl)(∂Ai) ∪ αγ(jl)(∂W ) =: S0
l ∪ S1

l (if jl 6= k)

or

Sl = αγ(jl)(∂Ai+1 ∩
i+1⋃

j=1

Bi)

⊂ αγ(jl)((∂Ai \W ) ∩
i+1⋃

j=1

Bi) ∪ αγ(jl)(∂W )

(⋆)
⊂ αγ(jl)(∂Ai ∩

i⋃

j=1

Bj) ∪ αγ(jl)(∂W )

=: S0
l ∪ S1

l (if jl = k).

It follows that

⋂

S ⊂
⋃

a∈{0,1}m

(
m⋂

l=1

Sall

)

.

Since W ⊂ B̂i+1, our choice of B̂i+1 implies that the sets S1
l are pairwise disjoint. So it suffices

to consider the case a = (0, . . . , 0) and, since we can change the order without loss of generality,
the case a = (1, 0, . . . , 0). For a = (0, . . . , 0), note that

{
S0
1 , . . . , S

0
m

}
is a subset of Ai, so we

already have

dim
( m⋂

l=1

S0
l

)

≤ max(−1, n−m).
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For a = (1, 0, . . . , 0), define Ŝ =
{
S0
2 , . . . , S

0
m

}
. This is a subset of Ai, hence we know that it is

in general position. Moreover, considering our choice of the set EŜ , recall that

dim(
⋂

Ŝ \ EŜ) ≤ dim(
⋂

Ŝ)− 1 ≤ max(−1, n− (m− 1))− 1 ≤ max(−1, n−m).

By the choice of W we know that ∂W ∩ E = ∅. Since α−γ(j1)(EŜ) ⊂ E, this implies EŜ ∩
αγ(j1)(∂W ) = ∅. In particular, it follows that

S1
1 ∩

m⋂

l=2

S0
l = αγ(j1)(∂W ) ∩

⋂

Ŝ ⊂
⋂

Ŝ \ EŜ .

Therefore we have established

dim(S1
1 ∩

m⋂

l=2

S0
l ) ≤ max(−1, n−m).

If we combine these inequalities with D2, it follows that we have dim(
⋂
S) ≤ max(−1, n−m)

as well. So Ai+1 is in general position and we are done.

Lemma 3.7. Let (X,α,G) as before, F⊂⊂G a finite subset and n ∈ N a natural number. If
a closed subset E ⊂ X is (F, n)-disjoint, there exists an open neighbourhood V of E such that
V is (F, n)-disjoint.

Proof. Note that for all S ⊂ F with n = |S|, we have

∅ =
⋂

γ∈S

αγ(E) =
⋂

γ∈S

αγ
(⋂

ε>0

Bε(E)
)

=
⋂

ε>0




⋂

γ∈S

αγ(Bε(E))





By compactness, there must exist some ε(S) > 0 such that
⋂

γ∈S

αγ(Bε(S)(E)) = ∅.

If we set ε = min {ε(S)|S ⊂ F, n = |S|}, the open set V = Bε(E) clearly does the trick.

Theorem 3.8. Let X be a compact metric space with finite covering dimension d. Let
G be a countably infinite group with a continuous action α : Gy X that has at most zero
dimensional fixed point sets. Then (X,α,G) satisfies (TSBP ≤ d). More precisely:

Let U, V ⊂ X be open sets with U ⊂ V . Then there exists an open set U ′ with U ⊂ U ′ ⊂ V
such that ∂U ′ is (G, d)-disjoint.

Proof. Since G is countable, choose an increasing sequence F1 ⊂ F2 ⊂ F3 ⊂ . . .⊂⊂G of finite
sets such that G =

⋃∞
k=1 Fk. We will construct a sequence of open sets {Uk}k∈N

, {Vk}k∈N
with

the following properties for all k:

(1) U ⊂ Uk ⊂ Uk+1 ⊂ V .
(2) V k+1 ⊂ Vk.
(3) Uk+1 ⊂ Uk ∪ Vk.
(4) V k is (Fk, d)-disjoint.
(5) ∂Uk ⊂ Vk.

Set U0 = U, V0 = V . Apply 3.6 to find U1 such that U ⊂ U1 ⊂ U1 ⊂ V and ∂U1 is (F1, d)-
disjoint. Apply 3.7 to find an open neighbourhood V1 of ∂U1 such that V 1 ⊂ V and V 1 is
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(F1, d)-disjoint. Clearly these sets satisfy (1)-(5) thus far. Suppose that the sets Uk, Vk have been
defined for some k. Apply 3.6 to find an open set Uk+1 such that Uk ⊂ Uk+1 ⊂ Uk+1 ⊂ Uk ∪ Vk
and ∂Uk+1 is (Fk+1, d)-disjoint. Since Vk is an open neighbourhood of ∂Uk+1, we can find an
open neighbourhood Vk+1 of ∂Uk+1 such that V k+1 ⊂ Vk is (Fk+1, d)-disjoint. It is easy to see
that these new sets satisfy properties (1)-(5) again.
Now set U ′ =

⋃∞
k=0 Uk. It follows immediately from (1) that U ⊂ U ′ ⊂ V . From condition

(1), (2) and (3) it follows that Uk+r ∪ Vk = Uk ∪ Vk for all k and r > 0, so in particular Uk ⊂
U ′ ⊂ Uk ∪ Vk for all k. It follows that

∂U ′ ⊂ Uk ∪ Vk \ Uk ⊂ V k.

Since Vk is (Fk, d)-disjoint, we have that ∂U ′ is (Fk, d)-disjoint for all k, hence it is (G, d)-
disjoint.

4. The controlled marker property

The aim of this section is to use the bounded topological small boundary property to obtain a
generalization of Gutman’s marker property (see 2.5) for free countable group actions and free
Z
m-actions in particular. Very similarly to 2.6, it will follow that free Z

m-actions have finite
Rokhlin dimension. First we have to introduce the notion of markers, the marker property,
and, in particular, the controlled marker property.

Definition 4.1. Let (X,α,G) be a topological dynamical system and F⊂⊂G a finite subset.
We call an open set Z ⊂ X an F -marker, if

– The family of sets
{
αg(Z)|g ∈ F

}
is pairwise disjoint.

(Or in the notation of the previous section, Z is (F, 1)-disjoint.)

– X =
⋃

g∈G

αg(Z).

We say that α has the marker property if there exist F -markers for all F⊂⊂G.

Definition 4.2. Let (X,α,Zm) be a topological dynamical system, F⊂⊂Z
m a finite subset

and L ∈ N a natural number. We call Z an L-controlled F marker, if Z is an F -marker such
that the second condition can be strengthened to

X =
L⋃

l=1

⋃

v∈F

αvl+v(Z) for certain v1, . . . , vL ∈ Z
m.

We say that α has the L-controlled marker property, if there exist L-controlled Bn-markers for
all n.

The marker property has been shown for all aperiodic homeomorphisms (i.e. free Z-actions)
on finite dimensional spaces by Gutman in [8]. Careful reading of that proof, however, yields
the controlled marker property in the form of 2.5. It is important to note that although the
marker property is trivial if the action is assumed to be minimal, Gutman’s proof gives a
uniform bound (in relation to F ) of how many copies one needs to cover the space with an
F -marker, which is something new even in the minimal case. We would like to build on his
ideas in the case G = Z to construct a proof for the general case of countable group actions.
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Lemma 4.3. Let X be a compact metric space, G a countably infinite group, d ∈ N a
natural number and α : Gy X a free continuous action that satisfies (TSBP ≤ d).

Let F⊂⊂G a finite subset and let g1, . . . , gd ∈ G be group elements with the property that
the sets

F−1F , g1F
−1F , . . . , gdF

−1F

are pairwise disjoint. Using the notation g0 = e, set M =
⋃d
l=0 glF

−1F .
Let U, V ⊂ X be open sets such that

– The family of sets
{
αg(U) | g ∈ F

}
is pairwise disjoint.

– The family of sets
{
αg(V ) | g ∈M−1

}
is pairwise disjoint.

Then there exists an open set W ⊂ X such that U ⊂W,V ⊂ ⋃g∈M αg(W ) and the family of

sets
{
αg(W ) | g ∈ F

}
is pairwise disjoint.

Proof. First observe that there is ε > 0 such that Bε(U) is (F, 1)-disjoint. Applying (TSBP
≤ d), we can enlarge U to a new open set within Bε(U) such that ∂U is (M,d)-disjoint. Showing
the lemma for this larger set gives certainly no loss of generality, so we may just assume that
∂U was (M,d)-disjoint to begin with.
Set R = V \⋃g∈M αg(U). Observe that R is closed and (M−1, 1)-disjoint, so choose ρ > 0

such that Bρ(R) is (M
−1, 1)-disjoint as well. We now claim that there exists a δ > 0 such that

(⋆) |
{
g ∈M | αg(U) ∩Bδ(x) 6= ∅

}
| ≤ d for all x ∈ R.

Assume that this is not true. Let xn ∈ R be elements with δn > 0 such that δn → 0 and

|
{
g ∈M | αg(U) ∩Bδn(xn) 6= ∅

}
| ≥ d+ 1 for all n.

By compactness, we can assume that xn converges to some x ∈ R by passing to a subsequence.
Moreover, since M has only finitely many subsets, we can also assume (again by passing to
a subsequence if necessary) that there are distinct γ(0), . . . , γ(d) ∈M such that αγ(l)(U) ∩
Bδn(xn) 6= ∅ for all n and all l = 0, . . . , d. But then δn → 0 implies

x ∈ R ∩
d⋂

l=0

αγ(l)(U) ⊂
d⋂

l=0

αγ(l)(∂U) = ∅.

So this gives a contradiction to ∂U being (M,d)-disjoint. So we may choose a number δ ≤ ρ
satisfying (⋆). Moreover, choose some finite covering

R ⊂
s⋃

i=1

Bδ(zi) for some z1, . . . , zs ∈ R.

Note that the right side is (M−1, 1)-disjoint by our choice of ρ. Now observe that (⋆) and the
fact that the sets

{
glF

−1F | l = 0, . . . , d
}

are pairwise disjoint, enables us to define a map
c : {1, . . . , s} → {0, . . . , d} such that

αg(U) ∩Bδ(zi) = ∅ for all g ∈ gc(i)F
−1F.

Finally, set

W = U ∪
s⋃

i=1

α
g−1
c(i)(Bδ(zi)).
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Obviously we have U ⊂W . Moreover, we have

V ⊂
⋃

g∈M

αg(U) ∪R

⊂
⋃

g∈M

αg(U) ∪
s⋃

i=1

Bδ(zi)
︸ ︷︷ ︸

=α
gc(i) (α

g
−1
c(i) (Bδ(zi)))

⊂
⋃

g∈M

αg(U) ∪
s⋃

i=1

αgc(i)(W ) ⊂
⋃

g∈M

αg(W )

At last we have to show that W is (F, 1)-disjoint. Suppose that αa(W ) ∩ αb(W ) 6= ∅ for some
a 6= b in F . That is, there exist x, y ∈W such that αa(x) = αb(y). Let us go through all the
possible cases:

– x, y ∈ U is obviously impossible.

– x ∈ α
g−1
c(i1)(Bδ(zi1)) and y ∈ α

g−1
c(i2)(Bδ(zi2)) for some 1 ≤ i1, i2 ≤ s. It follows that

αa(x) = αb(y) ∈ α
ag−1

c(i1)(Bδ(zi1)) ∩ α
bg−1

c(i2)(Bδ(zi2)),

so

∅ 6= α
b−1ag−1

c(i1)(Bδ(zi1)) ∩ αg
−1
c(2)(Bδ(zi2)) ⊂ α

b−1ag−1
c(i1)(Bρ(R))) ∩ αg

−1
c(i2)(Bρ(R)).

Observe that by a 6= b, we have b−1ag−1
c(i1)

6= g−1
c(i2)

in M−1. Since Bρ(R) is (M−1, 1)-
disjoint, the right side of the above is empty. So this is impossible.

– x ∈ U and y ∈ α
g−1
c(i)(Bδ(zi)) for some 1 ≤ i ≤ s. Then it follows that

αa(x) = αb(y) ∈ αa(U) ∩ αbg
−1
c(i)(Bδ(zi)) 6= ∅.

Or equivalently, αgc(i)b
−1a(U) ∩Bδ(zi) 6= ∅, a contradiction to the definition of c(i).

So the sets in the family
{
αg(W )| g ∈ F

}
are indeed pairwise disjoint.

Proposition 4.4. Let G be a countable group, X a compact metric space, d ∈ N a
natural number and α : Gy X be a free continuous group action satisfying (TSBP ≤ d).
Let F, g1, . . . , gd,M be as in 4.3. Then X admits an F -marker Z with the property X =
⋃

g∈M αg(Z).

Proof. For all x ∈ X, choose a neighbourhood Ux such that the family of sets
{
αg(Ux)| g ∈M−1

}
is pairwise disjoint. Note that this is possible because the action is free.

Choose a finite subcovering X =
⋃s
i=0 Ui. Apply 4.3 (with respect to U = U0, V = U1) to

find an open setW1 such that U0 ⊂W1, U1 ⊂ ⋃g∈M αg(W ) and such thatW 1 is (F, 1)-disjoint.
Clearly we have U0 ∪ U1 ⊂ ⋃g∈M αg(W1).
Now carry on inductively. If Wk is already defined, apply 4.3 (with respect to U =Wk, V =

Uk+1) to find Wk+1 such that Wk ⊂Wk+1 and Uk+1 ⊂ ⋃g∈M αg(Wk+1) and such that W k+1

is (F, 1)-disjoint. Note also that if Wk had the property that

U0 ∪ · · · ∪ Uk ⊂
⋃

g∈M

αg(Wk),
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then it follows that

U0 ∪ · · · ∪ Uk ∪ Uk+1 ⊂ ⋃

g∈M αg(Wk) ∪ Uk+1

⊂ ⋃

g∈M αg(Wk) ∪
⋃

g∈M αg(Wk+1)

=
⋃

g∈M αg(Wk+1).

So set Z =Ws. Z is (F, 1)-disjoint by construction, and indeed an F -marker with

X = U0 ∪ · · · ∪ Us ⊂
⋃

g∈M

αg(Z).

Remark 4.5. Let m ∈ N. For all n and a ∈ {0, 1}m, defining

wa =
(

δ1,aj · n
)

j=1,...,m
∈ Z

m

yields 2m distinct elements with the property that B2n =
⋃

a

(wa +Bn).

Theorem 4.6. Let X be a compact metric space, d ∈ N a natural number and let α :
Z
m

y X be a free continuous action satisfying (TSBP ≤ d). Then (X,α,Zm) has the 2m(d+
1)-controlled marker property.

Proof. For n ∈ N, choose v1, . . . , vd ∈ Z
m such that (note v0 := 0)

Bn −Bn , v1 + (Bn −Bn) , . . . , vd + (Bn −Bn)

are pairwise disjoint. DefineM =
⋃d
l=0(vl + (Bn −Bn)). Apply 4.4 to find a Bn-marker Z such

that X =
⋃

v∈M αv(Z). Observing that B2n is a translate of Bn −Bn, use the previous remark
to choose w1, . . . , w2m ∈ Z

m so that Bn −Bn =
⋃

j(wj +Bn). It follows that

M =

d⋃

l=0

(vl + (Bn −Bn)) =

d⋃

l=0

2m⋃

j=1

((vl + wj) +Bn),

so

X =
⋃

v∈M

αv(Z) =

d⋃

l=0

2m⋃

j=1

⋃

v∈Bn

α(vl+wj)+v(Z).

So we see that Z is a 2m(d+ 1)-controlled Bn-marker.

5. Conclusion and further remarks

Finally we can combine the results from the previous sections to get our main result.

Corollary 5.1. Let X be a compact metric space, d ∈ N a natural number and let α :
Z
m

y X be a free continuous action satisfying (TSBP ≤ d). Then

dimRok(α) ≤ 2m(d+ 1)− 1.
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Proof. Let n ∈ N be given. By 4.6, we may apply the 2m(d+ 1)-controlled marker property
and choose a Bn-marker Z such that there exist

{vl | l = 0, . . . , 2m(d+ 1)− 1} ⊂ Z
m

with

X =

2m(d+1)−1
⋃

l=0

⋃

v∈Bn

αvl+v(Z).

For l = 0, . . . , 2m(d+ 1)− 1 and v ∈ Bn, define U
(l)
v = αvl+v(Z). Then

R =
{

U (l)
v | l = 0, . . . , 2m(d+ 1)− 1, v ∈ Bn

}

obviously forms a Rokhlin cover with the desired properties.

Corollary 5.2. Let X be a compact metric space of finite covering dimension and let
α : Zm y X be a free continuous action. Then

dimRok(α) ≤ 2m(dim(X) + 1)− 1.

Proof. This follows directly from 3.8 and 5.1.

Theorem 5.3. Let X be a compact metric space of finite covering dimension and let
α : Zm y X be a free continuous group action. Then the induced C∗-algebraic action ᾱ on
C(X) has finite Rokhlin dimension, and the transformation group C∗-algebra C(X)⋊ᾱ Z

m has
finite nuclear dimension. More specifically, we have

dimcyc
Rok(ᾱ) ≤ 22m(dim(X) + 1)− 1

and

dimnuc(C(X)⋊ᾱ Z
m) ≤ 23m(dim(X) + 1)2 − 1.

Proof. Combining 5.2 and 2.4 yields

dimcyc
Rok(ᾱ) ≤ 22m(dim(X) + 1)− 1.

Remembering that dimnuc(C(X)) = dim(X), we apply 1.10 to obtain

dimnuc(C(X)⋊ᾱ Z
m) ≤ 23m(dim(X) + 1)2 − 1.

Now let us adress possible further generalizations and open questions.

Remark 5.4. The results of this paper apply more generally to free Z
m-actions on locally

compact metric spaces. Since the author is not aware of immediate applications for open
problems in the non-compact case, that case was dropped to make proofs shorter. However,
this may change in the future, so we sketch how one would have to modify the approach to
handle the non-compact case.

– One can define an analogous notion of C∗-Rokhlin dimension for actions on non-unital
C∗-algebras. It is defined just as in 1.6, with the exception that condition (1) is replaced
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by

(1′) ‖a− a
( d∑

l=0

∑

v∈Bn

f (l)v

)

‖ ≤ ε for all l = 0, . . . , d, v ∈ Bn, a ∈ F.

In other words, instead of the Rokhlin elements almost summing up to 1, the sum behaves
like an approximate unit on elements of F .

– 1.10 generalizes to actions on non-unital C∗-algebras. In the proof, condition (1) is used
only once, and it is obvious that (1’) is actually sufficient in that step.

– Similarly, one can define an analogous notion of Rokhlin dimension for topological actions
on locally compact metric spaces. It is defined just as in 2.1, with the exception that we
only require R to cover an arbitrarily given compact subset K ⊂ X.

– 2.2 and 2.4 can then be generalized in a straightforward manner.
– Definitions 3.1, 3.2 and 3.5 also make sense for actions on non-compact spaces. Note that
in 3.2, the set denoted by A should be required to be compact rather than just closed.

– Every single statement of section 3 is true in the locally compact case with the same proofs,
if we restrict them to statements about bounded open sets. Therefore 3.8 generalizes to
countable group actions on locally compact metric spaces having at most zero dimensional
fixed point sets.

– For group actions on locally compact spaces, we can modify the definition of markers. For
F⊂⊂G and a compact subset K ⊂ X, an (F,K)-marker is a bounded open set Z ⊂ X such
that

∗ αg(Z) ∩ αh(Z) = ∅ for all g 6= h in F .
∗ K ⊂ ⋃g∈G αg(Z).

Similarly we can define controlled (F,K)-markers in the case of Zm-actions. We say that
an action has the L-controlled marker property if for all n and all compact K ⊂ X, there
exists an L-controlled (Bn,K)-marker.

– 4.3, 4.4 and 4.6 are generalized to the non-compact case in a straightforward manner, using
(TSBP ≤ d) for free actions on locally compact metric spaces. Hence all free Z

m-actions
with (TSBP ≤ d) have the 2m(d+ 1)-controlled marker property.

– Combining all these generalized statements, we get the corresponding statements of 5.1,
5.2 and 5.3 for the non-compact case.

Remark 5.5. Let G be a countable and locally finite group, i.e. G =
⋃

nHn for an
increasing sequence of finite subgroups Hn. Then the results of this paper also apply to
free (Zm ×G)-actions on (locally) compact metric spaces. Since the generalization is very
straightforward, we do not give a sketch on how to modify all the important steps like above.
Instead, we remark that the set Bn has to be replaced by Bn ×Hn in order to get the right
definitions for (Zm ×H)-actions. The proofs are then almost identical.

Question 5.6. What is the right notion of Rokhlin dimension for actions of a larger class
of countable, non-abelian, discrete, amenable groups?
Keep in mind that finite Rokhlin dimension should be regarded as a topological version of

the measure theoretic Rokhlin lemma. In view of existing results on groups that can satisfy
such a Rokhlin lemma (see [15] in particular), can we define Rokhlin dimension for actions of
monotilable groups?
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Question 5.7. Suppose that one can successfully generalize Rokhlin dimension to actions
of a larger class of countable, discrete, amenable groups. For which groups is it automatic
that free actions on finite dimensional spaces have finite Rokhlin dimension? Lemma 4.3 seems
to suggest that this might be the case for finitely generated groups whose unit balls in some
length metric have some form of bounded growth condition similar to Zm. Is polynomial growth
sufficient?
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