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phenomena can be used to characterize the degree of disorder in nonlinear
photonic structures.
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Introduction

Quasi-phase matching is one possible method of choice to compensate for the lack of exact
phase synchronism among interacting waves in quadratic nonlinear media ensuring a high effi-
ciency of frequency mixing [1,2]. It employs spatial periodic changes in the sign of nonlinearity.
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This is achieved by periodic poling of ferroelectric nonlinear crystals such as lithium niobate,
lithium tantalate, etc [3]. However, the exact periodic poling ensures the fulfilment of the phase
matching condition only for a particular choice of wavelengths of the interacting waves; thus
restricting its practical applicability. To remove this constrain, quasi-periodic poled structures
or sequences of periodic regions with different periods have been realized [4, 5]. Naturally
grown ferroelectric crystals such as Strontium Barium Niobate (SBN) often exhibit an irregular
multi-domain structure with rod-like domains [6–9]. Because of the random size and spatial
distribution of these domains, the unpoled SBN crystal belongs to the class of disordered non-
linear quadratic crystals. Such media have attracted a considerable attention in recent years
due to their potential benefits for nonlinear parametric processes [10]. Despite being usually
considered as disadvantageous in typical nonlinear optical phenomena, the randomness of the
nonlinear media offers potential applications in broadband frequency generation [11–18] and
ultra-short pulse monitoring [19]. These applications utilize the fact that the crystal with disor-
dered anti-parallel domains forms, in fact, a two-dimensional photonic nonlinear structure with
an infinite number of χ(2) reciprocal vectors corresponding to various local nonlinear gratings.
Consequently, such structure enables phase matching of various parametric processes over an
ultra-broad spectral range and in different spatial directions, including a direction transverse to
the beam propagation [15, 20, 21]. Figure 1(a) represents a schematic illustration of such type
of random crystal placed in a typical experimental set-up. The inverted ferroelectric domains
are represented by bright and dark colors, respectively.
However, recent experiments with random domain SBN crystals also demonstrated that

the emission pattern of the generated waves may differ drastically from sample to sam-
ple [see Fig. 1(b), 1(c)], being either spatially homogeneous or exhibiting distinct intensity
peaks [16, 22]. This behavior points towards the difference in the actual distributions of ferro-
electric domains in different samples. In fact, observations of random domains ranging from
tens of nanometers to few microns have been reported in the literature [6, 8, 9, 13]. Moreover,
it has been even suggested that the domain-walls induced light scattering of the fundamental
wave plays significant role in the SH generation [17].
In order to obtain a better understanding of the nonlinear interaction in random media, in

this work we analyze theoretically and numerically the role of the domain distribution on the
efficiency and transverse characteristics of the SH emission in a quadratic random crystal. The
numerical simulations obtained are supported by our experimental evidence of the SH emission
(see for example Fig. 1(b), 1(c) and Ref. [20]).

Modeling random ferroelectric domain pattern

In order to simulate the 2D ferroelectric domain distribution for our study we will consider
a simplified model which includes the most significant aspects of the experimentally reported
distributions in SBN crystals [9, 17]. To mimic the process of domain formation we adopt the
following strategy. Firstly, we assume that the individual domains (our building blocks) have
form of rods with a circular transverse profile. While the assumption about circular shape fol-
lows from the experimental observations [23] it is, in fact, not that critical because, as we see
below, the macroscopic pattern of nonlinearity distribution consists of regions of opposite sign
of the nonlinearity which may have very complicated (not necessarily circular) shape. As we
consider light propagation and emission in the plane perpendicular to the longer dimension of
the domains only their transverse structure is taken into account here. A normal (Gaussian)
distribution of the domain sizes is chosen with a certain mean diameter (ρ0) and variance (σ ).
Using this distribution a number of domains is randomly generated and randomly placed in
a rectangular area representing the size of the sample. In all the cases discussed here at least
two thousand domains were used to create a random domain pattern even if the domains num-
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Fig. 1. (a) - schematic representation of the second harmonic generation in multi-domain
disordered structure in ferroelectric crystal. (b-c) Experimentally recorded various emission
patterns in SHG in three different samples of as-grown SBN crystal with random domain
distribution. (b) planar (almost 360◦) transverse emission. The red arrow indicates the di-
rection of the fundamental beam; (c) examples of SH emission from two different samples
of as-grown SBN crystal; top graph: narrow angle forward emission with two distinctive
maxima; bottom graph: wide angle forward emission.

ber that take part in the process may depend on actual geometry of interaction. As a rule of
thumb this number should be large compared to the actual size of the input optical beam [24].
In the next step each domain is randomly assigned a particular sign of the nonlinearity (pos-
itive/negative). Some particular realizations of the 2D domains pattern for different choice of
statistical parameters are shown in the top row of Fig. 2(a)–2(c). The black and white col-
ors denote the antiparallel oriented domains with opposite signs of the quadratic nonlinearity.
These kind of generated patterns are directly used in the numerical simulations. A completely
random assignment leads sometimes to large agglomeration of domains with the same sign of
the χ(2) nonlinearity [Fig.2(c) top row]. To remedy this, and to create structures with very fine
domain pattern the sign of each particular domain was assigned taking into account the signs
of its closest neighborhood, such as in Figs. 2(a) and 2(b). The algorithm implemented here
integrates the area close to the domain under study; if in this area there is a prevalence of pos-
itive χ(2) sign, a negative sign will be chosen and vice versa. The non occupied zones among
the domains are considered to form the domain walls and they amount to around 10% of the
whole area of the sample which is in agreement with the experimental observations in similar
poled structures [25]. In the region of the domain walls the nonlinearity is assigned a null value.
However, we allowed in this region for a small linear refractive index change of the order of
10−3 to account for the strong discontinuity of the vector of spontaneous polarization [25,26].
This weak linear index variation will produce a linear scattering of light. We will talk about this
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effect later in the paper.
The insets in Fig. 2(a) and 2(b) depict corresponding histograms of normalized number of do-

mains versus domain size. Such histograms were previously used to characterize actual samples
of as grown SBN crystals with disordered domain pattern [17] but do not contain all the needed
information on the distribution. For example, it is not possible to retrieve the distribution of
the sign of the nonlinearity. Moreover, the histograms can be ambiguous since it is possible to
choose either the diameter or the area of the domains as discriminating parameter. Notice how,
starting from the same statistical parameters, it is possible to draw two completely different
random patterns by either avoiding [Fig. 2(b)] or allowing the agglomeration [Fig. 2(c)].

Fig. 2. Examples of particular realizations of the random 2D domain pattern. (a) ρ0 =
0.3µm, σ = 0.05µm, (b) ρ0 = 0.3µm, σ = 0.1µm, (c) ρ0 = 0.3µm, σ = 0.1µm with ag-
glomerations of the domains. The insets depict histograms of the resulting domain diame-
ters. Bottom row: corresponding spatial Fourier spectrum of the domain patterns. Note that
the agglomeration of domains shown in (c) results drastically changes its spatial Fourier
spectrum and hence will have a strong impact on SH emission.

Second harmonic emission by disordered domain structure

In order to fully characterize the domain pattern as a quasi-phase matching nonlinear photonic
structure we use the spatial Fourier spectrum of the nonlinearity distribution. Such spectrum
represents the domain of reciprocal vectors !Gwhich will be employed to fulfil the phase match-
ing condition!k2− 2!k1− !G = 0 which determines the direction and efficiency of the quadratic
process. Here!k2,!k1 are the wave-vectors of the second harmonic and fundamental waves, re-
spectively, and !G can be expressed as !G = (π/Λ)!n where Λ represents periodicity along the
direction !n. In the bottom row in Fig. 2 we depict the modulus of the Fourier spectrum cor-
responding to the domain patterns shown in the top row. In these graphs the strength of the
spectral components is directly represented by their brightness. It is clear that different do-
main distributions lead to drastically different structure of the reciprocal space which, as we
will show later, will subsequently affect the second harmonic emission. In fact, this property
has been utilized to control the shape of the generated SH beam in specially designed struc-
tures [27, 28]. As it is clear from the bottom row of the Fig. 2(a), 2(b), a real spatially random
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Fig. 3. Diagram illustrating few possible scenarios of the phase matching condition for
the SH emission in medium with disordered ferroelectric domain structure. Dashed green
arrows indicate possible directions of strong emission of SH. (a-b) same disordered domain
distribution, different wavelengths of the fundamental wave - λF (λF is shorter in case (b));
(c) random domain distribution with the mean value significantly smaller than in cases (a-b)

domain pattern leads to a circularly shaped Fourier spectrum. The radius of the circle will be
directly related to the mean domain size and its width from the radius will be related with the
standard deviation. In particular, domain distributions with narrow (broad) standard deviation
lead to the correspondingly narrow (broad) width of the reciprocal distribution of the !G vectors.
And domain distributions with small (big) mean domain size lead to the correspondingly large
(small) radius of the circular distribution. As comparison, the bottom row of Fig. 2(c) depicts
the spatial Fourier spectrum of the distribution with large rate of domains agglomeration. Here
the structure consists effectively of large area domains of the size of the agglomerated areas,
and consequently its spatial spectrum shrinks toward very small components. In order to see
how the particular nonlinear structures affect emission of the second harmonic we need to con-
sider the phase matching condition. In Fig. 3 we plot the three particular scenarios associated
with the random domain structures. The green circle represents possible directions of the wave-
vector of the second harmonic while the yellow ring represents the more considerable region
of the reciprocal vectors !G provided by the randomness of the domain pattern. As the pattern is
isotropic so is the distribution of the !G vectors. The most efficient second harmonic emission
is expected to occur in the directions determined by the intersection of the green circle and yel-
low rings where the phase matching conditions is fulfilled with the stronger coefficients of the
reciprocal spectrum. It is clear that because of availability of isotropically oriented G vectors
the generation of the second harmonic is expected to be non-collinear with a broad spatial dis-
tribution of the intensity. The two cases shown in Fig. 3(a), 3(b) correspond to identical domain
pattern but they differ in the wavelength of the fundamental wave. Hence, in the first case (a)
the SH is expected to be emitted predominantly in two angular directions. On the other hand
the same structure used with shorter fundamental wave [as in Fig. 3(b)] should lead to mostly
forward emission centered around the direction of the fundamental wave. Finally, the domain
pattern with much smaller average size is expected to lead to strongest emission oriented at
large angles as in Fig. 3(c). As the geometric regions of the strongest phase matching shown in
these three examples differ significantly one may expect this property to be reflected in the SH
emission pattern. However, the actual spatial intensity distribution of the generated SH wave
will be determined not only by the phase matching condition but also by the strength of the
nonlinearity for the particular emission direction which is strongly affected by the randomness
of the system.
In order to explore this further we employ the approach of Dolino [29] and Le Grand [24].

In this approach the intensity of the SH wave generated in the medium consisting of randomly
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Fig. 4. Theoretically predicted angular distribution of the second harmonic emission in the
quadratic crystal with random domain distribution [Eq. (1)]. (a) constant average domain
diameter ρ0 = 1µm, (b) constant dispersion σ = 1µm. In all simulations we assumed λF =
1µm. (c) The effect of varying of the wavelength of the fundamental wave on the emission
angle of the SH. Here ρ0 = 1µm and σ = 1µm. In all graphs the dashed line represents
phase matching condition with a single reciprocal vector |!Gmean| = π/ρ0.

distributed antiparallel domains can be expressed as

I(2ω) ∝ I(ω)de f f f (q,ρ0,σ) (1)

where I(ω) is the intensity of the fundamental wave and de f f is the effective χ(2) nonlinearity
which depends on material parameters and geometry of the interaction. The function f (q,ρ0,σ)
[Eq. (2)] represents the effect of disorder in the domain distribution.

f (q,ρ0,σ) =
4L
q2

· 1− e−q2σ2

1+ e−σ2q2 +2cos(qρ0)e−σ2q2/2 . (2)

where L is the propagation distance and q = |∆k| is the absolute value of the phase mismatch.
The linear dependence of I(2ω) on propagation distance is the signature of disorder which makes
the process of SH build-up to be incoherent [10, 30–32]. As the phase mismatch parameter q
is in our geometry of interaction uniquely linked to the angle between propagation direction
of the SH and fundamental waves, the relation (1) provides, in fact, angular distribution of the
SH intensity. The contour plots in Fig. 4 illustrate the relation Eq. (1) as a function of emission
angle and/or statistical parameters of the domain distribution. From Fig. 4(a) it is evident that
for low domain dispersion the structure is almost perfectly periodic leading to very directed
transverse emission determined by the phase matching condition which in this case is satisfied
in two particular directions of the SH. As the domain dispersion increases the more G vectors
contribute towards the phase matching which results in a forward emission of the SH. Plot
in Fig. 4(b) illustrates the effect of the mean value of the domain diameter. For fine domain
pattern (at given dispersion) many G vectors participate in the SH generation leading to very
broad emission. As the average domain diameter increases the SH emission becomes less spread
approaching the forward emission for large ρ0. Finally, in Fig. 4(c) we demonstrate the effect
of varying the wavelength of the fundamental wave on the SH generation. In this particular
example ρ0 = σ = 1µm. The dashed line in all graphs in Fig. 4 represents emission of the
SH determined solely by the phase matching condition taking into account only one reciprocal
vector |!Gmean| = 2π/(2ρ0) corresponding to the mean diameter of the domains. It is clear that
while this simplified approach is sufficiently accurate for weak disorder it leads to erroneous
results for high degree of randomness of the periodic structure. In addition it cannot be used to
determine the spatial distribution of the emitted SH.
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Fig. 5. Numerical simulations - generation of the second harmonic by a femtosecond laser
pulse in a disordered structure. A fundamental pulse in initially placed in the air and propa-
gates toward the sample in the right direction. When it reaches the first air/sample interface
a portion is backward reflected and the remaining part keep propagating forward. Due to
the presence of the nonlinearity a SH pulse is generated and propagates forward. Left col-
umn: Spatial intensity distribution of the fundamental (Media 1) (a) and second harmonics
(b-d) for three different random samples in three different numerical simulations. Middle
column - the structure of the interacting waves in the spatial Fourier space. Note differences
in the emission angle. Right column - energy of the fundamental and second harmonics as
a function of the time of propagation. The statistical parameters of the domain distribution
are: (b) - ρ0 = 3µm, σ = 0.3µm, λF = 1.064µm, here the sample is bigger to arrange
an enough number of domains (Media 2); (c) ρ0 = 0.9µm, σ = 0.1µm, λF = 1.064µm
(Media 3); (d) ρ0 = 0.3µm, σ = 0.05µm, λF = 0.800µm (Media 4).
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Numerical simulations

To test the above discussed analytical predictions we resorted to numerical simulations of sec-
ond harmonic generation in random domain structures. We numerically solved the Maxwell‘s
equations assuming that the random quadratic medium (Fig. 2) is illuminated with a Gaussian
fundamental pulse. We used the material parameters which correspond to those of as-grown
SBN crystals [26]. It should be stressed here that Vidal and Martorell [33] were perhaps the
first ones to investigate numerically second harmonic emission in multi-domain crystal. They
considered only 1D structure and used the matrix transfer approach. Our simulations of full
Maxwell equations were conducted using optical pulses and finite beams in two dimensional
medium. Therefore we could describe SH emission at arbitrary angle and did not have to per-
form statistical averaging in order to obtain relevant physical quantities such as the energy of
the generated waves. To simulate the light propagation through SBN crystal we use a numerical
model similar to that discussed before in [34] with the addition of a transverse coordinate to
include diffraction and propagation in a two-dimensional plane. We use a Lorentz oscillator
model to describe material dispersion and, for simplicity, we assume a TM-polarized incident
pump field. The electric and magnetic fields may be written as a superposition of the harmonics
as follows:

H = x̂
∞

∑
l=1

(Hlω
y (z,y, t)eil(kz−ωt) + c.c.) (3)

E = ŷ
∞

∑
l=1

(Elωy (z,y, t)eil(kz−ωt) + c.c.)+ ẑ
∞

∑
l=1

(Elωz (z,y, t)eil(kz−ωt) + c.c.) (4)

where Hlω
y (z,y, t), Elωy (z,y, t) and Elωz (z,y, t) are generic, spatially- and temporally-dependent,

complex envelope functions; k and ω are carrier wave vector and frequency, respectively, and
l is an integer. Equations (3), (4) are a convenient representation of the fields, and no a priori
assumptions are made about the field envelopes. The second order nonlinear polarization is
PNL = χ2E2. Expanding the field into its components yields nonlinear polarization terms at the
fundamental and harmonics frequencies (taking only the leading terms): Pω(z, t) = 2χ2ωE∗ωE2ω
and P2ω(z, t) = 2χ22ωE

2
ω . The linear response of the medium is described by a Lorentz oscillator

model: ε(ω) = 1−ω2
p/(ω2+ iγω −ω2

r ) and µ(ω) = 1 , where γ , ωp, and ωr are the damping
coefficient, the plasma and resonance frequencies, respectively. Assuming that polarization and
currents may be decomposed as in Eqs. (3), (4), we obtain the following Maxwell-Lorentz
system of equations for the lth field components, in the scaled two-dimensional space (ỹ,ξ )
plus time (τ) coordinate system:

∂Hlω
x

∂τ = iβl(Hlω
x +Elωz sinθi+Elωy cosθi)−

∂Elωz
∂ ỹ +

∂Elωx
∂ξ (5)

∂Elωy
∂τ = iβl(Elωy +Hlω

x cosθi)−4π(Jlωy − iβlPlωy )+4iπβlPlωy,NL−
∂Plωy,NL

∂τ +
∂Hlω

x
∂ξ (6)

∂Elωz
∂τ = iβl(Elωz +Hlω

x sinθi)−4π(Jlωz − iβlPlωz )+4iπβlPlωz,NL−
∂Plωz,NL

∂τ − ∂Hlω
x

∂ ỹ (7)

∂Jlωy
∂τ = (2iβl− γ)Jlωy +(β 2l + iγβl−β 2r )Plωy +

πω2
p

ω2
0
Elωy (8)

∂Jlωz
∂τ = (2iβl− γ)Jlωz +(β 2l + iγβl−β 2r )Plωz +

πω2
p

ω2
0
Elωz (9)

Jlωy =
∂Plωy
∂τ ,Jlωz =

∂Plωz
∂τ (10)
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In Eqs. (5)–(10), the functions J,P,PNL refer to linear electric currents, polarization, and
nonlinear polarization, respectively. The coordinates are scaled so that ξ = z/λ0, ỹ = y/λ0,
τ = ct/λ0, ω0 = 2πc/λ0, where λ0 = 1µm is just reference wavelength; γ , βlω = 2πlω/ω0,
βrω = 2πωr/ω0, ωp are the scaled damping coefficient, wave-vector, resonance and electric
plasma frequencies for the lth harmonic, respectively. θi is the angle of incidence of the pump
field. The equations are solved using a split-step, fast Fourier transform-based pulse propaga-
tion algorithm that advances the fields in time [35]. Contrary to the most common nonlinear nu-
merical codes, the one implemented here is able to solve the complete 2D vectorial Maxwell’s
equations in the time domain without slowly varying envelope approximation. For this rea-
son all angles of propagation and/or diffraction are allowed. Furthermore, no undepleted pump
approximation is used. A number of numerical simulations have been performed with differ-
ent working conditions. The fundamental pulse length in the plane of the nonlinear domain
was in the range 6-30 optical cycles. We varied the fundamental wavelength from 790nm up to
1550nm. The data for the index of refraction were obtained fitting the Sellemier’s equation with
the coefficient as in [26] to a general Lorentz curve. Figure 5 shows the results of some of these
simulations obtained assuming the λF = 800,1064nm. In this figure the plots in the left column
depict the spatial intensity distribution of the fundamental and generated second harmonics for
three different random samples (from the top to bottom). Middle column shows the transverse
structure of the fundamental and second harmonics in the spatial Fourier space (or equivalently,
in the far field) and the plots in the right column depicts the energy of the fundamental and sec-
ond harmonics as a function of the time of propagation. In the Fig. 5(a) is depicted the typical
propagation of the fundamental pulse. Initially located in the air, it impinges normally in the
sample. Due to the index mismatch, part of the pulse is backward reflected and the remaining
is forward propagating in the material. The k-spectrum of the fundamental field shows a very
narrow peak with coordinates kx = 2π/λ and ky = 0 during the first part of the propagation in
the air and kx = 2πn(λF)/λF and ky = 0 after entering in the material, where n(λF) is the index
of refraction at the fundamental frequency. Since the efficiency of the nonlinear process is low,
the energy of the fundamental is practically constant during the propagation in the SBN. The
graphs in Fig. 5 demonstrate dramatic variations in the far field of the emitted SH depending on
the characteristics of the domain pattern. Note the differences in the emission angles in cases
(b), (c) and (d) which correspond to the domain distributions from large to small average do-
main sizes, namely 3,0.9 and 0.3µm. The angular distribution of the intensity of the generated
SH fields reflects the spatial distributions of the domains. As expected, the energy of the gener-
ated SH clearly displays a linear-like growth. This is indication of the incoherent character of
the build-up of the SH and is in full agreement with earlier experiments and theoretical predic-
tion [10, 30, 31]. The difference in the maximum reached values of the SH fields and energies
is due to the different input intensities of the fundamental as initial condition. For example,
in the simulation in Fig. 5(b) the input intensity is three orders of magnitude higher than the
simulation in Fig. 5(c). Comparing the numerical simulations with the analytical predictions
[Eq. (1)] we find them in very good agreement. Therefore the simple statistical approach ap-
pears to be a powerful tool in predicting spatial distribution of the generated harmonic in media
with disordered domain structure. This suggests that experimental observation of second har-
monic pattern can be employed to obtain information about the degree of the disorder of the
ensuing domain structure. This aspect is currently being experimentally investigated. To give an
idea of the power of this method, as it follows from the results of this study we can evaluate that
to have second harmonic light propagating at the transverse and backward directions the sam-
ple needs to possess nonlinear domains at least of the order of 10− 50nm. This consideration
is very important as far as the choice of the domain visualization technique with appropriate
resolution is concerned [36].
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Finally, we would like to comment on the role of the light scattering on the SH emission. Due
to the discontinuity in the direction of spontaneous polarization between domains a small jump
of the linear index of refraction is present in the area of the domain walls. For instance, ac-
cording to [26] this index modulation is ∆nλ=852nm = 1.0×10−4 and ∆nλ=404nm = 2.6×10−3.
Obviously the strength of light scattering induced by the domain walls will be at least one order
of magnitude weaker for infrared than visible light. Thus, the SH light will always experience
stronger scattering than the fundamental wave while propagating in the same sample. It has
been suggested before that the wide angle emission of the second harmonic in experiments
with multi-domain SBN crystals could be attributed to the emission of the SH signal by scat-
tered fundamental beam [17]. To test this hypothesis we included the effect of index variation
in the domain walls in our numerical simulations. In fact all graphs depicted in Fig. 5 have been
obtained assuming the index jumps at fundamental frequency of ∆n= 0.01. No appreciable ef-
fect in both fundamental beam nor the second harmonic has been observed. This confirms that
the transverse emission of the SH is caused solely by the spatial modulation of the nonlinearity
resulting from the random domain pattern. However, it should be stressed that in the situation
when the strong scattering of the second harmonic is present it may indeed affect its overall
intensity distribution.

Conclusions

In conclusion, we have studied the effect of random domain distribution on the emission of
second harmonic generation in a nonlinear crystal with disordered ferroelectric domains. We
demonstrated that there is direct connection between the statistical properties of the domain
structure and the far field of the second harmonic. This effect can be employed to character-
ize the degree of randomness of the quasi-phase matching domain pattern. We are currently
working on experimental verification of these results in SBN crystals with disordered domain
structure.
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