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Abstract. In Sarria and Saxton (2013), we derived representation formulae for spa-
tially periodic solutions to the generalized, inviscid Proudman-Johnson equation and
studied their regularity for several classes of initial data. The purpose of this paper is to
extend these results to larger classes of functions including those having arbitrary local
curvature near particular points in the domain.

1. Introduction. In this article, we extend the analysis initiated in [20] concerning
blow-up, and blow-up properties, in solutions to the initial boundary value problem for
the generalized, inviscid Proudman-Johnson equation ([19], [4], [17])

Ut + Ullgy — Mu2 = I(t), t >0,
u(z, 0) = ugp(z), z € 0,1], (1.1)
() = —(A+1) [y ul da,
where A € R and solutions are subject to periodic boundary conditions
w(0,t) = u(l,¢), ux(0,t) = uy(1,t). (1.2)

We note that the equation arises in several important applications, in the presence or
absence of the nonlocal term I(t). For A = —1, () i), iii) reduces to the inviscid
Burgers’ equation of gas dynamics differentiated once in space. If A = —1/2, the Hunter
Saxton equation (HS) describes the orientation of waves in a massive director field of
a nematic liquid crystal ([I3], [2], [8], [26]). For periodic functions, the HS equation
also has a deep geometric meaning as it describes geodesics on a group of orientation
preserving diffeomorphisms on the unit circle modulo rigid rotations with respect to a
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56 A. SARRIA anD R. SAXTON

right-invariant metric ([I5], 2], [23], [16]). If A = 1=, n > 2, () i), iii) can be obtained
directly from the n—dimensional incompressible Euler equations

s+ (u-Viu=-Vp, V.-u=0

using stagnation point-form velocities w(z, ', t) = (u(x,t), —A&x'u, (2, t)), ' = {xq,...,
x,}, or through the cylindrical coordinate representation u” = —Aru,(x,t), u’ = 0 and

u® = u(x,t), where r = |'| ([, [24], [22], [T7], [I0]). Finally, in the local case I(t) = 0,
the equation appears as a special case of Calogero’s equation

Ugt + Uy — Pluy) =0

for arbitrary functions ®(-) (|3]).
In [20] we derived representation formulae for periodic solutions to ([LI))-(L2) and, for
several classes of mean-zero initial data, examined their L? regularity for p € [1,4+o0].

For the convenience of the reader, the main results established in [20] are summarized in
Theorems [L.TIHI. 3] below.

THEOREM 1.1. Consider the initial boundary value problem ([[I)-(L2). There exist
smooth, mean-zero initial data such that:

(1) For A € (—o0, —2]U(1, +00), there is a finite time ¢, > 0 such that limq,, |uy(2,t)]
= 400 for every x € [0,1]. Additionally, the blow-up is two-sided (two-sided,
everywhere blow-up).

(2) For A € (=2,0), there is a finite time ¢, > 0 and a finite number of z; € [0, 1],
j € N, such that limgy, us(z;,t) = —oo (one-sided, discrete blow-up).

(3) For A € [0, 1], solutions persist globally in time. More particularly, these vanish
ast T t. = oo for A € (0,1) but converge to a nontrivial steady state for A = 1.

For ¢, > 0 as in Theorem [[LT] above, Theorem [[.2] below examines LP(0,1) regularity
of u, for t € [0,t,) and p € [1, +00).

THEOREM 1.2. Let u in Theorem [T be a solution to the initial boundary value problem
(CI)-([C2) defined for t € [0, t,). Then:
(1) For p > 1 and ﬁ <A< limygy, [Jugl], < oo
(2) For p € (1,+00) and A € (—o0, —=2/p| U (1, +00), limee, [luz|, = +oo.
(3) The energy E(t) = Hux||§ diverges if A € R\(—2/3,1] as t 1 t. but remains
finite for ¢ € [0,t,] otherwise. Moreover, E(t) blows up to +oc as t 1 t, when
A € R\[-1/2,1] and E(t) = 0 for A\ = —1/2, whereas lim;, E(t) = —oc if
A € (—=1/2,-2/5] but remains bounded when A € (—2/5,1] for all ¢ € [0, t.].

See §3] for details on the class of initial data used to establish Theorems [Tl and
Lastly, let PCg(0,1) denote the family of piecewise constant functions with zero mean
in [0,1]. Then, in [20] we proved the following:

THEOREM 1.3. For the initial boundary value problem (I1)-(T2),
(1) Suppose uj(xz) € PCgr(0,1) and A > 1/2. Then, there exist solutions and a finite
t. > 0 for which u, undergoes a two-sided, everywhere blow-up ast 1 t.. If A <0,
a one-sided discrete blow-up may occur instead. In contrast, for A € [0,1/2],
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GENERALIZED INVISCID PROUDMAN-JOHNSON EQUATION 57

solutions may persist globally in time. More particularly, these either vanish as
t1t. =+o0if A € (0,1/2) or converge to a nontrivial steady-state for A = 1/2.

(2) Suppose uy(z) € PCr(0,1) and assume solutions are defined for all ¢ € [0, 7], T >
0. Then no Wﬂé’“’(o, 1) solution may exist for T > t,, where 0 < ¢, < +00if A < 0,
and t, = +oo for A > 0. Further, limy_ ||uz||; = +00 when A < —1, while

. C7 _% S A< 07 p Z 1)
llm”qup = 1
T 400, —1§)\<—5, p>1,

where the constants C' € R* depend on the choice of X and p.

The reader may refer to [20] for details, as well as the works [I8], [7], [22], [I4],
[6], [5] and [25] for additional results and background. The purpose of this article is to
extend the above results to initial data which belongs to classes of functions with varying
concavity profile near certain points in the domain. The papers [7] and [25] constitute
the first works to examine the role played by concavity and convexity of the initial data
on periodic solutions to (ILI]). Briefly, they established that if solutions arise from odd
initial data wy that are convex on (0,1/2) and concave on (1/2,1), then, for as long
as solutions exist, they will preserve their initial concavity profile. In this article, we
suppose throughout that uf(z) is bounded and, at least, C%(0,1) a.e. Then, for A > 0,
we will assume there are constants g, My € RT and C; € R™, and a finite number of
points @; € [0,1] such that, near @;,

ué(a) NM0—|—01 ‘Oé—a”q. (13)

Analogously, for A < 0, we suppose there are constants Co € RT, mg € R™, and a finite
number of locations a; # @; in [0, 1] such that, in a neighbourhood of a;,

u6(a)~m0+02’a—gj|q. (1.4)

We refer to §3.2] for specifics of the above. For now, we simply mention that @; and Q;
represent those locations in [0, 1] where uj(«) attains its greatest and respectively least
values My > 0 > mg. Also, it is worth mentioning that, for ¢ € (0,1), the above local
estimates may lead to cusps in the graph of u(), therefore possible jump discontinuities
in uj of infinite magnitude across @; and/or a;. In contrast, a jump discontinuity of
finite magnitude in uj may occur if ¢ = 1. As we will see in the coming sections, the
finite or infinite character in the size of this jump plays a decisive role, particularly in
the formation of spontaneous singularities for the special case of stagnation point-form

solutions to the three dimensional incompressible Euler equations.

2. Outline of the paper and summary of results. In this section we give a
brief outline for the remainder of the paper. Also, in Theorems 2] and below, as
well as in Corollary 21l we summarize some of the main results in this work. In §31]
we give an outline for the derivation of the representation formulae established in [20],
while in §3.2 further details on the class of initial data to be considered in this article
are provided. Then new blow-up results are stated and proved in §4 In §4.1] we start
with the case where A € R and w, satisfies (L3) and/or (I4)), for ¢ = 1. This instance
is treated separately because estimates on the solution formula are rather simple to
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58 A. SARRIA anD R. SAXTON

derive; therefore, this particular case seems appropriate for introducing the reader to the
main techniques used in this paper before treating the slightly more complicated case of
arbitrary ¢ € RT. More particularly, for ¢ = 1, L>(0,1) regularity of u, is examined
in detail in Theorem .4l of §L.1.1 whereas the time-evolution of ||u,/, for finite p > 1
is studied in Theorem of 121 The main results are summarized in Theorem [2.]]
below. The reader may refer to the individual theorems for more detailed regularity
properties and additional results.

THEOREM 2.1. Suppose u( () satisfies, for ¢ = 1, either (L3)) when A > 0 or (4] if
A < 0. Then for A € [0,1/2], ||ug|| ., remains bounded for all time; otherwise, there exists
a finite ¢, > 0 such that:
(1) For A € (1/2,400), u, diverges as t 1 t, everywhere in the domain, whereas for
A € (—0,0), u, blows up at finitely many locations in [0, 1].
(2) For A € (1/2,400) and p > 1, limyy, [Jug], = +oo.
(3) For A € (—0,0), u, remains integrable for ¢ € [0, ¢.], while if ﬁ <A <0and
p>1, u, € L for all ¢ € [0, t.].

The main results of this paper are found in §4.2] where we use the representation
formula for u, to examine its LP regularity for p € [1,4+o00], ¢ € RT and A € R. With
this goal in mind, in §L2.1] we derive some useful integral estimates describing the as-
ymptotic behaviour of particular time-dependent terms in the solution formula. Then
Theorem B0 in §L27 studies the behaviour of ||ug||, for A € [0,400). In this sec-
tion, we also examine regularity of stagnation point-form solutions to the two and three
dimensional incompressible Euler equations (see Table 2)). Furthermore, for p > 1 and
A € [0, +00), Theorem T2 in §L23 is concerned with L? regularity of u,. Then, finite-
time blow-up, or global-in-time existence, for A € (—00,0) and ¢ € RT is examined in
sections 2.4 and More particularly, in Theorem of 24 we study L
regularity of w,, whereas Theorem [.14] of §4.2.5] is concerned with the time-evolution of
[[1z]], for p > 1. The main results from Theorems L.T0]and E.12 are summarized below in
Theorem 2:2(1)-(5), whereas parts (6)-(8) of Theorem correspond to Theorems
and T4l We direct the reader to the individual theorems for more detailed properties
of blow-up, or global existence in time, as well as additional results.

THEOREM 2.2. For ¢ € R, assume u(, satisfies (L3) when A > 0 or (I4) if A < 0. Then:

(1) For A € [0,q/2], ||uz]|,, remains bounded for all time.

(2) For A > ¢/2, there exists a finite ¢, > 0 such that [uy]|, diverges as t 1 t,.

(3) Let p > 1. Then for all ¢ € R™ and A € (¢/2,q), limypy, [Juz]l, = +oc. Similarly
when A > ¢ >1or 5 <A< 1L, g€ (1/3,1/2).

(4) For all ¢ € (0,1/2), A > ﬁ and p € [1,2), limyp, [Jug, < +oo.

(5) Suppose ¢ € (1/2,1). Then limq, ||ug;\|p = 4oo for g < A < ﬁ and p > 1,
whereas if A > L= and p € [1,1/q), limgp,, [|uq ||, < +oo.

(6) For A € (—00,0), there exists a finite ¢, > 0 such that |ju,||, diverges as ¢ 1 t,.

(7) For g € (0,1/2) and ¢, as in (@) above, limys, [Jug|, < +oo for either A <0 and
p € [1,2]or ﬁ <A <0andp > 2, whereas for ¢ € (1/2,1), limspe, [lus, < +o0

for either A <0 and p € [1,1/g] or Lo <A <0 and p > 1/q.
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GENERALIZED INVISCID PROUDMAN-JOHNSON EQUATION 59

TABLE 1. LP(0,1) Regularity of uy as t 1 t«

q p A Uy

Rt >1 [0, /2] err

R* > 1 (q/2.q) ¢ LP

(1,400) >1 (q,4+00) ¢ LP
(1/3,1/2) > 1 (3. +%) ¢ L
(1/2,1) > 1 (¢ 1%) ¢ LP

(0,1/2) 1,2) (45, +0) e

(1/2,1) 1,1/ | (1% +) err

R* +00 (—00,0) ¢ LP

(1, +00) >1 (—007 ﬁ) ¢ Lr

(0,1/2) [1,2] (=00,0) e Lr

(0,1/2) > 9 = €L

(1/2,1) [1,1/q] (—00,0) eLr

(1/2,1) >1/q (+%.0) 7

(1, +00) > 1 (+2;.0) €L

(8) Let ¢ > 1. Then limypy, [Jug, < +oo for 1_qpq < XA < 0and p > 1, while for
p>1land A < p(l—‘iq), limpe, [[ugll, = +oo.

For the convenience of the reader, we have summarized the above results in Table [I
There, t, = +oo only in the first row, i.e. for A € [0,¢/2]. For the remaining entries,
t. > 0 represents the finite L>° blow-up time for u, (see (2) and (6) in Theorem [22).

Lastly, in Corollary 2] of §4.2.6] we study a large class of smooth initial data comprised
of functions wug such that uf, has a zero of order k > 1 (see Definition [L15] in §4.2.6)) at
each @; and/or a,;. The main results from the corollary are summarized below. For

j
details and additional results refer to §L.2.6

COROLLARY 2.1. Suppose uy is periodic, smooth, and has mean zero in [0, 1]. Moreover,
(1) Suppose uj(«) has a zero of order k > 1 at every &;, i = 1,2,...,m. Then:

e For 0 < A < #, solutions exist globally in time. More particularly, these

vanish as t — +oo for 0 < A < # but converge to a nontrivial steady-

state if \ € {0, #} In contrast, for % < A < 400, there exists a finite
t, > 0 such that u, diverges at every x € [0,1] as t T t.. Additionally,
limygy, uz||p = +4oo for all p > 1.

(2) Suppose ug(a) has a zero of order k > 1 at each o, j = 1,2,...,n. Then:
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60 A. SARRIA anD R. SAXTON

e For —% < A < 0, there is a finite ¢, > 0 such that u, blows up as ¢ 1 t.
at finitely many points in [0, 1], whereas for i) <A<O0Oandp>1,

1-p(1+k
limgge, [lug ||, < +oo. Further, for A < —E u, diverges at every point in
the domain, as ¢ 1 ¢, and limyy, [Jugl|, = 400 for A —1;—kk and p > 1.

We conclude the paper by providing specific examples in §5l

3. Preliminaries.

3.1. The general solution. In [20], we used the method of characteristics to derive a
representation formula for periodic solutions to (II]). This was possible, in part, due to
the following local-in-time well-posedness result established in [18§].

THEOREM 3.1 ([18]). For uj(z) € H*(0,1), s > 1, there exists T > 0 and a unique
solution to (CI)-(C2) in the class

u, € C([0,T],H*) N CL([0,T], H*™"),
where w implies weak topology.

From (L3)) or (I4), note that ¢ € (1/2, +00) is required for uj to be square integrable
in a small neighbourhood of @. For a local well-posedness result that includes ¢ € (0,1/2],
we direct the reader to Theorem 4.1 in [22]. Next, for the convenience of the reader, we
give a brief outline of the derivation of the solution formula established in [20].

Define the characteristics, -y, as the solution to the initial value problem

Yat) = u(y(a,t),t), (e, 0) =a€l0,1], (3.1)
so that
Yol t) = uz(v(@, 1), 1) - Ya(, 1) (3.2)
Then, using ([I1J) i), iii) and the above, we obtain
Yo = (Uat + Ulzs) ©7 - Ya + (Uz ©7) - Ya
= (Uat + Ullaz) Y * Yo + Uz 07 Yo

— (At 1) <u2 on— /Olugdz> . (3.3)

o (Gt a2 - [ udx> e

which for A # 0, I(t) = —(A+ 1) fol udz, and w(a,t) = v, (a, )~ can be written as
O(a,t) + M (t)w(a,t) = 0. (3.4)
Assume we have two linearly independent solutions ¢1(t) and ¢o(t) to 4] satisfying

$1(0) = ¢2(0) = 1 and ¢1(0) = ¢(0) = 0. Then, since & = —)\'y;(’\ﬂ)'y'a and v, (a,0) =
1, we deduce that
ds

w(a,t) = ¢1(t) (1 = M(t)ug(a)),  n(t) = / 20) (3.5)
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GENERALIZED INVISCID PROUDMAN-JOHNSON EQUATION 61

Now, uniqueness of solution to (B and periodicity imply that

’}/(Oé +1, t) - V(Oéa t) =1 (36)
for as long as u is defined. Consequently, simplifying and integrating (33 i) with respect
to a gives

Ya =Ko /Ko (3.7)
where we define
1 _ ! do
Ko =——— K= [ (3.8)
J(a, t)it3 o J(a,t)*x
for i € NU {0}, and
J(a,t) =1 = An(t)uy(a), J(a,0) = 1. (3.9)
As a result, (B2) and B3] i) yield, after further simplification,
1 1 K1(t)
Uz(V(%ﬂJ) = — ( - = . 310
MOk \T(@0) ~ Kot (3.10)
The strictly increasing function 7(t) satisfies the initial value problem
i) =Ko®) ", n(0) =0, (3.11)

from which the existence of an eventual finite blow-up time ¢, > 0 for (3I0) will depend,
in turn, upon the existence of a finite, positive limit

. L p 22
t, = lim / ) (3.12)
s Jo o (1—Apuj(a))x

for n. > 0 to be defined. Moreover, assuming sufficient smoothness, (81) and (EI0)
imply that

Uaa (Yo, 1), 1) = Mﬁo(tﬂ‘”, (3.13)

so that, for as long as it exists, v maintains its initial concavity profile.
3.2. The data classes. Suppose solutions exist for ¢ € [0,t.), 0 < t, < 4o00. Define

M(t) = ail[lol?u{uwma’ t),1)}, M(0) = My (3.14)
and

m(t) = aélﬁ)f:l]{uiﬂ(’}/(aa t)a t)}7 m(O) = mo, (315)
where @;, 1 = 1,2,...,m, and o, j = 1,2,...,n, denote the ﬁniteﬂ number of locations

in [0,1] where uf(«) attains its greatest and least values My > 0 > my, respectively.
Then, it follows from BI0) ([20]) that

M(t) = uq(v(@i, 1), 1), m(t) = uz(y(ey,t),t) (3.16)

LOne possibility for having an infinite number of these points will be considered later via a limiting
argument.
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62 A. SARRIA anD R. SAXTON

for 0 <t < t.. Now, the results of Theorems suggest that the curvature of w,
near @; and/or a; plays a decisive role in the regularity of solutions to ([@d). Therefore,
in the following sections, we further examine this interaction by considering a large class
of functions in which uj(z) is assumed to be bounded, at least C°(0,1)a.e., and has
arbitrary curvature near the location(s) in question. More particularly, for A > 0, we
will assume there are constants ¢ € R™ and C; € R™ such that

ug(a) ~ My + C4 |04 — ai|q (317)

for 0 < |a —@;| < r, and small enough 0 < r < 1, r = minj<;<,,{r;}. In BI1) above,
we use the notation

fl@) ~ L+ g(a), (3.18)
valid for 0 < |a— ] < r, to mean that there exists a function h(«) defined on (8—r, B+7)
such that

fla) = L=g(a)(1+ h(a)) where lin}g h(a) = 0. (3.19)
a—

Similarly, for A < 0, we suppose there is Co € R™ such that

ug(a) ~mg + Cy o — oy (3.20)

for 0 < ’a — gj| <sand 0 <s <1, s=mini<;<,{s;}. See Figure [l below. Now, for
and s as above, define

D; =[a; —r,a; + 1], D; =la; — s,a; + 5]

Then, below we list some of the data classes that admit the asymptotic behaviour (17
and/or (320) for particular values of ¢ > 0.
e up(z) € C>(0,1) for ¢ = 2k and k € Z* (see Definition EL15]).
o If g =1, ug(xz) € PC(D;) for X > 0, or u(z) € PC(D;) if A < 0.
e In the limit as ¢ — +o0, uj(x) € PC(D;) for A > 0, or uj(x) € PC(D;) if A < 0.
e From (BI7), we see that the quantity

!/ ! (=~
u/ _ = su |u0(a) — uo(a1)| 3’21
[ O}q,ai aegi |Oé _ ai|q ( )

is finite. As a result, for 0 < ¢ <1 and A > 0, v, is Holder continuous at @;.
Analogously for A < 0, since

(3.22)

is defined by 320).
e For A > 0 and either N < ¢ < N+1, N €N, or ¢ > 0 odd, uj(a) € CNH(DZ-).
Similarly for A < 0.
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FIG. 1. Local behaviour of u()(«) satisfying BI1) for several values
ofg>0,a=1/2, Mo =1and C; = —1.

4. Blow-up. In this section, we study regularity properties in solutions to ([LII)- (L2])
which, according to the sign of A, arise from initial data satisfying (3.17)) and/or ([B3.20]).
More particularly, finite-time blow-up and global existence in time are examined using
L?(0, 1) Banach spaces for p € [1,+00]. Set

1

n = 0G0 A0 (4.1)
o, A<O.
mo

Then, as 1 1 7., the space-dependent term in ([BI0) will diverge for certain choices of «
and not at all for others. Specifically, for A > 0, J(a,t)~! blows up earliest as n 1 7, at
a = @y, since

1

- . -1 _ — -1 —_
j(aza t) = (1 )\U(t)Mo) — 400 as N1 M

Similarly for A < 0, J(c,t)~! diverges first at o = a; and

1
1 1 -
J(a;,t) =1 =An(t)me)" — +oo as nTn. = prome

However, blow-up of (BI0) does not necessarily follow from this; we will need to estimate
the behaviour of the time-dependent integrals

_ 1 do _ 1 do
Rolt) = / FaaT Ko (t) = / T

as 11 T n,. To this end, in some of the proofs we find convenient the use of the Gauss
hypergeometric series ([1], [9], [12])

N (@ Bk
oF1 [a,b;c; 2] = Z WZ ,
k=0
for ¢ ¢ Z— U {0} and (x);, k € NU {0}, the Pochhammer symbol (z)y = 1, (z); =
z(x+1)...(x+k—1). Also, we will make use of the following results:

2| <1, (4.2)

LEMMA 4.1. Suppose |arg (—z)| < m and a,b, ¢, a—b ¢ Z. Then the analytic continuation
for |z| > 1 of the series [@2) is given by
L(c)l(a—0b)(—2)" 2 Fi[b,1+b—c;1+b—a;z71
I'(a)T'(c—b)
L(c)L(b—a)(—2)"%Fi[a,1+a—c;14+a—b; 2z
I'b)(c—a)

2 Fia,byc; 2] =

(4.3)
+
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64 A. SARRIA anD R. SAXTON

where I'(+) denotes the standard gamma function.

Proof. See for instance [9], [12]. O
LEMMA 4.2. Suppose b < 2,0 < |58 — fy| <1 and € > Cy for some Cy > 0. Then
1 d 1 1 ColB—PBol® —b
515 (G- war Lo+ L-OEZAEN o cga- g @

for all ¢ € RT and b # 1/q.

Lemma above is a generalization of Lemma 4.5 in [20]. Tts proof follows similar
reasoning. Finally, the next lemma provides us with additional tools for estimating the
behaviour, as 7 1 7., of time-dependent integrals of the type KC;(t). Its proof is deferred

to §421

LEMMA 4.3. For some ¢ € RT, suppose uj(«) satisfies (B17) when A € R or (3:20) if
A € R™. The following hold:

1. If)\ER+andb>%,

1
da 1_p
——— ~ CJ(q,t)a 4.5
| Fie ~ca@n (15)
for n, —n > 0 small and positive constants C' given by
1 1 1
C_erﬁ+a)r@_5)(&@)ﬁ (4.6)
I'(b) |C4|
Here, m € N denotes the finite number of locations @; in [0, 1].

2. fAeR™ and b> ¢,

1
da 1_y
— ~C Lt 4.7
| s ~ et 0 (47)
for n, —n > 0 small and positive constants C' determined by
1 _1 1
N A e 48)
T (b) Co
Above, n € N represents the finite number of points a; in [0, 1].

3. Suppose ¢ > 1/2 and b € (0,1/q) or ¢ € (0,1/2) and b € (0,2) satisfy %, b,
b— % ¢ 7. Then for X # 0 and 7, as defined in ({I]),

L da
/0 7j(a,t)b ~C (4.9)

for n, —n > 0 small and positive constants C' that depend on the choice of A, b and q.
Similarly, the integral remains bounded, and positive, for all € [0, 7,] and A # 0 when
b<0and g€ RT.

The outline of this section is as follows. In §4.1] we examine LP, p € [1, +00] regularity
of solutions arising from initial data satisfying [BI7) and/or ([B20) for ¢ = 1. Then, in
§4.2 the case of arbitrary ¢ € R™ is studied. Also, regularity results concerning a class
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of smooth initial data larger than the one studied in [20] are discussed. We remark that
the case ¢ = 1 is considered separately from the more general argument in §4.21 due to
the assumptions in Lemma [£3]

4.1. Global estimates and blow-up for ¢ = 1. In [20], we showed that for a particular
choice of piecewise linear u((a), a special class of solutions to the 2D Euler equations
(A = 1) could develop a singularity in finite-time, whereas, for the corresponding 3D
problem (A = 1/2), solutions may converge to a nontrivial steady-state as t — +oo
Therefore, it is of particular interest to determine how these results generalize to initial
data satisfying (BI7) for ¢ = 1. In fact, in this section we will examine L? regularity in
uy for A € R and p € [1, +0].

4.1.1. L®° regularity for g = 1.

THEOREM 4.4. Consider the initial boundary value problem ([Ll)-(T2) with u((«) sat-
isfying, for ¢ = 1, either (BI7) when A > 0 or (320) if A < 0. The following hold:

(1) For A > 1/2, there exists a finite ¢, > 0 such that both the maximum M (¢) and
the minimum m(t) diverge to +o0o and respectively to —oo as t 1 t.. Moreover,
for every a ¢ U, ;{a; }U{q;}, limere, uz(y(e, t),t) = —oo (two-sided, everywhere
blow-up).

(2) For A € [0,1/2], solutions exist globally in time. More particularly, these vanish
as t T t, = +oo for A € (0,1/2), but converge to a nontrivial steady-state if
A e {1/2,0}.

(3) For A < 0, there is a finite ¢, > 0 such that only the minimum diverges, m(t) —
—00, as t Tt (one-sided, discrete blow-up).

Proof. Let C denote a positive constant which may depend on A # 0.

Proofs of statements [[) and ([2). For simplicity, we prove ([II) and () for the case
where M occurs at a single location @ € (0, 1)d. By [BI1), there exists 0 < r < 1 small
enough such that e + My —uj(o) ~e—Cyla—a| for 0 < |a —@| <r, C; <0 and e > 0.

Then
/E‘H do /a+r da
aer (et Mo—up(@)r  Jaer (e—Cila—a)? o)
2)\ 1—1 1—1
= — C
Gy (7 erialn)
for A € (0,+00)\{1}. Consequently, setting ¢ = /\%7 — My in [EI0) gives
_ C, A>1,
Ko(t) ~ AL L (4.11)
m\j(a’ t)lixﬂ >\ € (0’ ]‘)

for n, —n > 0 small, n, = /\LMO and J(@,t) = 1 — An(t)My. Following a similar argument
or using Lemma [3|(1) with b =1+ % and ¢ = 1, we estimate
_ 2A M,

K1 (t) ~ WJ(@, ) (4.12)

2See Theorem [[3in {1l
3The case of finitely many @; € [0, 1] follows similarly.
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for any A > 0. Suppose A > 1. Then, B10), @II) i) and (ZI2) give

g (y(a, t),t) ~ C (j(;t) — j(@c,’t)i> (4.13)

for 9, —n > 0 small. Setting o =@ into (LI3)) and using (3I0]) i) implies that

as 1 1 .. However, if « # @, the second term in (£I3) dominates and
C
U a,t),t) ~ ——— — —o0.
D))~ =y
The existence of a finite ¢, > 0 for all A > 1 follows from (BI1I)) and @II)) i), which
imply

te =t~ C(ne —m).
Now let A € (0,1). Using (@II) ii) and (ZI2) on GI0) yields

L 1-A _h201-N)
w000~ (g = =% ) T@) (1.14)
for n, —n > 0 small. Setting o = @ in ([@I4) implies
0 Ae(0,1/2
M(t) ~CT @, t)' = = ¢ € (0,1/2), (4.15)
too, A€ (1/2,1)
as 1 1 n.. If instead a # @, then
i 0 A€ (0,1/2),
(v, t),t) ~ =CT (@, 1) 72 = ¢ 4.16
u (70,01 @.0) L uen (4.16)

as 1 T 1. For the threshold parameter A = 1/2, we keep track of the constants and find
that, as 1 1 7.,

1] a=a
) « 7& Q.
Finally, (II) and @II) ii) imply that dt ~ CJ(a@,)>*~Ydn, so that
c : 221
= (C —1 . — , A e (0,1)\{1/2},
t, = lim t(n) ~ A1 ( 1y, (n n) ) (0, D\{1/2}
ntn. —C'lim,p, log(n. —n), A=1/2.
As a result, t, = +oo if A € (0,1/2] but 0 < ¢, < 400 for A € (1/2,1). Lastly,
. 2M,
Ko(t) ~ 2 log(n. — 1) (4.18)

e
for 0 < n, —n < 1 small and A = 1. Then, two-sided, everywhere blow-up in finite-time

follows just as above from (BI0), BII), (£12) and (@I])). Finally, in [20] we derived,

for A = 0, the representation formula

wa(y(a, 1), 1) = uh(a) - (4.19)
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where [(t) = fol e da and Ih(t) = fol ufy()eto(¥da. Then a standard steepest

descent argument implies that, for t > 0 large, I1 ~ %etMO, while Iy = %etMO (Mp +

O(t71)) as t — +o00. Therefore, for t > 0 large, %’ ~ My + O(t™1) so that

I
2 M,

< ¢
I ot

. (4.20)

Letting t — +oo in ({20), we obtain lim; % = My, and so, for A = 0, (£I9)
converges to a nontrivial (and nonpositive) steady-state,

Jim u (e 1), 8) = up(a) — Mo. (4.21)
Proof of statement B)). For A < 0, set 7, = /\Lmo Then Ko(t) remains finite and
positive, for all n € [0,7,]. In fact, one can easily show that
1
_ Mo \ ™
1< Ko(t) < (1 + —°> (4.22)
mo
if A € [~1,0), while
Yl @\
0< / (1 + ) da < Ko(t) <1 (4.23)
0 mo
for A < —1. Similarly, when A € [-1,0) and 7 € [0,7.],
- o )1+§
1<K(t) S| —7— . (4.24)
- 1()_ <M0+|m0

However, if A\ < —1, we need to estimate K;(¢) for 7. —n > 0 small. To do so, we
proceed analogously to the derivation of {II)). For simplicity, assume uf(c) achieves
its least value my < 0 at a single point a € (0,1). Then [B20) with ¢ = 1 implies that
up(a) ~my+ Cala—al for 0 <|a—qa| <s, Cy>0and 0 <s<1. It follows that

/OA-‘rS do /Ot-‘rs do
a-s (e+up(a) =mo)'*x  Jaos (e+Cola—al)'tx
2 ()| 1
= — A — e IA]
s ((e+ Cos) ™1 —e¥7)

(4.25)

for € > 0. By substituting e = mg — /\%7 into ([AZ5)), we find that K (¢) has a finite,
positive limit as n T 7, for A < —1. This implies that for A < 0, both time-dependent
integrals in (BI0) remain bounded and positive for all € [0, 7.]. Consequently, blow-up
of I0), as n T 1, will follow from the space-dependent term, J(a,t)!, evaluated at

a = a. In this way, we set o = a into (3I0) and use (BI0) ii) to obtain

Cmo _
J(@,t)

as 1 T n.. In contrast, for a # «, the definition of mg implies that the space-dependent
term now remains bounded for 7 € [0,7,]. Finally, the existence of a finite blow-up time

m(t) ~
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t. > 0 for the minimum follows from (B.II) and the estimates on Ko(t). In fact, by

BI0), t« = n. for A = —1, while ([20])

N <ty < 400, A< —1,
e\ 2 (4.26)
M <1_W3) <t.:<ne, Ae(-1,0).

See §5l for examples. O

REMARK 4.5. From Figure [l note that u{, satisfying (3I7) (and/or B20)) for ¢ =1
generalizes the class of initial data where u(, is piecewise linear in the whole interval [0, 1].
In fact, the reader may check that Theorem [£4] above generalizes the results established
in Theorem 2.14 of [20], where a simple example with piecewise linear ), was studied. Of
course this comes as no surprise, since, in both cases, the local behaviour of u(, near each
@; (and/or gj)7 which as n T 7, is responsible for the behaviour of the time-dependent
integrals in (B0, is the same for ¢ = 1.

In preparation for the next section, we recall some formulas, as well as upper and
lower bounds, derived in [20] for the L? norm of u,. For as long as a solution exists,

B7) and B.I0) imply that
P

1 K1(t) do

Tlant) > Ko(t)T(a,t)>

1 1
Uy (-, T b= = Trox /
bea 0 = P Ko™ ,

for A # 0 and p € [1,+00). Using the above and some standard inequalities yields

W)

IO < e e
TP O Ko \Jo 7o, Kol

and
1 ! da Ki(t) [* da
0l > ———p | [ [ g
A0 Ko(t) ™ 7 170 T(ayt) ™7 olt) Jo TJ(a,t)>w
Moreover, the energy function E(t) = |Ju,(-, t)Hg is explicitly given by
B(t) = (n()Ko()*) ™ (Ko(1)Ka(t) = K1(1)). (4.29)

Lastly, multiplying (L)) i) by u,, integrating by parts, and using (L2), (87) and B.10)
gives

E(t):(1+2>\)/0 um(x,t)3da::(1+2>\)/0 ug(Y(a, 1), 1) %o (a, t) da

Ks(t) 3Ka(t) Kit)\>
Kih) ~ Kolt) ”(mt))

4.30
1+2A ( )

(An(1))?

Ki(t)
’CO (t) 1+6X\°

The reader may refer to [20] for details on the above.
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4.1.2. Further LP regularity for A\ # 0, ¢ =1 and p € [1,4+00). In the previous section,
we established the existence of a finite ¢, > 0 such that |[u,||,, diverges as t 1 t, for all
A € R\[0,1/2] and initial data satisfying BI7) and/or B20) for ¢ = 1 relative to the
sign of A. If instead, A € [0,1/2], we proved that solutions remain in L* for all time.
In this section, we examine further LP regularity of u,, as t 1 t., for A € R\[0,1/2] and
p € [1,+00).

THEOREM 4.6. For the initial boundary value problem (LII)-(L2l), let ¢, > 0 denote the
finite L>° blow-up time for u, in Theorem 4l Further, for ¢ = 1, suppose u(«) satisfies
BI0) when A > 0 or (B20) if A < 0.
(1) For A >1/2 and p > 1, limgyy, [lug|, = +oc.
(2) For A < 0 and ¢ € [0,t.], u, remains integrable; moreover, if ﬁ < A <0 and
p > 1, then u, € LP for all ¢t € [0, ¢.].
(3) The energy E(t) = ||uz||§ diverges if A € (—oo, —1] U (1/2,+00) as t T t, but
remains finite for ¢ € [0,t,] if A € (—1,0). Also, limyy, E(t) = +0o when
A € (—00,—1/2) U (1/2,+0c), whereas E(t) = 0 if A\ = —1/2 while E(t) stays
bounded for ¢ € [0,%,] if A € (—1/2,0).

Proof. Let C' denote a positive constant that may depend on the choice of A\ and
p € [1,+00).

Proof of statement (). First, suppose A > 0 and set n, = %]\40 For simplicity, we
prove part (Il) under the assumption that My > 0 occurs at a single point @ € (0,1).
Using Lemma [£3[(1) with b =1+ )\ip, g=1and p>1 yields

! da 2\pM, .
—~ J(@,t)" > 4.31
/0 VACR ) e (& (@) (431)

for n, —n > 0 small. Similarly, taking b =p + % we find that

/1 da 2\ My
o J(a,t)yprx  [Cil(Ap—1)+1)

T (@, ) 7P % (4.32)

Moreover, following the argument that led to estimate (I1l), with /\ip instead of 1, gives

/1 da N{%J(a,ﬂlfu A€ (0,1/p), (433
o J(

Ol,t))%l’ Cu A > 1/]9
for p > 1 and 1, —n > 0 small. Suppose A,p > 1 so that A > 1/p. Then, using [EIT) i),
EI2), E3T) and (@E33) ii) in (@28) implies that
1 ' da K1) (1 da
||ux('at)||p > _ oAt 1 / [ ’Clgti / T
M) Ko(t) ™ 7 1V0 T(a,t) " ot) Jo J(a,t)>w
~ClCT(@t) 3 — J(a,t)"*

~CJT@,t)" % = 400
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as n 1 n.. Next, let p € (1,2) and A € (1/2,1/p) C (1/2,1). Then, using (@II) ii),
T2, @D and @3 1) in @2F) gives

a0, > ! / do Kt / do
" 0 Ko o F(a, )T Ko) Jo F(a,t)
1-—A
~ — = +)P(\.p)
cli- 1ol o@

= CJ(a,t)’™P

for n, —n > 0 small and p(\,p) =2(1 — \) — zl)' However, for A and p as prescribed, we
see that p(A,p) < 0 for 1 — % <A< % and p € (1,3/2). Therefore, for any A € (1/2,1)
there is 1 — p > 0 arbitrarily small such that |lu,|[, — 400 as 7 1 n.. Finally, if A =1

we have A > 1/p for p > 1; as a result, (£12)), (ZI8)), {3I) and (£33) iii) imply that

1 - 1
s (D), > 71 - / doél+L _El(t)/ da _
() Ko@) 7 110 g(a,t) 7 Kolt) Jo T(a,t)%

~ CT (@, 1) (~log(n. —n)) > 77

for 0 < m —n < 1 small, and so [ugl[, = +0o as n T 7. The existence of a finite
blow-up time ¢, > 0 follows from Theorem 4]

Proof of statement ([2). Suppose A < 0 and set 7, = )\%rm First, recall from the
proof of Theorem @4 that KC;(t), i = 0,1, remain finite and positive for all n € [0, 7,].
Furthermore, in Theorem [£.4] we established the existence of a finite blow-up time ¢, > 0
for the minimum m(t). Consequently, the upper bound ([27)) implies that

. . ! da

%n”uz(,t)ﬂp <400 & }1Trtr*1 ; W < 400 (4.34)
for A < 0 and p > 1. However, if p = 1, [@34) ii) is just K;(¢), which remains finite
as t 1 t,. As a result, u, € L' for all t € [0,t,] and A < 0. If p > 1, we recreate the
argument in (£25]), with p—i—% instead of 1+ %, and find that for ﬁ <A<Oandp>1,

the integral remains finite and positive as 1 1 n.. Consequently, [@34]) implies that

tn s ()], < +0

for all ﬁ < A< 0and p > 1. We remark that the lower bound [28) yields no
information regarding LP blow-up of u,, as t T t., for parameter values —oo < A < ﬁ,
p > 1. Nonetheless, we can use (£29) and ([30) to obtain additional blow-up information
on energy-related quantities.

Proof of statement [3)). For A > 1/2, blow-up of E(t) and E(t) to 400 as t 1 t, is
a consequence of part (Il) above. Further, setting p = 2 in part (2]) implies that E(t)

remains bounded for all A € (—1,0) and ¢ € [0, t,]. Now, [@30) i) yields
[B®)| < 11+ 27 Jua ()3 (4.35)

and so setting p = 3 in part @) implies that E(t) remains finite for A\ € [-1/2,0) and
t €[0,t.]. According to these results, we have yet to determine the behaviour of E(t) as
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t 1 t, for A < —1 and E(t) when A < —1/2. To do so, we will use formulas Z29) and
[@30). From Lemma3(2) with b =3+ §, ¢ =1 and A < —1/2, we find that

. 2)\ |m0‘ o1
Ks(t) ~ ———— t 4.36
for n, —n > 0 small. Also, following the argument in (£25]), with 2 + % instead of 1+ %,
we derive
2X|m —1-1
_ C2(|1+0)‘\) ‘7(@7 t) =3 ; A< _17
Ka(t) ~ § —Clog(n. —n), A=—1, (4.37)

C, A€ (—1,0).

Since both K;(t), i = 0,1, stay finite and positive for all n € [0,7,] and A < 0, {@&29)
tells us that blow-up in Ko(t) leads to a diverging E(¢). Then, ([E37) i) implies that for
A< -1,

E(t) ~ OJ (a,t) "% — 400
as n T . Similarly for A = —1 by using (£37) ii) instead. Clearly, this also implies
blow-up of E(t) to 400 as t 1 t, for all A < —1. Finally, from {@30) ii), @30) and @37)
iii),

Bt) ~ Cm3(1+ 21)\)

j(g, t)2+y
asn T n. for all A € (—1,—1/2). The existence of a finite ¢, > 0 follows from Theorem A7
@). O
From the results established thus far, we are able to obtain a complete description of

the L3 regularity for u,: if A € [0,1/2], limy_, 1 o [Jug|l; = C where C' € RT for A = 1/2
but C =0if A € (0,1/2), while for ¢, > 0, the finite L> blow-up time for u, in Theorem
€4

— 400

. +o00, A€ (—o0,—1/2] U (1/2,+00),
tim g ()l = 4 0
trt. CeRY, Xe(-1/2,0).
REMARK 4.7. For t, > 0, the finite L>° blow-up time for u, in Theorem 4] we may
use ([L30), (@30) and [@3T), as well as Theorem [0 to establish a global bound on
fol uddz if A € [0,1/2] or for t € [0,¢,] when A € (—1/2,0), whereas

(4.38)

1

, A>1/2,
lim [ ug(x,t)3de = oo /
ttte Jo —00, A< —1/2.

We also note that, unlike the result in Theorem [L2(B) of §II (@39) and the change in
sign through A = —1/2 of the term 1 + 2\ in ([@30) prevent the possibility of blow-up
of E(t) towards —oo, which might otherwise have played a role in the study of weak

(4.39)

solutions from the point of view of energy dissipation.

REMARK 4.8. In [I8] the authors showed, for initial data satisfying certain integral
conditions, the existence of a finite upper bound 7* > 0 such that E(t) = ||u, ||§ — 400 as
t 1 T* for A € (—oo0,—1/2). They also showed that blow-up of E(t), as t T T*, is possible
instead. Comparing this result to Theorem [L6|[]), we note that there appears to be a
discrepancy between the two results concerning the behaviour of E(t) for, particularly,
A € (—1,—1/2); namely, we have established, for such values of A, the existence of a
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finite ¢, > 0 such that E(t) — 400 as t 1 t., whereas E(t) stays finite for ¢ € [0,,]. We
remark that this is due to 7 in [I8] representing an upper bound for the blow-up time
of E(t), while ¢, in Theorem F.OI@]), satisfying 0 < ¢, < T*, describes the exact blow-up
time for E(t). Due to ([35), it follows that a diverging E(t) leads to breakdown of u,
in the L? norm. Therefore u, blows up the earliest in the L3, not L?, norm. The reader
may refer to Remark 4.81 in [20] for additional details on the above, a more rigorous
argument, and a simple example where 0 < ¢, < T™.

REMARK 4.9. Notice that the two-sided, everywhere blow-up found in Theorem (4]
for A > 1/2 corresponds, in Theorem EGl to LP blow-up of wu, for any p > 1. On the
other hand, u, remains integrable for all A < 0 and ¢ € [0,¢.] but, as ¢ 1 t., undergoes
an L blow-up of the one-sided, discrete type for A < 0. Then, as the magnitude of
A < 0 decreases, u, is guaranteed to remain, for ¢ € [0,¢,], in smaller LP spaces with
p € (1,+00). In the coming sections, we will find that a similar correspondence between
the “strengths” of the L* and LP, p € [1,+00), blow-up in u,, as ¢ 1 ¢, also holds for
other ¢ > 0.

4.2. Global estimates and blow-up for A € R and g > 0. In this section, we study the
case of arbitrary ¢ > 0. As in the previous sections, LP regularity of u, for A € R and
p € [1,400] is examined. In addition, the behaviour of the jacobian ([B) is considered.
Particularly, we will show that if ¢ > 1, no blow-up occurs in stagnation point-form
solutions to the 3D incompressible Euler equations, whereas, for the corresponding 2D
case, no spontaneous singularity forms when ¢ > 2. Finally, a class of smooth, periodic
initial data larger than the one considered in [20] is studied. Before stating and proving
our results, we first establish Lemma 3] and obtain estimates on Ko (t) and Ky ().

Proof of Lemma H3|(1). For simplicity, we prove statement (1) for functions wu, that
attain their greatest value My > 0 at a single location @ € (0,1). The case of several
@; € 10, 1] follows similarly. From (BI7), there is 0 < r < 1 such that e + My — uj(a) ~
e—Cila—al?! for g e RT, e >0 and 0 < |a — @| < r. Therefore

/a-‘r’l‘ do /a-‘r’r dov
ar (e+Mo—up(a)  Js o, (e—Cila—al’)P

— b [/:_r (1+|%(a—a)q>_bda+/;+r (1+@(a—a)q>_bda]

for b € R. Making the change of variables

@(H—a)%ztan& |C€—1|(a—a)

3 = tanf

in the first and second integrals inside the bracket, respectively, we find that

a+tr d 4 T ( 9)2b—%71
a 2 (cos
/_ (6 + My — u/ (Oé))b ~ T, 1 / ' 2 df (440)
o 0~ "0 q|Cil7 €7 Jo (sing) ¢
for small € > 0. Suppose b > %; then setting € = )\%] — My in (£40) implies

/1 da c
0 j(a,t)b j(a,t)bi%

(4.41)
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for n. —n > 0 small, n, = ﬁ[o and
4 My \* [F (cos)” T
q 2
C=- (—0) / %d@. (4.42)
AN 0 (sinf) “

Now, since the beta function satisfies (see for instance [I1])
1
- - L(p)I'(s)
B(p,s)= [ (1 —t)*dt = :
o) = [t —gta = g

for p, s,y > 0, then, letting t = sin? 6, p = % and s =b— % into ([£43)) i) and using ([£.43)
ii), one has

L(1+y) =yl(y) (4.43)

- 20-2 1 1 _1
0 (sing) * I'(b) q

The result follows from (@A41]), (@T42)) and [@Z4).
Proof of Lemma [L3|(2). Follows from an analogous argument using [320) and 7, =

%mo instead.

Proof of Lemma [L3(3). The last claim in (3) follows trivially if b < 0 and ¢ € R
due to the “almost everywhere” continuity and boundedness of u(. To establish the
remaining claims, we make use of Lemmas [£.]] and However, in order to use the
latter, we require that b € (0,2) and b # 1/q. Since the case b > 1/¢q was established in
parts (1) and (2) above, suppose that b € (0,1/¢) and b € (0,2) or, equivalently, ¢ > 1/2
and b € (0,1/q) or g € (0,1/2) and b € (0,2). First, for ¢ and b as prescribed, consider
A > 0 and, for simplicity, assume M occurs at a single point @ € (0,1). Then, BI7)
and Lemma [£2] imply that

/E-FT do /54‘7‘ dov
a—r (6 + MO - UB(OL))b a—r (6 - Cl |Oé - a‘q)b
1 1 Cyrt
:27“6_b2F1 |:—,b,1+—, 1
q q

(4.45)

for € > |C1| > |C1|r9 > 0 and 0 < | —@| < r. Now, the restriction on e implies that
-1< ClTrq < 0. However, our ultimate goal is to let ¢ vanish so that, eventually, the
AT of the series in ([@ZH) ii) will leave the unit circle, particularly <™ < —1.
At that point, Equation for the series no longer holds, and we turn to its analytic
continuation in Lemma Il Accordingly, taking € > 0 small enough such that |Cy|r? >

e > 0, we apply Lemma [I1] to (£43]) and obtain

1 1
1 2,r1—qb 21 (1 + —) I (b — —)
_bZFl —,b,1+—, :| = b+ ! T, 1 ? +1/)(6) (446)
¢ q a e (1—bq) |C] T(b)|Ch|7 €

for ip(e) = o(1) as € — 0, and either ¢ > 1/2 and b € (0,1/q) or g € (0,1/2) and b € (0, 2).
In addition, due to the assumptions in Lemma[Z1] we require that %, b, b—% ¢ 7. Finally,
since b — % < 0, substituting € = %n — My into (@3] and (@40) implies that

argument

2r 1 Cqr?
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for n, —n > 0 small, 7, = /\LMO, and positive constants C' that depend on A > 0, b and

g. An analogous argument follows for A < 0 by using ([B.20) instead of ([B.I7). O
Using Lemma 3] we now derive estimates for K;(t), i = 0, 1, which will be used in
subsequent regularity theorems.
4.2.1. Estimates for Ko(t) and Kq(t).
For parameters A > 0. For A > 0, we set b = ; into Lemma[L3(1)-(3) to obtain

_ C, )\>q>% or qe<(0,1/2), )\>%,
’CO(t) ~ _ 1_1
C3k7(ai7t)q Xy q>0a AE(OaQ)
for n, —n > 0 small and positive constants C5 given by
ol (14 )T (3 -1) /0y 3
Cy = g2« <—°> : (4.49)
r(3)

(4.48)

(&1
Also, in [@48)) i) we assume that A and ¢ satisfy, whenever applicable,

1
/\;élq . g#- VneN. (4.50)
—ngq n

We note that corresponding estimates for the missing values may be obtained via a simple
continuity argument.
Similarly, taking b =1 + % we find

_ C, ge (1/2,1), A\> L or q¢qe(0,1/2), A >1,
R~ o, 1eWRD AR 0172 (@51)
CyJ (@;,t)a >, q€(0,1), O<)\<1%q or ¢q>1, A>0

with positive constants C; determined by
2mr(1+l)r(1+l—1) MY
Cy = VAN S <—°> . (4.52)
Additionally, for ([@351]) i) we assume that A and ¢ satisfy ([@350).
For parameters A < 0. For A < 0 and b = §, Lemma [L3(3) implies that
Ko(t) ~C (4.53)
for n. —n > 0 small. Similarly, parts (2) and (3), now with b=1+ %, yield
Ki(t) ~C (4.54)
for either
q>07 )‘E [_Lo)v
qge (0,1), A< -1 satisfying (@50), (4.55)
qg>1, 1%(1 <A< -1,
whereas
— 1 1
Ki(t) ~ CsJ (ay, t)a > (4.56)
forg>1, A< 1%(1 and positive constants C5 determined by
ol (1+ )0 (141 -1 L
Cs = ) (1 chb) ('m()')q. (4.57)
r(1+3) Cy
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4.2.2. L* regularity for A € RY U {0},q € RT. In this section, we use the estimates
in §£.2.7] to examine the L> regularity of u, for A € RT U {0} and u|, satisfying (3.17)
for some ¢ € RT. Furthermore, the behaviour of the jacobian ([B.7) is also studied.

THEOREM 4.10. Consider the initial boundary value problem (LI))-(T2) for u{ () satis-
fying (B17).

(1) If ¢ € RT and X € [0,¢/2], solutions exist globally in time. More particularly,
these vanish as t 1 ¢, = +o0 for A € (0, ¢/2) but converge to a nontrivial steady-
state if A € {0,q/2}.

(2) If ¢ € RT and X € (q/2,q), there exists a finite ¢, > 0 such that both the
maximum M (¢) and the minimum m(t) diverge to +oo and respectively to —oco
as t T t.. Moreover, limuy, uz(v(a,t),t) = —oo for a ¢ U, ;{@i} U {q;} (two-
sided, everywhere blow-up).

(3) For g € (0,1/2) and A > 1 such that ¢ # = and X # L, foralln €N, there is a
finite ¢, > 0 such that only the maximum blows up, M (t) — +oc0, as t T ¢, (one-
sided, discrete blow-up). Further, if % <A< ﬁ for ¢ € (1/3,1/2), a two-sided,
everywhere blow-up (as described in ([2]) above) occurs at a finite ¢, > 0.

(4) Suppose g € (1/2,1). Then for ¢ < A < ﬁ, there exists a finite ¢, > 0 such
that, as t 1 t., a two-sided, everywhere blow-up develops. If instead A > ﬁ,
only the maximum diverges, M (t) — 400, as t T t, < +o0.

(5) For A > ¢ > 1, there is a finite t, > 0 such that u, undergoes a two-sided,
everywhere blow-up as t T t,.

Proof. Suppose A, g > 0, let C' denote a positive constant which may depend on A and

q, and set 7, = /\LMD
Proof of statements ({{l) and ([@2)). Suppose A € (0,q) for some ¢ > o Then, for
ne —n > 0 small Ko(t) satisfies [@2F) ii) while K;(¢) obeys 51 ii). Consequently,

BI0) implies that

Ug (’Y(av t)v t) ~

MO (j(a’w t) _ %
cy \ J(a,t)  Cs
for positive constants C3 and Cy given by [@4J) and @352). But for y; = § — % and
po = L, @ i), @I and @5 yield

Ci P+ DI(y)  wm A

o _ W T DIy A 1), A€ (0,q). 4.59

Cy Ty)T(y2+1) v g €O 0.9 (459)

As a result, setting o = @; in (58] and using (BI6) i) implies that

) J(@, ) (4.58)

M)~ 2 (2) T@y (4.60)
C3" \4q
for n. —n > 0 small, whereas if a # @;, then
A\ M N
g (4, £), 1) ~ — (1 - _> S T (@, 1) (4.61)
q) C;

4See Theorem [4] for the case A = 0.
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Clearly, when A = ¢/2,

My
M(t — >0
= 507 >
as 1 T 1y, while for a # @,
My
’U’I(W(Oﬁt)ut) — _@ <0
If A € (0,¢/2), (@E0) now implies that
M(t) — 0"

as 1 T 1., whereas, using (L61) for o # @;,
uz(y(a,t),t) = 07
In contrast, if A € (¢/2,q), then 1 — 22 < 0. Then (@80) and @B yield

q

M(t) — 400 (4.62)
as 1 T 1y, but
uz (y(a, t), 1) — —o0 (4.63)
for a # @;. Lastly, rewriting (B11)) as
dt = Ko(t)**dn (4.64)
and using ([£48) ii), we obtain
7. 2y
ti —t~C (1= AuMy)« “du (4.65)
7
or equivalently
2) . 22
ty —t ~ % (C(n* =) T = dimyy, (g — ) @ 1) o A€ 0.9\e/2), (4.66)
C (log(n. —n) — limypy, log(n. — 1)), A=q/2.

Consequently, t, = 400 for A € (0,¢/2], while 0 < ¢, < +o0 if A € (¢/2,q). Lastly, the
case A = 0 follows from the results in [20].

Proof of statement ([@B)). First, suppose ¢ € (0,1/2) and A > 1 satisty (£50). Then
Ko(t) and Ky(t) satisfy @A]) i) and @EI) i), respectively. Therefore, [BI0) implies
that

1
ug(y(a, t),t) ~ C (j(a,t) C) (4.67)
for n. —n > 0 small. Setting o = @; into (LE7) and using BI0) i) gives

M(t) ~ — 400

_c
j(aiu t)
as n T n., while if & # @;, uy(y(e,t),t) remains finite for all n € [0,7n.] due to the

definition of M. The existence of a finite blow-up time ¢, > 0 for the maximum is
guaranteed by [{48) i) and (L&), which leads to

ty —t ~C(ne —n). (4.68)
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Next, suppose 3 < A < T4, for g € (1/3,1/2), so that 2. € (1/2,1). Then, using (@A)
i) and (X)) ii) in BI0), we find that

C %t
uz(v(a,t),t) ~ C | — — T (a;,t)° 4.69
(0.0~ ¢ (s - T@n’ ) (4.69)
for n, —n > 0 small. Set o = @; into the above and use A > ¢ to obtain
C
M) ~ —— — 4+ 4.70
0~ F (4.70)

as 77 T nx. On the other hand, for o # @;, the space-dependent in ([£.69) now remains
finite for all n € [0,7.]. As a result, the second term dominates and

1_1

wa(y(as1),0) ~ ~CT (@, 0)"

Py
as 11 T n«. The existence of a finite blow-up time ¢, > 0 follows, as in the previous case,
from (L64) and (£4]) i).

Proof of statement [{l). Part () follows from an argument analogous to the one above.
Briefly, if ¢ < A < {% for ¢ € (1/2,1), we use estimates [£.A8]) i) and (LE]) ii) on B.10)
to get (AG9), with different positive constants C. Two-sided, everywhere blow-up in
finite-time then follows just as above. If instead A > 1%(1 for ¢ € (1/2,1), then (£48)
i) still holds, but Ky (¢) now remains bounded for all n € [0,7,]; it satisfies (@51 1).
Therefore, up to different positive constants C, [BI0) leads to (LTT), and so only the
maximum diverges, M (t) — 400, as t approaches some finite ¢, > 0 whose existence is
guaranteed by (ZG8]).

Proof of statement [{). For A\ > ¢ > 1, (@48) i), @311 ii) and BI0) imply @.69]).
Then, we follow the argument used to establish the second part of (@) to show that
two-sided, everywhere finite-time blow-up occurs. See §f for examples. ]

'L oo (4.71)

REMARK 4.11. Theorems 4] and allow us to predict the regularity of stagnation
point-form (SPF) solutions to the two (A = 1) and three (A = 1/2) dimensional incom-
pressible Euler equations assuming we know something about the curvature of the initial
data ug near @;. Setting A = 1 into Theorem EL.IOI) implies that SPF solutions in the
2D setting persist for all time if uf satisfies (B17) for arbitrary ¢ > 2. On the contrary,
Theorems 4 and LTO(2)- (@) tell us that if ¢ € (1/2,2), two-sided, everywhere finite-time
blow-up occurs. Analogously, solutions to the corresponding 3D problem exist globally
in time for ¢ > 1, whereas two-sided, everywhere blow-up develops when ¢ € (1/2,1).
See Table 2l below. Finally, we remark that finite-time blow-up in u, is expected for both
the two and three dimensional equations if ¢ € (0,1/2]. See for instance §5 for a blow-up
example in the 3D case with ¢ = 1/3.

TABLE 2. Regularity of SPF solutions to Euler equations

q 2D Euler 3D Euler
(1/2,1) Finite time blow-up Finite time blow up
[1,2) Finite time blow-up Global in time
2, +00) Global in time Global in time
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Corollary ATl below briefly examines the behaviour, as ¢ 1 t., of the jacobian [B.7) for
t. > 0 as in Theorem [4L.10]

COROLLARY 4.1. Consider the initial boundary value problem (I))-(T2) with uj(«)
satisfying (3I7) for ¢ € RT, and let ¢, > 0 be as in Theorem Then:
(1) For ¢ > 0 and X € (0,q),

+00, o =
Oa « #au
where ¢, = 400 for A € (0,¢/2], while 0 < ¢, < 400 if A € (¢/2,q).

(2) Suppose A > g > 1/2 or ¢ € (0,1/2) and A > 1/2 satisty ([@50). Then, there
exists a finite ¢, > 0 such that

Jim Yala,t) = { (4.72)

+00, o=y,
Cla), a # @y,
where C'(a) € R depends on the choice of ), ¢ and « # @;.

Proof. The limits (Z72) and [@73) follow straightforwardly from ([B.7)) and estimates
#43) ii) and (@A) i), respectively, whereas the finite or infinite character of ¢, > 0 is a
consequence of Theorem O

4.2.3. Further LP regularity for A € [0, +0),q € RT and p € [1,+00). From Theorem
@I if X € [0,¢/2] for ¢ € R, solutions remain in L>° for all time; otherwise |lug]|.,
diverges as t approaches some finite ¢, > 0. In this section, we study further properties
of LP regularity in u,, as t T t., for A > ¢/2, p € [1,4+00) and initial data uf(«) satisfying
BI1). To do so, we will use the upper and lower bounds (A27)) and (£28)). Consequently,
for n, —n > 0 small and 7, = %I\JO, estimates on the behaviour of the time-dependent

1 1 1
/ _ da / o e / _ da (4.74)
0 J(a,t)% 0 J(a, )"t o J(a, )t
)

1
A
-(3), we omit the

lim Yaola,t) = { (4.73)

integrals

are required. Since these may be obtained directly from Lemma F3)(1
details and state our findings below. For p € [1, +0),

1 1 1
/ do . C, L q€(0,1/2),)\>5 or q> 3, )\>%, (4.75)
0 J(a,t)> CoJ (@, t)a 3, ¢>0, A€ (0,q/p)

with positive constants

1 1 1 1
C:2P(1+E)F()\_P_E) % q (476)
¢ T (L) |Cl| ' '
Ap
Also )
/ _de o (4.77)
0 Jla,t) "t
for either

{ g€ (0,1/2), A>2, w7)

qE(l/Q,l), >\>p(+7q)’
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whereas

1
t/ ———gg——rfvcbjﬁiﬂé‘ﬁT* (4.79)
o J(

a, t) t3e

for

{ ge(0,1), 0<A< Lo, (450)

qg>1, A>0.

The posmve constants C7 in ([.79) are obtained by replacing every 5 term in ([@.7G)
by 1+ )\p. Also, due to Lemma (3] [@7H) i) and [@71) are valid for
q 1
AN#E ————, q¢#— YneNuU{0}, 4.81
p - {0} (4.81)

where a simple continuity argument may again be used (see ([@A0)) to obtain estimates
for the missing values. Finally

1
/ _d ¢ (4.82)
0 J(a,t)P*x
for either
€(0,1/2), pe[1,2), A> 1,
e 01/, pelLD,  A> L )
€(1/2,1), pel1/g), A> L,
while
1
da 11
——— ~CJ(@,t)a 3P 4.84
|| Gy ~ @ (180
if
€(0,1, pe[l,1/g), 0<A< Lo,
€(0,1], p>g A>0, (4.85)
q>1, p>1, A>0.
Estimate (£82) is in turn valid for
q 1
AF— — VnelN 4.86
Pirdn—py a7 (4.86)

In what follows, ¢, > 0 will denote the L°° blow-up time for u, in Theorem LT0l Also,
we will assume that (£50), (£81]) and ([@SI6) hold whenever their corresponding estimates
are used. We begin by considering the lower bound ([@28]). In particular, we will show
that two-sided, everywhere blow-up in Theorem corresponds to a diverging [lu.|l,,
for all p > 1. Then, by studying the upper bound [@27), we will find that if ¢ € RT
and A > ¢ are such that only the maximum diverges at a finite ¢, > 0, then wu, remains
integrable for all ¢ € [0, t.], whereas its regularity in smaller LP spaces for t € [0, ¢,] will
vary according to the value of the parameter A as a function of either p, ¢, or both.

Suppose q/2 < A < ¢q/p for ¢ € RT and p € (1,2). Then (L7H) ii) holds as Well as
([E.43) ii), since (q/2,¢/p) C (0,q). Now, if ¢ € (0,1), then 0 < § <A <1 < g <L,
and so ([AE])) ii) applies; otherwise (5] ii) also holds for ¢ > 1 and A\ > 0. Similarly for

€ (0,1), we have that 0 < § <A <1< ﬁ so that ([L79) is valid. Alternatively,
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this last estimate also holds if ¢ > 1 for A > 0. Accordingly, using these estimates in
1
”um('vt)”p > +1

([#2])) yields, after simplification,
/1 do  Ka(t) /1 do
P Ko™ 1o F(an) ™ Ko oo T(a,t)%

~ Cp— 1T (@17

for g, —n > 0 small and o(p, ¢, ) = 1—|—% (1 — % - 2)\) . Consequently, HUpr will diverge

as 7 T . if o(p, g, A) < 0 or equivalently for p(1 4 ¢ —2X\) — 1 < 0. Since ¢/2 < X < ¢/p
for ¢ > 0 and p € (1,2), we find this to be the case as long as

1 1
g €RT, 1<p<1+—i— —<q+1——><A<g.
l+g¢g 2 p p
Therefore, by taking p — 1 > 0 arbitrarily small, we find that

li SO, =
lin 1, - £)], = +o0

for A € (¢/2,q) and ¢ > 0. The existence of a finite blow-up time ¢, > 0 follows from
Theorem ELI0(2), while the embedding

L — P, s> p, (4.87)

yields LP blow-up for any p > 1. Next, for ¢ € (1/3,1/2) we consider values of A
lying between stagnation point-form solutions to the 2D (A = 1) and 3D (A = 1/2)

1 2q

incompressible Euler equations. Suppose 5 < A < p(+) for 1 < p < 1% and g €

(1/3,1/2). The condition on p simply guarantees that (1 7 > for q as specified.
Furthermore, we have that

1 1 q q
< —< =< AL < € (1/2,1),
2p 2 p(l—q) 1—g¢ 1/2.1)

so that relative to our choice of A and ¢, A € (1/2,1). Using the above, we find that

E2]) 1), @ERID)i 1), @TA) i) and @) hold, and so [2]) leads to

1 ! do Ki(t) [*  do
||Ux(7t)||p 2 — ot L Tt - IC (t) 1
An@)| Ko(t) 7 170 T(ayt) 77 ot) Jo J(a,t)>w
11 4 o\ 1_1_4 (4.88)
~Cleg@ni—%t - J(a )i ‘
~CT(@ )i 3
for . —n > 0 small. Therefore, as n 1 7, Huw|| will diverge for all s <AL 1 ek

g €(1/3,1/2) and 1 < p < 12_qq. Here, we can take p —1 > 0 arbltrarlly small and
e ([E37) to conclude the finite-time blow-up, as t 1 t., of [lu, |, for all § < A < 2,
g € (1/3,1/2) and p > 1. The existence of a finite blow-up time ¢, > 0 is guaranteed by

the second part of Theorem ELI0(B). Now suppose ¢ € (1/2,1) and ¢ < A < p(l gy for
l<p< ﬁ. This means that A > ¢ > 1/2 and
q q q
0<=-<g<A< < . 4.89
p pl-q) 1—-g (489)
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Consequently, using ([£A]) i), @5 ii), (@7A) i) and @19) in @28) implies I\,

possibly with distinct positive constants C'. Then, as 1 1 7.,
l[uzll, = 400

for all q <A< (1 q), g€ (1/2,1) and 1 < p < 1—iq. Similarly, if ¢ and p are as above,

but ol <A < ¢L, @28) i), @5D) i), @ETF) i) and @T7) imply
o 1), = -

/1 do Ka(t) /1 do
() Ko ()7 S0 F(a,) ™ Kol) Jo F(a,t)3
~C C—j(a,tﬁ*%%’

1

~CT (@ )i 3 = oo

as 1 1 n.. From these last two results and ([L8T), we see that, as n 1 1., [[ugl[, — 400
for all ¢ < A < 1% 5 4 € (1/2,1) and p > 1. The existence of a finite ¢, > 0 follows from
T heoremm(ﬂl) Lastly, suppose A > ¢ > 1 and p > 1. Then, estimates (A4]) 1), (5]
it), (@A) i) and (@79 hold for n, —n > 0 small. As a result, [A28)) implies (L8]], which

in turn leads to LP blow-up of u, for any A > ¢ > 1 and p > 1, as n 1 n.. The existence
of a finite ¢, > 0 is due to Theorem EIOI[H).

Notice from the results established so far that some values of A > ¢/2 for ¢ > 0 are
missing. These are precisely the cases for which the lower bound [28]) yields inconclusive
information about the LP regularity of u, for p € (1,400). To examine some aspects
of the LP regularity of w, for t € [0,t.] and p € [1,+00) in these particular cases, we
consider the upper bound [@27)). First, suppose ¢ € (0,1/2) and A > ﬁ for p € [1,2).
Then \ > ﬁ > 1> 1. > ¢, so that (48] i), @E5I) i) and [@82) imply that the
integral terms in ({27) remain bounded, and nonzero, for n € [0,7.]. We conclude that

PTI;E Hum(vt)Hp < too (490)

for all A > ﬁ, g € (0,1/2) and p € [1,2). Here, t, > 0 denotes the finite L
blow-up time for wu, established in the first part of Theorem EIQ(B]). Particularly, this
w = +oo for all A > 1 when ¢ € (0,1/2),
u, remains integrable for ¢t € [0,¢,]. Finally, suppose ¢ € (1/2,1) lqu

p € [1,1/g). Then A > 2. > 12 > 1> ¢ > 5, and so @) i), @5 i) and
([E.32) hold. Consequently, .2T) implies that limep, [Jug||, < +oo for all A > L,
g€ (1/2,1) and p € [1,1/q). This time, ¢, > 0 stands as the finite L> blow-up time for
u, established in the second part of Theorem [LI0(@). Furthermore, this result tells us
Uy oo = F00 for A > 1 and g € (1/2,1), u, stays integrable
for all ¢t € [0,¢,]. These last two results on the integrability of u,, for ¢ € [0, t.], become
more apparent if we set p = 1 in (27 to obtain

21 (t)
[z (-, )Hl = )|IC0( )1+2>\

The result then follows from the above inequality and estimates (48] i) and ([5I))i).
Theorem below summarizes the above results.

that even though limgs,
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THEOREM 4.12. Consider the initial boundary value problem (LI))-(T2) for u{ () satis-
fying (BIT), and let ¢, > 0 be as in Theorem
(1) Forg > Oand A € [0,¢/2], limy—, o [Jus ||, < +oc forall p > 1. More particularly,
im0 [Jugll, = 0 for A € (0,¢/2), while as ¢ — 400, u, converges to a
nontrivial L> function when A € {0, ¢/2}.
(2) Let p > 1. Then, there exists a finite ¢, > 0 such that for all ¢ > 0 and
A € (¢/2,9), limypy, |lug||, = +oo. Similarly for A > ¢ > 1 or 1< T
q€(1/3,1/2).
(3) For all ¢ € (0,1/2), A > ﬁ and p € [1,2), there exists a finite ¢, > 0 such that
limge, ||z, < +oo (see Theorem ELITIE)).
(4) Suppose g € (1/2,1). Then, there exists a finite ¢, > 0 such that limyy, [lus||, =
+oo for ¢ < A < %q and p > 1, whereas if A\ > —L— and p € [1,1/q),

1 1-pq
g ||, < +oo (see Theorem ELTOHE)).

limtTt*

4.2.4. L™ regularity for A < 0 and ¢ € RT. We now examine the L regularity of u,
for parameters A < 0 and initial data satisfying [320) for arbitrary ¢ € RT. We prove
Theorem 13] below.

THEOREM 4.13. Consider the initial boundary value problem ([))-(T2) for u( () satis-
fying (3:20). Furthermore,

(1) Suppose A € [—1,0) and ¢ > 0. Then, there exists a finite ¢, > 0 such that only
the minimum diverges, m(t) — —oo, as t 1 t. (one-sided, discrete blow-up).

(2) Suppose A < —1 and ¢ € (0,1) satisfy A # =% and ¢ # 1¥n € N. Then, a
one-sided discrete blow-up, as described in (), occurs in finite time. Similarly
forﬁ<)\<—1andq>1.

(3) Suppose A < ﬁ and ¢ > 1. Then, there is a finite ¢, > 0 such that both
the maximum M (t) and the minimum m(t) diverge to +oo and respectively to
—o0 as t 1 t.. Moreover, limy, uz(y(a,t),t) = +oo for a ¢ U, ;{@:} U {a;}
(two-sided, everywhere blow-up).

Finally, for A < 0, ¢ > 0 and ¢, > 0 as above, the jacobian ([B.7) satisfies

Oa Oé:g],
C(OZ), a#gja

where C'(a) € RT depends on the choice of A, ¢ and o # a;.

Proof. Throughout, let C' denote a positive constant that may depend on A < 0, ¢ > 0
and recall that n, = /\—;zo

Proof of statement [l). Suppose A € [—1,0) and assume u((«) satisfies (320) for
some ¢ > 0. Then @153 and (@354) imply that both integral terms in ([BI0) remain
finite and nonzero as n T n*ﬁ More particularly, one can show that [@22]) and (Z24)
hold for all n € [0,7,]. Therefore, blow-up of BI0) depends, solely, on the behaviour
of the space-dependent term J (e, t)~". Accordingly, we set o = ; into BI0) and use
([BIG)ii) to find that the minimum diverges, m(t) — —oc, as n 1 7.. However, if a # a;,

the definition of mg implies that the space-dependent term now remains bounded, and

fim Yala,t) = { (4.91)

5Recall that uE) is assumed to be bounded and, at least, C° (0,1)a.e.
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positive, for n € [0,7.]. The existence of a finite blow-up time ¢, > 0 for the minimum

follows from BII) and (@E53). In fact, we may use (BII) and [{22) to obtain the

estimate

[mo

_ < t, <1, 4.92
N (o — Mg)2 = <7 (4.92)

Proof of statements [2) and [@B]). Now suppose A < —1. As in the previous case, the
term Ko(t) remains finite, and positive, for all n € [0,7,]. Particularly, Ko(t) satisfies
@Z3) for all n € [0,7,]. On the other hand, K () now either converges or diverges, as
1N T 14, according to [@H) or (5G], respectively. If A < —1 and ¢ > 0 are such that
(E.5d) holds, then part @) follows just as part (). However, if ¢ > 1 and A < {1, we

use (L53) and (@EG) on BEI0) to obtain

o) (a4

1
J(a,t)
for n. —n > 0 small. Setting o = a; into the above implies that

Cmo
J(a,t)

as 1 T 1., whereas, for o # ¢, the space-dependent term now remains bounded. As a
result, the second term dominates and

m(t) ~

— —00

g (Y(e, ), t) ~ C [mo| T (a;, )5~ 1 = 400

as ) 1 1. The existence of a finite blow-up time ¢, > 0 follows as in the case A € [—1,0).
In fact, BII) and {23) yield the lower bound 7, < t. 1 Finally, (£91)) is derived
straightforwardly from [B7) and (£53]). See §0l for examples. O

4.2.5. Further LP regularity for A € R™, ¢ € RT and p € [1,+00). Let t, > 0 denote
the finite L blow-up time for u, in Theorem .13 above. In this last section, we briefly
examine the LP regularity of u,, as ¢t T t., for A € R™, p € [1,+00) and uj, satisfying
B20) for some ¢ € RT. As in §£.2.3] we will make use of (Z27) and ([#28). First of all,
by the last part of Lemma [£3)(3), we have that for ¢ > 0 and p > 1,

1
[ == ~c (1.93)
o J(a,t)xr
for n, —n > 0 small, n, = %mo and A < 0. Similarly
1
d
/ % __c (4.94)
0 j(aa t)erX

for —% < A < 0. Moreover, due to the first part of (3) in the lemma, estimate (£.94)
is also seen to hold, with different positive constants C, for A < —%, p>1andg>0

SWhich we may compare to @32). From (B11)), we see that the two coincide, t« = 7., in the case of
Burgers’ equation A = —1.
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satisfying any of the following:

q6(0,1/2), p€[152]a )\<_I_137

q€(0,1/2), p>2, g <A< — 1,
g€ (1/2,1), pell,1/q], A< =3, (4.95)

1 q 1

qe(1/251)7 p> P 1—pq<A<_;7

q _1

q>17 p217 lqu<>\< p’

as well as
Agé{ 1 ! } 21 wen (4.96)
, , — Vn ) .
1-glp+n)' 1—p 75

We remark that in the cases where ([L94) diverges, it dominates the other terms in
EZ0), regardless of whether these converge or diverge, and so no information on the
behaviour of [u,, is obtained. Consequently, we will omit those instances. Finally,
using Lemma A3](2), one finds that

1
da 11
—  ~CJ(a;, t)a ! 4.97
/o J(a, 1) 37 @1 o
forg>1,p>1and A < ﬁ. Analogously, if ([L.97]) converges, the lower bound (28]

yields no information on the LP regularity of u,. For the remainder of this section, we
will assume that (LE0) holds whenever (L154) is used for A < —1 and ¢ € (0,1). Also,
#38) will be valid in those cases where estimate (£94]) is considered for A, p and ¢ as

in (L93). Suppose %q <A< ﬁ for ¢ > 1 and p > 1. Then, using (£53), [@354),
#33) and [@I7), in the lower bound [28])), implies that

tim [, )], = +oc.
If instead, \ < ﬁ for ¢ > 1 and p > 1, then [@353)), (50), (@I3) and (@I1) give

1 b da Ki(t) [*  da
||ux(~,t)||p > _ oAt L / T e / -
M) Ko7 1o g, ) Kot Jo T(a, )5

~ [0 (@,08 5 = Tla )i A

~CJ(a, t)éf%lipfl — +00

as 1 T .. For the upper bound [@27), we simply mention that estimates ([L53)), [@54)
and ([L94) lead to several instances where [u,||, remains finite for all ¢ € [0,¢,]. This
can be shown, just as above, by using the appropriate estimates. For simplicity, we omit
the details and summarize the results in Theorem [Z14] below.

THEOREM 4.14. Consider the initial boundary value problem ([II))-(L2) for ug(«) sat-
isfying ([B20), and let ¢, > 0 denote the finite L> blow-up time for u, as described in
Theorem {13
(1) Let ¢ € (0,1/2). Then, limy, |lug||, < +oo for either A < 0 and p € [1,2] or
ﬁ<)\<0andp>2.
(2) Let ¢ € (1/2,1). Then, lim,

b <A<Oandp>1/q.

g ||, < +oo for either A < 0 and p € [1,1/¢] or
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(3) Let ¢ > 1. Then limq, p < +oo for —1qu < A< 0andp > 1, whereas
limyqy, uw|| = 400 for \ < p(l D and p > 1.

When applicable, (M) and (L30) apply to (@) and @) above.

4.2.6. Further reqularity results for smooth initial data.
DEFINITION 4.15. Suppose a smooth function f(x) satisfies f(z¢) = 0, but f is not
identically zero. We say f has a zero of order k € N at x = x¢ if

f(@o) = fl(wo) = .. = fF V(@) =0,  fP(a0) #0.

In [20], we examined a class of smooth, mean-zero, periodic initial data characterized
by ug («) having zeroes of order k = 1 at the finite number of locations @; for A > 0 or at
a; if A <0, that is, ug’(@;) < 0 or ug’(a;) > 0. Consequently, in each case, we were able
to use an appropriate Taylor expansion up to quadratic order to account for the local
behaviour of u{, near these points. This approach, in turn, led to the results summarized
in Theorems [I.1] and of §Il Assuming the order k of these particular zeroes, @; or
@; of uf is the same regardless of location, and noticing that £ > 1 must be odd due to
ug, being even in a small neighbourhood of these points, we may use Definition to
generalize the results in [20] to a larger class of smooth, mean-zero, periodic initial data
characterized by u{ having zeroes of higher orders, k = 1,3,5,..., at every @; if A > 0 or
a; for A < 0. Since this corresponds to replacing ¢ in (3I7) or [3.20) by &+ 1, we obtain
our results simply by substituting ¢ in Theorems E10] E.12] and 14l by 1 + k in
those cases where ¢ > 2. The results are summarized in Corollary below.

COROLLARY 4.2. Consider the initial boundary value problem (I))-(T2) for smooth,
mean-zero, periodic initial data. Furthermore,
(1) Suppose uj(«) has a zero of order k > 1 at every @;, i = 1,2,...,m. Then
e For 0 <\ < #, solutions exist globally in time. More particularly, these
vanish as t T ¢, = +oo for 0 < A\ < # but converge to a nontrivial steady
state if A € {0 ﬂ}
e For Hk < A < 400, there exists a finite ¢, > 0 such that both the maximum
M (t) and the minimum m(¢) diverge to 400 and respectively to —oo as
t 1 t.. Furthermore, limye, uq(v(a,t),t) = —oo if a ¢ U, ;{@i} U{q;} and
limgse, [lug ||, = +oo for all p > 1.
(2) Suppose ug(a) has a zero of order k > 1 at each a;, j = 1,2,...,n. Then

e For —ﬂ < A <0, there exists a finite ¢, > O such that only the minimum

diverges, m(t) = —oo, as t T t., whereas for m <A<O0andp>1,
< +o00.

e For A < —1t% there is a finite ¢, > 0 such that both M (¢) and m(t) diverge

to 400 and respectlvely to —oo ast 1 t,.. Additionally, limy, ug(y(e, t),t) =
+oo for a ¢ U, ;{@i}U{q;} and limypy, [Jug ||, = +ooif A < —1;'—,!“ and p > 1.

REMARK 4.16. It can be easily shown, by replicating the arguments used in this
paper, that most of the results established for the periodic setting (L2)) can be extended
to solutions satisfying Dirichlet boundary conditions

u(0,t) =u(l,t) =0. (4.98)
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The only main distinction between the two settings arises when the initial data wg
is smooth and such that wu( attains its greatest value My > 0, for A > 0, or its least
value my < 0, when A < 0, at a boundary point. Consider the following prototype
example. Let ug(a) = a(1 — @), so that u{(a) = 1 — 2« attains My = 1 at @ = 0 and
mo = —1 when o = 1. Clearly ug is smooth on [0, 1], and since periodicity requires
that ug(0) = ug (1), the above choice of data is valid only for the Dirichlet setting (L98]).
Furthermore, for such choice of smooth data we have that ug(0) and u((1) are both
nonzero; therefore, a Taylor expansion about @ = 0 or o = 1, which we would use while
deriving the corresponding integral estimates, retain its linear terms. This, it turns out,
is not possible for smooth periodic initial data due to the restrictions u((0) = uj(1)
and wu()(0) = wu(1), which would ultimately require that wu{(0) = u{(1) = 0. Further,
and using the notation introduced in Definition 15 the above could be rephrased in
terms of the order k of the zero, say @ = 0, of u(; namely, for periodic smooth data, k
must be at least one, which is not necessarily the case in the Dirichlet setting, where, for
the above choice of data, @ = 0 is not even a zero of uj. For details on the above, we
refer the reader to [2I], where we exploit this simple observation to show that, starting
from smooth initial data, finite-time blow-up in stagnation point-form solutions to the
2D incompressible Euler equations (A = 1) can only occur under Dirichlet, not periodic,
boundary conditions. This agrees with part () of Corollary L2, where setting & = 0
implies finite-time blow-up for 1/2 < A < +oo. Lastly, notice that letting ¢ — 400 in
either (3.17) or (B20) implies that ug ~ My near @; or uy ~ mg for a ~ a;, respectively.
Then, letting &k — +oo in Corollary 2|[I)) implies that for this particular class of locally
constant uy, a solution that exists locally in time for any A € R will persist for all time.

5. Examples. Examples for Theorems 4] E.10 and are now presented. For
simplicity, we consider initial data satisfying Dirichlet boundary conditions (M)EI and
we note that (BI0) is equivalent to the representation formula (see [20])

1 up(a) 1 b ow)(a)da
w0 = g (s~ B@ fy Fepr) O

For several choices of A € R, the time-dependent integrals in (B.I]) are evaluated and
pointwise plots are generated using MATHEMATICA. Whenever possible, plots in the
Eulerian variable z, instead of the Lagrangian coordinate «, are provided. For practical

reasons, details of the computations in most examples are omitted. Also, due to the
difficulty in solving for the time variable ¢ through the IVP BII]) for n(t), most plots
for u, (y(a,t),t) are against the variable n rather than ¢.

Example 5.1 below applies to stagnation point-form (SPF) solutions to the incom-
pressible 3D Euler equations (A = 1/2). We consider two types of data: one satisfying
BI7) for ¢ € (0,1), and the other having ¢ > 1. Recall from Table Rlthat if ¢ > 1, global
existence in time follows, while for ¢ € (1/2,1), finite-time blow-up occurs. Below, we
see that a spontaneous singularity may also form if ¢ = 1/3.

"The reader may refer to [20] for examples involving periodic, mean-zero data satisfying ([B17) and/or
B20), for ¢ = 2 or in the limit as ¢ — +oo.
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ExAMPLE 5.1. Regularity of SPF solutions to 3D Euler for ¢ = 1/3 and ¢ = 6/5.
First, for A =1/2 and « € [0, 1], let

uo(a) = a1l — as). (5.2)

Then uj(a) =1 — %a% achieves its maximum My = 1 at @ = 0. Also, ¢ = 1/3, 0. = 2,
and uf(a) ¢ C1(0,1), i.e. limy o uf(a) = —00, a jump discontinuity of infinite magnitude
in uj. Evaluating the integrals in (5.]), we obtain

54(n() — 6)n(t) — 81(2 = n(t)) (6 + (1)) arctanh (2425 )

rl = NCERTOITOR : Y
and
/1 uplayda 27 (92 = ()6 + n(t))? log (3t — 3))
0 Ty 86+ n(0)0()" -
27 (8n(8)(54 — (n(t) = 9)n(t)) + 6n(t)(6 + n(t))* arctanh (755 ))
- 8(6 +n(t))*n(t)*

for 0 < n < 2. Furthermore, in the limit as n 1 7. = 2, Ko(t.) = 27/16, whereas
fol ?Ezt 5+ — +o00. Also, 311 and (B3) yield

9 (217(6 — 51) + 9(n — 2)%arctanh (%))

t = —
(77) 16772 ’

so that t, = lim,q42 t(n) = 9/4. Using (5.3) and (&.4) on (1)), we find that u,(y(«,t),t)
undergoes a two-sided, everywhere blow-up as t 1 9/4.

Next, replace ¢ = 1/3 in (B2) by ¢ = 6/5. Then, uj(a) = 1 — as so that uf is
now defined as o | 0. Also, for this data, both integrals now dlverge to oo as n T 2.
Particularly, this causes a balancing effect amongst the terms in (&) that was previously
absent when ¢ = 1/3. Ultimately, we find that as t — t. = 400, uz(vy(a,t),t) — 0 for
every « € [0,1]. See Figure 2 below.

8

o 0.'\
T 2[00 B
(A)\‘ﬂ 18 (B)

FiG. 2. Example 1 for A =1/2 and q € {1/3,6/5}. Figure A depicts
two-sided, everywhere blow-up of ugz(y(a,t),t) for g =1/3 asn 1 2
(t 1 9/4), whereas, for ¢ = 6/5, Figure B represents its vanishing as
nT2(t— 4o0).
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(4) 25 B)

Fia. 3. For Example 5.2, Figure A represents the vanishing of
uz(y(a, t),t) as g 1 1/2 (t — 4o0) for A = 2 and ¢ = 5, whereas
Figure B illustrates its convergence to a nontrivial steady-state as
n1T4/5 (t - +o0) if g=5/2 and A =5/4 = ¢/2.

In [20] (see Theorem [[1in {II), we showed that for a class of smooth, periodic initial
data (¢ = 2), finite-time blow-up occurs for all A > 1. Example 5.2 below is an instance
of Theorem [LI0[). For A € {2,5/4}, we consider initial data satisfying [B.I7) for ¢ €
{5,5/2}, respectively, and find that solutions persist globally in time. Also, the example
illustrates the two possible global behaviours: convergence of solutions, as t — 400, to
nontrivial or trivial steady-states.

ExAMPLE 5.2. Global existence for A = 2, ¢ = 5 and A = 5/4, ¢ = 5/2. First, let
A =2 and

ug(a) = a(l — a®). (5.5)

Then uf(a) = 1 — 6a° achieves its greatest value My = 1 at @ = 0 and 7, = 1/2.
Since A = 2 € [0,5/2) = [0,¢/2), Theorem EI0(I) implies global existence in time.
Particularly, u,(y(«,t),t) = 0 as t — +oo. See Figure B(A). Now, suppose A = 5/4 and
replace ¢ = 5 in ([E5) by ¢ = 5/2. Then, uj(a) = 1 — Za°/? attains My = 1 at @ = 0
and 7, = 4/5. Because A = 5/4 = ¢/2, Theorem [LIO() implies that u, converges to a
nontrivial steady-state as ¢ — +oo. See Figure BIB).

ExamMpPLE 5.3. Two-sided, everywhere blow-up for A = 12—1 and ¢ = 6. Suppose
A = 11/2 and up(e) = &(1 — a®). Then, uyj(a) = 75(1 — 7a’) attains its greatest
value My = 1/11 at @ = 0. Also, n, = 2 and A = 11/2 € (¢/2,q). According to
Theorem ETOI2]), two-sided, everywhere finite-time blow-up occurs. The estimated blow-
up time is ¢, ~ 22.5. See Figure H(A).

EXAMPLE 5.4. One-sided, discrete blow-up for A = —5/2 and ¢ = 3/2. Let A = —5/2
and ug(e) = a(a? — 1). Then v}, attains its minimum mg = —1 at a = 0 and 7, = 2/5.
Since 1%(1 < A < —1, Theorem [T3|(2) implies one-sided, discrete finite-time blow-up and
t. ~ 0.46. See Figure d(B). We remark that in [20], the same value for A with smooth,
periodic initial data and ¢ = 2 led to two-sided, everywhere blow-up instead.

In these last two examples, we consider smooth data with either mixed local behaviour
near two distinct locations a; for A = —1/3 or My occurring at both endpoints for A = 1.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



GENERALIZED INVISCID PROUDMAN-JOHNSON EQUATION 89

0.2 5

_J
——— 10—t 0.1 0.2 0.3 04 "
—
-0.2 5
~0.4 -10)
~06 (A) (B)

-15

Fic. 4. Figure A for Example 5.3 depicts two-sided, everywhere
blow-up of uz(y(a,t),t) as n 12 (¢t 1 22.5) for A = 11/2 and g = 6,
while Figure B for Example 5.4 illustrates one-sided, discrete blow-
up, m(t) = uz(0,t) - —oo, as n 1 2/5 (¢t 1 t« ~ 0.46) for A = —5/2
and ¢ = 3/2.

EXAMPLE 5.5. One-sided, discrete blow-up for A = —1/3 and ¢ = 1,2. For A = —1/3,

let
ug(a) = a(l — a)(a — %) (a - %) .

Then mo ~ —0.113 occurs at both oy = 1 and a, = 4+2—‘£§
ug, behaves quadratically (¢ = 2), whereas for 1 — a > 0 small, it behaves linearly
(¢ = 1). The quadratic behaviour is due to u{ having zero of order one at a, ~ 0.36;
thus, Corollary 2] implies a discrete, one-sided blow-up. Similarly in the case of linear
behaviour according to Theorem 4l After evaluating the integrals, we find that m(t) —
—oo as t T t, ~ 17.93. Due to the Dirichlet boundary conditions, we have that (0,¢) = 0
and y(1,t) = 1 for as long as w is defined. Then, one blow-up location is given by the
boundary z; = 1, while the interior blow-up location, z,, is obtained by integrating (B7)).
This yields the characteristics:

e t) = /Oa J(Z,yt)% (/01 J(iat)%)

Setting a@ = g and letting n 1 1, = Im [y we find that z, ~ 0.885. See Figure[H(A).

EXAMPLE 5.6. Two-sided, everywhere blow-up of SPF solutions to 2D Euler (A = 1)
for ¢ = 1. For A = 1, let up(a) = a(a — 1)(ew — 1/2). Then, My = 1/2 occurs at both
endpoints @; = {0,1}. Also 1, = 2 and since

up(a) = My — 3a+ 3a? = My — 3|a — 1] + 3(a — 1),

~ 0.36. Now, near a,,

—1

the local behaviour of uf near both endpoints is linear (¢ = 1). The integrals in (G.1))

evaluate to B
_ 2 arctanh(y(t)) Yulb(a)da  dKo(t)

’C = =
o(®) V3t (4 +n(t)) o Jl(a,t)? dn

for 0 <n < 2and y(t) =~ 3277((3_(::;;])@ Using the above on (&), we find that M (t) =

Uy (0,t) = uy(1,t) — 400 as n 1 2, while u,(x,t) - —oo for all € (0,1). The blow-up
time is estimated from ([B.I1I) and Ko(t) above as t, ~ 2.8. See Figure B(B).
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1ol @)

Fic. 5. Figure A for Example 5.5 with A = —1/3 and ¢ = 1,2,
depicts one-sided, discrete blow-up m(t) — —oo, as t 1 17.93. The
blow-up locations are z; = 1 and z, ~ 0.885. Then, Figure B for
Example 5.6 with A = 1 and ¢ = 1, represents two-sided, everywhere
blow-up of uz(z,t), as t 1 2.8.
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