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ABSTRACT

?he paper eoxrcerfia Ehe re1.nt3"*ns?rlp between the eycler {n rhe graph af a

compertmeneal sysLem anrl the merde* af the {.mpu}"oe reepcnce funetlon essscleted

wlth en {.nput*ouf put €KFerltnerrt " Suppase thert Ehere l"s at leest one qecJ.l-

letory mcde, *l't 
"rr(vr-s)" 

Let €fit be the elsr*eet z*ode, Ttre msln result

le thr*t the ayaeem contaLns * eycle of length three or trcnger *nd that the

lengeh of the lcngert eycj.e ts at f.eapt n/ tan-lqlul/(p-u)]. The paper alao

deals wlth the irroblenr of estlrratlng cy*l'e length frerm rl{eerete data.



1.. lllTRoD$erloff

eompartrnent*,| analyalr t1] crrle€rnc ttre ldentlf icatL$n ef para*

netere Ln e ccmpare$entel systent. f]ften Lhe par*mctere to be ldentJ.fled ere

the fractlenal tranafer eo*fflelents nUJ {lnbc caftparNment I fron cofilpdrtftetit

J) but 66netltrice erres the 6rcph {f1aw tl3.egraar} of the Byste*t rney not be knor*lr

s prlofl. F6r Lnetenee, the numbet af e*mps"tments t frg *trd the con*eetLone

between eo$pertffieftte ffie3t $st be knaqin'

ln arder t.u ldentl"fy tire &yEeem* an experi*ent {s perforr*ed ln whlch q

lnputs exci.te the ccmp*rtalents. ?he

T
q lnputs &ra re&etdetl ae s *stu$n vectclJ{t} * (ur(t;'ur(t}r...ru'(t})-.

(l{ere T !$e&ns trsnepnre " } 'lhe petha by whteh rhe q $"nputs enter Ehe n

eoftpertftents la repreeenbed be a n x r{ ms*rLx S" trlhen the Etate {conccntratLon'

!*assi eEe.), xr{t} of e*mpertfient i. at tlme t > * la a response to the
rr

lnpue utt.l end onl-y te u{t}, tken :t{e} = {xr(t),xr(t},...,xrr(ei}' le de-

[erm*ned by ttre s*vetem e f dff€er*xt{el +qu*rlcne

i{e,r * Kx{L} + Fu{t} * r }- su x{o} * 6, (1.1)

wtrere K ls the n x R *sttLx erf freetfsnal tressfer eaeff fcl*:nte' ktJ.

It may ncg be poeaLble tr *beerve ee*h fndtvidugl" eEate by ltrelfg hat*ever'
r*

ttrere arc cbser?etLcr"re g{t} * tf r{t} *Yrtt},,., rYn(t)}' t+hteh are related ta

the st6t€s Ehrough e syst€fll of llnesr €qrlattst:s

y{t} * CK{!}, t I 0, {1 .2)

where C ls a p x n matrlx representf.ng the petltg fron eompartfteflts to re-

eotdlng devLees. The obeervatlone yt(t) are called cutputr.

Each tnput end eaett natpub ls samplerl at dls*rete tlme yleldlng a colleetlon

sf dats, by means sf rrhfeh, one eetl$etee the impul*€-reeFonee rnatrlx [2]



he efttry +f:i{t} at

rnetlon {baLue} lcput

lere !3 te the 'JlI
hh sutput t t!*e 19*

rput and outFut veetorr

rtrlx may be wrltEen {n

${t} * eur'%

*{t} lg the resporls€ y1t?}

tt, {t} . Mcre prce{.selyu

4,fJ {h} * llut%: ,

resuLt f"ng

(1.3)

frt:ffi a dei"ta

(1 .4)

gt) nnd g1 na the

denote partfeular

lrnpu)-re-resp0nse

(1,5)

r" it
*.nput {the j- crlumn veetnr *f

row ve*tstr of C)" Let h enti g

bhen the asenci.Eted entry of the

the more expltrc{f fcrm It]

r t*hlch the efgenvsluee Fk o (ug'0) wre real numhera"

An a matber cf t*rmfnelcgfr e {c*mplex} number I with reatr pert u *nd

nagtnery pert v, L*r t*rl-tten ds d*n ardered palr | * {pru} " A nut*ber {s teal

F lts lnnaglnery patt la aer*: e reatr nr-tmber ls wr{tten elther es {urOi t}rr

rre csnelselyr sB u.

The nqrmhere. lk * (utro,uUl g whfeh *fJflg.elL (1"*., et leaat one cf ehe

reffl.elent" dk' (1 { t 1 rt} *re no*aera} J.n equatlon {[,5]u ere elgenvaluea

' the matrlx K, nlch*ugh nut all the elgenvalr"res nf K neecl be preaent

r the represenLaLfcn cf a psrE:l"cutsr lniptelse re#p$mse. If tk. t i then the

,genvalue f t edmLts e .iordcn cfiain af length > l; ln 8his csee the mclde

,eocfated rrlth f k la ssld t* be ressn&Bt, "tr"f. ttre eigenvalue Ik ts not

al tken the mode ls oae!trletory" In ttle *beense ef elther reaotlsnt sr oecl.l*

rtory mldee the l.*lpulse tresponse h*e the r*orc einple ntulti.-exponentlal forn

r rk . u.t
* {e} , "T*t\ 

* I I" oil r 
j'-le"k* 

e*e {vu (r*mo} }
tlt lJt *1

ilr t Frt ltrt
S(t) - rtre' + dre * + "." * c{re {1"6}



A eet af e*mpartffie*rs {lr,l Z,, e 4,J*i te said t* fsrm a t'*impt*l a-ge-{-e. {tn ttte

graph af ths $ieetri:r K) lf th* fract{onat transfer eceffletrent frsm compart-

r:tenc Ju f,o eoftpef,tnent j-r+l , v = 1r?r., ' nl$-l* end frem cctnpartment Jm

to Jl €re nonuerc {L.e"* lf sr:het63ee *en cycle aratind the m caffipertnents}'

The lnteger m denates the length af th* cyele- ebvteusly' the numberr tlr

of eonpar Zffientd la the aystem tnusg be st Seast ae lerge sF the length of the

longest cy*i.e. thc w*tn ywnp*&€- rsf lhl* pxper Le te r:btaXn the fsllowing te-

tr,atfcnshfps beg*een the I"mpulse respe:nse and the I-engttr cf the longest cycle.

A1l nnatrleea ere eeefined t* bc real.

IbeqqrF_j. tet

0utFcnt se{:tof c *

entrles '

Retnark 1.1. S. isstrl":t K whlch *r*eee ln coanPartft€ntel

{a} the cffdl*ganel entrlee

eystems lc charac-

of K ar€ *onnegatlvet

t'lr rtf

S(t) * "tu"*b 
be *a fraputr-se re€p$nse r*1th lnput veetor !r

ur*: u*Jouee that the magri:r K has nannegatL$e effd{.agonal-

$arpp,*ee further Ehat the exp*n*f.cn {1.5} far *{e i c*ntelnc at lea*t one

aectlisLffy trceie {..L"e", at 3-e&*t s}ne ns*real elgenv*lue is expreseed}" Let

m denoee ehe length sf ths |**geat eyele in ttrc greph af K" Then m l3'

Furehermetco Lf b nnd c e,re n*nnegat{ve {r:*mpone*Etslsei the* the expsne{.on

{1.S} eanteins r+n elgentr*lue fr eu*h th*t {f} r ls s real nurnber end (ff)

p $-8 greatef, then tl"re re*l pa::t cf any ather elg*nvalue ehleh oecilfEt ln e:<-

panelu* (1.5) " Let {f ,*} be *ny *r:nreai elp;envalue wlrleh aecurs tn the ex-

pana$-cn (1,5), then

*i
nlran*r((r,*rr)1lull (1.?)

{o < ten*i {(p-u} I lu tl < xl?.\ .

Et"

LetLaed by th* prcPertlee:



(b) the e(}Lumn 6ufir6 sre n€]nps;*LtLve. S. $latrfx ar{th these pncpertles ls eetled

a *0np$F,.tmgntL,t- wetlLtx" t{cte t.het the hypoi:heafe CIf Theore& tr requlren cnly the

fLrst property" Thue t.hearem I epBl-ie* ta a cLasa af ay*t€ms th@t I'ncludes

eampartnenta} ayetee*g. t'?te etages sf the syst*llt s*t]"1' be referred to &s eonn-

p€rftmentF even thougti a more geneg'al. *laem cf *yetem lr being esrrsLdered'

&ser,$ jj-..

+{t} {, Ut*r*

re lth d,", >

ln regartle tc the secmnd part *f rhe thecrem {! i 0' 9 l CIi '
r -l"t '*o* 

&B t: -+ e (the etgertealttea are Rufftlereel so that p = l!.)

0. Thue a Lc gLven hY the f*rmula

-l
* * ll.m t - 1og S(f ).

t'+e

The ntrmber p i-P celX-ed Ehe &'*W7toti* de-c'a'$ taet'e *t' S(t)'

$sgere.*l*'Awell*knowtlrestrS-tbyt{earoctts:!gt*tea[hatf"f*comparbmenesl

metrlx V, f.r *f.gn symmetrlc {kfj } 0 tmpl.fes k,r. ' 0} snd j'ts graph does

nst coRtain cyelen rf length >- 3 bhen the eJ"genvalttec of K are neal' Theore$

1 ehsws tha.* Vhe ef-g**ayrmetry c*ndltfan l* nr:t neetied' ?hen!:em I also extends

a r*,a*Lt by H*ede et *i, [4! r*trti.ctr {e etaLerl o'trly i:(]r 3 x 3 nl8tr'ces (eee

$ect{an 4},

(1.8)

Remark I.4. Ttte PrnbXent

ls df,actresed in $ert-i.t:ns

sf ldenf-f"fytng a*nreal ef'geuv*lues frem dtaerefe dsta

4 arrd 6"

Mqqe_jr_.5_" Rccently there eppeared an ertfele e*nc€f,nlng cyci'eB in ecosysteffis

[5] but from a di.fferent p*lnt af vfew. Thle pap*r deee not ccneider the

problenoflderltl.f3rtng|.heexietpneecfey*leaf,rcrrrtmpule*-rerponaedata.The

artl_cle,contalne severat lnteree.tlng exanples of cyclen arielng {n large eom-

p*rtnentsl eYsiemo



Z " FRO{:F OF T]HF;ORE}4 [ 
"

?llearefi! I er{ll !:e g:r'cved wieh ald

lndependent Lntert:*t. The ftrst l.e s

cf Ehc fr:ll*.wlng 3e*uaae wh{ctt ere cf

rssul,l *f Kelt*gg ar':.d '*tephe*e [6] "

!'9ffi*L. Let k be € gor:n*get!.ve g&g,ttlx ef *r:der n glth Ferran efgenvalue

r sstd e*eac.iated d*-r*eted gr*p1* C. tru€'t tll be the leagth *f the longesE

eyen-e ef, s. ffi f* *1 : aLX t.he eig,enval-'*es af t\ are recl" If 3 < m 1n

and {crrv} ls a *enf,eal elget-tverlue cf $' Ehen # + lul ean(rlm} < r"

g.g.te_A_q" te*e*e ? le * eliShz

ter dt:ea nr:t dlseus*s the eeae rs

ment-s eatt bc perrc*fi*d st: tltitt I

el"a{l,er t* ;: resl lawtr*Lrlangtre

f\. ate ra&L 
"

A nrereri-:c K {e **{d t';r har:e * ile.*.dittg e.ige'ntt*tue p tf (t} p ls s reel

elge*v4lue cf, K ani {f.f3 t !.* greaLer than' the reatr' part af any other elg*n-

vdlua $[ K"

l,enres ?. l,et K lse a m*t-rl;,r c,ftth nan*egetitv* af fdLsg*n*]. entriee" I'et m be

the le*gtfr slf ehe l*ngeat cycl.e Lr: tlee gragrh af K' tt 111 *1 2, a3l ehe elgen-

vel-uee cf K are reat' rf in > ? e:rd iu";) f'* * n*srenl elgen*ral-ue of K'

th*n p * [ol tar:{n,fm! ' P.

Fr$of " tet. -q be t-he lee*e diagetna.? entry *{ K. Then A * K * qI ls

Erscnegdtive, wketre here aer*l eleee,tftere ! denotee tfre {denttey qratri1€' Hetrecvef t

h {e an ef.genvalt-re *f K tf an* axly lf f * q ls an elgenvatue of A' Let

r ire Lhe Pcrraa elgenvalue af h' then r frs slao the le*dlng elgenvalue of

A and p € r * q L* t2te leetlitrg rrigenval*e of K. Let n be the lengtlt cf

m*atlfleeElon cf Ehe resr"rle ln [6] es ttre lst-

= !" ll*selles, lf ft - 1 then ihe uompart-

u J lmPIl-cs *Jl * 0. Therefcre A ie

ffi1tr{x ehLcb i*tplle* th*t th* elgenv*1-ues af



rclhA-?_" Note fhst the flret p*rt *f ffeer:rern I f*lto'*a frctn Leaua* 2,7

because tf S(t.) * S*u'n! hae *n seefl-latcry mode then K mttst have e ncn-

tee.L e!-g*nvsltle whfch k*ptries that K hee s eyele ef lengttr >-3' The eecond

pert of Theoren I woutd *leo foltrow frant tenw* 2,2 {.f it r*ere s}ways true that

the !-esding eigenva!"iie ryf K ePPr-E;yu* ln the expaneLon (1.5) - Hcrsever' lt le

not dtfff"cLtle e$ consttruet a eounter examgrle' For Lnet.ance, conel"der the' rcatrLx

thc tr-r:ngeat eycle {n bhe gr*Ptr of

dl*gcn*L entrlee they have the e*&e
:

ef-genvaX*e of h, lc fellsve frsm

u + q + lvl tan(n/m) -S r * P + q.

i\. Sfnee K and A have ldentlcel off*

grxplt. Slnce (u + q, v) :l"x * nanresl"

I-emnulrhat ni:3 and

Th*.* *ertnpletee the Pr*af,'

CID$il

*ilt0

-?.fitla

1-200

0l*7fr

tr. IlCI

Ko

*zu

t4
L *t
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00
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nt
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t2.21

?he e$.g,envs1uee af K stre tl (rtre i-aradLng *{genss.ltt*}, *1,

nonreal eigenvaluee {U , t }. } . !{owev*r , the lrnpul"ae reapcnse f nr

partmeflt X and augput fr*n *ompartment 4 la

*(r) * {t/?}e-t - {!l df }**2r coc{t*rrl4},

-Z u -3 ancJ the

lnput i.n ccm*

teh{ch dses net contaln the leadlng elgenvelue" Irr faet, the asyrnptatt* decey

rege of S(t) {s *1" l{or*eqer, lt ls el,ear frr*sn the graph of Kr Ftg.l' that

there le no path fr*nr ecmpertnrent 6 to comFartflent 4, 1.e., eompartntent 6 ls nCIt

or-rtput reaetrabl.e. Ccneequently, comp*rtnent 6 {.s not lnvolved Ln the i"mpulae



resp11nee" eernsLder the slrbaya?:,+m f*r*ect by comparta*trte L, 2r 31 4 exd 5' all

of wkleh are bcltli teaebed by t**rpxttmerrt 1 sn& raech c-*t$'*arLrftent 4. t'*le fs the

cubeyeten of 1r:p*e-eluApue te*thal"r:3* e*si?Fere*i*nts" The restrlx f*r the eusbeystet* f"e

a*

ttre r:*t*part*renta.l- ay,+tem wit?r

cc.mpra::trftrnr l- rrnd oheerv*rllontr

malrlx qZ"L}, The lnput

are f r{}rir rt:ffip*t tftext 4.

*2 fi

7.\
L *e

LL

**

fif;

ftn

U*
.!rl

ln

gt I

t!

'2

o

t1

.t

{3.3i

Tl're leadlng efgeavslue af K Le *t " ?k* i-mp*lse restrr*nsa e orrespondlng Eo laput

lnta eo*parlment I- an{t oueput frcm e*:ap{rreffient 4 *f Ehe eubsyetetn le- agaln Ehe ex-

preerlon t2,23. f,he eee*ple il-lustrste-p thaL aleh*ugh Ehe *eyttptatlc decay r*te

m*y rrct be equal- E* tke !"eedlng eigeav*lue nt, a rsrtef.R *yst*m whtch reallzee the

lnrp*I-ee respcs;-se l"f {"e eq*e} to t}te L-ee*&l"rtg, *igenvelue CIf tl-se rufueyetex af input-

otrtpuL reaehat'le cesriFar Lglente txer- r-V-tv rleflnJ.Li*rr glven belani. Tlids fact" w{1"1

be prcved aftet tire fa!!*wd-ng defttrlll*t'ts.

ere*pli *f

Irrta

Figure 1. fe



rFl

Let K be nn ft x n me!-r{x w{Lh gr*pk G, Let b * (bt,b*,"",brr}* ,

g - {cl "f Z, . " r*r,} be i.np*t *nd ou*put vect$ree re#Feetlvely. Ccmportment l"

le eald to !:e 8n.{-}tlrflJ txUfi, oufpLr'f} *6wf18,n*nenf tf bf t' 0 (reep' et f S}'

CsflB#rtffi€neJtee*j"dteibeiwyxt*|nexy':.gatryt.|:,t.{aehabt.el"ftlrerel"eepetFl

ln G f,r$m *n ltrput s(]ftpsft&efit t0 c$mpsrtmenL j {resp" frc* eaffip6rt$enE

J tc 6R aucprrtr eompAftmenr). A c*mp*rtrment le seld to be ';.nput'*output t&"a*h*bI'e

te lt le hsth lnput *nd autpt'rt reachei:le"

Lefi$|la 3. Let K tle I &{rtf,i"x end let b entl g be lnput dnd output vectorer

reapect,J-vely" Let R, V, snd i U* f*rmed frcN* Kr b, snd cs recpectlvelyl

by delet{ng Lhe comperfftents whi"eh sre nnc lnptr[*oufput r€achable. Then the lnpuLae

response gtu**q of Ehe system (K,h,g) i.s the same fi6 the lnpulae fesponae'

!t*t\, of the tLtpar.f. -ot"ttpwt aub*tl*ten er<,$,i:.

Frcrof,. Fart"lti-on the compartmeirLe lnto 4 sets:

SL le ftre eet fif conp*rtmente q+hi.eh are luput reaeirable but not cutptlt reachable'

SA la the eet of ct)fiLp*rtffients whfcin are Lr*th lnput *nd ou'tptlt reechatile'

S3 Le the see of c$firp*rtffient-s whLeh ere outp{rt reaehet}le but ntlt lnput reachable"

S, l"e the seE of c$ffipartfix€nte whlet! pre nlethcr lnput nor sutput reacheble.
.+

!.et k,. he E?re e*trrn*erfx r:f K nhcse t:$tries are rhe f racti"onel tranef,er
t.J

rsLes from c*tnpartftenfs l"u $t e* e0fipertmente fn St. The mabrix K i'e par-

titloned aa

f 
ut t *tz Kr: Kt+

s c I 
*tt *ru Ka: Kue

I 
*rt *:r Kr: *l+

LK*l Kaz K+r K+r, 
-



Ler ! * gUT- gl, !;,!lit, g * [:ro g?o 5:, !+] be tlte ecrrespondtng par-

tillonLng sf the lnput r*nd cupue q.eetor$o reep*rLtvely. Let L{a} * "T(ur-r'i-t*

be Lhe Eransfer furref,.L** n L"e,, th* l,apl*ce tranefcrm af the {:npu: 6e r€sFo$se'

TT?T
ttren L(a) * ll'*1f ul + gilt {ei + 9i*3 {sl + c"xO {ri ' \'ti!ere

' T r T 
:ulTlT 1s tire atttutl*n af ss{*} - Q(e) a fo"

x (s) - [1, (s] ' ,S2 (s] 
'13 

(e] - ,Y'l

$fnee the *omp*rta€nts tn eftl"ler S1 uT 54 ar€ lr*t tlr'ltptrf reeclrebl-eo gl s:rd

ga sre Eere vectors and aso t{s) *:l5rts} + S!n.e*}" It la eeey ta eee fro$t

the deffnftL*n of the c*te st th-at KZl, Kzr*' K3t o KJ1* K3& and b= all have serc

enrrfee. Tl-rue ex*ts? * K::5:{e} * t" Thi-s tmpLie{t thet E3{e} - 0 Far sll- e ln

theelainelno,f to cotrsequently* L(e)**lgn{*}' gtnee Kzz and Ke4 6re

Eero matrlees and *3(s) * *: *rre *ese that exrtr} * K:fZ1:{s} = EZ which givea

1' r -l E.rsngfer funct{c* far the sysge8l
L(e) * :it, i"> * ci 1nt*f.'JZ.\ l2Z. Theref ore the LreRBler runcLl$I} rur LrrE ErsLt

la Ehe *&ne ss Lhe tranefer f*neci*n fer the f.:rprrt-cuLFtit reaehelrle at-rfu*yeteino

tlnrr"\r'=2\ exd the Pr**f is ecmPX'*te '

t$qna_,:a. Let g. bs srn $ t: 11 rr:atr*-x vrf,t.h au*neg*tlve af fdl*g*nel *ntrlee' Let

g and y tre ncnncgst{ve lragruf and *utpnt veetore} r€sqectJ'srely. $uppcse sll"

compartmcnfe sre lnpEL-{}',"rlput reach*}:l-e '*lfh resFect Es the ey*tem {K'h'!}' tet

4. Flr

S{t} = gt*t\ be the LxrptuL*e fesF,,nse. Tiren the asyr*pt*tie decay r€te *f +(t}

ts the 1-eedlng e{genvek:e of K 
"

Proof "
Ler 1tt) tre the e*lr:tLr:n t:f i = F.x, :t{S} * b. llhen

s{t} * erxr{t} * *?nz{t} + "' + c'nxo{t} "

It ls ta be shcrrtr th*t equaelgn il.6i i.s eatleffed" Slnce eaeh ecmpertEnenE ls

tnpue reaehable snd el-nce the $ff{g{*gcnsl entrles sf, K $?'e nsEnegatlve lt ls

eesy eo ah(}tr {e"g., see [?'!] that each c(iqnponene xr{t} > s for t > 0' F{$te-

orrer, the ncnneg*tlvlt}-' cf the *ffel{agone'.!. entfiea lmply thdt each €ntry Xuv(t)

(?.4)



of *tK f-m nonnegsej"vs. Furthefrnore, l"t te wetrL knocdtt thet there

ome extr3r, xgl{rt} u *f arder gquFt sts f -} 'sr wher* trr l* the

ve}.u*c}fK*ndq+}Lethesengt'}rcfthelangcseJordanclral*of,

r > or then x(t+t) * *tK$(u)" ThuP

xr(r+r) * x{l{t+r:}xr(c} +'"'+ x:i.J(t+r}x*tt} +-"* u{ntt+t}xntt} 1

seeauee x, (r) > f] r*nd gtj (t+r) ie of esder t,QeFt lt fcll*wa

!-,t{-(x,{t}} ; li-m t-t to* xr{f) * r'

is at leaat

3"ead{,ng ei.gen-

K" Choose

xi, (t+tlx* (ti .

Ehet

(?.5)

S1nce s$rfiperf$xent I le ouCBBe resciratlte, f,herc ls an *ueput compartme*t el {1"'e' r

e6 * 0) euch that comp*rhment f reeehee *c*rp*rt*lr'enk d ' lf tt ean he *hown tltst

1,!,1*(x*(E)) .i rr
(2.6)

then lt r+oul-d faltow frcm {3"4} ehat x'fi-(6{t}} -):' 
p' Hewever' lt ls cleer from

the representatl*n {1"5} end frnfi the fact hhat p ts the l-*edlng e'{genvalue' that

t$+i*(t)) : ffi e-11.*g S{ti 1p. eertr*eEuentl-vr the l-ltnlt superleir and the llm{t

t-re 
q - -'t'**t* ftddn' *hnt the l-lctl-t af e-I log 4(t!

infcrlor *rf t*tr lqlg $(t"\ bcrth e4ue1 p' whleh mesns that Lhe

e:(i.sts snd thst lte val$e {e P'

Toconplehettlepr*trfj.t-j-geuffj.cienltug}rc}wthev*lidltyof{?"6}b$tthf-s

cone luaLcn ferXlows frtlrn the nex{- Lermta '

I,et K be an ft X n ne*t,::lx r*iqtr x*nnegetl.ve affdtagcr"r*l errtrl.*e a$rl

{x, tc} ,w*{,t-'}, -..,xn{t}}l be lire stllut{on af i * *l t*i't}r xt{0} :* 0'
" t- s "

I,etL$*{x*{g}}hetieflnedeie{?"5}"Ifc{}$pertfiientJreaehce*em-

ln the graph rf K Lhen Lb{* {x-, (e} ) f LN* (x, (t) ) "

Frcof-By{nducf;imnonthelettg4ttro{thepathfrt:mJtcIltgufflceetsverl"fy

ln Lhe cs6e rt!*t ttre length of tl^le pnth *-s uni"tye l'e"; nri " o

kmej'
lct :((t) *

I < I ,< n"

perhnent I.

the result

10



tee b - Lt$*{ertti}" Tt:an f,*t e*eir t > Q ttr1ere ie a tC'* Puch tirst

{b-e}t a-^^.--- -t *L-^ 64d86,:di-.1 *itsrr nfl ,i.hp tx{teJ >_ e , t o: t*" Ee*su** *f the t?$ftaegdiivlty *E the ccmpr:$ents

eE :sit) snd of the *ffdf"ag**ei entrge€ cf, K'

{h:t')t k > r-" ln particuler,i*{r) r k**r(r} + kg!*Jtt} :. krr*r{t} + kr," 
;_;, 

t 3 *o'

,irtel > kuuxr{t} e'trleh gives x*{t+to} l:c{e*}e 
1* . Fnus lu{xt(t}} u ktr"

If klt i b the declred reeul-t le abtefcled. F*r the esse k{{ * b, 6pply

ehe verl.eblan of i:rrt1st6?!tg f*r*rule tc: sbEain
krrt dh**\* kr"t

xr{t+tr} 1 ={tn}* 
11 -f. [s 

ir*c; t*u lt 
J I [b*c-kr'l r e'here r le tre]$ restrlct€d

E* the {"Eterval {S,b*ktti * It. 3e n*L dlf fleult tc *ee that tlq-{x{t}} ? b - €'

Lett.lng c '+ 0 i*lelds the result"

Fracf uf The*rem 1. Ttte fltse part *f ?he the*reerr m l 3 u follct*s ttaffi Lenrna

2 es dleeueeed i.* Remsrk ?,?" Tc cbeaiB Ehe eeeand pert apFly l'ernma 3 to cb*

taln *{r} * gt*t%, where {R,&,i} de*ctee th* input-olrtptjE*reeehsble sutreyeteat'

Thue the elgenvelues eppe*ring ln rhe expenstc* {1"5} *f +{l} are elgenvsluee

ef K, l,eirdn& t+, apBLLed eo tke *r*gt+*t {f(,8,:} * yleLde t9ret Ehe ie"+dlng

efgnetrcl*e cf K l-* the Egyttlpt*Elc de**y ?&le' fr* cf 6{e} " Appl-ying Lenwrs ?

to K *ne obtal*s r, + loi ran {nl&} < p* t*here #' ls the length c€ the long-

est cycle ln the graph t; es€ tt. SJ-*e* * le eonbalned l*' G*

m > ft " 
nfean-t{{p*c},llvl:. f?tte ecrnpl*tea fhe prc*f'

TI{F: !€U}IBES *F C*F{FA"F.T'F€T€T*

tt r*ae nateei *atlLet ttrat. thc4teg L give* a I-*t'rer b*ured *a the nuntber E'l

comp*rtmeftt,B Bi"ne* n :_ n: " 
,ilten*r({e;*u}llol: " One *sn say more Lf the tcrnt

the rlgltt takee an irrleger value'

Obeerve th*e th€ greptr af the matrlx

*E

*R

1a
AI.



rt

*

*X S1 {}

S*Z&z

0Oil

&ft*
1L

t!

{3.1}

cn- I
fi

'n- X

r?"
fr

ccnslshg rrf e eJ.ngie cyel-e of oreler fi. A esus|em ls saJ'c! tu i:e a

OndeL n if' the a$rnpBFtmeneE can be purmutsd u{] tl-lrrt^ hhe matrlx

hse fhe fsril! (3.1) trtth hhe Sn o fi'

*itxpf.e" c.$ete. o&

aF the sYcten

tet
che tryp*thesi-e *f Thenr:em I be aati'sfJ'ed wfth

cf *ampartrnente *nd defitte

nn * rlten*L{(p*u}lt"l}'

***$thenth*ayef*nrtsaal'rnplecycleoforder

\, ! 22"
Theorcm ? " Let

n be the numbet:

T'hen tt1n0. lf It.

Ir-5ggg, Tl,te f,elet ttrar n ,1, ns la l"nxned{mbq: f tnm Thec}re61 l ' consJ'der the ease

n6n-. ,lhenThenreml gtves fi > m 5 nn ;rnd s(] the oyetemh*e a cycteof length
Lj-lJ

n rchleh conts{ns a7! the csffipartftl€ntB. tn perttct'rlar, the graph le atrong'ly

er:ntrected, l"e, K {s lrreduclble" Mr:!:er}'ur*ru *11 ccmparEme$tg cre fnput-otttput

reeetratrle " It f o3-1#ws f r*m tem*les 3 and 4 thst E, J.e the leed{ng ef"genvelue

ofK"Noteeh**trepi-**i':lgKbyK*el*i*here*lsapos{blveconstsnt'

doea nst e.l.fer the t*ypcthesis cpr the c-oncl-u'}J.cn eLrrce ;'r cnd il wsrrld be re*

pleced by p + c snci u + e' trespeet{ve3y" Xi*"nce tire EffdJ'agonal entrlea of

K 6t.e nsflfleEeffve eI - K {s sn dnvertlirl* I'i*satrlx f$r e s*ffle{'ertt1y large"

Thus Lt may be aesumeri wl,ehc)$t trslss of gerrerellty thst M * *K l-s an lnvertlbl-e

$*tnaerl"n- F1streovetr' {*Ur*'v) !s a ncnre*l elgem:slue cf Ftr -p ie Ehe rnlnl"mal

e{genvalue af M enrl *i} * lu! tan{x;n} s -p' 1.b f*X1el*p frorn Theorem 1ln [81

xn
t-L



Ehat the syseeft ia a ruI-:nplal eycle clf €]rder 11. ?hl* c*alpteEes Lhe srgu*;{}nt'

Remark3.tr"AlrI.rltpoulccrcsF*il*eageael.ateelwj.th*sl.xtpleeyt.|ehaseaF*clal

fer*l {see $eerL*tl 4}. lf * sl:np-'t-e *Yeie ca?l be rulcsi stit lhe:} t?te cot;clsrei'*tt

cf fhesrerc 2 tc n > r,rLR$*;{{r-lr}llol:.

4, Afi ENAMFTE

eotlelder the eyate:a in F3-gure 1" ?!:e i*put-{}uiFiil re*elt'*?:l* eubsyetem h*e

5 ec}mpArtf*ents end e *yc1* *f length fa" 
^.re 

Ltieee f*reea derlsehle fr*m clSeerete

dat*? The queetlan tr*.Ll be *#nafde;*eci in t$c p€rtB' ?'n ltre f{rst parL the

analytie fsrm of &he lmpuXs€ re*p*rla€s ,f,{r} = {llZ}e-t - {\f{t;u-Zt*nu{t*n/4)'

l"e aesuined tc be knawn a pr!*rl- The *eecnd pare aleal* l+ttk the ptcblem of r:b-

talning ttre analytf-c f{}r$ fff +{t} fre3E: diecrete daLa.

Assame Ehe arl*j-3rt!-r: frrrft of the i*rpu'Le* tel1r;*ge as glve* above tplth

h, g : t. ?he:r nn * rlLeo*l {(-t}-(-zi \f 11 * 4, sc Thearetn ! {mF-lled thct the

lengttr af the trr:*poest cgcfe, # i- 4" In parL{e *Latu the number of ccmp&rt*le*tfsi

n 14. tiuppaee n * 4. ihep ?he*text 7 f-urpl{ec t?rst the sy#Ee*! la * ei-mple ey*le

cf lengtg f+. Let the ect*pe:'tr^1€nta be *l.a*tbered €o Lilei c*Hp*rtsnent I J"s an lnput

carnpertment end eeimparLment t + 1 Lx Llt* F€ccess$r cf ecmpartme*t I aX"ong the

cyele* {o1,gr3. Tlt.rlzt t}L**;r*d K liacihef*ringf,veg:tra{3.1}rsltFr $iuS'

L * l,Zr1r{+" Since gTp * S{*} = *, gTgry * 4,'{*} * * end gt*=E = $tr{$} * I

lg fall*Ids thsr the eh*rf.e*e peLli b*Lr,seelt sn lnptjL L:c!:tFare*teat and {}€tpl!l c$ltlF*rt*

tuentheslengtlt 2'" Ttrrue *t=e**** S{rre* bj*s J-mpllee c**co*0 thi"s

poealbltrlty ean i:e rtXed *ut" Sttppc** t?rat ttrere {-a +n1y cee Lnput eil$pargftefiE

and *nLy ofle cuLput €:omp&ft#ei?L. ?het: k * iirloCr0,{J], ,T * f ft'0*e3'*} ' *ne een

aee by celealilttng the trenefer {-irnetLs** *t6*r**3*lg, that the *{mp1.e-eycle

systeftr is Lrreduel"b,le, {-.e" 4 eiget:values gre pr€sent. Br1t the glven impulse

13



J-rarpul"ae t**p*\twe h*a enLy 3 *{gerevalues, tlrts ehet{a thet * elngle eycle e

of tr-enghtr ls wi-tk a *Xng!,e tr"*prrt afltllp&ft!!1e*h snd *. *1.a9,7e $utpilt ecmPa'rtm€

trct csffi{p*tlbtr-e t*f"th Ehe gd-*:en Ampx|-**. res;}$naal. 'fhue n :- 5 " S{"nce thee n

{npuf**utgrut reeehable cor,"rperemefiL.$ crre J.rxconeeque*tletr {Leamra 3} it I's ce:

thab tt-le Lnpue-erubpt-tt reaelt*bte stlfusysLem hee et le*sf 5 e*mp*rtffienEe dnd

the syefern }'las n cycle of }-**gt-i1 i+ rty: mtst*" t-'he restllt lra shr*rp fue*suae l-

^ 
uo. 

*

syxtert {fr,g,g} sf?r{xre K {* qief f.ned ln {2'}3, b * {!. **uL}o0u(}}' *nti e *

ie e real{eat$-orr eif tfue Efven lerptrtee resp$fise *lu$-*t* htu*e exsetly 5 cctnparn

and o*ly one cycle of tengkh &,

Thl"a essmpXe t*en cDneJ"dered hy Meeda ei: r:i- [f*] but f"tres* lnveetlgetor'

eluded *nly ttrat thcl number af *ampertE!{1nts Ls *t:'lear*e f+"

l*lext celnsj.der the pratrlem cf ree*ft*tructLng the aetxlybi-c ftlrm ct the

fssF6ns€i frcm dLscr:ete Elate" licverel megltads ar* avetlabl"e " ?he mettrsd <l

equeres cptl*riaatLcrn HS-tt he J-ll.trstrated usLng' t'he 61h$1fe ex*mpXe" Anertirer

the methuel *f *l*ment*u wtl-J- fue s{{seusseei }:r$-efi"y ir' lie*Ej"on 5"

Thq: LeapL*ilqwiltle mqlthcld r"equl.res Au{} g:hesee" ln Nhe f 3"rst phnxe cne

tJ.f'xes the prrr*rr*str.t-sed f*rm *t th* n-mgrul.** res!}trtxse end rret j-mntee tl'ie tnli

vitlues *E ?lw pElj:smer,*f5- t*'rtpL&et rl*t;* pttL'n:x+ {tr' V*}. The flrut ecep

phase 1. {e Lc estlnrate tfue !*a&}-rt1r, ttt$de" 'fhle tn*y he eec*xrpif'ehed by tre{'n5

peeling met?r{}d [lJ, {.8" r olt* f{te s ll-ncn y * $i* + t}' tlrrr}uglr the tatl- I

cf the ,tl*g plgt*t: {tk, lt:g yt}. 'fhenu tf ,.{*Ft rlenobes t'he leadlng mntle,

est1negee ;- A sr'e g1ven by $ * *u ,1 * ul'- Fr:r {&stsRce, J'f one si"mule

deEe:
'-r, -2t,.

{t/z}e k - (.1/{i" "le Kct:eit**nl4}, tk * s'?'kn k * 0'1" '. o?5"

the lntertrsl [u,5r5J t,]ren the e*timateel $atrues &re p * -1'028

stet$

t{s

n-

cluderi

tlat:

3

]r0rl:,1r0]

znt rt

cs!1"

lpul-se

leest

rethcd n

.sletr*

.el

rr

thel

f,tl(}n

tl*e

e$

(4.i)
v-tr"t[

and peeXu on

d * S ,5&q&,

1!4



L 8"6
t
f{
E

ft
R g.6d

g,1e

&,w

8.W

$.
8Xt.g4s

Tg$r

Ftgure ?. F{N =f ci*Ea (4,i} hy *e*tte cf s c':niblne*

peei:l-r.;g and leaet*sqrr'*rer+ mefihod -

:*-ry'*T'r'!t

sr#\'{8,
,ta

FK
/\.t1

_fq

lt
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/

Tlre nat:qi eteir l"e Ler r*ubt.neet the estlmated lead{ng meide gJ"vlng the'rres!l*

" 
FEt' 

F r!r,o *nq{rlrre'l qfi recllletary lnocle,
t*t:aX, pl.mtii, rp * Y* - &e *o If ti,e resfelusl €pFeers ec !:e aR u

^*ltboou{vt*tr} 
, Eher $t}€ r:&n est{m:ata ttte pare.rrtetero il r !'tr \}r tx by meesurlng

the. peake, ?.cr flh* exatnptre at henql, t.l"*e fertrlowlr,g r*algh eetlm*tes were obtrslneetrl

& * fl.ffs/lo i * *u,g, i * 1"6, ri * 2.5" l-n f.he evenh, thr*t peell.irg aff the leaeling

ntodr: d*ets ,,*t, ri:xhibAg sn elecJ. 11ef.r:ry m*<ie Llr*in the pe*,l.l.ny" prFt:r:€3s r*culEJ be ecrRti-nueei

until as csc{.1] atory ftode :lo axpneed (rf rne exiratc.a] c]r lr1.r noil*sr1.1lattary rnoE{ee are Ldenttf iee

Harrs constaler the aec(?nd likgiec s!: bhe lea*t-equ€re8 ilxettt$d - A5-through the

lnfe*"etr- eetj-nrstee *f t-he parameta:rs Lcr the pnrar*strtsed msdel, d*t't + **ltt*'*u(ut*r:)'

fotrnd frum E?ee peelf-ng r*ethsd * \.+ret* Forjtr! tire sA&ti1 27 cainpucer prsBrtltzt [9] gave

gernct filnal eeti"m*teu: 11 *13,4gS5, i *-t}.9996, &* *0'?*3S* i * -1"99S?' i * 1"00?9u

i * 0,V*t4W. 'fhs ff"t $.s ehcwn ln Ff.gure 3'

5" {::OHffiACY101,; ld{t!{ A1'g &GE-hHFHhir}EN? M{31'21d,tr'

&n exarnptr e uf s.n uge*dependenh e*mparf-*renbat m*ctel * lrigure 3n 'l"s ellucussecl by

Hsrts arati bleirrlg t1$1, Exrh epeef"eu L {"L * t,?} fe aep*rated lnter *t ege

ecs:Kpsrtffiene# ' b?

I

[ru'lt=aJ
I

{"-"$--

4a"rla

At'l

xlt

Ftg*re 3'

hss a cltetrer r:f nrder

f erl"l nr,r$-ng eondition*

'], 11, * ! wtth r d-

1

*gx-deP*rrdenh

f! '* flt o o3.

[1.0] : {r} nt

4 {t-h} 
3 
!z;hz ,

e$mpert*rentel rnadel 
"

efgenval*es exf-et for n13 exeept

t,2
2 wi"rh r < (b-l)-/16b-,

n, * i., fl^ o ? wJttr
L*

l{clnre!x1

**z-

{fi{ }

n

.A'
F*l*" r**-*t .F*

It t*J e [*-""..I It I

The oYeteut

uneler the

(ll) nO *
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r -: 4{1*a33 lzza, ichere b * br{br,

tt le fnt*reatlng t* ca*Jectnre that ttrer* le eg |er'*t' ot:e n*ilfe*3 eJ'gen*

value euek that

zz * L o nltur*'-l(iui/{p-ui} < n

for thl* fe true fat th* i:€ijcsf trlo * t'' b* ol' T * Li7' t o'nr<v"

&. nrscttsslCIF

Alehaugh the theoretLeatr- reeul.teu Thecrems 1a*d 2* are X-aterepttng' thelr

appllcatlaR tr: data an*lyef"a hlttg€g on Lhe rc]rretruetg.nn cf the *nalytle fsrm of

the lmp$16e r*6pc:1ee frg3m d*ta. Th{-e pr*bl-e:tt La dtfftetl1r beeeuse re*x datn te:rds

fo be *cley *nd apar*e, 'o$i*e dat.sfi ronere used in the examBle ln Sectlsn 4 ln atdet ta

{lluctrate an sFFfoaetr t* tfte prrbl-ecE aftd tfl dersc*etrete thaf * g*cd approx{'matlon

of the lmpulee*re6Fsr?6+ Fars.i&e.t€:r* f*,rr i:r*- r*t-'taltreti r:n"'ler lde*3" eandlticns' Several

addlricnal namerlc*1 experllaee!* lrere perfcrcted wlt?r af,t*ulseed real d*ts" A tie-

taf.led yepst._ (}E lilte r*lst?lte wLtr.L tte prcs**Led i* .g fr:rr.he*rnir:g paqf-'t; hotsever'

a fe* p€ft.lrr*$t re*erks eart l:e marie aE this ti-fi*3'

8gqgqf.. 6"-!-" !n gerrer*lu Lh* 1.*a*L-squEsres pr**eeiur* ls i:;:N suceeeeflr'l unleaa

the leadlng mrdee are peel** r:ff fi"rsae a* lilusfrate{i l* the es*tcFle" Yhe r*&Gst}

ie that the oscllLatory moqles tend tc he overshndc"red hy tire leadlng mndee'

Remark 6.?" ?'he least**quar€a g:rccedr.:r* by {eaelf cdn not bc rellecl up*n ta

e:(pssE en cscf-3let€]ry rucde. Fsr l'i1stance. yi{ti * 1':? cxp(-l'Il-t} -

? ,29 expt-z.ilst) + 6.{ic exp{*?.?4t} :iright be cc}gsldvre* aa acceptable

flt io the d*ta rn {Ffs. 4} eleh*ug!:lt dsea naf ccctsftl an aeclltet€}fy ltt$de"

However, a plot of the rea$"dtlals {yt - X(EX.}} exhiblte *sc{ll.qtsry **?rape' Flgure 5'

Yhi.e proferty wes abeerved cor1eletenEly erhe* perf*rml-'tg *unerl*el experlrnefils'

T'
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st
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Fj fl uf drrtrr (/+ " f )Flgttre 4.
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by a fir{-exircn*nEln1 ,



&,w

4.W

*4,Wffi

Figure 5. F.esldEsl. Ft*e. €Eselelat*rl 1trl-Llt :*re 6tter'{Ft es

tL?" 't8**L11*i*ry eialtl'r by a *tula{"-eapi:ne*tl*1.
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It aaetris t:l'sst a Filt'{5 ex$lL?*ent:La}. atlt* tfl$€lE t* tl'Y' e!t{: lr:actia-g modles *uf-'

f {ete*en.y a*X.l- mts t?rst the r*.*L&,.y*1, plcb extrLbiLs* lhe s*ci.}-tr a't"*EV uoriE '

1-lre pr*i:*rty e**t.a! l-re t.r*ed e1:; a fllelttrcei {*t dtlt:a'.';L3ni; an *s*{llaLory mnde'

SSW{&-:]-, &tt an teL"**:txat.i-ve ?;<s ths* Ie;'{ef- sqil$rP6 pr*eedtlr* stxe cstt Gse

the cgebtrsd r:f, mcaarsfrsr t:t|,n7-1 , 'i'h;: adris-t'tf-eeXq,e t:f ttrtr: wreth*& L* thst t!r* t:haxa*'

teri-atLs p*1y,nam*-a3 o X.,"t-" - 1, ginsl 61errr1-at pcl,yrl**mgei9 r,rhose freits 5re tlie eigenr'*l'ueg'

cse tye €sfitmated &Lv6.rt:ly fr{}ii, tlt* q}.al:* *Lt\'t*uf- *rr !t;etat;L-ve pr*aedur:e" There*

frtte !.nlttaI egL{mau"ties &tre ffi*t rtee&s:d. M*t*tsvtzt, Llrc *uwher of ;lararnctera fhat

ar.e deter*dtrgd *t * hl?rle ip: f;q--sluc*<l by e fec.tr:r cf L*+o" l{offesetr* Lhe method

requC.ree eY:LLzwAtS-etx. elf: cergxtrn i"nLegrals, Ttrerrefr:re o the d*te peilnte shoutr"d

be gtrf f $,a 1*tztLy c1*i*e *t:t t\zat. good 3 +tegn*zz| ;apVtwx'Luttst*"*rsm ecre *btaisrabX"e when
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