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S U M M A R Y
Predictions of glaciation-induced changes in the Earth’s rotation vector exhibit sensitivities
to Earth structure that are unique within the suite of long-wavelength observables associated
with glacial isostatic adjustment (henceforth GIA), and, despite nearly a quarter of a century
of research, these sensitivities remain enigmatic. Previous predictions of present-day true
polar wander (TPW) speed driven by GIA have indicated, for example, a strong sensitivity to
variations in the thickness of the elastic lithosphere and the treatment (phase or chemical?)
of the density discontinuity at 670-km depth. Nakada recently presented results that suggest
that the predictions are also sensitive to the adopted rheology of the lithosphere; however,
his results have introduced an intriguing paradox. In particular, predictions generated using a
model with an extremely high-viscosity lithospheric lid do not converge to results for a purely
elastic lithosphere of the same thickness. Mitrovica (as cited by Nakada) has suggested that
the paradox originates from an inaccuracy in the traditional rotation theory (e.g. Wu & Peltier)
associated with the treatment of the background equilibrium rotating form upon which any
load- and rotation-induced perturbations are superimposed. We revisit these issues using a new
treatment of the linearized Euler equations governing load-induced rotation perturbations on
viscoelastic earth models. We demonstrate that our revised theory, in which the background
form of the planet combines a hydrostatic component and an observationally inferred excess
ellipticity, resolves the apparent paradox. Calculations using the revised theory indicate that
earlier predictions based on earth models with purely elastic lithospheric lids are subject to
large errors; indeed, previously noted sensitivities of TPW speed predictions to the thickness
and rheology (elastic versus viscous) of the lithosphere largely disappear in the application
of the new theory. Significant errors are also incurred by neglecting the stabilizing influence
of the Earth’s excess ellipticity. Finally, we demonstrate that the contribution from rotational
feedback on predictions of present-day rates of change of the geoid (sea surface) and crustal
velocities are overestimated by the traditional rotation theory, and this has implications for
analyses of ongoing satellite (e.g. GRACE) missions and geodetic GPS surveys.

Key words: Earth rotation, glacial rebound, Liouville equations, viscoelasticity.

1 I N T RO D U C T I O N

Predictions of perturbations in the Earth’s rotational state driven by
the glacial isostatic adjustment (GIA) process have a history that
dates back a quarter of a century. Indeed, modern numerical anal-
yses of secular changes in the orientation of the rotation vector
relative to the surface geography, or true polar wander (TPW), are
most commonly based on theoretical treatments described in papers
by Sabadini & Peltier (1981), Yuen et al. (1982) and Wu & Peltier
(1984). Interest in glaciation-induced rotation variations remains
active, and traditional applications associated with the inference
of mantle structure (e.g. Nakiboglu & Lambeck 1980; Sabadini &
Peltier 1981; Yuen et al. 1982; Peltier & Wu 1983; Wu & Peltier

1984; Yuen & Sabadini 1985; Spada et al. 1992; Peltier & Jiang
1996; Vermeersen & Sabadini 1996; Vermeersen et al. 1997) have
broadened to include studies of the feedback of rotation perturba-
tions on a suite of other GIA observables (e.g. Han & Wahr 1989;
Bills & James 1996; Milne & Mitrovica 1996, 1998; Sabadini &
Vermeersen 1997; Peltier 1998; Johnston & Lambeck 1999;
Mitrovica et al. 2001) as well as the signal from recent cryospheric
forcings (e.g. Gasperini et al. 1986; Peltier 1988; Munk 2002).

Numerical and theoretical analyses of GIA-induced TPW have
identified a suite of unique sensitivities. For example, predictions of
present-day TPW speed indicate a strong sensitivity to the adopted
lower mantle viscosity of the earth model (e.g. Sabadini & Peltier
1981; Yuen et al. 1982; Wu & Peltier 1984; Yuen & Sabadini 1985;
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Vermeersen & Sabadini 1996; Mitrovica & Milne 1998; Johnston
& Lambeck 1999), to the thickness of the elastic lithosphere (e.g.
Peltier & Wu 1983; Wu & Peltier 1984; Mitrovica & Milne 1998), to
the treatment of the density jump at 670-km depth as some combi-
nation of phase and chemical discontinuity (e.g. Mitrovica & Milne
1998; Johnston & Lambeck 1999), and to the choice of compressible
or incompressible earth model.

The highly non-monotonic sensitivity of the TPW predictions to
variations in the adopted lower mantle viscosity provides an inter-
esting contrast with other long-wavelength geophysical observables
related to GIA. As the lower mantle viscosity (which we may denote
by νLM) is increased from 1021 to ∼ 3 × 1021 Pa s, numerous studies
have shown that the predicted present-day TPW speed drops by ∼ a
factor of two; as νLM is increased further to 1022 Pa s the predicted
speed oscillates about a plateau, and then once again drops mono-
tonically as the lower mantle is progressively stiffened beyond this
value. The origin of this behaviour is unclear.

In contrast, the predicted present-day secular variation in the
degree-two zonal harmonic of the Earth’s geopotential, J̇2, which
is proportional to the rate of change of the Earth’s axial rotation
rate (e.g. Wu & Peltier 1984; Mitrovica & Milne 1998), shows a far
simpler behaviour with a straightforward physical interpretation. In
particular, small amplitudes are predicted for relatively weak (∼1021

Pa s) and stiff (∼1023 Pa s) lower mantle regions; the former because
such models reach close to equilibrium ∼6 kyr after the end of the
main glaciation phase, and the latter because such models are char-
acterized by slow rates of adjustment throughout their evolution.
The highest rates are thus predicted for intermediate values of νLM,
leading to a double root or ‘inverted parabola’ structure (e.g. Ivins
et al. 1993; Mitrovica & Peltier 1993).

The sensitivity of the TPW results becomes even more perplexing
when one notes that the variation with increasing νLM takes on the
inverted parabola form when one considers earth models with very
thin elastic lithospheres (e.g. Mitrovica & Milne 1998) or when one
treats the density discontinuity at 670-km depth as a pure (adiabatic)
phase boundary (e.g. Mitrovica & Milne 1998; Johnston & Lambeck
1999).

In a series of important recent papers, Nakada (2000, 2002) ar-
gued that predictions of TPW are also sensitive to the choice of
rheology for the lithosphere: finite-viscosity viscoelastic or purely
elastic. In this regard, Nakada (2002) pointed out an apparent para-
dox in his results, namely that predictions of present-day TPW speed
for the case of a viscoelastic lithosphere did not converge to the
predictions based on an elastic lithosphere, even when he adopted
viscosities in the former as high as 1040 Pa s. Load-induced TPW
will be sensitive to the response of the planetary model to the load-
ing as well as to the background flattening of the model upon which
the load is applied. Mitrovica (as cited by Nakada 2002) suggested
that the paradox highlighted by Nakada’s (2002) results may stem
from an inaccuracy in the treatment of the equilibrium rotating form,
and he proposed that this form should be connected to the observed
flattening of the Earth. The differences in predictions based on earth
models with elastic and viscoelastic lithospheres are large (Nakada
2002); indeed, the latter show a variation with νLM that is akin to
the inverted parabola sensitivity mapped out for predictions with
no lithosphere whatsoever. Thus the discrepancy warrants further
investigation.

In this paper we present a new treatment of the linearized Euler
equations (i.e. the so-called Liouville equations) that govern rota-
tion perturbations on a viscoelastic planet driven by surface load-
ing. Our goals are to (1) isolate the origin of the paradox noted by
Nakada (2002); (2) outline a revised theory that provides an accurate

treatment of GIA-induced rotation perturbations on spherically sym-
metric earth models; and (3) explore the rotational stability inherent
to the traditional and new rotation theories. Our results indicate a
significant inaccuracy in the linearized rotation theory adopted over
the last two decades. Furthermore, this inaccuracy is the source of
much of the anomalous sensitivities evident in previous predictions
of GIA-induced TPW.

2 T H E O R E T I C A L B A C KG RO U N D
A N D R E S U LT S

2.1 The linearized Euler equations

Perturbations in the orientation of the rotation vector associated with
the GIA process are small (less than ∼1◦), and thus linearized forms
of the governing Euler equations are generally adopted as a basis for
the analysis. In this section we present, without detailed derivation,
time- and frequency-domain forms of the so-called Liouville equa-
tions derived under the assumption that the timescale of loading is
much longer than the Chandler wobble period.

In the unperturbed state (i.e. prior to loading), we adopt a body
reference frame with origin at the centre of mass of the rotating
planet. The orientation of this state is such that the unperturbed
inertia tensor is diagonal with principal moments A, A and C, and
the angular velocity vector is � = (0, 0, �) . In the perturbed state,
we can write

wi (t) = �[δi3 + mi (t)], (1)

where mi � 1 and, in addition, perturbations in the elements of the
inertia tensor are � A, C .

If we introduce the complex notation m(t) = m 1(t) + im 2(t),
then the governing Liouville equation can, in the time domain, be
written as (e.g. Nakada 2002)

m(t) = 1

C − A

[
IL(t) + kL

2 (t) ∗ IL(t)
] + kT

2 (t)

kf
∗ m(t), (2)

where ∗ denotes time convolution. In this equation, IL(t) is the com-
plex parameter I L

13(t) + i I L
23(t), where the components are inertia

tensor perturbations associated with the surface mass load redistri-
bution (sometimes termed the inertia perturbation components for a
rigid earth). Furthermore, kL

2 (t) and kT
2 (t) are the non-dimensional,

degree-two, surface load and tidal viscoelastic k Love numbers, re-
spectively. These Love numbers have the normal-mode form (Peltier
1974, 1976; Tromp & Mitrovica 1999)

kL
2 (t) = kL,E

2 δ(t) +
K∑

k=1

r ′
ke−sk t , (3)

and

kT
2 (t) = kT,E

2 δ(t) +
K∑

k=1

r ′′
k e−sk,2t , (4)

where the δ(t) is the Dirac-delta function and the superscript E de-
notes the elastic component. Note that the kT

2 and kL
2 Love numbers

govern the gravitational potential perturbation driven by a change
in the rotation vector (i.e. the adjustment of the rotational bulge)
and surface mass load, respectively. Finally, the parameter k f is the
so-called fluid k Love number (Munk & MacDonald 1960), and is
defined as a combination of parameters associated with the unper-
turbed state of the planet:

kf = 3G

a5�2
(C − A), (5)

where a is the radius of the Earth.
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Traditional GIA calculations based on spherically symmetric
models commonly develop the linearized Liouville theory within
the Laplace-transform domain. If we denote the transform variable
as s, then the Laplace transform of eq. (2) is (e.g. Wu & Peltier 1984;
Mitrovica & Milne 1998)

m(s) = 1

C − A

IL(s)
[
1 + kL

2 (s)
]

[
1 − (kT

2 (s)/kf)
] , (6)

where the s-domain form of the viscoelastic k Love numbers is given
by

kL
2 (s) = kL,E

2 +
K∑

k=1

r ′
k

s + sk
, (7)

and

kT
2 (s) = kT,E

2 +
K∑

k=1

r ′′
k

s + sk
. (8)

The treatment and interpretation of the fluid k Love number, k f

(eq. 5), is central to discussions appearing in the remainder of this
manuscript. The parameter is a measure of the background oblate-
ness of the planet, and will in practice have contributions from the
equilibrium form associated with the unperturbed rotation rate �

(i.e. the hydrostatic form), as well as from long-term geophysi-
cal processes other than GIA (i.e. non-hydrostatic signals associ-
ated with fossil rotational effects, mantle convection, etc.) The lin-
earized theory assumes that these contributions do not change over
the course of the surface mass loading history, and that perturba-
tions in the oblateness due to GIA are much smaller than the net
background oblateness. As we will demonstrate below, approxima-
tions to k f traditionally applied within the GIA literature introduce
a significant error in predictions of glaciation-induced rotation per-
turbations. Furthermore, a recognition of this sensitivity resolves
the paradox described by Nakada (2002).

2.2 kf—the traditional approximation

Within the GIA literature, it has been assumed that the fluid Love
number, k f, can be approximated by the fluid, s = 0, limit of the
s-domain kT

2 Love number (e.g. Wu & Peltier, 1984; eqs 63, 68):

kf ∼ kT
2 (s = 0), (9)

where, following eq. (8), we can write

kT
2 (s = 0) = kT,E

2 +
K∑

k=1

r ′′
k

sk
. (10)

Within the GIA literature, spherically symmetric earth models have
generally been defined by the thickness of a purely elastic lithosphere
and a radial profile of mantle viscosity. The parameter kT

2 (s = 0) is
independent of the latter; however, it is a function of the background
density profile and the thickness of the elastic lithosphere (denoted
as ‘ LT ’). Henceforth, we will commonly adopt a notation, kT

2 (s =
0; LT), which makes this latter dependence explicit.

Using the approximation (9), the governing Liouville equations
(2) and (6) become

m(t) = 1

C − A

[
IL(t) + kL

2 (t) ∗ IL(t)
] + kT

2 (t)

kT
2 (s = 0; LT )

∗ m(t)
(11)

and

m(s) = 1

C − A

IL(s)
[
1 + kL

2 (s)
]

[
1 − kT

2 (s)/kT
2 (s = 0; LT )

] , (12)

where LT in kT
2 (s = 0; LT) refers to the elastic lithospheric thickness

adopted to compute the time- and s-domain Love numbers kT
2 (s),

kT
2 (t), kL

2 (s), and kL
2 (t) . Wu & Peltier (1984) have provided analytic

expressions for the inverse Laplace transform applied to eq. (12).
Their result, which involves a set of so-called ‘rotational normal
modes’, is summarized in Appendix A.

Why have previous analyses adopted the approximation (9) for the
fluid Love number k f? The kT

2 Love number can be used to approx-
imate (to the accuracy of the perturbation theory upon which this
number is based) the equilibrium form of a rotating planet (Munk
& MacDonald 1960). Consider a model earth with an elastic shell
of thickness LT that is set spinning at the current rotation rate of �.
The equilibrium rotating form of this planet can be related to the
fluid limit of the kT

2 Love number computed for this model by (e.g.
Mound et al. 2003)

kT
2 (s = 0; LT ) = 3G

a5�2
(C − A)LT , (13)

where (C − A)LT is the predicted difference in the polar and equato-
rial moments of inertia for this model rotating earth with elastic shell
thickness LT . In Fig. 1 we show a prediction of kT

2 (s = 0; LT) as
a function of LT computed using the seismic density model PREM
(Dziewonski & Anderson 1981). As one would expect, increasing
the thickness of the elastic shell acts to reduce the rotationally in-
duced oblateness of the earth model (see also Mound et al. 2003).
The arrows on Fig. 1 specify the observed value of k f (i.e. eq. 5 with
observed quantities applied) and a prediction by Nakiboglu (1982)
based on second-order-accurate hydrostatic (LT = 0) theory.

A comparison of eq. (13) with the correct expression (5), where
the latter involves the initial (or unperturbed) difference C − A,
makes clear the set of approximations inherent to the traditional
assumption (9). The following assumptions have previously been
made. (1) The difference in the polar and mean equatorial moments
of inertia of the planet is governed entirely by the equilibrium ro-
tating form of the planet associated with the present rotation rate.
Thus, other geophysical processes contributing to this form, for ex-
ample convection-induced dynamic ellipticity or a fossil rotational

  k
 (

s=
0;

L
T

) 
2T

 Elastic Lithospheric Thickness (km)    

 .920

 .924

 .928

 .932

 .936

 .940

0 20 40 60 80 100

↓

Observed

↓

Nakiboglu(1982)
Hydrostatic Theory

Figure 1. The solid line shows numerical predictions of the degree-two
tidal Love number in the s = 0 fluid limit, kT

2 (s = 0; LT), as a function of the
thickness of the purely elastic lithosphere (LT) adopted in the earth model.
The radial profile of density is given by PREM (Dziewonski & Anderson
1981). The arrow at top left provides the ‘observed’ fluid Love number, as
defined by eq. (5), where present-day values of �, C and A are adopted
(as in eq. 14). The second arrow shows the fluid Love number computed
for PREM by Nakiboglu (1982) using a second-order-accurate hydrostatic
(LT = 0) theory.
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Figure 2. Predictions of present true polar wander speed, as a function of the lower mantle viscosity (abscissa scale) of the earth model, generated using the
traditional treatment of k f as kT

2 (s = 0; LT) (eq. 9). The predictions are performed using the time-domain form of the governing equations (see eq. 11). (a) A
sequence of predictions distinguished on the basis of the adopted thickness of a purely elastic lithosphere: LT = 100 km (solid line), 71 km (dashed line), 46
km (dotted line), 21 km (dashed–dotted line) and 0 km (short-dashed line). (b) Solid line is identical to the results in (a) (i.e. LT= 100 km); in contrast, the
remaining two lines are generated using no purely elastic lithosphere (LT = 0 km), but viscosities in the top 100 km of the model are set to either 1024 Pa s
(dashed line) or 1028 Pa s (dotted line). In all predictions in the figure the upper mantle viscosity (below the elastic lithosphere on the left frame and below
100 km depth on the right frame) is set to 1021 Pa s. The surface mass load history is described in the text.

bulge, are neglected. (2) This equilibrium form can be computed
with sufficient accuracy using viscoelastic Love number theory ap-
plied to the same earth model as used to compute the response of the
earth to the surface loading and rotation perturbations. That is, as
we have discussed, the earth model used to compute the time- and s-
domain Love numbers kT

2 (s), kT
2 (t), kL

2 (s), and kL
2 (t) in the Liouville

equations is the same model as used to compute the background
equilibrium form.

The dependence of the prediction of kT
2 (s = 0; LT) on the underly-

ing earth model (and specifically on the adopted elastic lithospheric
thickness) appears to be relatively modest, but nevertheless this de-
pendence lies at the heart of the paradox discovered by Nakada
(2002). A prediction of glaciation-induced polar wander is depen-
dent both on the manner in which the model planet responds to the
applied surface mass and rotational loading, and on the background
(or unperturbed) oblateness of the planet. In the generalized theory
(eqs 2–6) the latter is given by k f; the approximation (9) introduces
an erroneous model (i.e. LT) dependence in this background form.

The paradox Nakada (2002) discovered was as follows. His pre-
dictions of present-day TPW speed computed using a purely elas-
tic lithosphere were different from predictions based on a vis-
coelastic lithosphere of the same thickness even when the viscos-
ity of the latter lithosphere was set to an extremely high value
(1040 Pa s). How could this be? Given the short timescale of GIA
relative to the extremely long Maxwell time of a lithosphere of vis-
cosity 1040 Pa s, these two models (high-viscosity viscoelastic, and
elastic) would certainly respond with the same deformation if sub-
ject to an identical applied surface mass load or rotational driving
potential. However, by making the assumption (9), as all previous
studies had done, Nakada (2002) was introducing a difference in
the background oblateness of the two models. Specifically, kT

2 (s =
0) for a model with an extremely high- (but still finite) viscosity,
100-km-thick lithosphere is identical to kT

2 (s = 0) for a model with
no elastic lithosphere (the left-hand intercept of the curve in Fig. 1;
i.e. LT = 0 in both cases); in contrast, kT

2 (s = 0) for a model with

an elastic lithosphere of 100-km thickness (LT = 100 km) is given
by the right intercept in Fig. 1. By adopting kT

2 (s = 0) as an approx-
imation for k f, the two models were implicitly given distinct initial
background forms, and thus the computed TPW for the two cases
should not necessarily converge.

Despite the apparently modest dependence of kT
2 (s = 0; LT) on the

thickness of the elastic lithosphere (Fig. 1), Nakada’s (2002) results
indicate that the impact of the approximation to k f on predictions of
TPW can be significant. In Fig. 2 we present a suite of predictions
of present-day TPW speed which reproduce these general results. In
these, and all subsequent predictions, we consider a simplified model
of the late Pleistocene ice-load history introduced by Mitrovica &
Milne (1998) (and adopted by Nakada 2002). Specifically, we in-
clude a series of eight 100-kyr glacial cycles, with each cycle defined
by a 90-kyr glaciation phase and a 10-kyr deglaciation period. This
sawtooth time history is characterized by inertia perturbations of
I L

13 = −6.67 × 1031 kg m2, I L
23 = 2.31 × 1032 kg m2, and I L

33 =
−7.89 × 1031 kg m2, at each glacial maximum. These values are
estimated from a global reconstruction of ice volume at last glacial
maximum (Tushingham & Peltier 1991) and a complementary eu-
static ocean load (Mitrovica & Milne 1998). The last glacial cycle
is assumed to end 6 kyr before present. The predictions shown in
the figure are based on the time-domain Liouville equation (11),
although we have confirmed that predictions based on eq. (12) yield
the same results.

Fig. 2(a) shows results for a sequence of values of the thickness of
the elastic lithosphere, LT , ranging from 100 km (solid line) to 0 km
(short-dashed line) as a function of the adopted lower mantle vis-
cosity (νLM). This sequence of results shows the dependence on the
thickness of the elastic lithosphere observed in numerous previous
studies. In Fig. 2(b) the results for LT = 100 km are reproduced, to-
gether with predictions based on a 100-km viscoelastic lithosphere
with a viscosity of either 1024 Pa s (dashed line) or 1028 Pa s (dotted
line). The discrepancy between the solid and dotted lines in Fig. 2(b)
is an illustration of the Nakada (2002)‘paradox’.
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As we have discussed, each choice of the thickness of the elas-
tic lithosphere, LT , in Fig. 2 yields a different value for kT

2 (s = 0;
LT) (Fig. 1) and thus a different approximation (via eq. 9) to the
fluid Love number k f (and background planetary oblateness). As an
example, in Fig. 2(b), the solid line joins results for models with
kT

2 (s = 0; LT = 100) ∼ 0.922, while the remaining lines are con-
structed from models with kT

2 (s = 0; LT = 0) ∼ 0.934 (Fig. 1)—a
difference of 1.5 per cent. The discrepancy between the solid and
dotted lines in Fig. 2(b) indicates that predictions of GIA-induced
present-day TPW speed are progressively more sensitive to varia-
tions in the adopted (LT-dependent) background planetary oblate-
ness as the lower mantle viscosity is reduced. Indeed, the sensitivity
of the predictions to the 1.5 per cent variation cited above is, for νLM

∼ 1021 Pa s, remarkably large (see also Nakada 2002).
The form of the governing equations suggests that some form

of instability may be at play. In particular, note that the s-domain
Liouville equation, when k f is approximated by kT

2 (s = 0; LT) (12),
becomes unstable in the fluid (s = 0) limit since the denominator
will approach zero in this limit. This is a restatement of the well-
known result that the orientation of a rotating body in hydrostatic
equilibrium is unstable in the presence of uncompensated surface
mass changes (Goldreich & Toomre 1969). We explore the issue of
stability in detail in Figs 3 and 4.

Fig. 3 shows a decomposition of the model-dependent compo-
nents of the governing equation (12) as a function of the Laplace
transform variable s. Each frame shows results for four earth models
distinguished on the basis of the lower mantle viscosity: 1021 Pa s
(solid line), 3 × 1021 Pa s (dashed line), 1022 Pa s (dotted line) and 3
× 1022 Pa s (dashed–dotted line). In all cases LT = 100 km. Fig. 3(a)
gives 1 − kT

2 (s)/kT
2 (s = 0; LT = 100), i.e. the denominator in eq.

(12), which is a measure of the s (or frequency) dependence in the
adjustment of the rotational bulge (a value of 0 reflects complete ad-
justment of the bulge to a perturbation in rotation). Fig. 3(b) shows
1 + kL

2 (s), i.e. the numerator of the model-dependent term of eq.
(12), which is an s-dependent measure of the compensation of the
surface mass load. Fig. 3(c) provides the ratio of these two depen-
dences over a slightly smaller range of s values. The right (high s,
short timescale) intercept represents the elastic limit, while the left
(small s, long timescale) intercept is the fluid limit. The four models
have the same elastic asymptotes, since we adopt PREM in all cases,
and s = 0 fluid asymptotes, since LT = 100 in all cases; thus, the
asymptotic trends in Figs 3(a) and (b) converge. Not surprisingly,
for a given s value, models with progressively weaker lower mantle
viscosity are closer to the fluid limit associated with the response to
both the surface mass and rotational forcing.

The results in Fig. 3(c), as s approaches the fluid limit, reflect
the instability described above. In particular, for small s, the iso-
static compensation of the surface load is less complete than the
adjustment of the rotational bulge (i.e. the denominator, as shown in
Fig. 3(a), converges to 0 at small s, whereas the numerator, as shown
in Fig. 3(b), does not), and the result is a ratio that exhibits a rapid
increase in amplitude. As the lower mantle viscosity is weakened,
the instability initiates at larger values of s (smaller timescales), and
the amplitude of the predicted present-day TPW speed (solid line,
Fig. 2a) reflects this trend.

In Fig. 4 we repeat the analysis of Fig. 3 for three models with
the same lower mantle viscosity (1021 Pa s) but distinct treatments
of the lithosphere. The solid line is based on a model with an elastic
lithosphere of thickness 100 km (these are identical to the solid
lines in Fig. 3). In contrast, the remaining two lines adopt LT = 0
and are distinguished on the basis of the viscosity within the top 100
km: either 1021 Pa s (i.e. the same as the remaining upper mantle;
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Figure 3. Decomposition of the model-dependent components of the tradi-
tional Liouville equation (12) as a function of the Laplace transform variable
s: (a) 1 − kT

2 (s)/kT
2 (s = 0; LT); (b) 1 + kL

2 (s); and (c) the ratio (b/a) of these
terms. In each frame, results are shown for four earth models with distinct
νLM : 1021 Pa s (solid line); 3 × 1021 Pa s (dashed line); 1022 Pa s (dotted
line); and 3 × 1022 Pa s (dashed–dotted line). In each case, LT = 100 km
and the upper mantle viscosity is 1021 Pa s.

dashed–dotted lines) or 1028 Pa s (i.e. a high-viscosity—but not
elastic—lid; dotted lines). The results in Fig. 4(c) indicate that the
latter two models both exhibit a more stable rotational state for small
s values (less than ∼0 on the abscissa, or timescales greater than
1000 yr) than the LT = 100-km prediction. As we will discuss, the
origin of this increased stability is different for the two cases.

We begin by comparing the solid and dashed–dotted lines. In this
case, the models are identical in all respects with the exception that
the lithospheric thickness is reduced from 100 km to 0. The models
have the same elastic Love numbers, but for any s other than the
elastic limit (including the fluid, s = 0 limit) the Love numbers will
differ because of the distinct values of the adopted LT . The solid
and dashed–dotted lines are nearly indistinguishable in Fig. 4(a), in-
dicating that a simple reduction in the lithospheric thickness (from
100 km to 0) makes negligible difference to the adjustment of the
rotational bulge over timescales relevant to GIA. In contrast, this
reduction clearly impacts the level of isostatic compensation of the
surface mass load (Fig. 4b). As LT is reduced, while maintaining a
constant sublithospheric upper mantle viscosity, the term 1 + kL

2 (s)
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Figure 4. As in Fig. 3, except for a set of three earth models distinguished
on the basis of our treatment of the lithosphere. In all cases both νLM and the
upper mantle viscosity (below the lithosphere) are 1021 Pa s. Solid line: an
elastic lithosphere of thickness LT = 100 km (same as solid line in Fig. 3);
dashed–dotted line: LT = 0 and the viscosity of the top 100 km of the model
is set to the upper mantle viscosity; dotted line: LT = 0 and the top 100 km
of the model is given a high-viscosity (1028 Pa s) lithospheric lid.

in eq. (12) more closely approaches zero (i.e. perfect compensa-
tion) and the rotation pole is stabilized. This explains the reduc-
tion in amplitude of the predicted TPW speed in Fig. 2(a) as LT is
reduced.

Finally, consider the solid and dotted lines in Fig. 4. These lines
are indistinguishable in Fig. 4(b). As we described earlier, this sim-
ply indicates that the isostatic compensation of the surface mass
load over these timescales will be the same for a model with an
elastic lithosphere and a model with a very high-viscosity litho-
sphere of the same thickness (i.e. over the s range in Fig. 4(b), kL

2 (s)
is the same for both models). However, a difference between the
two model predictions is evident in Fig. 4(a). In this case, the Love
number kT

2 (s) is also essentially identical for the two models over
the range of s values on the figure; however, the adopted value of
kT

2 (s = 0; LT) (i.e. the background oblateness) will be different in
the two cases. For such a high-viscosity lid, s values will have to
be significantly smaller (timescales significantly larger) than those
shown on the figure before the lid viscously relaxes and kT

2 (s) obtains
its fluid limit; thus, the term 1 − kT

2 (s)/kT
2 (s = 0; LT = 0) for the

high-viscosity-lid case (dotted line) is shifted away from 0.0 relative
to the 1 − kT

2 (s)/kT
2 (s = 0; LT = 100) case and the rotation is stabi-

lized (Fig. 4c). The small deviation in Fig. 4(a) is thus responsible
for the large difference in the predicted TPW speeds (solid, dotted
lines) in Fig. 2(b) and the paradox described by Nakada (2002).

The relative accuracy of the TPW rate predictions in Fig. 2 is not
clear since the relation between the value of kT

2 (s = 0; LT) adopted
in eq. (11) and the appropriate value for k f is unclear. This issue is
addressed in the next section, where we present predictions based
on an improved expression for k f.

2.3 kf—a new approach

The parameter k f in the generalized Liouville equations (2) and (6)
represents, via eq. (5), a measure of the background oblateness of
the planet upon which the Late Pleistocene glaciation cycles have
been superimposed. The linearization procedure used to derive these
equations assumes that perturbations in k f (i.e. oblateness) due to
GIA, or any other time-dependent geophysical process for that mat-
ter, have been small since the onset of ice-age loading (several mil-
lion years ago). In this case, following the suggestion by Mitrovica
(see Nakada 2002), a logical approach to the rotation problem would
be to solve the generalized Liouville equations with k f replaced by
the observed (present-day) value of this parameter (which we will
denote by kobs

f ). That is, one can use

kf ∼ kobs
f = 3G

a5�2
(C − A)obs ∼ 0.9382 (14)

in eqs (2) and (6), where (C − A)obs is the observeddifference in the
polar and equatorial moments of inertia. The observed fluid Love
number is shown superimposed on Fig. 1. We have found, using re-
sults from our suite of numerical predictions of the GIA process, that
the perturbation in k f associated with GIA (which is proportional to
the perturbation in the J 2 harmonic of the geopotential) is less than
∼0.001. This supports the validity of the linearization procedure,
as well as Mitrovica’s suggestion that eq. (14) be adopted in the Li-
ouville equations. The expression (14), in contrast to the traditional
approximation (9), clearly introduces no model dependence in the
background oblateness.

As is clear from the discussion of the last section, the stability
of the rotation axis in the presence of an applied surface mass load
is intimately connected to the expression 1 − kT

2 (s)/k f appearing
in the denominator of the Liouville equation (6). From Fig. 1, the
observed fluid Love number, kobs

f , is greater than kT
2 (s = 0; LT) for

any value of LT (we comment on the origin of this difference below);
thus, adopting the expression (14) will, in addition to improving the
accuracy of the predictions, stabilize the rotation axis relative to
predictions based on the approximation (9).

If one adopts the observed fluid Love number in place of k f, then
the accuracy of the predictions may still be impacted by errors in
the viscoelastic Love number theory used to generate kT

2 (s) (that
is, by errors incurred by ignoring second and higher-order terms in
the first-order Love number theory). To highlight this point, we also
superimpose on Fig. 1 the value of kT

2 (s = 0; LT = 0) computed by
Nakiboglu (1982) using his second-order-accurate hydrostatic the-
ory applied to PREM. The difference between this value (0.9305)
and the left intercept of the solid line, which represents the hydro-
static form predicted using Love number theory, provides a measure
of the accuracy of the latter. This error, interestingly a 1 part in 300
overestimate, would have implications for the predicted stability of
the rotation axis. In particular, the expression 1 − kT

2 (s)/kobs
f , where

kT
2 (s) is based on viscoelastic Love number theory, will approach
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zero more closely than would a second-order-accurate theory; thus,
predictions based on this theory will still underestimate the true
stability of the rotation pole, even when k f has been appropriately
replaced by the observed value, as in eq. (14).

In the remainder of this section we propose two conceptually inde-
pendent, but ultimately equivalent, approaches to further improving
the accuracy of TPW predictions beyond the level obtainable with
the combined eqs (6) and (14).

Nakada (2002) suggested that one possible route to avoiding the
paradox in his results (for a very high-viscosity lithosphere and
an elastic lithosphere of equal thickness; Fig. 2b) was to use the
approximation

kf ∼ kT
2 (s = 0; LT = 0) (15)

in the Liouville equations. That is, he suggested that, regardless of
the model used to predict the deformational response to the surface
mass load and rotation perturbation, one adopt the fluid limit of the
kT

2 (s) Love number computed for a model with no elastic lithosphere
(LT = 0) as a proxy for the fluid Love number in the Liouville
equations (2) or (6). (In Fig. 1, kT

2 (s = 0; LT = 0) = 0.934.)
While this suggestion might seem ad-hoc, there is some reason-

able justification for considering it. In particular, in the absence of
other geophysical contributors (e.g. plate tectonics) or a fossil ro-
tational bulge, the equilibrium rotating form of the Earth would be
most accurately computed for models with no purely elastic strength
in the lithosphere (i.e. pure hydrostatic theory); note, in this regard,
that kT

2 (s = 0; LT) tends toward kobs
f in Fig. 1 as LT approaches

zero. This hydrostatic rotational form would be set early in Earth
history, when LT ∼ 0, and any subsequent increase in elastic strength
would develop on this pre-existing form. That is, a slowly develop-
ing elastic strength of the lithosphere as the planet cools would exert
no elastic stresses on this pre-existing form; however, the elastic
strength would be important, and should be included (as it generally
is), when considering any recent response of the planet to a sur-
face mass or rotational load. (As a small digression, Mound et al.
(2003) have recently considered the equilibrium form of a rotating
planet with a thin elastic shell. Although the theory they describe
is correct, it has limited relevance to understanding the present-day
oblateness of the Earth; the usual hydrostatic theory with LT = 0 is
more appropriate.) Thus, LT might be set to zero when considering
the background oblateness, but LT should not be zero when treating
the Pleistocene deformational response of the planet to a surface
mass or rotational loading.

Of course, the primary problem with the approximation (15) is
that it ignores other geophysical contributions to the background
oblateness of the planet. In reference to Fig. 1, the difference between
the observed fluid Love number and that obtained by second-order
hydrostatic theory (0.938–0.9305 ∼ 0.008) represents an excess
ellipticity (henceforth β) of the planet that is widely interpreted as
being dynamically supported by mantle convective flow. A more
accurate prediction of the rotational response of the planet would be
obtained by revising the approximation (15) to include this excess
ellipticity:

kf ∼ kT
2 (s = 0; LT = 0) + β = 0.942 (16)

(where β = 0.008). When this equation is applied to the s-domain
Liouville equation (6), the denominator of the model-dependent
term becomes 1 − kT

2 (s)/[kT
2 (s = 0; LT = 0) + 0.008]; this expres-

sion clearly includes the stabilizing influence of the Earth’s inferred
excess ellipticity, while having the advantage of involving terms
(kT

2 (s), kT
2 (s = 0; LT = 0)) that are computed using a consistent

(Love number, first-order) level of accuracy.

As a second approach, we begin with the expression (14). In
contrast to the approximation (9) or (15), adopting the observed
fluid Love number in place of k f in the Liouville theory implic-
itly incorporates all processes contributing to the background form
(e.g. mantle convection, etc.). However, when eq. (14) is combined
with the s-domain Liouville equation (6), the denominator of the
governing equation becomes 1 − kT

2 (s)/kobs
2 , and, as we discussed

above, the accuracy of this expression is impacted by errors in the
first-order-accurate viscoelastic Love number theory used to com-
pute kT

2 (s). The difference between the hydrostatic (LT = 0) pre-
dictions based on viscoelastic Love number theory and Nakiboglu’s
(1982) second-order approach (see Fig. 1) suggests a fractional error
in the former of ε = (0.934–0.9305)/0.9305 ∼ 0.0037. Assuming
that this error holds for all s values, and not simply the hydrostatic
(s = 0) case, we can scale kT

2 (s) computed using viscoelastic Love
number theory by a factor (1 − ε) to correct for the error in the
first-order theory. In this case, the denominator in the governing s-
domain equation would become 1 − kT

2 (s)(1 − ε)/kobs
2 . Since ε �

1, this is equivalent to revising eq. (14) for k f to

kf ∼ kobs
f (1 + ε) = 0.942. (17)

While we have used conceptually different approaches to derive eqs
(16) and (17), the final expressions for k f are identical.

The traditional approach to computing GIA-induced perturba-
tions in the Earth’s rotation vector (eqs 11 and 12) should be re-
placed by a combination of the general Liouville equations (2 and
6) and the expression (16) or (17) for the fluid Love number k f.
The new theory avoids the erroneous, model-dependent treatment
of the background form that is inherent to the traditional theory,
while incorporating the stabilizing influence on the rotation axis of
the excess (i.e. non-hydrostatic) bulge of the planet.

In Fig. 5 we show predictions of present-day TPW speed gen-
erated using the new theory for the set of earth models adopted
in Fig. 2. A comparison of Figs 2 and 5 indicates profound differ-
ences. The results in Fig. 5(a) show that predictions of present-day
TPW speed due to GIA are, in contrast to conclusions based on the
traditional rotation theory, insensitive to variations in the adopted
thickness of the elastic lithosphere. In reference to remarks in the
Introduction, we also conclude that the unique sensitivities evident
in previous predictions of present-day TPW speed (e.g. Fig. 2a),
relative to other long-wavelength observables associated with GIA
(e.g. J̇2), are a result of the error introduced by the approximation
(9) for the background form of the planet.

Fig. 5(b) shows results for predictions with LT = 100 km (solid
line) and a pair of earth models with a viscoelastic lithosphere of
increasing viscosity. The very high-viscosity (1028 Pa s) lithosphere
results (dotted line; not evident below the solid) have converged to
the LT = 100-km suite of predictions. Our revised theory ensures
that both the deformational response to surface mass and rotational
loading associated with GIA and the background form (oblateness)
of the planet are identical for models with a high-viscosity litho-
sphere and an elastic lithosphere of equal thickness. The ‘paradox’
introduced by the previous approximation (9) thus disappears.

The stabilizing influence of using eqs (16) or (17) in place of the
traditional approximation (9) is explored in detail in Figs 6 and 7,
where we consider a decomposition of the model-dependent terms
in the s-domain Liouville equation (6): (a) 1 − kT

2 (s)/k f, (b) 1 +
kL

2 (s), and (c) their ratio. These figures may be directly compared
with analogous plots for the traditional TPW theory, Figs 3 and
4, respectively. Since the only difference between the old and new
approaches is in the treatment of k f, Figs 3(b) and 6(b), as well as
Figs 4(b) and 7(b), are identical.
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Figure 5. As in Fig. 2, except the predictions are generated using the generalized time-domain Liouville equations (2; with k f given by eq. 16) (or eq. 17).
Note that the dotted line in the right frame is indistinguishable from the solid line.

Fig. 6 shows results for a suite of models with different lower
mantle viscosities and LT = 100. Following eq. (16), k f = 0.942 as
opposed to k f = kT

2 (s = 0; LT = 100) ∼ 0.923 (Fig. 1), the value
adopted using the traditional theory. As a consequence, the denom-
inator 1 − kT

2 (s)/k f is shifted away from zero in Fig. 6(a) relative to
Fig. 3(a), and the result is a dramatic stabilization of the rotational
state (compare Figs 3c and 6c). Fig. 7 involves three models, all
with νLM = 1021 Pa s. The solid line is the case for LT = 100, while
the dotted line (which is indistinguishable from the solid) was com-
puted using a high-viscosity (1028 Pa s) lid of the same thickness
but with LT = 0. Since the s-domain Love numbers kT

2 (s) and kL
2 (s)

for these two models are the same over the s range considered in
the plot, and since the new theory removes any model (LT) depen-
dence in k f, no difference is seen between the two predictions of
the rotational state and its contributions; thus, the paradox observed
by Nakada (2002) is reconciled (as in Fig. 5b). The dashed–dotted
line in Fig. 7 is a prediction for LT = 0 and no lithospheric lid; in
this case, the earth model shows higher levels of compensation in
response to the rotational forcing on the bulge (a) and the surface
mass load (b), relative to the LT = 100 case, and the net effect is a
ratio (c) reflecting comparable rotational stability for the two cases
(LT = 0, 100 km). Hence, predictions of present-day TPW speed
based on the new theory are relatively insensitive to variations in LT
(Fig. 5a).

To this point we have focused entirely on predictions of present-
day TPW speed. In Fig. 8 we compare predictions of the pole
displacement, relative to the present value (hence all curves pass
through zero at present), over roughly the last ∼90 kyr. These pre-
dictions were computed using models with a thickness of the elastic
lithosphere of 100 km, and two values of lower mantle viscosity
(as labelled by ‘LM’ on each frame). Furthermore, in each case we
solved the time-domain Liouville equation (2), with the fluid Love
number k f given either by the traditional approximation (9; solid
line), or the new approach (16, 17; dashed line). Fig. 9 shows anal-
ogous results, except for the variation in TPW speed over the same
period.

In both figures it is clear that the traditional approximation
adopted in the GIA literature, that the background oblateness in
the Liouville equations can be specified using kT

2 (s = 0; LT), yields
predictions of the pole path that are significantly discrepant from
predictions where the oblateness is a model-independent reflection
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Figure 6. Decomposition of the model-dependent components of the gen-
eralized Liouville equation (6) as a function of the Laplace transform variable
s: (a) 1 − kT

2 (s)/k f, where k f is given by eq. (16) or (17); (b) 1 + kL
2 (s); and

(c) the ratio (b/a) of these terms. In each frame, results are shown for four
earth models with distinct νLM : 1021 Pa s (solid line); 3 × 1021 Pa s (dashed
line); 1022 Pa s (dotted line); and 3 × 1022 Pa s (dashed–dotted line). In each
case, LT = 100 km and the upper mantle viscosity is 1021 Pa s. Note that
part (b) is identical to Fig. 3(b).

C© 2005 RAS, GJI, 161, 491–506

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/161/2/491/1995141 by guest on 21 August 2022



Glaciation-induced rotational effects 499

   
  1

-k
  (

s)
/k

   
   

   
   

  Log  (s 1 kyr−1)  

   
   

   
1 

+
 k

  (
s)

   
R

at
io

 -
 B

/A
  

 -.25

 .00

 .25

 .50

 .75

-6 -4 -2 0 2 4

 A  
 -.25

 .00

 .25

 .50

 .75

-6 -4 -2 0 2 4

 A  
 -.25

 .00

 .25

 .50

 .75

-6 -4 -2 0 2 4

 A  

 .00

 .25

 .50

 .75

-6 -4 -2 0 2 4

 B  
 .00

 .25

 .50

 .75

-6 -4 -2 0 2 4

 B  
 .00

 .25

 .50

 .75

-6 -4 -2 0 2 4

 B  

 .00

 .50

1.00

1.50

2.00

-4 -3 -2 -1 0 1 2

 C  
 .00

 .50

1.00

1.50

2.00

-4 -3 -2 -1 0 1 2

 C  
 .00

 .50

1.00

1.50

2.00

-4 -3 -2 -1 0 1 2

 C  

10  

2 
  

T
   

f 
  

2 
  

L
   

Figure 7. As in Fig. 6, except for a set of three earth models distinguished
on the basis of our treatment of the lithosphere. In all cases both νLM and the
upper mantle viscosity (below the lithosphere) are 1021 Pa s. Solid line: an
elastic lithosphere of thickness LT = 100 km (same as solid line in Fig. 6);
dashed–dotted line: LT = 0 and the top 100 km of the model is set to the
bulk upper mantle viscosity; dotted line: LT = 0 and the top 100 km of the
model is given a high-viscosity (1028 Pa s) lithospheric lid. The dotted line
is indistinguishable from the solid line in all frames. Note that part (b) is
identical to Fig. 4(b).

of the hydrostatic form plus excess ellipticity. As one would expect
from Figs 2 and 5, the predicted discrepancy is smaller for the model
with the higher lower mantle viscosity of 1022 Pa s. We also note,
in reference to Fig. 9, that the discrepancy in the predicted present-
day TPW speed between Figs 2 and 5 is established by the end of
the deglaciation event, at 6 kyr before present; that is, the absolute
change in the predicted TPW speed over the last 6 kyr is largely the
same in the two formulations.

The derivation of our new expressions for the fluid Love number
k f assumes a value of β = 0.008 for the contribution associated
with the excess (i.e. non-hydrostatic) ellipticity of the planet; this
assumption is explicit in eq. (16) and implicit in eq. (17). This value
of β is inferred from the difference between the observed k f and the
fluid Love number predicted by Nakiboglu (1982) using a second-
order-accurate hydrostatic theory (Fig. 1). Since the latter depends
on the density model (Nakiboglu used the PREM density profile),
the inference of β is subject to uncertainty. To explore this issue we
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Figure 8. Predictions of the displacement of the rotation pole over the last
∼90 kyr of the loading history, relative to the present position, computed
using an earth model with a purely elastic lithosphere of thickness 100 km,
an upper mantle viscosity of 1021 Pa s, and a lower mantle viscosity of
either 1021 Pa s (bottom frame) or 1022 Pa s (top frame). In each frame
the solid line was generated using a time-domain form of the governing
Liouville equation with k f given by the traditional approximation (9) (i.e.
k f = kT

2 (s = 0; LT)). The dashed line uses our new formulation (eqs 16
or 17) for the fluid Love number. The surface mass loading is described, in
detail, in the text.

repeated the LT = 100 calculations shown in Fig. 5(a) (solid line, β
= 0.008) for a suite of choices for the β parameter in eq. (16). The
results are shown in Fig. 10.

Not surprisingly, as the β value is increased from 0.0 to 0.010,
the stability of the rotation pole increases and the amplitude of the
predicted TPW speed monotonically falls. In the β = 0 case, the
general expression (16) reduces to the approach (15) considered by
Nakada (2002). The difference between this case and the results for
β ∼ 0.008 highlights the significance of incorporating the excess
ellipticity of the planet into predictions of GIA-induced TPW. The
range 0.06 < β < 0.010 provides a reasonable estimate of the un-
certainty associated with the excess ellipticity, and, accordingly, the
zone between the dotted and dashed–dotted lines in Fig. 10 rep-
resents a measure of the uncertainty in the predicted TPW speed
associated with GIA.

2.4 Rotational feedback

To complete our numerical predictions, we briefly revisit a recent
area of active research related to GIA-induced TPW. Over the last
decade there has been an increasing effort to model the feedback
of TPW on a suite of geophysical signals associated with GIA,
including relative sea-level histories (e.g. Han & Wahr 1989; Bills &
James 1996; Milne & Mitrovica 1996, 1998; Sabadini & Vermeersen
1997; Peltier 1998; Johnston & Lambeck 1999; Mitrovica et al.
2001) and present-day rates of change of global sea level and its
bounding surfaces (e.g. Mitrovica et al. 2001; Douglas & Peltier
2002).
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Figure 9. As Fig. 8, except showing the speed of the rotation pole.
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Figure 10. Summary of predictions of present TPW speed, as a function
of the lower mantle viscosity (abscissa scale) of the earth model, generated
using the time-domain Liouville equation (2). The predictions are generated
using the new formulation (16) for the fluid Love number, and each line is
distinguished on the basis of the choice for the parameter β (i.e. the contri-
bution to k f associated with the excess ellipticity of the Earth; as labelled at
left). In particular, β = 0.0 (dashed line; i.e. the Nakada (2002) approach in
eq. 15), 0.006 (dotted line), 0.008 (solid line; as assumed in eq. (16) follow-
ing the difference between the ‘observed’ and ‘Nakiboglu’ results in Fig. 1),
and 0.010 (dashed–dotted line). All calculations adopt an upper mantle vis-
cosity of 1021 Pa s, and LT = 100 km. The surface mass load history is
described in the text.

Milne & Mitrovica (1998) and Mitrovica et al. (2001) provide a
theoretical formalism, based on viscoelastic Love number theory,
for computing this TPW feedback. Once the Liouville equations are
solved and a TPW path is established, the next step is to compute
a time history of the changing centrifugal (or rotational driving)

potential. This driving potential is then convolved, in time, with the
appropriate viscoelastic tidal Green’s functions (which are in turn
computed from the appropriate combination of the kT

2 (t) and hT
2 (t)

Love numbers, the latter not discussed here) to compute the observ-
able of interest. Furthermore, in sea-level calculations, corrections
are included to conserve the mass of the surface load.

For the present purposes, it suffices to define the perturbation to
global sea level, S(θ , φ, t), as the difference in perturbations to the
geoid (or sea surface), G(θ , φ, t), and the radial position of the solid
surface (i.e. sea bottom), R(θ , φ, t), i.e.

S(θ, φ, t) = G(θ, φ, t) − R(θ, φ, t). (18)

In this case, relative sea-level histories, RSL, are obtained by refer-
encing all perturbations in sea level to the present day:

RSL(θ, φ, t) = S(θ, φ, t) − S(θ, φ, tp). (19)

In the following we present predictions of RSL at a specific geo-
graphic site, as well as both global and site-specific predictions of
the present-day rate of change of each of the fields in eq. (18). For
the sake of simplicity, the predictions below do not include the effect
of the changing water load on the sea-level predictions, since our in-
tent is to focus only on the direct impact of the changing centrifugal
potential. Full calculations, which include the ocean-loading term,
will differ by those shown here by no more than ∼10 per cent.

In Fig. 11 we show plots with a format analogous to Figs 8
and 9; in this case, we present predictions of relative sea-level
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Figure 11. Predictions of relative sea-level change at a site in China
(Tientsin, 39◦N, 117.5◦E), driven by load-induced perturbations in the ro-
tation vector, over the last ∼15 kyr. The calculations neglect the relatively
small contribution associated with rotation-driven redistribution of the ocean
mass load. The predictions are generated using an earth model with a purely
elastic lithosphere of thickness 100 km, an upper mantle viscosity of 1021 Pa
s, and a lower mantle viscosity of either 1021 Pa s (bottom frame) or 1022 Pa
s (top frame). In each frame the lines were generated using a time-domain
form of the governing Liouville equation (2) with k f given by: solid line—
eq. (16) or (17); and dashed line—eq. (9) (i.e. the Liouville equation 11).
The surface mass loading history is described, in detail, in the text.
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Figure 12. Predictions of present-day rates of change of (a) the geoid (or sea surface), (b) the solid surface, and (c) relative sea level, driven by load-induced
perturbations in the rotation vector (i.e. the rotational feedback signal). The calculations neglect the relatively small contribution associated with rotation-driven
redistribution of the ocean mass load. The predictions are generated using an earth model with a purely elastic lithosphere of thickness LT = 100 km, an upper
mantle viscosity of 1021 Pa s, and a lower mantle viscosity of 2 × 1021 Pa s. Following eq. (18), the bottom frame represents the difference between the fields
in the top two frames. The calculations all adopt the time-domain form of the governing Liouville equation (2) with k f provided by eq. (16) or (17). The surface
mass loading history is described, in detail, in the text.

change over the last ∼15 kyr at a site in China, Tientsin. The
site was chosen because it was included in the study of Milne &
Mitrovica (1998), where it was characterized by one of the largest
amplitudes of TPW feedback on RSL. As before, the discrepancy
between predictions associated with old (eq. 9) and new (eqs 16 or
17) expressions for k f in the Liouville equation (2) are larger for
the weak lower mantle viscosity case. However, even in this case,
the difference in the predictions of RSL-change over the bulk of the

period since the last glacial maximum (18 kyr ago) reaches only
∼0.5 m; this represents about 25 per cent of the peak-to-peak RSL
feedback.

In Figs 12 and 13 we turn our attention to predictions of rotational
feedback on present-day rates of change of sea level and its bound-
ing surfaces. Fig. 12 presents global plots of the feedback in the
fields (from top to bottom) Ġ(θ, φ, tp), Ṙ(θ, φ, tp) and Ṡ(θ, φ, tp),
computed using LT = 100 km, and a lower mantle viscosity of
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Figure 13. Predictions of present-day rates of change of (top) the geoid (or
sea surface), (middle) the solid surface and (bottom) the relative sea level,
at a site on the east coast of the US (Clinton, 41.2◦ N, 287.5◦ E), driven by
load-induced perturbations in the rotation vector (i.e. the rotational feedback
signal). This site is close to a maximum in the associated global fields, as is
evident from Fig. 12. The predictions are shown as a function of the adopted
lower mantle viscosity; the upper mantle viscosity is set to 1021 Pa s, while
the thickness of the purely elastic lithosphere is taken to be LT = 100 km.
In each frame the lines were generated using a time-domain form of the
governing Liouville equation (2) with k f provided by: solid line—eq. (16) or
(17); and dashed line—eq. (9) (i.e. the Liouville equation 11). The surface
mass loading history is described, in detail, in the text.

2 × 1021 Pa s. These predictions are based on k f given by our new
theory (eq. 16 or 17). As has been noted elsewhere (e.g. Han &
Wahr 1989; Milne & Mitrovica 1996), the fields are dominated by
a degree-two and order-one harmonic, and the sea-level prediction,
since it is the difference between two bounding surfaces that ap-
proximately track one another (see the top two frames of the figure),
shows a smaller amplitude than the geoid and solid-surface displace-
ment fields (Mitrovica et al. 2001). The amplitude of the sea-level
rate is ∼0.1 mm yr−1, which is relatively small compared with fluc-
tuations in sea level recorded by tide gauges; the geoid (sea surface)
and solid-surface rates reach ∼0.2 mm yr−1 and ∼0.3 mm yr−1,
respectively.

In Fig. 13 we repeat the calculation in Fig. 12 for a suite of
lower mantle viscosities. Specifically, we show present-day rates
at a site on the US east coast, Clinton, located near the peak of the
(2, 1) geometry in Fig. 12. Within each frame, we present predictions
of the TPW feedback signal computed using a fluid Love number
given by eqs (16 or17; solid line) and (9; dashed line). These results
indicate that the formulation adopted to specify the background
oblateness of the planet has little impact on the prediction of the
TPW feedback on the present-day sea-level rate (bottom frame);
however, the discrepancy associated with the predicted geoid and
solid-surface rate mirrors the differences between the present-day
TPW speed predictions in Figs 2 and 5, and can thus be large for
the class of models with relatively weak lower mantle viscosity.
Indeed, for νLM values in the range of 1021 to 3 × 1021 Pa s, the
approximation (9) leads to an overestimate of a factor of ∼2 to 4 in
the TPW feedback on these fields.

Peltier (2004) has recently presented predictions of the GIA con-
tribution to present-day geoid rates using a preferred earth model
(VM2) characterized by a lower mantle viscosity varying in the
range 2–3× 1021 Pa s. These predictions, motivated by the impend-
ing availability of high-precision GRACE satellite constraints, were
based on the traditional TPW theory. We conclude that the large
(2,1) TPW feedback signal evident in them (Peltier 2004; fig. 22) is
overestimated by at least a factor of ∼2.

3 T H E P H Y S I C S O F G I A - I N D U C E D
T P W: A S U M M A RY

The numerical predictions summarized above have highlighted sub-
tle, and previously unappreciated, issues related to the rotational
stability of an ice-age Earth. The viscoelastic GIA problem has
important similarities to, and significant differences from, classi-
cal treatments of the rotational stability of rotating inviscid planets
(Gold 1955; Goldreich & Toomre 1969; Willemann 1984). In this
section we provide a general physical framework for understand-
ing the traditional and new GIA predictions within the context of
these earlier seminal studies. Our discussion will be supported by
the schematic illustrations in Fig. 14.

Traditional predictions of GIA-induced TPW assume no under-
lying geodynamic contributions to the inertia tensor. That is, no
account is taken, for example, of any excess ellipticity driven by
mantle convective flow. Furthermore, these predictions assume that
the equilibrium rotating form of the planet is a function of the thick-
ness of the elastic lithosphere. Conceptually, the latter assumes that
the equilibrium form was established by first starting with a non-
rotating model having an elastic lid of thickness LT and then consid-
ering the infinite-time, equilibrium form generated by imposing the
present rotation rate onto this idealized model. With this in mind, we
can consider two subcases: LT = 0 and LT �= 0. These are illustrated
in Figs 14(a) and (b), respectively, with the left-most panel in each
case showing the initial, equilibrium form.

For the first of these cases, LT = 0, one may still suppose that the
lithosphere acts as a zone of high viscosity in its response both to
the ice load and to the change in centrifugal forcing. Now suppose a
surface mass loading is instantaneously applied, for example an ice
load upon Hudson Bay (Fig. 14a2). The rotation axis responds by
moving away from Hudson Bay. (In Fig. 14 the green arrows acting
on the rotation pole refer to the TPW driven by the ‘green’ surface
mass load dimple.) That is, the adjustment will tend to move the ice
load towards the point furthest from the rotation axis, the equator.
Initially, though, the rotation axis will not move very far, because as
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Figure 14. Schematic illustrating the physics of GIA-induced TPW for various modelling scenarios. Details of the figure are provided in the text. On the right
margin, the LT value refers to the thickness of the elastic lithosphere associated with the response to both a surface mass load and rotational driving potential
(shaded blue region superimposed on the earth models); furthermore, k f is the fluid Love number that governs the equilibrium background form of the planet
(β is the contribution from excess ellipticity; see eq. 16). The long and straight black arrow passing through the models is the rotation axis. The green dimple on
the various frames represents a surface mass load, which is subject to some degree of isostatic compensation, while the red arrows within the planetary interior
denote any underlying geodynamic processes (e.g. mantle convection). The green arrow represents the TPW signal driven by the surface mass loading, while
the blue arrow is the TPW signal connected to any remnant bulge effects (e.g. due to an unrelaxed rotational form subsequent to a TPW event, or long-term
excess ellipticity).

it gets displaced the large equatorial (i.e. C-A) bulge moves off the
equator, and this will induce a restoring force on the rotation axis.
(In Fig. 14 the blue arrow acting on the rotation pole refers to the
TPW driven by any unrelaxed rotational bulge.) In time, the equa-
torial bulge viscously adjusts to the perturbation in the centrifugal
force caused by the displaced rotation axis, rearranging mass to-
wards the new equator; the axis is then free to shift further away
from the ice load (Gold 1955; Goldreich & Toomre 1969). At the
same time, of course, the Earth beneath the ice load relaxes vis-
cously, so that the axis is not pushed away from the load quite
so strongly. This trend is reflected by the gradual subsidence to-
wards isostatic equilibrium of the surface mass load in Fig. 14(a)
and the gradial diminution of the load-induced TPW signal
(green arrow).

In the limit of infinite time, the load-induced forcing will vanish
since the surface mass load will be perfectly compensated when
LT = 0. In addition, at infinite time the rotationally induced bulge
will have relaxed completely to the orientation of the new rotation
axis, and thus the ellipsoidal form in Fig. 14(a4) is simply a re-
oriented version of the form in Fig. 14(a1). Thus, both the green
and blue arrows have disappeared in the final, equilibrium state

(Fig. 14a4). At this stage, the rotation pole will have shifted a finite,
but non-zero amount, governed by the balance between the two pro-
cesses of viscous relaxation. Furthermore, the rate of polar motion
will have fallen off to zero. This result can also be inferred, mathe-
matically, from the Laplace transform inversion of eq. (12), given in
the Appendix. In the case of a viscous lithosphere, kL

2 (s = 0) = −1,
and thus the load compensation term D2 = 0. Thus, the response is
well behaved in the long time limit since the linear term in time, t,
in eq. (26) vanishes. In any event, at infinite time, the pole has not
returned to where it started, even though the ice load is completely
compensated. Without any underlying geodynamic contributions to
the inertia tensor, or a remnant rotational bulge, the Earth has no
preferred location for its rotation axis.

Next, consider an earth model in which LT �= 0 (Fig. 14b), and
where the fluid Love number is computed using eq. (9) with this
same non-zero lithospheric thickness. In this case, there is still a
non-zero load imposed on the planet at infinite time, since the sur-
face mass load is never fully compensated (Fig. 14b2–4). In con-
trast, the equatorial bulge can, at least in principle, relax completely
to a change in the orientation of the rotation axis. That is, there
will be no remnant bulge since the model used to compute the
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background oblateness (i.e. kT
2 (s = 0; LT)) is the same as the model

used to compute the response to the driving potential. Thus, at in-
finite time, the rotation axis will continue to be pushed away from
the load, but there will be no residual bulge to supply an opposing
force. This can again be confirmed mathematically with reference
to eq. (26): when LT �= 0, D2 = 1 + kL

2 (s = 0) �= 0, and thus the
displacement of the pole increases linearly in time while the rate of
motion does not converge to 0. In a non-linear theory, the displace-
ment would, of course, cease when the load reaches the equator, as
in Fig. 14(b4).

This example (LT �= 0) is consistent with the basic physics ad-
dressed by Gold (1955) and Goldreich & Toomre (1969), and we
arrive at the same conclusion: the rotation of an earth model in the
presence of an uncompensated mass load, and in the case where
the equatorial bulge can relax completely, is unstable. We note that
Gold (1955) and Goldreich & Toomre (1969) arrived at this conclu-
sion using a hybrid model that was hydrostatic in its response to a
perturbation in rotation and rigid in its response to a surface mass
load.

In contrast to Fig. 14(b), our first scenario (Fig. 14a) provides
an extension of the Goldreich & Toomre (1969) physics to the case
where there is also perfect, at infinite time, compensation of the
surface mass load (since LT = 0). In this case, the compensation
acts to stabilize the rotation pole. The increased stability of the
pole as LT → 0 is the key to understanding the trends for different
values of LT in the ‘traditional’ calculations of Fig. 2(a) (see also
the discussion related to Fig. 4b).

Next we turn to the case in which the background oblateness
is consistent with an entirely fluid planet, while the Earth’s re-
sponse to the surface mass load and centrifugal driving potential over
GIA timescales involves an elastic lithosphere of thickness LT �=
0 (Fig. 14c). We continue to assume that there are no underlying geo-
dynamic contributions to the background oblateness. In contrast to
the above, LT �= 0 scenario (row b), we are thus presuming either:
(1) that the equilibrium form is hydrostatic and that it was set early
in Earth history when there was no lithosphere; or (2) that, while the
lithosphere might maintain elastic strength over GIA timescales and
stress levels, it might not do so in the presence of much larger, and
long-term, rotation. Regardless, this scenario is consistent with the
case in which expression (15) is used within the Liouville equations.

The final GIA-induced polar wander in this case (Fig. 14c4) is
characterized by a finite, but non-zero, shift, and the rate of po-
lar motion converges to zero. The reason is that, while the rotation
axis continues to be pushed away from the incompletely compen-
sated load (the load-induced, green arrow, TPW signal in Fig. 14(c)
does not vanish), the equatorial bulge cannot relax completely to the
change in pole position. That is, there will be a remnant rotational
bulge, and eventually a final, equilibrium balance at non-zero dis-
tance from the original pole position is achieved. The incomplete
relaxation of the bulge is a consequence of the fact that the back-
ground oblateness is hydrostatic, while the response to the TPW is,
in contrast, subject to a perfectly elastic lithosphere.

This third scenario can be considered an extension of the Goldre-
ich & Toomre (1969) results to the case where the rotational bulge is
not permitted to relax completely; see Willemann (1984) for a dis-
cussion of the final, equilibrium state in this scenario (Fig. 14c4).
The stabilization of the rotation pole associated with this exten-
sion (Fig. 14c4 compared with Fig. 14b4) is the underlying reason
why the prediction of GIA-induced TPW rate based on expression
(15) (dashed line, Fig. 10) has lower amplitude than the traditional
prediction (solid line; Fig. 2) based on eq. (9), where both adopt

LT = 100 km in predicting the response to the surface mass load
and TPW.

The third scenario highlights a general principle. In the case where
the lithosphere has elastic strength in response to a changing sur-
face mass load and rotational driving potential, the stability of the
rotation pole at infinite time (i.e. the displacement of the pole to a
position less than 90◦ from the imposed load) requires that the back-
ground oblateness be larger than the equilibrium form obtained after
a change in the pole position. That is, the fluid Love number has to
be greater than kT

2 (s = 0; LT) in the symbolism adopted the text.
The scenario in Fig. 14(c) achieves this by having the background
form coincide with the hydrostatic state of the planet; from Fig. 1,
we note again that kT

2 (s = 0; LT = 0) > kT
2 (s = 0; LT �= 0).

An additional way of ensuring that the background oblateness
be larger than the post-TPW equilibrium form is to incorporate an
excess ellipticity of the planet originating from a static, relative
to the timescale of GIA, geodynamic process such as mantle con-
vection. This case is described by eqs (16) and (17) and it is the
subject of Fig. 14(d). At infinite time, when LT �= 0, the uncom-
pensated surface mass load will continue to push the pole away,
while the incomplete relaxation of the rotational bulge will resist
this trend (as in Fig. 14c4). In addition, the underlying geodynamic
contribution, that is the convection-induced excess ellipticity, will
not relax, and will thus contribute a further, stabilizing influence on
the pole position (compare Figs 14d4 and c4). As before, a balance
will be achieved; the net pole displacement will diminish as the
adopted level of excess ellipticity increases. Indeed, the monotoni-
cally stabilizing effect of increasing the excess ellipticity is clearly
evident in Fig. 10. This is a further extension to the basic physics
of a rotating earth elucidated by Gold (1955) and Goldreich &
Toomre (1969).

A final scenario is worthy of a brief comment. Let us return to the
case where the earth model has no elastic strength in the presence
of a surface mass or rotation-induced potential loading (i.e. LT =
0). In the case of a hydrostatic background form, i.e. when there
is no underlying geodynamic contribution of an excess ellipticity,
the scenario of Fig. 14(a) indicates that the pole will ultimately be
stabilized by the complete (at infinite time) compensation of the
surface mass load. What if we introduced an excess ellipticity into
the LT = 0 scenario of Fig. 14(a), or, equivalently, what if we set
LT = 0 in the scenario treated in Fig. 14(d)? In this case, the pole
would return, at infinite time, to its initial location prior to loading,
since the geodynamically supported excess flattening will not relax,
except perhaps over timescales that are long relative to the geody-
namic process. The geodynamic contributions provide a preferred
location for the rotation axis in this scenario, and the surface mass
loading introduces only a transient perturbation in the pole location.

4 F I N A L R E M A R K S

The prediction of GIA-induced variations in the Earth’s rotation axis
has a modern history that dates back to theoretical work, based on
viscoelastic normal-mode theory, from the early 1980s. The stabil-
ity of the rotation pole on a viscoelastic planet loaded by a surface
mass depends both on the deformational response of the planet to the
mass and (associated) rotational load as well as on the background
oblateness upon which this deformation is applied. The main con-
clusion of this paper is that traditional GIA calculations have erred
in using a strongly model-dependent prediction of this background
form, rather than a (model-independent) oblateness that reflects
the excess ellipticity of the planet from its hydrostatic form. The

C© 2005 RAS, GJI, 161, 491–506

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/161/2/491/1995141 by guest on 21 August 2022



Glaciation-induced rotational effects 505

traditional approximation is, in practice, embedded in an assump-
tion that the so-called fluid Love number, k f, appearing in the lin-
earized Euler, or Liouville equations may be replaced by the fluid
(s = 0) limit of the s-domain kT

2 tidal Love number computed for the
same earth model as used to predict the load-induced deformation.
As we have discussed, this assumption introduces an error that is
a strong function of the thickness of the elastic lithosphere in the
adopted earth model.

We propose an alternative theoretical treatment, where the fluid
Love number is based on either (1) the hydrostatic (LT = 0, s =
0) form computed using viscoelastic Love number suitably aug-
mented to include the independently inferred excess ellipticity of
the Earth (eq. 16); or (2) the observed (i.e. present-day) oblateness
and rotation rate of the planet with a scaling applied to account
for errors in the Love number theory adopted to compute the re-
sponse of the earth model to a mass load or centrifugal forcing
(eq. 17). These treatments ultimately lead to identical expressions
for k f; predictions based upon them show a more stable rotation
pole, relative to traditional predictions, with lower predicted am-
plitudes for present-day TPW speed. Significantly, the new results
do not show sensitivities, for example to the adopted lithospheric
thickness or rheology, that have characterized previous studies and
that have heretofore defied explanation.

It is not uncommon within the GIA literature to compute Love
numbers using highly simplified earth models which, in some bulk
sense, approximate the Earth’s elastic and density structure. Pre-
dictions of TPW that mix calculations of kT

2 (s) with the observed
value of the fluid Love number, k f, would, in this case, be subject to
potentially large errors. Our new formulations (16) and (17) ensure,
either explicitly or implicitly, that the denominator and numerator
of the ratio kT

2 (s)/k f appearing in the Liouville equation differ by
the excess ellipticity of the planet as the fluid limit is approached.
Thus, they also have the advantage of limiting the error incurred in
TPW predictions that adopt such simplified earth models.

We have computed a suite of predictions of the feedback of TPW
on geophysical observables related to global sea-level change and its
bounding surfaces. These predictions indicate that previous results,
like those of present-day TPW speed, have overestimated the ampli-
tude of the feedback. We conclude that future predictions of GIA-
induced TPW, and related effects, in applications as diverse as the
inference of mantle structure and present-day cryospheric mass bal-
ance, should adopt the more accurate theory described here. While
this conclusion is based on spherically symmetric calculations, it
will also hold for a new generation of predictions based on 3-D
earth models.
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A P P E N D I X A :

Wu & Peltier (1984; eqs 79–80) inverted the s-domain Liouville
equation (12) to obtain the following time-domain solution:

m(t) = �

Aσo

{
D1IL(t)

+ D2

∫ t

t=0
IL(t ′) dt ′ +

K−1∑
k=1

Ek

[
IL(t) ∗ exp(−λk t)

]}
, (20)

where σ o is the wobble frequency on the deformable earth,

D1 = 1 + kL,E
2 , (21)

D2 = [1 + kL
2 (s = 0)]

∏K
l=1 sl∏K−1

l=1 λl

, (22)

and

Ek = −
1+kL

2 (s=0)

λk

∏K
l=1(sl − λk) + ∑K

j=1

r ′
j

s j

∏K
l �= j (sl − λk)∏K−1

q �=i (λq − λk)
. (23)

The inverse decay times λi represent the K − 1 roots of the equation

QK−1(s) =
K∑

j=1

gT
j

K∏
i �= j

(s + si ), (24)

where

gT
j = r ′′

j /s j∑K
q=1 r ′′

q /sq

. (25)

In the text we discuss the case of a single load component applied
and retained on the Earth at some time t 0. In this case we can write
IL(t) = IL H (t − t 0), where H is the Heaviside step function. Using
the above equations, the rotational response to the loading is given
by

m(t) = �

Aσo

{
D1IL + D2ILt + IL

K−1∑
k=1

Ek

λk
[1 − exp(−λk t)]

}
. (26)
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