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1 Introduction

Scattering amplitudes have been the subject of great interest especially since the intro-
duction of Witten’s twistor string theory in 2003 [1]. Witten proposed a formulation of
the complete tree-level S matrix of four-dimensional (4D) A = 4 super Yang-Mills the-
ory (SYM) based on an integral over the moduli space of maps from n-punctured spheres
into twistor space. The moduli space contains components characterized by the degree
of the maps and by the number of disconnected curves in the target space. Soon after,
Roiban, Spradlin, and Volovich (RSV) conjectured and gave evidence that by integrating
over only maps to connected curves the complete tree-level S matrix could be recovered [2].
The Witten-RSV formula then expresses n-particle amplitudes as integrals over the mod-
uli space of maps from n-punctured spheres into connected curves in twistor space. The
formula can then be translated into momentum space. The key ingredients, in modern
terminology, are rational maps from CP' into the null cone in spinor coordinates:

z = pa(2)pal2), (1.1)

with po(2) and ps(z) polynomials of degree d and d respectively, such that d +d = n — 2.

Extending such worldsheet formulations to other theories then became a natural open
problem. For example, formulas based on rational maps into twistor space for 4D N = 8
supergravity (SUGRA) were developed in 2012 by Geyer, Skinner, Mason and one of the
authors in a series of works [3-5]. These developments gave more impetus to the search
for similar phenomena in other theories and perhaps other spacetime dimensions.

One of the main obstacles to extending the formalism to higher dimensions was the
heavy use of spinor-helicity variables in 4D. This obstruction was removed in 2009 when
Cheung and O’Connell introduced the 6D spinor-helicity formalism [6]. However, straight-
forward extensions of connected formulas were not found, hinting that new ingredients were
needed in 6D. Effective theories in 6D are very interesting for a variety of reasons. On a
practical side, besides the interest in their own right, computing 6D SYM formulas would
allow, for instance, via dimensional reduction, for a unification of 4D helicity sectors for
massless amplitudes [7] as well as for obtaining amplitudes along the Coulomb branch of
N =4 SYM, which contains massive particles such as W bosons [§].

Unifying different helicity sectors of 4D AN = 4 SYM into a generalization of the
Witten-RSV formula in 6D proved to be a difficult problem resisting a solution. This



motivated He, Yuan and one of the authors to look for alternative formulations, leading
to what is now known as the scattering equations and the CHY formulation [9-11]. This
formulation opened up worldsheet-like constructions for a large variety of theories in any
number of dimensions at the expense of giving up on fermions and hence supersymmetry.
The search for a conformal field theory that reproduced the CHY formulas led to the
discovery of ambitwistor strings [12-14] whose development allowed computations beyond
tree-level [15-19] (for a recent review see [20]).

In a recent development, three of the authors found connected formulas for the effective
theories living on a D5-brane and a M5-brane in 10D and 11D Minkowski spacetime, respec-
tively [21]. These are 6D theories with A/ = (1,1) and (2,0) supersymmetry, respectively.
The former is the supersymmetric version of Born-Infeld theory, and the latter describes
analogous interactions for a supermultiplet containing an Abelian self-dual tensor.

One key feature of theories describing spontaneously broken symmetries, such as the
brane theories, is the vanishing of all odd-multiplicity amplitudes. This allows the intro-
duction of polynomial maps:

2 = PP (), (1.2)

with deg p7'(2) = n/2 — 1, such that the total degree of the maps is n — 2. Here A is a 6D
spinor index while a is a “global” little-group index transforming in SL(2,C). “Global”
means that it does not refer to a specific particle. The formulas found in [21] using these
maps are very compact and manifest the symmetries of the theories.

It is well known that scattering amplitudes can make symmetries manifest that the
corresponding Lagrangian does not. A striking and unexpected example is dual supercon-
formal invariance of N' = 4 SYM, which combines with the standard super-conformal invari-
ance to generate an infinite-dimensional structure known as the Yangian of PSU(2, 2|4) [22].
In 6D, the M5-brane theory provides an even more fundamental example. The self-dual
condition on the three-form field strength causes difficulties in writing down a manifestly
Lorentz invariant action for the two-form gauge field [23, 24]. In contrast, the formulas
found in [21] for the complete tree-level S matrix are manifestly Lorentz invariant. These
examples highlight the importance of finding explicit formulas for the complete tree-level
S matrix, as they can provide new insights into known symmetries of theories or even the
discovery of unexpected ones.

The 6D formulas presented in [21] are built using two half-integrands, usually called left
and right integrands, 7y, g, in the sense of the CHY formulation. In the case of the D5- and
Mb5-brane theories, the right integrand carries the supersymmetric information while the
left one is purely bosonic. Amusingly, the only difference in the choice of right integrands is
N = (1,1) or N = (2,0) supersymmetry, and the left half-integrands agree in both theories:

IP° = ) = (P'A,)° (1.3)

Here A,, is an antisymmetric n x n matrix whose reduced Pfaffian has made an appear-
ance in CHY formulas for the non-linear sigma model, special Galileon and Born-Infeld



theories [25, 26]. The entries of A,, are given by:

el L
[Apij =14 717 % for  i,j=1,2,...,n. (1.4)
0 it Q=g

Here the puncture associated to the ith particle is located at z = ;. The right integrands
in both theories also contain a single power of the reduced Pfaffian of A, in addition to
the supersymmetry information.

In this paper we continue the exploration of worldsheet formulas in 6D and provide
explicit such formulas for the complete tree-level S matrix of "= (1,1) SYM with U(N)
gauge group, the effective theory on N coincident D5-branes. The S matrix of this theory
has been studied previously in [8, 27-32].

A proposal for amplitudes with an even number of particles is naturally obtained [33]
by noticing that the CHY formulation for Yang-Mills partial amplitudes of gluons can be
obtained from that of the Born-Infeld theory by the replacement

P = (P'4,)? — M =PT(12---n), (1.5)

where PT(12---n) is the famous Parke-Taylor factor [1, 34, 35]. Applying the same sub-
stitution to the D5-brane formula we get a formula for N = (1,1) SYM amplitudes with
even multiplicity, and we provide strong evidence for its validity.

The formula for odd-point amplitudes proves to be a more difficult task, since the
maps given in (1.2) do not have an obvious generalization to odd multiplicity. In all
previously known formulations of Yang-Mills amplitudes, soft limits have provided a way
of generating (n—1)-particle amplitudes from n-particle ones since the leading singular
behavior is controlled by Weinberg’s soft theorem [36]. However, in all such cases the
measure over the moduli space of maps has had the same structure for n—1 and n particles.

In 6D the soft limit needs additional technical considerations, in part due to the
SL(2,C) redundancy of the maps, inherited from the little group. (In 4D the redun-
dancy was only GL(1,C).) The SL(2,C) structure introduces new degrees of freedom in
the computation of the soft limit. In contrast to the 4D case, these degrees of freedom in
6D turn out to be inherently intertwined with the Mobius group SL(2, C) acting on CP!.

One of the main results of this paper is to uncover a fascinating structure that appears
in the definition of the maps for an odd number of particles. In a nutshell, we find that
the maps for n odd can be defined by

(n—=3)/2
PRz = D pia w2 (1.6)
k=0
while the moduli space is obtained by modding out by a novel redundancy, which we call
T-shift invariance. It acts on the maps in addition to the two SL(2,C)’s. In fact, the
new T-shift action emerges due to the non-commutativity between such groups. This fact
becomes apparent already from the soft-limit perspective as mentioned above. We start
the exploration of the corresponding algebra and find that when the coefficients of the



maps are partially fixed, the remaining redundancies take a form of a semi-direct product
SL(2,C) x C2. We introduce a formula for the integration measure for the space of maps
of odd multiplicity as well as its supersymmetric extension. It can be used both for super
Yang-Mills and supergravity theories.

Finally, we derive an explicit integrand for the N' = (1,1) SYM odd-multiplicity ampli-
tudes. The ingredients are a Parke-Taylor factor for the left-integrand and a generalization
of the A,, matrix whose reduced Pfaffian enters in the right-integrand together with the
supersymmetric part of the measure. The new matrix and its reduced Pfaffian behave as
quarter-integrands, again in standard CHY terminology. This means that it provides a
new building block that can be used to construct potentially consistent theories by mixing
it with other quarter-integrands. The new matrix A\n is given by

_ DL i,
[An)i; =< 7% for 0,5 =1,2,...,n,% (1.7)
0 if i=j,
where the final column and row feature a new null vector p, of the form:
ap _ 24" (on) p%(04))dc
* - ~ g ~ )
q"[pp(o+) Elp"(04) §)d

where g and ¢ are reference spinors and o, is a reference puncture that can take an arbitrary

(1.8)

value.

The connected formula for odd multiplicity is derived using the soft limit of the cor-
responding even-multiplicity result. We also obtain it by assuming the supersymmetric
quarter-integrand and matching the rest by comparing to the CHY formula for n — 1
scalars and one gluon. The same strategy of examining component amplitudes can also be
used for even multiplicity using the same assumptions.

In addition to constraints which connect the external momenta to the product of maps
as in (1.2), we also find a linear form of the constraints which leads to an alternative
expression for the amplitudes. This form is the direct analog of the original Witten-RSV
formula and connects the maps directly to the external 6D spinor-helicity variables. We
further recast the linearized form of maps in the form of the so-called Veronese maps, and
explore their relations to the symplectic (or Lagrangian) Grassmannian.

Having explicit integrands for the complete 6D N = (1,1) SYM tree amplitudes allows
the construction of the 6D N = (2,2) SUGRA integrand by the standard replacement of
the left-integrand Parke-Taylor factor by a copy of the right integrand, which contains the
necessary new supersymmetric information.

We end with various applications to other theories in four, five, and six dimensions.
These include mixed superamplitudes of 6D A" = (1,1) SYM coupled to a single D5-brane,
5D SYM and SUGRA, and also 4D scattering amplitudes involving massive particles of
N =4 SYM on the Coulomb branch of its moduli space. The formulas for 5D theories take
forms very similar to those of 6D, but with additional constraints on the rational maps to
incorporate 5D massless kinematics. In order to describe the massive amplitudes of N’ = 4
SYM on the Coulomb branch, we utilize the spinor-helicity formalism recently developed for



massive particles in 4D [37], which in fact can naturally be viewed as a dimensional reduc-
tion of 6D massless helicity spinors. We also would like to emphasize that, although it is a
straightforward reduction of our 6D formula, this is the first time that a connected formula
has been proposed for 4D N =4 SYM away from the massless point of the moduli space.

This paper is organized as follows. In section 2, we review the general construction of
rational maps from CP! to the null cone in general spacetime dimensions. We also review
4D constructions and then 6D maps for an even number of particles. Sections 3 and 4
are devoted to N' = (1,1) SYM amplitudes in 6D. Section 3 deals with an even number
of particles while section 4 contains the main results of this work by presenting formulas
and consistency checks for odd multiplicity. In section 5 we discuss a linear form of the
scattering maps in 6D and its relationship to the symplectic Grassmannian. FExtensions
and applications are presented in section 6. We conclude and give a discussion of future
directions in section 7. In appendix A we present the algebra of the new T-shift, and in
appendix B we give details of the soft-limit calculations.

2 Rational maps and connected formulas

This section begins by reviewing rational maps and the CHY formulas for an arbitrary
space-time dimension. It then discusses the specialization to 4D and the Witten-RSV
formulas. Finally, it gives an overview of the form of the even-n rational maps in 6D,
whose generalizations will be the subject of later sections.

2.1 Arbitrary dimension

Let us consider scattering of n massless particles in an arbitrary space-time dimension. To
each particle, labeled by the index 7, we associate a puncture at z = ¢; on the Riemann
sphere, CP!', whose local coordinate is z. We then introduce polynomial maps, p*(2), of
degree n — 2. They are constructed such that the momentum p!' associated to the ith

pl = ! jg L(Z)dz, (2.1)

2mi |z—0;|=¢ H;'L:I(Z - O-j)

which means that p*(z) can be written as a polynomial in z:

p'(2) =Y ol ]z o)) (2.2)
i=1  j#i

Here we take all momenta to be incoming, so that momentum conservation is given by

particle is given by:

S pit=0. We call p#(z) the scattering map.

In order to relate the positions of the punctures o; to the kinematics, the additional
condition that the scattering map is null, i.e., p?(z) = 0 for all z, is imposed. Since p?(z)
is of degree 2n — 4 and it is already required to vanish at n points, o;, requiring p*(z) to
be null gives n — 3 additional constraints. Using (2.2) these constraints can be identified
by considering the combination

P*(2) _ i Pi - Dj —0. (2.3)

[T, (2 = 0i)? (z —0i)(z — 0y)

i,j=1



The expression (2.3) does not have any double poles, since the punctures are distinct and
all of the momenta are null, p? = 0. Requiring that residues on all the poles vanish implies:
E=Y "0 forani (2.4)
e 04
where 0;; = 0; — 0j. These are the so-called scattering equations [9]. Due to the above
counting, only n — 3 of them are independent. In fact, ), afEZ- automatically vanishes
for £ = 0,1,2 as a consequence of the mass-shell and momentum-conservation conditions.
Using the SL(2, C) symmetry of the scattering equations to fix three of the o; coordinates,
there are (n — 3)! solutions of the scattering equations for the remaining o;’s for generic
kinematics [9].

The scattering equations connect the moduli space of n-punctured Riemann spheres to
the external kinematic data. Tree-level n-particle scattering amplitudes of massless theories
can be computed using the Cachazo-He-Yuan (CHY) formula, which takes the form [10]:

A:Lheory — / dun Izheory I}:%heory. (2 5)
Izheory and Igleory are left- and right-integrand factors, respectively, and they depend
on the theory under consideration. Their precise form is not important for now, other
than that they carry weight —2 under an SL(2,C) transformation for each puncture, i.e.,
LY = i (Coi + DY I3 when o; — (Ao; + B)/(Coi + D) and AD — BC = 1.
Correctly identifying the separation into left- and right-integrands is important for making
the double-copy properties of amplitudes manifest.

Let us now review the CHY measure:

n n n . /
dpn = 6" (;ﬁ) <H 5(1}?)) mu 3(E;). (2.6)
This is a distribution involving momentum conservation and null conditions for the external
momenta. The factor vol SL(2, C) denotes the fact that it is necessary to quotient by the
SL(2,C) redundancy on the Riemann surface by fixing the positions of three of the punc-
tures, specifically ¢ = p, ¢, r. Similarly, the prime means that the corresponding three scat-
tering equations are redundant and should be removed. Fixing these redundancies leads to

/dﬂn =" (ZP?) (H 5(1%2)) /(quUqTUTP)Q H (doi 6(Es))

i7#D,q,r
n n (n—3)! (O‘ oo )2
= 3" (sz”) <H5(pf)> y : (2.7)
i=1 i=1 s—1 det [gf;} oi=0(®)

which can be shown to be independent of the choice of labels p, q,r. The delta functions
fully localize the measure on the (n — 3)! solutions {01(8)} of the scattering equations. The
measure transforms with SL(2, C)-weight 4 in each puncture, so that the CHY integral (2.5)
is SL(2, C)-invariant.



Finally, one of the advantages of the CHY formulation is that soft limits can be derived
from a simple application of the residue theorem [9]. Under the soft limit of an (n+1)-point
amplitude with the last particle soft, i.e., 7 — 0 where p,4+1 = TPn+1, the measure behaves

[ s =5630) [ 7{ o), (2.8)

211 Enii|=e En+1

as

Here we have rewritten the scattering equation En+1 = 0 as a residue integral. Note that
FEng = TEn+1 is proportional to 7, and thus the displayed term is dominant. Therefore
the scattering equation associated to the last particle completely decouples in the limit
7 — 0. For each of the (n— 3)! solutions of the remaining scattering equations, the contour
{|Epn41] = €} localizes on n — 2 solutions [9].

2.2 Four dimensions: unification of sectors

Since the scattering equations are valid in an arbitrary dimension, they do not capture
aspects specific to certain dimensions, such as fermions or supersymmetry. In order to
do so, it is convenient to express the scattering maps using the spinor-helicity variables
appropriate to a given dimension. We start with the well-understood case of 4D. Various
aspects of specifying CHY formulations to 4D have also been discussed in [38, 39].

The momentum four-vector of a massless particle in 4D Lorentzian spacetime can be
written in terms of a pair of two-component bosonic spinors, A* and 5\5“, which transform
as 2 and 2 representations of the SL(2,C) = Spin(3,1) Lorentz group

P = ot = AN a=12 a=12 (2.9)

For physical momenta, A and )\ are complex conjugates. However, when considering
analytic continuations, it is convenient to treat them as independent. The little group for
a massless particle! in 4D is U(1). Its complexification is GL(1,C). A and X transform
oppositely under this group so that the momentum is invariant. In discussing n-particle
scattering amplitudes, we label the particles by an index ¢ = 1,2,...,n. It is important to
understand that there is a distinct little group associated to each of the n particles. Thus,
the little group GL(1,C) transforms the spinors as A\; — t;\; and N — t;l;\i, leaving
only three independent degrees of freedom for the momentum. Lorentz-invariant spinor
products are given by: (\jA;) = 5a5A?)\]’5 and [\;)j] = g, BS\?XJ’B . It is sometimes convenient
to simplify further and write (ij) or [ij]. Given a scattering amplitude, expressed in terms
of spinor-helicity variables, one can deduce the helicity of the ith particle by determining
the power of t; by which the amplitude transforms. For example, the most general Parke-
Taylor (PT) formula for maximally helicity violating (MHV) amplitudes in 4D YM theory
is as follows [34]: if gluons 7 and j have negative helicity, while the other n — 2 gluons have
positive helicity, then the (color-stripped) amplitude is

o4
AYM(1Fo+ ) = <12><2<§§>_ St (2.10)

n this work we only consider massless particles that transform trivially under translations of the full
little group of Euclidean motions in D — 2 dimensions.



Since the scattering map p#(z) in (2.2) is required to be null for all z, it can also be
expressed in a factorized form in terms of spinors:

PO () = p*(2)5%(2). (2.11)

The roots of p®*(z) can be distributed among the polynomials p(z), p(z) in different ways,
such that their degrees add up to n — 2. When deg p(z) = d and deg j(z) =d =n — d — 2,
the maps are said to belong to the dth sector. We parametrize the polynomials as:

d d
=Sk, ) =Y et (2.12)
k=0 k=0

The spinorial maps (2.11) carry the same information as the scattering equations, and
therefore they can be used to redefine the measure. Here it is natural to introduce a
measure for each sector as:

/ / [, doi Hk: o @*pi Hk o P 1 ﬁ54 pos — p*(0i)p* (1)
vol SL(2,C) x GL(1,C)  R(p)R(p) -+ ! 104 '

(2.13)
These measures contain an extra GL(1, C) redundancy, analogous to the little group sym-
metries of the momenta, which allows fixing one coefficient of p(z) or p(2). R(p) denotes the
resultant R(p'(2), p?(2), z) and similarly for R(p) [40, 41]. The physical reason resultants
appear in the denominator can be understood by finding the points in the moduli space of
maps where they vanish. A resultant of any two polynomials, say p;(z) and p2(z), vanishes
if and only if the two polynomials have a common root z*. If such a z* exists then the
map takes it to the tip of the momentum-space null cone, i.e., to the strict soft-momentum
region. This is a reflection of the fact that in four (and lower) dimensions IR divergences
are important in theories of massless particles. The measure is giving the baseline for the
IR behavior while integrands can change it depending on the theory. As reviewed below,
the gauge theory and gravity integrands contain (R(p)R(p))®, where s = 1 for YM and
s = 2 for gravity, which coincides with the spins of the particles. Combined with the factor

s=1 which indicates that the IR behavior improves as

in the measure one has (R(p)R(p))
one goes from a scalar theory, with s = 0, to gravity [42].

Summing over all sectors gives the original CHY measure:

/ dpn = / dppb. (2.14)

This separation works straightforwardly for theories where the integrand only depends on
o;’s and not on the maps. One such theory is the bi-adjoint scalar whose amplitudes are

given by
m(a|B) = /dun PT(« Zmnd a|B), (2.15)
where PT(«) is the Parke-Taylor factor. The deﬁnltlon for the identity permutation is
PT(12--n) = — (2.16)

012023+ Opl



In general a denotes a permutation of the indices 1,2, ..., n. The quantities m,, 4(|53) are
the “scalar blocks” defined in [42]. In the dth sector the number of solutions is given by the
Eulerian number (%), as conjectured in [43] and proved in [44]. Upon summation (2.14)
gives all zg;;’ <Z::1)’> = (n—3)! solutions of the scattering equations. Note that momentum
conservation and the factorization conditions that ensure masslessness are built into the
measure (2.13).

An alternative version of the above constraints, which is closer to the original Witten-
RSV formulas, can be obtained by integrating-in auxiliary variables ¢; and %;

P G COR R Y P
) (pi IL.o0 ) o(p;y) / dt; dt; 6 (tltZ L. Uz’j) (2.17)
x 82 (AF — t; p™(04)) 02 (NF — & %(07)).

This formulation helps to linearize the constraints and make the little-group properties of
theories with spin, such as Yang-Mills theory, more manifest.

The on-shell tree amplitudes of N'= 4 SYM theory in 4D are usually written as a sum
over sectors

n—3
d=1

The dth sector has n — 2 — 2d units of “helicity violation”: d — n — 2 — d corresponds to
reversing the helicities. Partial amplitudes in each sector are given by

AT = [ atl PT() (R(p)R(ﬁ) / dQ%%L) , (2.19)

where ng% denotes integrations over fermionic analogs of the maps p(z) and p(z) imple-
menting the A/ = 4 supersymmetry, whose precise form can be found in [44].

Due to the fact that the little group is Spin(4) in 6D, it is expected that the SYM
amplitudes in 6D should not separate into helicity sectors. Dimensional reduction to 4D
would naturally lead to a formulation with unification of sectors. This may appear some-
what puzzling as (2.18) and (2.19) seem to combine the measure in a given sector with an
integrand that is specific to that sector. This puzzle is resolved by noticing that

R(p) = det’ @, R(p) = det' &, (2.20)

where [(I)d]ij = <ij>/(titj0ij) and [‘i’d]w = [Z]]/(EZEJO'U) for 4 75 j The diagonal compo-
nents are more complicated and depend on d and d [4, 41]. The corresponding reduced
determinants are computed using submatrices of size d x d and d x d, respectively. One of
the main properties of these reduced determinants is that they vanish when evaluated on
solutions in sectors that differ from their defining degree, i.e.,

/dﬂi% det/ (bd/ det/ é(i’ e 5d,d/ /d/,l/i?d det/ (bd det, ég (221)



Using this it is possible to write the complete amplitude in terms of factors that can be
uplifted to 6D and unified!

n—3
AN=ASYM / (Zdu ) T(a) (Z det/ @ det’ &, / de{%,) L (222)
d'=1
Finally, it is worth mentioning that (2.21) can be used to write unified 4D A/ = 8 SUGRA
amplitudes, via the double copy, as

n—3
MAV=8 SUGRA _ / (Z dugg) (Z det/ @ det’ ® 5 / o) d,) (Z det’ @y det’ d 5, / ot )d,>.
d=1 d'=1 d'=1

2.3 Six dimensions: even multiplicity

We now turn to a review of scattering maps in 6D. It turns out that the 6D spinor-
helicity formalism requires separate treatments for amplitudes with an even and an odd
number of particles. In this subsection we review the construction for an even number
of particles, as was recently introduced in the context of M5- and D5-brane scattering
amplitudes [21]. (These theories only have non-vanishing amplitudes for n even.) A formula
for odd multiplicity, which is required for Yang-Mills theories, is one of the main results of
this paper and it is given in section 4.

The little group for massless particles in 6D is Spin(4) ~ SU(2) x SU(2). We use
indices without hats when referring to representations of the first SU(2) or its SL(2,C)
complexification and ones with hats when referring to the second SU(2) or its SL(2,C)
complexification. Momenta of massless particles are parametrized in terms of 6D spinor-
helicity variables )\;4’“ by [6]:

p%AB AB P = <)\A)\B> A, B=1,23,4, (2.23)

AB
I

The angle bracket denotes a contraction of the little-group indices:

where 0/ ” are six antisymmetric 4 x4 matrices, which form an invariant tensor of Spin(5, 1).

AMNPY = eAM NP = \AT\B= _ (A= )\B ab=+,—. (2.24)

€qp 1s an invariant tensor of the SU(2) little group, as well as its SL(2, C) complexification.
The on-shell condition, p% = 0, is equivalent to the vanishing of the Pfaffian of pr. The
little group transforms the spinors as )\?’a — (Li)g)\?’b, where L; € SL(2,C), leaving only
five independent degrees of freedom for the spinors, appropriate for a massless particle in
six dimensions. The momenta can be equally well described by conjugate spinors 5\1 Al

1 S
Pi,AB = 5€ABCD P = [\iakipl, (2.25)

where
[S‘i,AS\i,B] = E&b:\i,A,dS‘i,B,g = S‘i,A,—i—S‘i,B,i - S‘i,A,LS‘z‘,B,ﬁra dvl; =+, - (2.26)

These conjugate spinors belong to the second (inequivalent) four-dimensional representa-
tion of the Spin(5,1) ~ SU*(4) Lorentz group, and they transform under the right-handed
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little group. Using the invariant tensors of SU*(4), Lorentz invariants can be constructed

as follows:
NIXNENT) = eapop A AT IATN Y, (2.27)
o e, g = ABCD)\i7A,&5\j7376Ak,C7éAl7D7 0 (2.28)
a A,ay 3 a
A 5] = A8 5 = [A 510, (2.29)

The A and ) variables are not independent. They are related by the condition
(Mgl =0, (2.30)

for all @ and a. We also have

easop PP = 2piapp]? =8p;i - p;. (2.31)
Using the notation given above, the scattering maps can be written in terms of 6D
spinor-helicity variables:
AB A B
P (2) = (p"(2)p" (2)). (2.32)

In the following we take the spinorial maps pA’“(z), for a € {+,—}, to be polynomials
of the same degree. In contrast to 4D, we can also consider non-polynomial forms of the
maps (such that (2.32) is still a polynomial), see discussion at the end of section 4.1.2.
Note that this choice is consistent with the action of the group denoted SL(2,C),. This is
the same abstract group as the little group, but it does not refer to a specific particle. Let
us now focus on the construction for n even. In this case the degree of the polynomials is
m = 5 — 1. Thus they can be expanded as:

m

= Z p?’azk. (2.33)

k=0

With these maps the polynomial constructed in (2.32) is null and has the correct degree
n—2. By the arguments reviewed in section 2.1 we conclude that the equations constructed
from pA(z),

AB _ (p*(0i) pP(02))
PP — , (2.34)
Hj;éi Tij
imply the scattering equations for {o;}. However, the converse, i.e., that any solution
of the scattering equations is a solution to (2.34) is not guaranteed. This was checked
numerically in [21] for even multiplicity up to n = 8 particles. In this work we give an
inductive proof of this fact in appendix B.4, obtained by considering consecutive soft limits
of the maps. Using this fact together with the counting of delta functions we then argue
that the following measure

[Tie, doi T[Tt dpx < (pH(0:) p®(04))
/ dpdten = / I (SLE.C, >fSOL .0), ];[ ( 0o ) (2.35)




is equivalent to the CHY measure given in (2.6), after integrating out the p moduli. Also,
it has momentum conservation and null conditions built-in. The formula contains the
Vandermonde factor

Vo= [ ou- (2.36)

1<i<j<n

which is needed to match the SL(2, C), weight of (2.6). In order to avoid confusion, we use
the notation SL(2,C), for the Mdbius group acting on the Riemann sphere. Just as the
SL(2,C), symmetry can be used to fix three of the o coordinates, the SL(2,C), symmetry
can be used to fix three of the coefficients of the polynomial maps p?(z). This form of the
measure imposes 6n constraints on 5n — 6 integration variables, leaving a total of n+6 delta
functions which account for the n on-shell conditions and the six momentum conservation
conditions. Fixing the values of o1, g2, 03 and of pé’+, p(l) s Py 2t the gauge-fixed form of

(Hd@> dpy~ d*pyd’ g <ﬁ dSPk) ﬁéﬁ (p{‘B— WM) :
k=1 i=1

the measure becomes:

JpJo
/d.un even_/ V2

where the Jacobians are

Hj;éi Tij
2
Jo = 012023031, Jp = py (0 P5). (2.37)

It is convenient to use a short-hand notation for the bosonic delta functions:

Ap — ﬁ56 <piAB _ (pA(O'i)pB‘('Ui») _ 56 (ip;l3> (ﬁ 5(p?)> Ap, (2.38)
i=1 i=1 i=1

Hj;éi Tij

where Ap is

A A N B ~. n 24 24
A :54 p;?B o <p ( 55 (Ul)p (UZ>> p212 (pn—l N pn) )
b < Hwén Oni H Hj;éz‘ 0ij Zl_Il p7112,1 p}LQ

(2.39)
Here the five dimensional delta functions are chosen such that {A, B} # {3,4}, whereas
{A,B} # {3,4},{1,3} for the four dimensional ones, and the additional factors are the
Jacobian of taking out the momentum conservation and on-shell conditions [21]. Alterna-

tively, a covariant extraction of the on-shell delta functions can be obtained by introducing
auxiliary variables M; that linearize the constraints, analogous to the ones given in (2.17),
as follows:

5 (;“B <”Aﬁ””j(f”)>>=6<p%> [anaiangs (104 - [ o (2:40)
i#i i i

x 6 (p(0) — (M AM).

2This Jacobian can be derived from the identity fdeo S(p) = [, dpo dpo o+ dpy ™~ dpo o+ dpo , since
the map component pgZ = (pi pE) is a null vector.
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where |M;| denotes the determinant of the matrix M;, and for some purpose it is more
convenient to use this version of constraints. This form connects the maps directly to the
external 6D spinors, and is a 6D version of the Witten-RSV constraints, which we explore
in section 5.

3 N = (1,1) super Yang-Mills: even multiplicity

In the following sections, we will propose a formula based on rational maps for the tree
amplitudes of 6D maximal SYM theory, which has N' = (1, 1) non-chiral supersymmetry.
This theory describes the non-abelian interactions of a vector, four scalars, and four spinors
all of which are massless and belong to the adjoint representation of the gauge group. As
usual, we will generally consider color-stripped SYM amplitudes. Some properties of these
amplitudes have been discussed in [8, 27, 30, 32] using 6D N = (1,1) superspace.

In addition to the usual spacetime and gauge symmetries of Yang-Mills theory, the
N = (1,1) theory has a Spin(4) ~ SU(2) x SU(2) R symmetry group. The intuitive way to
understand this is to note that this theory arises from dimensional reduction of 10D SYM
theory, and the R symmetry corresponds to rotations in the four transverse directions.
This group happens to be the same as the little group, which is just a peculiarity of this
particular theory. From these and other considerations, one may argue that 6D N = (1,1)
SYM with U(V) gauge symmetry (in the perturbative regime with no theta term) describes
the IR dynamics of N coincident D5-branes in type IIB superstring theory [45]. In contrast
to 4D N = 4 SYM, the gauge coupling in six dimensions has inverse mass dimension, so
this theory is non-renormalizable and not conformal. This is not an issue for the tree
amplitudes that we consider in this work. Further dimensional reduction on a 72 leads to
4D N =4 SYM, and this provides a consistency check of the results.

Six-dimensional N' = (1,1) SYM is a theory with 16 supercharges. Its physical degrees
of freedom form a 6D N = (1,1) supermultiplet consising of eight on-shell bosons and
eight on-shell fermions. These may be organized according to their quantum numbers
under the four SU(2)’s of the little group and R symmetry group. For example, the
vectors belong to the representation (2,2;1,1), which means that they are doublets of
each of the little-group SU(2)’s and singlets of each of the R symmetry SU(2)’s. In this
notation, the fermions belong to the representation (1,2;2,1)+(2,1;1,2), and the scalars
belong to the representation (1,1;2,2). (Whether one writes (1,2;2,1) + (2,1;1,2) or
(1,2;1,2) + (2,1;2,1) is a matter of convention.)

It is convenient to package all 16 of these particles into a single on-shell “superparticle”,
by introducing four Grassmann numbers (per superparticle),

®(n) = o' + 1,0 + 7™ + 0 A% + ()22 + ()22 + -+ ()22, (3.1)

Here 7, and 7j; are the four Grassmann numbers, and the SU(2) indices @ and a are little-
group indices as before. The explicit 1’s and 2’s in the spectrum described above are R
symmetry indices. Since the superfield transforms as a little-group scalar, this formulation
makes the little-group properties manifest, but it obscures the R symmetry. By means of an
appropriate Grassmann Fourier transform one could make the R symmetry manifest, but
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then the little-group properties would be obscured as explained in [21]. The choice that has
been made here turns out to be the more convenient one for the study of superamplitudes.

When discussing an n-particle amplitude the Grassmann coordinates carry an addi-
tional index ¢, labeling the n particles, just like the spinor-helicity coordinates. Thus, the
complete color-stripped on-shell n-particle tree amplitude will be a cyclically symmetric
function of the A;’s and the n;’s. The various component amplitudes correspond to the
terms with the appropriate dependence on the Grassmann coordinates. Thus, the super-
amplitude is like a generating function in which the Grassmann coordinates play the role
of fugacities. This is an on-shell analog of the use of superfields in the construction of
Lagrangians. Fortunately, it exists in cases where the latter does not exist.

Often we will refer to the momenta pf‘B and supercharges qZA, Gi 2 of the on-shell states.
For (1,1) supersymmetry, they can be expressed in terms of the Grassmann coordinates:

gt = €PN = O\ ni),  Gia = € Niaaiiy = [Nia i, (3.2)
and the superamplitudes should be annihilated by the supercharges Q4 = Sy qZA and
Qa = o @ia- These symmetries will be manifest in the formulas that follow. However,
there are eight more supercharges, involving derivatives with respect to the n coordinates,
which should also be conserved. Once one establishes the first eight supersymmetries and
the R symmetry, these supersymmetries automatically follow. The explicit form of the
derivatively realized supercharges is:

L0 -0

i =M EI Gia = Nia (3.3)

Mg’

In terms of these Grassmann variables, one may also write the generators of the SU(2) x
SU(2) R symmetry group. One first notes that they obey the anti-commutation relations:

0 0
as 53 ( — Cabs Nay —— ¢ = €7 - A4
e {3

In terms of these, the six generators of the R symmetry group may be defined as

0o 0 0
+ = Na a = =Na 7" — 1 .
R Nan®, R o D R=n o (3.5)
- : -9 9 - 9
+ prng A na - = - — = ~& - 1 .6

which have the standard raising and lowering commutation relations. These generate a
global symmetry of N' = (1,1) SYM. It is easy to see that linear generators R and R
annihilate amplitudes since they are homogeneous polynomials of degree n in both n and
7. The non-linearly realized ones become more transparent in an alternative form of the
constraints that we will discuss in section 5. As explained earlier, this is due to the choice
of parametrization of the non-chiral on-shell superspace.

As discussed in previous literature for tree-level amplitudes of 6D N = (1,1) SYM,
the four-particle partial amplitude is particularly simple when expressed in terms of the
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supercharges:

AV=D SYM (194 (Zp ) o (Zf:l qZA> o <Z?:1 Qi’A) ‘ (3.7)

512 523

Here and throughout this work one should view this expression as a superamplitude; the
component amplitudes may be extracted by Grassmann integration. For example, in terms
of the Lorentz invariant brackets the four-gluon amplitude is:

4
1,2p3c44)(152:3:4 5
As(AaaAyyAccAyy) = 0 <ZP¢AB> LaZ3cda) a2, d]. (3.8)

— 512 523
=1

Using the formalism of rational maps for the 6D spinor-helicity variables, the main technical
result of this section is a formula for the n-point generalization of the superamplitude when
n is even. The formula for odd n will be given in section 4.

3.1 Connected formula

We propose that the connected formula for even-multiplicity 6D A = (1,1) SYM ampli-
tudes is given by

AGED @) = [ aui, PT() (Pf/An / ngw) , (3.9)

where duSP, . is the measure given in (2.35), and we will shortly explain other ingredients
that enter this formula. This formula is inspired by the Db5-brane effective field theory
scattering amplitudes written as a connected formula [21], where the factor of (Pf’A,)?
has been replaced with PT(a) given in (2.16). This is a standard substitution in the CHY
formalism for passing from a probe D-brane theory to a Yang-Mills theory. Since the only
non-vanishing amplitudes of the D5-brane theory have even n, this only works for the
even-point amplitudes of SYM.

As indicated explicitly in the expression (3.9), the integrand of (3.9) factorizes into
two half-integrands. Such a factorization of the integrand will be important later when
we deduce the formulas for 6D SUGRA with N/ = (2,2) supersymmetry. The left half-
integrand PT(«) is the Parke-Taylor factor, where « is a permutation that denotes the
color ordering of Yang-Mills partial amplitudes. The right half-integrand further splits
into two quarter-integrands. The first of these is the reduced Pfaffian of the antisymmetric
matrix A,, whose entries are given by:

PP it iy,
[An)ij =< 4 for  i,j=1,2,...,n. (3.10)

Since this matrix has co-rank 2, its Pfaffian vanishes. Instead, one defines the reduced

Pfaffian:
Pf An_( Disi PfA[pql (3.11)

Opq
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where we have removed two rows and columns labeled by p and ¢, and denoted the resulting
reduced matrix by Ay[f) 9 The reduced Pfaffian is independent of the choice of p and ¢ [25]
and transforms under SL(2,C), in an appropriate way.

The remaining quarter integrand is the fermionic integration measure responsible for
implementing the 6D A = (1,1) supersymmetry [21], which we will review here. The
formula is

m
aoltt = v, (H a2y, d%@) ApAp, (3.12)
k=0
where m = § — 1, as before. This measure contains the Vandermonde determinant V;,, as
well as a fermionic measure and fermionic delta functions. The integration variables arise
as the coefficients of the fermionic rational maps, which are defined by

m
=> xi2h, X'(z) =) X, (3.13)

where xj and )Z% are Grassmann variables. The fermionic delta functions, Ar and Ap are

given by:
i=1 Sl
Ap = H54 ( W) . (3.15)
JF#L TN

These delta functions are built from the external chiral and anti-chiral supercharges of each
particle and are responsible for the (1, 1) supersymmetry in this formalism. Conservation of
half of the 16 supercharges is made manifest by this expression. As in (3.7), the component
amplitudes can be extracted by Grassmann integration of the appropriate 7,’s and 7;’s,
which enter via the supercharges.

Even though the maps pas(z) appear explicitly in A F, just as in the construction of
D5-brane amplitudes [21], the integration measure does not include additional integrations
associated to the maps pa4(2). If it did, the formula, for instance, would have the wrong
mass dimension to describe SYM amplitudes in 6D. Instead, the p coefficients are fixed by
the conjugate set of rational constraints

PiAn — [pa(oi) pB(oi)] 0. (3.16)
Hj;éi Tij
for all i = 1,2,...,n. These equations are not enough to determine all of the ﬁfﬁ‘,k’s. One

needs to utilize SL(2, C); to fix the remaining ones. The resulting amplitude is independent
of choices that are made for the SL(2,C); fixing because j4a(0;)¥%(0;) and the fermionic
measure d2yy are SL(2, C) 5 invariant. The usual scattering amplitudes A,, are obtained by
removing the bosonic and fermionic on-shell conditions (“wave functions”), which appear
as delta functions, namely,

AN=(LD) SYM (ZPa) (H 3(p1)8%* (Niaa ai )8 (A, sz',B)) AN I (3.7

i=1
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It is straightforward to show that this formula produces the correct four-point super-
amplitude of 6D N = (1,1) SYM, expressed in (3.7). A quick way to see it is to utilize the
relation between the D5-brane amplitudes and the amplitudes of 6D /' = (1,1) SYM. As
we discussed previously, they are related by the exchange of (Pf’A,,)? with the Parke-Taylor
factor PT(a). The four-point superamplitude for the D5-brane theory is given by [21]

4 4
A4D5—brane — 5 (Z QzA> 54 (Z 617A> . (318)
=1 =1

From the explicit solution of the four-point scattering equations for the o;’s, it is easy
to check that the effect of changing from (Pf’A4)? to PT(1234), defined in (2.16), is to
introduce an additional factor of 1/(s12s23). Namely, on the support of the scattering
equations, we have the following identity for the SL(2, C),-invariant ratio,

PT(1234) 1

(P17 Ay)? T S12803 (3:19)

Thus, combining this identity and the D5-brane formula (3.18), we arrive at the result of
the four-point of 6D N = (1,1) SYM (3.7). We have further checked numerically that the
above formula reproduces the component amplitudes of scalars and gluons for n = 6,8,
obtained from Feynman diagram computations.

3.2 Comparison with CHY

This section presents a consistency check of the integrand by comparing a special bosonic
sector of the theory with a CHY formula of YM amplitudes valid in arbitrary spacetime
dimensions. This comparison actually also gives a derivation of the integrand in (3.9). We
begin with the general form of the superamplitude,

A ) = [ @i [0 ¢ Ty (3.20

where the measures duSP, . and dQ%l’l) take care of 6D massless kinematics and 6D N =
(1,1) supersymmetry, respectively. The goal is then to determine the integrand 7, even-
The strategy is to consider a particular component amplitude by performing fermionic
integrations of the superamplitude AJ,Y;&” SYM(a) such that our formula can be directly
compared to the known CHY integrand, thereby determining 7, even-

To make the fermionic integration as simple as possible, it is convenient to consider a

specific all-scalar amplitude, for instance,
11 11,22 25
An(17"‘7 %, %_,’_1,...7 n) (321)

Half of the particles have been chosen to be the scalar of the top component of the su-
perfield, while the other half are the scalar of the bottom component of the superfield.
This equal division is required to obtain a non-zero amplitude, because the superampli-
tude is homogeneous of degree n both in the 1 and 7 coordinates. Due to this convenient
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choice of the component amplitude, the fermionic integral over x’s and x’s can be done
straightforwardly. Explicitly, for the component amplitude we are interested in,

/ ol — v, J, / T T d*xx a5 AR AR, (3.22)
k=0

where we have taken out the fermionic wave functions as in (3.17), which results in a
Jacobian Jy, = H? 10 113)2 in the above expression. Furthermore, the fermionic delta
functions are projected to the component amplitude of interest,

A%rOJ _ H H 5( ;éiaz] > Hp (3.23)

€Y A=1,3 icY

A pr PA U

AP =] H5< : b )Hp : (3.24)
€Y A=24 [T 35 €Y

Here Y labels all the scalars ¢'1, namely Y := {1,..., %}, and Y labels the other type of
scalars (;SQQ, soY :={2+1,....n}

Carrying out the integrations over d?xj and d?x;, we see that the maps p2 (o;) combine
nicely into (p?(o;) pP(0;)), which on the support of the rational map constraints becomes
p{‘B H#i 0;j. Concretely, we have,

/Hd2Xkd2XkH 11 (5<(U’)>> I1 5<M>
[+ B=2.4

i€y A=1,3 i 9] [z 7
1
= H pzl3pi724 X H O'T . (325)
ey ievjey

Collecting terms, we find that the wave-function Jacobian Jy, cancels out completely, and
we obtain the final result

1
Vi /HdQXde ADOIARO = v, ] — = (3.26)
ieyey i

where we have defined the final result to be Jp. Therefore we have,
Aol .. ¢11 Bl 22) /d,un ) (JF X Tneven)- (3.27)
We are now ready to compare this result directly with CHY amplitude, which is given by
An(oth,. o8 0%, 07) = /dﬂn PT() PET,[ o (3.28)

and dp, = duSP,., if we restrict the CHY formula to 6D.
The notation \Ifn’ )

project

the specific scalar component amplitude we want via dimensional reduction. In particular,

denotes projection of the matrix ¥,, of the CHY formulation to

the “polarization vectors” should satisfy ;- ey = 1if i € Y and I € Y or vice versa. If
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they belong to the same set, then we have ¢; - ¢; = ¢ - €5 = 0. Furthermore, p; - ¢; = 0
for all 7 and j, i.e., both sets, since all of the vectors are dimensionally reduced to scalars.
Let us now recall the definition of the matrix ¥,, that enters the CHY construction of YM
amplitudes. It can be expressed as

A, —CT
U, =" " 2
" (Cn Bn>’ (3.29)

where A,, is given in (3.10), and B,, and C,, are n X n matrices defined as

e pj & e .
- SE i ig S it a7,
nlij = v nlij = Pl - €q . .
0 it Q=] -2 it =
I£i
(3.30)

Like A,,, the matrix W,, is also an antisymmetric matrix of co-rank 2. Its non-vanishing
reduced Pfaffian is defined as

(_1)p+q

Opq

Pf'W, = pPfypd (3.31)

where \Il%’ 9 denotes the matrix W,, with rows p, ¢ and columns p, ¢ removed. These should
be chosen from the first n rows and columns. Otherwise, the result is independent of the
choice of p, q.

For the specific choice of the component amplitude described above, C),, = 0 and the
reduced Pfaffian Pf'¥,, becomes

/ /
Pt \I’n‘project = PfA, xPEB, scalar’ (332)
where the “projected” matrix B, is
1 o _
— it ieY, JeY,
[Bn‘scalar]lj = 2z (333)
0 otherwise.
Using the above result, we find
1 ] _
Pt B”‘scalar = det () where i € Y7 JeyY. (334)
0iJ

Comparing (3.27) with (3.28), we deduce that the even-point integrand should be given by

Pf By,
——lscalar (3.35)

jneven(a) = PT(Oé) Pf/An
Jr

It is easy to prove that Pf Bn}scalar and Jp are actually identical. In particular, one can see
that they, as rational functions, have the same zeros and poles. So we obtain the desired
result, Jy even () = PT () PI'A,,.
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4 N = (1,1) super Yang-Mills: odd multiplicity

This section presents the formula for AV = (1,1) SYM amplitudes with odd multiplicity.
This case is considerably subtler than the case of even n. It is perhaps the most novel
aspect of the present work. Nevertheless, we will show that it can be written in a form
entirely analogous to the even-point case:

ANV M @) = /d:ugDodd PT(a) (Pflgn /dﬁ%’”) : (4.1)

The following subsections describe the different ingredients in this expression.

Section 4.1 starts by presenting the form of the rational maps for n odd and studying
the corresponding redundancies that enter in the integration measure. The explicit form of
dulP 14, given in (4.20), is deduced by considering a soft limit of an amplitude with n even.
In particular, we deduce the existence of an emergent shift invariance acting on the rational
maps. The discussion of how this new invariance interacts with the groups SL(2,C), and
SL(2,C), is relegated to appendix A. Appendix B presents the detailed derivation of the
form of the maps, as well as the measure, from the soft limit of the even-point formula (3.9).

Section 4.2 discusses the form of the integrand for odd n, which can also be derived
by carefully examining the soft limit. The fermionic integration measure dﬁg’l) is given
explicitly in (4.39). We show that the odd-n analog of the A,, matrix is an antisymmetric
(n+1) x (n+ 1) matrix, which is denoted A,. It is constructed from (n + 1) momenta:
the original n momenta of external particles and an additional special null vector, pA?,
defined through an arbitrarily chosen puncture o. The formula for the matrix an is given
in (4.75), and p2P in (4.76).

In section 4.3 we describe consistency checks of (4.1). This includes a comparison with
the CHY formula in the bosonic sector, as was done for n even in 3.2. We also present a
computation of the three-point superamplitude [27] directly from the connected formula.

4.1 Rational maps and the measure

Let us consider the definition of the scattering maps in 6D for the odd-point case n = 2m+1:

AB( .
ppB = P, (4.2)
Hj;éi Tij

This formula implies the scattering equations if pZ(z) is a polynomial of degree n — 2 =
2m — 1 such that the vector pP(2) is massless for any value of z. The latter is realized by
requiring

pAP(2) = (0" (2)p" (2)) = p* T (2)p" 7 (2) = pN 7 (2)pPH (), (4.3)
as in the case of even n. The polynomials p*(2) and p?~(z) should have the same
degree, since we want to maintain SL(2,C), symmetry. This is achieved by choosing
deg pA*(z) = m. However, this produces an undesired term of degree 2m = n — 1 in
pAB(2). This term can be made to vanish by requiring that the coefficient of 2™ in p4(z)

takes the special form
pf{a = wAfa, (4.4)
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since then (p/. pB) = 0. This is the first new feature we encounter for odd n. The maps
for n = 2m + 1 then become

m—1
pA7a(Z) —_ p?7a zk + wAé—a zm’ (45)
k=0
m—1 ~
ph(z) = > phy 2" +@al 2" (4.6)
k=0

Note that the spinor %, which we also write as |£), involves a projective scale that
can be absorbed into w?, which is invariant under SL(2,C),. In other words, {* are
homogeneous coordinates on CP!. For instance, this freedom can be used to set

€) = (;) (4.7)

In the following we use the symbol £ to denote both the two-component spinor and its only
independent component.

After plugging this form of the (chiral) maps into equations (4.2) we find the expected
(n — 3)! solutions. This is consistent since, as we show in appendix B, this version of the
maps can be obtained directly from a soft limit of the even multiplicity ones. However,
a counting argument quickly leads to the fact that we must fix an extra component of
the maps when solving the equations: there are 5n — 6 independent equations for 5n + 1
variables, which implies the existence of seven redundancies. Six of them are of course
the SL(2,C)’s present in the even case, but there is an emergent redundancy that we call
T-shift symmetry. It is the subject of the next section.

4.1.1 Action of the T shift

Consider the following transformation on the polynomials
pAz) = pA(z) = L+ 2T)pA(2). (4.8)

Here T is a 2 x 2 matrix labeled by little-group indices. In order to preserve the bosonic
delta functions, Ap, we require that for any value of z and for any polynomial p*(2):

p*P(z) = 9P (2) (4.9)

Thus we obtain the following conditions
TTe+ €T =0, TTeT =0, (4.10)

where T'T is the transpose of T and ¢ is the 2 x 2 antisymmetric matrix. The first condition
is equivalent to
TrT =0, (4.11)
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which implies that T2 oc I. The second condition then fixes
T2 =0. (4.12)

What is the meaning of the conditions (4.11) and (4.12)? They guarantee that the transfor-
mation (4.8) is a z-dependent SL(2,C), transformation, hence preserving the polynomial
map pAB(2). In other words, (4.11) and (4.12) are equivalent to

det(I+2T7) =1 for any z. (4.13)

We discuss such transformations in more generality in the next sections. For now, let us
further impose that T preserves the degree of the maps, i.e., deg p%(z) = deg p%(2) = m,
that is

T pit = 0, (4.14)

where p;?{a is the top coefficient. This means that the kernel of T consists of the four
spinors pf{a’ with A = 1,2,3,4. In general this would force the 2 x 2 matrix T to vanish.
However, for an odd number of particles

pat =wiet = T =o. (4.15)

These two equations, together with condition (4.11), fix three of the four components of
T. It is easy to see that the solution is

T = af§)(E], (4.16)

where a € C is a complex scale. Therefore we have found a redundancy on the coefficients
of the maps given by the transformation (4.8). This is an inherent consequence of the
description of the moduli space in terms of the polynomials (4.5). In fact, in appendix A
we show how T is necessary from a purely group-theoretic point of view, when regarding the
equivalent maps as representations of a bigger group, identified as SL(2,C) x C2. Finally,
in appendix B we show how the soft limit of the even-multiplicity maps gives another
interpretation of 71" that is reminiscent of the little group of the soft particle.

Let us close this part of the section by noting that T" produces the following shift on
the top component of the polynomial:

~ A
p;?’b,a _ p’zri,a +Tpm7g1 —_ (/JAga + a<£p;‘}1_1>£a7 (417)

or equivalently,
o = wh 4 ale o), (4.18)

which will be useful in the next section.

4.1.2 Measure

Let us introduce the measure for n = 2m + 1, which can be obtained from the soft limit of
the measure for n = 2m + 2. This leads to the correct choice of integration variables, and
the integral localizes on the solutions of the scattering equations. Specifically, we consider
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an amplitude for n + 1 = 2m + 2 particles, the last one of which is chosen to be a gluon.
In the soft limit of the gluon momentum, i.e., poy 12 = TPams2 and 7 — 0, the even-point
measure takes the form

1 dopi
[ = o0t [ahags f FELeoeh, @)

211 En+1‘:5 En+1

where the odd-point measure is given by:

1, doi T11y o) diw(€d€) | AB (g
duSm 1 = ( ! -~ ) % Dl p7(on) . (4.20)
vol (SL(2,C),, SL(2,C),, T) V2 1 106

2

This is derived in detail in appendix B.2. The volume factor here implies modding out by
the action of the two SL(2,C) groups, as well as the T-shift. Furthermore,

n ~
Epp1=1Epn =7y 2Py (4.21)
=1 Ontli
corresponds to the scattering equation for the soft particle. The factor of 7 in E,, ;1 makes
the first term in the expansion of the (n + 1)-particle measure singular as 7 — 0. As we
explain below, the measure given here for n = 2m + 1 has the correct SL(2,C), scaling,
which is degree 4n.

Let us now proceed to the explicit computation of the measure. Note that the re-
dundancies can be used to fix seven of the 5n + 1 variables, leaving 5n — 6 integrations.
This precisely matches the number of bosonic delta functions, which can be counted in
the same way as in the even-point case. Therefore, as before, all the integration variables
are localized by the delta functions. In order to carry out the computations, one needs
use the seven symmetry generators to fix seven coordinates and obtain the corresponding
Jacobian. The order in which this is done is also important, since 1" does not commute
with the other generators. In order to make contact with the even-point counterpart, let
us first fix the T-shift symmetry. Because T merely generates a shift in the coefficients of
the polynomial, it can be seen that the measure in (4.20) is invariant. Now, let us regard
the symmetry parameter « as one of the integration variables in favor of fixing one of the
four components w?. For instance, one can choose w! as fixed, and then integrate over
the parameters {a, w?, w?, w*}. It can be checked from (4.18) that this change of variables
induces the Jacobian

d*o = (€ pl ) da dw?dwddw?. (4.22)

The other ingredients in the measure are invariant under this transformation, i.e.,

Ap(p,0) = Ap(p,0), (4.23)
m—1 m—1

d*pr, = [ @*px- (4.24)
k=0 k=0

The dependence on « can then be dropped, with the corresponding integration formally
canceling the volume factor for the T-shift in the denominator of (4.20). The measure in
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this partially-fixed form is now

d —1]°
W = vol (SL(2,C), x SL(2,C),) V2 Hl I1,.i0
(4.25)
Note that the factor d3w(€pl |)(€d€) is invariant under the projective scaling of &,. By

(H?:I do; HZ‘;ol dspk) d%w (€ pp—1)(€dE) 1 (pAB B PAB(Jz')> .

construction, it is also invariant under the action of the T shift, implying that w! may
be set to any value. However, after making these choices Lorentz invariance is no longer
manifest.

Let us show explicitly how this measure has the correct SL(2, C),-scaling under the
transformation ¢ — to together with the scaling of the coefficients in the maps,

pra — ¢mkpda, (4.26)

In particular, this implies that p/® = wA¢% is invariant. As is apparent from (4.8), the
parameter « carries SL(2, C),-scaling —1, as does the 7' volume (£pl ;) using (4.26). Since
the projective scaling of £ is completely independent from the SL(2,C), transformation,
none of the components % and w? transform. Now, we find

m—1 m—1
H dspk — tn2_1 H dspk, (4.27)
k=0 k=0
R on2 1
vzl Hdai — ¢t v Hdaz, (4.28)
<§p3nfl><§d€>d3w — t<€pm71><§d€> w, (4.29)

leading to the scaling weight of 4n for the full measure as required.

Having carried out these checks, we are now in position to give the final form of the
measure for n = 2m + 1 in the same way as explained earlier for even n. For this, we
eliminate the remaining SL(2 C)s x SL(2,C), symmetry by performing the standard fixing
of 01,09, 03 and Po , Po Py 2T Note that we fixed the lowest coefficients p ¢ because they
are not affected by the T-shift. Otherwise, this would interfere with the T- shift. Finally,
we extract the mass shell and momentum conservation delta functions as in (2.38). This
leads to

m—1
J J R
duSm 1 = <| | daz> dpe~d*pg d*ps ( [] d8pk) d3w de (€ ph 1) Ap, (4.30)

i=4 k=1

where the Jacobians are given in (2.37), and Ag is given in (2.39).

4.1.3 Transformations of the maps

Having checked the scaling of the measure, here we consider other SL(2,C), transforma-
tions, as we will see that they lead to other interesting new features of the odd-point rational
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maps. In particular, let us consider the inversion ¢; — —1/0;.> Under this inversion, the
rational map transforms as,

<PA(Uz')PB(Uz‘)>_> (p'404) p'B(04))

— , (4.31)
Hj;éi Oij (H;’L:I o; 1)(Hj7£z‘ oij)
and the new object p/A(a,-) entering the map is given by
m
m—k_1
P = (=" (=D rpiao 2. (4.32)

k=0

Note that this is actually not a polynomial due to the fact that n is odd. To keep the
rational-map constraints unchanged, we require that the coefficients transform as

p?,a — p;:,la = (_1)k p?%—k,a' (433)

Then, up to an overall factor, the transformation exchanges the degree-k coefficient with
the degree m — k coefficient just like in the case of even n. What is different from the
even-point case is the non-polynomial property of ,OIA(O'Z'). Therefore, inversion turns the
polynomial map into a non-polynomial one of the following form

m
_1
PG = 30 A (430
k=0

Now the lowest-degree coefficient, pffa, which is proportional to the highest coefficient of
the original map, has the special factorized form

Pl = W &as (4.35)

where we have used (4.4). Therefore the product pAB(z) = (p4(2) pP(2)) remains a degree-
(n—2) polynomial.

Although we only use polynomial maps throughout the paper, it is worth mentioning
that the above non-polynomial form of the maps could be used equally well. This discussion
makes it is clear that for odd multiplicity a general SL(2,C), transformation can take the
original polynomial maps to a more complicated-looking, but equivalent, version of maps.
This is a consequence of the fact that the seven generators of SL(2,C),, SL(2,C),, T' do
not close into a group, as can already be seen from the fact that

vol (SL(2,C),SL(2,C),, T) (4.36)

carries weight —1 under scaling of SL(2,C),. Compositions of the action of these seven
generators on the maps lead to the general transformations of the form

ph(2) = (T P (2), (4.37)

where 7,%(z) is a traceless 2 x 2 matrix depending on z.

3The minus sign is for convenience only. Sign reversal is already established as a consequence of the
scaling symmetry.
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It is interesting to study the subalgebra that preserves the form of the polynomial
maps, which for even multiplicity is just SL(2, C), x SL(2, C),. In appendix A we obtain the
corresponding algebra for odd multiplicity: we first show that the generators of SL(2,C),
and SL(2,C), do not commute in general and that a subset of these recombines into the
algebra SL(2,C) x C2. This includes inversion and T-shift, but it requires a partially fixed
SL(2,C), frame.

4.2 Integrand from soft limits

Here we apply the soft limit to the even-point integrand in order to obtain the odd-point
version, with the soft factor included. The answer is composed of two pieces:

gNZ D SYM /dﬁ}l’” X Jodd- (4.38)

. EN! . . o .
The fermionic measure dQ% ) can be obtained in a way similar to the bosonic one, and we

relegate its derivation to appendix B.3. The result is

m—1 n A ~ ~
S . - i) x (o . i) X (o3
B ity [T e [T (- LD Y ot K
k=0 i=1 [T 935 [z i
(4.39)
The fermionic maps are constructed such that (p(z) x(z)) and its conjugate are polynomials

of degree n — 2, and take a form similar to the bosonic map in (4.5). Specifically,

3

X(2) = D xp 2"+ g™, (4.40)

i
_ o

3

(=) Xo 28+ gétam, (4.41)

e
Il
<)

where the x’s and x’s, as well as g and g, are Grassmann coefficients. Note that the
same spinors £¢ and 5@ appear in the coefficients of 2" for both the bosonic maps and the
fermionic maps. This form ensures the coefficient of 22" in the product of maps vanishes,
so that the product has the desired degree, 2m — 1 = n — 2, for an odd number of particles.

With this parametrization of the maps, the first check is to show that the construction
has the right Grassmann degree. As in the case of the even n, we need to remove the
fermionic “wave functions” [}, 6>(\iaa qf)éZ()\fb(jB). This leaves an integrand with
Grassmann degree of 4n, as required. Having established the Grassmann degree of the
integrand, let us next count the number of fermionic integrations. There are 4m x and
X integrals and two ¢ and § integrals, giving a total of 4m + 2 = 2n integrations. The
final amplitude thus has Grassmann degree 2n. More precisely, just as for even n, it has
degree n in both the 7’s and the 7’s, which is what we expect for the superamplitudes of
6D N = (1,1) SYM in the representation (3.1).

The factor Joqq, which is purely bosonic, contains a contour integral in o,4; that
emerges from the soft limit of the measure (4.19). Therefore, it encodes all of the depen-
dence on the soft particle. Using the identity permutation I, and setting 0,411 = z for
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convenience, we show in appendix B.2 that for a soft gluon

Jlnj{ dz y PFAHH ¢
271 |n+1‘ e

j=}}

5% Joqa = PT(L,)

(4.42)

[I]1

—&np1 (z—01)(z—0n) (£E) [é ]

Let us explain the various terms appearing in this formula. First, the vanishing of &£,,11 =
7Eps1 = p(2) - pps1 is the rescaled scattering equation for the soft (n+1)th particle (on the
support of the hard scattering equations), such that €,+1 = Ep41[[;—,(2—0;). In terms of
the 6D spinor-helicity formalism, Weinberg’s soft factor for a gluon is given by

gaa _ P\%ﬂ\?lﬁn“%ﬁ _ A?H-l,Apl Pn,BC )\”"‘1 (4‘43)

Sn+1,15n,n+1 Sn+1,15n,n+1

The reduced Pfaffian can be expanded as

; (_1)n+1 n—l an—&—l Di [1,i,n,n+1]
Pf A, = S > (-1 - PfAL Y, (4.44)
=2

where AEJ:T’"JFI] denotes the matrix A,,; with rows and columns 1,4,n,n + 1 removed.
This odd-point integrand by construction does not depend on 7, the scaling parameter
introduced to define the soft limit. It is also independent of the choice of polarization
(a,a) and the direction of the soft momentum p,+1 = 7pn+1. Recall that £* = (1,¢) is
determined from the hard scattering maps, while 2% = (E7,Z7) and 2% = (x,—1) are
given by the following linear equations (for z = o,,41):

[1]:

(Ep%(2) = (@A), E57(2)] = [2X4]. (4.45)

A

Introducing a reference spinor r* and contracting the first of the preceding two equa-

tions with eABCD)\an b(2)rP | we obtain

2" (2)[Brralr) = Z° (N lB(2)I7).- (4.46)

This can be used to make the z-dependence explicit in the integrand. Contracting with &,
and repeating these steps for the anti-chiral piece gives

(X1 [B(2)[r) [FIp(2) [ X541

zo
A ! il S Py (4.47)
(€2 [€2]  pp(2)Pralr) [Flpns1lpp(2)IE0
where |r) and [F| are independent reference spinors. Hence
a Tin dz Pt Aniy N1 [5(2) 1) [Flp(2) A
S Toaqa = PT(I, j{ X
T o e Bt G 00 = o0) S Flpn i )
(4.48)

In section 4.2.1 we evaluate this integral via contour deformation. However, let us point
out here the difficulties arising when trying to evaluate this integral. For a given solution
of the hard punctures {o;}" ; the scattering equation gn+1 = 0 is a polynomial equation
of degree n — 2 in z, which in general does not have closed-form solutions. In the CHY
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formalism the soft limit can be evaluated by deforming the contour and enclosing instead
the hard punctures at z = o;. This is because the CHY integrand can be decomposed into
Parke-Taylor factors, which altogether yield 1/22 as the fall off at infinity. The argument
can be straightforwardly repeated for the Witten-RSV formula in four dimensions, as we
outline in appendix B.1. In the case of (4.48) we find the leading behavior at infinity to
be exactly 1/22. However, the new contour will also enclose the poles associated to the
brackets in the denominator, which are given by the solutions of a polynomial equation of
degree (n — 3)/2. Since these contributions to the integral also turn out to be cumbersome
to evaluate, in the next section we introduce a novel contour deformation that allows us to
evaluate the integral without the need to compute these individual contributions.

4.2.1 Contour deformation

The soft factor S%, given by (4.43), is still contained in the integrand Joqq and introduces
an apparent dependence on the soft momentum. In order to extract it and evaluate the
contour integral at the same time, we perform a complex shift of the soft momentum p,, 1.
More specifically, for a given solution of the hard data {o;, p, p}, we perform a holomorphic
shift in |A\,41) and use it to extract the odd-point integrand as a residue.

First, consider a reference null six-vector @ = |qq,){(q?|. (The Lorentz indices are
implicit.) Using the little-group symmetry, the spinors can be adjusted such that

(palon)|@s] = m €ap, (4.49)

together with (g,|Gy) = 0. Here m? = 2p(0,,) - Q is a mass scale that drops out at the end
of the computation, so we set m = 1 for convenience. Note that g 4 transforms under
the antifundamental representation of the Lorentz group, SU*(4), but under the chiral
SL(2,C),. Now consider a shift described by a complex variable w:

(Ani1) = [AL) = on) +wlg®) (4.50)
Aai]l = XS] = 16n] +w C%dal, (4.51)

where |p2)4 is shorthand for p*%(c,), while

pnla = [ pal(on)], (4.52)

and the index A has been suppressed in the preceding equations. Without loss of generality,
we may make the deformation for a specific choice of the polarization, which we have chosen
to be @ = + in the second line. The only requirement for |\, ] is that

0= (\n 1 lAia] = NGIAE] = (h1aC" + (a%1Bn),  a=+—, (4.53)

and using (4.49) this implies C® = (¢%|pn).
The shifted soft factor that we utilize is

. 22|, A+
SZL;F: < w’p p1| w]’ (454)

Sw,15w,n
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which has a simple pole at w = 0. After a short computation one can show that

= dwsgfzg W _ .

21 |w|:€ 211 \w\zs w
Thus, the odd-point integrand can be recast in the form

1
2mi C@

jodd = PT(HH) X dw I'g)v

|w|=¢

with

a 1 dz O1n Pf/An_H x® .’Z‘jr
It = — X — == -
2700 Jip(2)pul=e P(2) " Pw (2 —01)(2 —0on) (§E) [€Z]

(4.55)

(4.56)

(4.57)

As w — 0, the soft momentum p,, — p(o,), and hence we expect z — o,,. In fact, we

claim that this solution is the only one contributing to the singularity in w. Therefore we

may redefine the contour as enclosing only the pole at ¢,,, and
a 1 f dz O1n Pf/An_H z®
I, = — X =
20 )| o =e p(2) pw (2 —01)(z —0on) (€5) [
_ PfAnyili=0, (NolP(0n)|r)[Flp(on) [N
]

I &
)

p(an) " Pw <pn |ﬁw’7”> [flpwlﬁn
One can show that:
2
w
p(on) - pw = =
w 1, d il oy Limns
PE Anilem, = 50— 3 (-1 PEAT Y+ O(w?),
i=2

n—1

i Pn " Di [Linn4+1]
2(—1)1% PEAL = 0.
1=

We also have that

[Hp(O'n)‘S\w] w [ﬂpn,a) <pZ\§b]Cb B
Flrelin]  wliloms C° T O(w) =1+ O(w).

Note that for the chiral piece we can set |r) such that p(oy,)|r) = |pp]. Then

D lp(on)lr) w (¢"]n]
(pn|PwlT) weapep & pie Ly a0 TP

+ O(w),

where the contraction in the denominator evaluates to

A pB CbpD

eapcp §° Pn,e Pnb 4 Q|]§(O'n) |T> = <Q‘ﬁn]’

with [¢)4 := £%¢2. Hence we obtain

L el C

w—0 (pn‘]}w‘r> <q,ﬁn] .
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(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)



Putting everything together we find

1 dw C* q |pz\pn a> [1,¢,n,n+1]
= PT(L,) x 7Pf A
jodd ( n) 2711 C@ fw|_s w O'nl 2 O i (J’Pn] n+1
al X
— PT(I,) x (@1 X | Pra) (1’?)|p"’“>, (4.67)
(q]pn]
where for convenience we have defined the null vector
1 1
1 1 5
Xty = 5= 2 (V" — “pr Al = =57 Xamen. (4.68)
n Z:2 TLZ

Despite using the notation Pf A[1 g v ] , this Pfaffian is completely independent of the soft
momentum and the associated puncture. As anticipated, the expression is independent of
the scale of ¢, so we can remove the normalization condition 2 p(o,) - Q = 1, turning |¢%)
into a completely arbitrary spinor. Expanding the numerator of (4.67) in a basis given by
{&, ¢}, where ( is a reference spinor such that (£¢) = 1, we find:

(@ X (1) |Tn) — (WX (1)l on)

jodd = PT(I[TL) X = s (469)
(g n]
where
) = (¢ (o)) (4.70)
is the conjugate component of |p,). Also,
w)d = (¢g™). (4.71)

In particular, the fact that the integrand is independent of w implies the non-trivial identity:

Krmlon) =0, (4.72)
which yields the following form of the integrand

(@1 X (1))

jo =PT ]In =
ad = P) > = )

(4.73)

Using (4.72) this expression can be recast in a non-chiral form. Let us introduce
another reference spinor |g] and consider

(@1 X1,y p(om)|d] _

Joaa = PT(L) x = 5y

(4.74)

Note that ﬁ(Un)ABXgC,;) = _X(l,n) AB p(0,)BC. Finally, using the definition of Xn)
in (4.68) we recognize that the second factor in (4.74) is in fact a reduced Pfaffian of an
antisymmetric (n 4+ 1) x (n 4+ 1) matrix constructed out of A,, with an additional column
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and row (labeled by *) attached. We call this matrix A\n Restoring the original integration
variables, its entries are given by:

_ PRI it iy,
[Anlij =14 74 for 4,5 =1,2,....,n,x*, (4.75)
0 if =y,

where

9 glAyBIC )
AP ¢ p~" (94)dc (4.76)

¢"[pp(o.) l(p" (04) E)

is a reference null vector entering the final row and column, ¢ and ¢ are arbitrary spinors,

and oy is a reference puncture that can be set to one of the punctures associated to removed
rows and columns. In fact, we have numerical evidence that o, can be chosen completely
arbitrarily without changing the result. Here, ¢[4pPl¢ denotes the antisymmetrization
¢pPC — ¢BpAC. The reduced Pfaffian is then defined analogously to (3.11), with the
restriction that the starred column and row are not removed. Independence of the choice
of removed columns and rows follows from the analogous statement for n even. It is
straightforward to confirm that Pf’A,, transforms as a quarter-integrand in the SL(2,C),-
frame studied in appendix A, and that its mass dimension is n—2, as required. This
completes the derivation of the odd-point formula (4.1). The reasoning was complicated,
but the result is as simple as could be hoped for.

4.3 Consistency checks

We have checked numerically that the new formula (4.1) correctly reproduces the 6D SYM
amplitudes of gluons and scalars directly computed from Feynman diagrams, up ton = 7.
In this subsection we perform additional consistency checks of the formula. We begin by
re-deriving the odd-point integrand Z,qq by comparing it with the corresponding CHY
expression for a particular bosonic sector following a similar argument used earlier for the
case of even n. We will then show analytically that the formula leads to the correct three-
point super-amplitude of 6D SYM. It is worth noting that the three-point amplitudes in
6D YM are rather subtle due to the special kinematics first explained in [6]. As we will
see, our formula gives a natural parametrization of the special three-point kinematics.

4.3.1 Comparison with CHY

This section presents an alternative derivation of the integrand of the odd-point amplitudes.
The method we will use here is similar to the one for the even-point case given in section 3.2.
It is based on comparison to known results of the CHY formulation of YM amplitudes
in general spacetime dimensions. This method of derivation is independent of and very
different from the soft-theorem derivation presented in the previous sections. Therefore it
constitutes an additional consistency check.

Let us begin with the general form of the odd-point amplitudes of 6D N' = (1,1) SYM,

AN=DSYM / P AP X Ty oad, (4.77)
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for n = 2m+1. Recall that the bosonic measure duSP is defined in (4.20), and the fermionic
1.

measure dQ% is given in (4.39), which is the part that is more relevant to the discussion
here. The goal is to determine the integrand 7, ,qq. As mentioned above, we will follow the
same procedure as in the case of even n, namely comparison of our formula with the CHY
formulation of amplitudes for adjoint scalars and gluons. To do so, we consider a particular
component of the amplitude. Due to the fact that n is odd and the scalars have to appear
in pairs, it is not possible to choose all the particles to be scalars. The most convenient
choice of the component amplitudes one with n—1 scalars and one gluon. Concretely, in

the same notation as before, we choose to consider

An (ot ¢ ¢>m+1, ..,¢2m,A;§@), (4.78)

where A% is a gluon.

As in section 3.2, we integrate out the fermionic variables so as to extract the desired
component amplitude. The computation is similar to the one for even n, but slightly more
complicated due to the appearance of A% in the middle term of the superfield. Projecting
to this component amplitude, we obtain

/ Aol — v, J, / H d*xy, d> X dg dg dnldi? APYIAPTOT, (4.79)

The factor J, = ], ﬁ arises from extracting the fermionic wave functions. The
fermionic delta functions are given by

Al;roj _ H 5 (Q;;x _ (p" (om ) H(;( (Uz)>) p113’ (4.80)
i€y

A=1,3 HJ#n U”J iy Hj;ﬁz Oij
A= T 5( —pAHU” ) I1¢ ( patoi) Xlo Z>]> P, (4.81)
A=24 g#n 01 i€y [ 93 iy

with Y :={1,...,m}and Y := {m+1,...,n — 1}. Compared to the even-particle case,
we have an additional contribution coming from the gluon A%, Performing the fermionic
integrations leads to the final result,

Nialp®ow) & Mnascloon) 8 Vo o L

)
Pn Pn,cD [1; o ‘7'2J

JFN TN ey jey

A = (Jp)ea =

(4.82)

where the square brackets denote anti-symmetrization on indices A, B and C,D. Note
that although the formula for (JF)us exhibits explicit Lorentz indices A, B and C, D, it
is actually independent of the choice of these indices. Therefore, we have only made the
dependence on the little-group indices a and a explicit in (Jg).5. They appear because the
component amplitude contains a gluon A%,

Having extracted the component amplitude that we want, we can compare it to the
corresponding result from the CHY formulation. From the comparison, we find that the
odd-point integrand is given by

Pf/(\PprOject)ad

jnodd(a) - (JF)ad

x PT(a). (4.83)
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This ratio should be scalar, independent of the choice of the little-group indices a and a. As
in the case of n even, Pf'W,qject is defined by the usual Pf'¥, projected to the component
amplitude under consideration. In the present case this means that the dot products of a
pair of polarization vectors for scalars particles are the same as before, namely ¢; -7 = 1
if i €Y and I € Y, and otherwise they vanish. Furthermore ¢; - £, = 0, and p; - gj = 0if
j # n. Using these rules, the original reduced Pfaffian Pf'W¥ simplifies to

n—2
Pt (Wproject Jaa = det(Apm) Y (—1)" pU(E”) pPrALn—1nl (4.84)
i=1 o

where the m x m matrix A,, has entries given by 01—1 foricY andI €Y.

The ratio entering the integrand 7,044 in (4.83) can be dramatically simplified. To
demonstrate this, note that as J,0d4q(e) is a scalar, the following two tensors are propor-
tional,

n—2
1 ~ i Di \En)aa in—1.n
A (0P (an) €)M ajolbpy(on) € x R=piP pacp Z(—l) Pi (En)aa PfAln=Lnl - (4.85)

n,a
— Oin
i=1

where the proportionality factor R is a scalar. After multiplying both sides of this equation
with )\,‘;X ’aj\g ¢ and contracting indices a and a, we obtain

n—2 Aa \@
~ - i )\n7 Di - (€n)a& )\?L C i,n—1,n
(07 () Elic(on) € x R= 3 (~1) T PrAL
i—1 Tin
n—=2, .\i AB, . DE .
_ ( ]-) pn pZ,BD 0 pn,EC PfA%,TL*Ln]’ (486)
Oin O DPn

i=1

where in the last line we used the spinor form of the polarization vector (&,,)q4 [6], with o a
reference vector. Collecting everything and plugging R back into the integrand, we arrive
at:

PT(a) 5= (—1)' p*(00) iz 0”7 puc

- prAln=tnl 4.87
Tin 0 Pn Pl P, " (487)

jnodd(a> =

On—1,n i—1

where we have also simplified the o-dependent part, and defined

pﬁ = <pA<0n) §>7 Pn,C = [ﬁC’(an) ﬂ? (4'88)

as in the previous subsection. Furthermore, using the identity

n—2
S =
=1 wm

the summation in the expression of 7, ,44(c) can be further simplified, leading to the final
form of the integrand:

n—2

jnodd(a): o pA,O o n (4'90)
in Pn Pn,

Onp—
n—1,n i—1
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This result is actually a Lorentz scalar, as it should be, even though it appears to depend
on the explicit Lorentz spinor indices A and C. The above expression agrees with (4.74)
after contraction with reference spinors in the numerator and denominator and choosing
0. = op. In the derivation here, we have chosen particles n as well as n—1 to be special.
However, the final result should be independent of such a choice, and therefore we have a
complete agreement with (4.74), the result obtained by using the soft theorem.

4.3.2 Three-point amplitude

Here we derive analytically the three-point amplitude from our odd-n formula. As explained
in [6], the three-point amplitude requires additional considerations such as an adequate
parametrization of its special kinematics. Here we find that our formula naturally leads
to such a parametrization together with the correct supersymmetric expression. Since the
result, which is quite subtle, exists in the literature [27], it is nice to see that our formula
reproduces the known result. It turns out that it is more convenient to use the linearized
constraints introduced in (2.40). So we start with the following integral representation of
the superamplitude:

3
N=(1, T ~ ~ a ~bra ~a
AY=0D SYM(123):/du§D (‘/,33)3/d2)(0d2X0d9d9H52(77?M5b_X (0:))0% (7 M5 = X" (02)).-
i=1

(4.91)
The fermionic delta functions in the above formula are the fermionic versions of the linear
constraints, and we will discuss the n-point version of these constraints in section 5. For
now we take this as a given, and write the degree 1 three-point maps as:

ph(z) = ppt +whe s,

x*(2) = x6 +9¢" 2, (4.92)
together with their conjugates pa4(z) and X4(z). Imposing the orthogonality condition
p(2)paa(z) = 0 we find:

A.a ~
p() “ pU,A,& = 07
A.a ~ g ~
P A€+ € w? Poaa =0,
wl@a=0. (4.93)

The solution to the middle constraint is given by

Aa ~
Po “ wa = tg“v

w po,aa = —t&, (4.94)

for some scale t. Recall that the top component of each map, i.e., £%? and its conjugate,

carries a GL(1,C) freedom which we previously used to fix &7 = 1. For reasons that will

become apparent soon, here it is more convenient to use this scaling to fix t = V3. Using
this and the previous equations we find the following relation:

pt o) paalo;) = Va&&a o4y (4.95)
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Let us now evaluate the integrand in the representation of (4.73) and (4.68):

1 p(o1 )|
=L« alp(o)Ims)
(V3)?o13 (q|ps]
_ 1 q%aalo)pB(o1)pd (03)¢
(V3)?013 qAﬁ%,Aﬁa
— 1/Vs, (4.96)
where we used X(Lg,) = —‘ﬁ,é‘;lli, PfALl’2’3’4} =1, ({¢) =1 and qAﬁ%(a)fd = qAﬁngé&. For
three points, the SL(2,C), symmetry completely fixes all three o’s, and we have,
[ s = 2 (4.97)
Plugging this into (4.91) we are left with
3
_ 1
Ay TOD M 03) = EMOESY RO = v / dxg dxg dg [ [ 8% My — x“(00)),

i=1
(4.98)
together with its conjugate F3(0,1)_ We find that now the three-point amplitude only involves
fermionic integrals and factorizes into chiral and antichiral pieces. However, this form is not
completely satisfactory as it still carries redundancies. In order to match this expression
with the known ones [6, 31], we note that (4.95) can be inverted as follows: pick three
labels {i,7,k} = {1,2,3} for the external particles, then
a ¢bnra &b
22 = V4 %a = e (M) (M€ (4.99)
’ | M| | M;| ’ 7
where €;;, is the sign of the permutation (ijk), as usual. This allows us to read off the
variables defined in [6] for the special case of three-point kinematics. Since det(/\ﬂ:\?] =0,

uf = My, al = MG E. (4.100)
It is easy to check that they satisfy u?)\f}a = u?)\ﬁa for any 7, 7. Their duals, defined as
b Ara Fb
o MinS” e = 7Miv5§ (4.101)
OOk b oo

satisfy (u; w;) = [4; ;] = 1. Since the maps are constructed such that momentum conser-
vation is guaranteed, the condition imposed in [6],

3 3
a\A _ ra paA(ai) o
E wj )\i’a =( M| =0, (4.102)
i=1 i=1 v

is also satisfied by virtue of the residue theorem. Furthermore, note that there are scaling
and shifting redundancies in the definition of w;, @;, w;, w; [6]. In particular, these variables
are defined up to a rescaling,

Uy — Uy, Uj — Oé_lfbi ,  W; — oz_lwl- s w; — Qw; s (4.103)
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which is a reflection of scaling redundancy of ¢ and (. Additionally, there is a shift redun-
dancy in w;,
w; — w; + by, (4.104)

with Zf’zl b; = 0 corresponds to the redundancy ¢ — ¢ + b¢ in the defining condition
(C€) = 1. Let us now fix this SL(2,C) redundancy by setting & = (1,0) and ¢ = (0,1).

Then
+ —
Mi:< i Yi > (4.105)

+ —
O'ijo'ikwi Uijo'z'kwi

and similarly for the conjugate. We will now focus on the chiral piece F3. Following [27],
we define w; = win; , and u; = ufn; .. Then we evaluate the fermionic integrals as follows

3
1,0 1 _ .
P = Vg/dXBLdXo dg [ [ o(oijomw: — x§ — goi)d(wi — xq)
i—1
1

3
= V?)(ul —up)(ug — U3)/dX(TdQH5(0’M+10n+2Wi - X(J)r —goi)
i=1

= (ulug + ugus + 113U1)(W1 + wWg + W3), (4106)

where we have omitted the notation “4” for fermionic delta functions. The final result is
in precise agreement with the three-point superamplitude given, e.g., in [31]. For example,
the three-gluon amplitude is:

Ag (A3, AP, AS) = (ufubuws + ufuwhus +wiubus ) (afabas + afbas + ofibas)

5 Linear form of the maps

In this section, we present an alternative version of the connected formula for tree-level
scattering amplitudes in 6D V' = (1,1) SYM. We make use of “linear” constraints involving
A and 7, directly, instead of the quadratic combinations pA% = (AAB) and ¢* = (\7).
This form of the constraints is a natural generalization of the 4D Witten-RSV formula, in
the form of (2.17). We have previously presented the linear constraints in (2.40). However,
our conventions in this section differ from the previous formula by the change of variables
W; = Mi_l. Since the M;’s are 2 x 2 matrices, the two formulations differ by where W;
appears in the constraints as well as an overall Jacobian. For certain computations such
as the soft limits, it may be preferable to use the previous version of the constraints.

One way in which the linear constraints differ from the quadratic constraints is that the
on-shell conditions are no longer built in. Instead, they are enforced by the introduction of
spinor-helicity variables. Another feature of the linear form is that it makes manifest more
of the symmetries, including the SU(2) x SU(2) R symmetry. We will also give evidence that
this representation may be a step towards a Grassmannian formulation of 6D theories [46].

As in the previous formulation of 6D theories, there are additional subtleties when the
number of particles n is odd. As before, the maps appropriate for odd n require the T
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symmetry, which acts as a redundancy of these maps. SYM amplitudes follow by pairing
these constraints with the integrands found previously.

Using the linear constraints for even- and odd-point SYM amplitudes, in section 5.3 we
obtain a version of these constraints that is even closer to the original Witten-RSV form.
In the case of 4D, this version is sometimes known as the Veronese embedding [47]. This
is achieved by evaluating the integral over the original rational maps p2(2), xa(2), Xa(2),
leaving an integral over only the punctures and the W; variables. This allows one to view
the linear constraints as those for a symplectic (or Lagrangian) Grassmannian acting on a
vector built from the external kinematic data.

As an application of this formulation, we also present an alternative version of the
tree-level amplitudes of the Abelian (2,0) Mb5-brane theory. Since this theory does not
have odd-point amplitudes, it is not a focus of the present work. Still, the linear version of
the tree amplitudes of this theory have some advantages compared to the formula presented
n [21].

5.1 Linear even-point measure

The linear form of the 6D even-point measure is obtained by introducing an integration
over GL(2) matrices (W;)? associated to each particle (or puncture):

[t = [l Hica o H56 (e o) p (1)
vol (SL(2,C), x SL(2,C),) V;2 L0

= - Hz‘: jJH d® Pk
— (}_[1 5(1%2))/\701 (SL(2,1C)UkXOSL(2,C)p)W()\vp, o), (5.1)

where

W, p,o H / d*W; 6° AA <Wi>2pg‘<az->) 6(!% - 1) (5.2)
Hj;ﬁi Tij
and |W;| = det W;. The total number of delta functions exceeds the number of integrations
by n + 6, accounting for the mass-shell and momentum-conservation delta functions. This
step introduces 4n integrals in addition to the previous 5n — 6 that were previously present
after accounting for the SL(2,C), x SL(2,C), symmetry. It allowed us to extract the n
mass-shell constraints §(p?).

Before proceeding, let us comment on the SL(2,C) indices of the matrix (W;)2.
Throughout this work, we have used the Latin indices a = +, — to denote both the “global”
SL(2,C), indices as well as the little-group indices of the external particles. The latter was
not visible when all the external data entered the formulas through the little-group in-
variant combinations pAB, qlA, and ¢; 4. In passing to the linear form, we have introduced
one matrix (W;)? per particle. We should view the upper index as global, because it con-
tracts with the maps, whereas the lower index must transform under the little group of the
ith external particle in order for the delta functions to be little-group invariant. So each
W; transforms as a bi-fundamental under the global SL(2,C), and the ith SL(2,C) little

group. (The corresponding feature was also present in 4D when the ¢; and #; variables were
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introduced.) More explicitly, it is sometimes useful to solve for them in favor of the maps
as follows: if we pick {A, B} C {1,2,3,4}, then

p[A’ll(Ui) Afg (5 3)
Hj;éi oij .

a

AB _
D; ib —

the above solution also makes clear the difference between these two SL(2,C) indices.
Despite this subtlety, we have elected not to use different notations for the different kinds
of the SL(2,C) indices, though it is always easy to distinguish them based on the context.

The passage to linear constraints works analogously for the fermionic delta functions.
The relevant identity is now:

n Al v(os no
=110 <qf‘ - WM) = T10*(Naag?) & (= W)ix' (@) . (5.4)

Hj#i Tij i=1

AF = H54 < %) H52 /\zanA 52 (77;1 (Wz)ZXb(UZ)> . (5.5)

These formulas are only valid on the support of the bosonic delta functions. Just like gy,
the conjugate set of matrices, m, are not integrated over. Rather, they are solved for by
the conjugate set of constraints, as in (3.16). As before, this form allows us to explicitly
extract the super-wave-function factors leaving linear fermionic delta functions in the 7
and 7 variables.

For the case of 6D N = (1,1) SYM with n even, the right-hand integrand, which is the
Parke-Taylor factor, does not depend on this change of variables. So we can now assemble
the even-point integrand, which in terms of the usual maps,

m R m R
=> X, 2 =D K (5.6)

k=0 k=0

is given by
TVSGVSM = PT(a) (vnPf'An / (H d2xkd2>zk> AFAF,>. (5.7)
k=0

Removing the mass-shell delta functions, the explicit formula for the linear form of the
even-point scattering amplitudes of 6D N = (1,1) SYM is

n m 8 2 2.
N=(1,1) SYM ITi=: doi TTheo d°pr d*xi d* X pT
Areer ) = [ SLE, O x SLE2,C)y) | L@ WA p:0)

X Vi, Pf’Anﬁ 02 (n — (W) (0:)) 02 (7 = W)ix* (o)) - (5.8)
i=1

So far we have used the fact that the kinematic data associated to a given particle in
6D can be encoded in two pairs of spinors, )\ and )\fg‘ . However, using the overall scaling

it is also possible to associate the chiral part, )\ with a line in CP? and two points on it,

1a’
where the two components, a = =, label the points. The linear formula implements the
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transformation from one description to the other. p2(o;) can be taken to define a line in
CP?, while each row of the 2 x 2 matrix W; can be interpreted as defining the homogeneous
coordinates for two points on this line. We believe that this new viewpoint would be useful
in writing formulas in the 6D version of twistor space.

An added benefit of the linear form is that it makes parts of the non-linearly realized R
symmetry generators manifest, as we mentioned previously. Recalling (3.5), the generators
are quadratic in the n;, 7; variables and their derivatives. In particular, let us consider
the generators RT = Y"1 | m; o and Rt = S fian?. One may verify that these are
symmetry generators by first noting that under the support of the delta functions

Nia = W) aX?(02), i = (Wi) ;5 %0(07) - (5.9)

Similar to how one constructs the momenta pf‘B from antisymmetric combinations of the

analogous bosonic delta functions for )\ﬁl, we can construct the combinations:
n n n
RY = "mim) = D> (W)as(W)ix (00)x(0i) = Y Wil xe(0:)x"(04) (5.10)
i=1 i=1 i=1

and similarly for R*. Under the support of the bosonic delta functions the determinant
[Wi| can be replaced by ([]; ;) "L, whereas x,(0i)x%(0;) is a polynomial of degree n—2
in ;. Using the identity
—r— =0, for k=0,1,...,n—2, (5.11)
— 11204

which can be understood as a consequence of a residue theorem, we find that RT = 0.
This means that the amplitude is supported on configurations such that ), 7,,n¢ = 0 and
> ﬁi&ﬁf‘ = 0, which proves the conservation of this R charge. The vanishing of the final
R symmetry generators, R~ and R~, which are second derivative operators, is still not
made manifest in this formulation, but it is not hard to prove. For example, a Grassmann
Fourier transform interchanges the role of  and 9/0n.

As a final application, we apply the formalism of linear constraints to the tree ampli-
tudes of a single M5-brane in 11D Minkowski spacetime. This provides an example of a
6D theory with (2,0) supersymmetry; the amplitudes in the rational maps formalism are
given by [21]:

" doy TI™, d®pr d Pf'A,)°
AnM5—brane — Hz:l dal Hk:()d pkd Xk B AF ( ) ’ (512)
vol (SL(2,C), x SL(2,C),) 7

where

Ap =[] (pf‘B - <pA(0i)pB(ai)>> : (5.13)
i=1

Hj;éi Tij
o= [ (g0 o) "
i=1 [z 01

and I = 1,2 denotes the two chiral supercharges.
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Since this theory has only even-point amplitudes, we do not need the machinery of
odd-point rational maps in this case. Introducing the W; variables, the bosonic measure
is identical to that of SYM. The fermionic delta functions with A" = (2,0) supersymmetry
become:

Ap = ﬁ54 (S\iAquAI> 5t (77?] - (Wi)gXbI(Ui)> ) (5.15)
=1

so the amplitudes have the representation:

Mb5-brane __ H?:l dai HZ’L:O dSIOk’ d4Xk
An = ] Wl(SLE,0)s x SL(Z,C),) VNP0

x (PE AV, H54( Wi (o)) (5.16)

It is worth noting that for chiral N' = (2,0) supersymmetry there is no need to introduce p,
Wi, or . In some sense, the 6D chiral theories appear more natural than their non-chiral
counterparts. This theory has USp(4) R symmetry, which can be verified in the linear
formulation by the technique described above.

By the same reasoning, the D5-brane formula [21], which has /' = (1, 1) supersymme-
try, can be recast in a similar form with the same fermionic delta functions as in (5.8)

5.2 Linear odd-point measure

To complete the discussion for the NV = (1,1) SYM odd-point measure and integrand
in this formalism, we introduce the parametrization of the odd-point maps described in
section 4.1. As before, we define

m—1

p(z) = pf’k &+ whe, 2, (5.17)
k=0
m—1 _

Faz) = 3 2 D, (5.18)
k=0

and similarly for the fermionic partners, where m = (n — 1)/2. In the case where we used
constraints for pAB(z), the introduction of this parametrization of the maps included a
new redundancy. This was because the polynomial (p?(2)p?(2)) has a shift symmetry of
the form pA(2) — pA(2) = (I+ 2T)p?(2), where T¢ = a®, and « is a parameter.
The invariance of the product is still required in the linear formalism, and there must
be a redundancy that reduces the number of components of w? and &,. As before, the
integrations over the moduli and the Riemann sphere are completely localized by the
bosonic delta functions, which requires five independent components.

We will find that the appropriate choice is to keep the general action of the T-shift
on p2(o;) but now allowing the W; to transform at the same time. The linear constraint
6% (ML — (Wi)bpit(o)) is left invariant under the T-shift, which now explicitly depends on
each puncture o;:

pit(03) = pi(03) + a0 &pit(03) (5.19)
(Wb = (Wi)h — aoi&(W5)5 (5.20)
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or more abstractly,

p(or) = L+ 0y T) p(os) (5.21)

Wi)a = (L= TT) (Wi)a (5.22)

These transformations leave the product invariant by virtue of (4.10). Recall that the lower

index a on (W;)?
in the shift.

With the maps and redundancy more or less the same as in section 4, we may now

is the little-group index for the ith particle, and it does not participate

write down the measure associated to the linear constraints for odd n, which takes a similar
form as the even-point one:

vol (SL(Q,C)g,SL(2,C)p, V2 H Hﬁéi 0ij

n daz m— 1 d8 d w d
=<H&ﬁ0/(ml ML &) <§®mwMJ» (5.23)
i=1

vol (SL(2, C)g, SL(2,C),, T)

We are free to fix the scaling and T-shift symmetry of this measure exactly as before, so all
Jacobians will be the same as in previous sections. Therefore in terms of the linear maps,
the superamplitudes of 6D N = (1,1) SYM can be expressed as

AN (1,1) SYM(a) B / <Hz 1 do; Hm 1d8 ) d*w (£dE)
n odd - vol (SL(2,C),,SL(2,C),, T)

W(A, p,o) PT(a) Pf'A,

m—1 n N
Vo | TL e dgdg [ ]9 (nf — Woad (o)) (5 — (Wici(a). (520
k=0 i=1

where, as before, the fermionic maps for n odd are defined to be

m—1

X(2) = D xp 2"+ g™, (5.25)
k=0
m—1 ~

4(z) = X 2P 4 gedam, (5.26)
k=0

5.3 Veronese maps and symplectic Grassmannian

The preceding results can be brought even closer to the original Witten-RSV formulation
by integrating out the moduli pg"k of the maps, which leaves an integral over only the
o; and the W;. This will allow us to show that these constraints apply to the elements
of a symplectic Grassmannian. Let us begin with the even-n case and recast the bosonic
measure:

(Hz 1d0'de [Tilodpx 8 1
/d“"even /vol(SL(Z,(C) x SL(2,C), H5 ( Wi)ari'(o ))‘5 ’W"_H#iaij

_ I 1d0@dW 58( b k)\ ) - 5(W~ _1>‘ 5.97
/vol(SL(Q,C) % SL(2,C)w H 2 Hl Wi 1206 (520

=1

— 41 —



This result can be obtained by using the following identity for each of the eight components
separately [2, 41, 48],

H 0 <Z O‘ZkX1> = Vn/ <H dpk;) H(S p(O‘i) — XiHO'ij y (5.28)
k=0 i=1 k=0 1=1 J#i

where p(z) = >0 Pk 2% denotes any component of the polynomial map. Starting
with (5.4), one can obtain a similar result for the fermions. Specifically,

/ (H d2Xk> H52 (nza — (W) xs(oi ) H 5> (Z fmb) . (5.29)
We now note that (W;)2oF forms an n x 2n matrix:
Capsip = (Wila ot (5.30)

where we group the index k& with the global SL(2,C) index a and the index z' with the ¢th

little-group SL(2,C) index b. Interestingly, under the constraints |W;| — H e =0, the
i 9ij
matrix C' formed in this way is symplectic satisfying
c-a-ct=o, (5.31)

which follows from the application of the identity (5.11) to each block matrix of the prod-
uct. Here Q is a symplectic metric: an anti-symmetric 2n x 2n matrix with non-zero entries
at Q; ;11 = —Qiy1,; = 1. Therefore C is a symplectic Grassmannian, which was mentioned
in [46] for its possible applications to scattering amplitudes. Here we construct the sym-
pletic Grassmannian explicitly in the spirit of the Veronese maps as discussed in [47] to
relate Witten-RSV formulas with Grassmannian formulations for 4D N = 4 SYM [49].
Using the n x 2n matrix C, one may rewrite the constraints nicely as

n

> (W)hoif Xy o= (C-Q- M)t =0, (5.32)

=1

where A4 = /\f}b is a 2n-dimensional vector. The fermionic constraints take a similar form
with the same Grassmannian. Geometrically, this is a 6D version of the orthogonality
conditions of the 4D Grassmannian described in [50].

Similarly, when n = 2m + 1 is odd, the identity (5.28) leads to

[T, dosd Wi ([T d¥pr ) deo (€ de) 1
/ Hin'oaa / ol(SL@.C), SL.0),.7) H58< Wi (0 )>5<Wi‘_n‘ . .]>

j#i 7t
_/ (T, doy d*W;) (€de) 71_[1 Z": kA
vol (SL(2,C), ,SL(2,C)w, T) 14 i Mib

s (Zga Vot )ﬁ5<|W| H#%) (5.33)
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For odd n, the form of the Grassmannian constraints is unmodified except for the highest
degree, o/". The highest-degree terms must be modified so that the number of constraints
decreases by 5 when passing from even to odd, which is the case for this expression. Note
that we have integrated out the Lorentz spinor w? but not the global little-group spinor
€. One of the SL(2,C), generators can be used to fix the only independent component
in £, making it effectively arbitrary. This nontrivial relation leaves only four independent
constraints for the highest-degree part of the Grassmannian.

For odd n, this Veronese form also has the T-shift symmetry inherited from that of
the W;’s, as shown in (5.20). The T-shift acts on the Grassmannian as

a1

éa(Wi)g O{n = gaca,m;i,b — gaca,m;i,b . (535)

(Wz)b O-k = Ca,k;i,b — Ca,k:;i,b - agagccc,k—i-l;i,b ’ k= 07 ceey M — 1 ) (534)

The term of highest degree is invariant under the shift due to (££) = 0. This shift can be
interpreted as a special kind of row operation on the Grassmannian in which the rows of
degree k are translated by the rows of degree k+ 1 with the exception of the highest-degree
TOWS.

One must now fix the various redundancies of this description. In the end the number
of integrals should equal the number of constraints after gauge fixing. There are 5n integrals
before fixing the two SL(2,C)’s and 5n — 6 after fixing them. These choices can be used
to fix three of the punctures o; as well as two values of a W; and one component of &,.
Finally, the T-shift can be used to fix the last value of the chosen W;.

The fermionic delta functions satisfy a similar identity,

/dngQané (nza 1) 01) (Zﬁa i b) H52<Z fm-,b)
- (5.36)
Now (W;)boF with k = 0,1,...,m—1 combines with £%(W;)20™ to form an n x 2n sym-
plectic matrix acting on the vector of external Grassmann variables, entirely analogous to
the constraints for the external spinors.

Using these relations, it is then straightforward to rewrite all of the superamplitudes
given in previous sections in terms of the Veronese maps. In the case of 6D N = (1,1)
SYM and odd n, in the integrand, the term Pf’ Kn contains a special “momentum” vector,
which we recall here:

(A, B|C
piB— 20 (0)ic (5.37)

Plpp(o.) El(pE (o) €)d

This shows that pA? is in general a function of the moduli /’Z?k; and ﬁf‘g - Therefore, when

we integrate out the moduli and express the amplitudes in the Veronese form, we should
solve for Pf,k and ﬁ%k in terms of the W;’s and W;’s, as well as the o;’s. If we choose o,
to be one of the o;’s, then it is trivial to express pAZ in terms of W; and o; by using the
relation,

pa(os) = (Mo ALY, (5.38)

— 43 —



and a similar relation for ﬁfﬁ;(oi), and recalling that M; = W;l. If, instead, we choose
o, to be arbitrary, p:}(o,) can also be determined in terms of M; and o; using the above
relation (5.38), since pZ'(z) is a degree m = 251 polynomial, and there are n such relations.

6 Various theories in D < 6 and N =4 SYM on the Coulomb branch

This section describes some interesting applications and consistency checks of the 6D SYM
formulas that we have obtained. We start by writing down a formula for 6D N = (2,2)
supergravity amplitudes in section 6.1, which follows from the double copy of the formula
of 6D N = (1,1) SYM studied in previous sections. Then in section 6.2 we consider mixed
amplitudes by coupling the 6D N = (1,1) SYM with a single D5-brane. We will also
study the dimensional reduction of these theories. We begin with the reduction to five
dimensions in section 6.3, followed by N'=4 SYM on the Coulomb branch in section 6.4.
We obtain new connected formulas for all tree-level scattering amplitudes of these theories.
In section 6.5 we study dimensional reduction to 4D N = 4 SYM at the origin of the
moduli space.

6.1 N = (2,2) supergravity in six dimensions

In this section we consider the tree amplitudes of N' = (2,2) supergravity in 6D. Even
though 6D N = (2,2) SUGRA is nonrenormalizable, it has a well-known UV completion.
This completion is given by Type IIB superstring theory compactified on 7% or (equiva-
lently) M theory compactified on 7°. In either case, the theory has an Ej 5(Z) = SO(5, 5; Z)
U-duality group. This is a discrete global symmetry. (It is believed that string theory does
not give rise to continuous global symmetries [51].) The low-energy effective description
of this theory, which is the 6D supergravity theory under consideration here, extends this
symmetry to the continuous non-compact global symmetry Spin(5,5). However, much of
this symmetry is non-perturbative, and only the compact subgroup Spin(5) x Spin(5) is
realized as a symmetry of the supergravity tree-level scattering amplitudes. (Recall that
Spin(5) = USp(4).) This symmetry is the relevant R symmetry group. This is called an R
symmetry group because particles with different spins belong to different representations of
this group even though they form an irreducible supermultiplet. The UV complete theory
and its low-energy supergravity effective description are both maximally supersymmet-
ric. This means that there are 32 local supersymmetries, gauged by the gravitino fields.
It also implies that the supergravity theory has a 6D Minkowski-space solution that has
32 unbroken global supersymmetries. When we discuss scattering amplitudes, this is the
background geometry under consideration. If we further reduce to four dimensions, we get
N = 8 supergravity, which has nonperturbative E7(7) symmetry. Again, only the compact
subgroup, which is SU(8) in this case, is the R symmetry of the tree amplitudes.

The 6D N = (2,2) supergravity multiplet contains 128 bosonic and 128 fermionic
degrees of freedom, which can be elegantly combined into a scalar superparticle by in-
troducing eight Grassmann coordinates in a manner that will be described below. This
multiplet contains six different spins, i.e., little-group representations, which we will now
enumerate. They are characterized by their SU(2) x SU(2) little-group representations and
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their USp(4) x USp(4) R symmetry representations. The graviton transforms as (3,3;1,1)
under these four groups. Similarly, the eight gravitinos belong to (3,2;1,4) + (2,3;4,1).
Also, the ten two-form particles belong to (3,1;1,5) + (1,3;5,1). The 16 vector particles
belong to (2,2;4,4), the spinors belong to (2,1;4,5) + (1,2;5,4), and the scalars belong
(1,1;5,5). As in the case of the SYM theory, the amplitudes will be presented in a form
that makes the helicity properties of the particles straightforward to read off, but only a
subgroup of the R symmetry will be manifest. With some effort, one can prove that the
entire USp(4) x USp(4) R symmetry is actually realized. Even though this is a non-chiral
(left-right symmetric) theory, corresponding left- and right-handed particles have their R
symmetry factors interchanged. So this interchange should be understood to be part of the
definition of the reflection symmetry.

The on-shell superfield description of the supergravity multiplet, analogous to the one
for the SYM multiplet in (3.1), utilizes eight Grassmann coordinates denoted n’** and 774,
It contains 128 bosonic and 128 fermionic modes with the spectrum enumerated above. It
has the schematic form

O(n) = ¢+ .+ iis iy GO+ () () (6.1)

Note that 7 = 1,2 and I = 1,2 label components of an SU(2) x SU(2) subgroup of the R
symmetry group. Only this subgroup of the USp(4) x USp(4) R symmetry is manifest in
this formulation. The on-shell field G@% in the middle of the on-shell superfield is the 6D
graviton. We have only displayed this field and two of the 25 scalar fields.

The supergravity superamplitudes have total symmetry in the n scattered particles.
This is to be contrasted with the cyclic symmetry of the color-stripped SYM amplitudes.
For instance, the four-point superamplitude is given by

N .
N=(22) SUGRA 56 (ip;w) 0" (Z?:l 9 I) 6° <Z?:1 in) , (6.2)
=1

4
512 523 513

which has manifest permutation symmetry. Here the supercharges are defined as q?’l =
f}ani[’a, and qu = S\‘Adﬁf’d. As in the case of the SYM theory, these are half of the

supercharges, and the%other half involve 7 derivatives. Conservation of these additional
supercharges automatically follows from the first set together with the R symmetry.
Thanks to the separation of the A’ = (1,1) SYM formulas into the measure, left- and
right-integrands, the formulas for NV = (2,2) SUGRA amplitudes follow from the standard
KLT argument [52] in the context of CHY formulations [11]. One replaces the Parke-Taylor
factor with a second copy of the remaining half-integrand. The resulting connected formula

for amplitudes of all multiplicities can be written in a compact form:
MN=(22) SUGRA _ /dquD (Pf’An)2 /dgg,z)_ (6.3)

Here the fermionic measure ng’Z) that implements the 6D A = (2,2) supersymmetry is

the double copy of the N' = (1,1) version dﬂg’l), with

XE = xkt Y=t g—d, -3 (6.4)
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Here I = 1,2 and I = 1,2 are the SU(2) x SU(2) R symmetry indices. Explicitly, the
measure is defined as

A = v? <H d'xy d4>2k) AP AY. (6.5)
k=0

for even n = 2m + 2, and
a2 = V2 2gd% (H d*y, d4>2k> AP A® (6.6)
k=0

for odd n = 2m + 1. The fermionic delta functions are also a double copy of the N' = (1, 1)
ones, and they are given by

n A~ N\ Lal .
Ag) — H58 <qif7A B Pa (UZ)X (02)> 7 (67)
=1

Hj;éiaij
RO T8 I _ﬁA,&(Ui)Xf’d(Ui)
Al _ZHI(S (qZ,A Moo . (6.8)

Finally, it is understood that the reduced Pfaffian in the integrand refers to the matrix A,
in (3.10) for the even-point case and the hatted matrix A,, in (4.75) for the odd-point case.

6.2 N = (1,1) super Yang-Mills coupled to D5-branes

Since we now have connected formulas for the scattering amplitudes in the effective field
theories of the D5-brane and N' = (1,1) SYM in 6D, we can consider mixed amplitudes
involving both kinds of particles. It was proposed in [26] that these types of amplitudes
admit a simple CHY formula, which interpolates between the Parke-Taylor factor PT(«)
for the non-Abelian theory and (Pf'A,)? for the Abelian one. Such a construction was
used in [26] to write down amplitudes coupling Non-linear Sigma Model (NLSM) pions
to bi-adjoint scalars, as well as their supersymmetrization in 4D involving Volkov-Akulov
theory (effective theory on a D3-brane) [53, 54] and N' = 4 SYM. Related models were later
written down in the context of string-theory amplitudes [55]. These mixed amplitudes are
also parts of the unifying relations for scattering amplitudes [56, 57]. In all of the above
cases, the connected formula selects preferred couplings between the two theories. They
were identified in [58, 59] in the case of the NLSM coupled to bi-adjoint scalar theory.

Following the same approach allows us to write down a formula coupling the D5-brane
effective theory to 6D SYM:

AD5-brane & SYM ) — /dugD <PT(a) (Pan)2> (Pf’An/dQS’l)) , (6.9)

where « represents the states of SYM, which are color ordered, and the complement, «,
represents states of the Abelian D5-brane theory. We have also used the fact that the D5-
brane theory and 6D SYM have identical supermultiplets and the same supersymmetry.
Here the right-integrand, which is common between the two theories, remains unchanged.
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Of course, whenever the total number of particles n is odd, one should make use of the odd-
multiplicity counterparts of the reduced Pfaffian and the bosonic and fermionic measures.
In the left-integrand we have a Parke-Taylor factor constructed out of only the SYM states
that enter the color ordering a. The Db-brane states belonging to @ do not have color
labels, and hence they appear in the formula through the permutation-invariant Pfaffian.
The matrix Ag is an |[a| X |@| minor of [%} with columns and rows labeled by the D5-
brane states. This implies that the above amplitude in non-vanishing only if the number
of D5-brane particles |a] is even.

Note that whenever |a| = 2, i.e., only two states are SYM particles, the left integrand
reduces to the square of a reduced Pfaffian, and the amplitude is equal to the D5-brane
amplitude, though two particles carry color labels. Hence the first non-trivial amplitude
in this mixed theory arises for n = 5:

AD5-brane & SYM (345 islz (2 A5 S (12845) — sy ALY M (12435) )

(6.10)
Here we used KLT to rewrite (6.9) in terms of the NLSM @ ¢® amplitudes from [26] and 6D
N = (1,1) SYM ones, and presented the final result in terms of the SYM amplitudes. Sym-
metry in labels 1,2 and antisymmetry with respect to 3,4, 5 of the right-hand side follows
from the BCJ relations [60]. Expressions for 5-point SYM amplitudes can be found in [27].
The construction of these mixed amplitudes uniquely defines nontrivial interactions
between the two sectors, as the amplitude given above illustrates. It is a curious fact that
these interactions have not yet been explored from a Lagrangian point of view. There are
indications that the interactions implied by these amplitude constructions may have better

soft behavior than any other possible interactions. This warrants further exploration.

6.3 5D SYM and SUGRA

Let us now consider 5D SYM and SUGRA with maximal supersymmetry. The spin of
a massless particle in 5D is given by a Spin(3) = SU(2) little-group representation. The
appropriate spinor-helicity formalism can be conveniently obtained from the 6D one, with
additional constraints, see for instance [61]. Concretely, a 5D massless momentum can be
expressed

pAB = MIaBet . (6.11)

This is identical to the 6D formula, but now there is only one kind of )\f due to the fact
that the little-group consists of a single SU(2), which can be identified with the diagonal
subgroup of the SU(2) x SU(2) little group in 6D. Of course, one still has to impose a further
condition to restrict the momentum to 5D. The additional constraint that achieves this is

QapAiABett = 0. (6.12)

Here Q4p is the anti-symmetric invariant tensor of Spin(4,1), which is a non-compact
version of USp(4). Here we choose Q13 = Q94 = 1, and the other components of Q4p
vanish for A < B. Note that the antisymmetry of €245 implies that 2 AB)\jj)\{f = Cé€yp.
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Therefore (6.12) actually implies that QapA2AZ = 0 for all a,b = 1,2. This fact will be
useful later.

Having set up the kinematics, we are now ready to present the formulas for the scat-
tering amplitudes of 5D theories. Let us begin with 5D maximal SYM theory. This theory
has Spin(5) = USp(4) R symmetry. The spectrum of an on-shell supermultiplet consists of
a vector that transforms as (3,1), spinors (2,4), and scalars (1,5). The bold-face integers
label little-group and R symmetry representations. The on-shell superfield of the theory
can be expressed,

(n) = ¢ + it + erning A + enlnd oy + ()L + (nh)é. (6.13)

The index I = 1,2 labels a doublet of an SU(2) subgroup of the R symmetry group,
whereas the entire little-group properties are manifest. This superfield is the dimensional
reduction of the 6D on-shell superfield (3.1) obtained by removing all hats from 6D little-
group indices. This works because the 5D SU(2) little group corresponds to the diagonal
subgroup of the 6D SU(2) x SU(2) little group. One consequence of this is that the 6D
gluon reduces to the 5D gluon with three degrees of freedom and a scalar. Similarly, 5D
amplitudes can be obtained directly from the 6D ones by making the substitution

5\% — QAB)\GB. (6.14)

A 6D Lorentz contraction, such as VAVA, now is realized by the use of 4p, namely
VAVA — QupVAVE. For instance, the four-gluon amplitude is given by

4
) (o201 3e1 4,0 (s 20, 3cpba) | 64

Ad(Aayy Aashy Aaghss Aagps) = 0° | Y pitP
— 512 523
where the symmetrization is over the little-group indices of each gluon.
This procedure gives the following color-ordered tree-level superamplitudes for 5D
maximal SYM:

APDSYM () = / dpP PT(a) (Pf/An / dQ§>> . (6.16)
Here the 5D measure is defined as
" do T & pr 1
5P :/ Hz—l v 11k=0 AP 6.17
/ Hneven = [ 361 (SL(2,C), x SL(2,C),) V2 2 (6.17)

for even n, and

[T, doi TT7y d3px ) diw (€dE)
[anba= | USLQVRD SAP. (61y)
vol (SL(2,C),,SL(2,C),,T) V.2

for odd n. The 5D delta-function constraints ASBD will be defined later. We see that the
integration variables and symmetry groups are identical to those of 6D, and the same for
the maps,

pa(2) =Y 0l xal2) =D Xak 2 (6.19)
k=0 k=0
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and similarly for conjugate ones. Here m = § — 1 or m = "T_l depending on whether n is

even or odd, and the highest coefficients factorize if n is odd, namely pj;‘m = wl€,, Xam =
g&, for n =2m + 1.

Let us now examine the 5D delta-function constraints A5BD. We propose that the 5D
conditions for the rational maps are given by

D _ n 6 ,AB_</)A(— Qaplp 0']) (Uj)>
_il_[lé <pl 106 >H5< ) : (6.20)

szé] aji

where the first part is identical to the 6D version, and the second part imposes additional
constraints to incorporate the 5D kinematic constraints (6.12). The constraints should only
be imposed for (n—1) particles, because the remaining one is then automatically satisfied
due to momentum conservation. As in the case of 6D, momentum conservation and on-shell
conditions are built into (6.20), so to compute the usual scattering amplitudes we should
pull out the corresponding delta functions,

A =6 (pr‘3> <H 5(19?)5(%319243)) AR (6.21)
=1 =1

Note that besides the usual on-shell conditions p? = 0, there are additional conditions
QB piAB = 0 that one has to extract. 5D momentum conservation is now implemented
by restricting, for instance, the Lorentz indices in the 6°-function to be {4, B} # {2,4}.
Then the remaining constraints A%D are given by

ABD H5 (QAB< ( > H54 ( A(Uz‘)PB(Uz‘)>>

Hl;é Ujl Hj;ﬁi Oij

A o B o n 14
5 (W _ o) 0P z>>> e (pgl i ) (6.22)

Hj;én Ony i=1 Pn—1 Dy

where the §*-function has {4, B} = {1,2},{1,3},{1,4},{2,3}, and the §-function has
{A,B} = {1,2},{1,3},{1,4}. Of course, the final result is independent of the choices
we make here. Altogether the number of independent of delta functions is 5n — 6, which
matches with the number of integration variables (after modding out the symmetry factors).
It is also straightforward to check that the formula has the correct power counting for the
scattering amplitudes of 5D SYM. Finally, we remark that just like the rational maps in 6D,
the 5D rational constraints also incorporate all (n — 3)! solutions because of the non-trivial
summation over the little-group indices.

The reduction of supersymmetry to lower dimensions is straightforward, and therefore
the 5D fermionic measure, ng), is almost identical to the 6D version, except that the
fermionic maps x%(o;) and Y%(o;) now combine into x%(o;) (with I = 1,2), just as the ’s
and 7’s combined to give n!, as we discussed previously. The corresponding 5D fermionic
delta functions are therefore given by

A® — T (qz‘” B <PA(U)XI(U)>> , (6.23)
i=1

Hj;éi Tij
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whereas the fermionic on-shell conditions that have to be taken out for computing scattering
amplitudes become,

[10* (Qusrdia?") . (6.24)
=1

As usual, these constraints allow one to introduce the Grassmann coordinates n{a by writing
the supercharges in the form A7n. Furthermore, the meaning of the factor denoted Pf’'A,
in (6.16) takes a different form depending on whether the number of particles is even or
odd. Recall that if n is even, Pf’A,, is defined in (3.11), whereas for odd n, it is given
in (4.75). For both cases, the reduction to 5D is straightforward using (6.14) and the
discussion following it. We have carried out various checks of this formula by comparing it
with explicit component amplitudes from Feynman diagrams; these analytically agree for
n = 3,4, and numerically agree up to n = 8.

Next we present the formula for the tree-level amplitudes of 5D maximal supergravity,
which can be obtained either by a double copy of the 5D SYM formula or by a direct
reduction of the 6D SUGRA formula. Either procedure gives the result

MPSUGRA / 3P (Pt A,)? / di?, (6.25)

with the fermionic measures and delta-functions all doubled up,

(16) _ T 516 Al (p*(03) X" (04))
AL —i];[lé <qz Mo ) : (6.26)

where now I = 1,2,3,4. This makes an SU(4) subgroup of the USp(8) R symmetry
manifest. Again, the details of the formula depend on whether n is even or odd.

Finally, it is worth mentioning that there are analogous formulas for the superampli-
tudes of the world-volume theory of a D4-brane, which are nonzero only when n is even.
These can be obtained either as the dimensional reduction of a D5-brane world-volume the-
ory or of an M5-brane world-volume theory. Using the 5D measures, the probe D4-brane
amplitudes can be expressed as

-brane 8
ADA-brane _ / AP (P A,)> (Pf’An / in)), (6.27)

where the number of particles, n, is always taken to be even.

6.4 N =4 SYM on the Coulomb branch

A further application of our 6D formulas involves the embedding of 4D massive kinematics
into the 6D massless kinematics. In this approach, we view some components of the 6D
spinors as 4D masses [7, 8]. In the case of 6D N = (1,1) SYM, this procedure allows us to
obtain amplitudes for 4D N =4 SYM on the Coulomb branch.
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6.4.1 4D massive amplitudes from 6D massless ones

Four-dimensional N' = 4 SYM on the Coulomb branch can be achieved by giving vevs to
scalar fields of the theory. For instance, in the simplest case,

((6')]5) = ((6")]) = v ], (6.28)

other scalars have zero vev. Here “12” and “34” are SU(4) R symmetry indices, whereas
I,J are color indices for the gauge group U(M). So the vev spontaneously breaks the
gauge group from U(M+N) to U(N) x U(M), and the off-diagonal gauge bosons, which
are bifundamentals of U(N) x U(M), denoted W and W, gain mass. In the simple ex-
ample, given above, all of the masses are equal, with m = gyy v. One can consider more
general situations with different masses, as our formulas will describe. There have been
many interesting studies of ' = 4 SYM on the Coulomb branch in the context of scattering
amplitudes. For instance, the masses introduced by moving onto the Coulomb branch can
be used as IR regulators [62-64]; one can also study the low-energy effective action by in-
tegrating out the masses, which has led to interesting supersymmetric non-renormalization
theorems [65, 66]. The subject we are interested in here is to study the tree-level massive
amplitudes of N' =4 SYM on the Coulomb branch [67].

One can obtain 4D massive amplitudes from 6D massless ones via dimensional reduc-
tion. As discussed in [8], 4D massive kinematics can be parametrized by choosing the 6D
spinor-helicity coordinates to take the special form

_ by _ Hlua e
M = [ e Aa g = | 6.29
a ( o g~a> ’ A (—)\d g’%) ’ (6.29)
where N N
M M , M ., M (6.30)
K=, kh=——=, K=-—F, Kk =-—7, .
(A [Au] (A [Au]

and MM = m? is the mass squared. As usual, the indices « and ¢ label spinor represen-
tations of the 4D Lorentz group SL(2,C). With this setup, a 4D massive momentum is
given by

Pad = Aara + P fafi ; (6.31)

with p = ki = Kk'&K’. We have decomposed a massive momentum into two light-like mo-
menta, where pqfis can be considered a reference momentum.
N =4 SYM on the Coulomb branch can be viewed as a dimensional reduction of 6D
N = (1,1) SYM with massless particles. For instance, the four-point amplitude involving
two massive conjugate W bosons and two massless gluons, A(Wl+ Wy, g3 .9, ) can be
obtained from the 6D pure gluon amplitude,
AED YM(AT:F,AQ_:,A:;_:,AZ:) _ <1+2 374 >[1+2 374 ] ' (632)
512 523

Plugging in the massive spinors (6.29), and using the identity,

(L42-3.4.) = —RofLp)(34),  [152-3-4-] = —R[Lu](34), (6.33)
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as well as the definition of x in (6.30), the result can be expressed as,

m?[1p]?(34)?

DWW+ W o= o= —

(6.34)

which agrees with the result in [67].

Alternatively, one can choose a different way of parameterizing 4D massive kinematics,

Aol Aao . AT A2
2 = | el T Aag= <1 2 6.35
a ()\Cl“ Ag) : A ()\M Xaz) (6.35)

where we split the Lorentz indices A = {«, &}, and 1 and 2 are little-group indices of
massive particles in 4D. The momentum and mass are given by

Pa,a = )\a,axd,beaby )‘a,a)\ﬂ,beab = Meaﬁ ) )\d,a)\g,beab = Me,;

e (6.36)

with M? = m?. The advantage of this setup is that it makes the massive 4D little group
Spin(3) = SU(2) manifest. In fact, it actually leads to the massive spinor-helicity formalism
of the recent work [37], which one can refer to for further details. In this formalism, for

instance,
—cC - 1a20][1b2d])<34>2
Ayt et o= ooy 4 sym, 6.37
1 (Wi 293 :91) 512 (523 — m2) y ( )

and

144)[263] — (264)[1a3]) ((154)[243] — (244)[153])
512 (523 - m2)

ASD(WICLIJvW;du g‘;a 94_) = (< + sym, (638)
where a,b and ¢, d are SU(2) little-group indices of the massive particles W = W and
ng = W;lc, respectively. The notation “4sym” means that one should symmetrize on
the little-group indices of each massive W boson. Here we have also defined

[1a28) = Maats 5670 (1a26) = Maar2,s6e™” (6.39)

for massive spinors. Note if a # b, they vanish in the massless limit which sets Ag + =
Ad,— = 0. While if @ = b, they reduce to the usual spinor brackets for 4D massless particles.
Clearly, this formalism is very convenient for massive amplitudes, as was emphasized in [37].

6.4.2 Massive SUSY

Amplitudes for 4D N = 4 SYM on the Coulomb branch can be constructed using the
massive spinor-helicity formalism. Recall that the 16 supercharges of a particle in 6D (1, 1)
SYM can be expressed in the form

0

A A, a —A A

=\ =A 6.40
q a ’ q a ana ? ( )
ia = Aaail® = (6.41)
qdA Aall qa Aa 877&' .
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The reduction to the supercharges of a 4D massive particle can be obtained using (6.35),

g = )ﬁnfr - )\ﬁﬁni , 74 = S\i + A (6.42)

0 0 _ -

('jgé — )\a 8 I + )\a+ 87’][ qd = )\d+77£ - 5‘(5\(*77—{ ) (643)
+

where we have identified {n,7} as ! with I = 1,2. Their anti-commutation relations are
{qla7 ~JB} _ MGIJEaB’ {—Id tJB} _ MGIJeaB’ (6.44)
{qla7 an} IJ aa {~Ia (jJﬂ} IJ aa (6.45)

The central charge Z satisfies Z2 = M? = m?, which reflects the fact that the W’s of
N = 4 SYM on the Coulomb branch are BPS. To reduce to the massless case, one sets
AG = )\a_ = 0 and identifies AY = A* and )\a_ = )\ That is, of course, the familiar
(super) spinor-helicity formalism for N’ =4 SYM at the origin of moduli space. With the
introduction of supersymmetry, a massive supermultiplet of N' =4 SYM on the Coulomb
branch can be neatly written as

®(n) = ¢+ it + can™™n”Cdrs + ermlng A + ()20l % + (n)*, (6.46)

which contains one vector, four fermions, and five scalars. One scalar has been eaten by
the vector, compared to the massless case with six scalars.

We can also express the massive amplitudes supersymmetrically. For instance, the
superamplitude for the four-point amplitude with a pair of conjugate W-bosons, considered
previously, can be written as

0% o
s12(s23 — m?)
with the fermionic delta-functions given by

0 = SH AT + ASama® + Ag 773 ST, (6.48)
S}l? = 54(/\%77{61 + 5\%&72 + /\3 773 >‘a v +) (6.49)

These delta functions make the conservation of eight supercharges manifest.

6.4.3 Massive amplitudes on the Coulomb branch of N' =4 SYM

Having set up the 4D massive kinematics and supersymmetry, we are ready to write down a
general Witten-RSV formula for 4D scattering amplitudes of AV =4 SYM on the Coulomb
branch by a simple dimensional reduction of 6D massless N’ = (1,1) SYM. The formula is

AN=ASYMCB () /dugB PT(a) <Pf/An/dQ;§)vCB> , (6.50)

The measure d,ugB is obtained directly from the 6D massless one with the following re-
placement of the bosonic delta functions:

Yo e (0%(00) pY(0)) Mot o)\ < [~ (M (e0) (o)
Ap — ,Hlé (pz- TTon ) 5 (MZ Mooy ) 6 (Ml Lo ) ,
(6.51)
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and using massive kinematics of (6.35), we set M; = M, for i = 1,2,...,n—1, where M? =

m? is the mass squared of the ith particle (M,, = M, is a consequence of 6D momentum

(2
conservation). The mass m?, is m%v or 0, as appropriate, for the simple symmetry breaking

pattern described previously. Similarly, for the fermionic part

PN Oy (PTG I A PO (P CAPICA A R
i=1 H#i Tij i1 ijéi Tij

where the supercharges q?’l and cj? I are defined in the previous section.
The polynomial maps are defined as usual,

m m m
Pz =D e () =) e xa(x) =D Xia? (6.53)
k=0 k=0 k=0

They can be understood as a reduction from the 6D maps,

() - (pa,1<z> pa,z<z>> ()= (pi“(Z) p%(z)) | (6.54)

pr(z) p5(2) Pe1(2) paa(2)

Again, we have to treat amplitudes with n even and n odd differently. So n = 2m + 2 or
n = 2m+ 1 if n is even or odd, and the highest coefficients in the maps take the factorized
form if n is odd.

The factor Pf’ A, in the integrand is defined differently depending on whether n is even
or odd, but they are straightforward reductions from 6D ones. For instance, we find that
the odd-point Pfaffian can be constructed with the additional vector

i _ 207 (o) (0" (). 7)
: (&0

This is obtained from (4.76) by splitting the 6D spinor index A into 4D ones «, ¢ according

me =0. (6.55)

to (6.54), and choosing the reference spinors as ¢ = (r4;0), G4 = (r*;0). The same ma-
nipulations are required for the description of the n scattered particles, according to (6.35).

If the amplitudes involve massless external particles, we set m; = 0 for them. The
massive particle masses should satisfy the conservation constraint ), m; = 0, which is
imposed by the rational maps automatically. Note that it is necessary to keep track of
the signs of masses, even though the inertial mass is always |m|. This would be the
only condition for a general 4D theory obtained by dimensional reduction. Specifying the
particular Coulomb branch of A/ = 4 SYM requires that we impose further conditions.
In the simplest cases, where all of the massive particles have the same mass, we have

m? = m%,V for all 4, but all the W bosons have mass my, whereas all the W’s have mass

7
—myy. More generally, different masses can be assigned to different massive particles, but if
we assign m as the mass of a W boson, then we should then assign —m to the corresponding
conjugate W boson. Therefore >, mi = 0 is satisfied in pairs. Finally, due to the color
structure, a W boson and its conjugate W boson should appear in adjacent pairs with

gluons sandwiched in between. For instance, there are nontrivial amplitudes of the type
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AnWi, 92,03 Gi—1, Wi, Git1, - - -, gn), with gluons g and g belonging to the gauge groups
U(N) and U(M), respectively.

We checked that the formula produces correct four-point amplitudes in previous sec-
tion. It also gives correct five- and six-point ones such as

(4abc) (4654) [1]p5 (p1 + p2)|3]
(12> <23> (851 — mQ)(334 — m2)
(546¢) (5664) [L|ps (P1 + p2) (P3 + pa)ps|4]
(12) <23> <34>(861 — m2)(3612 - m2)(845 — m2)

—cd
As(g7 95,95, Wi\ W5') = + sym, (6.56)

—cd
As(gi 95,95 95 , WL W) =

+sym,

or SU(4) R symmetry-violating amplitudes that vanish in the massless limit, such as

— 44,5¢) [4b5d]

As (34, 34 g4 b, dy _ m + sym, 6.57
5(017, 95, @5 W) (551 — m2)(s31 — m2) Y (6.57)
. 2(546.)[564]

Ag(o™, g4 ¢34 3 e cdy m=(546c)[5:64 +sym. (6.58
6(P7, 95, @5, 0y, W57, W) (51 — m2) (5612 — M%) (525 — 22 ym. (6.58)

When restricted to W bosons with helicity 41, they are all in agreement with the results
in [67], but now in a form with manifest SU(2) little-group symmetry for the massive
particles. One can also consider cases in which the massive particles are not adjacent, for
instance

<1a3c><1b3d>[24]2
(512 — m?)(s23 — m?)
((1a2)[3c4] — (3:2)[1a4]) ((152)[344] — (342)[14])
(312 - m2) (823 - m2)

—cd .
AW, gf W5, g8) = +sym, (6.59)

a — Tred -
A4(W1b792 7W3 »94 ) -

+sym. (6.60)

6.5 Reduction to four dimensions: special sectors

One can further reduce our 6D formulas down to 4D massless kinematics. It is interesting
that 4D kinematics induces a separation into sectors, as reviewed in section 2.2, whereas
there is no natural separation into sectors in higher dimensions. In fact, one of the moti-
vations for developing formulas in 6D is to unify all of the 4D sectors. Here we will explain
how to naturally obtain the integrand of 4D theories from 6D via dimensional reduction in
the middle (d = d) and “next to middle” (d = d=+ 1) sectors for even and odd multiplicity,
respectively. However, the emergence of the other sectors is more difficult to see via di-
mensional reduction, even though all sectors are present. We will comment on this at the
end of this subsection.

For the first case, it was already argued in [21] that the 6D measure for rational maps
reduces to the corresponding 4D measure provided the maps behave regularly under the
dimensional reduction, i.e., they reduce to the ones appearing in the Witten-RSV formula.
After reviewing the reduction for n even, we will generalize the argument to odd n for the
near-to-middle sectors, i.e., d = d+14

*One can input kinematics {p!} in D = 4 + ¢ dimensions and study the behaviour of the 6D maps as
e — 0. We find that when the solution corresponds to the aforementioned sectors the maps are regular. This
implies that the measure is finite and reproduces the CHY measure of section 2, valid for both 6D and 4D.
For other sectors the maps become divergent and additional care is needed to define the limit of the measure.
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Let us first consider the even-point case, n = 2m + 2. For the solutions corresponding
to the middle sector d = d = m, the maps behave as follows [21]:

p(z) — (ﬁd?z) 'O“éz)> , paalz) — (5;2@ paéz)) : (6.61)

where deg p,(z) = degpa(z) = d. Here we have used the 4D embedding described in [6],
with the analogous behaviour for the kinematic data A and Aaa. This corresponds to
setting p/*® = 0 for {4, B} = {1,2},{3,4}. Note further that the action of the subgroup
GL(1,C) C SL(2,C) x SL(2,C) is manifest and given by pA — ¢p2, pft — 2pi, ete.
Consider now the fermionic piece of the SYM integrand in (3.9):

V/Hd2Xkd2x H54 (qz pa(oi)x" (o )>54( ﬁA"A’(J”)Xé('Ui)). (6.62)

HJ#@ Tij Hj;éi Oij

Under the embedding (6.61) this becomes

/H ka; dx, dXk—dXk+ X H52 ( ! %(MX()) §2 <~al fw)

=1 Hj;ﬁi Tij Hj;éi Oij

2 [ =2 _Pd(Uz‘)X—(Uz‘) 2 QQ_PQ(Uz‘)f(Jr(Ui)
“ <qm [l i )6 (qz [T i ) o

where we have labeled ¢4 = (¢l;¢*') and g4 = (@3;¢°%). We can now identify the 4D
fermionic degrees of freedom as

V=%, X =0t xo), (6.64)
with T = 1,2 and I= 1,2 transforming under the manifest SU(2) x SU(2) c SU(4) R
symmetry group in 4D. Hence, the fermionic piece is

/dQF = V"/ﬁﬂpxid%%i X ﬁ54 <qqu_ W) ! <~a1 po‘(Uz)xl(Oz)> .
k=0 =1

Hj;éi Tij Hj;éi Tij
(6.65)

The remaining part of the even-multiplicity integrand is trivially reduced to four di-

PiPJ is not sensitive to any specific dimension. Alter-
]

natively, it can be seen that under the embedding (6.61) and the support of the bosonic
delta functions [21]

mensions, since the matrix [A4,];; =

VP A, — R%(p) R4(p). (6.66)

Let us now derive the analogous statement for n = 2m+1. We assume d = d — 1 (with the
case d = d + 1 being completely analogous). The embedding (6.61) can then be obtained
by fixing the components & = £ = (1,0) and ¢ = ¢ = (0,1) for the odd-point maps (recall
that we defined {{, ¢} as an SL(2, C), basis). For the fermionic part we again introduce two
polynomials x!(¢) and )Zf (o) of degrees d and d. The top components of the polynomial
x! can be identified as

(xg»x2) = (x4 x=) = (9,9) (6.67)
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according to (4.40) and (4.41). The bosonic part of the integrand becomes

n—1 ; ~ a
~ 1 —1)" [q|P(07)|pal0n)]C%? ;
Onl i—5 Oni [q]pa(on))§”
n—1 ; .
1 —1)* ;
_ Z ( ) [qz] <~Zp(0-n)>PfA[17’7”]. (6.69)
Onl i—2 Oni [qp(an)]
We have checked numerically up to n = 7 that this expression coincides with

Vn_le(p)R‘i(ﬁ) for d = d — 1 on the support of the 4D equations (2.11). Hence for
this sector (d = d for even n or d = d £ 1 for odd n) the integrand can be recast into the
non-chiral form of the Witten-RSV formula, and the amplitude is given by [44]:

~ d J ~
AN = / toy R () RY(p) / [T [ %
k=0 k=0

X - 4 af_w 4 ~@1_w
Z-Hl& (fh I1,2: 04 )5 (qz Mo ) (6.70)

Let us finally comment on other sectors. First of all, given the fact that the 6D rational
maps contain all (n—3)! solutions, it is clear that all the sectors are there. One can see it by
considering completely integrating out all the moduli p’s, then reducing the 6D formulas to
4D will not be different from the dimensional reduction of the original CHY formulations.
However, from the procedure outlined above, it is subtle to see how other sectors emerge
directly by dimensional reduction. As we will discuss in section 7, this subtlety is closely

related to the fact that both Pf’A4,, (for even n) and Pf’A,, (for odd n) vanish for the kine-
matics of the non-middle sectors (for even n) and the non next-to-middle sectors (for odd n).

7 Conclusion and discussion

In this work we presented new connected formulas for tree-level scattering amplitudes
of 6D N = (1,1) SYM theory as well as for N' = (2,2) SUGRA via the KLT double-
copy procedure. Due to the peculiar properties of 6D spinor-helicity variables, scattering
amplitudes of even and odd number of particles must be treated differently. In the case
of even multiplicity, our formulas are direct extensions of the results for the world-volume
theory of a probe D5-brane [21]. By considering a soft limit of the even-point formulas we
obtained the rational maps and the integrands for odd multiplicity, with many interesting
features and novelties. In particular, a new redundancy, which we call T-shift symmetry,
emerges for the odd-point worldsheet formulas. Interestingly, the T shift intertwines with
the original Mébius SL(2,C), and SL(2,C), redundancies. Another new feature is the
generalized Pfaffian Pf’ ﬁn in the integrand. Besides the original n punctures, it contains
an additional reference puncture, which can be set to an arbitrary value. Associated to
the new puncture there is a special “momentum” vector. The special vector is used to
increase the size of the original matrix A, to (n+1) x (n+1) such that it has a non-
vanishing reduced Pfaffian for odd n. Moreover, since the special null vector p, has zero
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mass dimension, Pf'A\n has the correct mass dimension for Yang-Mills amplitudes. It would
be of great interest to better understand the physical origin of the additional puncture and
the additional special vector. One clear future direction is to obtain an ambitwistor model
that realizes all of these new features of the odd-multiplicity connected formulas.

We also presented the 6D formulas in alternative forms, with constraints linearly in
terms of the 6D external helicity spinors. They are a direct analog of the Witten-RSV
formulations for 4D A/ = 4 SYM. By integrating out the moduli of maps, the linear maps
can be further recast into a form with a symplectic Grassmannian structure. The symplectic
Grassmannian is realized in terms of 6D version of the Veronese maps.

Having obtained formulas for 6D theories, we also considered their dimensional re-
duction to 5D and 4D leading to various new connected formulas. By reducing to 5D
for massless kinematics and utilizing the 5D spinor-helicity formalism, we obtained new
formulas for 5D SYM and SUGRA theories. Reduction to 4D reproduced the original
Witten-RSV formula for A/ = 4 SYM in 4D for the middle helicity sector for even n and
the next-to-middle sector for odd n. The appearance of other disconnected sectors for 4D
kinematics is rather subtle, and we leave it for future investigations. On the other hand,
it is very nice that reduction to 4D massive kinematics turns out to be more straightfor-
ward without such subtleties. By doing so, we deduced a connected formula for massive
amplitudes of 4D A/ =4 SYM on the Coulomb branch.

Another natural future application of our 6D formulas would be to use the procedure
of forward limits in [17, 68] to obtain the one-loop integrand of 4D A" = 4 SYM. Since now
we have manifestly supersymmetric formulas for amplitudes in 5D and 6D, we are in a good
position to apply the forward limit procedure of [17] supersymmetrically. This procedure
might lead to an analog of the Witten-RSV formulas at loop level, which might be genuinely
different from previous formulations [15-19]. We leave this as a future research direction.

Even though 6D A = (1,1) SYM is not a conformal theory, its planar scattering
amplitudes enjoy a dual conformal symmetry [29] just like N' = 4 SYM in 4D [69, 70]. Such
hidden symmetries are often obscured in traditional ways of representing the amplitudes
(such as Feynman diagrams), and become more transparent in modern formulations, such
as the Grassmannian [46, 50], as shown in [71]. It would be of interest to investigate whether
our 6D N = (1,1) SYM formulas, especially the version in terms of the Veronese maps or
its ultimate symplectic Grassmannian form, can make dual conformal symmetry manifest.

Having succeeded in using the spinor-helicity formalism to study supersymmetric the-
ories in 6D, it is tempting to try to carry out analogous constructions in even higher
dimensions where supersymmetric theories still exist, such as ten or eleven. The main
challenge is that in D > 6 one has to impose non-linear constraints on the spinors. Not
long after the 6D spinor-helicity formalism was developed, a proposal for a 10D version
was introduced [72], also see recent work [73, 74] for 10D and 11D theories. It would be
interesting to pursue this line of research further.

Finally, there are two issues that are very natural open questions and deserve a detailed
discussion. The first has to do with a mysterious but natural object that has 6D N = (2,0)
symmetry and a non-abelian structure similar to that of Yang-Mills. The second is related
to the mathematical characterization of the moduli space of maps from CP! to the null-cone
in six dimensions.
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Non-abelian N = (2,0) formula. As discussed in section 3.1, the 6D A/ = (1, 1) non-
abelian SYM amplitudes for even n can be obtained from those of the D5-brane theory by
replacing (Pf’A,,)? with the Parke-Taylor factor PT(«). It is natural to ask what happens if
we apply the same replacement to the M5-brane formula [21], at least for an even number n
of particles. This procedure leads to a formula with a non-abelian structure and N' = (2,0)
supersymmetry,

AN=20) () = [Tiy doi TTio @*pr d*xx H56< A(oi)pB(am)

vol (SL(2,C), x SL(2,C), Lz 04
Ao x(0;)) | PFA
L5 (QZAI_ o w) A pr(a). (11)
j#i 7 n

One would be tempted to speculate that these new formulas compute some observable in
the mysterious N' = (2,0) theory that arises in the world-volume of multiple coincident M5-
branes. Of course, this would be too naive based on what it is currently known about the
N = (2,0) theory; simple dimensional arguments suggest that the N' = (2,0) theory does
not have a perturbative parameter and hence a perturbative S matrix. Moreover, explicit
no-go results have been obtained preventing the existence of three-particle amplitudes with
all the necessary symmetries [28, 31].

Here we take the viewpoint that since (7.1) is well defined as an integral, i.e., it has all
correct redundancies, SL(2, C), xSL(2, C),, it is worth exploring in its own right. Moreover,
the new non-abelian N' = (2,0) formulas can be combined with non-abelian A" = (0, 2)
formulas using the KLT procedure in order to compute N' = (2,2) supergravity ampli-
tudes. Given that the non-abelian N' = (2,0) formulas are purely chiral, they have some
computational advantages over their N' = (1, 1) Yang-Mills cousins, which are traditionally
used in KLT.

A natural step in the study of any connected formula based on rational maps is to
consider its behavior under factorization. Any physical amplitude must satisfy locality
and unitarity: a tree-level amplitude should only have simple poles when non-overlapping
Mandelstam variables approach to zero, and the corresponding residues should be products
of lower-point ones.

Let us investigate these physical properties of the non-abelian N' = (2,0) formula.
Already for n = 4 we find a peculiar behavior under factorization. As we discussed in
section 3.1, the net effect of changing from (Pf'A4)? to the Parke-Taylor factor PT(1234)
is to introduce an additional factor of 1/(s12 s23). Therefore, for n = 4 the non-abelian
(2,0) formula gives [33]:

4 8 4 AT
AQ/:(2,0)(1234) _ 56 (ZPAB> Mj (72)

S$12 S
— 12 523

which is related to that of 6D A = (1,1) SYM by a simple change to the fermionic delta
functions. Comparing with the four-point amplitude of the theory of a probe Mb5-brane,
the new feature is that AQ/:(Q’O)(1234) has simple poles at sjo — 0 and so3 — 0, and the
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question is what the corresponding residues are. In order to explore the singularity in the
s1o-channel, let us define the following two objects at s19 = 0:

To3 = w§(24]35)05 , Fo3 = W3[24|3p)ul. (7.3)

It is easy to check that so3 = x93T23. One can then show that the residue is given by

2
lim s A) =0 (1234) = § (Z AB) % / d'nh F*0 (1,2, PYF*Y (- P,3,4), (7.4)
23

S12—0 i—1
where F:,EZ’O) is obtained from Agv:(l’l)SYM by the replacement of fermionic delta func-
tions (4.106) to make it N' = (2,0) supersymmetric. Note that the left-hand side still

diverges as ss3 — 0. These three-point objects, F3(2’0)

, are ambiguous since they are not
invariant under a-scaling of (4.103) as we discussed in section 4.3.2, which is a redundancy
of the three-particle special kinematics [28, 31]. However, equation (7.4) is well-defined,
because the prefactor on the right-hand side precisely cancels out the ambiguity. Moreover,
the scaling acts by sending xo3 — a3, a3 — @~ 'Ta3, S0 it is clear that there is a choice
of a = a(ws, @i3) that sets 235 = so3. For this choice the four-particle residue can in fact be
written as a product of the three-point objects F:JEQ’O) summed over internal states. Note,
however, that the two F(2’0) factors cannot be regarded as independent amplitudes, i.e.,
they are non-local, since they are defined only in the frame 23 = 1, which in turn depends
on all four particles involved. A similar decomposition can be achieved by implementing
an unfixed a-scale, but using the shift redundancy (4.104), w; — w; + b;u;, to set

w8 (24|35 + wi(14]3;]w5 = 0. (7.5)

2

In this frame we find i;g’ = [@pii_p]{wpw_p), and we can write’

lim s0 AY =% (1234) —56<§ i )/ nh F$2(1,2, P)F300(—P,3,4),  (7.6)
812~>0
with

F§9(1,2, P) == F*O (1,2, Pywpa, (7.7)

which now resembles the three-particle amplitude of higher spin states with N' = (2,0)
supersymmetry, as described in [31]. Non-locality is now present because the objects are
not b-shift invariant. In fact, the defining frame given by (7.5) again depends on the
kinematics of all the particles involved. We hence recognize two different “frames” in
which the residue of Ai\/:(2’0)(1234) is given by a sum over exchanges between three-point
N = (2,0) objects.

Since the residue is not given by local quantities we expect that the non-abelian N =
(2,0) formulas give rise to a generalization of physical scattering amplitudes whose meaning
might be interesting to explore. Note that the same computation for the 6D N = (1,1)

SWe thank Yu-tin Huang for this observation.
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SYM theory yields no prefactor, and therefore the residue of a four-point amplitude is
precisely a product of two three-point amplitudes summed over the exchange of all allowed
on-shell states in the theory, as required by unitarity.

We have further checked that the naive non-abelian (2,0) integral formula for odd
multiplicity does not have the required (SL(2,C),,SL(2,C),,T) redundancies anymore,
i.e., it depends on the “fixing” of ¢’s and p’s. In the case of three particles this is a
reflection of the a-scaling ambiguity and is again in agreement with the analysis of [28, 31].

Along the same line of thought, one may further construct 6D N = (4,0) “super-
gravity” formulas by the double copy of two non-abelian ' = (2,0) formulas discussed
previously and N = (3,1) “supergravity” formulas by the double copy of the non-abelian
N = (2,0) formulas with ' = (1,1) SYM. The possible existence of a 6D N = (4,0) the-
ory and its relation to supergravity theories have been discussed in [75]; also see the recent
works [76, 77] on constructing the actions of 6D free theories with N/ = (4,0) or N' = (3,1)
supersymmetry.% These constructions clearly will lead to well-defined integral formulas as
far as the SL(2,C), x SL(2,C), redundancies are concerned. For instance, the four-point
formulas should be given by (6.2), but with a change of the fermionic delta functions in the
numerator such that they implement AV = (4,0) or N = (3, 1) supersymmetry. However, as
we can see already at four points, the formulas contain kinematics poles, and the residues do
not have clear physical interpretations, just like the N' = (2, 0) non-abelian formulas above.

It is worth mentioning that, even though all these formulas are pathological in 6D,
upon dimensional reduction to lower dimensions the non-abelian N' = (2,0) formulas or
the N' = (4,0) and N' = (3,1) “supergravity” formulas actually behave as well as 6D
N = (1,1) SYM or 6D N = (2,2) supergravity. In fact, they give the same results. This
phenomenon has already been observed for branes, where the N' = (2,0) M5-brane formulas
and the N' = (1, 1) D5-brane formulas both reduce to the same D4-brane amplitudes in 5D.

Degenerate kinematics in 6D. The last topic we address has to do with a very im-
portant assumption made in the construction of our formulas. Up to this point we have
been using maps of degree n — 2 from CP! into the null cone defined by

PP (2) = (p1(2) pP(2)) = 1 (2)p™ 7 (2) = p™ ()07 (2), (7.8)

with p4*(2) and p~(z) both polynomials of degree (n — 2)/2 for even n and (n —1)/2
for odd n. The assumption made so far is that these maps are sufficient to cover the
entire relevant moduli space for the computation of Yang-Mills amplitudes. In particular,
a natural question is what happens when d, = deg p**(2) and d_ = deg p*~(z) are
allowed to be distinct and whether such maps are needed to cover regions of the moduli
space when the external kinematics takes special values.

Let us start the discussion with n even. Considering maps of general degrees d; and
d_, subject to the constraint dy + d_ = n — 2, we may require A := dy — d_ > 0 without
loss of generality. While for generic kinematics A = 0 maps exist for all (n — 3)! solutions

®The double copy of the (2, 0) spectrum to produce the (4,0) one was discussed in [78], and more recently
in [79].
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of the scattering equations, we find that there are codimension one or higher subspaces for
which some solutions escape the “coordinate patch” covered by A = 0 maps.

There are three matrices that control all connected formulas presented in this work.
They are K,,, A, and ®,,. The first and the last one only appeared implicitly. For reader’s
convenience we list below the definition of all three even though A, has been previously
defined:

(K= PP D a =3 7 @n)ij =9 "N
0 i=7, 0 i=7, — D ki o 1=

The physical meaning of the first one is clear: it is the matrix of kinematic invariants. The
second is the familiar A,, matrix whose reduced Pfaffian enters in all the formulas we have
presented. Finally, ®, is the Jacobian matrix of the scattering equations.

In dimensions D > n — 1 the number of independent Mandelstam invariants is n(n —
3)/2, and therefore the matrix K, hasrank n—1. When D < n—1 the space of Mandelstam
invariants has the lower dimension (D—1)n — D(D++1)/2, and therefore the matrix K, has
a lower rank. This is easy to understand as the momentum vectors in p; - p; start to
satisfy linear dependencies. In general, if the dimension is D, then so is the rank of the K,
matrix. The rank of K, is therefore a measure of the minimal spacetime dimension where
a given set of kinematic invariants p; - p; can be realized as physical momentum vectors.
By contrast, in general the matrices A, and ®,, have ranks n — 2 and n — 3, respectively,
for any spacetime dimension D.

At this point we have numerical evidence up to n = 10 to support the following picture:
there exist subspaces in the space of 6D kinematic invariants where some solutions to the
scattering equations lower the rank of A, while keeping the rank of K, and ®,, the same
as is expected for generic kinematics.

Since A, is antisymmetric, its rank decreases by multiples of two. Moreover, we find
that when the rank has decreased by 2r, i.e., its new rank is n — 2(r + 1), the maps that
cover such solutions of the scattering equations are those for which A = 2r. From the
definition A = dy — d_ it is clear that the maps needed to cover these new regions are of
degree dy =n/2+ (r—1) and d_ =n/2 — (r + 1).

The extreme case r = n/2 — 2, i.e., when d_ = 1, is never reached while keeping the
rank of K, equal to six. In fact, it is only when the rank of K, becomes four that such
maps are needed. Note that decreasing the rank of K,, to four implies that such kinematic
points can be realized by momenta embedded in 4D spacetime. In 4D it is well-known that
the solutions to the scattering equations split into sectors, as discussed in section 2, and
maps of different degrees are needed to cover all solutions.

For odd n the preceding statement needs to be refined. To see why, recall that in
section 4.1.3 we introduced the notion of z-dependent SL(2,C) transformations (4.37). In
particular, for dy = A 4 d_ one has the following redundancy of the maps:

P (z) = pMH () Fu(x)p™ (), (7.9)

where degu(z) = A. This is an intrinsic redundancy of each sector, since the maps (and
hence the matrix A;;) are invariant under such transformation. However, when dy < A+4d_
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this transformation will “shift” between sectors, leading to maps that satisfy d. = A+d_,
but are equivalent to those with lower degree. We see that these points of the moduli space
should be modded out in order to define sector decomposition. The way to recognize them
is to notice that when dy < A + d_ the transformation (7.9) will determine coefficients of
pt(2) in terms of those of p~(z). Hence, for n even, the natural way of modding out such
cases is to consider the moduli space with completely independent coefficients of p™(z) and
p~ (2), which is what we did so far. For n odd, this is not the case since in general the top
coefficients of p*(z) and p~(2) are related, i.e., p:{Jr = {p, . A natural choice is then to set
& = 0, which effectively removes linear dependences within coefficients. Hence we define
the A =1 sector as the one with dy = d_ + 1 and all the coefficients being independent.
The transformations (7.9) are now the standard SL(2,C), shift and the T shift, which we
leave as the redundancies of the sector. We further note that since the degree of the map
pAB(2) = p[f(z)pfﬂ(z) is odd, for even A = d; — d_ there will be trivial linear relations
among coefficients. This motivates us to label the sectors as

A=dy—d_=2r+1. (7.10)

The maps that we have used so far correspond to r» = 0. We find that for » > 0 it is the
odd-point analog of the reduced Pfaffian, Pf/ /Tn, defined in section 4, that vanishes for the
troublesome solutions supported by these maps.

Finally, we comment that, even though integrands of all the theories we consider
in this paper contain PfA,, or Pf’;l\n, the full integrand does not necessarily vanish for
the missing solutions in the degenerate kinematics sector (as we approach it via analytic
continuation). In fact, depending on the projected components of the supermultiplet,
the fermionic integrations may generate singularities for these solutions such that they
contribute finitely. This can happen in all the theories considered so far except in the case
of M5 brane and D-branes, where there are enough powers of PfA, to generate a zero
for the degenerate solutions. These facts can also be seen by considering purely bosonic
amplitudes and directly using CHY formulas. This means that at degenerate kinematic
points there are solutions to the scattering equations that require maps with |A| > 0.
However, this is of course not a problem for our formulas: as we mentioned earlier the
degenerate regions of kinematic space are of codimension one or higher, so we can define
the amplitudes by analytic continuation of the A = 0 formulas. In practice, the integral
over the maps moduli space can be first performed in a generic configuration close to the
degenerate kinematics, after which the degenerate configuration can be easily reached. We
leave a complete exploration of the moduli space of maps for all values of A, together with
the related topic of 4D dimensional reduction, for future research.
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A Symmetry algebra

This appendix examines the group of redundancies of the odd-point scattering maps that
preserves their polynomial form. This consists of a five-dimensional subalgebra of the full
Lie algebra. We will examine this five-dimensional algebra now, and leave the analysis of
the full algebra for the future. More concretely, we first fix two generators of SL(2,C),
corresponding to dilations and special conformal transformations in a suitable way, and
then show that the algebra of residual symmetries corresponds to the semidirect product
SL(2,C), x C2.

It is instructive to start by analyzing the even-point symmetry group SL(2,C), x
SL(2,C), in this setup. For n = 2m + 2 let us call the polynomials pA*(2) = w?(2) and
pA7(2) = 94(2), both of degree m. We consider transformations (z, ;, p%) — (2, &5, p%)
such that

&A(2)9P)(2) s wl(2)0P(2) s
[T (¢2—6) = TIiLi(z—o0)

This contains the SL(2, C), transformations, which can be defined as the stability subgroup

(A1)

satisfying 2 = z. Among these, let us consider only the shift:”
01 aJ N 9
J = 00 € SL(2,C),, e w(z) =w(z) +ad(z), V(z) =9(z). (A.2)

The other two generators should be thought as fixed. For instance, consider the SL(2, C),
scaling 2 = e®z. This induces the following transformation on the polynomials:

oo w(z) = ePw(e”z), I(z) = e19(e™2), (A.3)

e

with p 4+ ¢ = n — 1. Since the generator of SL(2,C), scaling is fixed, so are the values of p
and ¢, which will be determined below. Similarly, for the shift Z = z + 3 we find

A1 w() =w(z—B), J(z) =9(z — B). (A.4)

The last generator is defined by 11 = Z ¢_1 Z, where inversion Z acts in the following way.
Consider the transformation Z = —1/z. The polynomials should then transform as

T: Gl ="Yiw(—1/z), D(z)=2"Y20(-1/z), (A.5)

where Y = [[IL, 0;. It is straightforward to check that Z? = (—1)™1. The minus sign
can be neglected since we are only interested in a representation of PSL(2,C),, which

"In this section we will mostly suppress the SU*(4) index, since it is not relevant to what follows.
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corresponds to the Mobius transformations acting on the punctures, for which we have the
Zo identification —1 = 1. Let us consider the action of the following composition

T e Z(w(z)) = T ebo (zm Y3 (o) w (~1 /z))

=7 (epo‘e_o‘me%m YR (o)™ (—eo‘/z)>

> PYeTOM TS (% 7)), (A.6)
where the symbol = indicates we have used the Zs, identification. Imposing Z{yZ = —/{y
find:
we s 2m + 2 1

which coincides with the choice of [21]. The analysis for ¥(z) is identical. It then follows

that
o Blo w(z) — (Blogad w(2)
( 9(2) ) ( 9(2) ) ’ (A5)

or equivalently, [J, )] = 0. We also have
Te T(w(z2)) =1 [zm Y2 (w(—1/2) + ad (—1/,2))}

= w(z) + ad(z)
e w(z), (A.9)

which gives ZJZ = J or [Z,J] = 0. This analysis is consistent with the fact that we are
considering the subalgebra SL(2,C), x J of the direct product SL(2,C), x SL(2,C), and
7 belongs to the first group.

Let us now examine how this situation changes when considering the odd-point maps
with n = 2m + 1. Now, we fix the generators of SL(2,C), such that deg w(z) = m and
deg ¥(z) = m — 1. Note that this is consistent with the fact that J is a residual symmetry.
In fact, the actions of J, ¢y and /_; are not modified, even though the values of p, ¢ differ,
as we will show below. The inversion Z now acts as

T:  w()=2"Yiw(—1/z), 9(z)=2""'Y20(-1/2). (A.10)

Repeating the computation in (A.6) we find that

—p+m+ (A11)

2m +1 {p:m—k}l,

2 1

Furthermore, we have:

oo oBbo w(2) \ [ MV (e Pz) + aem1/VByY(eFz)
Iz) | em=1/4B8y(e=F2)
[ emHYIB (e Pz) + av(ePz))
- e(m71/4)519(6762)

— Blogat w(2)
(=), i
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where & := ae?/2. This means that [J, {y] = —3J.

In contrast to the case of even n, we have shown that for odd n the group structure
is a semidirect extension of SL(2,C), by an (Abelian) shift factor J. In other words,
the Riemann sphere symmetry group SL(2,C), and the group SL(2,C), are intertwined.
Moreover, we will now show that the J extension of SL(2,C), is not enough to achieve
closure of the group. In fact, consider

Te T(w(z)) =1 [zm Y3 w(—1/2) + az" Y20 (—1/2)
—7 [zm Y3 W(a)(—l/z)]
= @ (2), (A.13)
where we have defined the polynomial
D) (2) = @(2) — az0(z) = e oo (). (A.14)

This shows that conjugating the shift J by an inversion leads to a new shift symmetry not
present in the even-n case: ZJZ = —T'. This precisely corresponds to the T-shift symmetry,
introduced previously, acting on the fixed frame with £ = (1,0). Conjugating the equation

[J, 4o) = —3J we find:

(T, o] = %T. (A.15)

Because J and T are Abelian shifts it follows that [J, T] = 0, i.e., they generate the transla-
tion group C? and transform as a doublet under SL(2,C),. The rest of the SL(2,C), x C?
algebra is

[, T] = [l-1,J] =0, (-1, T] = —J, [, J] =T, il = (i — j)livj. (A.16)

More succinctly, if we define (J,T) = (T_; 2, T} 2), then we have [T;., Ts] = 0 and
6, T, = (; - r> Ty, i=-1,01 r==%1/2, (A.17)
as well as
TLT ' =—-1; i=-1,0,1 and IT,Z '=-T., r==1/2 (A.18)

Finally, one can directly check that the remaining generators of SL(2,C), do not pre-
serve the polynomial form of the maps. Hence we claim that this is the maximal subalgebra
associated to polynomial maps.

B Details of the soft-limit calculations

In this appendix we analyze the soft limit of the connected formula, treating the measure
and the integrand separately. Because of its simplicity, we start in B.1 with the soft limit
of the CHY measure and the deformation of the maps in 4D. In B.2 we turn to the even-n
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measure for 6D, where several new technical ingredients appear due to the SL(2,C) little-
group structure. This analysis allows us to recover the form of the odd-point maps and
measure as well as the emergent symmetry T discussed in appendix A. In B.3 the odd-point
integrand is derived from the even-point one for the case of ' = (1,1) SYM. Finally, in B.4
we obtain the even-n measure from the odd-n one, and use it to prove that the constraints
have (n — 3)! solutions.

B.1 Four dimensions

Let us illustrate the use of the soft limit by considering the simpler 4D case first. Here we
will focus on the CHY measure in the Witten-RSV form and show that it has the form
given in (2.8). In particular, we consider the measure associated to the dth sector and show
that in the soft limit, where p,11 = 7 pn41 with 7 — 0, we have

doy,
/duﬁl,d =5(pi+1)/dund 15 7{ 5 = 4 conj. + O(7%),  (B.1)
i [Ant1,6(ong1)]=0 Fnt+l

where the scattering equation for the soft particle takes the form

(A Ant1p
n+1 an—i-l Dpi _ n+1 p(UTL-;l»[ n+1' P(Un+1)] (B.Q)
Un+1 7 H’L:l Un—i—l,z
In (B.1) “conj.” means to consider the first term with the conjugated contour

A1 p(0ns1)] = Mng1 p(onys1)) as well as conjugated sector d — d = n — 2 — d. By
summing (B.1) over all sectors we obtain (2.8).

Let us now consider the soft limit of

/ / [12 doy T & px [Ty 46 ﬁ 5 ( - <oz>ﬁd<az~>>
Hn1a = vol SL(2,C) x GL(1,C)  Ri(p Moy )
(B.3)
The strategy is to first isolate the leading 1/7 factor, which in this case comes from the
resultants. As we will show, in the soft limit Rd(p)RJ(ﬁ) ~ 7, which allows us to evaluate
the rest of the measure for 7 = 0 (except for the factor 6(p2;)). What makes the case of
4D simple is that p,+1 — 0 has only two solutions: A,11 — 0 or 5\n+1 — 0, which account
for the two terms in (B.1). Choosing A,+1 — 0, the delta function for the last particle
n (B.3) takes the form:

. 1) (o L N i )
g (%‘p s )Pe ,+1)> — [dtdE6* (N1 —Tp(0041)) 0 (tp(0n 1)) 6 (““n)
Hi:l Tnt1,i Hi:l On+1,i

n 2
- <H0n+1,z‘> [t na=ia(on) P plons)). (B
=1

where we have used (2.17) and dropped the factor 6(p2, ;). If we now introduce a reference
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spinor |q], we can recast the result in the form

(H Un+1,i> /fdfd (5— M) 0 ([5‘714-1 ﬁ(ffnﬂ)]) 5*(p(oni1))

p(ont1) q]
(H anﬂ,i) 26 (Rt poms)]) Pplonsn)), (B5)
i=1

where now 5
1 [P (Un+1 ) Q]

H?:1 On+1,i [:\n-l-l q]

The first constraint is a polynomial equation of degree n — d in ¢,+1, which we used

t:

(B.6)

for the contour in (B.1). To manipulate the second constraint let us reparametrize the
polynomial as

§(2) = 5(2) (= — ona) + 7 (B.7)

Here p*(2) = zz;é ﬁgzk is a polynomial of degree d — 1, whose coefficients are shifted from
those of p*(z). Therefore the Jacobian is one, i.e.,

d d—1
I @ex = d*r [] @*px (B.8)
k=0 k=0
Integration over r® eliminates the second delta function in (B.5), since
[ st =1, (B.9)
setting r = 0, i.e., p®(z) = p%(2)(z — op11). Putting everything together, (B.3) becomes

[T} do T &n TTi & pkH 54< (m)pd(ai))

vol SL(2,(C) X GL 1 C H?#Z Oij
1 f d0n+1 1 0
X — 4 ) o). (B.10)
2 Ant1 plons1)]=0 (W) (th(p)Rd(P))

Note that in the bosonic delta functions the puncture 0,41 has completely dropped thanks
to the definition of p. We will not prove it here, but using the definition (2.20) in terms of
the matrices ®4 and ®; one can show that in the soft limit the resultants behave as

t R p)RI(7) = (A1 plons1)) R () RY(B) + O(r2) (B.11)

where \,+1 = O(7) is responsible for the leading behaviour, as anticipated. This concludes
the proof of (B.1). The extension of this procedure to the integrand in (2.19), including the
redefinition of the fermionic maps, is straightforward in 4D, but we do not present it here.
After including the integrand one can deform the contour for ¢,11 such that it encloses
two of the other punctures, i.e., at 0,11 = ;. This leads to the soft limit of the N’ = 4
SYM amplitude.
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B.2 From even to odd multiplicity in 6D

Let us now consider the case of n odd in 6D. We show that the expression (4.20) can be
obtained from the soft limit of the n+1 = 2m+2 measure after extracting the corresponding
wave function and scattering equation. That is,

1 dO’n 1
/ dpSy o =0(pp 1) / dpSy, 1 =— f ) — o), (B.12)
211 |Epyt|=e En+l

where
o i dod) (I o) dw )
Hamt1 = =001 (SL(2,C),, SL(2,C),, T) V2

Ap. (B.13)
n

The maps entering the bosonic delta functions Ap are defined in (2.38). As in 4D, the

strategy is to first isolate the 7! piece and then manipulate the delta function for particle

n + 1 to get the corresponding scattering equation. In section B.2.1 we achieve the first

goal by proving that if ﬁﬁfl = v[4¢Pl is the direction of the soft momentum, where Pntl =

T Pnt1, then

1 Ao (TTL, dor) (TTig 1)
6D ot 2 +1 i=1 k=0 (n)
/ diizmsz = 20(Pn1) / Vol (SL(2,C); x SL(2,C),) V2 (B.14)

X <H an+17,~> / dr d*= 68 (paA(an+1) — Za(g* + va)) + O(79).
i=1

Here Ag) contains the bosonic delta functions for the n hard particles, but still depends
on 0,41 and the even-multiplicity maps. Since the leading power of 7 has been extracted
in this expression, the integral can be evaluated for 7 = 0. Note that this expression is
invariant under little-group transformations of the soft particle. In fact, the SL(2,C),
transformation

q — Dq+ Bv (B.15)
v — Cqg+ Av (B.16)

with AD — BC =1 is equivalent to the following change of variables

Ax + B
= B.1
T — I Cat D’ (B.17)
2, = E, = Z4(Cz + D), (B.18)

which leaves the measure invariant, i.e., dx d*Z = d& d?=. The reason for introducing the
variables x and = will become clear in the following section. In section B.2.2 we redefine
the maps and isolate the scattering equation as a contour prescription for the puncture
on+1 associated to the soft particle, leading to (B.12).
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B.2.1 Derivation of (B.14)
We start with the following identity

A = AE 67 ) / MM (o (041) — MEAL") 8 (\M| -11 anﬂ,z») ,
=1

(B.19)
where we have utilized the linear constraints in (2.40), and denoted M = M,,11. Now, up
to linear order in 7, the most general form of the soft momenta can be written as

Anty = Bt 4 g (B.20)

which gives p/B) = TolAgBl + O(72), once we set ¢* := B,q*. Unlike 4D, where the soft
condition p,4+1 — 0 has only two branches (the holomorphic and antiholomorphic soft
limits,) here we have a family of solutions due to the less trivial SL(2, C) structure. Let us
now assume that as 7 — 0 all the components of the maps p%(2) and the ;s stay finite,
as determined by the delta functions Ap, since they should be localized by the equations
of the hard particles.
In the limit 7 — 0, the matrix M has a singular piece:

M = g + Mo + O(7h). (B.21)
The strategy is to input this ansatz into the delta functions and evaluate the result power
by power in 7 leaving only four components of M to be integrated. That is, impose

—b
M
pAb(0n+1) = (TQ + M(l))’a> (5“1}’4 + TqA“) (B.22)
Hb £ b
— %UA + MY B + Mo+ O(r) (B.23)

(M M) — (M~ M)

n
[Tonsri=1MI= /37 + T 1Mo, (B.24)
i=1
Here M+,M_, MO+ , M denote the respective columns of the matrices M and M. From
the finiteness of the Lh.s. of (B.23) and (B.24), we see that M is degenerate and 3 is a null
eigenvector, that is

M =23, (B.25)

Equating terms at order 77!,

0= (M"My)— (M M{)=(BE.M§) = Z,M,5" =0. (B.26)

This result allows to introduce variables x and T defined by

Mgy B =2,  E.M§,=Tp. (B.27)
The general solution of these equations for My can be expressed in the basis of spinors 3
and = as 2596, 1 2 E0T
T p + 205, _
Mg, = =5) + v E*By, (B.28)
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and thus 894 . )
x p + 205, _
M} = — + <7 + > =206, . B.29
' (=6) T 29

The component v is a fixed constant, which can only be determined by considering sub-

leading orders in 7. This is consistent since it only contributes to the result at order O(71).
In fact, choosing the change of variables {M{} — {z,Z, 21,27}, we find

1
&M = ( i 77) do d7 d*E ~ Zdx dz d*=. (B.30)
T T

Having identified the singular dependence on 7, we can now select the leading pieces
of the arguments inside the delta functions, yielding

n n

1) <|M’ — Ho-nJrl,i) =0 (l’l’ — HO’nJrLZ') s (B.31)
i=1 i=1

58 (pAb(Un) - ngga) =8 (pAb(an) — bzt + qA)) . (B.32)

Integrating out T, writing VnQ_H =V2IIx, O'% nt1> and substituting in the identity (B.19),

n 7

we finally arrive at the desired result (B.14).

B.2.2 Derivation of (B.12)

In this section we consider the expression (B.14) without the integration over =%, i.e.,
taking =* to be a fixed spinor. We will also introduce an auxiliary spinor & such that
(2€) = 1. Note that ¢ still has one free component, which we choose to be T = 1. The
integration over 2% will be restored later.

We start by expanding the polynomial maps in basis vectors as

() = B WA () + €A (2), (B.33)
the delta functions of (B.14) as

§8 (pAb(Un_H) — E(z vt + qA)> = 0" (1 (ont1)) 0 (WA (ons1) — vt —¢),  (B.34)
: (o)) ()
n w g;)T o;
AR =TT (pf‘B e : (B.35)
i=1 Hj;éi Oji
and the integration measure as
H dSpk = H d4wk d47rk . (B.36)
k=0 k=0

As in 4D, we now parametrize 74 (2) = (2 —0pn41)74(2) + 74, so that the first term vanishes
at the last puncture. This change of variables gives,

m m—1
[T &'me = d*r I d*#, (B.37)
k=0 k=0

5 (rMong1)) = 04 . (B.38)
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On the support of the first delta function,

n Al \2Bl (5,
e (pz“B ‘”‘”“‘”) = AR (w, 7). (B.39)
L

Afm
b Hj;éi Tij

Note that this result does not depend on ;1.
The leading-order term in (B.14) can be rewritten in the form

5(pi+1)/d25 HZL:O d*wy H;cn;ol d*7iy, H?:ldai % A(")(w #)
T vol (SL(2,C), x SL(2,C),) V,2 =~ B 7

X /dan_H dx 64 (wA(UnH) —zo? (H Ont1 Z) . (B.40)

The integration over [ d?Z has effectively dropped out of the integral. In principle we could
use it to cancel two of the integrations over SL(2,C)? in the denominator. However, this
would fix part of the SL(2,C)? invariance, which we want to be present in the odd version
of the measure. Instead, let us reintroduce the integration to get a manifestly symmetric
answer. To achieve this we revert to the change of basis (B.33), i.e., for fixed {Z, £} we define

pr(z) = € wh(z) — 207 (2). (B.41)

This transformation is defined coefficient by coefficient as an SL(2,C) transformation
except for the top one, which is not invertible. In fact,

m—1 m—1
Ao [ d'wrd*sy = d*wm [ @ (B.42)
k=0 k=0

and

A (w,7) = H56< Al(_‘[”;"’j("”)>> , (B.43)
YY)

where the highest coefficient of the map is given by

P =E"w —(2)%‘1, (B.44)

with 2t¢ — 2~ = 1. Noting that

=+
=
=

WA (G041) = (EpN0ur1) = E P (0urt) — Z 5N () (B.45)

the integral becomes

3(Par1) d'wn [T *on [Ty dos () +(D4)
T /vol(SL(2,C)U x SL(2,C),) VnQA (p )/dan+1d dx 6 D Ho’n+1Z )

(B.46)
where
DA == N (o) — 274 (ongr) — ot — ¢ (B.47)

— 72 —



Now we note that

<H Un-l—l,i) /dzEdUC ot (D) = (H Un+1,i> 8 (0t (ons1)p~ (Ons1) vq)) = 6(Ens).

(B.48)
In the last line we recognize the scattering equation for the soft particle (in a form
analogous to (B.2)), which we now implement as a contour integral for o,,11. This gives

8(p2 Ao TTP L dB o 1T, doy 1 don, .
(pn+1)/ w szo PkHz:1 a j'{ | On+1 A%)(ﬁ). (B.49)
n+1[=¢€

T vol (SL(2,C), x SL(2,C),) V;2 2mi Eni1

We have arrived at a compact expression. However, there is subtle but essential caveat.
Recall that Ag)(ﬁ) contains the variable £ = 1;57 in the top component of the polynomial,

Ppm- This variable still depends on the soft puncture o,1. In fact, it is implicitly defined
through the relation

(Ep (onin)) = 2o + g (B.50)

In order to decouple £ from this soft equation, we introduce a new redundancy that will
enable us to turn £ into an integration variable (which will be fixed by the hard data).
Since v4 and ¢4 are only defined through ﬁﬁfl = vl4¢Pl, the formula must be invariant
under v — 2, ¢ — agq. According to (B.50), such a transformation can be absorbed into a
transformation of (2%, z,¢) as follows:

a—1 a+="
, =8+ —=—=—5—- (B.51)

a

|

x -
r— — =

a?’ -

[1]

Since « is arbitrary, we add an additional integration in the form

do
_ JEr _ Jdg
b= vol(T)  vol(T)’ (B:52)

which should be regarded as a formal definition of the T-shift measure. Note that this
is not SL(2,C)? covariant, signaling that the Jacobian is sensitive to the SL(2,C)? frame.
Using this, we recast the formula as promised

[ it o0 [ [y d*p T, do: AR'() 1 §o o
2m+2 n+l VOl (SL(27C)0>SL(23C)P7T) VTLQ 2mi ‘En+1|:5 En+1 .

(B.53)

Some comments are in order. We have used the little-group scaling of the soft particle

to introduce a new redundancy in the hard equations. As the notation makes clear, this
redundancy can be identified with the shift transformation explored in section 4. Note
that this symmetry was absent in (B.49), which can be regarded as a T-fixed version of the

(")(

final measure. The reason is that while Ay’ (p) is invariant under the shift p(z) — p(z) +
zBE(E, p), equation (B.50) is not, meaning that the shift parameter 8 can be determined
in terms of v and ¢. By averaging over the little group, i.e., over different choices of v and

q, we unfix this redundancy.
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B.3 Integrand of N = (1,1) SYM for odd multiplicity

Let us now apply the prescription given in the previous section, this time at the level of the
N = (1,1) integrand. For n 4+ 1 = 2m + 2, this integrand can be broken down as follows:

Dotz =PT(Ing1) PF Api1 Vit / [T 2 xd?ve AGTDAGH (B.54)
k=0

=5(QtiAnr1.4a) 8 (M 1.0Quera) Vo PTI) P A (H anﬂ,@-) 2

el O1n+10n+1,n

X/ H dzxkd2>2k A(Fy})&gl)(s? (7724_1 — ngb(Un_;,_l)) (52 (772—&-1 — ngb(dn_;,_l)) .
k=0

Here W = W,41 = M, +11, as defined in section 5. The fermionic delta functions are
defined in (3.14), from which we have extracted the on-shell conditions of the soft particle
(recall that Q4 = A4n?, etc.). We will first project out the (n + 1)th gluon and then
take the corresponding momentum to be soft. For a given polarization this will generate
Weinberg’s soft factor for the even point amplitude. In section 4.2.1 we extract it to obtain
the odd-point integrand.

A simple choice of polarization is (a,a) = (+,+), where the spinor in (B.20) and its

5:5:<2>_ (B.55)

We will proceed with this special choice, but the answer for a general polarization (a,a)
will be deduced at the end. For now, note that the soft factor (4.43) for this choice is

conjugate are set to

~ 2 q D
g+t _ T ldlp1pnla) (B.56)

= P )
72 Sn+1,15n+1,n

where we have explicitly exhibited the powers of 7. Since they cancel, and the measure
in (B.12) contributes a power of 7!, we expect the integrand to be of order 7. In fact,
the factor of 7 comes from the expansion of the Pfaffian, i.e., Pf'A4, 1 = T].:/)E,An_H. Now,
to extract the aforementioned polarization from the amplitude we perform the following

fermionic integration

+F 4 4~ 1 =1 F
IZm-I—l = /d Mn+1d Tn+1 Mn+1"h+1 Lomy2

Pf’An—l—l O1n

n
Hizl On+1,i O1,n+10n+1,n

" () < fee ~1
x / [T AR AR5 (W X (0n41)) 8 (W@ x“(anﬂ)) . (BAT)
k=0

=7V, PT(,)
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where i2m+2 corresponds to Zoy, 49 stripped of its on-shell delta functions. We also have
W =W /(I ont1,) with

= == 1
W, = e“epaM = TO + wEE (v + ) By (B.58)
(E6) T
-+ xE+Ea —
=W, = =2 E,, (B.59)

using (B.29). Here we have implicitly followed all of the steps that were used in section B.2
to simplify the form of the W variables in the soft limit. The antichiral piece works in the
same way. Even though M is not integrated, its behaviour in the soft limit allows us to
define the antichiral counterparts = and Z:

— e, M2 =%, (B.60)

In direct correspondence to the bosonic case of section B.2.1, we have managed to make
explicit the 7 dependence in the integrand, and therefore we can evaluate the delta functions
Agl)ﬁ%n) for 7 = 0.

We follow now section B.2.2, in which the basis element ¢ was defined such that
(€2) =1 for a given E%. Then the polynomials are expanded as

X (2) = €(2) + Z%(z) (B.61)

: 1, =97 (2), (B.62)
where [(z) and r(z) are degree-m polynomials with Grassmann coefficients. Dropping the
powers of 7, we obtain

f’f’A O1n
TiE, - VaPT(,)

H?:l On+1,i O1,n+10n+1,n
M N ) - .
[ T din dry diy dig AT AL 5 (1(0n1) )6 (1(ons1)) 2. (B.63)
k=0
All of the following expressions for the integrand should be thought as multiplied by the
measure, as we continue to parallel the manipulations of section B.2.2. Now we put [(z) =

(z — ops1)l(2) + b, and we note that the fermionic delta functions fix b = 0 in the same
way as the bosonic delta functions fixed 74 = 0 in (B.38). Using (B.33) we have

AR = ﬁ64 ( s wA(Ui)l(ﬁL+1 ) (B.64)

i=1 JFi JU

n ~ n AA
i (ar - eed et i (op igaston)
iI;Il < [T U’U z[[l [152i 0

where we have defined

L(z) = % (2) — E%(2), (B.65)
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and pA (o) is given by (B.41). The top component of this fermionic map is given by
Xo, = &%y We identify r,, = g, hence agreeing with the fermionic maps introduced in
section 4. We now have

m—1

i 15?14 g1 4 ~
it =V, PT(I L xf/d dg TT d>xga?5i AWAY . (B.66
2m+1 n PT (L) [Ty Ontti ClnsiOnsinm g gkl:[() Xk@ Xk 2F 2F ( )
Recall that at this stage the map component & = 1;5; is determined implicitly

by (B.50), which in turn depends on o,;. Therefore the 0,41 dependence cannot be
isolated yet. The final step is to turn £ into an extra variable, which is equivalent to
unfixing the T-shift symmetry, as explained at the end of section B.2.2. This is done by
performing the transformation (B.51). However, as I;ﬂf[ 1 will be divided by S"H‘, given
in (B.56), we also need to consider the scaling of the soft spinors ¢ — ¢/a. Doing the
corresponding scaling for the antichiral piece, § — ¢/a, we effectively promote £ and é’ into
integration variables to be fixed by the bosonic equations. The relationship between the
variables o, & and the components &, € can be read off from (B.51):

a=(2¢), a=[=¢€. (B.67)

Including the scaling of the soft factor S ++ 5 aaStt and putting everything together,
we find the following formula for the A” = (1,1) integrand:

++
1 dopiq I2m+1
270 S\ By =e Enp1 ST

— Jomi1 X /dﬁ(;’”. (B.683)

The Vandermonde factor V,, has been absorbed into the fermionic measure dﬁg’l), which
is defined as:

. m—1 n Al . B No=f
08D =V, dgdg [ d*x e [ o <q;~“ - WW)& (q,»,A - W(“)X("”)
k=0 i=1 I 93 [1; i)

The bosonic part of the integrand Jop, 41 is given by

Tomsr = PT(I,) 2" f donn 1 o2 1 ( pa ) (B.69)

" 2mi Bpa|=e Ent1 S+ (B6)[EE) [Tim1 ont1i \ 0104100410

which encodes the complete 7,11 and p,, 1 dependence. It is now straightforward to repeat

these steps for other polarizations (a,a). In fact, from (B.58) we see that for the choice

I contribution will dominate, yielding no factor of x in the numerator. At

a = —, the 7~
the same time, the different 7 dependence of this integrand will be compensated by the
different 7 behaviour of the soft factor S?@. For a general polarization we have:

Tx 0 zo

where we have defined % = (z, —1) and 2% = (&, —1). Setting 0,41 = z and removing the
fermionic delta functions, the integrand becomes

1 (I O1in dz Pf A, ¢ o
Saa 2w Jig, 1= En1 (z—01)(z —om) (EB) [€T)

JTom41 = (B.71)

— 76 —



where &1 = TEpi1 = p(2) - pny1 is the scattering equation for the (n+ 1)th particle, valid
on the support of the equations associated to hard particles. In this form the 7 dependence
cancels between the soft factor and the scattering equation. This form is taken as the
starting point in section 4.2.

B.4 From odd to even multiplicity and the number of solutions

Here we consider taking a soft limit of the odd-point measure. The goal is to prove that
the relation

1 dU
2 6D z n+1 0
du du + T B.72
/ n+1 — 5(pn+1)/ n 2 i e o O( )7 ( 7 )

holds for any n, whether it is even or odd. (The corresponding measures were defined
in sections 2 and 4.1). This result can be used to prove that the equations for the maps

8 as claimed in section 2. Since

and the punctures of n particles have (n — 3)! solutions,
we have already shown that integrating out the coefficients of the maps p;?’a leaves delta
functions localizing the o;’s, this implies that this measure should correspond to the CHY
measure (2.6) up to a trivial Jacobian. Such a Jacobian must not carry a nontrivial SL(2, C)
weight or mass dimension. This has been checked numerically.

The reasoning used to find the number of solutions follows closely the inductive proof
n [44]. For n = 3 one can analytically check that there is one solution for the moduli
{p,o}. We then assume that the lower-point measure dpu,, in (B.72) has support on exactly
(n — 3)! solutions. Then, we use the fact that in the soft limit dju,+1 decouples into the
lower-point measure and 6(FE,+1). In the previous section we recognized F,, 11 as the soft
limit of the scattering equation for o,41, which has been shown to yield n — 2 solutions
for given hard data [44]. This can also be seen directly from (B.48). Since the number of
solutions cannot change in the soft limit, we conclude that dpu,+1 has support on (n — 2)!
solutions, which completes the argument.

In order to show the validity of (B.72) for odd n we begin with the same identity used
in the previous section for n odd:

Agwrl) _ Agl)g(piﬂ)/d‘anH!MnJrﬂg

x 8 (A (o 11) — (M)A ) 0 (Mnm - Hwi) (B

where we have used the odd-point parametrization of the rational maps,

—_

m—
pA,a(Z) ,0;? azk+w/A€/a m (B.74)
0

£
Il

and m = (n—1)/2. To avoid confusion we have labeled the highest-degree coefficient
using primed variables. As before, we parametrize the (n + 1)th soft particle for 7 — 0
using a 6D spinor of the form )\ﬁfl = %A + 7¢™*, which gives pﬁfl ~ O(T). We also

define ¢4?¢, = ¢4. For the odd-point parametrization of the maps, the symmetry group

8This assumes generic kinematics in the sense of the discussion we give in section 7.
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G includes the T-shift redundancy parametrized by the GL(1,C) parameter a. p(z) and
M; both transform under the T shift, as shown in (5.20) for W; = M; .

Much of the soft-limit analysis for n odd is similar to the case of n even; the coefficients
of the rational maps are fixed by the data of the hard particles while M, is allowed to
have a singular piece in the soft limit. We may repeat the steps of section B.2.1, inserting

a

an ansatz for M,,1 and decomposing it in a basis of spinors = and a modulus . The

dependence of the measure on the (n 4 1)th particle can we written in the soft limit as

TT7t dBpr, d*w’ (€1d€"Y dop iy Ty Ons.i
vol(SL(2,C),,SL(2,C),, T) V2

X /dx d’z 68 (,oA’“(anH) — =2t + I’UA)) . (B.75)

A

1 2
;5(pn+1)

After decomposing M,,+1 in the soft limit as done here, the transformation rule for M,, 11
becomes one for =%:

5% = aoppy E9(E'E) . (B.76)

Having isolated the singular 7 dependence in the soft limit, let us now examine the
behavior of the even-point rational maps arising from the soft limit of odd-point amplitudes.
At each point in the d?Z integration, we expand the odd-point map in a special basis, the
one determined by the two preferred spinors Z¢ and &’®. This basis is not orthonormal,
and (2¢') # 1. Changing variables to (74, w?) spinor coordinates, the odd-point map w'4
becomes the last component of the latter:

p(2) = B0 (2) + €A (2), (B.77)
or more explicitly
m—1 m—1
p(z) = B2 Z Tk 4 g (Z witz® + w’Azm> . (B.78)
k=0 k=0

By taking linear combinations of the eight-dimensional constraint equations for p*®,
we arrive at a split form involving the basis:

1
W54 (w(ont1)) 6* (7 (ont1) — (¢ + 20?)) .
(B.79)
Additionally, the remaining bosonic delta functions also change under this basis transfor-

& (PA’a(UnH) — 2" + va)) =

mation:

||

n Ao (g,
A(g) _ H(SG (pr _ <E§/>A(’)wB(Z)> , (B.80)
i=1

along with the integration measure, which acquires a Jacobian

m—1 m—1
(H dspk> diw — (B)Im (H dimy d4wk> d*’. (B.81)

k=0 k=0
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As in the case of taking a soft limit from even n to odd n, we may now use the delta
functions to reduce the degree of the map. To see this, we parametrize the map evaluated
at the (n + 1)th puncture as:

w(2) = (2 — opg1)? (2) + 174, (B.82)
m—1 m—1
I d*wr d*o’ 6* (w(oni1)) = d*r? T] d*ar6*(r?). (B.83)
k=0 k=0

The 74 integrations are trivial, and now the w’ component has dropped out of the problem
in favor of the @ variables. This means we may now use the hatted variables in the
remaining bosonic delta functions.

Having reduced the degree of the map, we may now switch back to the p variables
through another change of basis:

pA(z) = Z9A(2) + €% (), (B.84)
pr(2)Eq = (BE) 0 (2), (B.85)
pr(2)€, = (€E) n(2). (B.86)

This has the effect of undoing several of the Jacobians acquired earlier, and the relevant

piece of the measure and integrand becomes

17 ot [y don(€de) d*Ede 11 6 [ ap  (p(0:)pP(02)
/ ik (p )

d n j n
V2 7" Yol(SL(2,€),, SL(2,C),,, T) 147 {7 [T ons1s
1 (pMons1)E) 4 A)
X ———§* < — —q" —avt ). B.87
e\ @) (B.57)

The freedom to projectively scale & allows us to set the first component to 1 and define
the second as &’ so that (¢'d¢’) = d¢’. Now we may focus on the last piece, which can be
written as

[Towi / don 1 d€' 2 dx 64 (p* (0n41)€ — (E€) (¢" — wv)). (B.88)
i=1

There are now five integrations, four delta functions, and the T' redundancy to cancel. The
strategy is to isolate the scattering equation for the last particle, integrate out the other
delta functions, and cancel the T-shift symmetry. The scattering equation for the soft
particle is supported on the solution of E, 11 = eapcppd ™t (0ni1)pP (0ni1)vqP = 0. To
get this, we first make the change of variables

(€5) =27 —¢EY —u,
wl
xr — E,
d="
U

5 (P (onr1)€, — (EE) (¢ — 2v™h)) = 04 (pM T (0011)E'—p™ T (ong1) —ug” —a'v?) .

d¢' d=t d=" dz — d¢’ du dx’, (B.89)
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Now we would like to evaluate the integrals over u, z’, and . As in the even-point
case, we observe that these integrations give the scattering equation for the last particle
after taking the appropriate linear combinations:

Hi / don i1 d¢ duds’ 6" (4T (0041)E = pY (ong1) —ug? —2'v?)  (B.90)

T

" oo ; . B.—

-
So we are left with
m—1 ;8 » =+
_ —o 4°pk =
2 2 =0
5(pn+1)vn /VOI(SL(27C)078L(27C)P’T) u
n AA(_\NAB( .
« H56 (p{‘B _ W) /d0n+1 S(Epg1). (B.91)
i=1

Hj:l On+1j

In this expression u = (£'Z) has a value determined by the constraints after doing the
integral. Since T acts as a GL(1,C) shift on the components of Z, we can absorb u and
cancel the symmetry. The result is the expected measure for n even:

[T, doi T3 d*p H 5 ( (5" (00)5" (o)

2 W2 | dopi 6(Enys).
vol(SL(2,C), x SL(2,C), [T/ onr1; )5(pn+1)Vn /0+15( +1)

(B.92)
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