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The g-Good-Neighbor Conditional Diagnosability
of k-Ary n-Cubes under the PMC Model
and MM* Model

Jun Yuan, Aixia Liu, Xue Ma, Xiuli Liu, Xiao Qin, Senior Member, IEEE, and Jifu Zhang

Abstract—The diagnosability of a system is defined as the maximum number of faulty processors that the system can guarantee to
identify, which plays an important role in measuring of the reliability of multiprocessor systems. In the work of Peng et al. in 2012, they
proposed a new measure for fault diagnosis of systems, namely, g-good-neighbor conditional diagnosability. It is defined as the
diagnosability of a multiprocessor system under the assumption that every fault-free node contains at least g fault-free neighbors, which
can measure the reliability of interconnection networks in heterogeneous environments more accurately than traditional diagnosability.
The k-ary n-cube is a family of popular networks. In this study, we first investigate and determine the R -connectivity of k-ary n-cube for
0 < g < n. Based on this, we determine the g-good-neighbor conditional diagnosability of k-ary n-cube under the PMC model and MM*
model for k > 4,n > 3 and 0 < g < n. Our study shows the g-good-neighbor conditional diagnosability of k-ary n-cube is several times

larger than the classical diagnosability of k-ary n-cube.

Index Terms—PMC diagnosis model, MM* diagnosis model, k-ary n-cube, conditional connectivity, fault diagnosability

1 INTRODUCTION

ADVANCES in the semiconductor technology have made
it possible to develop very high-performance large
multiprocessor systems comprising hundreds of thousands
of processors (nodes). Yet, it is almost impossible to build
such a multiprocessor system without defects. Since all the
processors run in parallel, the reliability of each processor
in multiprocessor systems becomes of central importance
for parallel computing. Therefore, in order to maintain the
reliability of such multiprocessor systems, the fault process-
ors should be found and replaced in time.

The process of identifying faulty nodes is called the diag-
nosis of the system. In 1967, Preparata et al. [37] proposed a
model and a framework, called system-level diagnosis,
which could test the processors automatically by the system
itself. It is well known that system-level diagnosis appears
to be an alternative to traditional circuit-level testing in a
large multiprocessor system. In the more than four decades
following this pioneering work, many terms for system-
level diagnosis have been defined and various models (e.g.,
PMC, BGM, and comparison models) have been considered
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in the literature [5], [16], [32], [33], [37]. Among the pro-
posed models, two well-known diagnosis models, i.e., the
Preparata, Metze, and Chien (PMC) model [37] and the
Maeng and Malek (MM) model [32], have been widely
adopted.

In the PMC model, every node u is able to test another
node v if there is a link that connects them, where u is called
the tester and v is called the tested node. The outcome of a
test performed by a fault-free tester is 1 (respectively, 0) if the
tested node is faulty (respectively, fault-free), whereas the
outcome of a test performed by a faulty tester is unreliable.
In [18], Hakimi and Amin prove that a multiprocessor sys-
tem is ¢-diagnosable if it is t-connected with at least 2t + 1
nodes. They also give a necessary and sufficient condition
for verifying if a system is ¢{-diagnosable under the PMC
model. Recently, Mdnik and Gramatovd [30], [31] propose a
diagnosis algorithm under the PMC model which use Bool-
ean formalization. Fan et al. show the disjoint consecutive
cycle (DCC, for short) linear congruential graphs, G(F, 2p), is
2t-diagnosable under the PMC model where p >3 and
2 <t <p-1[17]. Ahlswede and Aydinian study the diag-
nosability of large multiprocessor networks [1]. The diagnos-
ability of the well-known interconnection network
hypercube and its several variations [24], [40] for example,
the crossed cube [13], the Mobius cube [14], and the twisted
cube [20] are shown to be n under the PMC model. A modifi-
cation of the PMC model, the BGM model, proposed by Barsi
et al. [5], use the same testing strategy as PMC model, but it
assumes that a fault node is always tested as faulty regard-
less of the state of the tester. The rational is that tests consist
of long sequences of stimuli and testing a faulty node is very
likely to result in at least one mismatch, see [2], [5].

In the MM model, a node (called a comparator) sends
the same task to its two neighbors and compares their
responses. A comparison of nodes u and v performed by
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a node w is denoted by (u,v),. A disagreement over a
comparison performed by a fault-free comparator indi-
cates the existence of a faulty node, whereas the outcome
of a comparison performed by a faulty comparator is
unreliable. The main advantage of this model is its sim-
plicity since it is easy to compare a pair of nodes in multi-
processor systems. This approach seems attractive
because no additional hardware is required and transient
and permanent faults may be detected before the compar-
ison program has completed. A paper by Sengupta and
Dahbura [39] revealed important properties of a diagnos-
able system under this model. It suggested a special case
of the MM model, called the MM* model. In this model, a
comparison (u,v),, must be performed by w if v and v are
neighbors of w in the system. It also presented a polyno-
mial algorithm to identify faulty nodes in a general sys-
tem under the MM" model if the system is diagnosable.
The MM" model was adopted in [6], [8], [15], [19], [21],
[22], [271, [29].

In classical measures of system-level diagnosability for
multiprocessor systems, it has generally been assumed that
any subset of processors can potentially fail at the same time.
If there is a node v whose neighbors are faulty simulta-
neously, there is no way of knowing the faulty or fault-free
status of v. As a consequence, the diagnosability of a system
is upper bounded by its minimum degree. However, it
always underestimates the resilience of large networks
because the failure probability that all the neighbours of the
same node is very small in many large scale parallel/distrib-
ute system. To overcome the shortcoming, Lai et al. [28] pro-
posed a novel measure of diagnosability, called the
conditional diagnosability, for measuring the diagnosability
of a system under the assumption that for each node v all the
processors directly connected to u cannot fail at the same
time, i.e., at least one of neighbors of w is fault free. They also
obtained conditional diagnosability results for hypercubes
under the PMC model in [28]. In [19], Xu et al. showed the
conditional diagnosability of the n-dimensional hypercube
under the MM™ model is 3n — 5 for n > 5. Under the PMC
model, Zhu [47] studied the conditional diagnosability of
bijective connection (BC) networks, which include hyper-
cubes and a variety of hypercube variants, such as crossed
cubes, twisted cubes, Mobius cubes, locally twisted cubes,
and generalized twisted cubes. In [43], Xu et al. further gen-
eralized the previous result by studying this problem in a
family of popular networks, i.e., the Matching Composition
Networks (MCNs). The conditional diagnosability of Cayley
graphs generated by transposition trees was studied first by
Lin et al. [29]. Results concerning the conditional diagnos-
ability of variants of the hypercube network under this
model were also obtained [22], [44], [46], [47].

Motivated by the concepts of forbidden faulty sets, Peng
et al. [36] then proposed the g-good-neighbor conditional
diagnosability: which is defined as the maximum value ¢
such that a graph G remains ¢-diagnosable under the condi-
tion that every healthy vertex v has at least g fault-free
neighboring vertices. Besides, they showed that the g-good-
neighbor conditional diagnosability of the n-dimensional
hypercube Q.

The interconnection network considered in this study
is the k-ary n-cube QF, proposed in [3], which is one of
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the most common multiprocessor systems for parallel
computer/communication system. The k-ary n-cube is
2n-regular with k" vertices, edge symmetric, and vertex
symmetric. The three most popular instances of k-ary
n-cube are the ring k =1, the hypercube k =2, and the
torus n = 2. A number of distributed memory multiproc-
essors are based on a k-ary n-cube as the underlying
topology, such as the iWarp [23], the J-machine [34], the
Cray T3D [38] and the Blue Gene [7]. Recently, Chang
et al. showed the conditional diagnosability of k-ary
n-cube under the PMC Model is 8n — 7 for k>4 and
n > 4. Hsieh and Lee [22] showed the conditional diag-
nosability of k-ary n-cube under the MM" Model is
6n —5 for k>4 and n > 4.

In this paper, we study the g-good-neighbor conditional
diagnosability under the PMC model and MM* model, and
show that the g-good-neighbor conditional diagnosability of
QFis2"(2n —g+1) —1fork > 4,n > 3,0 < g < nunder the
two models, which shows that the corresponding results
based on the traditional fault model (where g is zero) tend
to substantially underestimate network reliability of k-ary
n-cube. The remainder of this paper is organized as follows:
Section 2 provides terminology and preliminaries for diag-
nosing a system. In Section 3, we discuss the R -connectivity
of Q*. Sections 4 and 5 show the g-good-neighbor condi-
tional diagnosability of Q* under the PMC model and the
MM model, respectively. Finally, our conclusions are given
in Section 6.

2 PRELIMINARIES

2.1 Notations

Throughout this paper, an interconnection network is repre-
sented by an undirected simple graph G with the vertex set
V(G) and the edge set E(G). A subgraph H of G (written
H C G) is a graph with V(H) CV(G),E(H) C E(G) and
the endpoints of every edge in £(H) belong to V(H). Given
a nonempty vertex subset V' of V(G), the induced subgraph
by V' in G, denoted by G[V"], is a graph, whose vertex set is
V" and the edge set is the set of all the edges of G with both
endpoints in V’. The degree d;(v) of a vertex v is the
number of edges incident with v. A graph G is said to be
k-regular if for any vertex v, d;(v) = k. For any vertex v, we
define the neighborhood N (v) of vin G to be the set of ver-
tices adjacent to v. Let A C G. We use Ng(A) to denote the
set (U uev(A)NG(U)) \V(A), Cg(A) to denote the set
Ng(A)U V(A). For neighborhoods and degrees, we will
usually omit the subscript for the graph when no confusion
arises. The connectivity «(G) of a graph G is the minimum
number of vertices whose removal results in a disconnected
graph or only one vertex left. For graph-theoretical termi-
nology and notation not defined here we follow [4].

2.2 The PMC model

A multiprocessor system is modeled as an undirected graph
G = (V(G),E), whose vertices represent processors and
edges represent communication links. In the PMC model [37],
two adjacent processors can perform tests on each other. For
two adjacent vertices v and v in V(G), the ordered pair (u,v)
represents the test performed by w on v. The outcome of a
test (u,v) is either 1 or 0 with the assumption that the testing
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result is regarded as reliable if the vertex v is fault-free. How-
ever, the outcome of a test (u,v) is unreliable, provided that
the tester w itself is originally a faulty processor. Suppose that
the vertex u of (u,v) is fault-free, then the result would be 0
(respectively, 1) if v is fault-free (respectively, faulty).

A test assignment 7" for a system G is a collection of tests
for every adjacent pair of vertices. It can be modeled as a
directed testing graph T = (V(G),L), where (u,v) €L
implies that v and v are adjacent in G. The collection of all
test results for a test assignment 7" is called a syndrome. For-
mally, a syndrome is a function o : L — (0,1). The set of all
faulty processors in the system is called a faulty set. This
can be any subset of V(G). The process of identifying all the
faulty vertices is called the diagnosis of the system.

For a given syndrome o, a subset of vertices F' C V(G) is
said to be consistent with o if syndrome o can be produced
from the situation that, for any (u,v) € L such that
u €V — F,o(u,v) = 1if and only if v € F. This means that F'
is a possible set of faulty processors. Since a test outcome
produced by a faulty processor is unreliable, a given set F’
of faulty vertices may produce a lot of different syndromes.
On the other hand, different fault sets may produce the
same syndrome. We use notation o(F’) to represent the set
of all syndromes which could be produced if F'is the set of
faulty vertices.

Two distinct sets F} and F in V(G) are said to be indis-
tinguishable if o(F;) No(Fy) # 0, otherwise, F; and F) are
said to be distinguishable. Besides, we say (Fj, F3) is an
indistinguishable pair if o(F}) No(Fy) # 0; else, (F1, Fy) is a
distinguishable pair.

2.3 The MM* model

In the MM model, to diagnose a system, a vertex sends the
same task to two of its neighbors, and then compares their
responses. To be consistent with the MM model, we have
the following assumptions:

1)  All faults are permanent.

2) A faulty processor produces incorrect outputs for

each of its given tasks.

3) The output of a comparison performed by a faulty

processor is unreliable.

4) Two faulty processors given the same input and task

do not produce the same output.

The comparison scheme of a system G is modeled as a
multigraph, denoted by M(V(G),L), where L is the
labeled-edge set. A labeled edge (u,v), € L represents a
comparison in which two vertices v and v are compared by
a vertex w, which implies (u,w), (v,w) € E(G). The collec-
tion of all comparison results in M(V(G), L) is called the
syndrome, denoted by o*, of the diagnosis. The result of the
comparison (u,v), in r is denoted by r((u,v),). If the com-
parison (u,v), disagrees, then o*((u,v),) =1; otherwise,
0*((u,v),,) = 0. Hence, a syndrome is a function from L to
0,1. The MM" model is a special case of the MM model. In
the MM™ model, all comparisons of G are in the comparison
scheme of G, i.e., if (u, w), (v,w) € E(G), then (u,v), € L.

For a given syndrome o*, a set of faulty vertices
F C V(G) is said to be consistent with ¢* if ¢* can be pro-
duced from F| i.e., if the following conditions are satisfied,
according to the assumptions of the MM model:
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1)  ifu,v € Fand w € V(G) — F, then 6*((u,v),,) =1,

2) if ue F and v,w € V(G) — F, then o*((u,v),) =1,
and
3) ifu,v,weV(G)— F, theno*((u,v),) =0.

Since a faulty comparator can lead to an unreliable result,
one set of faulty vertices may produce different syndromes.
Let o*(F) denote the set of all syndromes which F' is consis-
tent with. Two distinct sets Fi, F» C V(G) are said to be dis-
tinguishable if o*(Fy) N o*(Fy) = 0. Otherwise, they are said
to be indistinguishable. (Fj,F3) is a distinguishable pair
(respectively, an indistinguishable pair) if F} and F5 are dis-
tinguishable (respectively, indistinguishable).

2.4 Diagnosability
In this section, some known conceptions and results about
the diagnosability of system are listed as follows.

Definition 2.4.1 [11]. A system of n processors is t-diagnosable if
all faulty processors can be identified without replacement, pro-
vided that the number of faults presented does not exceed t. The
diagnosability of a system G denoted as t(G), is the maximum
value of t such that G is t-diagnosable.

In [28], Lai et al. present a sufficient and necessary condi-
tion for a system to be ¢-diagnosable as follows.

Theorem 2.4.2 [28]. A system G = (V, E) is t-diagnosable if and
only if Fy and F, are distinguishable, for any two distinct sub-
sets Fy and Fy of V with |Fy| < t,|F5| < t.

Note that the diagnosability of a system always underes-
timates the resilience of large networks because the failure
probability that all the neighbours of the same node is very
small in many large scale parallel/distribute system. For
this reason, Lai et al. [28] introduce the conditional diagnos-
ability. They consider the situation that any faulty set cannot
contain all the neighbors of any vertex in a system.

Definition 2.4.3 [28]. A system G = (V,E) is conditionally
t-diagnosable if Iy and F» are distinguishable, for each pair of
distinct faulty sets Fy, Fy CV with |Fy| <t,|F5| <t and
Fy 2 N(v), F» 2 N(v) for any vertex v € V. The conditional
diagnosability t.(G) of a graph G is the maximum value of ¢
such that G is conditionally t-diagnosable.

Motivated by these concepts of conditionally ¢-diagnos-
ability and forbidden faulty sets [28], [42], Peng et al. [36]
then propose the g-good-neighbor conditional diagnosabil-
ity by claiming that for every fault-free vertex in a system, it
has at least g fault-free neighbors.

Definition 2.4.4 [36]. A faulty set F CV is called a g-good-
neighbor conditional faulty set if |N(v) N (V — F)| > g for
every vertexvin V. — F.

Definiton 2.4.5 [36]. A system G = (V(G),E) is g-good-
neighbor conditional t-diagnosable if each distinct pair of
g-good-neighbor conditional faulty sets Fy and F, of V with
|Fy| < t,|Fy| <t are distinguishable.

Definiton 2.4.6 [36]. The g-good-neighbor conditional diagnos-
ability t,(G) of a graph G is the maximum value of t such that
G is g-good-neighbor conditionally t-diagnosable.

2.5 Ek-aryn-cube

The k-ary n-cube Q% (k > 2 and n > 1) is a graph consisting
of k" vertices, each of which has the form u us - - - u,, where
0<wu; <k-—1forl <i<mn.Two vertices u = ujus - - - u, and
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00 1 02 03 00 1 03

0 2 13 0711 13

071 Ez )23 2 )23
g %b

30 31 32 33 30 31 32 33
(a). 4-ary 2-cube Q3 (b). 4-ary 2-dimensional
hypercube Q(2,4)

Fig. 1. 4-ary 2-cube Q3 and 4-ary 2-dimensional hypercube Q(2,4).

v =10y - - - v, are adjacent if and only if there exists an inte-
ger j,1 < j < n, such that u; = v; = 1 (mod k) and v = v; for
every [#j,1<1<n. Such an edge (u,v) is called a
j-dimensional edge. For brevity, we omit writing “(mod k)”
in similar expressions for the remainder of the paper. Note
that each vertex of Q" has degree 2n when k > 3, and n when

= 2. Obviously, Q% is a cycle of length k, Q? is an
n-d1men51onal hypercube, and Q% is a k x k wrap-around
mesh. Fig. 1a shows the four-ary two-cube Q3.

We can partition Q¥ along the dimension j, by deleting
all the j-dimensional edges, into k disjoint subcubes,
Q;0],Q;[1],...,Qj[k —1] (abbreviated as Q[0],Q[1],...,
Q[k — 1], if there is no ambiguity). It is clear that Q;[i] is a
subgraph of Q% induced by {u:u=wuy---uj --u, €
V(QF) and u; = i} and each Q;[i] is isomorphic to Q¥ , for
every 0 <i < k— 1. Moreover, there is a perfect matching
between Q;[i] and Q;[i + 1] for 0 <4 < k — 1.

Let X be a don’t care symbol and let

Xt=XX---X.

t

For convenience of representation, we denote by an n-length
string of symbols X"a' X"~ the subgraph in Q" induced
by the vertex set {v=wujuz---u, € V(Q)|wms1, Ums2,- - -,
um+i = a}. Let Q;[0],Q;[1], ..., Q;[k — 1] be a partition of Q"
along some dimension j. Clearly, Q;[0], Q;[1],...,Q;[k —1]
can be denoted by X/~10X"~I XX X\ (k-
1)X", respectively.

The k-ary n-dimensional hypercube Q(n, k) is a graph con-
sisting of k" vertices, each of which has the form wjus - - - uy,
where 0<wu;<k—1 for 1<i<n. Two vertices
U =ujuy - u, and v =wvjvy--- v, are adjacent if and only if
there exists exactly a dimension j, 1 < j < n, such that u; # v;
and w = v; for every [ # j. Note that each vertex of Q(n,k)
has degree n(k — 1). Obviously, Q(n,2) is an n-dimensional
hypercube @Q,, and Q(n,3) is a three-ary n-cube Q3. Fig. 1b
shows the four-ary two-dimensional hypercube Q(2,4).

3 THE R,~-CONNECTIVITY OF k-ARY n-CUBE Q"

In order to get the g-good-neighbor conditional diagnosabil-
ity of Q¥, we first need to discuss the R,-connectivity of QF,
which is closely related to g-good- nelghbor conditional
diagnosability, proposed by Latifi et al. [25]. A g-good-
neighbor conditional cut of a graph G is a g-good-neighbor
conditional faulty set /' such that G — F' is disconnected.
The cardinality of the minimum g-good-neighbor condi-
tional cut is said to be the R ,-connectivity of GG, denoted by
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CXg(k - 1)0n_g_)@(g0(k — 1)0"‘93? ..... X90" 9 (k — 1

(k—1)X9-ton9

CXglonfgfl) <X9010;17g7§ ......

Fig. 2. The subgraph induced by the neighbors

Noi (H) of H .

k4(G). As a more refined index than the traditional connec-
tivity, the R,-connectivity can be used to measure of condi-
tional fault tolerance of networks. There are many results
concerning the Rj-connectivity for particular classes of
interconnection networks and small ¢’s, such as [9], [12],
[25], [26], [35], [41], [42], [45]. But, with regard to general
integer g, little information has been found. In this section,
we determine the R,-connectivity of k-ary n-cube QF for
k>4,n>3and0<g<n.

The following lemma discusses some properties of the
subgraph of Q*, which is isomorphic to the g-dimensional
hypercube @Q,,0 < g < n. By this Lemma, an upper bound-
ary of the R -connectivity of Q¥ is obtained.

Lemma 3.1. Let H be an induced subgraph of k-ary n-cube Q*
such that H is isomorphic to the g-dimensional hypercube @,
and let C’QA;(H) =N i (H)UV(H), where 0 < g<n,k>5

Qn
and n > 3. Then [Ny (H)| = (2n — )2 and the minimum
degree of QF —

CQ?L(H) is not less than 2n — 2.

Proof. By the symmetry of Q*, without loss of generality, let
H = X90"9, where X € {0,1}. We first prove any pair of
vertices in H have no common neighbors in NQQ(H ).
Suppose, on the contrary, there are two vertices u,v €
V(H) such that they have common neighbors in N, 3 (H ).
Say u = ujug - -ug0" 9, v = vvy - - 0,079, Then, by the
definition of k-ary n-cube, we have e1ther there is precise
one dimension i € {1,2,...,g} such that u; # v; or there
are precise two dimensions 7,5 € {1,2,...,g} such that
u; # v, u; 7 v;. Consider the following two cases.

Case 1. There is precise one dimension i € {1,2,...,g}
such that u; # v;.

In this case, we have u; = v; £ 2(modk). Since u,v €
V(H), it follows that u;, v; € {0,1} and hence u; = v; + 1,
contradicting u; = v; £ 2(modk).

Case 2. There are precise two dimensions i,j €
{1,2,..., g} such that u; # v; and u; # v;.

Without loss of generality, let i = 1, j = 2. Then, u and
v precisely have two common neighbors w; = ujvaus . ..
u0"9 and wy = viugus - u0" Y in QF. Since w,v €
V(H), it follows that w;,v € {0,1} for any 1< [ <g.
Therefore, both w; and w; belong to V(H), that is v and v
have no common neighbors in N (H).

Therefore, any pair of vertices in H have no common
neighbors in NQ i (H). Combining this with H = X90"9,
X €{0,1}, it is not difficult to see that (the subgraph
induced by the neighbors of H is showed in Fig. 2):



| Nos (H)]
= |V(X910" 91 U V(X9010" 9 %)
U--- U V(X0 )] + V(X9 (k — 1)0" )
UV(X90(k—1)0" 92 U---UV(X90" 9 Yk —1))]
+ [V(2X9710"79) U V(X2X920"79)
U-- U V(XT120"79) + [V((k = 1) X910
UV(X(k— 1)Xg*20”’9) U---uU V(ngl(k —1)0"9)|
= [V(X910" )| + [V(X9010" 97 2)| 4 - --
+ [V(X90" 1) + V(X (k — 1)0" 7))
+ [V(X90(k — 1)0" 9 %)| + - -
+ V(X0 (k= 1)| + |V (2X9 0" )]
+ |[V(X2X9~ 20”*9)4_...
+ [V(X97120"79)| + |V ((k — 1) X971 0"79)|
+ V(X (k—1)X20"9)| 4 ---
+ V(X9 (k= 1)0"9)]|
=2 x(n—g) +2x(n—g)+27" xg+27" xyg
=29x (2n—g).

We now shall show the minimum degree of
Qﬁ*%g (H) is not less than 2n —2. For any vertex
x € V(Qp — Cpi(H)), assume that & = (uguz -~ ugtigsr - -
uy,). Consider the following six cases:

Case 1. There is precise one element, which is 2 or

k—1,in {uy,us, ..., u,}, and the others are 0 or 1; there is
precise one element, which is 1 or A—1 in wug,
Ugy2, Ugt3, - - -, Up, and the others are all 0.

Without loss of generality, let z = (2uy - - - u,10"971).
Note k> 5. Then the neighbors of = in CQ «(H) are

(Lug - - u,10"97 1) and (2us - - - u,0"9). So dg (H)(x) =
2n — 2.

Case 2. Each of i, us,...,u, is 0 or 1; and precise one
of ugy1, Ugia, ..., Uy s 2 or k — 2, and the others are all 0.

Without loss of generality, let z = (ujus - - - ug20"*9*1).
Then the neighbor of z in Cp (H) is (uyus -+ - u 10971,
So dg (H)( x)=2n—1

Case 3 ‘All of Uy, U, . .., Uy are 0 or 1; and there are pre-
cise two elements, which are 1 or k—1 in {ug,
Ugs2, - .., Uy}, and the others are all 0.

Without loss of generality, let z = (ujuy--
u,110"97%). Then the neighbors of = in Cp(H )
are (ujus---ugl0"971) and  (ujup - - - u 010779~ 2) So
Aoty ) (#) = 20— 2.

Case 4. Precise two elements of {u, us, ..., u,} are 2 or
k—1, and the others are 0 or 1; and all of wy,
Ugia, . .., Uy, are 0.

Without loss of generality, let =z = (22u3---u,0"79).
Then the neighbors of = in CQ%-(H) are (12ug---u,0"79)
and (21ug - - - u,0"7). So dQ’;ﬁchk () (x) =2n—2.

Case 5. Precise one element of uy, us, ..., u,is 3or k — 2,
and the others are O or 1; all of ug41, ugyo, . . ., u, are 0

Without loss of generality, let « = (3uy - - - u,0"9). If
k=5, then the neighbors of z in Cor (H) are (2uz---
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ug0"9) and (4us - - - u,0" 7). Otherwise, the neighbor of x
in Coi (H) is (2uz - -1 0"79). Sodgp o gy (®) = 2n — 2.
Case 6. = does not satisfy any one’of the above five
cases.
Then z is not adjacent to any vertex of C(H). So

dQn le( >( ) = 2n.
The proof is complete. 0

Corollary 3.2. The R,-connectivity «,(Q%) < (2n— g)29 for
0<g<n,k>bandn > 3.

Proof. Let H be an induced subgraph of k-ary n-cube such
that H =~ @,. By Lemma 3.1, |NQ£(H)| = (2n — ¢)2¢ and

the minimum degree §(QF — (H)) > 2n — 2. Since
n > 3, it follows that 2n — 2 > n. Thus s(QF — Noi(H)) =

8(H) =n > g. By the definitions of g-good-neighbor con-
ditional cut and R,-connectivity, we have NQfg(H ) is a

g-good-neighbor conditional cut of QF and hence
ke (QF) < ‘NQﬁ(H” = (2n — g)29. The proof is complete. O

Next, we shall show (2n—g)2? is also the lower
boundary of «,(Q%) for 0 < g<n,k>5 and n > 3. Before
doing this, we need to have some useful topological
properties of QF.

Lemma 3.3. Let H be a connected subgraph of k-ary n-cube such
that the minimum degree §(H) of H is not less than g, where

0<g<mn,n>3k>4 Then|V(H)| > 29.

Proof. The proof is by induction on g. Clearly, the result is
true for the base cases g = 0 and 1. Assume the result is
true for g— 1. We now consider g > 2. Since §(H) >
g>2,Q" can be partitioned into Q[0], Q[1],..., Q[k — 1]
along some dimension [ such that H is not a subgraph of
any Q[i| fori =0,1,...,k — 1. By symmetry, without loss
of generality, we may assume V(H) N V(Q[i]) # 0 for
1=0,1,...,p—1, where 2<p<k For0<i<p-—1,let
H; be the induced subgraph Q[i|[V(H) N V(Q[i])] and u
be an arbitrary vertex in H;. It is sufficient to discuss the
following two cases.

Casel1.2<p<k-—1.

Clearly, for i =0 or p — 1,dy,(u) > du(u) —1>g—1,
and for i =1,2,...,p—2, dg;(u) > dy(u) —2>g—2. It
follows that §(Hy) > g —1,8(H,—1) > g—1, and §(H;) >
g—2 for i=1,2,...,p—2. By induction, we have
|V(Hy)| > 2971 |V( e 1)| >29"1 and |V(H;)| > 2972 for
i1=1,2,...,p—2.50,

\V(H)| = [V(Ho)| + [V(H)| + -+ [V(Hp-)|
> 2971 x 2=29.

Case2.p = k.

Clearly, dp,(u) > dg(u) —2>g—2. It follows that
8(H;j)>g—2 for ¢=0,1,...,k—1. By induction,
|V(H;)| > 292, and hence

\V(H)| = [V(Ho)| + [V(H)| + - - + [V (Hp)|
> 92972 x | > 29,
The proof is complete. 0

Lemma 3.4. Let Q;[0], Qi[1],. .., Qi[k — 1] be the decomposition
of Qﬁ;(k > 5,n > 3) along some dimension i and let A be a
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connected subgraph of QF and A C QF[N,((V(Q;[0]))U Lemma 3.6. The R,-connectivity ik,(QF) > (2n—g)2¢ for

VQIDUV@QRD). I 0<g<s(A)<n, then
|Ngs (A)] 2 24(2n — g).

Proof. The proof proceeds by induction on g. Since
[Ngi (A)] > «(Qy) = 2n, the statement is true for the
base case g=0. Consider the case g>1. Let R=
QLN (V(Qi[0)) UV(Q[1) UV(Q,[2)))]. Since AC R
and §(A) >g>1, there exists a dimension i€ {1,
2,...,n} such that at least two of A N Q;[0], AN Q;[1], AN
Qi[2] are not empty.

Case 1. Exactly two of AN Q;[0], AN Q;[1], AN Q;[2] are
not empty.

Without loss of generality, say Ay = AN Q;[0] # 0,
A =ANQ;[1] #0. By the construction of Q% and
3(A) > g, we can deduce that §(4y) >g—1 and
8(A1) > g— 1. Furthermore, by induction, we have
INg,0)(Ao)l =297 (2n —g—1) and  [Ngu(A1)] =277
(2n —g—1). Since §(Ag) >¢g—1 and §(A4;) >g—1, by
Lemma 3.3, we can deduce that |V(Ap)|>29"1,
|V(A;)| > 2971, Combining this with the construction
of QF, we can deduce [Ng,;_1)(V(A))| =V (Ag)| = 2971,

n?

[Ng,i2/(V(A1)| = [V(Ay)| > 297", Therefore,

[ Ngi (A)] = [Noy—1y(V(40))] + [ Noyjo) (Ao)|
+ [Ny (A1)] + [Ng, (V (A1)
>29(2n — g).

Case 2. All of ANQ;[0],ANQ;[1],ANQ;[2] are not
empty.Denote Ay = ANQ;[0], A = ANQ;[1], Ay = AN
Q:[2]. By the construction of Q* and §(A) > g, we can
deduce that §(Ap) > g—1,8(4;) >g—2 and §(4y) >
g — 1. By induction, we have | N, g(4o)| > 29! (2n — g —
1, N (AD)] 2 20220 — g)  and [ Ngypy(Ay)] > 2071
(2n —g—1). Since 8(4p) > g—1 and §(A;) > g—1, by
Lemma 3.3, we can deduce that [V (4,)| > 2971, |[V(A4y)| >
2071, Clearly, [Ng,1y(V(Ao))| = [V(Ao)| > 297", [Ng,
(V(A2))] = |[V(A3)| > 297L. Therefore,

| N3 (A)] > [N, -1y (V(A0))| + [ Ng,0)(Ao)|
+ [Ng; (A1)| + [Ng, 21 (A2)]
+ [ Ng,31(V(Az))]
> 29(2n — g).

The proof is complete. ]

The g-restricted connectivity of G is closed related to the
Kkg-connectivity. A vertex cut of G is called a g-restricted cut
if G — S is disconnected and every component of G — S has
more than g vertices. The g-restricted connectivity of G,
denoted by k,(G), is defined as the cardinality of a mini-
mum g-restricted cut. Clearly, «¢(G) =ko(G) = «k(G) and
k1(G) = ¥1(G). In 2004, Day determined the 1-restricted con-
nectivity of Q" (k > 4) [10].

Lemma 3.5 [3], [10]. The g-restricted connectivity of QF (k > 4),

Ky(QF) =2(g+1)n—2gforn >2and g=0,1.

The following Lemma shows (2n — ¢)2¢9 is the lower
boundary of «,(Q*) for0 < g <n,k > 5and n > 3.

0<g<n,k>5andn > 3.

Proof. Let F be an arbitrary R,-cut of k-ary n-cube QF,

where 0 < g < n,k > 5 and n > 3. It is sufficient to show
that |F'| > 29(2n — g). We shall prove |F| > 29(2n — g) by
induction on g. By Lemma 3.5, the statement is true for
the base cases ¢=0,1. We now consider g > 2. Let
Q[0],Q[1],...,Q[k — 1] be a decomposition of Q* along
dimension /(1 <! <n) and let F; = FNV(Q[i]) for any
1=0,1,...,k—1(F; is allowed to be empty.). We discuss
the following two cases.

Case 1. Q[i]—F, is disconnected for any i=0,
1. k—1.

Since F is an Rj,-cut of Q, we have §(QF — F) > g.
Note that the /-dimensional edge set between Q[i] and
Qi + 1] is a perfect matching of V(Q[i]) and V(Q[i + 1]).
Thus, for any i =0,1,...,k—1, 8§(Q[i] — F;) > g—2. It
follows that F; is an R, o-cut of Q[i]. By induction,
|Fi| > 29°%(2n — g) for i = 0,1,...,k — 1. Therefore, |F| =
[Fo] + [Fi| 4+ [Fit| > b x 27220 — g) - 29(2n — g).

Case 2. There exists a Q[i] such that Q[i] — F; is
connected.

Assume that G, = Q[i¢] — Fj, is connected and G is
the component of Q% — F such that G, C G. Without
loss of generality, assume that V(G)NV(Q[j]) # 0 for
j=0,1,....p—1(2<p<k).Clearly, 0 < iy <p—1.

Case2.1.p < k—1.

Let x be an arbitrary vertex in G;, and let
z; € V(Qi])(i # i) be the vertex such that just the ith
coordinate of z; is different from that of z. Since
p <k-—1, it follows that there exists an integer i
such that z; € F—F,,. Thus |F|=|F—F,|+|E,|>
V(Giy)| + By | = [V(Qlio))| = k1 > 29(2n — g).

Case2.2.p = k.

Fori=0,1,...,k— 1, denote G N QJi] by G;.

Case 2.2.1. There are at least four of Q[i] — F; for
1=0,1,...,k— 1, such that each of them is disconnected.

Say Q[i1] — F;,, Qliz) — Fi,, Q[is] — Fiy, Qlis] — F;, are
disconnected. Clearly, §(Qf — F) >g. Note that the
l-dimensional edge set between Q[i] and Q[i + 1] is a per-
fect matching of V(Q[i]) and V(Q[i + 1]). We can deduce
F, =FNQ, F, =FNQlia), Fiy = FNQlis|, F;, = F N
Qlig] are R, o—cuts of Q[i1], Qiz], Qlis], Q[i4], respec-
tively. By induction, |F,|>2972(2n— g),|F},| > 2972
(2n = g), |Fy| > 297%(2n — g), |}, | > 27%(2n — g).  Thus
|F| > |F21| + |Fz2| + ‘Fz3| + |F14‘ > 2g(2n_g)'

Case 2.2.2. There are at most three of Q[i] — F;,i =
0,1,...,k — 1 such that each of them is disconnected.

By contradiction, suppose |F| < 29(2n — g). We now
shall show two important claims.

Claim 1. |V(G)| > k" =L x 2972(2n — g).

Suppose there are exactly three of Q[i] — Fj,7 =0,
1,...,k—1 such that each of them is disconnected. Say
Q] — F,, Qlis]) — Fi,, Q[is] — F;, are disconnected.

If 4y,19,13 are three continuous integers(mod k), then
without loss of generality, assume i; = 0,4y = 1,73 = 2.
Clearly, Fy, F1,F, are R, »-cuts of Q[0],Q[1] and Q[2],
respectively. By induction, |F|>292%(2n—g) for
i=0,1,2. Let H; = Q[i] — F; — G; for i = 0,1, 2. Then, by
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the construction of Qﬁ,

we have |V(H())| S |Fk_1|,

[V (H)| < min{|V(Ho)| + [Fof, [V (Ha)[ + [F2[}

< V(Ho)| + [Fo| + [V(Ha)| + | F|

- 2

< |Fi—1| + [Fo| + | B3| + | P

- 2

_IFI=IR]

- 2
Since |F| < 29(2n — g),|F;| > 2972(2n — g) for i =0,1,2,
and |F| > |Fy| + |Fi| + |Ey| + | F3| + |Fi—1|, we have that
|F3| + |Fi-1] < 29°%(2n — g). Therefore,

V(G = V(Qu)] = [V(Ho)| = |V(Hy)| = [V(He)| — |F|
|F| = |1

> K" = |Fpa| — 2

— |F3| — | F|
29(2n — g) — 29°%(2n — g)

> K" —297%(2n — g) —

—2/(2n - g)

.13 .
=k" - 5 X 2"_2(271 - 9).

2

If 4, i are continuous integers(mod k), but i1, i2, i3 are
not continuous, then without loss of generality, assume
iy = 0,4 = 1. Clearly, we can show that Fy, Fy, Fj, are
R, o-cuts of Q[0],Q[1] and Q]is], respectively. By induc-
tion, |F;| >2972(2n —g) for i =0,1,i3. Let H; = Q[i]—

F, = G; for i =0,1,i5. Then |[V(H)| < |Fpl,[V(H)| <
) ., ;.
B, [V(Hy,)| < min{|F, |, |Fy)} < DBl o
4‘F|_‘F°|_2‘ Fl=IFy| Therefore,
V(G|
= |V(Q))| = [V(Hy)| — |V(Hy)| — |V(Hy,)| — |F|
F|— |Fy| — |F1| — | .
o ¥ |Fo| — |y < LB IR = 1Rl

2
> K" —2x297%(2n — g)
~29(2n—g) —3 2972(2n — g)

2
13
=k" — 5 X 29_2(2n —9).

—29(2n — g)

Suppose that 41,7 and i3 are not continuous integers
pairwise. Clearly, we can show that F;,Fj,, F;, are
R, o-cuts of Qi1], Q[i2] and Qlis], respectively. By mduc-
tion, |Fj;| > 297%(2n — g) for j=1,2,3. Let H;, = Qli;]—
F, -G for j =1,2,3. Then

H, mi Fi, 1| +|F -

V(H;,)| < 1n{|1al,1|,|3171|}§w7
Fyy |+ |Fy-

\V(Hy,)| < min{|Fy, 1], |F, 1|} < W

and

|E3*1| + |E3+1|

|V(ng)‘ S mil’l{|E3,] |7 |E3+] ‘} S 9

Since |F| < 2(2n—g) and |F;|>272(2n—g) for
j=1,2,3, we have that

J=1 ]:1
1 3
<3 <|F| - \Fijl)
j=1
9—3 _
Therefore, < 7272 - g)

3
&) = V(@) =D IV(H;)| - |F|
=1

> k" —2973(2n — g) — 29(2n — g)

. 13
> k" — 5 X 2972(2n — g).

Using a similar discussion, we can deduce that the
Claim is true when there are at most two of
Qi) — F;,i=0,1,...,k— 1 such that each of them is dis-
connected. The proof of Claim 1 is complete.

Claim 2. For any decomposition @;[0],Q;[1],...,
Qjlk — 1] of Q¥ along some dimension 1 < j < n, G inter-
sects with every one of Q;[0], Q;[1],...,Q;[k —1].

Suppose on the contrary that there exists a decomposi-
tion Q;[0],Q;[1],...,Q;[k — 1] of Q* along some dimen-
sion 1 < j <n such that G does not intersect with every
one of Q;[0],Q;[1],...,Q,[k — 1]. Without loss of general-
ity, assume that G N Q;[0], GNQ;[1],...,GNQ;[l — 1] are
not empty. Clearly, [ < k — 1. Denote G N Q,lt] by G; for
0<i<l—1. Let Fj[i] =FnV(Q[i]) for i=0,1,...,
kE—1.

If Q;[i] — Fj[d] is disconnected for any i =0,1,..., k —
1, then by Case 1, we have |F| > 29(2n — g), a contradic-
tion. So suppose that there exists a Q;[i] such that
Q;i] — F}i] is connected. Let Q;[iy] — Fj[iy] be connected,
and H be the component of QF —F such that
Q0] — Fjlio] is a subgraph of H. If H does not intersect
with every one of Q;[0],Q;[1],...,Q;[k — 1], then similar
to Case 2.1, we can conclude |F| > 29(2n — g), a contra-
diction. So suppose H intersects with every one of
Q,[0],Q,[1],...,Q,[k — 1]. By the assumption that G does
not intersect with every one of Q;[0],Q;[1],...,Q;[k — 1],
we can conclude H # G. If there are at least four of
Q,lt] — Fj[i],i =0,1,...,k— 1, such that each of them is
dlsconnected then similar to Case 2.2.1, we have
|F'| > 29(2n — g), a contradiction. Therefore, there are at
most three of Q,[i] — Fj[i],i =0,1,...,k—1, such that
each of them is disconnected. Similar to the Claim 1 of
Case 2.2.2, we have |V (H)| > k" — 1 x 297%(2n — g). Since
F is an R, -cut of QF, by induction, we have
|F| >297'2n — g+ 1]. So

K= V(@) > |V(G)| + [V(H)| + | F|
> 2 [k: - ? x 297%(2n — g)} +297 20 — g+ 1].

It is easy to show

13

kn < 2 |:k,n _ ? X 2!]_2(271 _ g)j| + 2!/_1[271 _ g+ 1}7
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Fig. 3. lllustration of a distinguishable pair (£}, F>) under the PMC model.

a contradiction. The proof of Claim 2 is complete.

Let A be an another component of Q* — F except G.
Then by Claim 2 and the above discussion, we can
deduce that for any decomposition Q;[0],Q;[1],...,Q;
[k —1] of QF along some dimension 1 < j < n, A inter-
sects at most three of Q;[0],Q,[1],...,Q,[k — 1]. Without
loss of generality, let A C Q}[N_, (V(Q;[0]) U V(Q;[1])
(Q/[2]))] Since F is an R,-cut of QF, it follows that §(A) >
g. Then by Lemma 3.4, |F|> | Qn( )| > 29(2n —g), a
contradiction. 0

Latifi et al. [25], and Wu and Guo [42] have studied the
R,-connectivity of the hypercube and got the following result.

Theorem 3.7 [25], [42]. Assume that n > 3 and 0 < g<n — 2.
Then the Rg-connectivity of n-dimensional hypercube Q,

K!}(Q'n) = (n —g)29.

By the definition of k-ary n-cube, we have Qi = 9, SO,
by Theorem 3.7, we can deduce the following corollary.

Corollary 3.8. Assume that n > 2and 0 < g < 2n — 2. Then the
R-connectivity of four-ary n-cube Q% k,(Q1) = (2n — g)29.

Combining Corollaries 3.2 and 3.8, and Lemma 3.6, we
can obtain the R,-connectivity of Qi for 0<g<n,n>3
and k > 4.

Theorem 3.9. Assume that k> 4,n >3 and 0 < g <n. Then
the Ry-connectivity of k-ary n- cube QF, K, (QF) = (2n — g)29.

4 THE g-GOOD-NEIGHBOR CONDITIONAL
DIAGNOSABILITY OF k-ARY n-CUBE Qfl UNDER
THE PMC MODEL

In this section, we shall show the g-good-neighbor condi-
tional diagnosability of k-ary n-cube QF under the PMC
model.

Let G = (V, E) be an undirected graph of a system G. Let
Fy and F; be two distinct subsets of V, and let the symmetric
difference Fi AFy = (Fy U Fy) — (Fy — F3). In 1984, Dahbura
and Masson [11] proposed a sufficient and necessary condi-
tion for two distinct subsets /| and F5 to be a distinguish-
able-pair under the PMC model.

Theorem 4.1 [11]. For any two distinct subsets Fy and Fy of V,
(F1, F») is a distinguishable pair under the PMC model if and
only if there is a vertex u € V — (Fy U Fy) and there is another
vertex v € (Fy AF3) such that (u,v) € E (see Fig. 3).

The following lemma follows from Definition 2.4.5 and
Theorem 4.1.

Lemma 4.2. A system G is g-good-neighbor conditional t-diag-
nosable under the PMC model if and only if there is an edge
(u,v) € E(G) with w e V — (Fy UFy) and v € (I, AF>) for
each distinct pair of g-good-neighbor conditional faulty subsets
Fy and F5 of V with |Fy| < tand |F5| < t.
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Fig. 4. An illustration about the proofs of Theorem 4.3 and Lemma 5.5.

Let g be a positive integer with 0 < g <n. To find the
g-good-neighbor conditional diagnosability ¢,(Q*) under
the PMC model, we first show that ¢,(Q*) is no more than
(2n—g+1)29—1fork>5n>3and 0 < g<mn.

Theorem 4.3. Assume that k> 5,n> 3 and 0 < g <n. Then
the g-good-neighbor conditional diagnosability of k-ary n-cube
QF under the PMC model, t,(Q*) < (2n — g+ 1)29 — 1.

Proof. Let A=~ (), be a subgraph of QF and let Fj =
Noi(A), F. C o1 (A) (See Fig. 4). Then by Lemma 3.1,
|F1[ = (2n - ‘1 [Py = (2n — g+ 1)2¢, and the minimum
degree of Q’; Fg is not less than 2n — 2, i.e., F} and F,
are two g-good-neighbor conditional faulty sets of V(QF)
with F1 < (2n — g+ 1)29 and F» < (2n — g+ 1)29. On the
other hand, since V(A) = F{AF; and Nk (A) = F, C Iy,
there is no edge (u, v) € E(QF) withu € V- (F; U ) and
veE (FiAF,). By Lemma 4.2 and Definition 2.4.5, the
g-good-neighbor conditional diagnosability ¢,(QF) <
(2n — g+ 1)29 — 1 under the PMC model. The proof is
complete. 0

Next, we show that ¢,(Q) is no less than (2n — g+ 1)29—
lfork>5n>3and0 < g<n.

Theorem 4.4. Assume that k> 5,n >3 and 0 < g <n. Then
the g-good-neighbor conditional diagnosability of k-ary n-cube
QF under the PMC model, t,(Q*) > (2n — g+ 1)29 — 1.

Proof. By Definition 2.4.6, it is sufficient to show QF is
g-good-neighbor conditional (2n — g+ 1)29 — 1-diagnos-
able. By Definition 2.4.5, to prove QF is g-good-neighbor
conditional (2n — g+ 1)29 — 1-diagnosable, it is equiva-
lent to prove that F; and F» must be distinguishable for
every two distinct g-good-neighbor conditional faulty
sets Fy and Fy of QF with |Fj| < (2n—g+1)27 — 1 and
|Fo| < (2n—g+1)29 — 1.

We prove this statement by contradiction. Suppose
that there are two distinct g-good-neighbor conditional
faulty sets F; and F» with |F1] < (2n —g+1)29 — 1 and
|F5| < (2n—g+1)29 — 1, but (Fy,F») is indistinguish-
able. Now we consider all the possible cases such that F}
and F; are indistinguishable. By Theorem 4.1, there are
two cases such that F; and F5 are indistinguishable:
V(QF) = Fy U Fy or V(QF) # Fy U F, but there is no edge
from V(QF) — (F1 U F) to F1AF,. Without loss of gener-
ality, assume that F, — Fy # (). We shall show that each
of the above cases has a contradiction with our
assumption.

Case1.V(QF) = FL U B
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Since k>5,n>3,9<n and V(QY)=F U, we
deduce that

5 <K= |V(QN)| = | UR| < R + | B
<2x[2n—g+1)29 —1] < (n+1)2"",

which is a contradiction.

Case 2. V(QF) # Fy U F.

Since F; and F; are indistinguishable, by Theorem 4.1
(See Fig. 3), there are no edges between V(Q*)— (F} U Fy)
to FiAF;. By the assumption that F5 — F} # () and F} is a
g-good-neighbor conditional faulty set, any vertex in
F, — I} has at least g good neighbors in the subgraph
induced by F;—F;. By Lemma 3.3, we have
|Fo — F1| > 29. Since Fy and F; are both g-good-neighbor
conditional faulty sets, F; N F} is also a g-good-neighbor
conditional faulty set. In addition, since there are no
edges between V(QF) — (Fy U Fy) to F1AR, QF — FiNF
is disconnected, that is F} N F, is a R,-cut of Qfl By
Theorem 3.9, the cardinality of the minimum R, -cut of
QF is (2n—g)2Y. Thus, we obtain that |FyNF| >
(2n — g)29. As a result, |Fy| = |Fy, — Fi|+ |F1 N Fy| > 29
+(2n — g)29, which contradicts with |Fy| < 29+ (2n — g)
29 — 1.

Based on these discussions above, we conclude that
t,(QF) > (2n — g+ 1)29 — 1. The proof of this theorem is
complete.

Recently, the g-good-neighbor conditional diagnosability
of hypercube ¢,(Q,) under the PMC model is shown by
Peng et al. [36].

Theorem 4.5 [36]. The g-good-neighbor conditional diagnosabil-

ity of Q,, under the PMC model is
29n—g+1)—1,
P

if g<n-—3;
ifn—2<g<n-—1.

(@)=

Note that Q;‘L = @2,,. S0, by Theorem 4.5, we can deduce
the following result.

Corollary 4.6. The g-good-neighbor conditional diagnosability of
Q? under the PMC model is

" 292n—g+1)—1,
t!]( n) - 227171 1

if g <2n—3;

if2n—2<g<2n-—1.

Combining Theorems 4.3, 4.4 and Corollary 4.6, we can
obtain the g-good-neighbor conditional diagnosability of Q*
for0 < g<n,n>3and k > 4.

Theorem 4.7. Assume that k>4,n>3 and 0<g<n.

Then the g-good-neighbor conditional diagnosability of

k-ary n-cube QF, under the PMC model, t,(Q%)=

n’

(2n—g+1)29 — 1.

5 THE g-GoOD-NEIGHBOR CONDITIONAL
DIAGNOSABILITY OF k-ARY n-CUBE Q" UNDER
THE MM* MODEL

In this section, we shall show the g-good-neighbor conditional
diagnosability of k-ary n-cube Q¥ under the MM" model.
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Fig. 5. lllustration of a distinguishable pair (F}, F5) under the MM* model.

Let G = (V, E) be an undirected graph of a system G. In
1992, Dahbura and Masson [39] proposed a sufficient and
necessary condition for two distinct subsets F; and F; to be
a distinguishable pair under the MM" model.

Theorem 5.1 [39]. For any two distinct subsets Fy and F, of
V(G), (F, F) is a distinguishable pair under the MM™ model
if and only if one of the following conditions is satisfied (see
Fig.5):

(1) There are two vertices u,w € V(G)— Fy — F, and
there is a vertex v € F1AF, such that (u,w) and (v, w) € E.

(2) There are two vertices u,v € Fy — Fy and there is a ver-
texw € V(G) — Fy — Fy such that (u,w) and (v, w) € E.

(3) There are two vertices u,v € Fy — Fy and there is a ver-
tex w € V(G) — Fy — Fy such that (u, w) and (v, w) € E.

The following lemma follows from Definiton 2.4.5 and
Theorem 5.1.

Lemma 5.2. A system G is g-good-neighbor conditional t-diag-
nosable under the MM™ model if and only if for each distinct
pair of g-good-neighbor conditional faulty subsets Fy and F of
V with |Fy| <t and |Fy| <t satisfies one of the following
conditions:

(1) There are two vertices u,w € V(G) — F; — Fy and
there is a vertex v € F1AF, such that (u,w) and (v,w) € E.

(2) There are two vertices u,v € Fy — Fy and there is a ver-
tex w € V(G) — Fy — F such that (u, w) and (v, w) € E.

(3) There are two vertices u,v € Fy — Fy and there is a ver-
tex w € V(G) — Fy — Fy such that (u, w) and (v, w) € E.

Let g be a positive integer with 0 < g <n. To find the
g-good-neighbor conditional diagnosability ¢,(Q*) under
the MM" model, we first show that ¢,(Q*) is no more than
(2n—g+1)29—1fork>5n>3and 0 < g<n.

Theorem 5.3 [45]. Let g < n,n > 3, Q, be a g-dimensional sub-
cube of Qn, Co,(Qy) = N, (Qg) UV(Qy). Then Q.[Ng,
(Qy)] is the union of n — g disjoint g-dimensional subcubes of
Qy and Q,, — Co, (Q,) is connected and the minimum degree
of Q,, — Cq, (Qg) is not less than n — 2.

Corollary 5.4. Let the g-dimensional hypercube (), be a sub-
graph  of Qfm and CQ@ (Qq) = NQQ[(Q.«}) UV(Qy), where
0<g<mn, k>4and n> 3. Then \NQ:;-(Q!])\ = (2n — g)29
and the minimum degree of QF — Coi(Qy) is not less than
2n — 2.

Proof. When k=4, then by Theorem 5.3, we have
|NQ%(Q9)\ =|Ng,,(Qy)] = (2n — g)2¢ and the minimum
degree of Q) —Cpi(Qy) = Q2 — Cg,,(Q,) is not less
than 2n — 2. When k£ > 5, by Lemma 3.1, the result is
also true. O
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Lemma 5.5. Assume that k > 4,n > 3 and 0 < g < n. Then the

g-good-neighbor conditional diagnosability of k-ary n-cube Q*
under the MM* model, t,(Q%) < (2n — g+ 1)29 — 1.

Proof. Let Ax=Q, be a subgraph of QF and let

Fi =N, k(A) = ( ) (see Fig. 4). Then by Corollary
5.4, \F1| =(2n — )29 |F2| = (2n — g+ 1)29, and the mini-
mum degree of QZ F) is not less than 2n — 2. That is F}
and F; are two g-good-neighbor conditional faulty sets of
V(QF) with |F1| < (2n— g+ 1)29 and |Fp| < (2n—g + 1)
29. On the other hand, by the definitions of F} and F%,
neither one of the three conditions of Lemma 5.2 is satis-
fied. By Lemma 5,2, k-ary n-cube Q’; is not g-good-neigh-
bor conditional (2n — g + 1)2%-diagnosable. The proof is
complete. ]

Next, we show that under the MM™ model, tg(Qf; ) is no

lessthan (2n —g+1)29 —1fork>4,n>3and 0 < g <n.
Lemma 5.6. Assume that k > 4,n > 3 and 0 < g < n. Then the

g-good-neighbor conditional diagnosability of k-ary n-cube Q*
under the MM* model, t,(Q%) > (2n — g+ 1)29 — 1.

Proof. Suppose, by contradiction, that t,(Q*) is less than

(2n — g+ 1)29 — 1 under the MM" model. By Lemma 5.2,
there are two distinct g-good-neighbor conditional faulty
sets F| and F, with |Fi| < (2n—g+1)29 — 1 and |F;| <
(2n — g+ 1)29 — 1, but the vertex set pair (£}, Fy) is not
satisfied with any one condition in Lemma 5.2. Without
loss of generality, assume that F, — Fy # (). We shall dis-
cuss the following two cases.

Case 1. V(QF) = FL U F.

Since k>4,n>3,g<n and V(QF)=
obtain the following inequality:

F1 @] FQ, we

4" <K =V(QE)| = R U R < R+ | B
<2x[2n—g+1)29—1] < (n4+1)2" -2
< qn — 27

which is a contradiction.

Case 2. V(QF) # Fy U Fy.

In this case, we first prove a useful claim.

Claim 3. Q% — Fy — F has no isolated vertex.

We show the Clalm by considering the following two
subcases.

Subcase A. g = 1.

Suppose, by contradiction, that Q* — F; — I has at
least one isolated vertex. Let w be an 1solated vertex in
Qk — F5. Since F; is an 1-good neighbor condition
faulty set there is a vertex u € F5 — F} such that u is adja-
cent to w. On the other hand, since the vertex set pair
(F1, F») is not satisfied with any one condition in Lemma
5.2, by Lemma 5.2(3) (see Fig. 5), there is at most one ver-
tex u € F5 — Fj such that u is adjacent to w. Thus, there is
just a vertex u € F, — I such that u is adjacent to w. Sim-
ilarly, we can deduce there is just a vertex v 6 Fi—F
such that v is adjacent to w. Let W C V(QF) — F} — F; be
the set of isolated vertices, and let H be the mduced sub-
graph by the vertex set V(QF) — — W. Then for
any vertex w € W, there are 2n — 2 neighbors in F; N F5.
By |Fy <(2n—g+1)22—1 and g=1, we have
|F3| < 4n — 1. Therefore,
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S INmop @) = W|2n=2) < Y dg(v)

weW veF1NEFy
N F2n < (] —1)2n

<k
< (4n—2)2n

It follows that |W| < 4n + 3. Assume H = (). Then

4" <K = V(@) = R UB|+ W
< |F1| + |F2| — |F1 ﬂF2| + |W|
<2[(4n—1)—1] +4n+3 =12n — 1.

It follows that n < 3, contradicts n > 3. So H # (). Since
the vertex set pair (F}, F3) is not satisfied with the condi-
tion (1) of Lemma 5.2 (see Fig. 5), and any vertex of V(H)
is not isolated, we have there is no edge between H and
FAF,. Thus, i NF, is a cut of QF and §(Q*— (F1 N
Fy)) > 1, ie., Fy N F; is an 1-good-neighbor conditional
cut of Q*. By Theorem 3.9, |F; N F3| > 4n — 2. Note that
Rl < (2n— g+ 1)2 —1 = dn— 1| B3] < (20— g+ 1)29—
1=4n—1 and neither Fy — F, nor F, — F} is empty.
Thus, |F1 — FQ‘ = |F2 — F1| =1. Say F1 — FQ = {Ul}, FQ —
F = {vy}. Then for any vertex w € W, w are adjacent to
v; and v,. Since there are at most two common neighbors
for any pair of vertices in QF, it follows that there are at
most two isolated vertices in V' — F| — 5.

Assume there is exactly one isolated vertex v. Then
v;,v2 are adjacent to v in V —F, —F,. Clearly,
NQE (v) = {v1,v9} C F1 N Fy. Since QF contains no trian-
gle, it follows that Ny (vi) — {v} C Fi N Fy, Ny (v2) —
{v} CSRNE, [N (v) = {vi, v} N [Ny (v1) — {v}] =0,
and [Ny (v) — {v1,v2}] N [Ngi (v2) — {v}] = 0. Since there
are at most two common nelghbors for any pair of verti-
ces in Q, it follows that [Ny (v1) — {v}]N [N (va2) —
{v}]] < 1. Therefore,

|Fy 0 By| > [Ni (v) = {1, 02} + [Ngi (v1) = {0}
+| Qﬁvg f{v}|71
=2n—-24+2n—1+4+2n—-1-1
=6n—5
It follows that
By =|F—F|+|FiNF|>1+6n—5=6n—4
>4n —1,

contradicting [F5| < (2n —g+1)29 — 1 =4n — 1.

Assume there is another isolated vertex v # v in
V — F; — F>. Then vy, v, are adjacent to . Similarly, since
QF contains no triangle and there are at most two com-
mon neighbors for any pair of vertices in QF, it follows
that the four vertex sets Ny (v) —{vi,v2}, Npi(V') —

{v1,v2}, Ny (v1) — {v,0'} and Ny (v2) — {v,v'} do not
intersect pairwise. Therefore, '
|F1 N Fy| > | Nk (v) = {o1, 02} | + [Ni (v) = {v1, 0}
’ Qo vl) - {vm}’ + }Ncgf; vg) — {U,v}|

=2n—-242n—-2+4+2n—-2+4+2n—2
=8n — 8.
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It follows that

|By| = |F— B+ |FiNEF>1+81—8
=8n—7>4n -1,

a contradiction.

Subcase B. g > 2.

Since [} is a g-good-neighbor condition faulty set,
\NQ%FI (x)] > g for any = € V — F|. Note the vertex set
pair (F, F») is not satisfied with any one condition in
Lemma 5.2. By Lemma 5.2(3) (see Fig. 5), for any pair of
vertices u,v € Fy — F}, thereis no vertex w € V — F} — F}
such that (u,w), (v,w) € E(Q*). Thus, any vertex w in
V — F1 — F5 has at most one neighbor in F5 — F. There-
fore, for any vertex w e V — Fy — F, |NQ£_F1_F2 (w)| >
g—12>1, ie, every vertex of Qf; — Iy — F, is not an iso-
lated vertex. The proof of Claim 3 is complete.

Let u be a vertex in Qf; — Iy — F5. By Claim 3, u has at
least one neighbor in Q* — F; — F5. Since the vertex set
pair (F, Fy) is not satisfied with any one condition in
Lemma 5.2, by Lemma 5.2(1) (see Fig. 5), for any pair of
adjacent vertices u,w € V — Fy — F5, there is no vertex
v € F{AF, such that (u,v) or (v,w) € E(QF). 1t follows
that u has no neighbor in F;AF;. By the arbitrariness of u,
there is no edge between V — F; — F, and F1AF>.

Since F, — Fy # () and F} is a g-good-neighbor condi-
tional faulty set, S(QZ [Fo, — Fi]) > g. By Lemma 3.3,
|F» — Fy| > 29. Since both F} and F; are g-good-neighbor
conditional faulty sets and there is no edge between
V — Fy — F; and F1AF;, Fy N Fy is a g-good-neighbor con-
ditional cut of in. By Theorem 39, we have
‘Fl N FQ‘ Z (2’[7, - g)2g

Therefore,

|Fy| = [Fy — Fi| + |[Fy N Fy| > 294 (2n — g)2¢
=(2n—g+1)2,

contradicting |F5| < (2n—g+1)2 —1 The proof is
complete. 0

Combining Lemmas 5.5 and 5.6, the g-good-neighbor
conditional diagnosability of k-ary n-cube @ shows
below.

Theorem 5.7. Assume that k> 4,n >3 and 0 < g <n. Then
the g-good-neighbor conditional diagnosability of k-ary n-cube
QF under the MM* model, t,(Q%) = (2n — g+ 1)29 — 1.

Proof. On the one hand, by Lemma 5.5, the g-good-neighbor
conditional diagnosability of k-ary n-cube Q* under the
MM* model, #,(Q¥) < (2n — g+ 1)29 — 1. On the other
hand, by Lemma 5.6, the g-good-neighbor conditional
diagnosability of k-ary n-cube Q¥ under the MM" model,
t,(QF) > (2n — g+ 1)27 — 1. Therefore, the g-good-neigh-
bor conditional diagnosability of k-ary n-cube QF under
the MM" model, t,(QF) = (2n — g+ 1)29 — 1. The proof is
complete. ]

Table 1 shows the g-good-neighbor conditional diagnos-
ability of five-ary n-cube t,(Q?) of small n(>3) where
0<g<n.
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TABLE 1
The t,(Q?) of Small n
n_ | g [IV(QR[]£,(Q) [ ratio
3 0 53 6 0.045
3 1 53 11 0.088
3 2 53 19 0.152
3 3 53 31 0.248
4 0 5% 8 0.0128
4 1 5% 17 0.0272
4 2 54 27 0.0432
4 3 57 47 0.0752
4 4 51 79 0.1264
5 0 5° 10 0.0032
5 1 5° 19 0.00608
5 2 50 35 0.0112
5 3 57 63 0.02016
5 4 5° 111 0.03552
5 5 5° 191 0.06112
6 0 56 12 0.000768
6 1 56 23 0.001472
6 2 56 43 0.002752
6 3 50 79 0.005056
6 4 56 143 0.009152
6 5 50 255 0.01632
6 6 50 447 0.0286
7 0 57 14 0.0001792
7 1 57 27 0.0003456
7 2 57 51 0.0006258
7 3 57 95 0.001216
7 4 57 175 0.00224
7 5 57 319 | 0.0040832
7 6 57 575 0.00736
7 7 57 1023 | 0.0130944

6 CONCLUSIONS

The g-good-neighbor conditional diagnosability can mea-
sure diagnosability for a large-scale processing system more
accurately than classical diagnosability because the classical
diagnosability always assumes that all neighbors of each
processor in a system can potentially fail at the same time
regardless of the probability. In fact, if there are exactly n
faulty processors in a system of minimum degree n, how-
ever, the probability of the faulty set containing all the
neighbors of any vertex is statistically low for large multi-
processor systems. Therefore, it is worthy to the determin-
ing the g¢-good-neighbor conditional diagnosability of
interconnection network for multiprocessor systems.

In the area of diagnosability, the PMC model and the
MM" model are two well-known and widely chosen fault
diagnosis models. In this paper, we study the g-good-neigh-
bor conditional diagnosability of k-ary n-cube under the
these models, and demonstrate the g-good-neighbor condi-
tional diagnosabilitis of k-ary n-cube Q* under the PMC
model and MM" model are both (2n—g+1)29—1 for
k>4,n>3 and 0< g <n. Observing that when ¢g=0,
there is no restriction on the faulty sets and we have the
traditional diagnosability on the hypercube as n. In
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addition, in the special case of g =1, our result is slightly
different from the measure of conditional diagnosability
given by Lai et al. [28]. The difference between these two
measures is that we only consider the condition of the fault-
free vertices in the network. The generalization of condi-
tional diagnosability by requiring every vertex to have at
least g good neighbors is also an interesting problem to
investigate in the future. For further discussion, it is an
attractive work to develop different measures of these con-
ditional diagnosabilities based on application environment,
network topology, network reliability, and statistics related
to fault patterns.

ACKNOWLEDGMENTS

This work was supported by the the National Natural Sci-
ence Foundation of China (11026163, 61302020, 61070229,
61272263) and the Natural Science Foundation of Shanxi
Province (2011021004). Xiao Qin’s research was supported
by the US National Science Foundation (NSF) under Grants
CCF-0845257 (CAREER), CNS-0917137 (CSR), CNS-0757778
(CSR), CCF-0742187 (CPA), CNS-0831502 (CyberTrust),
CNS-0855251 (CRI), OCI-0753305 (CITEAM), DUE-0837341
(CCLI), and DUE-0830831 (SFS). Jun Yuan is the correpond-
ing author.

REFERENCES

[11 R. Ahlswede and H. Aydiniana, “On diagnosability of large multi-
processor networks,” Discr. Appl. Math., vol. 156, no. 18, pp. 3464—
3474, Nov. 2008.

[2] L.C.P.Albini, S. Chessa, and P. Maestrini, “Diagnosis of symmet-
ric graphs under the BGM model,” Comput. ]., vol. 47, no. 1,
pp- 85-92, Jan. 2004.

[3] B.Bose, B. Broeg, Y. Kwon, and Y. Ashir, “Lee distance and topo-
logical properties of k-ary n-cubes,” IEEE Trans. Comput., vol. 44,
no. 8, pp. 1021-1030, Aug. 1995.

[4] J. A. Bondy and U. S. R. Murty, Graph Theory with Applications.
New York, NY, USA: Macmillan, New York, 1976.

[5] F. Barsi, F. Grandoni, and P. Maestrini, “A theory of diagnosabil-
ity of digital systems,” IEEE Trans. Comput., vol. 25, no. 6, pp. 585—
593, Jun. 1976.

[6] G.Y. Chang, G. H. Chen, and G. J. Chang, “(t, k)-diagnosis for
matching composition networks under the MM" model,” IEEE
Trans. Comput., vol. 56, no. 1, pp. 7379, Jan. 2007.

[7] D.Chen, N. A. Eisley, P. Heidelberger, R. M. Senger, Y. Sugawara,
S. Kumar, V. Salapura, D. Satterfield, B. Steinmacher-Burow, and
J. Parker, “The IBM blue gene/Q interconnection fabric,” IEEE
Micro., vol. 32, no. 1, pp. 3243, Jan. 2012.

[8] C.A.ChenandS.Y.Hsieh, “(t, k)-diagnosis for componentccom-
position graphs under the MM" model,” IEEE Trans. Comput.,
vol. 60, no. 12, pp. 1704-1717, Dec. 2011.

[91 E., Cheng, L. Liptdk, W. Yang, Z. Zhang, and X. Guo, “A kind of

conditional vertex connectivity of Cayley graphs generated by 2-

trees,” Inf. Sci., vol. 181, no. 19, pp. 4300-4308, Oct. 2011.

K. Day, “The conditional node connectivity of the k-ary

n-cube,” |. Interconnection Netw., vol. 5, no. 1, pp. 13-26, Mar.

2004.

A.T. Dahbura and G. M. Masson, “An O(n*?) faulty identification

algorithm for diagnosable systems,” IEEE Trans. Comput., vol. 33,

no. 6, pp. 486492, Jun. 1984.

A. H. Esfahanian, “Generalized measure of fault tolerance with

application to N-cube networks,” IEEE Trans. Comput., vol. 38,

no. 11, pp. 1586-1591, Nov. 1989.

J. Fan, “Diagnosability of crossed cubes under the two strategies,”

Chin. J. Comput., vol. 21, no. 5, pp. 456462, Aug. 1998.

J. Fan, “Diagnosability of the Mdbius cubes,” IEEE Trans. Parallel

Distrib. Syst., vol. 9, no. 9, pp. 923-928, Sep. 1998.

J. Fan, “Diagnosability of crossed cubes under the comparison

diagnosis model,” IEEE Trans. Parallel Distrib. Syst., vol. 13, no. 10,

pp- 687-692, Oct. 2002.

[10]

[11]

[12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, VOL.26, NO.4, APRIL2015

A. D. Friedman and L. Simoncini, “System level fault diagnosis,”
Comput. Mag., vol. 13, pp. 47-53, Mar. 1980.

J. Fan, J. Yang, G. Zhou, L. Zhao, and W. Zhang, “Diagnosable
evaluation of DCC linear congruential graphs under the PMC
diagnostic model,” Inf. Sci., vol. 179, no. 11, pp. 1785-1791, May
2009.

S. L. Hakimi and A. T. Amin, “Characterization of connection
assignment of diagnosable systems,” IEEE Trans. Comput., vol. 23,
no. 1, pp. 86-88, Jan. 1974.

G. H. Hsu, F. Chiang, L. M. Shih, L. H. Hsu, and ]. M. Tan,
“Conditional diagnosability of hypercubes under the comparison
diagnosis model,” J. Syst. Archit., vol. 55, no. 2, pp. 140-146, Feb.
2009.

P. A.]. Hilbers, M. R. J. Koopman, and J. L. A. van de Snepscheut,
“The twisted cube,” in Proc. Parallel Archit. Languages Eur., 1987,
vol. 1, pp. 152-158.

S.Y. Hsieh and C. W. Lee, “Diagnosability of two-matching com-
position networks under the MM" model,” IEEE Trans. Dependable
Secure Comput., vol. 8, no. 2, pp. 246-255, Mar. 2011.

S. Y. Hsieh and Chi-Ya Kao, “The conditional diagnosability of
k-ary n-cubes under the comparison diagnosis model,” IEEE
Trans. Comput., vol. 62, no. 4, pp. 839-843, Apr. 2013.

R. E. Kessler and J. L. Schwarzmeier, “Cray T3D: A new dimen-
sion for cray research,” in Proc. IEEE 38th Comput. Soc. Int. Conf.,
San Francisco, CA, USA, 1993, pp. 176-182.

F. T. Leighton, Introduction to Parallel Algorithms and Architectures:
Arrays Trees, Hypercubes. San Mateo, CA, USA: Morgan Kaufman,
1992.

S. Latifi, M. Hegde, and M. Naraghi-Pour, “Conditional connec-
tivity measures for large multiprocessor systems,” IEEE Trans.
Comput., vol. 43, no. 2, pp. 218-222, Feb. 1994.

X.J. Li and J. M. Xu, “Generalized measures of fault tolerance in
exchanged hypercubes,” Inf. Process. Lett., vol. 113, nos. 14-16,
pp- 533-537, Jul. 2013.

P. L. Lai, J]. M. Tan, C. H. Tsai, and L. H. Hsu, “The diagnosability
of the matching composition networks under the comparison
diagnosis model,” IEEE Trans. Comput., vol. 53, no. 8, pp. 1064—
1069, Aug. 2004.

P.-L. Lai, J. J. M. Tan, C.-P. Chang, and L.-H. Hsu, “Conditional
diagnosability measures for large multiprocessor systems,” IEEE
Trans. Comput., vol. 54, no. 2, pp. 165-175, Feb. 2005.

C. K. Lin, J. M. Tan, L. H. Hsu, E. Cheng, and L. Liptk,
“Conditional diagnosability of Cayley graphs generalized by
transposition tree under the comparison diagnosis model,” J.
Interconnection Netw., vol. 9, no. 1, pp. 83-97, 2008.

M. Manik and E. Gramatova, “Boolean formalization of the PMC
model for faulty units diagnosis in regular multi-processor sys-
tems,” in Proc. Des. Diagnostics Electron. Circuits Syst., 2008,
pp. 144-145.

M. Manik and E. Gramatova, “Diagnosis of faulty units in regular
graphs under the PMC model,” in Proc. Des. Diagnostics Electron.
Circuits Syst., 2009, pp. 202-205.

J. Maeng and M. Malek, “A comparison connection assignment
for self-diagnosis of multiprocessor systems,” in Proc. 11th Int.
Symp. Fault-Tolerant Comput., 1981, pp. 173-175.

S. Mallela and G. M. Masson, “Diagnosable system for intermit-
tent faults,” IEEE Trans. Comput., vol. 27, no. 6, pp. 461-470, Jun.
1978.

M. Noakes and W. ]. Dally, “System design of the j-machine,” in
Proc. 6th MIT Conf. Adv. Res. in VLSI, Cambridge, MA, USA, 1990,
pp- 179-194.

A. D. Oh and H. Choi, “Generalized measures of fault tolerance in
n-cube networks,” IEEE Trans. Parallel Distrib. Syst., vol. 4, no. 6,
pp- 702-703, Jun. 1993.

S. L. Peng, C. K. Lin, J. J. M. Tan, and L. H. Hsu, “The g-good-
neighbor conditional diagnosability of hypercube under the PMC
model,” Appl. Math. Comput., vol. 218, no. 21, pp. 10406-10412, Jul.
2012.

F. P. Preparata, G. Metze, and R. T. Chien, “On the Connection
assignment problem of diagnosable systems,” IEEE Trans. Elec-
tron. Comput., vol. EC-16, no. 6, pp. 848-854, Dec. 1967.

C. Peterson, J. Sutton, and P. Wiley, “iWarp: a 100-MOPS, LIW
microprocessor for multicomputers,” IEEE Micro, vol. 11, no. 3,
pp- 26-29, Aug. 1991.

A. Sengupta and A. Dahbura, “On self-diagnosable multiproces-
sor system: Diagnosis by the comparison approach,” IEEE Trans
Comput., vol. 41, no. 11, pp. 1386-1396, Nov. 1992.



YUAN ET AL.: THE g-GOOD-NEIGHBOR CONDITIONAL DIAGNOSABILITY OF k-ARY n-CUBES UNDER THE PMC MODEL AND MM* MODEL 1177

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[471

D. B. West, Introduction to Graph Theory. Englewood Cliffs, NJ,
USA: Prentice-Hall, 2001.

M. Wan and Z. Zhang, “A kind of conditional vertex connectivity
of star graphs,” Appl. Math. Lett., vol. 22, no. 2, pp. 264-267, Feb.
2009.

J. Wu and G. Guo, “Fault tolerance measures for m-ary n-dimen-
sional hypercubes based on forbidden faulty sets,” IEEE Trans.
Comput., vol. 47, no. 8, pp. 888-893, Aug. 1998.

M. Xu, K. Thulasiraman, and X. D. Hu, “Conditional diagnosabil-
ity of matching composition networks under the PMC model,”
IEEE Trans. Circuits Syst., vol. 56, no. 11, pp. 875-879, Nov. 2009.
M. C. Yang, “Conditional diagnosability of matching composition
networks under the MM " model,” Inf. Sci., vol. 233, no. 1, pp. 230-
243, Jun. 2013.

W. H. Yang and J. X. Meng, “Generalized measures of fault toler-
ance in hypercube networks,” Appl. Math. Lett., vol. 25, no. 10,
pp- 1335-1339, Oct. 2012.

S. Zhou, “The conditional diagnosability of crossed cubes under
the comparison model,” Int. |. Comput. Math., vol. 87, no. 15,
pp- 3387-3396, Dec. 2010.

Q. Zhu, “On conditional diagnosability and reliability of the BC
networks,” |. Supercomput., vol. 45, no. 2, pp. 173-184, Aug. 2008.

Jun Yuan received the BS, MS, and PhD
degrees from Shanxi University, China, in 2002,
2005, and 2008, respectively, all in mathematics.
Currently, he is an associate professor in the
School of Applied Sciences, Taiyuan University
of Science and Technology. His research inter-
ests include graph theory and interconnection
networks, computational complexity, and algo-
rithms.

Aixia Liu received the BS degree in mathematics
from Taiyuan Normal University, China, in 2002,
and the MS degree in mathematics from Shanxi
University, China, in 2006. Currently, she is a fac-
ulty member of the School of Applied Sciences,
Taiyuan University of Science and Technology.
Her research interests include graph theory and
interconnection networks, and parallel and dis-
tributed systems.

Xue Ma received the BS degree in mathematics
from Tangshan Normal University, China, in
2011, and the MS degree in mathematics from
the Taiyuan University of Science and Technol-
ogy, China, in 2014. Her research interests
include graph theory and interconnection net-
works, and parallel and distributed systems.

Xiuli Liu received the BS degree in geographic
information system from Harbin Normal Univer-
sity, China, in 2012. Currently, she is working
toward the postgraduate degree at the Taiyuan
University of Science and Technology. Her
research interests include complex networks sys-
tem and geographic information system.

Xiao Qin received the BS and MS degrees in
computer science from the HUST, China, and
the PhD degree in computer science from the
University of Nebraska-Lincoln in 1992, 1999,
and 2004, respectively. Currently, he is an asso-
ciate professor in the Department of Computer
Science and Software Engineering, Auburn Uni-
versity. His research interests include parallel
and distributed systems, storage systems, fault
tolerance, real-time systems, and performance
evaluation. He received the US National Science
Foundation (NSF) Computing Processes and Artifacts Award, the NSF
Computer System Research Award in 2007, and the NSF CAREER
Award in 2009. He is a senior member of the IEEE.

Jifu Zhang received the BS and MS degrees in
computer science and technology from the Hefei
University of Technology, China, and the PhD
degree in pattern recognition and intelligence
systems from the Beijing Institute of Technology,
in 1983, 1989, and 2005, respectively. He is cur-
rently a professor in the School of Computer Sci-
ence and Technology at TYUST. His research
interests include data mining and artificial intelli-
gence, and parallel and distributed systems.

> For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.



