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Abstract
Sharp bounds are given for the second Hankel determinant of the logarithmic coefficients of
strongly starlike and strongly convex functions.
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1 Introduction

Denote by H the class of analytic functions in D := {z € C : |z] < 1} with Taylor expansion
oo

fl@) = Zanz”, z €D, 00
n=1

and let A be the subclass of f normalized by f’(0) = 1. Let S denote the subclass of
univalent functions in A.
For f € S, logarithmic coefficients y,, := y,,(f) of f are defined by

o0
z
Fr(z) := 1og%:22y,,(f)z”, zeD, logl:=0. ®)
n=1
and play a crucial role in the theory of univalent functions, and in articular to prove the Milin
conjecture ([19], see also [7, p. 155]). We note that for the class S sharp estimates are known
only for y; and y», namely,

11
i<l Inl=s+5=0635...
€
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Estimating the modulus of logarithmic coefficients for f € S and various subclasses has
been considered recently by several authors (e.g., [1, 2, 5, 8, 12, 24]).
For ¢, n € N, the Hankel determinant H, , (f) of f € A of the form (1) is defined as

an  dp+1 *° Ap4g-1
Apn+1 Qn+42 *°+  dptgq

Hq,n(f) = : : : : s

An+q—1 An+q *** An4+2(g—1)

and in particular many authors have examined the second and the third Hankel determinants
H;»(f)and H3 1 (f) over selected subclasses of A, (see e.g., [4, 11] with further references).
We note that Hp 1 (f) = a3 — a% is the well known coefficient functional which for S was
studied first in 1916 by Bieberbach (see e.g., [9, Vol. I, p. 35]).

Based on the these ideas, in this paper and in [10] we propose research study of the Hankel
determinants H, ,(Fr/2) which entries are logarithmic coefficients of f. We are therefore
concerned with

Yn o VYn+l "0 Vntgq—1

Vn+l Vn+2 °°° Vntgq
Hy n(Fr/2) = . . .

Vn+q—1 Vnt+q " Vn+2(g—1)
Differentiating (2) and using (1) we obtain

R R 1, N L 3
Y= 2612, V2 = 3 as 2a , V3= 3 as — azas 361 )
and so
21 2, 1oy
H2,1(Ff/2):)/ll/3_)/z :Z a2a4—a3+ﬁa2 . “)
Note that when f € S, then for fy(z) := e’ief(eiez), 0 eR,
4i0 1 )
_ 2, Lo\ 40
Hy 1(Fy,/2) = <a2a4 —az + 12a2> =e""Hy 1(Fr/2), Q)

so |Hz,1(Fy,/2)| is rotationally invariant.

In this paper we find sharp upper bounds for H> 1(Fr/2) in the case when f is strongly
starlike or strongly convex function of order «, defined respectively as follows. Given o €
(0, 1], a function f € A is called strongly starlike of order « if

2f'(2) ™
arg <a—, zeD,argl:=0. 6)
‘ f@ 2
Also, a function f € A is called strongly convex of order « if
zf" (@) H ﬂ
arg {1+ <a—, zeD, argl :=0. 7
g { 7 2 g @)

We denote these classes by Sy and Sy, respectively, noting that S =: §* and S =: S are
the classes of starlike and convex functions, respectively.

The class of strongly starlike functions was introduced by Stankiewicz [21, 22], and
independently by Brannan and Kirwan [3] (see also [9, Vol. I, pp. 137-142]). Stankiewicz
[22] found an external geometrical characterization of strongly starlike functions and Brannan
and Kirwan gave a geometrical condition called §-visibility, which is sufficient for functions
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to be strongly starlike. Subsequently Ma and Minda [16] proposed an internal characterization
of functions in S} based on the concept of k-starlike domains. Further results regarding the
geometry of strongly starlike functions were given in [14, Chapter IV], [15] and [23].

In view of (6) and (7) both classes S and S¢ can be represented using the Carathéodory
class P, i.e., the class of analytic functions p in D of the form

oo
p(z) =1+ chz", zeD, 8)

n=1

having a positive real part in . Thus the coefficients of functions in S} and S have a
convenient representation in terms of the coefficients of functions in P. Therefore obtaining
the upper bound of Hj |(Ff/2), we base our analysis on well-known expressions for ¢
(e.g., [20, p. 166]), and c3 (Libera and Zlotkiewicz [17, 18]), and c4 obtained recently in
[13], all of which are contained in the following lemma [13]. Let D := {z € C : |z| < 1} and
T:={zeC:|z] =1}.

Lemma1 If p € P and is given by (6) with c; > 0, then

c1 = 2¢1, )
=2t +201-tHe (10)

and
03 =260 +4(1 = ¢Hti — 2(1 = ¢Hagd +2(1 = ¢ — 01D, (11)

for some &1 € [0, 1] and &2, 3 € D.
For ¢y € T, there is a unique function p € P with c1 as in (9), namely,
. 141z
-1z

p(2) , zeD.

For ¢y € D and ¢ € T, there is a unique function p € P with ¢y and ¢ as in (9)—(10),

namely, -

1+ (e + )i+ 0
1+ (G0 — )z — 022
For 1,8 € Dand §3 € T, there is a unique function p € P with c1, ¢y and c3 as in

9)-(11), namely,

p(2)

e D. (12)

1+ (o4 00+ )2+ (OB + ahi +0) 2 + 2

p(z) = — — = ,
L+ (o + 00— 0) 2+ (083 — 0188 — ) 22 — 323

zeD. (13)

We will also use the following lemma.
Lemma 2 [6] Given real numbers A, B, C, let
Y(A, B,C) i=max{|A + Bz +Cz +1 - |z*: 2 € D.
LIfAC >0, then
|Al +1B| +|Cl, |Bl = 2(1 —|C)),

Y(A,B,C) = B?

L+ A+ ————, [B| <2(1—[C).
41 =1Cp)
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Il If AC < 0, then

Y(A, B,C)

Bz 2 2

1— A+ ————, —4AC(C™2—1) < B>A|B| <2(1—C)),

41—

B 2 4(1+|CD2 —4AC(C2 = 1)}

14+]Al+ ————, B° <min + , — - ,

A e fa+ic
R(A, B, 0), otherwise,
where
|Al+|B| —|C], ICI(I1B] + 4|A]) < |AB|,
R(A, B, C) := | ~IAI+IBI£IC], [AB| < |CI(IB] — 4|Al),

2

B
(ICl+ |ADy/ 1 — 1AC otherwise.

2 Strongly starlike functions

We prove the following sharp inequality for |H> 1 (Fr/2)| for the class Sj.

Theorem1 If f € S}, a € (0, 1], then

1
|Ha 1 (Fp/2)] = Iniys — v3| < o (14)
The inequality is sharp.
Proof Fix a € (0, 1] and let f € S} be given by (1). Then by (6),

f'(2) = (p()*f(2), z€D, (15)

for some p € P given by (8). Substituting (1) and (8) into (15) and equating coefficients
gives

a) =wcy, az = ad 2¢y + B — l)cﬂ ,

‘I

o (16)
as = - [12¢3 + 65 = 2)crc2 + (170% — 150 + 4)ci] .

Since the class S} is invariant under the rotations and (5) holds, we may assume that a; > 0,
so by (16) that ¢y > 0, i.e., in view of (9) that {; € [0, 1]. Hence from (4) and (9)—(11) we
obtain

5 1 +1
— = — | ara a
YiV3— VY 4 204 — a3 122
2

576 [
—6 [(4 — o)t +6a(l — et — 3G+ DU - chHied

+12(1 — ¢ = [P s].
A. Suppose that {; = 1. Then by (17), for @ € (0, 1],

48cic3 — 12(1 — @)cfer —36¢3 + (7+a)(1 — a)cf] (17)

2 2 2
2 @oa) o
lVivs—ysl = 76 =T
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B. Suppose that {1 = 0. Then by (17), for @ € (0, 1],

== Sl = &
24 -4
C. Suppose that ¢ € (0, 1). Then since |¢{3]| < 1 from (17) we obtain

ly1vs — v3|
< % [|4 = o} +6a(l — tD)ele =36+ ¢ - ¢PEd| s
+12(1 = ¢H 1 = 1021Pt]

< %zgl(l - [IA+ Bo + Cel+1-— Ilez],

where

_ (4—aNi} 5o L C.__3+;12
T na-cy T2t T T a

Since AC < 0, we now apply Lemma 2 only for the case II.
C1. Note that the inequality

_ 2\ r2 2 2 2
—4AC<%—1>—BZ=(4 06);1(324‘(1) 16§]2 1 _0[7;]250
c 12(1 = ¢7) (B+¢7)? 4

is equivalent to

_@G=aHO-5)
33+

which evidently holds for ¢; € (0, 1).

However, the inequality |B| < 2(1 — |C|) is equivalent to ¢ < —(1 — ¢2)(3 — ¢?),
which is false for ¢; € (0, 1).

C2. Since

<0,

2 2
s picp? = ST
4¢t

and

920 52
—4Ac<%—1>=—(4 NGO
c 12G +¢2)

a simple calculation shows that the inequality
o? s 12
4

(4= O-D
123+ ¢}

1
= B? < min {4(1 +|C?, —4AC (E - 1)} =

is false for {1 € (0, 1).
C3. Next note that the inequality
3+¢7 (1 L é- o)\ e@—adf
4¢ 24(1-¢})

C|(|B| +4]A|) — |AB| =
ICI(IB] +4[A]) — |AB| s 3-¢)
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is equivalent to (o — D@? —o— 8){14 —6(a? 4+ o — 4){12 + 9o < 0. However the last
inequality is false for ¢; € (0, 1) since (o — D@?—a—8) >0anda? +a —4 < 0 for
a € (0,1].

C4. Note that the inequality

|AB| — |CI(IB| — 4[A])
B Ol(4—0[2)§14 B 3—{-{12 (1 (4—()[2);1:;) <0 19)

ui—c 4 2T E0-0)

is equivalent to
8(¢i) =0, (20)

where
8(1) 1= 9a — 3(8 + 20 — 2a2)t — (8 + Tor — 20> —&®)t?, 1€ (0, ).
We see that for o € (0, 1],
8420 —2a% >0, 8+7a—20>—0a®>0, Q1)
and the discriminant A := 144(4 4+ 4 — %) > 0 for & € (0, 1]. Thus we consider

38 + 20 — 20%) F 124/4 + 4o — &3
—2(8 4+ Ta — 202 — a3) ’

t1p =

From (21) it follows that #; < 0 and so it remains to check if 0 < #; < 1. The inequality
t1 > 0 is equivalent to 8« + 7a> — 20> — &* > 0 which is true for o € (0, 1]. Further, the
inequality #; < 1 can be written as

256 4 2560 — 100a® — 104a® + 5a* + 100 +a® > 0
which is true since
256 4 2560 — 100 — 104> + 5a* + 100 + o°
> 52 + 2560 + 5 + 100 +a® > 0, « € (0, 1].
Therefore (20), and so (19) is valid for 0 < ¢; < ¢’ := /1. Then by (19), Lemma 2 and the

fact that ¢ decreases, we obtain

2
o
Iyiys — vil < Sad- D (—IAl+ Bl +C)

2 2 2 (22)

o o o
= %‘P(CI) < %90(0) =7
where
o) =9—6(1—a)u> —(1+a)T—a)u*, 0<u<c.

C5. It remains to consider the last case in Lemma 2, which in view of C4, holds for
¢’ <1 < 1. Then by (18),

2 2
s — Vil < 2oL —eD(C] + |A)) s
3 V' 4ac 23)

o? o,
=gV = v &)
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._ 2 24 | 3+ A —ad)r? /
Y(t) :=[9—6r"+ (1 —a”)r*] @—D0T ) <t <.

To see that the last inequality in (23) is true, note that the function v is decreasing, since

o t [(4—a®)(3 +12)
VO =G| 3 d-adn

x [409 — 1 —eHH B+ +30*°G - (1 —a)HB - (1 +a)H)] <0

where

for’ <t < 1.
Simple but tedious computations show that

P =¥ .
Hence from (22) and (23) we see that

“—zt/f(c’) <2

18 -4

D. Summarizing from parts A-C we see that inequality (14) follows.
Equality holds for the function f € A given by (15), where

1+272
p) = — z € D. (24)

Then ¢; = ¢3 = 0 and ¢ = 2, so by (16), ap = a4 = 0 and a3 = «, and therefore by (3),
y1 = y3 = 0 and y» = «/2, which completes the proof of the theorem. O

For o = 1 we obtain the following result for the class S* of starlike functions [10].

Corollary 1 If f € S*, then

viys — vl <

FNI

The inequality is sharp.

3 Strongly convex functions

We prove the following sharp inequality for |H3 1 (Ff/2)| in the class S§.

Theorem2 If f € S5, o € (0, 1], then

2

o 1
36° hress
o 25
ivs—vil < a2(17 + 18a + 13?) 1 >
— <o < 1.

1444 + 6 +a2) ~ 3

Both inequalities are sharp.
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Proof Fix a € (0, 1] and let f € S be given by (1). Then by (7),
f@+z2f"2) = f@(pE)*, zeD, (26)

for some p € P given by (8). Substituting (1) and (8) into (26) and equating coefficients we

obatin 1
a) = —ocy, az = [202 + Ba — l)c]]

ag = 12¢3 + 6(50 — 2)cicr + (17a* — 150 + 4)c7 ] .

144 [

As in the proof of Theorem 1 we may assume that c; > 0, i.e., in view of (9) that ¢; € [0, 1].
Hence from (4) and (9)—(11) we have

a2

Y1y3 — )/22 = 5304 [246]6‘3 +4Q@a — 2)01 ) — 166‘2 + (a — 6a + 4)01]
2 28
= e+ +oa e 20 —pe g

+6(1 — ¢ (1 — || )§1§3]~
A. Suppose that {; = 1. Then by (28), for @ € (0, 1],

2 2
s — vl = L2EED, 29)
B. Suppose that {1 = 0. Then from (28), for o € (0, 1],
2 _ 9 o
|J/1)/3—J/2|—*|C2| S% (30)

C. Suppose that ¢; € (0, 1). Since |£3| < 1 from (28) we obtain
lyivs — 3l

< 144[|(2+a )6+ 6a(1 = £1)5f e — 201 = )2 + ()53 |

3D
+6(1 = ¢ = |0Hi]

2
= a0 =D A+ Ba+cidl+1-lal].
where

Q+adi} 2+ ¢}
=—7-—, B:= = — .
6(1—¢2) € 30

Since AC < 0, we apply Lemma 2 only in the case II.
C1. Note that the inequality

2\ 2 2 2
C 9(1_41) (2+§1)2

is equivalent to —2(2 4+ &?)(4 — ¢?) < 9a?(2 + ¢7), which evidently holds for ¢; € (0, 1).
Moreover, the inequality |B| < 2(1 — |C]) is equivalent to 30{;“12 < =2(1-¢)2-2¢1),
which is false for ¢; € (0, 1).

@ Springer
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C2. Since

4(¢ + 301 +2)? 0

41 +|CP? =
a+icp o2

and

<0,

INr204 _ 2
—4AC<1 l):—2(2+a)§1(4 Cl)

c? 92 +¢?)

we see that the inequality

22+ E =)
92 +¢?)

1
«’¢? = B? < min {4(1 +|C?, —4AC <§ — 1)} =

is false for ¢1 € (0, 1).
C3. Next observe that the inequality

ICI(IB| +4|A]) — |AB| =

2+ ¢} ot 22+a)5 | 2+adag) -
301 31-¢d) 6(1 —¢})

is equivalent to

o) <0, (32)
where
&) == (=3a” 4+ 4a> — 120 + 8)1> + (80> — 6a + 16)t + 120, 1 € (0, 1).

Note that 802 — 60 + 16 > 0 for o € (0, 1] and —3a> + 40?2 — 120+ 8 > O fora €
(0, ag], where g &~ 0.74858 . ... Thus for @ € (0, «p] inequality (32) is evidently false. If
a € (o, 1], then A :=4 (520 — 720> + 2170> — 1440 + 64) > 0, and so we consider

—40% 4+ 30 — 8 F /520% — 7203 + 21702 — 1440 + 64
—3a3 +4a2 — 1200+ 8 ’

112 :=

Observe now that #{ > 1. Indeed, the inequality #; > 1 is equivalent to the evidently true
inequality

V5204 — 7203 + 21702 — 144a + 64 > 30 — 8% + 15a — 16,

since the right hand side is negative for all & € (g, 1]. Further, #; < 0. Indeed this inequality
is equivalent to —3a® + 4> — 120 + 8 < 0 which clearly holds for & € («g, 1]. Thus we
deduce that the inequality (32) is false.

C4. Note next that the inequality

@+edarf  2+8} (a{l 202+ a2)¢?> “0 @3

AB| — |C|(|B| — 4|A]) =

is equivalent to
8(eh) <0, (34)

where

8(s) := (3’ + 4a® + 120 + 8)s” + 2(4a® + 30 + 8)s — 12, s € (0, 1),

@ Springer
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sothat A :=4 (52a* + 720 + 217a% + 1440 + 64) > 0 fora € (0, 1]. Therefore 51 < 0,
where

—(4a? 4 3 + 8) F /52a* + 7203 + 21702 + 144« + 64
303 + 402 + 1200 + 8 ’

51,2 =

Moreover 0 < 52 < 1 holds. Indeed, both inequalities s, > 0 and s, < 1 are equivalent to
the evidently true inequalities

360t + 48a° + 144a% + 96a > 0,
and
9a® + 48> 4 102a* + 2640 + 2640% 4 336 + 192 > 0,
respectively. Thus (34), and so (33) is valid only when
0<si <s2=:¢.

Then by (31) and Lemma 2,
2 L 5 2
ys —v:l = Ve 4 =D (1Al + Bl +|C) = ¢(&1),
where

2
o) = 1% [~ + 60 + 4t + 2B — Du> +4], 0<u=<¢.

Since
oZu 2 2
o) = —g[(a + 60 + 4u” + 1 —3a], O<u<?,
we see that for 0 < o < 1/3, the function ¢ decreases and so

o2

36’

0 J2e ! (36)
< Uy .= —_ <
0 a? +6a +4 2

is a unique critical point of ¢, which is a maximum.
It remains therefore to establish the second inequality, i.e., ug < {1, which is equivalent

pu) = ¢0) = 0<u=<¢. (35)

Inthecase 1/3 <« <1,

to
r(a) :=117a® + 240a” — 1490° — 1212¢° — 4344a*

— 6288a° — 44640% — 19200 — 448 < 0, « € (0, 1],
and since

rla) < —149a° — 121207 — 4344a* — 62880 — 446402 — 19200 — 91 < 0

for o € (0, 1], we deduce that up < ¢;.
Thus for 1/3 < @ < 1, we have

2 2
o (17+180{+13a)’ <u<t'. 37)
144(4 + 60 + &?)

p(u) < @(uo) =

@ Springer
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C5. We now consider the last case in Lemma 2, which in view of C4 holds for ¢’ < ¢1 < 1.
Then by (31),

2 32
lyiys — v3l < ijl(l —¢H(C+ |ADy/ 1= 1AC = V(&) < ¥, (38)

1302 + 8+ (4 — TaP)u?
, <u<l.
2Q 4 a?)(2 +u?)

where

o? 2 4 2
Y(u) = m(a u” —2u”+4)

To show that the last inequality in (38) holds, observe that i is decreasing. Indeed, by a
simple computation,

W) = -

alx 22+ a2)2 + u?)
2882 + a2)(2 + x2)2\ 1302 + 8 + (4 — Ta2)u?

x [4(1 — &?u®) (2 + u?) (130? + 8 + (4 — Ta?)u?)
+27(x2((x2u4 —2u® + 4)] ,
for ¢’ < u < 1. Note that
13’ +84+ @ —Ta>u’> >0, ¢ <u<l, (39)
which is clearly true for 0 < o < 2/ﬁ. IfZ/ﬁ < a <1, then
13a® + 8 + (4 — Ta?)u® = 13a” + 8 — (Ta* — du* > 6a° + 12> 0
for ¢’ < u < 1. Further
ut =2’ +4 > Put +2 >0, ! <u<1. (40)
Thus from (39) and (40) it follows that ¥/ (u) < O for ¢’ < u < 1, so v decreases and hence
Y <y, ¢ <u<l (41)
Simple but tedious computations show that
9 =9,
and so from (41), (35) and (37) we deduce that for & € (0, 1/3],
o? ,
v =3e C=usl
and foro € (1/3, 1],
V) < o), ¢ <u=xl
D. It remains to compare the bounds in (29), (30), (35) and (37). The inequality

is trivial, and the inequality

a2 +a?) - «2(17 + 18 + 13a?)
144 ~ 1444 + 6a + o?)

, ae(1/3,1],
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is equivalent to
—at — 60> +Ta® +6a+9<0, ac(1/3,1],
which is clearly true, and the inequality

2 - @?(17 + 18a + 13a?)

o
36 144(4 + 60 + a2)

, o€ (1/3,1],

is equivalent to the evidently true inequality 3a — 1) > 0.

Thus summarizing the results in parts A-C we see that (25) is established.

We finally show that the inequalities in (25) are sharp. When o € (0, 1/3], equality holds
for the function f € A given by (26) with p given by (24). In this case ¢; = ¢3 = 0 and
¢y =2,s0by (27), ay = a4 = 0 and a3 = «/3 and therefore y; = y3 = 0 and y» = /6.

When o € (1/3, 1], equality holds for the function f € A given by (26), where p is given
by (12) with ¢; = ug =: t, and ug given by (36), {&» = —land {3 = 1, i.e,,

1— 2
p(z)::1 < zeD,

— 217+ 2%’

which completes the proof of the theorem. O
For o = 1 we obtain the sharp inequality for the class S¢ of convex functions [10].

Corollary 2 If f € S€, then

| < L
ViV — Ml = 33

The inequality is sharp.
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