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1. Introduction

The knowledge on the scattering states and related
parameters such as the phase shift, transmission and
re�ection coe�cients is a primary step in many physi-
cal studies including the nuclear and particle physics in
both non-relativistic and relativistic quantum mechan-
ics. A very challenging step in such cases is the centrifu-
gal term which does not allow for an exact analytical
solution in most cases. During the past years, various
techniques have been proposed and applied to deal with
such problems [1�10] and a variety of interactions, includ-
ing Hulthén [11], Poschl�Teller [12] and Woods�Saxon
[13] potentials have been studied. To provide a gen-
eral solution for exponential potentials without having
to deal with the cumbersome and rather vague numeri-
cal procedure is making use of an exponential approxi-
mation to the inverse square centrifugal term. Here, we
consider the scattering states of the two-body spinless-
-Salpeter equation (SSE) under the Hulthén potential
and an exponential-type potential which possesses inter-
esting physical nature. These potentials have been suc-
cessfully applied to nuclear, particles, atomic, condensed
matter, and chemical physics [14�16].

2. Scattering states of the arbitrary l-wave
spinless-Salpeter equation

The SSE for two particles interacting in a spherically
symmetric potential in the center of mass system appears
as [17]:∑

i=1,2

(
√
−∆ +m2

i −mi) + V (r)− En,l

χ(r) = 0,

∆ = ∇2, (1)

where χ(r) = Rnl(r)Ylm(θ, ϕ). In the case of heavy in-
teracting particles, we can write (~ = c = 1):[
− 1

2µ

d2

dr2
+
l(l + 1)

2µr2
+Wnl(r)−

W 2
nl(r)

2m̃

]
ψnl(r)

= 0, (2)

where we have applied the well-known transformation
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Rn,l(r) = ψn,l(r)/r (3)

and

Wnl(r) = V (r)− Enl, (4)

m̃ = η3/µ2 = (m1m2µ) /
(
m1m2 − 3µ2

)
. (5)

2.1. The Hulthén potential
The Hulthén potential is given by

V (r) = − V0
eαr − 1

, (6)

where V0 and α are constant coe�cients. Substitution of
Eq. (6) in Eq. (2) gives(

d2

dr2
−A′ e−2αr

(1− e−αr)2
+B′

e−αr

1− e−αr
+ C ′

)
ψn,l(r)

= 0, (7)

where we make use of the elegant approximation to get
rid of the centrifugal term [18, 19]

1

r2
≈ 4α2 e−2αr

(1− e−αr)2
(8)

and

A′ = −µV
2
0

m̃
+ 4l(l + 1)α2,

B′ = 2µV0 +
2µV0En,l

m̃
,

C ′ =
µE2

n,l

m̃
+ 2µEn,l. (9)

By using the new variable y = 1− exp(−αr) we have(
y(1− y)

d2

dy2
− y d

dy
− A′

α2

1− y
y

+
C ′

α2

y

1− y
+
B′

α2

)
× ψn,l(y) = 0. (10)

In order to obtain the solution to Eq. (10), we take the
radial wave functions of the form

ψn,l(y) = yγ(1− y)λhn,l(y). (11)

Substitution of Eq. (11) into Eq. (10) allows us to obtain
the following di�erential equation:[

y(1− y)
d2

dy2
+ (η1 − (1 + η2 + η3)y)

d

dy
− η2η3

]
× hn,l(y) = 0, (12)

whose solutions are nothing but the hypergeometric func-
tions [20]:

hn,l(y) = 2F 1(η2, η3, η1; y), (13)

(20)
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where

λ2 = −C
′

α2
⇒ λ = − i

k

α
, k =

√
C ′

γ2 − γ =
A′

α2
⇒ γ =

1

2

(
1±

√
1 +

4A′

α2

)
(14)

and

η2 =
1

2

(
2γ + 2λ+

√
4(A′ +B′ − C ′)

α2

)

=
1

2

(
2γ − 2ik

α
+

√
4(A′ +B′ − C ′)

α2

)
,

η3 =
1

2

(
2γ + 2λ−

√
4(A′ +B′ − C ′)

α2

)

=
1

2

(
2γ − 2ik

α
−
√

4(A′ +B′ − C ′)
α2

)
,

η1 = 2γ. (15)

Using relation (11), we may write down the radial wave
functions as

ψn,l(y) = Nn,ly
γ(1− y)λ2F 1(η2, η3, η1; y) (16)

or

ψn,l(r) = Nn,l e
ikr(1−e−αr)γ2F 1(η2, η3, η1; 1−e−αr).

(17)

We write the asymptotic form of the wave function given
in Eq. (17) to obtain the scattering phase shifts and the
normalized factor. For this purpose, we use the property
of the hypergeometric functions [12]

2F 1(a, b; c; 0) = 1, (18a)

2F 1(a, b; c; s) =
Γ (c)Γ (c− a− b)
Γ (c− a)Γ (c− b)

× 2F 1(a, b; a+ b− c+ 1; 1− s)

+ (1− s)c−a−bΓ (c)Γ (a+ b− c)
Γ (a)Γ (b)

× 2F 1(c− a, c− b; c− a− b+ 1; 1− s). (18b)

By using Eq. (18), for r →∞ we can write

2F 1(η2, η3, η1; 1− e−αr)

= Γ (η1)

(
Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

+

(
Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

)∗
e−2 iαkr

)
, (19)

where

η1 − η2 − η3 = 2ik/α = (η2 + η3 − η1)∗,

η1 − η2 = η∗3 , η1 − η3 = η∗2 . (20)

Taking

Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

=

∣∣∣∣ Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

∣∣∣∣e iδ′

simpli�ed Eq. (19) as

2F 1(η2, η3, η1; 1− e−αr)

= Γ (η1)

∣∣∣∣ Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

∣∣∣∣
× e− ikr

(
e i (kr+δ′) + e− i (kr+δ′)

)
. (21)

Therefore, we have the asymptotic form of the (17) for
r →∞

ψn,l(r) = 2Nn,lΓ (η1)

∣∣∣∣ Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

∣∣∣∣
× sin

(
kr +

π

2
+ δ′

)
. (22)

From the boundary condition of [4, 19]:

r →∞⇒ ψ(∞)→ 2 sin

(
kr − lπ

2
+ δl

)
and a comparison with Eq. (22), the phase shifts and the
normalized constant can be found as

δl =
π

2
+
lπ

2
+ δ′ =

π

2
+
lπ

2

+ arg

(
Γ (η1 − η2 − η3)

Γ (η1 − η2)Γ (η1 − η3)

)
, (23)

Nn,l =
1

Γ (η1)

∣∣∣∣Γ (η1 − η2)Γ (η1 − η3)

Γ (η1 − η2 − η3)

∣∣∣∣ . (24)

2.2. The hyperbolic-type potential
Now, we study the hyperbolic type potential [17, 21]

and [22]:

V (r) = V0[1− coth(αr)]. (25)

Substitution of Eq. (25) into Eq. (2) gives[
d2

dr2
+D

e−2αr

(1− e−2αr)2
+G

1 + e−2αr

1− e−2αr
+H

]
ψn,l(r)

= 0, (26)

where

D =
4µV 2

0

m̃
− 4l(l + 1)α2,

G = 2µV0 −
2µV0
m̃

(V0 − En,l),

H =
µ(V0 − En,l)2

m̃
− 2µ(V0 − En,l) +

µV 2
0

m̃
. (27)

In deriving Eq. (26), we have used the Pekeris-type ap-
proximation in Eq. (8). Applying the two transforma-
tions, i.e., x = 1 − exp(−2αr) and ψn,l(x) = xξ1(1 −
x)ξ2fn,l(x) we write Eq. (26) into the form of[

x(1− x)
d2

dx2
+ (γ3 − (1 + γ1 + γ2)x)

d

dx
− γ1γ2

]
× fn,l(x) = 0 (28)

with

ξ22 = −G+H

4α2
⇒ ξ2 = ± ik

2α
, k =

√
G+H,

ξ21 − ξ1 = − D

4α2
⇒ ξ1 =

1

2

(
1±

√
1− D

α2

)
(29)

and
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γ1 =
1

2

(
2ξ1 + 2ξ2 +

√
G−H
α2

)

=
1

2

(
2ξ1 −

ik

α
+

√
G−H
α2

)
,

γ2 =
1

2

(
2ξ1 + 2ξ2 −

√
G−H
α2

)

=
1

2

(
2ξ1 −

ik

α
−
√
G−H
α2

)
,

γ3 = 2ξ1. (30)

The solution of Eq. (28) can be expressed in hypergeo-
metric functions as

fn,l(x) =2 F1(γ1, γ2, γ3;x). (31)

Therefore the wave functions of the system are

ψn,l(r) = Nn,l e
ikr(1− e−2αr)ξ1

×2 F1(γ1, γ2, γ3; 1− e−2αr). (32)

To obtain the normalized constant and the phase shifts
we once again use the properties of hypergeometric func-
tions given in Eq. (18). Thus, 2F 1(γ1, γ2, γ3; 1 − e−2αr)
for r →∞ can be written as

2F 1(γ1, γ2, γ3; 1− e−2αr)

(r→∞)
= Γ (γ3)

∣∣∣∣ Γ (γ3 − γ1 − γ2)

Γ (γ3 − γ1)Γ (γ3 − γ2)

∣∣∣∣
× e− ikr

[
e i (kr+δ′) + e− i (kr+δ′)

]
, (33)

where

γ3 − γ1 − γ2 =
ik

α
= (γ1 + γ2 − γ3)∗,

γ3 − γ1 = γ∗2 ,

γ3 − γ2 = γ∗1 ,

Γ (γ3 − γ1 − γ2)

Γ (γ3− γ1)Γ (γ3 − γ2)
=

∣∣∣∣ Γ (γ3 − γ1 − γ2)

Γ (γ3− γ1)Γ (γ3− γ2)

∣∣∣∣ e iδ′ .

(34)

Substitution of Eq. (33) into Eq. (32) leads to

ψn,l(r) = Nn,lΓ (γ3)

∣∣∣∣ Γ (γ3 − γ1 − γ2)

Γ (γ3 − γ1)Γ (γ3 − γ2)

∣∣∣∣
×
[

e i (kr+δ′) + e− i (kr+δ′)
]

= Nn,lΓ (γ3)

∣∣∣∣ Γ (γ3 − γ1 − γ2)

Γ (γ3 − γ1)Γ (γ3 − γ2)

∣∣∣∣
× 2 sin

(
kr + δ′ +

π

2

)
. (35)

The normalization constant and the phase shift in this
case respectively are

Nn,l =
1

Γ (γ3)

∣∣∣∣Γ (γ3 − γ1)Γ (γ3 − γ2)

Γ (γ3 − γ1 − γ2)

∣∣∣∣ , (36)

δl =
π

2
+
lπ

2
+ δ′ = (l + 1)

π

2

+ arg

(
Γ (γ3 − γ1 − γ2)

Γ (γ3 − γ1)Γ (γ3 − γ2)

)
. (37)

3. Conclusion

We have studied the scattering states of the SSE for
the Hulthén and hyperbolic-type potentials. The normal-
ized wave functions of scattering states and the formula
of phase shifts are presented after some approximation
to the centrifugal term. Results are useful in quantum
mechanics and particle physics.
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