Vol. 124 (2013)

ACTA PHYSICA POLONICA A

No.

The Semi-Relativistic Scattering States of the Hulthén
and Hyperbolic-Type Potentials

H. HASSANABADI**,

B.H. YAZARLOO®, S. HASSANABADI®,

S. ZARRINKAMAR? AND N. SALEHI®

2Department of Basic Sciences, Shahrood Branch, Islamic Azad University, Shahrood, Iran

*Department of Basic Sciences, Garmsar Branch, Islamic Azad University, Garmsar, Iran
(Received December 11, 2012; in final form March 19, 2013)

In this paper,

the scattering states of the spinless-Salpeter equation are investigated for Hulthén and

hyperbolic-type potentials for any arbitrary l-state. Approximate analytical formulae of the wave functions and

the scattering phase shifts are reported.
DOI: 10.12693/APhysPolA.124.20
PACS: 03.65.Pm, 03.65.Nk

1. Introduction

The knowledge on the scattering states and related
parameters such as the phase shift, transmission and
reflection coefficients is a primary step in many physi-
cal studies including the nuclear and particle physics in
both non-relativistic and relativistic quantum mechan-
ics. A very challenging step in such cases is the centrifu-
gal term which does not allow for an exact analytical
solution in most cases. During the past years, various
techniques have been proposed and applied to deal with
such problems [1-10] and a variety of interactions, includ-
ing Hulthén [11], Poschl-Teller [12] and Woods—Saxon
[13] potentials have been studied. To provide a gen-
eral solution for exponential potentials without having
to deal with the cumbersome and rather vague numeri-
cal procedure is making use of an exponential approxi-
mation to the inverse square centrifugal term. Here, we
consider the scattering states of the two-body spinless-
-Salpeter equation (SSE) under the Hulthén potential
and an exponential-type potential which possesses inter-
esting physical nature. These potentials have been suc-
cessfully applied to nuclear, particles, atomic, condensed
matter, and chemical physics [14-16].

2. Scattering states of the arbitrary I-wave
spinless-Salpeter equation

The SSE for two particles interacting in a spherically

symmetric potential in the center of mass system appears
as [17]:

Z (\/ —A—Fm? —m;) + V(r) = Enui| x(r) =0,

i=1,2

A=V M)
where x(7) = Rni(r)Yim (0, ). In the case of heavy in-
teracting particles, we can write (h =c=1):

1 a2 I(l+1) W2 ( )
|5 + e Walr) - but(1)
=0, (2)

where we have applied the well-known transformation
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(20)

R i(r) = Yna(r)/r (3)
and

Woi(r) =V (r) — En, (4)

m=n*/p* = (mimap) / (myms — 3p%) . (5)

2.1. The Hulthén potential
The Hulthén potential is given by

V(r) Yo

eor — 17
where V;, and « are constant coefficients. Substitution of
Eq. (6) in Eq. (2) gives
C’) Y a(r)

d2
( (7)

a2
= O’

where we make use of the elegant approximation to get

rid of the centrifugal term [18, 19]
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By using the new variable y = 1 — exp(—ar) we have
2 d Al1-y C y B’
1) —— —y— — = il
(y( y) dy2 dy a? oy a?l—y * a2)

X Pni(y) = (10)
In order to obtain the solution to Eq. (10), we take the
radial wave functions of the form

wn,l(y) = y’y(l - y)Ahnl(y) (]-]-)
Substitution of Eq. (11) into Eq. (10) allows us to obtain
the following differential equation:

2
1—qy)—
y(1—vy) 17

X hp(y) =0, (12)
whose solutions are nothing but the hypergeometric func-
tions [20]:

hn,l(y) = 2F1(7727773»771§y)7

d
— (I +n2+n3)y)—

+ (m dy

— 273

(13)
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where
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and
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Using relation (11), we may write down the radial wave
functions as

1pT‘L,l(y) = Nn¢1y7(1 — y)/\QFl(’I']27’]’]37’r]1; y) (16)

or
Una(r) = Npge' ™ (1= ") 5 Fy (02,113, m3 1—e 7).
(17)

We write the asymptotic form of the wave function given
in Eq. (17) to obtain the scattering phase shifts and the
normalized factor. For this purpose, we use the property
of the hypergeometric functions [12]

2F (a,b;¢;0) = 1,
r'e)'(c—a—10)
I'(c—a)l'(c—0b)
x oF (a,bja+b—c+1;1—3)
c—a—bF(C)F(a’ +b— C)
I'(a)I'(b)
X oF(c—a,c—bjc—a—b+1;1—3s).
By using Eq. (18), for r — oo we can write
2 Fy(n2,m3,m3 1 — e %)
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where

m —n2—n3 =2ik/a= (n2+n3 —m)",
M =N =13, M — N3 =15 (20)
Taking
I'(m —n2 —n3)
L(m —n2)I'(m —n3)
I'(n1 —n2 —n3) ol
I(m —m2) I (m —n3)

(18a)

2F1(a,b;c;s) =

+(1-5s)

(18b)

simplified Eq. (19) as
2 F'y(m2,m3,m;1 — ™)

L —mn2 —n3)
I —m2)(m —n3)

% e—ikr (ei(kr+5') 4 e—i(kr+6’)) _ (21)

Therefore, we have the asymptotic form of the (17) for

r — 00
_ I'(n —n2 —ns3)
Yni(r) = 2Nni L) I(m —n2) T (1 — 13)

X sin (kr + g + 5/) . (22)
From the boundary condition of [4, 19]:

=1I"(m)

7‘—>oo:>¢(oo)—>25in(kr—l;+5l)

and a comparison with Eq. (22), the phase shifts and the
normalized constant can be found as

m Am , m o lr
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2.2. The hyperbolic-type potential
Now, we study the hyperbolic type potential [17, 21]
and [22]:

V(r) = Vo[l — coth(ar)]. (25)
Substitution of Eq. (25) into Eq. (2) gives
d2 672ar 1+ 672047‘
[dTQ + D(1 —e—Zar)2 +GC o—2ar T H} Yna(r)
—0, (26)
where
2
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m
Vo — Eny)? V2
o= W_QM(%_En,l)‘FMfO- (27)

In deriving Eq. (26), we have used the Pekeris-type ap-
proximation in Eq. (8). Applying the two transforma-
tions, i.e., z = 1 — exp(—2ar) and ¢, (z) = 25 (1 —
7)%2 f,, () we write Eq. (26) into the form of
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The solution of Eq. (28) can be expressed in hypergeo-
metric functions as

fna(x) =2 Fi(v1,72,73; ). (31)
Therefore the wave functions of the system are

wn,l(r) — Nn,leikr(l _ e—2ar)§1

o F1(71,72,73; 1 — e 72%7). (32)
To obtain the normalized constant and the phase shifts
we once again use the properties of hypergeometric func-
tions given in Eq. (18). Thus, 2 F;(y1,72,73; 1 — e727)
for r — oo can be written as

o F1 (71,792,733 1 — €72%7)
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where
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Substitution of Eq. (33) into Eq. (32) leads to

_ I(ys = =72
%A”*NMH%)H%ijWrWﬁ

% [ei(kr+5’) 4 e—i(kr+5')]
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The normalization constant and the phase shift in this

case respectively are

= n,l['(73)

1 F(73—71)F(’Y3—72)
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G Yo Y cp— (36)
T Ll
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+ ar . 37
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3. Conclusion

We have studied the scattering states of the SSE for
the Hulthén and hyperbolic-type potentials. The normal-
ized wave functions of scattering states and the formula
of phase shifts are presented after some approximation
to the centrifugal term. Results are useful in quantum
mechanics and particle physics.
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