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THE SEMI-CLASSICAL LIMIT OF FOCUSING NLS FOR A FAMILY OF
NON-ANALYTIC INITIAL DATA

ROBERT JENKINS AND KENNETH D. T-R MCLAUGHLIN

ABSTRACT. The small dispersion limit of the focusing nonlinear Schroddinger equation (NLS)
exhibits a rich structure of sharply separated regions exhibiting disparate rapid oscillations at
microscopic scales. The non self-adjoint scattering problem and ill-posed limiting Whitham equa~
tions associated to focusing NLS make rigorous asymptotic results difficult. Previous studies
[KMMO3, [TVZ06] have focused on special classes of analytic initial data for which the
limiting elliptic Whitham equations are well-posed. In this paper we consider another exactly
solvable family of initial data, the family of square barriers, 1o (x) = gx|_r,r] for real amplitudes
q. Using Riemann-Hilbert techniques we obtain rigorous pointwise asymptotics for the semiclas-
sical limit of focusing NLS globally in space and up to an O(1) maximal time. In particular, we
show that the discontinuities in our initial data regularize by the immediate generation of genus
one oscillations emitted into the support of the initial data. To the best of our knowledge, this
is the first case in which the genus structure of the semiclassical asymptotics for fNLS have been
calculated for non-analytic initial data.

1. INTRODUCTION AND BACKGROUND

In this paper we study the semi-classical limit of the Cauchy problem for the focusing nonlinear
Schrodinger equation (NLS)
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for any choice of constants ¢, L > 0. In this scaling € is a dispersion parameter which we take to be
small, 0 < € < 1. Specifically, our goal in studying the semiclassical limit is to derive a uniform
asymptotic description of the limiting behavior of the e-parameterized family of solutions v (z, t; €)
of the above Cauchy problem as we let € | 0 for (x,t) in compact sets.

The focusing NLS equation is of course very well known, describing phenomena in a diverse
variety of fields, from the theory of deep water waves [BNGT] to the study of Langmuir turbulence
in plasmas [Zak72]. In fact, under suitable assumptions the NLS equation arrises generically in
he modeling of any weakly nonlinear, nearly monochromatic, dispersive wave propagation. In
particular, it has been used extensively in nonlinear optics where it has been used to describe the
evolution of the electric field envelope of picosecond pulses in monomodal fibers [HT73|]. In this
last setting, the small dispersion limit is an appropriate scaling to model the expanding use of
dispersion-shifted fiber in applications.
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An important feature of the focusing NLS equation is its modulational instability. The instability
can be understood in a number of ways, we present here the nonlinear perspective supported
by Whitham [Whi99]. Without loss of generality we can write the solution of in the form
Y(z,t) = Az, t)e @0/ with A(x,t) and S(x,t) real. If we assume that A(xz,t) and S(z,t) evolve
slowly with e, then the solution ¢(z,t) looks locally like a plane wave with amplitude A(x,t),
wavenumber 9,5 (x,t), and frequency —0;S(x,t). Writing ¢ (x, t) in this form and setting p(z,t) =
[Y(z,t)]? = A(z,t)? and u(z,t) = Im 9, log(z,t) = Sy(x,t) we get the following coupled system
of equations which is completely equivalent to NLS:
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Assuming that the wave parameters evolve slowly with € we can regard the right-hand side as
a perturbative correction which we may formally drop. Doing so we arrive at the (genus zero)
modulation equations associated with 7
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This is a quasilinear system of partial differential equations and it is easy to check that its char-
acteristic speeds are given by u =4 i,/p which are complex at any point at which p # 0. Thus
the limiting system of equations is elliptic for which the Cauchy problem is ill-posed. In fact, the
Cauchy problem for an elliptic systems is solvable (by the Cauchy-Kovalevskaya method) only if we
insist that the initial data p(z,0) and u(x,0) are analytic functions of x. This is an overly restric-
tive condition for a physical system, and one which our square barrier initial data , with jump
discontinuities, does not satisfy. The ill-posedness of the limiting equations makes the semiclassical
limit a very delicate question in general and particularly delicate in the case of interest where the
initial data is discontinuous. In fact, our results imply that even away from the discontinuities
the limiting behavior cannot be described by a guess of the form ¢ = Ae/¢ without admitting
multi-scale expansions of A and S from the onset.

The original observation was that the modulational instability of the NLS equation would lead
to ostensibly chaotic wave-forms. However, a number of numerical studies [MK98|, BK99, [LMQT]
observed that the wave forms show a large degree of order exhibiting disparate regions of regular
quasiperiodic oscillatory e-scaled microstructures separated be increasingly sharp curves in the
(z,t)-plane called caustics or breaking curves, whose scale is set by the initial data. Our main goal
in studying the semiclassical limit is to analytically find the caustics and to describe the asymptotic
behavior of the oscillations in the interlaying regions offset by these caustics.

Analytic results concerning the behavior of NLS are possible because of its integrable structure
which allows one, in principle, to solve the Cauchy problem by the forward/inverse scattering
transform using the Lax pair representation [ZS71] for NLS. This procedure consists of three steps:

Step 1. From the eigenvalue problem in the Lax pair determine the ”spectral data” produced
by the given initial data 9. This is the forward scattering step in the procedure.

Step 2. Use the time-flow part of the Lax pair to describe the spectral data’s time evolution
as the potential ¥ evolves under the NLS equation.

Step 3. Given the scattering data at time ¢, invert the forward scattering transform of Step 1 to
find the solution v (x,t) of the NLS equation at a later time. This step for NLS, as is often
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the case, may be characterized as a matrix-valued Riemann-Hilbert problem, reducing the
inversion problem to a question of analytic function theory.

For a non-integrable problem there is no reason to believe such a procedure should exist. The
amazing fact is that for integrable problems the evolution of the spectral data in step 2 is explicit
and relatively simple, and moreover, the inversion of the spectral map required in step 3 is actually
a well-defined map.

The semiclassical limit greatly complicates the analysis in both Steps 1 and 3 In the scattering
step one must determine both the discrete spectrum (L? eigenvalues) and the so called reflection
coefficient defined on the real line (the continuous spectrum) of the Zakharov-Shabat (hereafter
ZS) scattering problem . The focusing ZS problem, unlike the scattering problems for KdV or
defocusing NLS, is not self-adjoint and this makes the determination of the scattering data highly
nontrivial. Numerical evidence [Bro96] and asymptotic results [Mil01] suggest that the number of
eigenvalues scales as 1/¢ and asymptotically accumulate on a “Y”-shaped spectral curve for a large
class of initial data. The analysis of the inverse scattering step is also frustrated by the vast amount
of spectral data. Among other issues, the eigenvalues of the scattering step become poles of the
Riemann-Hilbert problem and one is faced with seeking a function with an ever growing number
of poles. The question of how to best interpolate the poles is one of the first difficulties one has to
address in the inverse scattering step.

The situation is somewhat simplified for real data with a single maximum, in this case it has been
shown [KS03] that the eigenvalues are confined to the imaginary axis. However, exact determination
of the eigenvalues is possible only in special cases, among them the Satsuma-Yajima data and its
generalization [SY74, [TV00], and piecewise constant data. The exact solvability of the scattering
problem for square barrier data is one of the principle motivations for using it as a model
of how the semiclassical evolution smooths out discontinuities. The somewhat common practice
of replacing the exact scattering data with simpler approximate data is a dubious procedure for
studying initial data with discontinuities. The scattering problem has been shown to be very
sensitive to perturbations of the initial data [Bro01], and its not clear how using "nearby” scattering
data would effect the discontinuities of the initial data. For this reason we found it crucial to solve
the true Cauchy problem; we make no approximations to either the initial or scattering data. The
only approximations we make are in the inverse problem where the error can be controlled.

Despite the numerous frustrations, in recent years there has been considerable progress on study-
ing the semiclassical focusing NLS equation. In [KMMO03] the authors considered the semiclassical
limit of certain soliton ensembles, that is, families of real, analytic, reflectionless initial data whose
eigenvalues are given by a quantization rule. In a separate study [TVZ04, [TVZ06] the initial data
Yo(z) = sech(x)'+#/¢ was considered to study the effect of a nontrivial complex phase on the evo-
lution. In both cases, the authors found sharply separated regions of the (z,t)-plane inside which
the leading order asymptotic behavior of the solution is described in terms of slowly modulated
wave trains of a particular genus whose Riemann invariants’ evolution is described by the Whitham
equations of the corresponding genus. For each fixed z and increasing ¢ one encounters these sharp
transitions, or caustics, across which the genus of the asymptotic description changes. In particu-
lar, in both cases it was observed that up to some primary caustic T'(x), that is for ¢ < T'(x), the
evolution was initial described by slowly modulated plane wave with invariants satisfying the genus
zero Whitham equations (4)).

In both the above cases the initial data considered is analytic, and this plays an important role in
the analysis of the inverse problem. Additionally, we note that due to the analyticity of the initial
data the limiting elliptic modulation equations are locally well-posed. For non-analytic initial data
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it’s not clear what should happen for small (but fixed) times in the semiclassical limit; in principle,
the evolution could be described by arbitrarily high genus waves from the onset of evolution. The
situation for square barrier data is necessarily complicated; in the small time limit it was shown first
in [DMO05] for the defocusing case and in [ER06] for the Manakov system (of which focusing NLS
is a special case) that the small time limit of the evolution with initial data given by is equal
to the evolution of the linear problem and Gibbs phenomena occur at the discontinuities. These
Gibbs phenomena generate oscillations of arbitrarily short wavelength which propagate away from
the discontinuities. Of course, in the semi-classical scaling any fixed time independent of € is not a
small time in the limit, but the existence of rapid oscillations from the onset is a strong indication
that something singular must be occurring near the discontinuities. One of the principal goals in
this study is to understand how the semiclassical NLS evolution smooths the discontinuities in the
square barrier initial data.

In this paper as in all of the above mentioned studies the bulk of the work is contained in
analyzing the Riemann-Hilbert problem (hereafter RHP) associated with the inverse scattering
transform. The results are asymptotic in nature and rely on the nonlinear steepest-descent method
developed by Deift and Zhou first in [DZ93] and then generalized in [DZ94] [DVZ94] and in the
works of many others. The method, in a nutshell, seeks to construct an explicit parametrix P(z)
such that the transformation m(z) = E(z)P(z) maps the solution m(z) of the original RHP to
a new unknown FE(z) which satisfies a small-norm RHP whose solution and asymptotic behavior
can be given in terms of certain singular integrals. In each of the semiclassical and small-time
studies mentioned above, as in most cases where the steepest-descent method has been successful,
the construction of the parametrix revolves around the study of a single complex phase function of
the type €?(*)/¢ which must be controlled.

The fact that the scattering data in the previous studies can be reduced to a single complex phase
is a consequence of the choice to study very ‘nice’ initial data. By studying square barrier data we
hope to gain an understanding of solutions for more generic types of initial data, i.e. data outside
the analytic class for which the limiting problem is ill-posed. As soon as we consider initial
data outside the analytic class, we immediately encounter scattering data which cannot be reduced
to a single dominant complex phase. For the square barrier data considered here the reflection
coefficient takes the form of a whole series: > po, 7x(2)ei*(3)/¢ where the ry(2) are e-independent
algebraically decaying weights (c.f. Sec. [3.1.1). As we will show, as x and ¢ evolve, different
terms in the expansion give the dominant contribution in different parts of the spectral z-plane.
In the course of our analysis we show that for times ¢ up to the secondary breaking the analysis
is dominated by the two lowest phases 6y and 6;. However, we see no a-priori way to rule out the
possibility that at later times the higher order harmonics emerge to contribute at leading order.

In addition to being multi-phased, the reflection coefficient for rough initial data is necessarily
slowly decaying; just as the Fourier transform the reflection coefficient, r(z), for discontinuous initial
data decays as 1/z for z € R. The slow decay forces us to consider the contribution of the reflection
coefficient everywhere on the real line. This makes the analysis more difficult than those considered
in [KMMO3| [TVZ04] where the reflection coefficient, at worst, contributes only on a finite interval.
To complete the inverse analysis we had to marry techniques for analyzing multi-soliton RHPs with
those for pure reflection problems. This complication is greatest at the real stationary phase points
introduced by the steepest-descent method. On the real line no phase is completely dominant and
the multiphase nature of the reflection coeflicient lead us to construct delicate ‘annular’ local models
in neighborhoods of these stationary phase points. This model is discussed in Section to our
knowledge our annular construction is the first of its kind.
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1.1. Statement of the main results. The culmination of our work in this paper is the following
theorem which describes the leading order asymptotic behavior of the solution of the Cauchy prob-
lem defined by egs. and for arbitrarily large times ¢ outside the initial support and up to a
secondary caustic for x inside the support of the initial data.

Q|
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F1GURE 1. The regions Sk, k = 0,1,2 in which we have a description of the

semi-classical limiting behavior for the initial data and the caustics T and Ty
separating the regions.

Theorem 1. Consider the curvest = T1(|z|) andt = Tz(|x|) defined by (89) and (144) respectively.
Label by Sk, k =0,1,2, the following subsets of R x [0,00) (see Figure|l):

So ={(z,t) : || > L,t >0}
S1={(z,t) : |z < L,0 <t <Ty(x)}
So={(z,t) : |z| < L,T1(z) < T < Ta(x)}

Then for all sufficiently small €, the solution ¥(x,t) of the focusing NLS equation with initial date
given by satisfies the the following asymptotic description on any compact K; C S;, j =0,1,2
[6(2,1) = tasy(@,1)] = O (¢*1oge)

where,
i. For (x,t) € So,
Yasy(z,t) = 0.
ii. For (z,t) € 81, the limiting behavior is described by the nearly plane wave solution

om(art) = qex | (P14 cwle,0)|.

o) —(ﬁltﬂ>h%1;@§”“*

and ro, &1, and & are defined by (|29 , , and (92)) respectively.

where
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iti. For (x,t) € Sy, the limiting behavior is described by the slowly modulating one-phase wave-train
0(0)  O(24(c0) +iTy —ic Q) oy

wsy(@,t) = (g —1 - - tro,

Ve 0) = (0 =IO Ry T o i)

Here, ©(z) is the Reimann theta function, see (L70), for the Riemann surface associated with
the function

R(2) = V(2 —ig)(z + iq)(z — alz, 1)) (z — alz, t)*)
The points a(x,t) and ax,t)* are complex Riemann invariants described by Propostition@ and
whose evolution satisfies the genus-one Whitham equation , The remaining parameters
are all slowly varying functions of (x,t) described in terms of certain Abelian integrals:

* dz * dz
A(0) = —i?T/ //
iq R(2)/ Jor R(2)
and Q, Ty, and Yy are given by (125]), (L74)), and (177) respectively.

We make the following observations concerning our results:

1. The barrier does not asymptotically spread out in time, though at any time ¢ > 0 the solution
is no longer compact supported. Our theorem establishes an asymptotically vanishing bound on
the amplitude of the solution for x outside the support of the initial data. However, it does not
provide any information about the nature of the small amplitude oscillations that occur in the
exterior region. These smaller corrections could be found by calculating the higher order terms
in the expansion of the small norm RHP but we did not pursue this here.

2. In the regions Sy (trivially) and S; the asymptotic limiting solution gy (z,t) is a slowly mod-
ulating plane wave solutions of , the genus-zero Whitham equations. The most interesting
feature of the solution in this region is the slowly evolving correction to the phase w(x,t). This
correction has in important consequence: the Whitham modulation theory (discussed around
(3) and above) fails to capture the behavior of the solution. The modulation theory cannot
recover the slow phase correction w(z,t) which constitutes an O (1) correction to the solution’s
phase; the Riemann-Hilbert analysis naturally recovers this phase. This is explained in detail in
Section [£.7] where we show that this correction does not correspond to a regular correction to
the geometric optics approximation predicted by WKB.

3. The evolution regularizes the initial shocks in the square barrier data at © = +L by the instan-
taneous onset of genus-one oscillations in the growing region S;. This is consistent with the
previous studies [KMMO03| [TVZ04] where the mechanism for formation of the primary caustic is
the formation of an elliptical shock in the solution of the genus zero modulation equations valid
for times before the primary caustic.

4. The fact that the reflection coefficient is NOT single phase is not merely a technical difficulty.
The second breaking time T (x) which gives an upper bound on the genus-one region Sy can be
characterized in terms of a critical transition related to the second phase.

1.2. Outline of the rest of the paper. The remainder of the paper is concerned with establishing
the proof of Theorem [I| In Section [2] we quickly review the details of the forward scattering theory
pertinent to our analysis and show how one explicitly calculates the scattering data for initial
data given by . In section |3| we consider the inverse problem for x outside the support of the
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initial data. Section [4] concerns the inverse problem inside the support up the first caustic while
Section [5| covers the inverse problem between the first and secondary caustics. The analysis in
each of the last three sections is largely self-contained though for the sake of brevity we use results
and estimates from the previous sections whenever possible. In particular, the properties of the
reflection coefficient and resulting jump matrix factorizations discussed in Sections and
are used throughout the paper.

Finally, a quick note on notation. Throughout the paper we make extensive use of the spin

matrices:
(0 1 (0 —i (1 0
a1=\1 0/ 27\ o) 7 lo -1)

Additionally, given any nonzero scalar A and matrix A let

0 At

With respect to complex variable notation, we let z* denote complex conjugate of any complex
number or matrix z and let AT denote the hermitian conjugate of any matrix A. For complex
valued functions f(z) of a complex variable z we denote by f*(z) or simply f* the Schwarz reflection:
f(z*)*. In the rare case when only the function value is to be conjugated we write f(z)*.

73 = <A 0 > and A2 4 = \T2 AN,

2. FORWARD SCATTERING OF SQUARE BARRIER DATA

We here quickly review the forward scattering theory necessary to define the Riemann-Hilbert
problem associated with the inverse scattering problem. We omit proofs, preferring to get as quickly
as possible to the analysis of the inverse problem. The interested reader is referred to [BC84, [BDTS8S)]
for a comprehensive treatment of the subject.

The NLS equation is completely integrable in the sense that it has a Lax pair structure. In
|ZS71] Zakharov and Shabat showed that the focusing NLS equation can be recognized as the
compatibility condition for the following overdetermined pair of equations:

- i (5 )
1 2
(5b) ieW, = BW, Bi=isl— (sz/}lz —Equ/fF)

The Lax pair allows one, in principal, to solve the NLS equation using the forward/inverse scattering
procedure. In the forward scattering step, one takes given initial data ¢(x,t = 0) = () that
decays suitable quickly and seeks a solution W of the first equation in the Lax pair , known as
the Zakharov-Shabat eigenvalue problem, in the form

(6) W = me ™ 293
such that,

(7)

The construction of m from initial data is a nontrivial step which can be calculated explicitly only

in special cases. However, for any potential 19 € L*(R), the solution m must have the following

properties [BC84]:

1. There exist a discrete set Z in C\R such that for each z € C\(RUZ) there exist a unique solution
of W of eW, = LW in the form @ satisfying ,

i.m—1, asx— o0

ii. m(-, z) is bounded and absolutely continuous
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2. m(z, z) is a meromorphic function of z in C\R whose poles are precisely the elements of Z and
on C\R, lim,_, o, m(z,2) = 1.

3. The function m(z,z) takes continuous boundary values m4(z,z) = lims_,g+ m(x, z + i§) for
each z € R which satisfy a “jump relation”, my = m_v(z, z), where:

(8) o(, 2) = e 17 (1 +r|(7“z()2)l2 r Y)) Jiazos

4. The points in Z come in complex conjugate pairs. At each simple pole (the generic case) the
residues of m satisfy a relation of the form

0 0
for z, € C*, Resm = limm(x, 2) < 2ize > ,
2k 2k C€E ¢ 0

9)

* _ 2izxm
for z;; e C™, R@sm = 1il*nm(:c7z) <8 *Ckeo < ) .
Zk

2y

The form of the jump matrix and the poles coming in conjugate pairs is a consequence of the
reflection symmetry

(10) m(z,z*) = oam(x, 2)* og.

implied by .

The collection of poles {z;}, the connection coefficients {cx}, and the function r(z), called the
reflection coefficient, appearing in the jump matrix constitute the totality of the scattering data
generated by the initial potential 1o (x).

Though one is interested in building m(z,z2) for z off the real axis, the construction of the
scattering data usually begins by restricting z to the real axis. For real z one seeks solutions W (+)
and W) of normalization such that:

(11) lim W&eer2os = [,

r—Fo0
Each of these so called Jost solution constitutes a fundamental solution of the differential equation
for z € R and thus the two solutions satisfy a linear relation of the form

(12) W (z,2) = W) (2, 2)8(2), z eR.

The matrix S, called the scattering matrix, is independent of x and takes the form
_ (alz) —b*(2) _ 2 2 _

(13) S(z) = (b(z) a(2) ) det S = la(z)|” + |b(2)|” = 1.

The normalized solution m is then constructed by examining the integral equation representations
of W) and observing that different columns of each solution extend analytically to Ct or C~. In
the process of this construction one finds that the function a(z) extends analytic to C*, while b(z)
is, in general, defined only on the real axis. Moreover, the poles zj are precisely the zeros of a(z)
in C* and the reflection coefficient r(z) is defined by the ratio

(14) r(z) :=b(2)/a(z), z eR.

The time evolution of the scattering data is remarkably simple. As i evolves according to
the coefficients in the Lax operators £ and B gain time dependence which in turn is inherited by the
spectral data. A basic consequence of the Lax pair structure, is that the time-flow is iso-spectral
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[Lax68], that is, the eigenvalues {z;} and their conjugates are invariant in time. The remaining
scattering data evolve as follows:

2itz2

itz2
(15) r(z,t) = r(z)e%, and c¢g(t) =cre <

where r(z) and ¢ above are the values of each datum at time ¢ = 0.

Given the time evolved spectral data, the problem of reconstructing the potential ¥ can be
cast as a meromorphic Riemann-Hilbert problem (RHP). For each x and ¢ one seeks a piecewise
meromorphic matrix-valued solution m(z;x,t) of the following properties:

Riemann-Hilbert Problem 2.1 for focusing NLS. Given the intitial scattering data r(z),
{z}, and {c}, find a function m(z;x,t) such that:
1. m is meromorphic in C\R with poles at the points zi and their complex conjugates.
2. As z— o0 in C\R, m — 1.
3. As z approaches R from above and below m assumes continuous boundary values m4 satisfying
the jump relation m4 = m_v, where
(16) v = e—f(tzz—i-acz) 1+ |T(Z)|2 T*(Z) ei(tzz-‘racz)-
r(2) 1

4. The poles of m at each z;, and 2} are simple and satisfy the residue conditions

Resm = limm < i(2gz+2m) 8)

z 2l Ci€e«
(17) T et
0 —cre* (2tz°42z2)
Resm = limm k

If m(z;x,t) is the solution of this problem for the giving scattering data generated by initial data
Yo(x) then the function defined by the limit

(18) Y(z,t) = 2i im zmqa(z;2,1)
Z—00
exists and is a solution of the focusing NLS equation .

2.0.1. Scattering for compactly support data, exact solutions for square barrier data. Here we record
some additional properties of the scattering data when the initial potential ¥g(x) is compactly
supported. Additionally, we find explicit formulas for the scattering data when the initial data is
piecewise constant and compactly supported which includes the square barrier initial data with
which we are interested.

For bounded compact potentials v, the Jost functions W) (z, z) are entire functions of z. The
scattering relation thus holds not only on the real axis, but in the entire complex plane, and the
scattering coefficients a(z) and b(z) are both entire functions for compact initial data. Additionally,
the connection coefficients ¢ can be expressed explicitly in terms of the scattering coefficients as

b(zk)

(19) cp = o (o0) = %fs r(2).

This relation between the connection coefficients and the residues of the reflection coefficient, which
is false for generic L! initial data, will later play a fundamental role in our analysis of the inverse
problem.

As discussed previously, calculating explicit formulae for the scattering data generated by generic
initial data is intractable, particularly in light of the singular dependence of the scattering data on
the dispersion parameter e. However, for initial data which is compact and piecewise constant the
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forward scattering problem is simple. We can assume freely that the initial data is supported on
an interval [—L, L], and write it as

n
Yo() =Y @kl 00
k=1

where —L = 29 < 1 < ... < x, = L is a partition of the interval [—L, L], the g are complex
constants, and 1j, ) denotes the characteristic function on [a,b). On each interval [x;_1,2y), the
ZS scattering problem reduces to a constant coefficient ODE. The Jost solutions W) (z, 2)
are calculated by solving the ZS problem on each interval and patching the solution together by
demanding continuity at the partition points. That calculation leads to the following formula for
the scattering matrix:

S(Z) — eizLo‘;;/e e%(—izog—&-Ql)(zl_mo) <
X e%(fiza'3+Qn)(mnfazn,1) eizLa'g/e’ Qk _ ( 0* qk) )
—q; 0
In the simplest case, the potential consist of a single barrier ¢(x) = g1;_1 ). The scattering
coefficients a(z) and b(z) are then

v(z) cos (L'z(z)) —4zsin <72LZ(Z)) .
(20) a(z) = e e?lizle,
—gsin <2Lz(z))
21 W)= —— /7
(21) 0=
where

(22) v=1+/224¢%.

From the explicit formalae it is clear that both a(z) and b(z) are both entire functions of z. For
real values of the constant ¢, the initial potential o (z) falls in to the class of real potentials of a
single maximum; as such the poles zj, which are the zeros of a(z) in the upper half plane, must lie
on the imaginary axis [KS02]. Using the explicit formula for a(z) we find that the zj are confined
to the imaginary interval [0, ¢), and asymptotically there are roughly 1/e poles in the the interval;
as € | 0 they collect according to the asymptotic density

2Lq z

23 2)= ———
( ) PO( ) T \/ma
which shows that the density has integrable singularities at z = 4iq. For convenience we exclude
the countable set of values at which eigenvalues are ‘born’ at the origin

4Lq
(2n+ )7’
Making use of these explicit formulae for the scattering data we state the exact Riemann-Hilbert
problem for the inverse scattering given square barrier initial data defined by :

€ F# €n, €n = n=20,1,2,....

Riemann-Hilbert Problem 2.2 for focusing NLS with square barrier initial data Find
a matriz valued function m(z;x,t) satisfying the following properties:

1. m is meromorphic for z € C\R, with simple poles at each z; € C* and its complex conjugate.
Here, the points z, enumerate the zeros in CT of the function a(z) defined by .
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2. Asz— 00, m=1+0(1/z).
3. m takes continuous boundary values for z € R, m4 and m_ satisfying the jump relation, m, =
m_v where

2 * —L16
(24) v= (1 +z7;| " 61 ) , 0 = 2t2% + 222
ree

4. m satisfies the residue conditions

0 0
iizmi%m(fies o>’

(25) 0 — Resr*e <f
Res m = lim m z=zj, .
z=z] 22y 0 0
In and , the reflection coefficient r(z) is given by
—qsin (L’;(z)) ‘
(26) r(z) = e~ 2kiz/e,

v(z) cos (%) —izsin (%%(z))
Finally, if m(z;x,t) is the solution of this problem, then gives the solution of focusing NLS
given the square barrier initial data .

The goal now is to use the Deift-Zhou steepest-descent method to construct an approximation
P(z) to the solution of this RHP such that the ratio F(z) defined by m(z) = E(z)P(z) is uniformly
accurate in the semiclassical limit as € — 0%. The approximation depends parametrically on (z, )
via the function 6(z,t) appearing in the RHP. In the following sections we will construct such an
approximation in each of the space time regions Sg, k = 0,1,2, described in Theorem This
procedure consists of four major steps. 1. We introduce a pole removing transformation m — M
such that the new unknown M satisfies a holomorphic RHP. 2. The transformation to M typically
introduces contours on which the jump matrices are asymptotically unstable in the semiclassical
limit; we therefore introduce a so-called g-function transformation to remove the unstable jump
matrices. 3. By explicit factorization of the jump matrices we deform the remaining oscillatory
jumps onto contours where they are exponentially near identity. 4. We build a global approximation
A(z) to the remaining problem and show that the resulting error E(z) satisfies a small norm RHP.
Once the problem is reduced to small-norm form, the theory of small norm RHPs gives a uniform
asymptotic expansion of E(z). By unravelling the series of explicit transformations leading from
m to E we get an asymptotic expansion for the solution of the original RHP and through
the solution ¢(z,t) of NLS.

3. INVERSE PROBLEM OUTSIDE THE SUPPORT OF THE INITTIAL DATA

Here we consider the Riemann-Hilbert problem [2.2] with scattering data generated by the square
barrier initial data for values of x outside the support of the initial data. Because the NLS
equation preserves even initial data we will consider only > L. As will become apparent this
is the simplest case in which to carry out the inverse analysis and much of what we do here will
be used in Sections [f] and [f] where we consider the inverse analysis for z inside the support of the
initial data.
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3.1. Reduction to a holomorphic RHP. To utilize the nonlinear steepest descent method we
first need to remove the poles from the Riemann-Hilbert problem. In the reflectionless case this can
be accomplished by introducing contours C' and C* enclosing the locus of pole accumulation in C*
and C~ respectively. A new unknown M is constructed inside these contours from an interpolate
of the connection coefficients and an explicit Blaschke factor term encoding the z; in such a way
that the new unknown has no poles, see [KMMO03] for such a construction. For compact initial data
there is a more direct construction; the reflection coefficient extends meromorphically off the real
line and the relation shows that the reflection coefficient naturally interpolates the poles of m.

10

05~

0.0

—10F

50, Y T
-10 -05 0.0 0.5 10 15 20

FIGURE 2. Schematic representation of the contours C and C* and the regions 2
and 2 involved in the pole removing factorization. The dashed line represents the
loci of pole accumulation.

Fix a point £ < 0, and take C a semi-infinite contour in C* terminating at £ such that the region
Q) enclosed by C and the real interval [£,00) contains the locus of pole accumulation [0, ¢, see
Figure 2l Let C* and Q2* denote the respective complex conjugate contour and region. Then the

new unknown
1 0
i : Q
m (—reee 1> Z€

(27) H = m 1 T‘*€7 %0
0 1
m :  elsewhere

z € QF

has no poles. The price one pays to remove the poles in this way is the appearance of new jumps
along the contours C' and C* in the resulting RHP for H. In order to preserve the normalization
of the RHP and arrive at a problem amenable to steepest descent analysis the transformation
from m to H needs to be asymptotically near-identity for large z. This condition amounts to
understanding how the factor re’®/¢ appearing in the off-diagonal entries of the transformation
behaves in the complex plane.
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3.1.1. Multi-harmonic expansion of the reflection coefficient. For z € R the reflection coefficient
is rapidly oscillatory, but once z moves off the real axis any finite distance it has a simple,
€ independent, asymptotic limit. As previously noted, the values of the reflection coefficient are
independent of the branch cut given to v = /22 4 ¢2. For convenience we take v to be branched
on some simple finite contour v and normalized to ~ z for z large. For z € CT outside the region
enclosed by v and the imaginary axis (i.e. the set where Imv > 0)

(28) r(2)e?e =3 " r(z)ete,
k=0
where
—iq
2 -4
(29) () = L5
and

re(z) = (=D o)™ T (Lt o)) k>

(30) )
Op = 2tz° + 2(x — L)z + 4kLv, k > 0.

In particular, the expansion is uniformly convergent for z € CT with |z| large. The expansion
highlights the central technical difficulty of this problem; in previous studies where the semi-classical
inverse problem has been successfully solved [KMMO03], [TVZ06], a single exponential factor emerges
in the jump matrices which one must control. Here, we have an infinite sum of different harmonics—
one can think of as a generalized Fourier series for m—each contributing to the analysis. A
priori, we have no way of knowing which harmonics contribute for each choice of parameters (z,t).
However, in the course of our analysis we will see that, at least up to the second caustic, the first
two harmonics 6y and #; dominate the analysis.

cof 2 ool 2

€ 1 €

éo

&

2 1 ) 1 2 2 1 0 1 2

FIGURE 3. The regions of growth (white) and decay (grey) of the two principal
harmonics for x > L and ¢ > 0. The dashed line represents the locus of pole
accumulation for m(z).

The pole removing factorization works if the region 2, except for possibly a compact subset,
lies in a region in which re?/¢ is exponentially decaying. This amounts to understanding for each
0) where Im 6, is positive (decay) or negative (growth). For x > L we fix v, the finite branch cut of
v, to lie on the imaginary axis. This choice of branch makes Im v(z) > 0 for all z in C*\ i(0, q] and
thus Im 0 (z) is an increasing function of k for each fixed z; if we let Dy = {z € C* : Im 6 > 0}
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then Dy_1 C Dy for k > 0. Furthermore, it is easily shown that each ) has a single, real-valued,
stationary phase point &, defined as the unique solution of %Ok = 0, and as k increases, the &’s
decreases.

The regions of exponential decay and growth of e and e for generic values of z > L and
t > 0 are plotted in Figure [3] The & depend parametrically on z and ¢ and we have

7;90/6 i91/€

d90 r—L
31 — =0 = = _ )
(31) P (éo) o of
For k > 1 no such simple formula for the & can be given, however, for small times we have
r+ 2k—-1)L
(32) fk:%+(9(t).

In particular, for z > L, & < 0 and the locus of pole accumulation in the upper half plane, [0, ],
lies entirely in the region of exponential decay of all the 6. Motivated by these observations, let
[y be a semi-infinite contour in C* emerging from &, such that it encloses the interval [0, g, stays
completely within the region of exponential decay of ¢?°/¢ and is oriented away from &; let €
be the region between I'y and the positive real axis; let I'f and €f be their respective complex

conjugates, see Figure [f] Define
1 0
i : Q
m (ree9 1) Z € 3%

(33) M= *,—10
m(é r61'> oz e

m :  elsewhere

As observed previously, it follows from that the new unknown M will have no poles. It follows
from its definition that M satisfies the following problem.

Riemann-Hilbert Problem 3.1 for M: Find a matriz valued function M such that:

1. M is holomorphic for z € C\I'py where T'py = To U T U (—00, &)

2. Asz— 00, M =14+ 0(1/z).

3. M takes continuous boundary values for z € Uy, My and M_ satisfying the jump relation,
My = M_Vyr where

14+ rl2 7pkefiﬁ/e
< ,r.eiﬂl/e‘ 1 tozE (—00,60)
1 0
(34) VM = <7~ei9/€ 1) : z € FO
* ,—1i0 /€
<(1) " 61 ) o z€eTIf

The new jumps follow from calculating (M_)"'M, on each contour. Observe that the new
jumps on I'g and I'j are exponentially near identity away from the real axis. Thus for x > L, the
poles can be removed without introducing any poorly conditioned jumps; as we will see in Sections
and this is markedly different from the situation for € [0, L) and accounts, to large extent, for
the difference in the resulting asymptotic description of the solutions inside and outside the initial
support.
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3.2. Reduction to Model Problem, deformation of the jump contours . Now that the
poles have been removed, we are left with a RHP with rapidly oscillatory jumps on (—oo,&p]. To
employ the steepest descent method we seek by explicit transformations to deform these jumps to
regions where they are exponentially decaying. Our principal tool for finding such transformations
is matrix factorization. Given an oscillatory jump matrix v on a contour C, we seek factorizations
of the form v = b_ f}b;l such that the factors by are analytically extendable off C'. If we then
introduce contours C and C_, to the left and right of C respectively, see Figure [d] we can define
a new unknown

mb_ : zelnt(CUCL.)
Mpew =4 mby : z€Int (CUCY)
m :  elsewhere

The new unknown my,e,, acquires new jumps Uney = (mnew):l(mnew)Jr equal to

FIGURE 4. Given a factorization v = b_ ij;l of the original jump matrix on C,
the definition of a new unknown (left) and the resulting new jump matrices (right)
in a generic lens opening.

0 : zel
Unew = b__i_l VS C+
b . ze(C_

Such a factorization is useful provided that b, and b_ are near identity on their respective contours
and the jump remaining on C, v, is no longer rapidly oscillatory.

3.2.1. Factorization to the left of &. The original jump matrix v (cf. ) has two common
factorizations:

(35) v=R'R,
(36) v=R(1+rr*) R
Where
1 0 =~ 1 0
(37) R = (reie/ﬁ 1> and R:= <1+:T* eig/e 1) .

The first factorization was used already in the factorization that removed the poles from the original
RHP. For Rez < & we are interested in the second of these factorizations. The rightmost factor
Rt is the factor which will factor into C*, we need to understand the behavior of its off-diagonal
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entry in the upper half-plane. Recalling the definition of the reflection coefficient and the
unimodularity of the scattering matrix we have

bb* 1
14+rr* =1+ = —
aa* aa*
! =b"a.
1+ rr*
Using and we can express a and b* in the form
(38) o= Z;/Vezu(zw)/e [1 _ T864Liu/e} ’
b — _Lqe—zLiu/e {1 _ 64Lw/e}
2v ’

and these expressions give the off-diagonal entry in R' in the form

r* . r* . . .
39 —if/e _ 0 —i61 /€ % |:1 o 4Lzu/e] |:1 2 4Lzu/e] )
(39) R (1—}—7“07“3)26 ¢ To€

Recalling that Im v > 0 for each z € C*\ i(0, ¢ it follows that R is exponentially near identity in
any region in which the exponential e?1/¢ is growing. Thus, is a good candidate factorization
for Rez < &. The only issue is that the central diagonal factor (1 + rr*)?8 to be left on the real
axis is still rapidly oscillatory as € | 0: this term must also be factored. Using define

Z+v 2Li(z—v)/e 1 2Li(z—v)/e
40 = — e —
(40) a0 2w © (1+ 7"07’3)6

which captures the leading order behavior of the function a for 2 € C*. Note that for z € CT\(RU
(0,ig]) Imv > 0 so the quantity a/ag = 1 — rZe*F"/< is exponentially near one. Motivated by this
observation we introduce the factorization

(41) v= (E(a*/ag)*os) (L +rors)2 ((a/ao)*asﬁf)
o

stays on R

factors into C— factors into Ct

of the original jump on the interval (—oo, ;). This factorization greatly simplifies the analysis
of the RHP; it reduces the problem to a consideration of only the first two harmonics 6y and 6; in
the expansion of the reflection coefficient.

3.2.2. Factorization on the interval (&1,&p) . This interval is the boundary on the real axis of an
open region of C* in which only the zero*” order harmonic e*%/¢ is large, see Figure |3l Motivated
by and the matrix factorization we introduce the factorization

. 1+ rory rie=i0o/e _
(42) v=(R'R;") . (roewg/g ) ) (R;'R).

By Ry, and later ﬁo, we denote matrices of the same form as R and R respectively, where in the
off diagonal entries re'?/€ is replaced by its leading order approximation roe?o/¢:

1 0 PN 1 0
(43) RO = <7‘0€i90/6 1> and RO = (roez‘«%/e 1) .

1+T07‘3
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The exterior factors RR; ! and its hermitian conjugate in ‘subtract out’ the dependence on
e'%/¢ in the (2,1)-entry we have

) ) 1— 64Liu/e ) —r (1 _ 7,2) )
/e _ Oo/€ _ s Oo/e _ 0N " "0 i1/
(44) ret Nt — et = | r2eiLiv]e e/t =1 r2eiliv]e e
which at leading order depends on e1/¢ which is asymptotically small in C* for Rez > &. This

allows us to open lenses (see ) which deform these exterior factors into the regions ©; and Q3
depicted in Figure

The remaining middle factor in takes the same form as the original jump matrix with the
reflection coefficient replaced with its leading order behavior. In the region of the upper half-plane
bounded by &; and & the harmonic e*0/¢ is exponentially large. This factor is deformed off the
axis by an analog of three term factorization (the same terms with 7e?/¢ replaced by roe?0/€)
yielding the final factorization

(45) v=(R'Rg"Ro) . (1+ror)™ . (BERG'R) .
- T 7

t R .
factors into C— stays on factors into Ct

s

2o

XXX XXX XXX

Ty

FIGURE 5. The contours I'y, and regions 2, used to define the lens opening trans-
formation M +— . Their exact shapes are not important, each is chosen to lie
in regions where the corresponding factorizations given in are asymptotically
near identity. Note, that the contour I's is oriented from &; to &g.

3.2.3. Reduction from a holomorphic RHP to a stable model problem. Using the factorizations given
above we are ready to define a new unknown @Q(z). To define @ we introduce the following set of
contours and regions and their complex conjugates. Let I'; and 'y be rays in CT meeting the real
axis at & such that away from the axis they remain completely in regions where €*?1/¢ is decaying
and growing respectively. Additionally we take I'; to be bounded away from I'y. Let I's be a contour
in C* terminating at & and & such that it lies entirely in the region where 0/ is growing and
does not intersect either I'y or I';. Finally, let €27 be the region bounded between 'y, T'1, and I's;
similarly let Q29 and €23 be the region between the real axis and I'y or I's respectively. The contours
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Tk, their orientations, and the sets € are depicted in Figure [5] Define
]\4']%01%71 z €
Mﬁ_T(a/ao)"?’ z € Qo
MR'RoR," zeQy

(46) Q=< MR'R; "R, z e
MR(a*/at)™" z €
MRIR;" ze;
M elsewhere

Let F% denote the union of contours used to open lenses, 1"22 = Ui:o(rk UT%) and let I'g denote

the totality of contours on which @) is non-analytic, I'g = FOQ U (—o00,&o] . Using the factorizations

, , and it follows that @ satisfies

Riemann-Hilbert Problem 3.2 for Q(z): Find a matriz-valued function Q such that:

1. @Q is holomorphic for z € C\I'q.

2. Asz— 00, Q(z) =T+ 0O(1/z2).

3. Q takes continuous boundary values Q4 and Q_ for z € I'q which satisfy the jump relation
Q4+ = Q_Vy where

(1+]rof?)*™ 2 € (—00,81)

(47) Vo=@ +][rl*)7  z€ (&, &)
VC(QO) z € I‘OQ
and
Ry z €Ty R} z €T}
(48) O _ )RR zEl o) R'Ry! z €T}
@ (a/ag) ™ "*RT 2z €Ty @ R(a*/af)~7® zeT%
Eg z€ely EO AS F§

3.3. Model RHP outside the support. The resulting RHP is an asymptotically stable problem
in the following sense: as € — 0 the jumps remaining on the real axis are non-oscillatory and e
independent, while along the contours in FOQ the jump matrices cho) converge to identity both for
large 2z and for fixed, nonreal, z as € — 0. The convergence in € is uniform on any set bounded
away from the two stationary phase points & and &; where the contours return to the real axis.
Motivated by these comments we consider the following global model problem which we will later
prove is a uniformly valid approximation to the solution @ of the RHP defined by . Let Uy
and U; be, for now arbitrary, fixed size neighborhoods of £, and &; respectively. We construct a
parametrix of the form:

Ap(z) z €Uy (cf.
(49) P(z) = q A1(2) z€U (cf
O(z) elsewhere (cf. ,

where the outer model O and the local models Ag and A; will be introduced below in the indicated
subsections.
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3.3.1. The outer model problem . Away from the real axis , the jumps on I';, UI'} are exponentially
small perturbations of identity. By replacing the jump matrices in with their point-wise limits,
we are lead to the following outer model RHP.

Riemann-Hilbert Problem 3.3 for the outer model O(z): Find a 2 x 2 matriz-valued function
O such that

1. O is a bounded function, analytic on C\(—o0, o).
2. 0(z)=I+0(1/z) as z — oc.
3. For z € (—0,&), O takes continuous boundary values satisfying Oy = O_Vo, where

_ At no)?r 2 € (—00,&1)
(50) Vo_{<1+|ro|2>as 2 € (61,6).

This RHP appears in the analysis of the long time problem for NLS [DZ94]. As the jumps are
diagonal and non-vanishing, one can easily check using the Plemelj formulae [Mus92] that that
solution is given by

(51) O(z) =d(»)%®

where,

1[5 log(l 2 1[5 log(1 2
B dmp [l [ SEOR L s e
21 J_ §—z 27 §—z

— 00

The jump matrices for O are discontinuous at & and &; which causes § to behave singularly at
these points. The following lemma describes the nature of the singularities.

Proposition 2. Define

(53) x(z,a) = i/a i(s) ds where k(z) = —% log(1 + |ro(2) %),

w0 85— %

and suppose a and b are fived real numbers with b < a such that k is analytic in a neighborhood of
each point. Then near these points:

i. As z — a, x has the uniform expansion,
X(z,a) = ir(z)log(z — a) + X(2, a),

where X is a bounded holomorphic function for z in a neighborhood of a.

it. In any suitably small, € independent, neighborhood of b, Ny, the boundary values xo and x_
naturally extend as analytic functions to all of Njy and x+(z,a) — x—(2,a) = log(1 + |ro(2)|?)
at each z € Np.

Proof. Both results follow from the fact that the weight « in the Cauchy integral defining x is
analytic at the points a and b. To prove the first part it is sufficient to observe that the difference
X — ik(2z)log(z — a) has a vanishing jump for all z near a. To construct the analytic extensions
of x4+ needed near z = b the analyticity of x is used to deform the contour of integration so that
individually the upper and lower boundary values extend analytically to the opposing half-plane.
That the extensions satisfy the jump relation follows from the Plemelj formulae. O
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1 o 2o/ 1 0
1+7‘0r3 X
0 1 rod2eifo/e 1

I's To

( 1 0)
—2 0
1+:(f)rg §2¢i/le 1

FIGURE 6. Local (exact) jump matrices near the stationary point &, after intro-
ducing 0 .

Expressed in terms of x, 0(z) = exp [x(z, &) + x(2,&1)]; it follows immediately form Prop.
that § has the local expansions

8(2) = (2 — &) "Bkl () near z = &,

54
oy 51 (2) = (2 — &) (z) near z = &1,

where 6! is holomorphic in a neighborhood of & and 679! are each holomorphic and satisfy

§hot/tel = 1 + rory in any sufficiently small neighborhood of &;. In particular, observe that
shows that § is bounded at each singularity. The singularity manifests as rapid oscillations as z
approaches &g or &;.

3.3.2. Local model near z = &. Near z = &y we seek our local model Ay(z) in the form:
(55) Ag(z) = Ap(2)d(2)7°.

This has two advantages. First, it simplifies the matching condition, to match the outer model O(z)
the new unknown Ay needs to be asymptotically near identity on the boundary where Ay(z) and
O(z) meet. Second, as was shown in the construction of the outer model, this factorization removes
the jump along the real axis. Of course, this comes at the cost of modifying the jumps along the
other contours. The exact jumps after left multiplication of @ by §9% are given in Figure [f] At
any fixed distance from &y the jump matrices are near identity due to the decay of the exponential
factors e**%/¢ along each ray. The point & is a stationary phase point of 6, (cf. )7 and thus 6
is locally quadratic. This allows us to introduce the following locally analytic and invertible change
of variables
1

(56) 2G = 0o() e, or =1/ g
The domain Uy on which the local model Ag is defined is selected as follows. We take Uy to be
any suitably small fixed size neighborhood of &y such that Uy is bounded away from the contour I'y
and chosen so that under the map ¢ = (o(z) its image (o(Up) is a disk centered at the origin in the
¢-plane (which necessarily has a radius ~ e/ 2). Additionally, we use the freedom to deform the
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contours T'g and T's such that the images (o(T'x NUp), k = 1,3 are straight lines leaving the origin
at angles /4 and 37 /4 respectively.

The model inside Uy is constructed by approximating the function ro(z) by its value at &y, and
using (54) and to approximate ¢ by

F) ir(€o) € &)z 5h0l
(57) — CO 96/(60) 0 (EO)

Finally, we make the following change of variables which maps to the (-plane and removes many of
the constant factors from the jumps:

R € ir(€0)/2 .
(5%) A= | () ety emimieon

ad g3

05 (%o) Upc(Co(2);m0(&0)).

The resulting RHP for the new unknown ¥ pe((, a) is one of the canonical model Riemann-Hilbert
problems.

Riemann-Hilbert Problem 3.4 for ¥po (The Parabolic Cylinder RHP): Given a fized
constant a, find a matriz ¥ pc(C;a) such that

1. ¥pe is analytic for ¢ € C\{( : arg(¢) = £n /4, £3n/4}.
2. As( — o0, Upe=1+VW/C+0(1/¢?).
3. On the jump contours, the boundary values satisfy Vpcy = Vpo_Vy,., where

1 0
<ac_2iﬁeiﬁ2/2 1) arg(() = 7-‘-/4

% ~2ik ,—iC2)
(1 argireTt ) arg(() = —m/4

0 1
59 Ve =
(59) Vro 1 1a**C2iK67iC2/2
! arg(¢) = 3 /4

1 0
< a__—2ir i?/2 1) arg(() = —3m/4,

1+aa*

and k = —5=log(1 4 aa*).

s

Proposition 3. The RHP for Upc((;a) above has a unique, uniformly bounded, solution given by

P(¢ia) (fa (1)) eicPoag=ines 1 arg(() € (0,7/4)
P(¢;a) ((1) H')CC L arg(¢) € (3r/4,7)
(60)  Upc(Gia) = P(Cia)etc osgins i Jarg(Q)] € (w/4,3/4)
P<<;a>( . (1)> eicioagTine . arg(() € (—m, —3m/4)
1+al?

PGa) (o §)eememe a0 € (/0
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where the function P((,a), built out of the parabolic cylinder functions Dy (-), is

e_%Dm <6$C) 8cﬁ7%C6%D4n (e_%rC)
Oe+i¢ =3mr —3im 217m —im : C eCt
Cﬁf;e = D, (e 1 C) et D_,, (eTC)
61)  P(Ga)=
LT in Oc—%¢ —3mn 3im
ex D,, (6 1 C) —ge 4 D_,,. (e 1 C)
O¢+i¢ =mm i 217371'»1 3im 1 (€ C~
C5122 et Dy <eTC) et Do (e ! C)

and the constants k, P12, and Bo1 are given by the formulae:

271.62’71'/4677”&/2

1
— " log(1 +aa” _VIme TC T und Bor = k/Bra.
f=—g-log(l+aa®),  fiz ATy Pa1 = K/ P12

To verify that gives the solution of the RHP for Wy one uses the properties of the parabolic
cylinder functions, D;,(+), (cf [AS64]) to show explicitly that the above formulae satisfies the jump
and normalization conditions. As this is a somewhat standard model problem we refrain from doing
so here. The details of the solutions derivation can be found in [DZ94] and [DMOS].

Later we will need estimates of the error introduced by the local model. On the boundary 0l

(62) 071 (2)Ao(z) = I +0 (7/2).

This follows from , the large ¢ expansion of ¥po (cf. RHP , and the boundedness of the
outer solution O(z) on 0Uy. The remaining error introduced by the model lies in the approximation
of the jumps along I'y, I'3 and their conjugates. By direct calculation, one shows that the largest
contribution to this error is introduced by approximation and consequently along each of these
rays:

(63) VoVal =1+0 (61/2 log e) .

3.3.3. Local model near z = &. At & the first harmonic 6 is stationary and this forces the lens
opening contours I'1, "2, '3, and their conjugates to return to the real axis at this point. Just as
in the local model at &, the locally quadratic structure of the stationary harmonic motivates the
definition of a locally invertible analytic change of variables; define ¢ = (;(z), through the relation

L, __ 1 _ 9”(51) 2 3
(64) §<1 = (01(2) = 01(&1)) = Te(z &)’ +0((z-&)%).
We choose the set U; to be a fixed but sufficiently small neighborhood of ¢; bounded away from
Uy, such that is analytic and invertible inside, and shaped such that the image (1 (U ) is a disk
in the (-plane. Additionally, we use our freedom to choose the rays I'y, I's, and their conjugates
such that the images (3 (Tx NU;), k = 1,2 lie on the rays arg { = w/4 and 37 /4 respectively. Inside

U, we seek a local model of the form
(65) Ai(2) = A (2)3(2)7

so as to remove the jumps along the real axis exactly from the local problem. The effect of
on the exact local jumps is to replace Vi by 67°Vpd, ?%; the local contours and exact jumps after
introducing this ¢ factorization are given in Figure [7}

Comparing Figures [0 and [7] the jumps near £; are more complicated than those near &. The
jump matrices on I'y, I's and their conjugates involve the full reflection coefficient. As such, at &;
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FIGURE 7. The exact local jumps after conjugating Vo by §(z)7® are
B (z)e101(2)/€ ades ‘7@ where ‘7@ are the jumps given above. Inside the shrinking
disk D (see (66])) we relabel the contours Xy and define the subsets Dy, k =1,2,3
in CT and their conjugates as shown.

the full multi-harmonic expansion returns to the real axis—manifesting as the factor 1 — rget/¢
appearing in the jumps in CT and the conjugate factor appearing in C™—and we have to deal
with every harmonic simultaneously. This is markedly different than the local structure near &
where the jump matrices contained only the single harmonic 6y. However, there are also important
similarities, the § factors in the off-diagonal entries have a power law singularity of the form (z—& )™
and along the rays I'y, I's, and their conjugates the quadratic decay of a stationary harmonic makes
the jumps asymptotically near identity at any fixed distance from &;. These similarities lead one
to believe that the parabolic cylinder model, RHP should be involved in the construction of
the local approximation. The key to the construction of our model at £; is the separation of length
scales between the onset of asymptotic growth/decay of the locally linear harmonics, 6y, k # 1,
and the locally quadratic harmonic, #;, which we record in the following elementary proposition.

Proposition 4. For z € Uy, the following estimates hold:
i. For|z—&|=0 (61/2), the functions e*9/¢ are bounded independent of e.
ii. For |z — & | = O (e), the functions e**F"/¢ are bounded independent of e.
iti. For Imz > ¢ (—Imz > €) the function e*l/c (e=4L¥/€) is small beyond all orders.

Proposition [4 motivates the introduction of a shrinking disk inside the fixed sized disk ;. Define
(66) D={z:]z-&| < Ve}

Inside D relabel the jump contours by X (X}), & = 1,2,3, ordered from the real axis to the
right of & around & with positive (negative) orientation. Additionally, define the real contour
Y4:={z €D : z <&}, oriented left to right. Label by Dy the subset of D bounded by ¥; and
Y%, and label by Dy, 1 < k < 3, the other subsets of D in C* ordered counterclockwise; let Dj

denote the complex conjugate sectors. Finally, denote by Vj (V,: ) the exact values of the jump
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d73Vpd 7% along ¥y, (X}), see Figure[7} Our procedure will be to build a model from the parabolic
cylinder functions as was introduced in the local model at . However, the presence of the linearly
harmonics requires that inside D the jump matrices be preconditioned for approximation by the
parabolic cylinder RHP. The price we will pay for this construction are near-identity jumps on 0D
and 4. The preconditioning procedure, which we describe below, is summarized in Figure

For z € U1\ D, the locally linear harmonics, those terms proportional to efo/¢ or X4/ in the
local jumps as expressed in Figure[7] are small beyond all orders (Prop. , and they may be set to
zero without introducing any appreciable error. Note that this approximation replaces the jumps
on I'y and its conjugate by identity. Eliminating the linear harmonics and employing and
the remaining jumps are approximated as follows.

We define the locally analytic and nonzero scalar function

(67) e ( € )M(El)éhoz( Johol ()= i01(€n)/e
EANGGY

then for z € Uy \D we replace the exact jump §73Vod~ 7% with h73Ve, hy 7%, where,

1 0 r
(€ () e ) S
1 —r5(&)G(z )mn(&l)e—z‘cl(z)zm)

1/2

zeIq
0 1

(68) Ve, (2) =

1

—rg(€1) 2ir(€1) p—iC1(2)?/2
((1] 1+|r2 51)|2<1( 2)” e > z ey

1 0 .
) ¢ (2) i) i ()72 1) zels
?”0 1

oUy

a) c)

FIGURE 8. The three steps of approximation in the construction of the model
problem at £;. a) The jumps along the T'y, are replaced by the approximation in
the annular region U\ D (bold contours). b) The exact jumps inside D are all folded
onto the real axis to the left of & creating jumps on D and ¥y = DN{z < & }.
¢) The annular approximation are unfolded inside D from X4. Dashed contours
denote jumps which are asymptotically small after the folding and unfolding and
thus ignored in the construction of the parametrix.
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Inside D, the linear exponentials cannot be replaced by zero without introducing significant
errors. Instead, we use the local self consistency of the jump matrices to fold away the exact jumps
and then replace them with jumps matching the parabolic cylinder model. To that end we make
the following change of variables folding all of the jumps inside D onto ¥4:

(69) AP = AMF
where F' is the piecewise analytic function
I z € Dy I z € UL\D
e Vit 2€D1 A zeD;
| A A zeDj
VsV 'Vl 2 e Dy vy viv e s

The new unknown Agz) has had the jumps removed from ¥, k = 1,2, 3, and their conjugates but
gets new jumps on 0D and ¥,. A simple calculation shows that the resulting jump along ¥4 is
(1 + |ro(2)|?)~2, while along D the induced jumps are given by A(ll_) 1A§2JZ. This factorization
is useful because it has pushed the contribution of the locally linear harmonics off of the contours
Yk and onto the disk boundary 9(D\Dy) where it is exponentially small away from the real axis.
Along the arcs D3 and 0D5, which approach the real axis, the induced jumps are independent of
the linear harmonics: the jump on 9D5 is given by

(14 rorg) "

F=VV, vt =
3Va 1 <T0(1+T07" )6 2 191/6

762 —i01 /€
(I+rorox)? , for z € 0Ds.
1
The jump on 0Dj is similar. Thus, the locally linear harmonics appear only in the jumps on
9(D1 U Ds) and its conjugate where their contribution is exponentially small.

With the exact jumps folded away, we now introduce a second factorization which unfolds onto
each I'y N'D the approximation . Define

where U is the piecewise analytic function
1 0
ad o3
" <_TO(51)C1 (2)72m(E0) i1 (2)*/2 1) 2 € Dy
7o (§1) K —ic1(2)?
pados L o 0\ (1 Fotspa(z)? (61) g—i¢1(2)*/2 ep,
' —ro(&1)C1(z)2E iG(2)7/2 1 ) \ o )
* ik it (2)?
U= pados (1 ro(€1)Cr(2)20(E)  e=ii(2) /2) .
0 1
1 ro(51)*41(Z)%n(fl)e—igl(zfm 1 0
had o3 B | .
1 <0 ! T 1 () "2 /2 3
' elsewhere

By first folding away the exact jumps and then unfolding the parabolic cylinder model jumps
(70), the new problem has, by construction, the exact parabolic cylinder jumps along (I'; UT';) N D,
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k =1,2,3. The sequence of factorizations induces jumps along the new contours 9D and ¥4, which
are all near identity. As an example, for z € 0D,

FU 1 0 1 1+—7"3 52e—00/¢

1 0
~2in(&1)
—ro(&)(1 + 7“07“3)(5?5;!)—2 [ 0”(21)(1] eifi/e 1
(71) 7
1 0
—ig,\2dos —2in(€1) )
= (0e7) T +0 (e )

( (1 47org) |70 — r0(&1) [@1)}% 1

=1+ O (Veloge)
The calculations in the other sectors are similar with the largest contributing error always being

O (y/elog €) coming from the approximation of (2 — &)™ by (s/e/e’l’(fl)Q)ZR(gl)

Our local model is constructed by simply dropping the near identity jumps along D and ¥4. This
leaves only the jumps on I'y, I's and their conjugates given by which depend on z only through
¢i(z). Comparing Ve, with we see that the functions are identical up to the substitution of
the constant —ro(&;) for 7o(&). Thus, A®)((1(2)) should solve RHP up to replacement of the
appropriate constants. To avoid repeating details, we simply state that our local model in U is
completed by taking

(72) AP (2) = h Wpe (G1(2), —r0(£1)) by

where ¥ pe is the function defined in Prop. [3| built from the parabolic cylinder functions.

3.4. The error matrix, F(z). Proof of Theorem part 1.. Here we prove that the parametrix
P(z) constructed in the previous subsection is a uniformly accurate estimate of the exact solution
Q(z) to RHP which was derived from the original NLS RHP by explicit transformations. We
prove this by considering the error matrix E(z) defined as the ratio:

B(2) = Q)P (2).

Both @ and the parametrix P are piecewise analytic functions taking continuous boundary values
on the contours that bound their respective domains of analyticity. As such, E(z) also satisfies a
Riemann-Hilbert problem with jump relation £, = E_Vg, where

(73) Vi =P_ (VoVp') PZ".

Let ' denote the totality of contours on which F has a nontrivial jump. Then E satisfies the
following Riemann-Hilbert problem:

Riemann-Hilbert Problem 3.5 for the error matrix, E(z). Find a matriz E(z) such that
1. E(2) is analytic for z € C\I'g.

2. Asz — 00, E(z) =T+ 0 (1/z2)

3. For z € T'g, E takes continuous boundary values satisfying Ey = E_Vg, where Vg is defined by

@).
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FIGURE 9. The collection, I'g, of jump contours for the error matrix, E(z).

We now shift our perspective and think of E not as defined by (3.4)), but as the solution of RHP
ﬁ given the jump matrix Vg which we can calculate explicitly from and . The following
lemma will allow us to establish a uniform asymptotic expansion for F(z).

Lemma 5. For each (x,t) € K C Sy compact and ¢ € Ny the jump matriz Vi defined by
satisfies,

(74) 12 (Ve = Dl ooy = O (el/2 log e) :

for each sufficiently small € and p = 1,2, or oco.

Proof. For each (z,t) in a compact subset K of Sy, the factorizations defining the RHP for @ can
be successfully carried through and the distance between (; and (y is bounded below. For any
allowable (x,t), the parametrix P is uniformly bonded in the plane, so it suffices to show that
[(z*(VoVp ' — I)|| = O (¢'/?loge). The collection of contours I'p; decouples into three categories:
the portions of 'y, k = 1,2, 3 and its conjugates lying outside the disks Uy and U7, these we denote
l"%“t; the portions of each Ty, inside Uy and U; \ D together with the real segment X4 we denote I‘fg;
and finally the loop contours Uy, dUy, and dD denoted by T'%"¢. We verify independently on a
representative contour of each subset, the derivation on the other contours being similar. Consider
first the unbounded set of contours I'%* as represented by I'§“’. In this region the parametrix is
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given by the outer model O(z) which is analytic for z off the real axis. Thus,
12V = Dll gty < M2 (Ve = Dl gy
< M||2*- r05_2ei90/6|\m(r8ut) =0 (e_c/e) .

The last line follows from the boundedness of g and § and that, along I'§“!, Im 6 increases without
bound from a least value ¢ > 0.The error in the exterior region is small beyond all orders and does
not contribute to .

On the remaining finite length contours proving that |[VgVp ' — I||p= = O (61/2 log ) implies
the result for each norm and all moments z¢. For the contours in ' take T'i" as representative.

For z € D, Vp = Vg so there is no jump on the inside of D we need only consider the segment
within ¢, \D. Using Prop. , , and we have
VoVt = Il poe(riny = | RRG '8~ T h{* Ve thy 7267 — I oo (rimy

NOW]etA4::1naX{Hh45_1HLwU¥nwthlﬂhpwp?)}ﬂﬂwn,

VoV ' = Il poo (rin

2 1 0 1 0 /
< —2ik(& ' ‘ _ e
<M _Toeil‘h/e\/@ ( 1)(2 B 51)_21,.;, 1 (To(gl)ewl/eCl—Qm 1) I+ 0O (6 )
e | 1
:M2 —7T0 1 - 1 (Z o 51)7225 7 To(gl)cl—Zzn ezel/e n o (efc/e)

Lo (T
= O (Veloge) .

The final estimate above follows from and the locally quadratic behavior of #; near &;.
Finally consider the disk boundaries dUy, OU;, and 0D. The exact unknown @) is analytic here so

Vg = I. On the positively oriented boundaries of the two fixed sized disk Vp = h{* ¥ pc (e (2); (—1)*r0(&x)) R

k=0,1. The e /2 scaling in and and the large ¢ asymptotics of ¥ pc then give

Ve = Il nos ou) = A7 {1 + O (1/G)} by ™ = Il 1= (o) < O (V) -
The last contour to consider is the shrinking disk D. Using (67)-(70) we have |[V5 ' —I|| = (ap) =
16773 (FU —1)673|| oo (ap) = O (v/€log €) where the last equality was previously verified in . a

Lemma [f] establishes E as a small-norm Riemann-Hilbert problem. As such, its solution is given

by
E(z)zl—l—%/ st

where p(s) is the unique solution of (1—Cy,,)u = I. Here Cy,, f = C_[f(Vg —I)] where C_ denotes
the Cauchy projection operator. In particular, F(z) has the large z expansion

EM(z, 1)

(75) B(z) = I+=—

+..., where, ‘E(l)(x,t)‘ = O (Veloge).

Remark. The small norm theory of RHPs as it pertains to this problem can be found in [BC84]
and [BDTSS|. In particular, we need L? bounds on the Cauchy operators over the contour I'. For
the € independent analytic contours in I'g this is a classical result. More care is needed on the

—0o3

k

)
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e-dependent shrinking contour 0D; the boundedness of the Cauchy operators on shrinking circles
can be found in [KMMO3].

The proof of part 1 of our main result follows immediately from . By inverting the series of
explicit transformations m — M — @ — E we arrive at a uniform asymptotic expansion of the

solution m of RHP Using , , and we have
Pz, t) = lim 2iz mia(z;z,t) = O (Veloge)
for each fixed (z,t) € Sp.

4. INVERSE PROBLEM INSIDE THE SUPPORT, BEFORE BREAKING

—10}H i

L L L L
-1 0 1 2

FIGURE 10. The regions of growth and decay of the zero harmonic exp (i6y(2)/€)
for € [0, L) . Shaded/Unshaded regions represent regions of decay/growth. The
dashed line represents the locus of pole accumulation for m(z).

4.1. Introducing a new pole removing factorization. In this section we being to consider the
inverse problem for those z € [0, L), that is, for  inside the support of the initial data. The analysis
in this regime is made more difficult by the fact that the poles of m in CT now lie in the region
where €0/¢ is exponentially large, see Figure The exponential growth of /¢ leads us to
introduce a different pole removing scheme (see below) for z € [0, L). As we will see, the new
scheme introduces contours with exponentially large jumps which we control by introducing a so
called g-function transformation which effectively “preconditions” the problem for steepest-descent
analysis. In this section we show that for each x € [0, L) there exist an order-one finite time T} ()
such that the problem is controlled by the introduction of a genus-zero g-function, i.e., branched
on a single interval, for all 0 < ¢ < Tj(x), and that the corresponding solution ¢ (z,t) of NLS with
initial data is asymptotically described by a slowly modulated plane wave. We consider the
regime z € [0,L) and ¢ > T1(x) in Section

To begin our analysis, we introduce a new pole removing factorization which accounts for the
exponential growth induced by the lowest order harmonic. Let I'; be a semi-infinite contour in C*
leaving the real axis at a point &; and oriented toward infinity; denote by €25, the region consisting
of everything to the right of I'y in CT, see Figure For now all we demand of &; and I'; is that
the locus of pole accumulation in CT is contained within Q:

(76) (0,4q] C Qpr-
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In the course of our analysis additional conditions will arise which will serve to more precisely define
& and Ty

Remark. For the inverse problem inside the support we recycle notation from the analysis outside
the support. Contours and points associated with opening lenses in the RHPs are given the same
names as before but new definitions, while the functions defining the various matrix factorizations,
R, }Alg, etc., keep their previous definitions.

FIGURE 11. The contours I'y, I'] and sets 2, and Q}, defining the pole removing
factorization for z € [0, L). The exact shape of the contours I'; and I'j, and thus
the set Qp7, Q3,, and the point & are for now undefined. All we require is that
Qpr U Q3 contain the locus of pole accumulation (dashed line) and the branch

I,UTE of v =1/22 4+ ¢2.

Define

mR™ IRy, z€ Oy
(77) M= {mRR;T 2e,
m elsewhere.

The matrices R and Ry are those defined previously, (37) and respectively. Clearly, the new
unknown M has no poles; the combination mR~! is analytic in C*—this was the basis of our pole
removal scheme for x outside the support—while the extra factor Ry has no poles. Additionally, it
follows from that the nonzero off-diagonal entry of RRy !is at leading order proportional to
e1/¢ and is thus unaffected by the exponential growth of e*?o/e.

Though the new unknown M has no poles it acquires an extra jump in addition to those on the
lens boundaries. The matrix Ry involved in the pole removing factorization inherits a branch
cut from v = /22 + ¢2 which we are free to choose; we take the cut to be a finite length contour
I’y UT} oriented from —iq to ig. Note that as sets I, and I'}, are symmetric, but as contours with
orientation they are antisymmetric. We defer I',’s exact definition and assume for now only that
it lies completely within {25, U Q3,. The jumps acquired by M along the branch cut are

_ 1 0
(78) Ry 1R0+ = (weit‘)g/e 1) S Fl/7

ot _ (1 —wremio/e
(79) Ry _Ry' | = (0 1 ’
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Here we have defined the scalar function
2I/+

(80) Wi=Toy —To_ = R
which we note may be analytically continued away from I') N I';. The RHP for M then follows
directly from .
Riemann-Hilbert Problem 4.1 for M: Let )y = RUT; UTYUT, UT%. Find a matriz M(2)
such that

(1) M is analytic in C\T'p;.

(2) As z — o0, M(z2) =1+ 0 (1/z).

(8) M assumes continuous boundary values My and M_ on Ty satisfying My = M_Vy where,
R'R z € (—00,&1)
RgRQ z € (fl, OO)

1 0
(weieo/e 1) zely

(81) Var = "
1 _an*xp—t00 /€
we ) zel}
0 1
Ry'R zeTl
RiR,T zeTy.

4.2. Introducing the g-function. The pole removing factorization introduces jumps on I'), UT
which are ill-suited to semi-classical asymptotics. The off-diagonal entries of the jump V), along '),
and I'}, are proportional to efo/¢ and e~/¢ respectively, which increase exponentially as e — 0.
To account for these jumps we introduce a scalar g-function, by making the change of variables

(82) N = Me~9(=)oale,
The new unknown N should solve a RHP of the type we have consider thus far, placing the following
restrictions on g:

i. g(2) =0(1/z) as z = oo.

ii. There exist a symmetric contour yU~* such that g is analytic for z € C\(yU~*) with continuous

boundary values g4 and g_ on v U~*.
iii. g(2)* = g(z*) for all z € C\(y U~yx).
Given such a g-function, the jump matrices for N take the following form:

Heig+—9-)/e  Jeil9rtg-)/e .
( He—ilgr+a-)/e  deilor—g-)/e zeyUy

2ig/e
( j;ef%g/e ze ) zg YUy

where the #’s denote the entries of Vj;. The g-function affects the jumps by modifying the expo-
nential phases in the jump matrices; away from the branch cuts of g the transformation replaces
the phases 6, in the expansion of the reflection coefficient with

(83) o = 0, — 2g.

VN =
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Our procedure is to now construct g so that the resulting RHP for V is asymptotically stable, i.e. g
should remove the exponentially growing components of Vs so that, after additional lens openings,
the new jump matrix Vy implied by has simple semi-classical limits with controllable errors.
To construct g, we decompose v, and by symmetry v*, into two interlacing sets of contours: bands
and gaps. Each band is a maximally connected component of v satisfying , and each gap is
a maximal complimentary open interval satisfying ; the union of all bands (gaps) in CT we
label v, (7,) and label the conjugate bands (gaps) v; (7;)-

(842) Banps:  Im (g4 —g-) =0.
(84b) GAPS: Im (ak(j) — 9+~ gf) >0 for z € 7;
Im (6),(j) — g+ — g—) < 0 for z € 7",

Note that in (84b)) we have to select a phase 6,;) which may change from one interval to the next.
As usual, in the cases where we can successfully construct the g-function, it associates with

the Riemann-Hilbert problem a rational function R(z,t) = Hiﬁl(z — ay,) and the associated
Riemann surface of genus G = N — 1. The eventual outer model problem, and thus the leading
order asymptotics of the solution of NLS, can be described in terms of the Riemann theta functions

on the Riemann surface R(x,t).

4.3. Genus zero ansatz for = € [0, L) and small times. Having no a priori way to determine
the number of bands and gaps needed to construct the g-function, we proceed instead by ansatz. We
begin by considering the simplest nontrivial case, that the g-function is analytic for z € C\ (T, UT,*)
and the entire contour consists of a single band interval. In this case, we seek g, as the solutions of
the following scalar RHPs:

Riemann-Hilbert Problem 4.2 genus zero g-function and its derivative: Find a scalar
function g(z) such that

1. g analytic for z € C\(I', UT%}). 1. p analytic for z € C\(T', UT?).

2. g(z)=0(1/z) as z— 2. p(z) =0 (1/2%) as z = .

3. g++g-=06y+n zel, Ul 3. pr+p-=86, =zeT, UT:.

4. g=0((zxiq)*?) + locally 4. p=0((zxiq)~V?) + locally
analytic function near =+ 1iq. analytic function near =+ iq.

Here 7 is a real constant to be determined. The RHP for the density p follows from formally
differentiating the RHP for g. We begin with the derivative p-problem because it does not depend
on the unknown constant 7. By integrating the solution of the RHP for p we define a function g
which a posteriori solves the RHP for ¢ and justifies the formal differentiation.

Remark. In the typical construction of a g-function, at each band endpoint, «;, the local behavior
is take to be g = O ((z — aj)3/ 2). However, for square barrier initial data the asymptotic density
of eigenvalues in the scattering problem is singular: po(z) = O ((z + iq)’1/2) unlike the usual
case where eigenvalues vanish as a square root. The loss of regularity in the density motivates the
O (z + iq)1/2) behavior at the end points.

Remark. The single band ansatz is motivated by the observation that the initial data g(x) is
locally analytic for € [0, L). As such the genus zero Whitham equations are locally well-posed
and so its reasonable to assume that for sufficiently small times the NLS solution, v (z,t), is well
approximated inside the support by a slowly modulating plane wave. In principle we could take
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the band to be a subset of I, UT? with endpoints a(z,t) and o*(x,t). However, in this case one
can show that the resulting gap condition Im(fy — g+ — g—) > 0 for z € T',\y; cannot be satisfied
which forces a(z,t) = ig.

RHP for p is easily solved using the Plamelj formula:

1 , dx 1, 2t2%2 + (v — L)z + tq?
)= Sy oo, B35 = 0402 e

= {3 v+ - 1)

Any choice of antiderivative will satisfy conditions 1,3, and 4 of RHP [£.2] for the g-function; in
order for g to tend to zero at infinity, we define

# 1 1
(56) 92 = [ pOVAA= 360(2) — v(a) 12 + (2 = L)) + 5t
where to be concrete the path of integration is taken such that it avoids the contour I', UT} on

which p is branched. Following , g has the effect of replacing the unmodified phases 6y and 6
with

(87) 0o =2v(tz+ (x — L) —t¢*> and o =2v [tz + (z + L)] — t¢?,

(85)

4.3.1. Satisfying the band and gap conditions: contour selection. The construction of our g-function
is not complete; we have not yet defined the contour I', UT'}, on which it is branched. This contour
is selected by showing that the appropriate band and gap conditions can be satisfied. For the single
band ansatz we have two such conditions:

(88a) BanD: Im(gy —g-) =Im(pg_) =0, z€Tl,
(88b) Gap: Im(6y —gy —g-) =Im(p1) >0, z€ely

We list only the conditions for z € C* as the reflection symmetry implies the correct condition
in C~. The inequality in is enforced so that the jumps introduced by along I'; and its
conjugate are near identity away from the real axis. It is not a typical gap condition since I'; is not
the complement of a band, but the inequality is of the gap form and, as usual for gap inequalities,
its failure can be a mechanism for the introduction of a new band in the g-function.

The band and gap conditions in amount to understanding the topology of the zero level
curves of Im ¢y, k = 0,1, and the corresponding open regions of growth and decay of the associated
exponentials e?¥/¢. Note that the zero level sets of Im ¢y, are independent of how we choose the
branch cut of v, so using them to determine the branch is not circular. The following lemma
characterizes the time evolving topology of the zero level sets of each modified phase.

Lemma 6. Let L(t;b) denote the zero level curve of the function
Im ¢y, :=Im (2v [tz + b] — tq*)
for b€ R\{0} and v defined by [22). Additionally, define the breaking time
b
T.(b) = 2|\/|§q
Then the zero level L(t;b) evolves as follows:
i. Fort=0, L(0;b) = RU[—igq, iq].
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it. For 0 < t < Te(b), L(t;b) consists of the real axis and two simple non-intersecting arcs: a
simple finite arc connecting iq to —iq, and an infinite arc which asymptotically approaches the
line Rez = —b/2t for z large. The finite and infinite arcs lie completely in the half-plane
Rebz < 0 and cross the real azxis at points zg and z1 respectively such that |z9| < |21]-.

iti. For t > T.(b), L(t;b) consist of the real axis and two semi-infinite contours each connecting
one of the branch points +iq to complex infinity in the same half-plane. In particular, L(t;b)
does mot contain a finite path connecting iq to —iq

Proof. For t = 0, Im ¢, = Im v since b is real and nonzero, the topology of L(0;b) follows immedi-
ately. For t > 0 the topology is determined from the following observations:

e The conjugation symmetry ¢} (z) = ¢p(2*) guarantees that R C L(t;b) and allows us to
consider only z € C*. Any branch of L(¢;b) in CT can terminate only at a critical point of
pp on the real line, at the branch point iq, or at co.

e The square root singularity of ¢, at iq guarantees that exactly one branch of L(¢;b) termi-
nates at iq.

e The large 2 expansion ¢, = t22 + bz + t¢>/2 + O(1/z) shows that L(t;b) has exactly
one branch terminating at oo in C* and the branch asymptotically approaches the line
Rez = —b/2t for large z.

e For t > 0 no branch of L(¢;b) can cross the imaginary axis, since

Ir]f] —

e L(t;b) cannot contain a closed bounded loop if Im ¢} is harmonic inside the loop, since the
maximum modulus principal would imply that ¢ is then identically zero.

To complete the proof we need to determine the number of real critical points of ¢,. A simple
calculation shows that ¢, has exactly two critical points given by

b 8t2¢2 b
2= [1— 1- q} = 144/1

4t b2 4t b2

} 8t2q2]

For 0 < t < T.(b) these are two real points satisfying the given properties in part . above. As ¢
increases and surpasses the breaking time 7T.(b) the two real critical points zy and z; coalesce and
spit into complex conjugates. Thus, for ¢ > T,.(b) the branches of L(¢;b) in C* do not have a real
terminus. Moreover, for ¢ > T.(b) the branches of L(¢;b) no longer pass through the critical points
since this would necessarily imply the existence of a closed loop in L(¢; b) violating the last bulleted
conditions above. In each case we now connect the termini of the branches of L(¢;b) in Ct without
violating the above observations. The results for ¢ > 0 follow immediately. O

Clearly, the zero level sets of Im g and Im ¢ are those described above with b = x — L and
b = x + L respectively. To satisfy the band condition (88al) we define T, UT? to be the branch of
the zero level of Im ¢ connecting —iq to iq. Lemma@ guarantees this contour exists for (z,t) € Sy,
where

Si:={(x,t) : 0<z < L, <t <Ti(x)},

(89)
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For (z,t) ¢ S the band condition cannot be satisfied. The upper limit T} (z) we call the first
breaking time, and in the remainder of this section we will always assume that (x,t) € Sy; we will
address what happens when one moves beyond this first breaking time in Section

The last condition to be satisfied is the gap condition . For (z,t) € S; the topology of the
level curve Im ¢ = 0 falls always into case ii. of Lemma|[6] The regions of growth and decay of the
exponentials €#°/¢ and e*?1/¢ follow from continuation of their large z asymptotic behavior; plots
of these regions for generic values of (x,t) € S; are given in Figure As the figure illustrates, the
finite and infinite complex branches of Im¢; = 0 do not intersect so the subset of CT such that
Im @1 > 0 consist of the entire region to the right of the infinite complex branch of the zero level
set except for the closed set bounded by the finite branch of Im ¢, and the branch cut of v along
I, Uy, To satisty we define &; to be the real critical point of ¢ through which the infinite
branch of Im ¢, = 0 passes:

r+ L
4t

3 8t2q2
(x + L)?

(90) & = 144/1

and take I'; to be any contour in C* terminating at &; laying completely in the set Im ; > 0, see

Figure 13

ipo T

el o | &1 &o

L L L L h L L L L h
-2 -1 0 1 2 3 -2 -1 0 1 2 3

FIGURE 12. The modified harmonics e?#*/¢, k = 0,1, each separate the plane into
regions of growth (white) and decay (grey). The level set Im ¢y = 0 (bold lines)
separating the regions of growth and decay of e?#0/¢ consists of three elements: the
real line, a finite arc connecting +i¢ and an unbounded arc which approaches the
line Imz = f(‘”;tL) for large z. We take the branch of v = /22 4 ¢ along the
finite branch of Im g = 0 which we label T, in C* and T’} in C~ respectively. The

level set Im @1 = 0 consists of similar arcs with the unbounded arc now approaching

Imz = —% for large z. These three arcs and the branch cut I', UT} separate

the regions of growth and decay of €#1/¢. Finally, the points &, k = 1,2 defined
by and are the unique points at which the unbounded arcs of Im ¢, =0
cross the real line and from which contours are opened.

4.4. Removing the remaining oscialltions: N — (). Now that the construction of the one
band g-function is complete the RHP for N follows immediately from RHP and .

Riemann-Hilbert Problem 4.3 for N(z): Find a 2 x 2 matriz N such that



36 ROBERT JENKINS AND KENNETH D. T-R MCLAUGHLIN

1. N is analytic in C\I';.
2. Asz— 00, N(z)=I+0(1/z2).
3. N assumes continuous boundary values Ny and N_ on I'p; satisfying Ny = N_Vx where,

eigadas/e (RTR) z € (—00,&1)
el9ados/<(RIRy) z € (&1,00)
e—i(po—+ta®)/e 0

we—itd’/e e—ilpotr+ta®) /e zely
(91) VN = e—i(<p0_+tq2)/6 _w*eitq2/6 .
0 e—ilpotr+ta®) /e zely
elados/e (RI1R) zely
elgados/e (RTRET) zels

The g-function transformation has removed the exponentially large jumps along I', UT. How-
ever, the RHP for N still has rapidly oscillatory jumps along the real axis which must be factored
and moved onto appropriate complex contours. To open steepest descent lenses off the real axis
we need to understand the regions of growth and decay of the, now modified, first harmonics
e'?o/¢ and e*?1/¢. The topology of these regions follows directly from Lemma @ The level sets
Im p, =0, k£ = 0.1 each have one infinite, asymptotically vertical, branch which cross the real axis
at points which we label £, and &; respectively; & was given above by , following the proof of
Lemma [0] a similar formula can be given for &p:

z— L
4t

8t2q2
(&~ L)

(92) §o=— 1+4/1-

These are stationary phase points of the associated harmonics e??*/¢. We denote them in this
way in analogy with the stationary phase points of the same name for the unmodified phases
0r, k = 0,1 which were described in Section for z outside the support of the initial data.
Just as before, these points separate connected unbounded components of the complex plane in
which the associated harmonic is everywhere either decaying or growing. These regions are plotted
numerically in Figure [[2}

The oscillatory jumps on the real axis are essentially identical to those in RHP up to the
conjugation by the g-function factor. To deform the oscillations in the current problem onto contours
on which they are exponentially small we use same factorizations as before (cf. —). Without
repeating those details we make the following transformation:

Q(Z) _ Neigadog/e LQ

Ry* z € Qg
R~ (ajag)™ z€ Qs
(93) By 2e
LQ =< Ry S Q;
R(a*/ag)™ " z€Q
R} z€Q
1 elsewhere.
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The regions Q and the contours I'y bounding them are defined as follows: we take 'y to be a
contour in C* lying completely in the region Im g > 0 and meeting the real axis at &y; I's lies
completely in the region Im¢; < 0 and meets the real axis at £;; and finally I's connects the
stationary phase points &; and &y and encloses I'), always staying in the region Im ¢y < 0. The
corresponding sets Q, k =1,2,3 are those enclosed by I'y, and the real axis, see Figure

Iy

s To
I's

FIGURE 13. Schematic diagram of the contours I'g and regions €, used to define
the transformation N — Q.

To calculate the resulting jumps of @ we need the factorizations , , 7 and the following
factorization. For z along '), the jump of Vi can be factored as follows:

e~ t(wo—+tq®) 0
we—ctd® e~ t(woy+ta®)

1 wle two- 0 —wlettd’ 1 wle cwo+
—\o 1 we—tta’ 0 0 1 :

Next, recalling the definition of r¢(z), 7 and w, , we observe the following identity

re re 1iq 1
94 70 = — 70 = — =
(94) (1+r0r3>+ (1+r0r3> v v

which allows one to express the above factorization in terms of the boundary values of RT:

e~ t(wo—+tq%) 0
we—ttd? e~ t(pot+tq®)

, —1,%tq*
_ (etosdos ot 0, —wlet ) (gadon i
- 0 —igq? 0
- \we™ = 0 +

This allows us to open a single lens I'3 enclosing the band I',, of the g-function instead of opening
separate lenses off the real axis and again off I', which significantly simplifies the construction of
the ensuing global parametrix. Let T'¢, = Us_ (Tx Ung) and T = UL, UL U (—00,&]. Using
this factorization we arrive at:

(95)
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Riemann-Hilbert Problem 4.4 for Q(z): Find a 2 x 2 matriz valued function Q of z such that:

1. @ is analytic for z € C\I'g.

2. Q(z) =1+0(1/z) as z — oo.

3. Q takes continuous boundary values Q4 and Q_ on I'g satisfying the jump relation Q4 = Q_Vg
where,

eigog/e cho) e—iga'3/e = 1"%
O _a—1 étq2
(u)e_itq2 ! 06 ) zely
(96) VQ - 0 71[)*6%“12 . 5
,w*—lef%tq2 0 KA Fu
(1 +[ro|?)?78 z € (—00,&1)
(14 |rol*)7® z € (§1,%0)
and
Ry z €Ty R} zeT}
") v _ ) B 'R cel Lo _ RIR,T z €T}
@ (g/ao)*"s]?f z el @ ]E(a* Jat)"7 zeTy
R} z el Ry z el

4. @ admits at worst square root singularities at z = +iq satisfying the following bounds

-1/2
Q(z):(’)(i |2 — iq| )7 z — iq,

(98) |z — ig| =1/
Qz) = O |z 4iq|71/2 1 2 — —ig.
|z +ig|~ /2 1 )

Remark. The new singularity condition in RHP is caused by a singularity in defining the
transformation N — Q. In 3, which contains z = iq, Q = Ne? ad‘”/eﬁ(ﬂ and observing
the (2, 1)-entry of Eo_ T has a square root singularity at ig. We must admit the possibility that @
inherits this singularity in its second column. As we encounter such transformations in the rest of
this paper we will record the resulting singularity conditions without comment.

4.5. Constructing a global Parametrix: one band case. The result of the many factorizations
defining @ is a RHP which is well conditioned for asymptotic approximation. Away from the points
& and & where they return to the real axis the jumps @ along F% are all near identity, both for
large z and fixed z as € | 0. The remaining jumps defining V5 behave simply in the semiclassical
limit. The jumps on the real axis are e-independent and the twist-like jumps on I', U T}, depend
on e through an oscillatory constant which we can deal with explicitly. We proceed, as before, to
construct a global parametrix P such that the ratio QP~! is uniformly near identity. Since the
jumps along F% are not uniformly close to identity near the stationary phase points &, and &, we
seek our global parametrix in the form

z) z €U
(99) P(z)=q A1(2) z€ely

1
O(z) elsewhere
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where each Uy, is a fixed size neighborhood of &, k = 1,2, which we will determined in the con-
struction of the approximation Ay.

4.5.1. The Outer Mode, O(z).l. At any fixed distance from the stationary phase points the jumps
defined by Véo) in RHP are exponentially small perturbations of identity so we ignore them.
Doing so, we arrive at the following problem for the outer model.

Riemann-Hilbert Problem 4.5 for O(z): Find a 2 X 2 matriz valued function O satisfying the
following properties:

1. O is an analytic function for z € C\I'p,

2.0(z)=I+0(1/z) as z =

3. O takes continuous boundary values O1 and O_ on T'o away from the points z = +iq, &y, and
&1. The boundary values satisfy the jump relation Oy = O_Vo where

I'o=T,ul'juU (—OO,&)].

0 —wlettd
<weitq2 0 ) zely
_wreitd
(100) Vo = 0 e 2er:
w*lemcta 0 v
(1+ |rol?)2 z € (—00,&1)
(14 |rol*)7® z € (&1, &0)-

4. O admits at worst square root singulariti

es at z = *tiq satisfying the following bounds

_ 1 |z—iq|~/? .
O(z)—(’)( 1 z—igV2 ) Z — 1q,
(101)
O(:)=0 |2 +iq| V2 1 z— —i
U\ e tig2 1) e

We construct a solution of this outer model by first introducing two scalar functions which
reduces the problem to the class of constant jumps Riemann-Hilbert problems. The first of these

functions:
1 (% log(1 2
exp (/ o8 (14 Iro()I") ds ds) ,
2wt ) _

oo §—z

we have already encountered; it was introduced in RHP to remove the jumps on the real axis
from the outer model problem. The second function we need is new, and is the solution of the
following problem:

1
271

_|_

4(2)

s —Z

/50 log (1 + |ro(s)?)

Riemann-Hilbert Problem 4.6 for s(z): Find a scalar function s such that
e s is analytic in C\ (T, UT?).
o 5(2) =800 + O(1/2) as z — 00, where s 18 a constant, bounded for all e.
e Forze 'y UI'} the boundary values sy and s_ satisfy the relationship

w(2)6-2 (e’ /€ z
s+<z>s_<z>={ Ee) o

w*(z)"1672(z)e~ 9’/ z e Tx.
o At the endpoints of I'), UT:
i. 5(z) = O ((z —igq)"/*) as z — iq,
i. s(z) =0 ((z+iq)~Y*) as z — —ig.

(102)
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Let us defer, temporarily, the construction of the solutions to RHP If such a function s can
be found, we make the following transformation
(103) 0(z) = 5372 0W (2)s(2)726(2)°2.
The new unknown O!) then satisfies the following simple, constant jump, Riemann-Hilbert prob-
lem:

Riemann-Hilbert Problem 4.7 for O (z): Find a 2 x 2 matriz valued function O (z) such
that

1. OW is analytic in C\ (T, UT?).
2. OW(2)=T+0(1/z2) as z — .
3. Away from its endpoints O takes continuous boundary values Og_l) and O(_l) onT', UT satis-

fying the jump realation
Wy oW (0 L
O’ (2) =02"(2) (1 0 )

4. OW) admits at worst 1/4-root singularities at the endpoints z = +iq.

This is a standard model problem which often appears in problems related to integrable PDE
and random matrix theory. One builds the solution by diagonalizing the jump matrix and solving
the resulting simple scalar problem. A moments work reveals

" a(z)+¢21(z)71 _a(Z)*;(Zr1
0] (Z) = a(z)—a(z)71 a(z)+a(zz)71 )
3 2

21

where a is defined by,

(104) a(z) = (Z - iq)“

z+1iq

and the root is understood to be branched along I'), UT"}, and normalized to approach unity at oco.
To complete the description of the outer model problem we need to build the solution of RHP
which is the subject of the following proposition.

Proposition 7. Riemann-Hilbert problem[].6 is solved by

(105) o(2) = a(z)e H/% exp <V<Z> /F JO) dA )

27

Here a is as defined in (104)), and using we define

log (229 ) — 2(x(2,&) + x(2,%)) 2 €T,

log (55577 ) — 2(x(2, &) + x(2,&)) =z €T}

where the logarithms are understood to be principally branched. As z — 00, $(2) = 0o + O (1/2)
where the constant s satisfies

i(z) =

532 = exp [th2 _ % + iw(;mt)] where,
€

_ 1 b log(1 + [ro(A)[*)
w(z,t) = - (/Oo /50 ) o dA.
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Remark. The function w defined by (106)) is real and thus represents a slow correction to the fast
phase. The integrals can be evaluated in terms of special functions to give

1) = 5= [Lia (rolE)?) +Lia (ro(61)%)]

where Lis(2) is the dilogarithm and the (z,t) dependence is contained in the location of the sta-
tionary phase points £, and &;.

Proof. The Plamelj formulae imply that the given function satisfies the analyticity and jump
conditions of RHP Using classical results on the behavior of singular integrals along the line
of integration one can show that the Cauchy integral and its boundary values are bounded except
at the endpoints where at worst it behaves like an inverse square root [Mus92]. However, this
behavior is balanced by the presence of the factor v(z) multiplying the Cauchy integral. Thus,
is everywhere bounded except at z = +iq where its local behavior is identical to that of a(z).
Finally, by expanding for large z we get an asymptotic expansion for s at infinity in powers
of z71; the leading order term is constant:

iy 2 1 ]
Soo :e_itq /€eXp _7/ j(A) dx | .
2mi Jr,ury V+(A)

By using contour deformation arguments and exploiting the odd symmetry of v(z) for {z : |z| >
&, z € R} and even symmetry for {z : |z| < &, z € R} one shows that s, satisfies (106]). O

Note that O(z) only depends on € through the phase factors eita’ /2 appearing in s(z) and s
and is thus bounded independent of € at each point z € C\{ig, —iq}. Near the endpoints z = +igq,
O(z) has square root singularities coming from the product O (2)s(2)?* as described by (I01).
As is expected, and will be proven in Section the outer model contributes the leading order
behavior of the solution of NLS in the semiclassical limit; expanding O(z) for large z and taking
the (1,2)-entry of the first moment we have

(107) 2i im Oq3(z; x,t) = iqs;? — qeétq2+iw(x,t).
Z—00

4.5.2. The local model problems. The approximation of Q(z) by the outer model is not uniform
near z = & and z = & where the jump contours F% (cf. ) return to the real axis. To
construct a uniformly accurate parametrix we must introduce local models Ag(z) and A;(z) defined
on neighborhoods Uy and U of the points £y and &; respectively which account for the local structure
of the jump matrices and which asymptotically match the outer solution on the boundaries ol
and ol .

Comparing to 7 the local structure of Vg near & and & when (x,t) € Si, the set
in which the single band g-function stabilizes the problem, and the local structure of Vg for =
outside the initial support are essentially identical. In moving from outside the initial support into
S; the introduction of the g-function has replaced the harmonic phases 65 with their modulated
counterparts ¢ = 6 — 2g and the stationary phase points £y and &; have been suitably redefined
in terms of the @y, everything else is identical. Thus, we can essentially construct the new local
models at & and &;, mutatis mutandis, from the old models. Without repeating the details of their
construction we define the new local models below and refer the reader to Sections [3.3.2] and
for the additional details.
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First, define the locally analytic and invertible change of variables ¢ = (x(z), where,

Each ¢ introduces a rescaled local coordinate at &, and we choose suitably small fixed size neigh-
borhoods Uy, of & such that the (i are analytic inside Uy and the images ¢ = ((Uy) are disks in
the (-plane. Next, using Prop. |2[ and we define the nonzero scaling functions:

€ (&) hol (_\\2 ,—io(£0)/ v
ho = 002 (2)) e~ trolso)/e ,
o= (7))

iK(€1) 1/2
( 6 ) 1 9 ()81 (z) e i1 &0/
' o (&1) T

With the above definitions in hand we define our local models as follows:

(110) Ax(z) = [s;;fs 0W(z) s(z)ffs} Au(2) 8(2)72, k=0,1,

(109)

where the functions Ay, are built from the solutions ¥ p¢ of the parabolic cylinder local model, RHP

B4
(111a) Ag(2) = h§* ¥ pc(Co(2), To(&0))ho 72,
(111D) A(2) = B W po(Ci(2), —ro(&1))hy 7 x U~ eioIma/eptemiolims/e,

Remark. In addition to the modified phase functions ¢, and the resulting redefinition of the sta-
tionary phase points &, the pre-factors right multiplying each Ay, in @D are a new element of the
local models when compared to the local models defined in Sections [3.3.2] and It consists of
the factors in the outer model which are locally analytic near & and &;; by including them
as pre-factors, our estimates of the asymptotic error on the boundaries Ol are identical to the
previous estimates for x outside the support of the initial data.

4.6. Proof of Theorem [1} part two. We now consider the error matrix E(z) defined as the ratio:
(112) E(z) = Q(2)P7(2).

As both Q(z) and P(z) are piecewise analytic functions whose components take continuous bound-
ary values on the boundaries of their respective domains of definition, F satisfies its own Riemann-
Hilbert problem, which we give below.

Riemann-Hilbert Problem 4.8 for the error matrix, E(z). Find a 2 x 2 matriz E(z) such

that

1. E(z) is bounded and analytic for z € C\I'g, where T'y is the system of contours depicted in
Figure[9

2. Asz— o0, E(2)=T1+0(1/z).

3. E takes continuous boundary values E.(2) and E_(z) for z € Ty satisfying the jump relation
E, = E_Vg where

(113) Ve =P_ (VoVp') P~

All of the properties listed in the RHP for E(z) follow immediately from (112 except for the
boundedness of E(z) near the endpoints z = +ig. To show this, first observe that the jump matrices
of the parametrix P(z) exactly match those of Q(z) along I', UT'}, so that Vg, as defined by (113)),
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are identity along I'), UT;. At worst E(z) has isolated singularities at the endpoints. However, the
local growth restrictions and dictate that at worst E;;(z) = O (|z £ ig|™"/?) implying
that the singularities are removable. Thus E(z) is locally bounded near each endpoint. Globally
boundedness then follows directly from conditions 2 and 3 defining RHP

The key estimate which allows us to prove the second part of our main result, Theorem [l is
recorded in the following lemma which establishes E as the solution of a small-norm Riemann-
Hilbert problem.

Lemma 8. For (z,t) € K C & compact and ¢ € Ny the jump matriz Vg defined by (113)) satisfies,
(114) 12 (Vi = Dl zorsy = O (/2 loge)
for each sufficiently small € and p = 1,2, or co.

Proof. The estimates necessary to establish this lemma are identical to those used to prove Lemma
after introducing the modified phases (87)) which replace the 6; upon the introduction of the one
band g-function which remains valid for any (x,t) € S;. The reader is referred to Lemma
for the details of the estimates. O

The small norm estimate in Lemma [8| admits the representation of F(z) as

E(z)=1+i/ ws)Ve(s) = 1)
I'e

211 s—z

where (s) is the unique solution of (1—Cy, )u = I. Here Cy,, f = C_[f(Vg —I)] where C_ denotes
the Cauchy projection operator. In particular, F(z) has the large z expansion

EM (2,t)
z

(115) E(z) =1+ +..., where, ‘E(l)(x,t)‘ = O (Veloge).
Unfolding the sequence of transformations: m — M +— N — @ — E, we have the semi-classical
asymptotic expansion of m and, using , we find the leading order behavior of the solution ¢(z, t)

of with initial data for each (z,t) € 8. Using (77), (82), (93)), (99), and (107) we find
b(a,t) = get (D) L o (Veloge) .

4.7. Correction to the phase, evidence of a singular perturbation . We take a moment
here to remark on the phase correction w(z,t) defined by (106) that appears in

1) = e e,

the leading order asymptotic behavior of the solution for (z,t) € S;. We can think of this phase in
several ways. Thinking of the asymptotic solution as a slowly modulating plane wave, w constitutes
a slow correction to the singular phase. With respect to the fast evolution this is a constant
phase which the Whitham theory cannot recover. Though the phase is slow it still affects O (1)
change in the solution, which the Riemann-Hilbert machinery naturally recovers from the scattering
data. This is a nice result, but can we understand this phase in a more direct way? Altering our
perspective, we can treat w as the phase correction in going from the geometric to physical optics
approximation of the solution in the WKB theory. This leads to an interesting observation. Writing
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the solution of in the form 9 (z,t) = A(z,t)e’S®D/¢ we get the following system of equations
equivalent to focusing NLS

Pt + (pSac)g; = 07

116 1 2 pee (P2
(116) Si+ 582 —p=S |2 (22) |,
2 2| 2p 2p
where p(z,t) := A(z,t)?. The asymptotic solution 1, is a correction to the simple plane wave

solution p = ¢? and S = ¢?t. Inserting a regular expansion ansatz: p = ¢%> + en + O (62) and
S=q¢*t+ew+0O (62), into (116) and differentiating in ¢ to eliminate i we are led to

Wit + Pwgy = O (€).

Assuming bounded derivatives in the expansion, w should solve this rescaled Laplace equation, but,
as defined by (106)), w does not satisfy the Laplace equation. To see this, we observe that due to
the self-similar dependence of & and &y on (x,t) as defined by and we can write w in the

form w(z,t) = F (2E) + F (2L) — wy where

L (2 Jog(1+ [ro(W)I?) ¢
F(()=—= = 214 /1—8¢%C2
©=—z [ LB a0 =5 [1+ VI8P
0o 2
e L[ I OO oy
T J_ oo v(\)
Letting {1+ = (z £ L)/t and seeking a solution of this general form, we get
1 d 1 d
20 = — L [(¢2 4 ) F 2 e A F _
W + ¢ w " dC[(C +4q°) ]<=<++t2 dC[(< +4q°) ]czc, 0

Since ¢4 and (_ are independent this is only possible if d% [((P+¢)F ] =0o0r F) = a +
coarctan (¢/q). As w is clearly not of this form, this suggest that the initial assumption that the
solution admits regular phase and amplitude expansions with bounded derivatives is false. From
the results of [DMO5] [ER06] we know that the discontinuities exhibit Gibbs phenomena in the
small-time limit; these arbitrarily small wavelength oscillations are dispersed but not destroyed by
the evolution. Further, though we know from the semiclassical Riemann-Hilbert analysis that the
amplitude correction, n, is small, n = O (y/eloge), it is quite possible that n exhibits rapid oscil-
lations with significant derivatives. All of this suggest that the discontinuities generate interesting
corrections to the phase and amplitude. In particular the phase correction, w, contributes at first
order and is detected by the inverse-scattering machinery. We believe that both the phase and am-
plitude corrections for discontinuous initial data merit further study. Our focus here is to describe
the regularization of the discontinuities by the semiclassical evolution, so we set these questions
aside for now, but plan to address them in future work.

5. INVERSE ANALYSIS BEYOND THE FIRST BREAKING TIME

In the previous section we showed that for each x € [0, L) the inverse analysis was controlled
before the breaking time T} (z), defined by , by the introduction of a g-function which a priori
we assumed to contain a single band interval. The one band ansatz then implied the system of band
and gap inequalities . In this section we now consider the inverse problem for times ¢ > T (z).
The breaking time 7} (z) is characterized by the failure of the band condition (88a)), as implied
by Lemma |§|; the lemma also guarantees that the gap condition continues to be satisfied for
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times beyond the the first breaking time. The failure of the band condition for a generic choice of
x € [0,L) as t increases beyond the first breaking time T (z) is depicted in Figure[14} In particular,

U< Ti(x) e | ?
ol ﬁ\ :

_/\éo ; . /\¢o : .
ot rv ot Fv ot rv

L L L
-2 -1 0 1 2

15

T=Ti(%) > Ti(x)

051 F , 0sp r
v 1 v

L L
-2 -1 0 1 2 3 -2 -1 0 1 2 3

FI1GURE 14. The zero level and sign structure of the modified phase Im g intro-
duced by the one band g-function as ¢ increases beyond the first breaking time,
T (x). Shaded regions represent Im o > 0 and white regions Im ¢ < 0.

note how the band condition fails for ¢ > Ty(x): a new gap opens across the real axis. To
move the analysis of the inverse problem beyond the first breaking time we return to RHP for
the piecewise holomorphic unknown M. In the course of the analysis we will redefine the stationary
points &, contours I'g, and introduce a new g-function which accounts for the newly opening gap.

5.1. Introducing a new g-function, the genus one ansatz. As before we introduce our g-
function by making the change of variables

(117) N(z) = M(z)e~9)os/e,

as always we demand that g satisfy the generic decay and symmetry properties listed below .

Motivated by the appearance of a new gap as discussed above, we seek a new g-function supported

on two symmetric bands 7, and -y, separated by a central gap contour v, U~ such that v,Uvy, =T

We further suppose that the outer endpoints of the bands are fixed at z = +ig but allow the inner

endpoints, labelled a and a*, to evolve. Using this ansatz, we seek g as the solution of the following

scalar Riemann-Hilbert problem:

Riemann-Hilbert Problem 5.1 for the genus one g-function Find a scalar function g(z)

such that

1. g is an analytic function of z for z € C\(T', UT?).

2. g(z) =0(1/z) as z = 0.

3. g takes continuous boundary values g+ and g— on I', UT'}, away from the endpoints which satisfy
the jump relations:

(118) { g+(Z)+g—(Z): o+1n ZG’Y};UVZ;
9+(2) —g-(2) =Q z€yy Uy,
where n and ) are real constants.
4. As z — p, where p is a endpoint of the bands and gaps, g(z) behaves as follows:
o g(z) = O ((z—p)'/?) for p=iq or p = —iq.
¢ g(z)=0((z —p)3/2) for p=a or p=a*.
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If we can construct such a function we define the modified phases as before

(119) or(2) = Ok(2) — 29(2),

but now in terms of the solution g of RHP As discussed in Section 4.2 in order for the g-
function to lead to a semiclassically stable limiting problem, we require that it satisfy a system of
band and gap relations of the form . It follows from transformation and RHP that
the necessary band and gap conditions take the form:

(120a) BANDS: Im (@(]7) =0 for z € v,
(120b) GAP 1:  Im(pg) > 0 for z € 7y,
(120c) Gap 2:  Im(py) >0 for z € Ty.

Remark. The above conditions imply, using the reflection symmetry of the y, the corresponding
relations in the lower half-plane.

Conditions (120al) and (120b)) ensure that the g-function does not introduce large jumps along
I', UT} while the last condition ((120c)) ensures that the jumps along the contours I'; UT'} introduced
by the pole removing transformation remain small after introducing g.

5.1.1. Constructing the genus one g-function. We begin by seeking a g-function of the form

(121) 9= [ par

o0
for an unknown density p where the path of integration is any simple contour which does not
intersect I'), UT%. The density p must necessarily be symmetric: p(A*)* = p(A); and solve the
problem resulting from formally differentiating RHP [5.1] .

Riemann-Hilbert Problem 5.2 for the genus two density p(z): Find a scalar function p
such that:
1. p is an analytic function of z for z € C\(vp U~{).
2. p(z) = O (1/2%) as z — oco.
3. On vy U~ p takes continuous boundary values p1 and p_ which satisfy the jump condition
(122) pi(2)+0_(2) = O5(2), 2 €wmUn;
4. As z — p, where p is an endpoint of a band or gap interval, p(z) behaves as follows:
= —p)~1/2 = 44
(123) e p(2)=0 ((z p)l/2 ) for p = +iq, )
e p(z)=0((z—p)'/?) forp=a, o

The normalization condition and path restriction guarantee that g is a well defined function and
that g(z) = O(1/2) as z — oco. The advantage of this representation of g is that the unknown
constants 7 and €2 are expressible as particular integrals of the density p. Suppose p is a solution

of RHP then for any z € v, and allowable paths for evaluating g, (z) and g_(z) it follows by
contour deformation that

(121) @) =9-()= [ syar=a.  zemur.

where Cj, is any positively oriented simple closed contour in CT which encloses 7. Alternatively,
the allowable paths could be deformed to the conjugate loop, Cj (enclosing 7; with negative
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orientation), averaging gives the more symmetric formula:

(125) Q‘i(/cbp(/\)d)mLL

which implies, using the symmetry of p, that Q is a real constant.

*
b

p(A) dA) :

Remark. Here and elsewhere we make use of the following elementary fact: if f(z) satisfies the
symmetry f(A*)* = f(A\) and C is an oriented contour such that C* = C then

(/cf(A)dA)*:/cm)”w:/C*f(”)*dkz/cf(A)dA.

Similarly, if instead C* = —C then:

(/C f()\)d)\>* :—/Cf()\) dA.

Next we consider the jumps of g along the bands and the corresponding constant 7. We have,

(126) 9+(2) +9-(2) =bo(2) +n,  zE€m
where
(127) n = —00(iq) + 2/“1 p(A) dA.

Repeating the computation for z € +;, we have g4 (2) + g—(2) = 0o(2) + 1), where,
—iq
=t +2 [ p()dA
o0
Observing symmetries, 7 and 7 are complex conjugate: 7 = n*. However, a necessary component
of RHP requires that n be a real constant. By contour deformation, we can express the difference
as a single integral over the gap:

n == [ 60 - 200
Vg
For generic « this integral will be nonzero. The vanishing of this integral constitutes a single real
condition—symmetry implies the integral is imaginary—on the moving endpoint «. This condition
has another important implication: in terms of the modified phase ¢q, the vanishing of the above
condition becomes

(128) 0,()) — 2p(\) A\ = / dgo = 0.
Yg Yg

This implies that the endpoints a and a* lie on the same level set of Im ¢, a necessity in order to
satisfy the band condition .

We now turn to directly constructing the density p. Motivated by the endpoint behavior and
the additive jump condition we introduce

s—a\"? [z —a\V/?
- (25)" (55)
zZ—1q zZ+1q
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understood to be branched along the bands <, U+, and normalized to approach unity as z — oo.
Using S(z) and the Plemelj-Sokhotsky formula, it immediately follows that:

_S(2) 0y()) dx
P2) = S /vbwz S A2

which can be evaluated by residues yielding the explicit formula
1
(129) p(z) = 596(2) —S(=)[t2z+a+a")+ (x—L)].

Clearly, p satisfies the analyticity and endpoint conditions of RHP for any generic choice of a.
However, for generic «, p(z) = O(1/z) as 2z — oo. The quadratic decay at infinity is necessary
for g to be analytic at infinity and is essential to deriving formulas and for the jump
constants. In order for p = O (1 / 22) for large z, @ must satisfy the following moment condition:

1 0 (\) 1 (z— L)
omi Sy (N 4 2

TYrs

(130)

d\ =t {qQ + (3a2 + 2aa* + 3a*2)] + (a+a*) =0,

where the first equality follows from evaluating the integral by residues.

5.1.2. Determining the motion of the a(x,t): self-similar solution of the Whitham system. The
moment and gap conditions, and respectively, constitute two real conditions on the
moving endpoints « and o* for each (z,t) in the genus one region. For each ¢ > 0 these conditions
are equivalent to the intersection of the zero level sets of the functions

t (zx—-1L)
4 2

(131a) Fu(osa,t) = 5 (3a2 + 200" + 3% + 4q2> n

(a+a’),
«
(131b) Fo(a,z,t) :== SA) [t2A+a+a™) + (x — L)] dA.
Observing that these functions are linear—as opposed to affine—functions of z — L and ¢, it follows
that for all ¢ > 0 their zero level sets depend only on the self-similar variable
z—L

2t
which encodes all of the explicit (z,t) dependence of each function. Geometrically, i is an angular
variable parameterizing characteristic lines in (z,t)-space passing through x = L. The exterior
region, Sy, with no g-function, and the genus zero region, &1, are naturally described in terms of
pas 1< 0and pu > v/2q respectively. The remainder of this section is devoted to the proof of the
following proposition, which states roughly that for each p in the remaining interval, u € (0, v/2q),
the moment and gap functions uniquely determine «a(z,t) := A(n), such that the limiting
values «(0) and a(v/2g) “match” the exterior and genus one cases.

(132) p—

Proposition 9. There exist a function A : (0,v/2q) — C* such that by taking o = A(u),
where 1 is the self-similar variable ([132), the moment and gap equations Fp(A(p'),2’,t') = 0
and Fo(A(W),a',t') = 0, with Fy; and Fg given by (131)), are satisfied for each (x’,t’) such that
t'" >0 and i’ € (0,v2q). Additionally, o = A(p) assumes the following limiting values at the
boundaries of its definition.

. . . q
lim A=14q and Iim A=—
u—0 e n—2q \/§
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Proof. Both Fi; and Fg are analytic functions of o and a* so the Jacobian necessary to invoke the
implicit function theorem to find o and a* as functions of x and ¢ is

OF M OF M ‘|

o da*

OF¢g OF¢g
o da*

A straightforward computation using (131)) shows that
0Fq OFy [“A—a

(133) J(a,a*) :=det [

= — dX
(134) O O Jo R(N)
6Fg__8FM OL/\—Oéd/\
da*  dar J,o R(N)
where

RO = VA= i) — )+ i) h — ),
is cut along the band intervals 7, and 7; and normalized such that R ~ A? for A — co. From this
it follows directly that

da 9o | ROV~ atig da dar KM
where K (m) is the complete elliptic integral of the first kind with parameter

Fiyr OF o —a*) 0Fy OF
(135) T(ea®) = (o — o) 22 0P 7 A, (0= a”) OF OFy

la —ig|?

136 m=1—- ————:.
( ) \a+zq|2

Clearly, m € [0,1] for « € C*, vanishes only for o € R and achieves unity only for a = iq; thus
the Jacobian is finite and nonzero for each o € CT\{ig}. Just like the Jacobian, the gap equation,
Fg, can be expressed in terms of complete elliptic integrals (cf. chpater 22 of [WW96]). Following
this procedure, and employing a Landen transformation [BF54] to simplify the form, the gap and
moment equations Fj; = 0 and Fg = 0 are equivalent to the pair of equations

1
(137) 4

| —ig[* K (m) — Re (e — ig) (a +ig)] E(m) = 0.

where K and E are the complete elliptic integrals of the first and second kind respectively. These

equations together with (136)) implicitly define o as a function of u for each o € C*\{ig}. Using
these equations we can express « in the convenient form

(138) a=q (\/4A(m) — (1 +mA(m))? + imA(m)) ,

where we have defined

(3&2 + 200" + 3a*2) +¢* — pla+a*) =0,

(2—m)E(m) —2(1 — m)K(m).

A =
(m) m2E(m)
For each m € [0, 1], (138) is well defined and has the following limiting behavior
q 3iq 2 +
a=—4+—m+0O(m m— 0",
a=1iq—2vV1—m+O((1—m)log(l—m)) m—17.

At these limiting values, we have Fy(q/v2,2,t) = 2tq(q — pu/v/2) so p = v/2q at m = 0, and
Fe(iq,x,t) = —4igtu, so p =0 at m = 1. This completes the proof. |
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Before moving to other considerations, we will show that the endpoints « and iq of the g-
function describe a special solution for the Riemann invariants of a slowly modulating one phase
wave solution of NLS. The level curves Fj; = 0 and Fg = 0 define « as a smooth function of both
z and ¢t which allows one to define the characteristic speed

. OJa [ O
(139) c(a,iq) == 3t/ 3

Implicitly differentiating (134)) it follows that

OF fo‘ )\701 8FG
. ot a*
C(O‘,Zq) = T 8Fy @ BFG :

oxr Ja* 7?,()\)

The speed ¢ depends on = and ¢ only through the endpoints iq and «. Using the same procedure used
to simplify the integrals in the gap equation in the above proof, we can express the characteristic
speed as

, 1 (a —a™)(a—iq)K(m)
140 == *)
o R L G2y
where m is the elliptic parameter defined by - Using ((139) and ( - we have
O 304
141 —

which is precisely the Whitham equation for the evolution of one Riemann invariant of a slowly
modulating one phase wave solution of NLS [AAD'94]. The generic one phase modulation is
described by two conjugate pairs of Riemann invariants labelled );; each satisfying an evolution
equation J;\; +ci(X)8x)\i =0, i=1,...,4. Motivated by the self-similar solution for a described by
Prop. [0} if we seek solutions of the Whitham system in the form \;(z,t) := A;(p), with p as defined

by (132)), the evolution becomes 0, \; (cl(X) - u) = 0. So each invariant J\; is either constant, just

as the endpoint z = iq in our construction, or they satisfy ci()\) = p. Self-similar solutions of this
type were studied in [Kam97]; there the author shows that setting ¢;(X) = u with ¢; given by (T40)
one arrives at the implicit system of equations which describe the evolution of the endpoint
z = a. Thus the evolution A\; = iq, \a = o = A(n), is preciesely a self-similar solution of the
one-phase Whitham system.

5.1.3. Topological structure of the zero level sets. With « selected to satisfy the endpoint equations
, the construction of the g-function will be complete if we can select the band and gap contours
to satisfy the conditions set out in (120). Those (z,t) for which these conditions can be satisfied
comprise the region of validity of the genus one g-function ansatz. Satisfying the band and gap
conditions amounts to understanding the topology of the zero level sets of Im ¢y and Im ;. Our
procedure to determine the structure of the zero level sets mimics the proof of Lemma [6 Let
Li(x,t) := {z : Imyi(z) = 0}, the essential facts needed to determine the topology of these sets
are contalned in the following observations

e The conjugation symmetry ¢ (z) = ¢(z*) guarantees that R C Ly(z,t) and allows us to
consider only z € Ct.

e Li(x,t) cannot contain a closed bounded loop if Im g is harmonic inside the loop as this
would imply ¢y is identically zero inside the loop.
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e Any branch of Ly (z,t) in CT can terminate only at a critical point of ¢y: the branch points
iq and «, 0o, or any other zero of the corresponding density in C+.

We begin with Lo(z,t), using (119)), (121), and (129)), we have the convenient representation

oo = eolp)+ [ 4SOV - )

p

where p is any fixed point in the plane and the path of integration is still understood to avoid
', UT}. Additionally, we have defined the p-dependent real value

(142) fo=p— 5la+a’).

Simple estimates using and imply that & is always positive. Two facts are immediately
obvious from this representation. First, for ¢ > 0, Ly depends only on the self-similar parameter u,
and second, z = is the only critical point of ¢y not listed above. Using and , o has
the following local expansions near each critical point, where ¢ is a nonzero constant which depends
on the expansion point:

1/2 0 one branch of Ly terminates at iq.

3/2 50 three branches of Ly emerge from «

e As z —iq, po(z) ~ —n+c(z —iq)

e As z = «, (po)x(z) ~ nFQ+c(z — a)
separated by angles of 27/3.

o As z — &, po(z) ~ (&) + c(z — &)?, so one branch of Ly in CT terminates at &.

e As z — 00, ¢o(z) ~ —0p(2), so in addition to the real line, one branch of Ly leaves CT by
approaching co along a trajectory asymptotically approaching Re z = p.

Since the constant terms in each expansion are real, each critical point lies in Ly, and since no
trajectory leaving a may form a homoclinic orbit the only possibility is that the three trajectories
leaving « terminate at ig, oo, and &y respectively. It only remains to determine the topology of
those connections. Consider the degenerate case 1 = u. = v/2q; here the branch point « is real
and the two bands degenerately form a single continuous path connecting +iq. Recalling that p.
parameterizes the first breaking time T} (x) separating the genus zero and genus one regions, it is
not surprising that, comparing and , the degenerate genus one phase g is identically
equal to its genus zero counterpart along the caustic p.. Just beyond the caustic, that is for
w= e —h, h <1, we can view, for any fixed z bounded away from «(u.), the genus one phase
©o(z) as a small, continuous, perturbation of the genus zero phase. In the genus zero case, we
showed in the course of proving Lemma |§| that Im g (iy) is bounded away from zero for y in any
closed subset of (0,q). This is robust to small perturbations, and it follows that no trajectory of
Ly passes through the open imaginary interval between the real axis and iq for p sufficiently close
to pe. As the trajectories leaving « cannot intersect each other, this completely determines the
topology of Lo(z,t) for p near p.: the trajectories leaving v connect, in counterclockwise order, to
iq, oo, and &, see Figure As p decreases to zero, Lo(x,t) deforms continuously and thus the
topology of the level set is preserved. The level set Lq(t) separates C* into two connected regions,
in each region the sign of Im ¢ is determined by continuation from its limiting behavior for large z.
The band condition and the first gap condition are satisfied by defining +; to be the
unique branch of the level set Im ¢y = 0 connecting a to ig and taking -y, to be any simple contour
connecting « to & such that it lies everywhere to the right of Lo(t), that is, in the region of C*
where Im ¢y > 0. For convenience we choose -y, such that it approaches a and £y along steepest
descent paths of g, such a choice is depicted in Figure [T6]
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F1GURE 15. The connection problem for the level set Im g. The left figure shows
an allowable ”twisted” configuration of the branches (dashed lines) connecting each
of the critical points in CT, while the right figure shows the numerical computed
branches for the same choice of a. Each possible configuration is topologically
equivalent and separates C' into two connected components on which Im g is
single signed.
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FIGURE 16. Numerical computation of Im g in CT for a generic choice of u €
(0,4/2¢q). Solid lines represent the zero level set while shaded and unshaded region
where Im g is positive and negative respectively. The dashed line represents an
arbitrary choice of the gap contour 7, which we must choose to lie everywhere in
the region Im ¢y > 0.

It remains to show that condition (120c]) can be satisfied which turns our attention to ¢; and
its associated imaginary zero level set L (z,t). By definition, ¢1 = @ + 4Lv(z) but it also has the
convenient integral representation

o) =)+ | o (M) dA
(143) P

p(N) = 4SO\ — &) + 4Lﬁ
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for any fixed base point p in C; as always the path of integration is understood to avoid I'), U T
along which v is branched. The two representations lead to the following simple observations:

e For each z € C*t\{igq} such that Im(pg) > 0, Im(¢1) > 4LImwv(z) > 0. So L; is bounded
away from Lg except at z = iq. In particular, no branch of L, connects to a.

e As z —ig, p1(2) ~ —n+c(z —iq)'/?, so one branch of L; terminates at ig.

o Asz — o0, p(2) = 2tz2+2(z+L)2+0 (1/2), so in addition to the real line, one trajectory of
L leaves C* by approaching infinity along a curve asymptotic to the line Re 2 = —(x+L) /2t

e Near any zero, pi of p1, 1 ~ p1(pk) + c(z — pr)?. If @1(pk) is real, four trajectories of Ly
leave py separated by angles of 7/2.

The last points merits further investigation. Clearly, p1(07) < 0 and limy_,_o p1(A) = —oc.
However, for any fixed Ao < 0, lim;_,0 p1(Ao) = 4LAo/v(Ao) > 0. Thus, for each sufficiently smalll
t, p1 has at least two real, negative zeros. In fact, these two are the only zeros of p; in the complex
plane; estimates of the quartic equation underlying p;(\) = 0 show that the quartic always has two
positive real zeros which lie on the other sheet of the Riemann surface associated to p;. Now fix
p € [0,4/2q], thus fixing the values of a and &,. For t sufficiently small such that the real zeros exist
label them &; and z1, ordered & < z; < 0. As t increases the two zeros monotonically approach
each other eventually reaching a breaking time 7> at which the two zeros coalesce. For times t > T5
the zeros become complex and ¢ has no real critical points. Note that because we solve for T5
along lines pu = const., Ty = Ty(x) > T () for each z € [0, L) (cf. (89)). This breaking time T5(x)
is uniquely characterized as follows:

p1=0

dpr _
dz

(144) T5(x) is the unique time such that { has a simultaneous solution.

For each t > T} (x), the connection problem is completely determined by the local structure at each

12} I I m 11 12p | I m 1] 2 I I m 1]
i er g ma - gf e
08 \~~*\ o8 \\~~,.~~ 08 \‘~~‘\
06 a 06 ™ 06 @
\ ‘ \
04r l, 04r ’: 04 I=
7 ’ 1
02r ! el 02f ’ < 02 ,I
R W 41 &0y & &0/ &g
) 71,0 7(;5 0.0 0'5 . 71,0 = -05 0.0 DvS ) 71 0 7&.5 0‘0 D'.S
t< Th(x =Ti(x t > Tr(x)

FIGURE 17. Numerical calculation of Im 7 as t increases to and beyond Ts(x).
Solid lines indicate where Im ¢; = 0 and dashed lines the branch cut of ¢; Note
that once t > Ty(x), the region Imp; > 0 (shaded region) no longer reaches the
negative real axis making it impossible to satisfy .

critical point of ;. For Ty(z) < t < Ty(z) the level set L;(x,t) in C+ consists of the real line, a
branch connecting &; to infinity and a second branch connecting z; to iq. As t increases beyond the
second breaking time T5(z) the two branches of Ly in C* meet on the real line and then move into
the complex plane so that, for t > T(z), Ly has a single branch in C* connecting iq to infinity, see
Figure

The second breaking time ¢ = Ty () limits the validity of the genus-one ansatz for the g-function.
To satisfy the final condition the contour I'1 must be chosen so that it meets the real axis
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at a point p such that the region enclosed between I'y and the real interval (p,o0) completely
encloses the locus of pole accumulation (0, ¢), and must lie everywhere in the region Imp; > 0.
For Th(z) < t < Ta(x), the condition is satisified by taking I'; such that it leaves the real axis at
&1, the leftmost real critical point of ¢ lying everywhere in the region Im ¢, > 0. However, for
t > To(x) the set Im ¢y > 0 pulls away from the negative real axis, so that given any choice of 'y a
new gap interval emerges across which condition fails. For ¢t > T5(x) the situation should be
rectified by replacing the genus-one ansatz with a genus-two g-function with a new band of support
across this newly opening gap. However, our focus in this paper is the semiclassical regularization
of the square barrier so we leave the higher genus transitions as a line of investigation to be pursued
later. For now we state the following proposition which summarizes the above discussion.

Proposition 10. Let
(145) Sy ={(x,t) : x €(0,L), t € (T1(x), To(z))}.

The genus-one ansatz, consisting of the g-function defined by and , the band contour

connecting iq and o, and the gap contours v, and I'y exist such that the system of band and gap

mequalities are satisfied for each (x,t) € Ss.

5.2. Removing the remaining oscillations: N — ). The completed definition of the g-function

results in the following Riemann-Hilbert problem for N(z) defined by :

Riemann-Hilbert Problem 5.3 for N(z). Find a 2 x 2 matriz N(z) such that

1. N(z) is analytic for z € C\I'p,.

2. N(z)=I+0(1/z) as z = o©.

3. For z € T'yy N assumes continuous boundary values, Ny and N_, for z € T'p; which satisfy
Ny = N_Vy where,

¢i9243/< (RIR) z € (—00,&)
¢iods/c (RUR, ) z € (&1,00)
eigadog/e (RalR) zeIy
pigados/e (RTRO—T) z el
e—i(wo—+mn)/e 0
we‘”’/6 e—i(iﬂo—+7l)/€ ZEM
(146) VN = [emiteotnife  _yreine )
0 e—ilpo_+m)/e | FEM
efiQ/e 0
wetlPor+Q) /e iQd/e 7S
e—i/e  _ypre—i(vor+Q)/e .
0 eiQ/6 < T

The jumps along R, I'y, and I'f follow directly from definition , while the jumps along the
bands and gaps follow from and . The important observation to make is that, as the
constants 77 and 2 are real, the introduction of the genus-one g-function has removed the exponential
growth from the jumps along I', U T} introduced by the pole removing factorization, replacing it
with oscillations in the bands and exponential decay in the gaps.
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To arrive at a RHP which is asymptotically stable in the semiclassical limit we have to now
introduce factorizations which deform the remaining oscillatory jumps onto contours on which they
decay exponentially to identity. These jumps, which lie on the real axis and the bands 7, and v},
are of the same character as those in RHP [3.I] and RHP [£.3] considered previously in the exterior
and genus zero cases, respectively. Without repeating the details (c.f. sections , the
necessary factorizations are identical to those introduced in the preceding cases. To define our
transformation we introduce contours I'y, and regions Q, k = 0,2, or 3 in C' as follows. Take I'g
to be a semi-infinite ray leaving v, at a fixed point bounded away from a and & lying everywhere
in the region ¢y > 0 and oriented toward infinity; I's is a semi-infinite ray lying everywhere in the
region Im ¢ < 0 oriented toward &; where it meets the real axis; I's is a finite contour consisting of
two pieces, the first oriented from &; to « passing over the band ~;, and the second oriented from «
to & passing under ~;: all of I's lying in the region Im ¢y < 0. We note as well that the contour I'g
originates at a point p along the gap contour 74 and naturally splits 7, into two pieces: 7, oriented
from p to iq and vI°"™ oriented from &, to p. As usual we denote the conjugate contours as ng*

g9

and ’ygown*. The corresponding sets €2, are those enclosed by their respective I'y, and the real axis,
see Figure With these definitions in hand, the following transformation defines a new unknown
Q(z) whose jumps are either near identity or otherwise well approximated by explicit factors for

which a parametrix can be constructed.

Define
Q(Z) _ Neigadcrg/e LQ
51 z € Qo
R~ (a/ag)”® z€ 8y
p—t
(147) Ry 2 €8
LQ =< Ry FAS Q§
R(a*/a)™ ™ ze
R} z e
I elsewhere.

Let T = Uj_o (Tx UT}) and T = (—00, &) UT, UT; UTY. RHP 5.3] the definition of @, and the
factorization formulas: , , 7 and result in the following RHP for the new unknown.
Riemann-Hilbert Problem 5.4 for Q(z): Find a 2 x 2 matriz Q(z) such that:

1. @Q is analytic for z € C\I'g.
2. Q(z)=I+0(1/z) as z — 0.
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3. Q takes continuous boundary values Q4 and Q_ on I'q satisfying the jump relation Q4 = Q_Vg

where Vg =
(148)

—iQ/e 0
up
ei90s/€ cho) e—1903/€ = 1'*(()2 <wei(¢0++ﬂ)/e eiQ/e) zZ e g

0 —w_le”’/e 71(2/6 0
we /e 0 ZED i/ z e 'Vgown

<r0 e W0++Q)/E
0 —w*ein/e § e/ _yyre—ilpos+Q)/c ,
(tv*_le_”’/€ 0 ) W < i/ € z €
(14 |rol?)2s z € (—00,81)
(14 |rol?)7® z € (&1,60) <

downx

Z €7,

iQ/e

e~ _px —i(¢>o++9)/€>

and VC(QO) was previously given by .
4. Q admits at worst square root singularities at z = +iq satisfying the following bounds

1 |z —ig|~Y/? .
Q(z):(’)(l | igll/z)’ z = iq,

|z =
(149)
_ |z 4iq|~Y/2 1 w
Q(z)—(’)( lz+ig|"Y/2 1 )" Z— .

& &

FIGURE 18. Schematic diagram of the contours I, and regions € in C* used to
define the transformation N +— @. Their counterparts I'; and 2}, in C~ are defined
by conjugation symmetry.

5.3. Constructing a global parametrix in the genus one case. The RHP for Q(z) that
results from the several factorizations above, while defined on an elaborate set of contours, in now
well conditioned to semi-classical approximations. The jumps along the lens opening contours FO
all decay exponentially to identity both as z — oo and as ¢ — 01 for each fixed z € FQ away
from the stationary phase points &, and &; and the branch points o and o*. The remaining jumps
along the real axis and the band and gap contours all have simple asymptotic behaviors in the
semiclassical limit. Along the real axis the remaining jumps are independent of € and in the bands
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and gaps, the terms in each jump which are not exponentially vanishing are comprised of products
of e-independent factors with constant, e-dependent, complex phases.

We now begin the construction of a global parametrix P with the goal that the error resulting
from this approximation £ = QP~! is uniformly near identity. The parametrix is necessarily
piecewise constructed due to the non-uniformity of the outer approximation near the branch and
stationary phase points. We seek P in the form:

Ay z€elUy

Ay z €U
(150) P=¢A, ze€l,

Ape 2 € Uy

(@) z elsewhere

where Uy, U1, U, and U, are sufficiently small, fixed sized, neighborhoods of &, &1, a, and o*
respectively. The local problems are all essentially solved: as in the previous cases, the local models
near & and &; are described by parabolic cylinder functions while the new models introduced near
the interior endpoints o and a* are described, as we will show, by the standard Airy parametrix.
The new outer model in the genus one case is completely different than the outer model constructed
in the previous section for the genus zero problem.

5.3.1. The Genus One Outer Model, O(z). We arrive at the outer model problem by simply drop-
ping those terms of Vg which are exponentially vanishing for each fixed z as e — 07. This results
in replacing all of the jumps along I‘OQ with identity and dropping the off-diagonal entries of Vi
along the gap contours v, U~;. The resulting outer model problem is given by:

Riemann-Hilbert Problem 5.5 for the genus one outer model, O(z): Find a 2 x 2 matriz
valued function O(z) satisfying the following properties:

1. O is analytic for z € C\I'p, To: =T, UT} U (—o0,&].

2.0(z) =I+0(1/z) as z — 0.

3. O takes continuous boundary values O; and O_ on I'o away from its endpoints. The boundary
values satisfy the jump relation O = O_Vo where

0 —u)(z)_lei”/E c
. z
w(z)e /e 0 e
0 —w*(2)e/e o
, z
w*(z)*le_m/E 0 T

efiQ/e 0 .
0 eiQ/e Z € U g

(1+[ro(2)[?)27 z € (=00,81)
(1 + [ro(2)[?)7 z € (&1, %0)-

(151) Vo(z) =
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4. O is everywhere bounded except mear the endpoints z = +iq, «, and o* where it satisfies the
following bounds

_ 1 |z—iq|~V? )
O(z) = (1 Iz —igl-1/2 ) z —iq,
- |z +ig|71/?% 1 w
(152) O(z) _O<|z—|—iq|_1/2 L z — —ig,

Z_p|_1/4 |Z_p_1/4 *
O(Z) :O< {Z_p|71/4 |Z—p!71/4 , Z—/D, p=Qorao.

Remark. The replacement of the jumps in 1"% with identity results in the outer solution, O(z),
being necessarily singular near each of the endpoints «, a*, &, and & (in addition to the given
singularities at +ig). The choice of quarter root singularities at the gap endpoints and bounded
singularities at the stationary phase points is a choice we make to match the local Airy and parabolic
cylinder local models which we will introduce in neighborhoods of each pair of points respectively.

The solution of this problem is given in terms of elliptic theta functions associated with the
Riemann surface naturally associated to the rational function

(153) R(z) =/ (z —iq)(z — a)(z — a*)(z + iq).

To be concrete, we will always understand R to be branched along 7, U ; and normalized such
that R(z) ~ 22 for large 2. However, to arrive at this solution we must first reduce the outer
model to the canonical constant jump form by introducing two scalar functions which remove the
z-dependence from the jump matrices. The first of these is the function §(z) defined by . This
function, as in the previous sections, we use to remove the jumps of O(z) along the real axis. To
remove the z-dependence in the bands we introduce the following scalar Riemann Hilbert problem:

Riemann-Hilbert Problem 5.6 for s(z): Find a scalar function s(z) with the following prop-
erties:

1. s is analytic for z € C\(I', UT}).

2. s(z) takes continuous boundary values, sy and s—, on T'), UL} satisfying

sy(2)s—(z) = (z)é( Y“2ein/e L ZE Y,
(154) s(2)s_(2) = iw*(2)710(2) 2eT M/ 1 zen;,
s4(2)/s-(z) = e_m/6 : z€7,Un;.

3. As z — o0, 5(2) = e (14O (1/2)), for some linear function p(z).
4. $(z) is bounded and nonzero on any compact set not containing the endpoints z = +iq where

s(z) =0 ((z - iq)1/4) ,  as z —iq,
s(z)=0 ((z + iq)71/4> ,as z — —iq.

This problem is very closely related to RHP which was part of the constant jump reduction
in the genus zero outer model.
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Proposition 11. The solution of RHP[5.6 is given by s(z) = so(z)s1(z) where

it R(z i) dA
o) =a@en | T+ 50 [ FT |
I, Ul *

(155)

B Lin | R(2) i dA
s1(2) = exp 2¢ + 2mie M=z

YgYg

Here a(z) is given by (104) and
log (250} — 2 (x(2,6) + (2. &) 2 €
i =q-% €YU
log (52%7) =2 (x(2,6) + X(.&)) 2 €%

where x(z,a) is defined by (B3). Moreover, the polynomial p(z) characterizing the essential singu-
larity of s at infinity is given by

(156) §e) = () + 1p(2)

where
po(z):% / (z)\Reoz)Rji?i\) d)\Jr%,
pl(Z):% / (z—/\—Rea)R?)\)d)\—g.

Proof. That satisfies the jump condition follows from the Plemelj formulae and the
boundary behavior of R(z) and a(z) along their respective branch cuts. The asymptotic behavior
at infinity and the reality of pg and p; follow from expanding the Cauchy integral defining s(z) and
the symmetries j(A*)* = —j(A\) and ([, UT})* = ([, UT}) ™! (with respect to orientation of the
path). Finally, classical estimates from the theory of singular integrals guarantee that the Cauchy
integrals defining s(z) grow at worst as an inverse square root at each endpoint [Mus92|, behavior
exactly balanced by the rational pre-factor R(z). Thus s(z) is bounded and nonzero at each finite
z except the points +ig where it inherits the singular behavior of a(z). |

Using the functions s(z) and §(z) we seek the outer model in the form
(157) O(z) = B(2) O (2)s(2)7(2) ",

where (3 is the scalar function

" wa=(22)" (55)

cut along the bands 7, U+, and normalized to approach unity for large z. The resulting RHP for the
new unknown O (z) is analytic away from the bands where it has constant column permutation
jumps and square root singularities at half of the branch points.
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Riemann-Hilbert Problem 5.7 for O (2): Find a 2 x 2 matriz valued function O™ (z) with
the following properties:

1. OW s analytic for z € C\ (v, U~;).

2. As z — 0o, OW(z) = [I + O (1/z)] e~ where p(z) is the linear function (I56).

3. OM(2) assumes continuous boundary values, OE:)(Z) and O(_l)(z), on vy and y; which satisfy
the jump relation

0 1 .
(159) o (z) = 0W(z) (1 0), ze€pUn;.

4. O(l)(z) is bounded on any compact set not containing the points z = iq or z = «* where it admits
at worst square-root singularities.

Riemann-Hilbert problems like O are well known in the literature of integrable systems and
random matrices [DIZ97, DKM™99bl [KMMO03| [TVZ04]. We provide the details of its construction
here for completeness. The construction begins by ‘lifting’ it onto the genus one Riemann surface
associated with R(z) = /(2 — iq)(z — a)(z — @)(z + ig). We denote this surface by ¥ and label its
two sheets X1 and Y arbitrarily. For any non-branch point z € C we let P¥(z), k = 1,2, denote
its pre-image on the corresponding sheet. The problem is then lifted onto ¥ by seeking O(l)(z) in
the form

(160) OW(z) = [T(P'(2)) , T(P*(2)) ],

where ¥(P) is a single vector-valued function defined for P € ¥. The jump relation implies
that the new unknown (P) is holomorphic away from the branch points and the two pre-images of
infinity: oo; and cop. Near the branch points z = a and z = —iq the bounded behavior of O™ (z)
implies that any singularity of #(P) is removable, while the square-root singularities of O (z) at
z =1iq and z = «a*, due to the double-ramification of the branch points, become poles of the function
¥(P). These properties together with the singular behavior at each infinity completely specify the

function v(P):
Problem for #(P): Find a vector-valued function v : ¥ — C? satisfying the following properties:
e ¢ is meromorphic on X\ {oo1, 002}, and if (vy) denotes the divisor of the component vy, k =

1,2, over X\{ooy, 005} then,

(161) (k) + Par + Py > 0.
e 7 is essentially singular at each infinity and

F(P)eP®) =140 (1/z), z— ooy,

(162) ,
F(P)e ) =14+ 0(1/z), z— oos.

Finding the function ¥(P) necessary to solve the RHP is a classical problem in the study of
Riemann surfaces whose solution can be constucted from Baker-Akhiezer functions. These functions
are represented here in terms of ratios of the ©-functions corresponding to the Riemann surface X.
The reader is referred to [FK80|] for a general review of the theory of Riemann surfaces and our
construction of the Baker-Akhiezer functions follows [Dub81]. As a first step towards finding ¥, we

introduce a function f with the following properties:
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e The component functions fi(P) and fo(P) are meromorphic functions on ¥ such that
(f1) + Pig + Py — 002 >0,
(f2)+Piq+Pa* — X1 Z 0.

e Each component fi is normalized such that fi(cox) =1, k= 1,2.

The existence and uniqueness of such a function can be proved abstractly, but by direct inspection,
the functions

1 (2(P) — a)(2(P) +iq)
satisfy the above properties. Here z(P) is the projection of P € ¥ onto C and Ry is the lifting
of to the Riemann surface such that Ry (P) ~ 2% as P — ooj. Clearly, each component
fr vanishes at the appropriate infinity and has the correct singularities at P,« and P;;. Each
component fy, necessarily vanishes at precisely one additional (finite) point in 3 which we label P.
Thus, the complete divisor of each component is given by

(f1) = P14 002 — Pig — Py,
(f2)2P2+0027Pi 7Pa*.

(164)

We now consider the ratio 5 defined by the component-wise product

(165) U= f . 5
The resulting unknown 5 is the aforementioned Baker-Akhiezer function. That is, the components
of ¢ have the following properties:
e Each component (j, is meromorphic on X\ {oo1, 002} admitting at most a single simple pole
at the point Pj.
e The local behavior of ¢ in a neighborhood of each infinity is given by
((P)e®) — <1> P — o001,

C2

(166)

((P)e~P=) (Cf) P — o0g.

where p(z) is the linear function given by (156) and ¢, k = 1,2 are unknown constants.

To construct ¢ we introduce several standard devices on the Riemann surface . First, we fix
a homology basis. As X is genus one, the basis consists of only two elements, {a, b}. We take the
a-loop to lie on both sheets, oriented over the first sheet from (v,)_ to (v;)— and the b-loop we
take completely on the first sheet as a clockwise loop enclosing ~, without intersecting or enclosing
v, see Figure

Our choice of homology fixes the basis of holomorphic differentials which consists of exactly one
element,

dz(P)

(167) v= cum,

where ¢, is a normalization constant chosen so that

?{V: 271,
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FIGURE 19. Choice of our homology basis {a, b} on ¥. Solid and dotted lines
indicate the contour lines on the first or second sheet respectively.

We will also need the b-period of our basis differential, let

[ [ dx(P) dz(P)
(168) H—j{u—?m bRE(P)/  Re(P)’

A standard result in the theory of Riemann surfaces is that Re(H) is strictly negative [FK80]. In
this case we can say more; the symmetries v(P*)* = v(P) and b* = b imply that H is always a
purely real (negative) number. H allows us to define two important objects. The Riemann constant
K, we take to be

(169) K =in+ = H,

and we take
(170) O(w; H) = Zexp (;n2H - nw) .

as the definition of our © functions. © is an entire and even function of w which satisfies the
automorphic relations

(171) O(w+2mi; H) = O(w; H), and O(w+ H;H) = e_%H_w@(w;H).

The zeros of © lie on the lattice w = K + 2mmi + nH, n,m € Z. We choose as the base point on
3 the branch point P = ig, and define an Abel map A : ¥ — Jac(X) by

A(P) = /iqp v.

Finally, let 7 be the abelian differential of the second kind with double poles at each pre-image of
infinity, 7 = 70 + ¢ 17y:
2(P)? — Re(a)z(P) + ¢,
Rs(P)
where p(z) = po(z) + € 1p1(2) is real linear polynomial (156)). The constant ¢, (independent of k)
is chosen so that
% 7=0.

(172) T = dpi(z(P)), k=0,1,
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Note that at each infinity
(173) T=dp+(’)<i§),P—>ool, and T:—dp+0(g>7P%w2,
Let T = Ty + e 'T represent the b-period of 7:
(174) Ty, = ?im k=12,
and observe that the symmetries 7(P*)* = 7(P) and b* = b imply that T is necessarily real.

Lemma 12. The differential T, satisfies the relations, fb 71 = —Q and s1(2) exp (—ﬁ f_ziq 7'1) =1,
where the path of integration in the exponential is restricted to the first sheet, X1, and does not
intersect I', UT,.

Proof. From ([155)), s1(2) takes the form s1(2) = exp(e~!p(z)), where

R() —iQ d
— —in/2 .
pl2) = —in/2+ - — [ygw; ROV N

Using this notation, the second half of the lemma is proved if we can show that p(z) —1 iz 71 =0.

To this end, consider the differential dp. Clearly, dp is holomorphic on C\ (yU~*); differentiating the
Jjump relations for p we see that for z € v, Uy, dp1 +dp— = 0 and for z € v, Uy, dpy —dp— = 0.
Together these facts imply that dp extends naturally to a meromorphic differential on the Riemann
surface X with singularities only at the two infinities. The difference dp — i7, from , is then
a holomorphic differential. Integrating over an a-cycle, we have for any Z € -, fa dp —im =
p+(Z*) + p—(2*) — (p+(2) + p—(2)) = 0. As no nontrivial holomorphic differential can have all its
a-cycles vanish, the difference must vanish identically. It follows immediately, letting Z represent
an arbitrary point in v,, that 71 = §, 7 = —i §, dp = —i (p4(2) — p_(2)) = —Q. O

‘We now combine these many devices to give Kriechever’s formula for the Baker-Akhiezer function.
Define

_ —K—i r
(175) Cr(P) = ng(ggzp) f(i?;k)l—( K)T) P <_Z/ T)

where the path of integration in the exponential factor is the same as the path in the Abel map
A(P) and the constant Ny is uniquely chosen to satisfy the normalization condition (166]).

Lemma 13. The function 5(P) defined by (175)) is a well defined function from ¥ — C? for every
€ > 0 and solves the Baker-Akhiezer problem defined by (165) with the parameters Ny, given by:

0(0)

- . Nk
(176) Ny = STy — ic10) exp (1T +i(—1)"Yy) ,
where
P
(177) Yy = lim (po(z(P)) - / 7'0> )
P—o00q iq

Proof. That ((P) is well defined follows immediately from the automorphic relations (171]) for ©(P)
and the periods of 7. Let us now show that ¢ is the required Baker-Akhiezer function. Clearly, for
every choice Ny # 0, j is meromorphic and its single pole is the unique zero of the ©-function in



64 ROBERT JENKINS AND KENNETH D. T-R MCLAUGHLIN

the denominator. By construction this zero is located at P,. One needs only to check that Ny can
by chosen such that the normalization condition (166|) is satisfied. Clearly, one must set

1 O(A(ook) — A(Py) — K —iT) p(2(P)) — /P T])

1 1 I )
(178) Ni O(A(cor) — A(Py) — K)  poee, P (Z
which defines IV;, provided the right hand side is not identically zero. Recall that
(fk):Pk—l—ook/—Piq—Pa*, k,k’/€1,2, /{375](}/
By Abel’s Theorem A((f)) = 0 so A(Py) = A(iq) + A(a*) — A(coks). Now A(oo1) + A(ooz) =0,
and the evaluation of the Abel map at the branching points iqg and a* can be exactly evaluated for
any concrete choice of paths. Choosing to integrate, for convenience, on the first sheet along the +
sides of the band and gap contours we have A(iq) = 0 and A(a*) = ir + H/2 = K. Inserting these
values into (178 and using Lemma and the periodicity relations (171)) we have
1 O(iTy —ie Q) ) . &

= == — 7 —iT —1)Fyg) .

N, o) exp (—iTp + i(—1) 0)
Which is always well defined as Ty and ) are always real and thus avoids the zeros of the ©-
function. 0

We now remove the Riemann surface from the picture to write our outer solution O(z) in terms
of integrals lying completely on the complex plane. We do so by exploiting the antisymmetry of
the differentials: both differentials n = 7 and 1 = v share the property that

P(z) ( P?(2)
L= )
iq iq

To descend the Abel map onto a function from C to C we make the following restrictions. By A(z)
we mean an integral from iq to z lying completely on the first sheet such that the path does not
intersect the band or gap contours I', UI},. These restriction on the path eliminate the addition of
a or b-cycles to the value of the Abel map making A well defined on C.

Recalling the definitions of OMW(z) and of ¥(P) we have the following formula for
the solution of the outer model problem RHP

s(g) exp (—iYo)"™* T(2) [so(z) exp (—i / ’ TO) 5(2)} ”

q

(179) O(z) =

where T (z) is the matrix

B(2)+B(2) "' O(A(2)=A(0)—iT)  B(2)=B(2) " O(A(2)+A(c0)+iT)
2 O(A(2)—A(0)) 2 O(A(z)+A())

T(2) =

B(2)=B(2)"" O(A()+A(0)—iT)  B(2)+B(2) " O(A(2)=A(c0) +iT)

2 O(A(z)+A(x)) 2 O(A(2)—A(x))
That O(z) as defined by is a solution of the outer model problem follows directly from
Prop. Lemma and the observation that 1(3(z) + (—=1)77*3(z)~!) are the projections of
B(2)f;(P*(2)), 4,k € {1,2}, onto C. To control the error problem later it is necessary to know that
the outer model remains bounded as € — 0. As a consequence of Lemma[12} formula for O(z)
is e-dependent only through the parameter iT = iTy(x,t) —ie 1Q(x,t) appearing in the arguments
of the © functions and as Q(z,t) is always real valued, and © is 27i periodic it follows that the
outer solution is uniformly bounded as € — 0.
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As one expects the outer solution encodes the leading order asymptotic behavior of the solution
¥ (z, t; €) of the NLS equation (1)) for each (x,t) € Sy where the genus-one ansatz successfully controls
the Riemann-Hilbert problem. We record here, for out later use, that leading order behavior:

2i lim 2013(z;2,t) =
zZ—00

(180) . 0(0) ©O(24(c0) +iTy —ie™'Q) iy,
(q_ ma))@(QA(OO)) @(ZT() 7216719) € ’

5.3.2. Construction of the local models. We now describe the construction of the local models near
the band-gap endpoints «, o* and the stationary points & and &;. At each of these points the
jump matrices VQO are no longer uniformly near identity which in turn implies that the outer model
O(z) is no longer a uniform approximation of the solution Q(z) to RHP in any neighborhood
of these points. The local models near £ and &; are again constructed from the solution V¥peo
of the parabolic cylinder problem, RHP The new feature in the genus one case are the local
models near the band-gap endpoints « and «*. The construction of the local model near such
points is nearly canonical. The local error near these points in controlled by installing a local model
constructed from Airy functions.

Let us consider first the real stationary phase points & and &;. The jump matrix Vg, given by
(1148]), near these points is essentially the same jump matrix appearing in both the genus zero case
and the quiescent case for z outside the support (cf. and ) The local models at each of
these points are constructed from parabolic cylinder functions; the reader is referred to Sections
3.3.2 and [3.3.3] for each model’s motivation and additional details.

Define the pair of locally analytic and invertible functions ¢ = ((z):

1o woy(z) —wor(&) 1 [F
5C§ = - = /‘5 4S(A) (X — &) dA

%gf = 212 —¢l&) — &) _ % / AES(N) (A — &) + 4Ly(/\>\) dA

(181)

Each (. introduces a rescaled local coordinate at & and we choose suitably small, fixed size,
neighborhoods Uy, of & such that the (i are analytic inside U, and the images ¢ = (. (U;) are disks
in the (-plane. Next, using Prop. [2|and we define the nonzero and locally holomorphic scaling
functions:

NG . 1z
ho = ( . ) (06°1(2) 54 (2)) " etwolC0d/el
(182) 26 (o)
e\ Sy 1/2
hy = 079 (2)079 (2) e tPrisr)ie .
() Aero

With the above definitions in hand we define our local models as follows:

Ao(2) = B(z)0W(2) Ag(2) s(2)78(2) ",
D(2)s(z

(183) )
Ai(z) = B(2)0W (2)s(2)7* As(2) 6(2)7
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FIGURE 20. The jump matrices of Vg near the point z = o

where the functions Ay, are built from the solution ¥ pc(C, a) of the parabolic cylinder local model,

RHP B4
(184a) Ag(2) = h§* ¥ pc(Go(2), o+ (£0))hg %,
(184b) Ai(2) = WU pe(Gi(2), =ro(€)hy 7 x U (2)e 9/ = (z)e 920w/,

Here, we recall that F'(z) and U(z) are the folding and unfolding factorizations defined by and
respectively. The definitions (183]), (181]), and the large ¢ expansion ¥pc(¢) = I + O (C’l)

imply that on the boundaries U}, we have
(185) O M (2)Ak(z) =T+ O (Ve).

Let us now consider the situation near the band-gap endpoints a and a*. The jump matrices,
up to orientation of the contours, satisfy the symmetry V(z) = V(2*) so it is sufficient to consider
only the problem at z = a. The local jump matrices of Vg near z = « are depicted in Figure
Here we have used the relation to write the reflection terms in the jump matrices in terms
of the single locally analytic and nonzero function w(z). We make no approximations of the local
jump matrices, the only error introduced by the local model will be on the boundary where it meets
the outer model. To introduce our local model, let U, be a neighborhood of «, small enough for
T, to disconnects U, into two components; let Uy (U,—) denote the component to the left (right)
of ", with respect to orientation. Define the pair of functions on U,:

Q o 1 o
f(z):= ot 7 € Uay and sgnp (2) := 7 € Uay
wot+tn—Q z€U\ v -1 z€Uat

The continuity of pg and jump relations ((118) imply that f(z) is analytic in U, \7,. The function
f(2) motivates the change of variables

o )= (et (Z>)2/3 (-2 [smo- g m) ”

which is a locally analytic and invertible and maps U,, to a neighborhood of the origin in the (-plane.
We choose the branch such that (, (v, NU,) lies along the negative real axis and use our freedom
to deform I's and ~y, such that | arg(¢o(I's NU,))| = 27/3 and arg({a (v NU)) = 0. We seek our
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outer model in the form
0‘3/2

(187) Aa(2) = Ka(2)Wai(Ca(2)) 0 [w(z)e™t (rFosnr, ()]

where K, (z) is an analytic pre-factor which we will determine later. The matrix ¥ ;(¢) then solves
the following well known Airy Riemann-Hilbert problem in the (-plane.

Riemann-Hilbert Problem 5.8 for ¥,; (The Airy RHP): Find a 2x2 matriz valued function
UAi(€) such that

1. Wy; is analytic for ¢ € C\{¢ : |arg({)| =0,2n/3,7}.
2. As ( — oo,

im
2

g Yeselreoe)

3. Wa; assumes continuous boundary values (Ua;)s and (Vai)— on each jump contour satisfying
the relation (Va;)+(C) = (Pai)—(Q)Va,, (C) where

(58] s

%43/2
NGE (; s ) Jarg(O)] = 273

1 0
<e_§<3/2 1) arg(() =0

This problem, like the parabolic cylinder problem, RHP [34] is one of the standard local models
that emerge in the literature of both inverse scattering and random matrix theory, see [DKM™99b)|
or [DKM™99a).

Proposition 14. The solution of RHP[5.8 is given by

2 3/2_Li o- T
U(()els¢ "~ )os :arg(¢) € (0, %)

- - 1 0
T(()el3¢Y?=%)os <e§<3/2 1) :arg() € (3, 7)

(189) Wai(¢) = ,
T 2+3/2__ mi 1 O
Y(Q)e 3 =5 <e‘§c3/z > :arg(() € (—m, —3%)

1

2mi/3

where w := e and

Ai(Q)  Ai(w*Q) .
_ (Ai'(g) w2Ai’(w2§)> + C€(0,m)
(<)

< € (77“ 0)
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The solution clearly satisfies the jump conditions along the rays | arg(¢)| = 27/3. The normal-
ization conditions follows immediately from the asymptotic behavior of the Airy functions [AS64]
p. 448] and to verify the jump conditons on R one needs the Wronskian relations between the vari-
ous Airy functions [AS64, p. 446] and the fundamental identity Ai(¢) + w Ai(w() +w? Ai(w?¢) = 0.
As the solution is standard in the literature, we leave the verification of these facts to the interested
reader.

The last step in the construction of the local model inside U, is to select the analytic pre-factor
K, (z) in order to match the outer model along the boundary dU,,. From the asymptotic behavior
(1188)) if we choose

et

Citprasen (0] 72 e (11 g |
Ka(z) = 0(z) [w(z)etr1sene, )] 75, [2 (Y ]) e ]

then in light of the € scaling in the definition (186)) of (,(z) it follows that
(190) O 2)Au(2) =T+ 0 (€), 2 € My.

It remains to show that K, is analytic in ,. From the definition it is clear that K, is analytic in
U\ (1 U"yg), and by explicitly calculating the jumps along these contours using one sees that
K, has identity jumps along these contours. It follows that at worst K, has an isolated singularity
at z = a. However, the growth condition together with the factor ¢, (z)_”3/4 imply that at
most K, grows as an inverse square root and thus the singularity is removable. This completes the
construction of the local model at z = «.

Building the model at z = a* is completely analogous to the construction of the model at
z = a. We summarize the calculations here. We take as our neighborhood of a* the conjugate
neighborhood of a: Uy~ = (U,)". Then the model inside U, is given by

i . o3/2
(191) Ag(2) = Kor (2)U i (Cax (2)) {7“}*(2)716—2(77-‘1-95gn1~;(z))} 7
where
4 2/3
Car(2) = (36 (wo +1+ Qsgnp, (Z)))
and

—1

_ gk —1_—%(n+Qsgn ;(z)) 03/2 6% —os/4 1 1 _irg
Ko (2) = 0(z) |-w*(2) " "e r } [2\/7?@*(,2) Ly {)e

Essentially repeating the calculations at z = «, this model exactly removes the jumps of Vg inside
Uy~ while on the boundary we get the same error estimate as in (190)):

(192) O 2)Ap(2) =T+ O(e), 2€ My-.

5.4. The Error RHP, proof of Theorem [1] part three. We now show that the parametrix

defined by eqgs. (150), (179), (183), (187) and (191)) is a uniformly accurate approximation of the
solution Q(z) to RHP We do this by proving that the error matrix

(193) B(2) = Q)P (2)

satisfies a small-norm Riemann-Hilbert problem. We can then prove the existence of and derive
an asymptotic expansion for F(z). By unravelling the series of explicit transformations this yields
an asymptotic expansion for m(z) the solution of the inverse scattering problem, RHP which
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in turn gives an asymptotic expansion for the solution ¢(z,t) of for each (z,t) € Sy where the
genus-one g-function successfully stabilizes the inverse analysis.

As both @ and P are piecewise analytic whose components take continuous boundary values on
their respective domains of definition, their ratio, E(z) is also piecewise analytic and satisfies its
own Riemann-Hilbert problem.

F1GURE 21. The jump contour for the error matrix E in the upper half-plane. The
boundaries OU;, OUs, and OU,, are all fixed sized while the inner loop 0D scales like
€!/2. The jumps in the lower half-plane follow from Schwartz reflection symmetry.

Riemann-Hilbert Problem 5.9 for the error matrix, E(z). Find a 2 X 2 matriz-valued func-
tion E(z) such that

1. E is bounded and analytic for z € C\I'g, where Ty is the collection of contours depicted in

Figure [21]

2. E(z) > I+ 0(1/z) as z — oc.

3. E(z) assumes continuous boundary values E(z) and E_(2) for z € T'g satisfying the jump
relation E4(z) = E_(2)Vg(z) where

(194) Vi(z) = P_(2)Vo(2)Ve(2) ' P_(2) "

and both Vg and Vp are understood to equal identity where QQ or P respectively is analytic.

All of the properties of E(z) above are a straightforward consequence of (193] except the bound-
edness of E(z) near the endpoints +ig. Since the parametrix P(z) has jumps exactly matching
those of Q(z) along v, U, E(z) has at worst isolated singularities at +ig. The local growth con-
ditions (149) and (I52) imply that, at worst, Ej(2) = O (|z +ig|~/2). Therefore the singularities
are removable and E is bounded.

The following lemma establishes that Vg is uniformly near identity and decays sufficiently fast
at infinity to admit an asymptotic expansion for large z.

Lemma 15. For any (x,t) € K C Sy compact and ¢ € Ny the jump matriz Vg defined by (194)
satisfies

(195) 12 (Vie = Dll () = O (/2 10ge)

for every sufficiently small € and p =1,2, or co.
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Proof. The jump matrix Vg up to the replacement of the phases 85 with their g-function conjugated
counterparts ¢, (and the resulting deformation of the contours and stationary phase points) are
nearly identical to those in Lemma |5} For (z,t¢) in any compact K C S the endpoints « and a* lie
an order one distance away from +ig and each other, and the real stationary phase points & and
& exist and are well separated so we can take the four disks Uy, Uy, Uy, and Uy« to have fixed
radii depending only on K. Furthermore, the genus one g-function and the phases ¢y satisfy the
necessary inequalities for the estimates in Lemmal[5] to go through with only cosmetic changes away
from the disks U, and U,+. The Airy models used to define P inside each disks exactly match the
jumps of @, so the only new errors are on the disk boundaries. However, and imply
that ||[Vg — I]lo = O (€) for z € Uy U OUy~ which is subdominant to the O (¢'/2loge) error terms
produced in Uy and U;. O

The small norm estimate in Lemma allows us to express the solution E(z) of RHP explicitly
1 V -1
E(z) = — / u(s)Ve(s) = 1) 4
27t Jp, §—z

where p(s) is the unique solution of (1 — Cy,)u = I and Cvy,, f := C_[f(Vg — I)] here C_ denotes
the Cauchy projection operator. In particular, the moment bounds in Lemma justify the large
z expansion

M
(196) By =1+ 2@ L e, ’E(l)(x,t)‘ 0 (el/Q log e)
z

By unravelling the sequence of explicit transformations m — M — N — @Q — FE, the asymptotic
bounds on E(z) give us an asymptotic expansion for m. Taking z to infinity along the positive
imaginary axis (the direction does not affect the answer) we have m(z) = F(2)O(z)e*9(*)73/¢ and

it follows from and ((180) that

0(0)  ©O(24(c0) + iTp —ic1Q)
197 t)=(¢—1

1o wlnt) =l =Ime)geace) ~ ety —ic19)
gives the leading order term and error bound of the solution of with initial data for each
(z,t) € Sy in the semi-classical limit.

e 20 1L 0 (61/2 log e)
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