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Let B, be the semigroup of binary relations on a finite set X, with card X = [X | =n
represented as n x n matrices over the Boolean algebra {0, 1}.
A circulant is a Boolean matrix of the form

C=lcy, €1 ... Choy
Cn-1 Co Cn-2
| €1 &2 Co
Denote
P=[010..0
001...0
[100...0

and E the unit matrix of order n. Any circulant € B, can be written in the form
(1) C=cE+ciP+c,PP+ ...+ ¢ P, c;e{01}.

Hereby P" = E. (See [1], [3].) We define also P° = E.

The set of all circulants (of order n) under multiplication forms a semigroup C,
with |C,| = 2" (including the zero circulant Z). C, contains the cyclic group G, =
= {E, P, P?, ..., P" '} of order n and we have G, = C, = B,. Clearly every element
€ C, has a unique representation in the form (1). (This will turn out to be essential.)
Note that C, is closed also under addition.

The purpose of this note is to give an explicit description of all idempotents € C,,
and all maximal subgroups of C,.

It will turn out that the set of all maximal subgroups of C, is exactly the set of all
cyclic groups of order d, d being a divisor of n. A remarkable feature of the results
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obtained bellow is the fact that an explicit description of maximal subgroups in
a semigroup is only very rarely available.

Since C, is finite and commutative, the relations €, R, D, H in C, coincide and the
maximal subgroup G(E®) belonging to the idempotent E® is the L-class con-
taining E*, i.e. the set {4 € C, : SE¥) = SA}. (See [2].) Clearly G(E) = G,

Lemma 1. If A,BeC,, then A B iff there is an element P™ e G, such that
A = P"B.

Proof. (i) For any P" (m =0,1,2,...,n — 1) we have C,P" = C,. Hence
C,A = C,P"B = C,B. Therefore A = P"B implies 4 £ B.

(ii) Conversely A & B, A + Z, B & Z implies that there are two elements R, S€ C,
such that A = RB, B = SA. Write

R=P" +P"2+ ... +P", S=P"+P>4 .. +P-.
Then
A=(P" +P™+...+P")B, B=(P"+P*+ ..+ P“)4.

Hence (with < denoting the usual ordering of Boolean matrices) P"B < A, P“4 <
c B. This implies B> P“4 > P**™B and B> P“*mB > p?kitmig 5 |
. > p'm*kop — B whence P4 = B. Analogously

A > P"Bo Pmthig o prmtkog 5 o prmtig = g,
whence A = P™ B. This proves our lemma.

Remark. The element P" e C, in Lemma 1 is “in general” not uniquelly deter-
mined.

If A+ Zand A = P" + P™ + ... + P™ we shall call the subset {P"", P ..
..., P™} of G, the support of A. Given A the support is uniquelly determined.

Lemma 2. An element A€ C,, A £ Z, is an idempotent iff the support of A is
a subgroup of G,.
Proof. (i) If 4% = 4, i.e.
(P"™ 4+ ...+ P")(P" + ...+ P")=(P" + ... + P™),

then the subset K = {P™, ..., P™} of G, is closed under multiplication, i.e. K* < K.
A subset K of a finite group G, closed under multiplication is a subgroui) of G,.

Recall the following elementary result. All subgroups of G, are obtained in the
following manner. Let ¢ be a divisor of n and tn* = n. Then G, contains a subgroup
of order ¢t which can be explicitly given in the form

G* = {P", P, ., PU"D" p" = E}.
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Though P", as a generator of G*, is not uniquelly determined, G* as a whole is uni-
quelly determined. (For t = 1 we have G* = {E}, for t = n we have G* = G,.)

(ii) Let conversely

G* = {P", P, .., P™}, n*t=n,
be a subgroup of G,. Direct computation shows that

A=P"+P"™ 4+ ...+ E

is an idempotent € C,,.
Let now t; | n and t;n; = n. To find the maximal subgroup G(E”) belonging to the
idempotent
E® = P" 4+ P 4 ..+ P'™

we use Lemma 1 and the fact that
G(E")={YeC,: YQLEV}.
We have Y £ E iff there is an element P™ € G, such that Y = P"E®¥). Hence
G(EY) ={E, P, P?,..,P"" '} E®.
This set contains exactly n; different elements, namely
E®, PE®, P?E®D, .., P"7'ED

These are exactly those elements € C, whose supports are the cosets of G, modulo
the cyclic group .
{p, P> .., P'"} .
We have proved:

Theorem 3. Let t; be a divisor of n and t;n; = n. Then
E® = P4 PP 4 .+ P

is an idempotent € C,. The maximal subgroup of C, belonging to E) is the cylic
group
{E®, PE®, .., P 'EW} .

All idempotents and all maximal subgroups of C, are obtained in this manner.

Denote by d(n) the number of divisors of n (including 1 and n) and by o(n) the
sum of all divisors of n.
We have:

Corollary 4. C, contains d(n) different idempotents % Z and o(n) distinct regular
elements + Z.
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Example. The semigroup Cg contains (besides Z) the following four idempotents:
EM = pé =E, E(3’)=P2 +P4 + E,
E¥=P +E, E¥=P+ P +P +P*+P +E.

The corresponding maximal subgroups of C4 are

G(EW) = {E, P, P>, P>, P*, P}, G(E®)={P*+ P*+E, PP+ P>+ P},
G(E®)={P’ + E, P*+ P, PP + P}, G(EW)=E.

Remark 1. To avoid misunderstanding we note. The semigroup B, may contain

cyclic subgroups of order ¢ which does not divide n and even cyclic subgroups of
order t > n. To show this denote

0, =101}, 0,=1010
10], 001
100

and consider the 5 x 5 matrix

A=10,0 .
0 9,

It is immediately to seen that {4, A%, A°, A*, A%, E} is a cyclic subgroup of Bs of
order t = 6. The cyclic subgroup {4%, 4*, E} is of order 3 though 3 does not divide 5.
Remark 2. In a “general” semigroup there may exist different idempotents with
the corresponding maximal subgroups isomorphic one to the other. It is worth to
mention that in C, no two maximal subgroups are isomorphic one to the other.
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