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THE SET OF IDEMPOTENTS OF A COMPLETELY
REGULAR SEMIGROUP AS A BINARY ALGEBRA

RAYMOND BROEKSTEEG

A semigroup S is called E-solid if and only if for all idempotents e,f,g 6 S
such that eC fUg there exists an idempotent h G S such that eTZhCg. Each
completely regular semigroup is E-solid. We characterise the idempotents of an
arbitrary E-solid regular semigroup as a set with a binary operation on it satisfying
a given finite set of identities.

1. INTRODUCTION

The idempotents of a regular semigroup play an important role in determining the
semigroup's structure. Indeed, many types of regular semigroups are (or can be) defined
in terms of their idempotents alone. In [9, 10] Nambooripad introduced the concept
of a biordered set and characterised the set of idempotents of a regular semigroup as
a regular biordered set. Later on, Easdown [3] proved that biordered sets characterise
idempotents of arbitrary semigroups.

An orthodox semigroup is a regular semigroup in which the product of two idempo-
tents is again idempotent; because of this we can always restrict the binary operation
of an orthodox semigroup to its set of idempotents to obtain a band. A semigroup S
is called E-solid if and only if for all idempotents e,f,geS such that eC fTlg there
exists an idempotent h £ S such that eTZhCg. An E-solid regular semigroup is a
generalisation of an orthodox semigroup: each orthodox semigroup is E-solid but the
product of two idempotents of an E-solid regular semigroup is not necessarily idem-
potent. By [4, Theorem 3] the idempotents of an E-solid regular semigroup generate
a subsemigroup which is completely regular (that is, a union of groups). Thus the
product of two idempotents of an E-solid regular semigroup 5 is always contained in
a (maximal) subgroup of 5 ; because of this we can define a binary operation * on the
set of idempotents of 5 by defining, for each pair of idempotents e,f £ S,

e * / — the identity of the group -ffw-
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92 R. Broeksteeg [2]

The resulting algebra (E(S),*), which we call a solid binary algebra, generalises the
band of idempotents of an orthodox semigroup: if S is orthodox then * is just the binary
operation of 5 restricted to E(S). We show that solid binary algebras characterise the
idempotents of E-solid regular semigroups.

2. SUMMARY

In Section 3, we present Nambooripad's definition of a biordered set and we state
some of his important results.

In Section 4, we define a solid binary algebra to be a nonempty set with a binary
operation on it that satisfies a given finite set of identities. For an E-solid regular
semigroup S, we show that the algebra (E(S),*) as defined in the introduction, is in
fact a solid binary algebra. We shall call (E(S),*) the solid binary algebra determined
by S. Conversely, we show that all solid binary algebras are determined by E-solid
regular semigroups.

In Section 5, we show that morphisms between solid binary algebras are precisely
the morphisms between E-solid regular semigroups with their domains restricted. For
a solid binary algebra (E(S),*) determined by an E-solid regular semigroup S, we
show that the subalgebras of (E(S),*) are determined by and are in a one to one
correspondence with the idempotent generated regular subsemigroups of S. We also
show that the solid binary algebra determined by the direct product of a family of E-
solid regular semigroups is the direct product of the solid binary algebras determined
by the members of the family.

In Section 6, we show that an algebra which is both a local semilattice algebra and
a solid binary algebra is a normal band.

3. PRELIMINARIES

For undefined notation and terms the reader is referred to [2, 5, 6, 10]. As usual,
for each semigroup S, we shall write E(S) for the set of idempotents of S; by the core

of 5 , we shall mean the subsemigroup generated by E(S) in S; we shall say that a
subset A of 5 is full if and only if E(S) C A.

DEFINITION 3.1: (Nambooripad.) Consider any nonempty set E and any partial
binary operation o on E with domain DE (if we write e o / for some e, / £ E, then
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it will be implicit that ( e , / ) E DE)- Define

wr = {(e,f)£ExE\foe = e}

J = {(e,f)eExE\eof = e}

w = ur flu'.

Also, for each pair of elements e,f E E, define the sandwich set S(e,f) of e and / to
be the set

{h e wl(e) H wr(/) | (V g E wf(e) D wr(/)) e o gur e o h and p o / w ' h o / } .

Define (J5, o) to be a biordered set if and only if the following conditions and their duals
hold:

(Bl) wr and w' are quasi-orders on E such that

DE = (wr U w') U (wr U wl) - 1

and for all e , / , ^ GE

(B21) f EwT{e)^ fTlfoeue
(B22) [gw'f,f,gEu>r(e))=>goeulfoe
(B31) gwrfwre=>gof = (goe)of

(B32) [,«'/, /,j6wr(e)l=*(/oj)oe = (/oe)o(joe)

(B4) / , 5 G «r(e) =• S(/,*) o e = S(f o e,g o e).

If (^, o) is a biordered set then define (E, o) to be regular if and only if (V e, / € i?)

(R) 5 ( e , / ) # 0 .

Biordered sets arise naturally from semigroups: if 5 is a semigroup with E(S) ̂  0
and if we define

DB(S) = {(e , / ) G ̂ ( 5 ) x £ ( S ) \ef = e,ef = f,fe = f or / e = e}

then E(S) together with the binary operation of S restricted to DE(s) is a biordered
set, which we shall denote by (E(S), o). Easdown [3] has proven conversely that every
biordered set arises in this way from some semigroup. Nambooripad observed that if
5 is a regular semigroup then (E(S), o) is a regular biordered set, and then found the
following important converse [10, Theorem 5.2]:
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RESULT 3.2. (Nambooripad.) For each regular biordered set (E,o) there is a funda-
mental regular semigroup, TE , with (E, o) as its biordered set of idempotents. Each
fundamental regular semigroup whose biordered set of idempotents is isomorphic to
(E, o) is isomorphic to a full subsemigroup of TE •

DEFINITION 3.3: (Nambooripad.) Consider any biordered sets (E,o) and (F,o);

consider any mapping 0 : E —» F. Then 6 is called a bimorphism if and only if

(Ve,/6£)
(e, / ) G DE=> {eO, fd) £ Dp and (e o f)0 = e9 o fB.

Furthermore, 9 is called a regular bimorphism if and only if (V e, / 6 E)

(a) SE(e,f)6CSF(e0,f8)

(b) SE(e,f)^$^SF(ee,f6)^<D.

An isomorphism between biordered sets is a bijective bimorphism whose inverse is also
a bimorphism.

DEFINITION 3.4: (Nambooripad.) Consider any biordered sets (E,o) and (F,o).

Then (-F^o) is a biordered subset of (E,o) if and only if

(a) F QE
(b) DF = DEn(Fx F)
(c) o = o|£>F.

Furthermore, when (F, o) is a biordered subset of (E, o), we say that (F, o) is relatively

regular in (£-,o) if and only if the inclusion mapping IFE '• F <—* E is a regular
bimorphism.

Note that a relatively regular biordered subset of a regular biordered set is neces-
sarily regular.

In Section 5, the direct product of a family of biordered sets is used; because the
direct product of a family of biordered sets is not defined in [10], we define it here.

DEFINITION 3.5: We define the direct product \[ (Ei,Oi) of a nonempty family

{(Ei, Oj) | i £ 1} of biordered sets in the following way. The set JJ Ei has component-
»e/

wise multiplication • with domain

{(e,/) G

Restricting the domain of • further to the set

{(e, /) G J ] ^ x H Ei | e • / = e, e • / = / , / • e = f or / • e = e}
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[5] Idempotents of a completely regular semigroup 95

yields a (partial) multiplication o on J ] £,-. We call ( JJ Ei,o\ the (biordered set)
iei \iei J

direct •product of {(.Ej,o,-) \ i £ 1}.

The next two results follow easily from the definition of the direct product and no
proof will be given for them.

RESULT 3.6. The direct product II(^'«>O») °f a nonempty family

{(Ei, Oi) | i £ 7} of biordered sets is a biordered set such that, for each pair of ele-
ments e,f £ n Ei,

RESULT 3.7. The biordered set of idempotents of the direct product J\ & °f a

iei
nonempty family {Si \ i £ 1} of semigroups (such that E(Si) ^ 0 for each i £ I)
is the direct product [] (E(Si)>°i) of the family {(.E(S;),o,) | i £ / } of biordered sets

iei
of the members of {Si | i £ I}.

Two important types of regular biordered sets are solid regular biordered sets and
local semilattices: a solid regular biordered set is a regular biordered set in which the
relations £ and 7L commute, that is,

C o H = Tl o £ ;

a local semilattice is a (regular) biordered set in which every sandwich set contains
exactly one element.

4. SOLID BINARY ALGEBRAS

DEFINITION 4.1: Consider any nonempty set E and any binary operation * :
E x E —• E. Define (E, *) to be a solid binary algebra if and only if (25, *) satisfies the
following identities and their duals:

(SBA1) e*e = e
( S B A 2 ) e * ( ( e * f ) * g ) = ( e * f ) * g

(SBA3) ( e * / ) * ( / * e ) = e * ( / * e )

( S B A 4 ) ( e * f ) * ( e * { f * g ) ) = e * ( f * g )

(SBA5) ((e * / ) * e) * (e * g) = (e * / ) * (e * g)

(SBA6) ((e * / ) * (e * g)) * e = ((e * / ) * e) • ((e *g)*e).

LEMMA 4 . 2 . Consider any solid binary algebra (E, *). Then (E, *) satisfies the
following two identities and their duals:

(SBA7) e * ( e * / ) = e * /

(SBA8) (e * / ) * e = e * ( / * e).
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PROOF: We easily see that (SBA7) holds by using (SBA1) and (SBA2). Note that
the dual of (SBA3) is

( e * / ) * ( / * e ) = ( e * / ) * e ,

and so (SBA3) and its dual gives (SBA8). The duals of (SBA7) and (SBA8) follow
dually (in fact (SBA8) is self dual). D

REMARK 4.3. The author has a direct proof from the axioms that the subalgebra
generated by any pair of elements in a solid binary algebra is a band, but since the
proof is long, the proof will not be given here; instead, using a structure theorem for
solid binary algebras, the author will give a (shorter) proof in a future paper [1]. Thus
the free solid binary algebra on two generators is just a free band with six elements. It
is interesting to note that the free local semilattice algebra on two generators has an
infinite number of elements: see [7, 8].

We now show that each E-solid regular semigroup determines a solid binary algebra.
First note that by [4, Theorem 3], we have that the product of any two idempotents in
an E-solid regular semigroup 5 is always contained in a subgroup of 5 . Now as in [12,
Section 3], for each pair of idempotents e,f in an E-solid regular semigroup, we shall
write (e/)~ for the inverse of ef in the group Hej.

THEOREM 4 . 4 . Consider any E-solid regular semigroup S and let (E,o) be the

biordered set of idempotents of S. Define * : E x E -> E by (V e,f £ E)

e * f = t ie identity of the group Hff.

Then (E,*) is a solid binary algebra such that ( V e , / 6 E)

(a) ( V j 6 5(e, / )) e o gKe* f £g o f

(b) e* f = ( e / X e / ) - 1 = ( e / ) " 1 ^ / ) = e ^ e ) " 1 / £ S(f,e)

(<0 (i) e*f = fifand only if ef = f

(ii) e* f = e if and only if ef = e

(d) t i e restriction of * to the domain of o coincides with o, t i a t is,

o — *\DE-

PROOF: We shall first prove (a), (b), (c) and (d). Consider any e,f £ E and any
g 6 S(e,f). By [10, Theorem 1.1] we have that egfcefCgf. Now since efHe*f, it
is true that eg'Re*fCgf. But g £ w'(e) fl w r ( / ) and so eg = e o g and gf = g o / .
Thus

eo gile* f Cgo f.
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[7] Idempotents of a completely regular semigroup 97

This proves (a). By the definition of (ef) , we have that ef(ef) — (ef) ef is
the identity element of the group Hef, and so e * f — ef(ef) = (ef) ef. Since
e(ef)-1 = (ef)'1 and (fe)'1 = (fe)~xe, we have that

ef(ef)'1 = efe(ef)-1

= e(fe)~1ef

= e(fe)~1f.

Finally, since (/e)"1 G V(/e), we have that e(fe)~Xf G S(f,e). This proves (b). Now

suppose that e*f — f. Then / = ef(ef) and so ef = e(ef(ef)~ ) = ef(ef)~ = f.

Conversely, suppose that ef = f. Then e* f = e/(e/)~1 = ff~l = ff = f.
This proves (c)(i), and (c)(ii) follows dually. To show that o = *\DE, suppose that
(e>/) S DE, the domain of o. Then ef is idempotent and so ef is the identity of
Hef. Hence e* f = ef = e o / . This proves (d). We now show that (E,*) is a solid
binary algebra. Consider any e,f,g £ E. It is easy to see that (SBAl) holds. Since

(e * / ) * g — ef(ef)~ g\ef(ef)~ g\ , we have that e((e * f) * g) = (e * f) * g and so

by (c)(i), we have that
e*((e*f)*g) = (e*f)*g.

Hence (SBA2) holds. Now note that

ef(ef)-1 fe(fe)-1 = ef(ef)-\f(fe)^
= ef{fe)~1

and since efe(fe)~ is idempotent, we have that e * (/ * e) = e/e(/e)~ . It follows
that

(e*f)*(f*e) = efe(fe)-1=e*(f*e).

Hence (SBA3) holds. Since e * / = e/(e/)"1 and e * (f * g) Hefgifg)'1, we have
that (e * /)(e * ( / * g)) = e * (/ * g). Thus by (c)(i),

(e*f)*(e*(f*g)) = e*{f*g).

Thus (SBA4) holds. Also

1 H ((e * / ) * e) * (e * g)
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and so
((e * / ) * e) * (e * g) = (e * / ) * (e * g).

Hence (SBA5) holds. Now note that

and {e*f)*(e*g)H{e* f)(e * g) = efief

Hence, by Green's Lemma,

((e * / ) * (e * g))eHef{ef)-\g(eg)-le

and so ((e * / ) * (e * g)) * eHef(ef)~1eg(eg)~1e.

Also

((e * /) * e) * ((e * g) * e) = (ef{ef)~\) * (eg^^e) H ef(ef)-1eg{eg)-\.

Thus ((e * / ) * (e * g)) * e = ((e * / ) * e) * ((e * g) * e).

Hence (SBA6) holds. Dually, (E,*) satisfies the duals of the above identities, which
completes the proof. U

REMARK 4.-5. We call (E,*) the solid binary algebra determined by S.

THEOREM 4 . 6 . For each solid regular biordered set (E, o) there is a unique
binary operation * : E x E —> E such that

(a) (E, *) is a solid binary algebra
(b) o is * restricted to the domain

D*E = { ( e > f ) e E x E \ e * f = e, e * f = f , f * e = f or f * e = e } .

PROOF: Consider any solid regular biordered set (E, o) and find an E-solid regular
semigroup 5 whose biordered set of idempotents is (i?,°) (for example Tg). Define
* : E x E -> E by (V e, / G E)

e* f = the identity of the group Bej.

Using Theorem 4.4, we can easily see that (a) and (b) hold. We now show that * is
uniquely determined by (a) and (b). Consider any binary operation + : ExE —> E that
satisfies (a) and (b). Consider any e,f G E. We first show that e*(f * e)TZe + (f + e).
Since * and + agree on the domain of o, we have that

e + (/ + e) = e * (f+e) and f+e = /+(/+e) = / * (/+e).
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[9] Idempotents of a completely regular semigroup 99

Hence e + ( / + e ) = e * ( / * ( /+e ) ) . Now using (SBA8), (SBA5) and then (SBA4), we
have that

(e * (/ * e)) * (e+(/+e)) = ((e * /) * e) * (e * (/ * (f+e)))

= («*/)*(e*(/*(/+e)))

= e*(/*(/+e))

= e+(/+e).

By symmetry, we have that (e+(/+e))+(e * (/ * e)) = e * (/ * e). Thus

We now show that e * fTZe+f. By (SBA7) we have that e+f G «r(e), and so by
(B21), we have that

e+fTl(e+f)+e.

By (SBA8) we have that ( e + / ) + e = e + ( / + e ) , and so

Also, by symmetry, we have tha t e*flZe*(f*e). We now have tha t

e*fRe*(f*e)Tl e+(f+e) Tl e+f.

Dually, we have that e * f Ce+f. It follows that e * f = e+f. This completes the
proof. U

REMARK 4.7.

(a) We call (E,*) the solid binary algebra determined by (E,o).
(b) By Theorem 4.4, we have that (V e, / 6 E)

(i) (VjGS(e,/)) eoglle*fCgof
(ii) e*fES{f,e)

(c) Notice that each E-solid regular semigroup with {E,o) as its biordered
set of idempotents determines (E,*) in the sense of Theorem 4.4.

THEOREM 4 . 8 . EacA solid binary algebra is determined by a unique solid regular
biordered set.

PROOF: Consider any solid binary algebra (E,*). Let

ur = {(e,f)£ExE\f*e = e}

u' = {{e,f)eExE\e*f = e}

BE = (wr U w') U (wr U a;')

o = *\DE-

" 1
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We show that (.E7,o) is a solid regular biordered set. Then, clearly, it is the only solid
regular biordered set that determines (E, *) in the sense of Theorem 4.6. We can easily
see that u>r and w' are quasi-orders by using identities (SBAl), (SBA2) and the dual
of (SBA2). Now note that

ur = {(e,f)eExE\foe = e}

and u>1 = {(e,f)£ExE\eof = e}.

Thus (Bl) holds. Now consider any e,f £ E such that / 6 wr(e). Using (SBA8), we
have that

( / • e ) , / = / * ( e * / ) = / * / = /

and using (SBA7), we have that / * ( / * e ) = / * e . Thus

fUf*e.

By the dual of (SBA7), we have that (f*e)*e = f*e. Using (SBA8), we can see that

e * ( / * e) = (e * / ) * e = / * e.

Thus / * ewe. Hence (B21) holds. Now consider any e,f,g £ E such that gwl f and
f,gE wr(e). By using the dual of (SBA4), we can see that

(g * e) * ( / * e) = ((g • / ) * e) * ( / * e) = (g * / ) * e = g * e.

Hence (B22) holds. Also, by using (SBA6) we have that

( / * e) * (g * e) = ((e * / ) * e) * ((e * g) * e)

= {{e*f)*(e*g))*e

= {f*g)*e.

Hence (B32) holds. Now consider any e,f,g £ E such that gu>r fwr e. Using (SBA5),

we can see that

(g * e) * / = ((e * g) * e) * (e * / ) = (e * g) * (e • / ) = g * / .

Thus (B31) holds. The duals of (B21), (B22), (B31) and (B32) follow dually. Now

to show that (B4) holds, note that by [10, Proposition 2.4] it suffices to show that

{Ve,f,geE)

[fi9 G w r ( e ) and / * ew'<7 * e] => (3/i £ wr(e)) hul g and h* e — f * e.
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Consider any e,f,g £ E such that f,g £ wr(e) and / * ew'g * e. Let h = f *g. Then
h = (e * / ) * (e * g) so, by (SBA2) and its dual, h £ wr(e) (1 w'(</). Furthermore, using
(SBA6), we have

h * e = ((e * / ) * (e * g)) * e = ((e * / ) * e) * ((e * g) * e).

Now, since / • ew' g * e, that is, since ( e * / ) * e w ' ( e * j ) * e , we have that

h * e = ( e * f ) * e = f * e .

It follows that (B4) holds. The dual of (B4) follows dually. Thus (E, o) is a biordered
set. To show that (E,o) is regular it suffices to show that, for all e,f £ E, we have
that / * e G S(e,f). Consider any e,f £ E. Using (SBA7) and its dual we can easily
see that / * e £ w'(e) n / ( / ) . Now consider any g £ w'(e) n w r ( / ) . Using (SBA8),
(SBA5) and then (SBA4), we have that

(e * ( / * e)) * (e * g) = (e * / ) * (e * g)

= e*(f*g) = e*g.

Hence e * g wr e * ( / * e). Dually, we have that g * / w' ( / * e) * / . Thus

f*e£S{e,f).

Thus (22, o) is a regular biordered set. To show that (E,o) is solid, consider any

e,f,g £ E such that eCfllg. Then, using (SBA4), we have that

(e * g) * e = (e * g) * (e * / ) = (e * g) * (e * (5 * / ) ) = e * (g * f) = e

and by using (SBA7), e*(e*g) — e*g. Thus eTZe*g. Dually, we have that e*gCg.
Hence e* g £ E such that

eTZe *gCg.

It follows that (E, o) is a solid regular biordered set. This completes the proof. U

Since each solid regular biordered set is the biordered set of a completely regular
semigroup, we immediately have

COROLLARY 4 . 9 . Each solid binary algebra is determined by a completely reg-

ular semigroup.

We now determine which E-solid regular semigroups have the property that their
solid binary algebra is a band. (The author thanks Dr. T.E. Hall for pointing out that
the converse of the next theorem holds.)
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THEOREM 4 . 1 0 . Consider any E-solid regular semigroup S and let (E,*) be

the solid binary algebra determined by S. Then

(E, *) is a band

if and only if

7i is a congruence on tie core of S.

PROOF: Let {E,o) be the biordered set of idempotents of 5 , let C be the core
of 5 and let fie be the maximum idempotent separating congruence on C. Since
the biordered set of idempotents of C/fie is isomorphic to (E,o), we have that the
solid binary algebra determined by C/nc is isomorphic to (E,*) (see Section 5). Now
suppose that H is a congruence on C. Then since C is completely regular, we have
that C/nc is a band, and hence is its own solid binary algebra. Therefore (E,*) is a
band.

Conversely, suppose that (E, *) is a band. Then, since (E,o) is the biordered set
of the band (E,*), we have that TE is orthodox. Since C/fic is idempotent generated
and fundamental, we have that (by Result 3.2) C/fic is isomorphic to the band of TE •

Thus C/fic is a band and hence Tic = pc is a congruence on C. This completes the
proof. U

5. MORPHISMS, SUBSTRUCTURES AND PRODUCTS

We now show how morphisms, subalgebras and direct products of solid binary
algebras are related to bimorphisms, biordered subsets and direct products of the solid
regular biordered sets that determine them.

THEOREM 5 . 1 . Consider any solid regular biordered sets (E, o) and (F,o) such

that there is a mapping 6 : E —> F. Let (E,*) and (F,*) be the solid binary algebras

determined by (E,o) and (F,o), respectively. Then

0 is a regular bimorphism between {E,o) and {F,o)

if and only if

9 is a morphism between (E,*) and (F,*).

PROOF: Suppose that 0 is a regular bimorphism between (E,o) and (-F^o). Con-

sider any e,f £ E and any g G S(e,f). By Remark 4.7 (b)(i), we have that

eogTle*fCgof
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and so, since 9 is a bimorphism, we have

e9og9Tl{e*f)9Cg0of9.

Also, since 9 is a regular bimorphism, we have that gO 6 Sp{eO, fff). Hence, by
Remark 4.7 (b)(i) again, we have that

eOogOne6*f6Cg0of9.

It now follows easily that (e * f)9 = ed • fO. Hence 9 is a morphism between (E,*)
and (F,*).

Conversely, suppose that 9 is a morphism between (E, *) and (F,*). Then it is
easy to show that 0 is a bimorphism between (E,o) and (F,o). To show that 8 is
regular, consider any e,f £ E. Then by Remark 4.7 (b)(ii) we have that

/ * e e SB(e,f) and (/ * e)0 = f8*e9e SF{e9,f0).

It is now routine to show that, for each g £ SE{Z, / ) , we have

99eSF(e9,f9).

Thus 9 is a regular bimorphism. This completes the proof. U

COROLLARY 5 . 2 . Consider any E-solid regular semigroups S and T such that

there is a morphism 0 : S —> T. Then 9 restricted to the set of idempotents of S is

a morphism from the solid binary algebra determined by S to the solid binary algebra

determined by T. Conversely, consider any solid binary algebras (E,*) and (F,*) such

that there is a morphism <\> : E —> F. Then there exist E-solid regular semigroups U

and V and a morphism $ : U —> V such that

(a) (E,*) and (F,*) are t i e solid binary algebras determined by U and V,

respectively

(b) $ restricted to E coincides with 4>.

PROOF: Follows directly from Theorem 5.1 and the corresponding results for reg-
ular biordered sets. See [10, Theorem 1.1 (b3) and Corollary 6.11]. D

THEOREM 5 . 3 . Consider any solid regular biordered sets (E, o) and (F,o). Let

(E,*) and (F,*) be the solid binary algebras determined by (E,o) and (F,o), respec-

tively. Then

(F,o) is a relatively regular biordered subset of (E,o)

if and only if

(F,*) is a subalgebra of (E,*).

https://doi.org/10.1017/S0004972700009606 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009606


104 R. Broeksteeg [14]

PROOF: Suppose that (F,o) is a relatively regular biordered subset of (E,o).
Consider any e, / £ F and consider any g £ Sp(e,f)- By Remark 4.7 (b)(i), we have
that

eogKe-kfCgof.

But, since (F,o) is relatively regular in (E,o), it is true that g £ 5e(e, / ) and hence

by Remark 4.7 (b)(i) again, we have that

eogTle* fCgof.

It is now easy to see that e* f — e* f. Hence (F, •) is a subalgebra of (E, *).

Conversely, suppose that (F, •) is a subalgebra of (E,*). Then, since * is just

the restriction of * to F, we can easily see that {F,o) is a biordered subset of (E, o).

By Theorem 5.1, we have that the inclusion mapping IFE '• F •—> E is a regular

bimorphism. Thus (F, o) is relatively regular in (E, o). This completes the proof. U

COROLLARY 5 . 4 . Consider any E-solid regular semigroup S and let (E,*) be

the soh'd binary algebra determined by S. Consider any subset F of E. Then

the subsemigroup generated by F is a regular subsemigroup R of S such

that F is the set of idempotents of R

if and only if

F is the underlying set of a subalgebra of (E, *).

PROOF: Follows directly from Theorem 5.3 and the corresponding result for regular

biordered sets. See [10, Theorem 1.3]. D

THEOREM 5 . 5 . Consider any family {(Ei,Oi) \i £ 1} of solid regular biordered

sets and let (E, o) = Y\ (Ei, °«) • For each i £ I, let (Ei, *i) be the solid binary algebra
t6/

determined by {Ei,Oi). Finally, let (E,*) = fl (£»•>**)• Then (E,°) is tb« soM

i6/
regular biordered set that determines (E,*).

PROOF: By Result 3.6, we have that (E,o) is a regular biordered set and it is
easy to verify that (E, o) is solid. Furthermore, one can easily show that * satisfies
properties (a) and (b) of Theorem 4.6. Hence (E, o) determines (E, *). This completes
the proof. D

COROLLARY 5 . 6 . Consider any family {Si \ i £ 1} of E-solid regular semi-

groups and let (Ei,*i) be the soh'd binary algebra determined by Si, for each i £ I.

Then JJ (Ei,*i) is the solid binary algebra determined by Yl Si.
•6/ ie/

PROOF: Follows directly from Theorem 5.5 and Result 3.7. D
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6. SOLID LOCAL SEMILATTICES

The following definition is due to Nambooripad [11].

DEFINITION 6.1: (Nambooripad) Consider any nonempty set E and any binary
operation A : E x E —> E. Define (E, A) to be a local semilattice algebra if and only if
{E, A) satisfies the following identities and their duals:

(LSL1) xAx = x

(LSL2) (xAy)A(xAz) = (xAy)Az
(LSL3) {(x A u) A (z A v)) A (a; A w) - (x A u) A ((x A D ) A ( I A W)).

Nambooripad [11] has shown that, for each local semilattice (E,o), there is a
unique binary operation A : E x E —> E such that

(a) (E, A) is a local semilattice algebra
(b) o is A restricted to the domain

D% = {(e,/) £ExE\eAf = e, eAf = f, / A e = / or / A e = e};

we shall call the resulting algebra {E,A) the local semilattice algebra determined by
(.E,o). Furthermore, he showed that

( V e , / G £ ) { . - , f,e).

Conversely, Nambooripad showed that every local semilattice algebra (E, A) is deter-
mined by the local semilattice (E, A\D^).

Now if (E,o) is a solid local semilattice then we can extend o to * so that (E,*)
is a solid binary algebra and we can extend o to A so that (E, A) is a local semilattice
algebra. By Remark 4.7 (b)(ii), we have that

(Ve,f£E)e*feS(f,e)

and so * = A. Furthermore, the next theorem shows us that (E, *) is a normal band.

THEOREM 6 . 2 . An algebra, which is both a local semilattice algebra, and a solid

binary algebra is a normal band.

PROOF: Consider any algebra E which is both a local semilattice algebra and a
solid binary algebra (multiplication will be written as juxtaposition of elements). To
show that E is a normal band it suffices to show that E satisfies the following identities

(i) {ab)c = a(bc)

(ii) abca = acba.
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Consider any a,b,c E E. By identity (SBA4), we have that a(bc) = (ab)(a(bc)) and
by identity (LSL2), we have that (ab)(a(bc)) = (ab)(bc). Hence

a(bc) = (ab)(bc).

Dually, it is true that (cb)a = (cb)(ba) and hence (by interchanging a and c), we have

that

{ab)c = (ab){bc).

Thus (ab)c — (ab)(bc) = a(bc). We now know that £ is a semigroup and so multipli-
cation of elements may be written unambiguously without brackets. To show that the
second identity holds, note that since every element of E is idempotent, we have that

abca = abcbca.

Furthermore, by identity (LSL2) and its dual, we have that

abcbca = abcba = acba.

Thus abca = acba. Hence E is a normal band, as required. D

We immediately have the following (probably well-known) stronger version of [10,

Theorem 7.7]:

COROLLARY 6 . 3 . Consider any biordered set (E,o). Then the following are

equivalent:

(a) (E, o) is a solid local semilattice

(b) (E,o) is the biordered set of a. normal band.
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