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The aim of the paper is to define the shift space for an infinite iterated function
systems (IIFS) and to describe the relation between this space and the attractor of
the IIF'S. We construct a canonical projection (which turns out to be continuous)
from the shift space of an IIFS on its attractor and provide sufficient conditions

for this function to be onto.
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1. INTRODUCTION

The shift (or code) space of an iterated function system (IF'S for short)
and the address of the points lying on the attractor of the IFS are very good
tools to get a more precise description of the invariant dynamics of the IFS. The
theory of fractal tops provides a useful mapping from an IFS attractor into the
associated code space that may be applied to assign colors to the IFS attractor
via a method introduced by M.F. Barnsley and J. Hutchinson (which they
refer as colour-stealing) and to construct homeomorphisms between attractors
(roughly speaking, if the symbolic dynamical systems associated with the tops
of two IFSs are topologically conjugate, then the attractors of the IFSs are
homeomorphic). Moreover, Barnsley [2] proved that if two hyperbolic IFS
attractors are homeomorphic, then they have the same entropy.

In this paper we present a generalization of the notion of shift space
associated with an IFS. More precisely, we define the shift space of an infinite
iterated function systems (IIFS) and describe the relation between this space
and the attractor of the IIFS. We construct a canonical projection (which
turns out to be continuous) from the shift space of an IIFS on its attractor
and provide sufficient conditions for this function to be onto.
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2. PRELIMINARIES

In this section we present notation and the main results concerning the
Hausdorff-Pompeiu semidistance and infinite iterated function systems.

Notation 2.1. Let (X, dx) and (Y, dy) be two metric spaces. By C(X,Y)
we denote the set of continuous functions from X to Y.

Definition 2.1. Let (X, dx) and (Y, dy ) be two metric spaces. A family of
functions (fi)ier € C(X,Y) is called bounded if the set ‘UI fi(A) is bounded,
S

for every bounded subset A of X.

Definition 2.2. Let (X, d) be a metric space. For a function f: X — X,
the Lipschitz constant associated with f is

Lip(f) = sup d(f(=), 1(y)) € [0, +o0].

T, YEX; xF£yY d(l’, y)

A function f: X — X is called Lipschitz if Lip(f) < 400 and is called
contraction if Lip(f) < 1.

LEMMA 2.1. For a metric space (X,d) and a function f : X — X,
we have

diam((A)) < Lip(/) diam(A),
for all subsets A of X.

Notation 2.2. For a set X, P(X) denotes the set of all subsets of X. By
P*(X) we mean P(X) — {0} while, for a subset A € P(X), by A* we mean
A—{0}.

For a metric space (X,d), K(X) denotes the set of compact subsets of
X and B(X) the set of bounded closed subsets of X.

Remark 2.1. We have
K(X)CB(X)CP(X).

Definition 2.3. For a metric space (X,d), we consider on P*(X) the
generalized Hausdorfl-Pompeiu pseudometric h : P*(X) x P*(X) — [0, +oc]
defined by

h(A, B) = max(d(A4, B),d(B, A)),

where

d(A,B) =supd(x, B) = sup (| inf d(x, .
(A, B) = sup d(z, B) = sup (_in d(z.y))

Concerning the Hausdorff-Pompeiu semidistance we have the important
properties below.
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PROPOSITION 2.1 (see [1], [3] or [6]). Given two metric spaces (X,dx)
and (Y,dy), the assertions below hold.
(1) If H and K are two nonempty subsets of X, then h(H,K) =

).
(2) If (H;)ier and (K;)ier are two families of nonempty subsets of X,

h( U Hj, U K) — h(u o, K) < sup h(H;, K;).
iel el el el icl

(3) If H and K are two nonempty subsets of X, then
h(f(K), f(H)) < Lip(f)h(K, H),
where [ is a function from X to X.

THEOREM 2.1 (see [1], [3], [5] and [6]). For a metric space (X,d) let
h : P*(X) x P*(X) — [0,00] be the Hausdorff-Pompeiu semidistance. The
assertions below hold.

(1) (B*(X),h) and (K*(X), h) are metric spaces and (K*(X), h) is closed
in B*(X).

(2) If (X,d) is complete, then (B*(X),h) and (K*(X),h) are complete
melric spaces.

(3) If (X,d) is compact, then (K*(X),h) is compact and in this case
B*(X) = K*(X).

(4) If (X,d) is separable, then (K*(X),h) is separable.

Definition 2.4. An infinite iterated function system (IIFS for short) on
X consists of a bounded family of contractions (f;);er on X such that

sup Lip(f;) < 1.

el
It is denoted S = (X, (fi)icr). With an infinite iterated function system
S = (X, (fi)ier) one can associate the function Fs : B*(X) — B*(X) defined as

Fs(B) = G T{(B). BeB(X).

Remark 2.2. We note that Fs is a contraction and
Lip(Fs) < sup Lip(fi).
i€

Using the Banach’s contraction theorem, one can prove the result below.

THEOREM 2.2 (see [6]). Given a complete metric space (X,d) and an

IIFS S = (X, (fi)ier) such that c def sup Lip(f;) < 1, there exists a unique

A(S) € B*(X) such that Fs(A(S)) = A(S).
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Moreover, for any Hy € B*(X) the sequence (Hy)n>0 defined by Hy, 11 =
Fs(H,), n € N, is convergent to A(S). As for the speed of convergence,

we have

C’fl

h(Hny A(S)) < 17—

h(Ho,Hl), n € N.
Definition 2.5. The set A(S) is called the attractor associated with S.

3. THE SHIFT SPACE FOR AN IIFS

In this section we introduce the shift (or the code space) of an IIFS,
which generalizes the notion of the shift space for an IFS (see [1] or [6]).

Terminology and notation. N denotes the natural numbers, N*= N— {0},
and N* = {1,2,...,n}, where n € N*. Given two sets A and B, by B4 we
mean the set of functions from A to B. By A = A(B) we mean the set BN
while by A,, = A,(B) we mean the set BN». The elements of A = A(B) = BY
are written as words w = wWiwWy...wWypWm+1 --. while the elements of A, =
An(B) = BNn are written as words w = wyws . .. w,. Hence A(B) is the set of
infinite words with letters from the alphabet B and A, (B) is the set of words of
length n with letters from the alphabet B. By A* = A*(B) we denote the set of
all finite words A* = A*(B) = éJN* A, (B)U{\}, where by A we mean the empty

n

word. If w = wiwy...wpwmt1--- € A(B) or if w = wywy...w, € Ay(B),
where m,n € N*, n > m, then the word wjws . ..w, is denoted by [w]y,. For
two words a € Ap(B)and 8 € Ay (B) or § € A(B), by aff we mean the
concatenation of the words o and 3, i.e., af = ajas...a,0102... 0, and

af =a1ag...anB1P2 ... BnBmtl - - - respecti\:ely.
For a nonvoid set I, on A = A(I) = (I)™" we consider the metric

o0
1 — §Pk
dA(Oé,ﬁ) :Z Skaka

k=1

1 ife=y
Y _
Whereéx—{ 0 ifzy

Definition 3.1. The metric space (A(I),dy) is called the shift space as-
sociated with the IIFS S = (X, (fi)ier)-

Remark 3.1. (i) The convergence in the metric space (A(I),ds) is con-
vergence on components.
(ii) (A(I),dyp) is a complete metric space.

More terminology and notation. For ¢ € I let us consider the function

F;: A(I) — A(I) defined by Fj(w) = iw for all w € A([).
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The continuous functions F; are called the right shift functions. Let us
note that

foralli e I, a, 8 € A(I).
For w = wiwsy ... wm € Ay (1), consider F,, = F,,, o F,,0...0F, and
Ay, = F,(A). We also consider F =1Id and Ay = A.

Remark 3.2. (i) We have A(I) = .U] F;(A(I)), so that A(]) is the attractor
1€

of the ITFS S = (A(), (F})icr)-
(ii) For a given m € N* we have

A= U A
a€lm, ¢
and
A= U A
w ach,, wo

for every w € A*.

Notation 3.1. Let (X, d) be a metric space, S = (X, (f;)icr) an IIFS on
X and A = A(S) its attractor. For w = wiwa...wpm € Ap(I), we consider

not not

fo = fuo, © fu,0....0f,,, and, for a subset H of X, H, = f,(H). In
particular A, = f,(A).
We also consider
f)\ =Id and A)\ = A.

Notation 3.2. For a contraction f : X — X we denote by ey the fixed
point of f. If f = f,, we denote by ey, (or by e,) the fixed point of the
contraction f = f,.

LEMMA 3.1. Let (X,d) be a complete metric space and m € N*. Let
f:+X — X be a contraction and H be a closed set such that f(H) C H. If ey
is the fized point of f, then ey € H.

Proof. Let ap € H and let (ay)nen be the sequence defined by an4+1 =
f(ay), for all n € N. Then since a,, € H for all n € N and
Jim =5

on account of the fact that H is a closed set, we have ey € H. [

4. THE MAIN RESULT

The following result describes the relation between the attractor of an
ITF'S and the shift space associated with it.
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THEOREM 4.1. Let S = (X, (fi)icr) be an IIFS, where (X,d) is a com-

plete metric space, A ot A(S) the attractor of S, and ¢ ot sup Lip(f;) < 1.
i€l
Then the assertions below hold.

(1) For m € N we have Ay,,.., € Ay, for all w e A= A(I) and

lim d(Ay,,,) = 0.

m—00
More precisely,

d(%) = d(Ap,,) < cMd(A).

(2) If a, is defined by {a,} = mQN* Al then

lim d(ey,,,,aw) = 0.

(3) For every a € A and every w € A we have
lim me(a) = Qy-
(4) For every a € A* we have
A=AS) = Y {au}

and

Ay = U {aaw}-
weA
If A= U fi(A), then
A=AS)= U {a}.
(5) We have

{e), |w € A and m € N*} = A.

(6) The function m: A — A, defined by w(w) = ay, for every w € A, has
the following properties:

(i) it is continuous;

(i) m(A) = A;

(iii) if A= 'UI fi(A), then m is onto.

1€

(7) m(Fiy()) = fi(w(ew)) for every i € I and o € A.

Proof. (1) We prove that Ay, .. C Ay, for every m € N. Indeed,
let us first note that A, = f.,(4) € A. Moreover, for all m € N, m > 2,
we have

A = folm (A) = fiwgmoi1 © fom (A) € flolmo (A) = A, -
The fact that d(Ay,,,) < c¢™d(A) for all m € N, follows from Lemma 2.1.
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(2) The fact that ﬂN Al),, consists of one point follows from (1), since
meN*

X is a complete metric space. Let

Since fl,1,, is continuous for every m € N*, we deduce that

fhm (Al) € fio)n (4) = AL,
and it follows from Lemma 3.1 that e[, € Ap,y,,- Then
d(€[u] > @) < d(Apy,,) = d(Ay),,) < c™d(A)

for every m € N* and, consequently,

lim d(ey,,,,aw) = 0.

m—0o0
(3) Since
d(fiw)m (@), aw) < d(AL,,) = d(A,,) < "d(A),
for every m € N* and

lim ™ =0,
m—oQ

we deduce that for every a € A and every w € A, we have
lim fi,,.(a) = ay.
m—0o0
(4) On the one hand, it is obvious that
U {a,} C A= A(S).
U ladcA=A@)

On the other hand, let us first note that
U A,=4
wEAm @ ’
for every m € N*. We prove this assertion by mathematical induction. For
m = 1 it holds by Theorem 2.2. Now, let us suppose that the assertion is true
for m, i.e.,

u A, =A.
wEAm
We will show that
U A, =A.
wEAm+1

Indeed, for a € A there exists a sequence (a;); of elements from A,,,, where w; €
Apn, such that lim a; = a. Since Au, = fu,(4) = £, (U A7) € U fu,(4))
i JelI jel

for a given 4, there exist j; € I and b; € (A;,)w, such that d(a;,b;) < % Then

limb; = a, and b; € Apy11,50a € U A,
i WEAm 41
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Now, we are able to prove that

AC wt-
_wLEJA{a }

Indeed, for a € A, since A = L/J\ A, there exist w,, € A, and
WENmM

am € A, such that d(am,a) < 1. For a € A we have ay,a € A,

and, consequently, d(am, tw,a) < d(Ayy,,) = d(AL,,) < ¢"d(A). Therefore,
lirgn Ay, a0 = @, SO @ € WLEJA{aw}.
In a similar manner, one can prove that

Afoz = ng{aaw};

for every av € A*.
If A= ‘UI fi(A), then
1€

Ao = fa(A) = fa(igf fi(A)) - iLeJIAM"

for every a € A*. Therefore, for a € A there exists a sequence (W), with
the following properties:

(i) w™ € Ap;

(ii) [w™ Y, = w™, and

(iii) a € Aym, for all m.
If w' = wy and w,, is defined by W™ = W™ lw,,, then a = a,, where w =
WIW9 .+« WiWmt1--- € Ay soa € LGJA{aw}. Hence

w

C .
A< wLéJA{aW}
Since
C =A
ng{a"J} = ng{aw}
we deduce that
wLGJA{aw} =4
(5) This follows from (4) and (2).

6) (i) Let w be a fixed element of A and a ot m(w) = ay. For e > 0, since
d(A ) =0, there exists m € N* such that

Ay, =m({a € A | [wlm = [a]m}) € Bx(a,¢).
Since
By(w,1/3™) C{a € A [w]m = [a]m},
we deduce that

Ba(w,1/3™) C Ay, = {a € A| [Wlm = [alm} € 77 (Ay),,) € 77 (Bx(a,¢)),
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ie., m(Bp(w,1/3™)) C Bx(a,e) and, consequently, 7 is continuous.

(ii) and (iii), i.e., the fact that m(A) = A and the fact that 7 is onto, in
the case when A = 'UI fi(A), both follow from (3).
1€

(7) Let us note that for & € Ay, and w = Fj(a) = iaw € A1, where
1 € I, we have

Aw = Ap(a) = fria)(A) = fia(A) = (fio fo)(A) = fi(Aa).
For « € A and i € I, (7o Fj)(a) = ap,(q) is the unique element of the set

mQN* A[p,(a)],.- Hence, in order to prove that (7o F;)(a) = (fi o m)(a), it is

enough to check that f;(m(a)) € Aip,(a)),., for every m € N*. We have

{aa} ={r(@)} = N A,

meN*

Therefore, for m = 1 we get 7m(a) € A = A and, consequently,

filr(a)) € fi(A) = Ai = Alp,0))y € AlF(a)s-

In general, from 7(a) € Ay we get

m—1
film(@)) € fi(Aja),mr) € filAladn1) = AF(adn-1) = AlF(@)n-
This completes the proof. [

Definition 4.1. The function 7 : A — A from Theorem 4.1 (6) is called
the canonical projection from the shift space on the attractor of the IIFS.

5. SUFFICIENT CONDITIONS FOR THE CANONICAL PROJECTION
FROM THE SHIFT SPACE ON THE ATTRACTOR
OF THE IIFS, TO BE ONTO

In this section we provide sufficient conditions for 7 to be onto.

PROPOSITION 5.1. Let (X, d) be a complete metric space, S = (X, (fi)ier)
an IIFS and A = A(S) its attractor. Then A = ‘gl fi(A) if and only if the

canonical projection w: A — A is onto. In such a case

Ay = = A
o= Yyland = 4 Ao

for every a € A* and every m € N*.
Proof. It was proved in Theorem 4.1 that if A = ‘UI fi(A), then 7 is onto.
1€
If 7 is onto then 7(A) = A. Hence, by Theorem 4.1 (7), fi(A) = fi(w(A)) =
m(F;(A)), so

U fil4) = U m(F(A) = w( u Fi(A)> = (A) = A.
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For o« € A* we have

Ao = fa(A) = fa(r(A)) = m(Fa(A)) =

=m(Fa 2 19)) = (g, (0e) = o)

and

Aa:w(Fa(A)):w(Fa( U Aw)>:7r< U Fa(Aw)):

wGAm weAm

—r( U Fu®) = U w(Fauld) = U fauln(d) =

wWEAm wWEAm wEAm

PROPOSITION 5.2. Let (X, d) be a complete metric space, S = (X, (fi)ier)

an IIFS and A = A(S) its attractor. If A, = .Ulfw(Ai) for every w € A*,
S

then the canonical projection w: A — A is onto. In such a case

A, =A, = agA{awa} = aEL_/J\m Awon

for every w € A*.
A; and A, = U f,(4;) = U Ay, for
i€l el el

every w € A*, there exists a sequence (w™),, with the following properties:

Proof. For a € A, since A = U

If w' = wy and wy, is defined by W™ = W™ W, then a = a, € 7(A), where
W=wWiwy ... WnWm+1 --- € A. Hence A = 7(A), i.e., 7 is onto.

In a similar manner, if a € A,, where a € A*, there exists a sequence
(w™)y, with the following properties:

(i) w™ € Ap;

(ii) [w™ Y, = w™, and

(iii) a € Agm, for all m.
If w! = w; and wy, is defined by w™ = W™ lw,,, then a = a, € 7(Ay) = Aq,
where w = awiwWs . . . WnmWmt - - . € A. Hence A, = A, for every w € A*. [

6. TWO RESULTS CONCERNING THE STRUCTURE OF A,

We start with

THEOREM 6.1. Let (X,d) be a complete metric space, S = (X, (fi)ier)
an IIFS and A = A(S) its attractor. Assume that for every w € A* there
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exist €, > 0 and ny, € N* such that for any different subscripts i1,12,...,%n,
and any x1 € Awiy, T2 € Awiy, ., Tny, € Aui,,, we have

max{d(z;, z;) | 1,7 € {1,2,...,n,}} > €.

Hence A, = ‘UI Ay for every w € A*.
1€

Proof. Let us consider a fixed w € A*. For a € A, since A, = f,(A) =

fw( U fi(A)) = fw< U fi(A)> = U A,;, there exists a sequence (z,,), with
el il il
the following properties:

(i) for every n € N* there exists i,, € I such that z, € A.;,, and

(i) lim z, = a.

n—oo

We can suppose that d(z,,a) < %, for every n € N*. Hence d(zy,2m) <
€w, for every m,m € N*. Since for any different subscripts 1,12, ...,4,, and
any x1 € Awiy, T2 € Auiy, ... Tn, € Awi,,, we have max{d(z;, z;) | i,j €
{1,2,...,nu}} > eu, the set {i1,i2,...,0n,...} is finite. So, there exists i* € I
such that a is the limit of a sequence whose elements are from A,;+«. Therefore,

a€ Ay C ‘UIAM' Consequently, A, C ‘UI A,;. Since it is obvious thatA,; C
1€ 1€
A, for all i € I, we deduce that

Tw: UA, O
iel

Definition 6.1. A function f: X — X, where is (X, d) a metric space, is
called bi-Lipschitz if there exist «, 5 € (0, 00) such that o < § and

ad(z,y) < d(f(z), f(y)) < Bd(z,y)

for every z,y € X. A family of functions (f;);er, where f; : X — X, is called
bi-Lipschitz if there exist a, 3 € (0, 00) such that o <  and

for every x,y € X and every i € I.

THEOREM 6.2. Let (X, d) be a complete metric space, S = (X, (fi)ier) an
IIFS such that the family (fi)ier is bi-Lipschitz and A = A(S) the attractor
of S. Assume that there exist € > 0 and n € N* such that for any different
subscripts i1,12,...,1, and any y1 € A;, y2 € Aiy, ..., yn € A;,,, we have

max{d(yr,y;) | k,l € {1,2,...,n}} > €.
Then A, = EITM for every w € A*.
Proof. Let us consider a, 3 € (0,00) such that o < 3 and
ad(z,y) < d(fi(z), fi(y)) < Bd(z,y)
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for any z,y € X and ¢ € I. Then for w € A* we have

alld(z,y) < d(fu(@), fu(y) < B¥d(2,y),
for every x,y € X and every i € I.

Let us consider different subscripts i1,42,...,%, and z1 € Ay, x2 €
Apigs -+ Ty € Ayi,- Then there exist y; € A;,, y2 € Ajy,..., yn € A;, such
that z1 = fu(y1), v2 = fu(¥2), ..., n = fu(yn), for which
max{d(xg,x;)| k,1€{1,2,...,n}=max{d(fu(yx), fo(w)) |k, 1€{1,2,...,n}}>

> O[‘wl max{d(yk, yl) | k7l € {17 2a v 7n}} > a‘wlg’
It now follows from Theorem 6.1 that

Au

- U sz‘,
el

for every w € A*. O

COROLLARY 6.1. Let (X,d) be a complete metric space, S = (X, (fi)ier)
an IIFS such that the family (f;)ier is bi-Lipschitz and A = A(S) the attractor
of S. Assume that there exist € > 0 and n € N* such that for any different
subscripts i1,12,...,1, and any y1 € Ai,y2 € Aiy, ..., yn € Ai, we have

max{d(yx, yi) | k.1 € {1,2,...,n}} > .
Then A = 'UI fi(A).
e

Proof. This follows from Theorem 6.2, Proposition 5.2 and Proposi-
tion 5.1. O
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