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Abstract. For general semilinear or quasilinear symmetric, hyperbolic
systems, the short-wave approximation is studied by constructing ap-
proximate solutions to the initial-value problem associated with the hy-
perbolic operator by means of a multiscale WKB expansion. In the
diffractive optics regime, the components of the leading-order terms of
the approximate solutions are shown to satisfy differential equations of
KP type. Whether these equations are scalar or not depends on the
polarization of the initial datum and on the asymptotic behavior of the
branches of the characteristic variety of the hyperbolic operator. The
asymptotic stability of the approximate solution is proved. Following
J.-L. Joly, G. Métivier, and J. Rauch, the cornerstone of this study is
the characteristic variety of the hyperbolic operator. It is examined here
in terms of perturbation theory, which yields new proofs of the so-called
algebraic lemmas of geometric optics.

1. INTRODUCTION

The propagation of short waves (highly oscillating approximate solutions)
in nonlinear dispersive systems has been studied by M.A. Manna et al. [18],
[27] under the assumption that the dispersion relation has an expansion in
the limit £ — oo as

w(k)~w0k+%+---. (1.1)

In the context of two-dimensional water waves with a surface wind [26],
Manna derived a system which satisfies (1.1) and an equation for the velocity
u(t, x) of the short waves that reads

O Ozu + 3—gu = —udu+ (0,u)?, (1.2)
C()h

where g is the acceleration of gravity, h is the unperturbed initial depth and
o is the velocity of the surface wind. Note that the nonlinear term cannot
be written in a conservative form (i.e., is not a derivative).
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It is shown in this paper that the propagation of short waves is a gen-
eral phenomenon occurring in the context of nonlinear, dispersive systems
governed by conservative, symmetric, hyperbolic operators. Moreover, it is
shown that short waves do generically not propagate in systems which do not
satisfy (1.1). The propagation is one-dimensional, transverse perturbative
effects are taken into account, and nonlinearities of semilinear nature as well
as nonlinearities of quasilinear nature are considered. A nonlinear equation
(3.2) similar to (1.2) is derived for the leading term of the approximation.
Three different regimes are distinguished; they have simple geometric char-
acterizations. In the case of a quasilinear system, one does not assume a
vanishing mean (equivalently, zero mass) condition for the initial datum in
order to solve the Cauchy problem associated with (3.2).

More precisely, the purpose of Section 3 is the description of approximate
solutions of the initial-value problem

L(0)u = nonlinear (u)

{ u(0) = sud(w/e,y),

where L is a differential operator in the space variables x and y which is
hyperbolic with respect to time, where the nonlinear term is quasilinear
(involving a derivative with respect to x only) or semilinear, and where ¢ is
a small parameter. Further details are given in the introduction of Section 3.
This study is carried out using the techniques of diffractive geometric optics
of J.-L. Joly, G. Métivier, and J. Rauch [12], [15]. The approximate solution
u® of (1.3), where ¢ is linked to the small wavelength of the wave, is sought
in the form of a WKB expansion

u® ~e E eluy,
J

where the u; are referred to as profiles, i.e., functions fitting the adequate
ansatz, which is here

(1.3)

u(t/e,xz/e, t,y,et).
A justification for this ansatz is given in Section 3.1. The algebraic part of
this analysis consists in the derivation of the equations satisfied by the pro-
files. To describe the differential operators arising in these equations is the
purpose of the so-called algebraic lemmas. The point we make in Section 2
is that there is a way to establish all these algebraic lemmas in a consider-
ably easier fashion than in earlier papers (among which are [12], [15], [19],
[6], [7], and [10]), namely by looking at the local study of the characteris-
tic variety of the hyperbolic operator in terms of perturbation theory. The
ideas in Section 2 have been known since T. Kato [17] and J.B. Butler [8]
at least. Kato noticed that continuous differentiability of the eigenvalues of
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a family of square matrices depending on a complex parameter was linked
to semisimplicity, and Butler stated a theorem dealing with the regularity
of the spectrum of a certain type of perturbation of square matrices. The
discussion of Section 2 is merely a matter of clarification: it shows that these
ideas contain the algebraic lemmas of geometric and diffractive optics.

The analytical part which aims at stability Theorems 3.18, 3.21, 3.26, and
3.27, in particular the derivation of a scalar equation, the treatment of the
nonlinearities, and the construction and control of the corrector terms of
the approximate solution, rely on averaging projectors [19], low-frequency
truncations [2], [3], [4], and estimates in a class of Banach spaces introduced
in [21] (see Definition 3.2). Further details are given in the introduction of
Section 3.

Equation (3.2) is similar to (but different from) the diffractive pulse equa-
tion of D. Alterman and J. Rauch describing ultra-short laser pulses [2], [3],
[4]. They were followed by K. Barrailh and D. Lannes [5], who derived a
nonlocal differential equation generalizing the diffractive pulse equation in
the dispersive case for continuous oscillating spectra.

2. THE ALGEBRAIC LEMMAS OF DIFFRACTIVE GEOMETRIC OPTICS VIA
PERTURBATION THEORY

Let (t,r) € R x R and consider

d
L(ed) = edy+ Y Ajedy, + Lo = £0; + A(¢0:) + Lo, (2.1)
j=1
a hyperbolic differential operator with constant coefficients, the A;’s being
n X n, complex, Hermitian matrices for all j. We do not suppose that Ly is
skew-Hermitian. The formal derivation of the ansatz motivates the following
classical

Definition 2.1 (characteristic variety). Introduce Char L, the characteristic
variety of a hyperbolic operator L, as the set of all (7,71) € C x C? solutions
of the characteristic equation

det (7 + A(n) + Lo/i) = 0.

The polynomial defining the characteristic variety is called the character-
istic polynomial. The polynomial defined by the product of the irreducible
factors of the characteristic polynomial is called the reduced characteristic
polynomial.

The characteristic variety is the collection of the spectra of the matrices
—A(n) — Lo/i for all  in C?. Earlier papers (among which are [12], [15],
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and [19]) considered the characteristic variety restricted to real frequencies
d
neR*:

Definition 2.2. Denote by Charg L the restriction of Char L to real n € R?.
Charg L is called the real characteristic variety.

When Lg is skew-Hermitian, Charg L is a real analytic variety.
Notation. For 8 = (1,1) € C x C%, set L(8) = 7 + A(n) + Lo/i. For
B ¢ Char L, L(3)~! is the inverse of L(/3); for 8 € Char L and such that 0 is
a semisimple eigenvalue of L(3), one denotes by m((3) the linear projection
onto the kernel of L(3) along its range and by L(3)~! the partial inverse of
L(B) defined by w(3)L(3)1 = 0, LAL(B) ! = 1 - n(B).

It is a well-known fact that the characteristic variety cannot in general be
parametrized by smooth functions. In this respect, recall the usual

Definition 2.3 (regular and singular points). A point 3 on CharL is said
to be regular when CharlL is a smooth manifold in a neighborhood of 5. A
point which is not regular is called singular.

Similarly, a point 8 on Charg L is said to be regular when Charg L is a
smooth manifold in a real neighborhood of 8, and singular otherwise.

Around a regular point, CharL is a graph. It is natural to ask whether the
frequency 7 can parametrize the variety at a regular point. In this respect,
consider the projection

_ { Char L — C¢
L (mm) = o,
and set the

Definition 2.4 (critical and noncritical points). 8 = (r,n7) € Char L is
called noncritical when p is a local homeomorphism around 3. The points
around which p is not a local homeomorphism are called critical points.

One defines similarly the (non)critical points of Charg L using pg, the
projection over the space of frequencies n € R,

A regular point may be critical, as shown by the example X = {(z,y) €
C?,y%? — x = 0}. Note that any projection (z,y) +— ax + by restricted to X
is injective around (0, 0) if b # 0. In this example, the critical point (0,0) is
thus critical only for the natural projection (z,y) — .

The link between regularity and criticality is established for hyperbolic
polynomials (in our context, for skew-Hermitian Lg): J. Rauch proved [32]
that the regular points of Charg L are the noncritical points of Charg L.

Let 8 = (7,m) € Char L be a zero of order s with respect to 7 of the
reduced characteristic polynomial. Then Rouché’s theorem implies that for
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sufficiently small neighborhoods U of 7 in C, there exists a neighborhood V'
of n in C? such that for all 5/ € V, there exist s eigenvalues (counted with
their multiplicities) of —A(n’) — Lo/ in U, and the sum of these eigenvalues
is holomorphic. Rouché’s theorem therefore implies the following facts:

e At a noncritical point 3 the mapping 1 — 7(n) given by definition
2.4 is holomorphic. The projector n +— m(7(n),n) is holomorphic as
well.

e If (7,7m) is a zero of multiplicity s > 1 with respect to 7 of the reduced
characteristic polynomial, then (7,7) is critical.

Remark 2.5. 1. Algebraic lemmas such as Propositions 3.1 and 3.2 of
[12] are expressed at noncritical points of the real characteristic variety,
whereas Proposition 2.6 below concerns noncritical points of the complex
characteristic variety. For homogeneous hyperbolic polynomials, G. Métivier
and J. Rauch proved [29] that these notions are equivalent for the real points
of the variety. Precisely, [29] implies that when Lg is skew-Hermitian, a real
point (7,1) € R on Char L is noncritical in the real sense (that is, for
Charg L) if and only if it is noncritical in the complex sense (that is, for
Char L).

2. Regular points of the characteristic variety in the sense of Definition 2.3
are often called smooth points in the literature, and the adjective “regular”
is reserved for the points at which the gradient of the reduced characteristic
polynomial does not vanish. These two notions are equivalent for complex
algebraic varieties but not for real varieties [30]. It is a consequence of
[29] that these notions are equivalent for reduced homogeneous hyperbolic
polynomials as well.

3. In many physical examples—the Maxwell-Lorentz model, the anhar-
monic oscillator model, the Maxwell-Bloch equations, the equations of ferro-
magnetism—see Section 2.3—the critical points of the real characteristic
varieties are isolated and located above the zero frequency.

We now briefly recall the context of linear, diffractive, geometric optics for
one plane phase [12], [15]. The purpose is the description of high-frequency
solutions of the linear partial differential equation

L(ed)u =0,
{ U(<75 :)0) = a(x) eilnz)/e (2.2)

where ¢ is a small parameter. The initial condition is supposed to oscillate
with a phase 1. Set = (7,n) € Char L and L1(0, ) = 0y + A(0y).
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The solutions are sought in the form

ut = Z gl eif-(tx)/e u;(t,z, T, X)) r=ct, X=c 2> (2.3)
J
where the profiles u; depend on the variables ¢t and z, and T' = ¢t and
X = ex. The profile equations for the leading term uy are

{ W(ﬁ)Ll(au EL;)W(ﬂ)uo =0 (2 4)
7(B)L1(9r, Ox)m(B)uo + i w(B) A(0x) L(B) T A(0p)m(B)ug = 0.

The first equation describes the leading term of the approximate solution
for times O(1) (geometric optics). The second equation describes its behav-
ior for long times O(1/¢) (diffractive optics). Lax [22] proved that in the
noncritical case (that is, for § a noncritical point of Char L) the geometric-
optics approximation of (2.2) is a transport equation; Donnat, Joly, Métivier,
and Rauch proved [12] that the diffractive-optics approximation of (2.2) is a
Schrodinger equation. The transport in the variable ¢, x occurs at the group
velocity, whence the denomination of tangent operator. Lannes proved in
[19] that such a denomination was still relevant in the critical case.

We propose here new proofs of these facts in Sections 2.1 and 2.2. Appli-
cations to physical systems follow in Section 2.3.

2.1. The noncritical case. Let § = (7,7n) be a noncritical point on Char L
such that 0 is a semisimple eigenvalue of L(3). There are holomorphic maps
n' = 7),n' = N@@).n'),n = a(z(),n'), and ' = M(n) defined on a
neighborhood of 7 so that the spectral representation of A(n') + Lo/i reads

Lo

AW+ — = =) + Nz (n):n)) w(r (), ') = M) (1 = 7 ((0), 1))

where N(7(n'),n’) is nilpotent with N(5) = 0, and where 7(7(n’),n’) is a
projector. One sets ' = (7('),n) for ' in a neighborhood of 7.

Proposition 2.6 (Donnat-Joly-Métivier-Rauch [12], Propositions 3.1 and
3.2). Let § = (1,7m) be a noncritical point on CharL. Suppose that L(3) #
0 and that 0 is a semisimple eigenvalue of L(B). Then the spectrum of
w(B)A(h)7(B) is {0,—7'(n)-h}. If moreover —7'(n)-h is a semisimple eigen-
value of w(B)A(h)w (), then

m(B)L1(0¢, ) (B) = (0 — 7'(n) - Ox)m(B), (2.6)

and the unique nonvanishing eigenvalue of

©(B)A(R)L(B) ™ A(h) ()
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is 7"(n)(h, h)/2. If moreover this eigenvalue is semisimple, then
(8)A(0:)L(B) " A(0:)m () = %T"(U)(az,ax)ﬁ(ﬁ) (2.7)

New Proof. This is a local study in a neighborhood of n € C%. The proof

consists in the computation by two different means of the integral
1

Y - L ) ' 71d )
i |,z = 7) D) dz

where 7’ is in a neighborhood of 7 and where C is a small circle around T,
containing in its interior no other eigenvalue of —A(n) — Lo/ than 7. In the
light of (2.5), the Laurent series for L(z,7)~! is

Fen) | N(@) (@)
(z=7()?  (z=7())? z2—-7(n)

+ L) = L(B) 2 (z = 7(0) + O(lz — 7(n)|?),
where for all  in a neighborhood of 7, 7(1’) is a pole of the meromorphic
map F(-,n'). On the one hand, compute the residues to find
% C(T,r)(z —7) L(z,n+ h)"dz (2.8)

=(t(n+h) =7+ N((n+h),n+h))x(r(n+h),n+ h).
On the other hand, for small h, expand L(z,7 + h)~! in powers of h:
L(zn+h)~" = Lz~ = L(z,n) " A(h) L(z,m) ™"
+ L(z,m) " A(R) L(z,m) " A(h) L(z,m) ™" + O(|h[?).

Again, compute the residues to find

L(z,n) ™t =

2# (2 —7) L(zn) 'dz = N(3)m(8) = 0,
1T I

% KCRERC )L A(R) Lz, )" 'dz = 7(8) A(h)x(B),
and

# (=)Lt )AL (2, ) AR L (2, ) \d=

= 1(B) A(h) L(8)~" A(h) m(8) + m(8) A(h) =(58) A(h) L(8)~"
+ L(B) " A(h) m(B) A(h) 7(8).

Equate the expansions in powers of h in both sides of (2.8) to get at order
one:

(7'(n) - h+ N'(B) - h)m(B) = m(B) A(h)m(B).
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The semisimplicity assumption at order 1 implies N'(3) = 0, and (2.6) is
proved. At order two,

(7 () (b, )+ N"(B) (b )(5) + ((n) - W' (8) -

= m(B)A(h)L(B) " A(h)m(B) + m(B)A(h)m(B) A(R)L(B) ™"
+ L(B) " A(h)m(B) A(h)m(5). (2.9)

7 being a projector, m(3)n’(3)7(3) vanishes identically. Multiply then both
sides of the previous equality by 7(5) (an operation that will be referred to
hereafter as a polarization) to get, under the semisimplicity assumption at
order 2,

57 (), Wr(8) = (5 AL (D) Ah)(5).

Remark 2.7. a) This proof also yields the expression of the derivative of 7
at . With (2.6), (2.7), and (2.9), one sees indeed that

'(B)h = ~L~H(B)A(h)m(8) — m(B)A(h)L™(B).

This could have been found by writing the Cauchy integral representation
for the projector alone,

m(r(n+h),n+h) = i/L(z,n—l—h)_ldz, (2.10)
2 c
and by computing the right-hand side in the same fashion.

b) In the above proof, the expansion of both sides of (2.8) can be carried
to arbitrary order. Keeping only polarized terms, the expansion at order 3
reads, for a conservative system (i.e., such that Lg is skew-Hermitian),

ST mn(B) + 57 R(B) (B)n(B) = ~w(5) AL (8) AL (5) Am(5)

+7(B8) An(B)AL™(8) An(B) + 7 (8)AL™*(8) An(8) Ar (83). (2.11)
Computing the second derivative of the projector by (2.10), one finds
ST (BT (B)m(B) = ~m(B)AL(5) An(5), (212)
and (2.11) becomes
1 1

ET//,(T])W(ﬁ) . 57_/(77)71_(5)71_//(/3)77(/3) = —w(,@)AL’1(ﬁ)ALfl(ﬁ)ATr(ﬂ).

In the study of long waves, the derivations of the Korteweg-de Vries and
Kadomtsev-Petviashvili equations involve profile equations with third-order
terms at the critical point (0,0). The above computations combined with
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the next proposition contains the algebraic lemmas that lead to the KdV
and KP equations [6], [7].

2.2. The critical case. The study of critical points naturally occurs in the
context of nonlinear dispersive optics [19]. The harmonics nf3,n € Z, of the
fundamental phase 3 have to be taken into account due to the nonlinearity.
For dispersive systems only a finite number of these harmonics are charac-
teristic. Among them, the origin (0, 0) is a critical point. It is not restrictive
to suppose that (0,0) is the unique point of Char L above n = 0.

We study directional derivatives of the eigenvalues: this is a one-dimen-
sional study. Fix a direction n € C%, and consider the algebraic curve

X(n) ={(z,2) € C?, det (z + A(zn) + Lo/i) = 0}, (2.13)

describing the spectrum of a perturbation of Lg/i along the complex line
directed by 7. For all (x,z) € X(n), one has (zn,z) € Char L. The critical
points of X (n) are isolated. Let then D be a sufficiently small disc of cen-
ter 0 in the complex plane such every point of the punctured disc D* is a
noncritical value. The projection

p (D)NX(n) — D
(z,2) & =,

is a finite (ramified) covering of D [31]. For all x, the fiber is p~1(z) =
{z1(x),...,2zs(x)}. The z; are precisely the eigenvalues of —A(zn) — Lo/i
that vanish at x = 0; they are defined as multivalued functions around O.
Following Kato [17], call them the 0-group. They are single-valued and
holomorphic in a neighborhood of every point of D*; by the monodromy
theorem, for all 7, for all simply connected, open subsets D; of C — {0}, z; is
single-valued and holomorphic on D;.

Now consider the restriction of p to p~1(D*)NX (n). It is a standard fact in
the theory of covering spaces ([28], Theorem 6.6) that the number of sheets
determines a connected covering of D* up to isomorphism. Let then U be a
connected component of p~1(D*) N X (n), and let {21,...,2,}, ¢ < s, be the
elements of the 0-group with values in U. Let p, be the g-sheeted covering of
D* defined by py(z) = 29. There exists ¢y a holomorphic homeomorphism
such that the following diagram is commutative:

¥ —1/ %
Uu py ' (D*)
p\‘ /pq

D*

The elements of the O-group are sections of p : po z;(z) = z on D;. Conse-
quently, for all 1 < ¢ < g, ¥y o 2; is a section of p,. This means that for all
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i, D; is a domain of determinacy of a complex n-th root, so that one can set
D; = (C—R_)N D*, and for all z € D;,

(2, 2zi(2)) = Yo (W), (2.14)
where w is a given primitive ¢g-th root of 1. (2.14) is the standard Puiseux
expansion. Via the lifting of paths, 7!(D*, x) acts transitively for all 2 on the
fiber {z1(z),..., z¢(x)}; hence, for all indices 1 <i,j < ¢ and for all x € D;
there is a closed path v(z) based at = such that analytic continuation of z;
along v(x) leads to z;.

Proposition 2.8 (Lannes [19], Proposition 2). Suppose that (0,0) is a crit-
ical point of Char L and that 0 is a semisimple eigenvalue of Ly. Denote by
T1(n'), ..., 7s(n") the eigenvalues of —A(n') — Lo/i that vanish at 0. The ;s
admit directional derivatives dr;(0) -n at 0 in all directions n € C4, and the
following equality holds:

Char 7(0) L1 (8, 8;)m(0) = {(dr;(0) - ,m) € C x C%, 1 < j < s}.

New Proof. Fix a vector 1 in C?. With the notation of the above discus-
sion, zj(xz) = 7j(an), for all x € Dj, 1 < j < s. Let m; be the associated
eigenprojector. The residue theorem gives
S
/c 2 (2= Awn) — Lofi)Mdz = 3 (ry(an) + Ny(wn)) i (an).  (2.15)
1
The left-hand side of (2.15) is the same as in (2.8), whence the expansion
S
—am(O)AW)(0) + ofle]) = 3 (7 (en) + N (en)) 7 (an).
1
Note that the constant term in the left-hand side, namely the nilpotent
relative to 0 in the spectral decomposition of Lg, vanishes thanks to the
semisimplicity hypothesis. Dividing by x and equating spectra, one finds

D (m(OAmT0) +o() = {TE 1<) (216)

By (2.16), the application x — 7;(xn)/x is bounded in D;; hence, by (2.14),
it converges as x — 0, x € D;, towards the g-th coefficient of the power series
expansion of the second component of iy at 0. This gives the existence
of the directional derivative. Finally, (2.16) yields both inclusions of the
proposition.

Remark 2.9. When p~1({0}) is composed of several phases 0,31, . .., Bm,
one may have to change D* to a smaller disc so that any connected compo-
nent V of p~1(D)N X (n) contains a unique point 3 of p~1({0}). The closure
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U in p~1(D)NX(n) of a connected component U of p~!(D*)N X (n) included
in V is simply U U {3} and is called a local irreducible component of X (7).
By the multiplicity of U at 3, one means the degree of the first nonvanishing
homogeneous term in the Taylor expansion of its parametrization ¥y at 0.
The above proof shows that in the semisimple case, the multiplicity m of a
local irreducible component equals the number of sheets ¢ of the projection
restricted to this component. (2.14) shows that one has ¢ > m in general,
and the inequality can be strict.

We now turn to the case of a normal perturbation, in the one-dimensional
case. Consider the differential operator

L(e0) =€0y + Acd, + E,

where F is skew-Hermitian: E + E* = 0. Under these hypotheses, the fol-
lowing theorem holds:

Theorem 2.10 (Butler [8]). The eigenvalues and the eigenprojectors are
holomorphic at 0.

Proof. We formulate Butler’s proof in terms of the above discussion. Con-
sider an orbit of the 0-group {zi,...,2,} and {m,..., 7} the associated
eigenprojectors, and suppose ¢ > 1. The projectors of the 0-group are de-
fined on Char L; hence, for all x € D*, m1(D*,z) operates on {m(x),...,
ms(x)}, and {mi(x),...,my(x)} is an orbit. The m;’s are meromorphic, as
shown by their expressions as Lagrange interpolation polynomials,

[1;2i(A(@) + E/i — zj(x))
[ (zi(2) = 2j(2))

a matrix-valued application defined in D;, for all 7, where P; involves the
eigenvalues of A(z) 4+ E/i outside the 0-group and is holomorphic around
0. For real z, the projectors are Hermitian by the assumption on E, hence
bounded. It follows that 0 is not a pole and that one can define 7; at 0 so
that it is continuous in D; U {0}. For 1 < 4,5 < g and i # j, let z € D;
and let v be a class path in 7!(D*, z) such that 7;(z) - v = 7j(x). At z =0,
with (2.17), it yields m;(0) = m;(0). One also has m;(z) 7;(x) = 0 in D;, and
by continuity m;(0)7;(0) = 0. Hence 7;(0)? = 7;(0) = 0. But by continuity,
for small z, 0 < dim Ran m;(z) = dim Ran m;(0) ([13], Lemma VIL6.7),
a contradiction. Hence, ¢ = 1 and by (2.14), the eigenvalues are single-
valued and holomorphic. By (2.17), the projectors are single-valued and
holomorphic as well.

71'1(.%) = PZ(J}), (2.17)
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2.3. Applications: Maxwell equations. For the model system of Max-
well-Lorentz and for the equations of ferromagnetism, one considers the
Cauchy problems (2.2), and using the results of this section one describes
their geometric and diffractive approximations (2.4).

Maxwell-Lorentz equations. The propagation of light in dense ma-
terial can be modeled by dispersive symmetric hyperbolic systems. The
Lorentz model for linear dispersion is (see [11] for instance) in dimensionless
units

oB+curl€ = 0
o€ —curl B = OP (2.18)
62875273[, + P, = 75

together with the divergence equations div (£+Pr) = 0 and div B = 0 which
are propagated by (2.18). The unknowns are the electric and magnetic fields
& and B and the polarization per unit volume P, which is supposed to be lin-
ear here P = Pr. v is a constant of size O(1) with respect to the small param-
eter £ whose size is about one wavelength. Set u = (&, B, %PL, \%8,57%). U

satisfies
0 —curl 0 O 0 00 v
curl 0 0 0 1 0 0 0 O
0 0 0 0 - 0 1 0

Examine the Cauchy problem (2.2) for the system of Maxwell-Lorentz in the
form (2.19). The approximate solution ug follows the ansatz (2.3). Denote
by T'= et and X = ex the diffractive variables. The equation defining the
characteristic variety is

P2 = 1= (= ) = [l =) =0,

The critical points are located above the 0 frequency. We call unbounded
branches the branches of the variety parametrized by a map w which is
unbounded in the limit ¢ — oco. By Proposition 2.8, the branches of the
characteristic variety (Fig. 1) admit directional derivatives at (0,0). By The-
orem 2.10, in one space dimension the characteristic variety is smooth. At
B = (7,7m), a noncritical point of the characteristic variety, equations (2.4)
take the form

T27
{(at + T - O (rn)ug = 0

(Or + 25— - Ox ) (7, m)ug + % i7" (0) (0, ) (7, )00 = 0
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FiGure 1. The characteristic variety for the Maxwell-
Lorentz model.

by Proposition 2.8. In one space dimension, the derivatives at 0 of the
unbounded branches vanish, so that the components 7(+/1+ 7,0)uy are
standing waves, whereas (0, 0)ug travels in ¢, 2 at the velocity —=

VIty
Ferromagnetism. The Maxwell equations in a ferromagnetic medium
read

OH +curl €+ GM = 0, (2.20)

where £ and H are the electric and magnetic fields. The magnetization
vector M follows the Landau-Lifschitz equation

IM = —(M xH) — ﬁw x (M x H)), (2.21)
where ¢ is a dimensionless damping coefficient. One can describe small per-
turbations of an equilibrium state (£, aMy, M) with the results of this
section, with Mg = (cos#,sin#,0), considering for simplicity waves travel-
ling in one space dimension x only.

If we neglect in (2.21) the damping term, the system satisfied by the
perturbation u = (u1,ug, o'/?u3) where (£, H, M) = (£, Mo, M) + ¢
(u1,u2,u3)(t = et, & = ex) is (see [24]), dropping the tildes for convenience,

{ 0:€ — curl H = 0

0 —kx O 1 0 0 0
du+ [kx 0 0|ldu+=[0  Mox  —a2Mox | u= f(u),
0 0 0 N0 —a2Mox  aMgx

(2.22)
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where k = (1,0,0) and f(u) := (0, —a~"2uy X u3, us X uz) is quadratic. At
the noncritical point (1 + «,0,0,0) of the characteristic variety (Figure 2),
the tangent operator vanishes. System (2.4) becomes

(I — i 55558 9%) (1 + @, 0) up = 0,

{@77(1 +a,0)uy =0

where the diffractive variables are T' = et and X = ex. Consider now the only
critical point (0, 0,0) of the characteristic variety (Figure 2). If sin @ # 0, the
tangent operator has four distinct, simple, nonvanishing eigenvalues vy 4+ =

i\/%ﬂze, v+ = + o%l The spectral decomposition of the tangent

operator takes the form
m(0)AT(0) = 0 - 75 + v1 4 (M1 4 — m1.—) + vo 1 (M2 — m2,_). (2.23)
The transport equations in ¢ and x (geometric optics approximation) are
(0r — vj+05)mj + ug = 0. (2.24)

In a spectral basis for the tangent operator over its range, the Schrédinger
equation for the linear system is

vy 0O 0 0
0 wvi— 0 0
<‘9T oo 0w, o |9
0 0 0 wo
0 0 ) /)
icos 0 0 0 —2 —2 2 .
“Sirar| i 0 o ax> 7(0)ug = 0. (2.25)
- 1 0 0

The component of uy polarized along Ker 7(0)Aw(0) (the standing-wave
component) does not interact with the other components.
If sin @ = 0, then the origin is a critical point for the characteristic variety

of the tangent operator. The velocities are v = =£,/-%;. The spectral

decomposition of the tangent operator takes the form
7(0)A7(0) = 0 - 7y + v(my — ),

where +v have multiplicity two. The matrices 7+ AL(0) "' A7 are therefore
not scalar. In a spectral basis for the tangent operator over its range, the
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FIGURE 2. The characteristic variety for the equations of ferromagnetism.

Schrodinger equation for the linear system is

v 0 0 0
0v 0 0
(8T+ 00 —v o |%
00 0 —v
0 — —2 0
1 i i | B
~israr | i 0 o i 8x>7r(0)u0—0. (2.26)
0 —i —i 0

Asymptotic expansions of system (2.20), (2.21) with the damping term
are carried out in [23] and [9]. In the variables T = ¢, t = ¢t, and & = ex,
the system is, dropping the tildes,

0 —kx 0 1
eoru+ o+ | kx 0 0 | Oyu+ —Lou= F(u)+eG(u), (2.27)
0O 0 0 ¢
where F' is quadratic and G cubic and
0 0 0
Lo=| 0  Mox  —a'2Mgx
0 —alZMgx aMgyx
0 0 0
+g] O Mo x (Mox) —a2 My x (Mgx)

0 —a'2My x (Mgx)  aMg x (Mox)
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The factor |M|~! in the damping term is supposed to be constant, | M|~ =
|Mg|~!. One wants to describe the geometric and diffractive optics approx-
imations of (2.27) with the nonlinearity [9].

The dispersion matrix in (2.27) is not skew-symmetric, so that theorem
2.10 does not hold. The equation for the leading term wug of the approxima-
tion is

(0 + m(0)Am(0)0,) 7(0)ug = 0. (2.28)
The semisimplicity of 0 in the spectrum of Ly implies that the projector 7(0)
onto the Kernel of Ly is Hermitian, so that the tangent operator 7(0)An(0)
is Hermitian, too. Actually, the projector onto Ker Lg is the same as when
g = 0; hence, (2.23) still holds. Consequently, the profile equations at first
order are scalar transport equations, the same equations as for the simplified
model (2.24). 7(0)An(0) being Hermitian, all its eigenvalues are semisimple.
Therefore +7 and +79 are twice continuously differentiable.

If sinf # 0, in the spectrum of the tangent operator only 0 has alge-
braic multiplicity > 1. Therefore, for an index j corresponding to a branch
+7; such that 7/(0) # 0, the matrix mj+ ALy  Arj 1 is scalar, and one has
7+ AL(0) TAmj 4 = %TJ/{:E(O)WJ'. The use of averaging projectors (see [19])
as in Section 3 shows that the equations governing the components 7; +ug
for diffractive times is

1
Ormj+o + 5 0774 (0) O mj £ 10 = nonlinear (7 +1o). (2.29)

The point is that 7/, (0) € iR, so that (2.29) are scalar heat equations. Two
different nonvanishing diffusion coefficients are found; the equations are

gcos® 0 9 .
Orm +up — S0+ o)1 159 0; T +ug = nonlinear (m; +ug), (2.30)
and
Orma +ug — g 8% T, +Up = nonlinear (72 +up). (2.31)

2(1 + a)2(1 + g?)

The diffusion matrix for 7Tél.10 vanishes.

If sin# = 0, the equations for diffractive times are no longer scalar, as in
the previous case. In an orthonormal basis over the range of w4 (respectively
m_) the spectral projector of w(0)An(0) related to the positive (respectively
negative) eigenvalue,

1 g 1 2 .
Ormiug — . 0%m4ug = nonlinear (wrug).
e i (g ) e (iggw
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Remark 2.11. The use of average operators [19] in nonlinear diffractive
optics induces a decoupling of the components of the main profile. This
explains why (2.30) and (2.31) are scalar and not (2.25). At a critical point
on the characteristic variety the profile equations are not scalar, as seen in
(2.26) and (2.32).

3. THE SHORT-WAVE LIMIT

In this section, the short-waves approximation for general symmetric hy-
perbolic systems is studied. Short waves stands here for short-wavelength
approximate solutions, or equivalently approximate solutions with initial
data whose oscillatory frequencies are large compared to the parameters of
the system. The space variable will be denoted by (z,y) € R x R, while the
time variable will still be denoted by ¢t € R;.

Precisely, one considers initial data of the form

{RXR — R™

xz

(xay) - U’O(an)
and a hyperbolic operator
L(0) =0, + A0, + BO, + E.

A and B are assumed to be real, symmetric, n X n matrices. One assumes
that the spectrum of A consists of three different eigenvalues: ¢, —c, and 0,
with dim Ker A > 1. Such an assumption is satisfied by physical systems
based on the Maxwell equations. Dissipative effects are taken into account as
the dispersion matrix FE is supposed to satisfy £+ E* > 0. E is also supposed
to have real entries. It will be shown that short waves do generically not
propagate for strictly dissipative systems (i.e., £+ E* > 0).

We are interested in the description of approximate solutions of the quasi-
linear (respectively semilinear) initial-value problem

L(0)u = F(u)d,u (respectively f(u)), u(0)=eul(z/e,y). (3.1)

This is a one-dimensional asymptotic study (z € R). The perturbative term
B, is also chosen to be one-dimensional (y € R). Setting y € R™L, d > 2,
would induce changes in the notation only in Sections 3.4 and 3.5, and only
minor changes in Section 3.6—see Remark 3.25.

Nonlinearities of quasilinear nature and of semilinear nature are handled
without a vanishing mean condition for the initial datum, thanks to a tech-
nique of low-frequency truncation built up by D. Alterman and J. Rauch [2],

3], [4].
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Following [15], the approximate solution is sought in the form of a WKB
expansion:
u® =¢eP Z elu;,
J

where u; are profiles depending on a certain set of variables to be defined (see
Section 3.1). p is chosen in order that nonlinear effects occur at a diffractive
time scale. It depends on the size of the nonlinear terms, for which we make
the following hypothesis, as in [12].

Assumption 3.1 (orders of the nonlinearities). The quasilinear term is
F(u)0xu, where F' is smooth and is of order 2; that is,

I“F(0) =0, for all |a| < 1.

The semilinear term f is supposed to be smooth and of order 2:

0°f(0) =0, for all || < 1.

With this assumption and Taylor’s theorem, one has, for all u € C”,
F(eu) = e2F(u) +€Fy (¢, u), where F is a homogeneous polynomial of order
2 and where F] is smooth, and similarly f(cu) = e2f(u) + €3 f1 (e, u), where
f is a homogeneous polynomial of order 2 and where f; is smooth. It follows
([12] and [15]) that the scaling for which diffractive and nonlinear effects
occur at the same time scale is p = 1.

One could more generally describe quasilinear (respectively semilinear)
terms of order K > 1 (respectively J > 2), changing the amplitude £ of

the solution accordingly (precisely, one would set p = % (respectively

p = +—) as in [12]).

Three different regimes have to be distinguished. The components of
u® polarized along noncritical asymptotic branches of Char L (defined in
Section 3.2) give rise to a dynamics described as the noncritical case (Sec-
tions 3.4 and 3.5). The components of u” polarized along critical asymptotic
branches of Char L correspond to the critical dynamics (Section 3.6). There
are two different critical dynamics: one for the bounded branches, and one
for the unbounded branches. In order to study these regimes separately, one
is led to make additional assumptions on Char L and on the polarization of
the initial datum u°.

The features of the critical dynamics related to the unbounded branches
of the characteristic variety are quite close to those of the noncritical and of
the first critical dynamics. It will therefore not be studied here.

For technical reasons, we will make use in the semilinear case of the class

of Banach spaces introduced by Lannes in [21]:
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Definition 3.2. For all o,s,p € R, p > 1, one defines
E7P(R?) = {f € S'(®?), (L +0°)7 |1+ )2 f ()l oy € LA(R)).
Equipped with the norm
£ 1| zon@y = 1L+ 10172+ €72 FE ) o) 2 R

E°5P is a Banach space. Note that E7*P(R?) < L>®(R?), if 0,5 > 1/2 and
pSTpl > 1. Under these conditions for o, s, and p, E%%P is also an algebra,
and nonlinear estimates hold. For more details, see [21].

One denotes by dx H® the vector space
OxH® = {u € H*(R?), Jv € H*(R?), u = dxv}.
The following set of assumptions is valid throughout this study.

Assumption 3.3 (characteristic variety). The critical points of Charg L
are isolated and located on C; x {O}Rg . Char L is locally parametrized by
sM

functions depending on &2 4+ n?, where & is the Fourier variable of x and 7
the Fourier variable of y.

The hypothesis regarding the critical locus of the real characteristic variety
is satisfied by the physical examples, among which those given in Section 2.3.
[29] implies that under assumption 3.3 and when F is skew-symmetric, a
point 3 = (7,1) € R x R? with  # 0 is noncritical for Char L as well. The
axisymmetry hypothesis in assumption 3.3 is generally not satisfied by the
equations of ferromagnetism. It is shown in the example in Section 3.7 how
the equations are modified in this case.

Assumption 3.4 (quasilinear systems).
e F+E*>0.
o F satisfies assumption 3.1, and for all u € C", F(u) and F(u) are
Hermitian, n X n matrices.
o The initial datum u® satisfies u®(x,y) = [u°(X, Y)|x=z/e, where the
profile u® lies in H*(R?) with s > 5.

Assumption 3.5 (semilinear systems).
o« E+E*>0.
o f satisfies Assumption 3.1.
o The initial datum u® satisfies u®(z,y) = [u(X,y)]x—y /e, where the
profile u’ lies in E°*P(R?) N E%5P"(R?) for some o > 5, s >

max(p%l, pfﬁl), 1 <p,r<oo, and 25 < 2.
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The condition s > 5 (respectively o > 5) is here to ensure that the bounds
in H® (respectively E7%P) in the profile variables give bounds in L® in the
physical variables.

Under Assumptions 3.3 and 3.4 (respectively Assumptions 3.3 and 3.5),
one undertakes the description of approximate solutions of the initial-value
problem (3.1).

The derivation of profile equations follows the classical scheme [15]. The
computations for the profile equations are spelled out as in the previous
section. The nonlinearities are simplified by the techniques of averaging from
[19]. The control of the corrector terms of the ansatz is the major difficulty
of this study. This is true first, because, in the noncritical case at least, the
ansatz involves three different time scales that differ by a factor O(1/?),
so that errors in the rapid time scale 7' may accumulate dramatically in
the slow time scale; and second, because the corrector terms of the ansatz
satisfy transport equations with source terms that are expressed in terms of
integro-differential operators of the main profile. Three different arguments
are used to overcome these difficulties:

e Low-frequency truncations (see Definition 3.15) as in [2], [3], and [4],
whose effect is a smoothing with respect to 8)}1 and whose speed of
convergence can be estimated in £%%P.

e Secular bounds as in [6], i.e., estimates of the time growth of a profile
solution of a transport operator, depending on the source term.

e Sharper secular bounds in E%*P  as in [21].

Let us briefly state the results of this section. For different polarizations
of the initial datum u°, related to the geometry of the hyperbolic opera-
tor, a family of maps ug(t, z,y) = € > . [uro(T, X, ¥, t,6t)| 7=t /e x—a /e, r—et 13
constructed, such that

e u5(0) = eul.

e uy; o satisfies transport equations in 7', X and ¢, y.
e u; o satisfies a differential equation in 7 of the form

0-0xug,o + My(Dy)ugo = nonlinear (ug). (3.2)

Under a polarization condition for u’, one has My(Dy) = au. + B 85 with
ag, Bk € R. It is shown that for diffractive times O(1/¢), u is asymptotically
close, as € — 0, to the exact solution v of (3.1). The rate of convergence
depends on the assumption on u" and on the nature of the nonlinearity. In
the quasilinear case, the need to use Hilbert spaces techniques to solve the
profile equations prevents us from using the Banach spaces EF%%P and it
follows that the rate of convergence is o(1) only.
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3.1. The ansatz. One goes through a rapid formal computation using a
spatial Fourier transform to motivate the choice of the ansatz (3.5) and
(3.6). Transverse effects are not taken into account in the following lines
and FE is supposed to be skew-symmetric. Let

A=0mp+c(my —m_), AE+ E/i= ij(g)ﬂj(f)

be the spectral representation of A and A{ + E/i respectively. A spatial
Fourier transform applied to (3.1) with a null nonlinearity leads to

(O +i(AE+ EJi))u(t,€) =0,
with @(0) = e2a%(e ), and so

u(t,x) _ 5/ zac£ —it( A§+E/z) AO €§ df _ 8/ Z i(z€—tw(€ 71'] f)su (55) 5
R
The change of variables £ = &£ leads to
u(tr) = Y / (eI /) 1 (¢ /) () de
—~ JR
J
If we now suppose that w; has an expansion in a neighborhood of oo as

L, (3.3)

Ci_1
wi(&) =cjp&+cjo+ b 0(5

§

we get
u(t,x) ~ ¢ E /eiﬁ(x_cf’lt)/ee_icf’ote_itsCj’—l/gwj(f/e)ﬁo(f)dﬁ. (3.4)
~ JR
J

This suggests looking for approximate solutions in the variables T' = é,

X =2, t,y,7 = et if ¢j1 # 0, and in the variables X = %, t,y,7 = et if
¢j,1 = 0. The approximate solutions will be sought in the form

t
u (t,z,y) =e(up+ewm —|—52u2)(—,£,t,y,€t) (3.5)
e’ €
in the first case, and in the form
w(te,y) = e (o + ey +2ug) (S, 4y, e ) (3.6)
€

in the second case.

There is no slow z in (3.4), nor in the initial datum «°. This is why there
is no slow x in the ansatz. There is no fast y in the initial datum either, and
this is why there is no fast y in the ansatz.

Notation. The following notation will be used throughout this paper.
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e Profiles (that is, functions fitting the ansatz) are written in a bold-
face font; for a profile a, one denotes by a® or by (a)° the function
a®(t,z,y) = (a)*(t,x,y) = a(t/e,x /e, t,y,et). For example, the func-
tion associated with the profile 0;a will be written (0-a)°.

e The Fourier transform of a function w is written F(u), or @ anytime
when there cannot be any confusion regarding the space variable
with respect to which the transform is performed.

e Constants are often denoted by C.

3.2. The long-wave operator associated with the short-wave limit.
Introduce the family of matrices

M(7,&,n) =7+ (E/i+Bn)&+ A, (1,&n)€C’
One has the identity, for & # 0,
det M(1,&,m) =0 < det L(1/&,1/¢,m) = 0.

In this paper, M is called the long-wave operator associated with L.

Each (local) noncritical branch of Char L parametrized by w is associ-
ated with a (local) noncritical branch of Char M parametrized by 7 via the
identity

r(E,m) = §w(%ﬂ7), €40, (3.7)

An asymptotic branch w of Charg L is called (non)critical when the cor-
responding point (7(0,7),0,7) € C x R? given by (3.7) is (non)critical on
Charg M.

In a neighborhood of a noncritical point (7, 0,0) € Charg M, the parametri-
zation 7 has the expansion for £ in a neighborhood of 0

7(£,0) = 10 + 1€ + O(€]?).
The corresponding noncritical branch of Charg L has the asymptotic expan-
sion for £ in a neighborhood of oo
1

(A)(S,O) = 7—05 + 71+ O(|£‘

).
This justifies (3.3).

By Rouché’s theorem, for all (79,0,n7) € Char M, 19 € sp A. For w an
asymptotic branch of Charg L, two cases arise:

e w is unbounded (79 = £¢). Then w ~ +c&. These eigenvalues cor-
respond to nonpolarized initial values (1 — mo)u®. When ¢ (or —c) is
a simple eigenvalue of A, the asymptotic branch is generically non-
critical; it is generically critical when the multiplicity of ¢ (or —¢) in
the spectrum of A is > 1.
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e w is bounded (79 = 0). These eigenvalues correspond to polarized
initial values myu’. These branches are generically critical branches,
for 0 is supposed to be an eigenvalue of A of multiplicity > 1.

We now derive useful identities for the parametrizations of Char M.

First, under Assumption 3.3, in a neighborhood of a noncritical point
(1,&,m) on Char M, £ being far from 0, there is a smooth function Q such
that (3.7) takes the form 7(&,n) = €Q(1/62 + n?). At (1,£,0) a noncritical
point on Char M, such that £ # 0, one has therefore 9,7(£,0) = 0, and by
continuity, d,7(0,0) = 0.

Second, suppose for a moment that the system is conservative: E+FE* = 0.
Let then (7,£,7n) € Charg M. The conservativity implies that 7 € R. Then, F
being real, conjugating and multiplying the matrices by —1 in the definition
of Char M yields the equivalence

(1,&,m) € Charg M & (1,—&,—n) € Charg M, for £ # 0.

In a neighborhood of a noncritical point (79, 0,0) it is thus possible in the
conservative case to parametrize Charg M by an even function.

Remark 3.6. For conservative systems, the evenness of the noncritical
branches of Charg M implies that an unbounded asymptotic branch of
Charg L parametrized by a smooth function w satisfies in the section plane
n=20

) (39)
where A € sp A — {0}. This particular form of asymptotic expansion for
the frequency was taken as an assumption in [27] in order to study the
propagation of short waves. It is shown below that generically, short waves
do propagate only for conservative systems, so that (3.8) appears here as a
necessary condition, under Assumptions 3.3 and 3.4 (or 3.3 and 3.5).

W(E,0) = A + O

3.3. The asymptotic branches: a look at the examples. Let us have
a look at the examples which (3.1) aims at describing.

Maxwell-Lorentz equations. The equation defining the characteristic
variety associated with system (2.19) is in one space dimension, with the
notation of Section 3.1,

W (W = ) (W = 1) (W =€) —yw?)? =0.

There is one double eigenvalue wy such that wy = & + o(€). Thus (1,
Char M is noncritical. Similarly, (—1,0) is noncritical. The origin (0,
critical. See Figures 1 and 3.

0) €
0) is
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FIGURE 3. The characteristic variety for the long-wave operator
associated with the Maxwell-Lorentz model.
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FIGURE 4. The characteristic variety for the long-wave operator
associated with the equations of ferromagnetism.

Ferromagnetism. The equation defining the characteristic variety asso-
ciated with system (2.22) is in one space dimension

W3 (w4 (2624 (14-a)?)w — (14 (1+0a) (2a+sin® 0)£2)w? + (a+sin? §)£1) = 0.

There are two single eigenvalues w;” and w; tending to oo, and such that
w;t ~ ¢ The point (1,0) € Char M is therefore critical. (0,0) € Char M is
also critical. See Figures 2 and 4.

These examples and the previous section suggest that we focus on three
cases
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e (79,0,0), 10 € sp(A) — {0}, a noncritical point of Char M.
e (0,0,7m), n # 0, a critical point of Char M.
e (19,0,m), 10 € sp(A) — {0}, n # 0, a critical point of Char M.
The first case is examined in Sections 3.4 and 3.5, the second case in
Section 3.6. The third case follows from the two previous ones.

3.4. The noncritical case for a quasilinear system. Assumptions 3.3
and 3.4 are made throughout this section. Moreover, one considers polarized
initial conditions (1—m)u", and to put in evidence the noncritical dynamics,
one makes the additional assumption,

Assumption 3.7. (¢,0,0) and (—c,0,0) are noncritical points of Charg M.

Figure 4 shows that this assumption is not satisfied by the equations of
ferromagnetism. One can easily adapt the profile equations to this case. See
Section 3.7.

3.4.1. Profile equations. The approximate solution of (3.1) is here sought in
the form (3.5). Compute
- _ k
L) — F(uf)0puf = [ZE (T, X, y,7) e (3.9)
= [(0r + Adx) +(E + Bd,) + £%0;)(ug + euy + £%uy)
1 -~
X (X, et i et — <[P (0 + 21 + £2u3)
X aX(€(u0 +eup + 52112)))(X7 Y, t, T))]T:ﬁ,X:%,TZEt'
Following [12], the strategy is to choose profiles that annihilate the first terms

of the right-hand side, called the residual. The conditions r; = 0, ro = 0,
and rg = 0 read

(OT + A@X)uo =0 (3.10)
(OT + A@X)ul + (8t +FE+ Bay)u(] =0 (3.11)
(OT + A@X)u2 + (8t + FE+ Bﬁy)ul + 0;ug = F(uo)axuo). (3.12)

With (3.10), (3.11), and (3.12), the residual r® becomes
1 -~
rf = gF(ua)ﬁxu8 —&2F(ug)dxug +£*((0; + E + Boy)uz + 0ruy) + e*0,us.

Note that with the chosen ansatz, dispersive and transverse effects occur at
the same time, as seen in (3.11). Projecting the profile equations over the
eigendirections of A leads to

(Or + ¢j0x)mjup = 0 (3.13)
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(8T + Cjax)ﬂ'jul + 7rj(8t + FE+ Bﬁy)uo =0 (314)
(87‘ + Cjax)ﬂ'jUQ + Wj(at + FE+ Bﬁy)ul + 87-71']'110 = WjF(UO)aqu (3.15)

with 7 = +, —. The component of ug polarized along Ker A is identically
zero by the polarization condition on u°. We see on (3.13) that different
components of ug propagate at different speeds. To sort out the components
of the profiles and of the nonlinearities in (3.14) and in (3.15), we will make
use of another tool of the paraphernalia of geometric optics, the average
projectors. They were initially introduced in [19]. We cite below the results
of [19] that this study requires.

A smooth, real function A being given, denote by T the pseudo-differential
operator T'(0) = 0y +iA(Dx).

Definition 3.8 (average projectors [19]). For all A > 0 and w € C°([0, 7¢] x
RT? LZ(RQ))a let

h
hw)(tx) = 7 / ( / SN (1 4 5, ) de) ds.

Introduce also
Grw = lim Ghw,
h—oo

when this limit exists in C°([0, 79] x Ry, L?(R?)). Call G the average oper-
ator related to the transport operator 7.

The following proposition states the properties of the average projectors
in CY([0, 0] x Ry, L2(R?)):

Proposition 3.9 (properties of the average projectors [19]).

a) If w satisfies T(0)w = 0, then Grw is well defined and satisfies
Grw = w.

b) If w satisfies (O + i1 (Dy))w = 0, with Ay # X almost everywhere in
R2, then Grw = 0.

c) w has a sublinear growth; i.e., imp_ %Hw(T)HLOO([OJ-OLLQ(RQ)) =0,
if and only if GpTw = 0.

d) Let {Ti}i<i<m be m (not necessarily distinct) scalar operators (m €
N*). Let {w;}1<i<m be m functions annihilating these operators:
T;(0)w; = 0. Then if T is another transport operator and if T =
T = =Ty,

Gr(wiwy -+ - Wp,) = Wiwg -« - Wy,

In every other case, Gp(wiws - -+ Wy,) = 0.



SHORT-WAVE LIMIT FOR NONLINEAR, SYMMETRIC, HYPERBOLIC SYSTEMS 27

Proof. See [19].
Let us now define T} as the transport operator dr + ¢;0x, and apply Gr,
to equations (3.13), (3.14), and (3.15), j € {+, —}. We obtain

GTjﬂ'jU_Q = m4iuo, ( )
(8t + TI'j(E + Bay))ﬂ'ju() =0, (317)
(¢jy — ¢;)OxGrymyay + i (E + Bdy)mjug = 0, for all 5" # j, (3.18)
Z?Tj(@t + FE+ Bay)GTjﬂj/ul + aTﬂqu = GTjﬂjF(uO)axuo. ( )

/

J

By the last point of Proposition 3.9, the nonlinear term in (3.19) involves
only mjug. The following lemma investigates the nature of the first-order
operator occurring in the profile equations. As seen in Section 2, algebraic
lemmas reduce to residue computations. The proofs are similar to the ones
of the previous section; therefore, we omit the details.

Lemma 3.10 (the noncritical case: first-order operators). If the system is
conservative (i.e., if E 4+ E* = 0), then the following relations hold for all

VAS {+7 _} :
7TjE7Tj = —1 8{7}(0,0)7@' =0, 7TjB7Tj = - 8777']‘(0,0)71'3' = 0.

Proof. With [29], the conservativity implies that the point (7;(0,0),0,0),
which by assumption is noncritical for Charg M, is noncritical for Char M
as well. Then the first relation plainly follows from a residues computation
at first-order in £ at the point (7;(0,0),0,0). As discussed in Section 3.2,
if the system is conservative, then 7; is even, so that 0¢7;(0,0) = 0. This
justifies the first relation. At (7;(&,0),&,0), the expansion at first order in 7
is

(&, 0)m;(&,0) = Em;(&,0)Bm;(€,0). (3.20)

As explained in Section 3.2, it follows from Assumption 3.4 that 7;(¢,n) =
Q;(1/€% + n?), for € # 0; hence, 9,7;(£,0) = 0 for & # 0, and also for
¢ = 0 by the noncriticality assumption on (c;,0,0). The right-hand side of
(3.20) therefore vanishes identically. The projector being smooth at (c;, 0, 0),
deriving the right-hand side at (c;,0,0) yields the lemma. O

In the case of a strictly dissipative system: E+ E* > 0, the point (75,0,0)
might be critical for Char L. Thus one expects (3.17) not to be scalar.
What’s more, —im; Em; generically has eigenvalues with nonvanishing imag-
inary parts.
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Example. For the nonconservative equations of ferromagnetism, with the
notation of Section 2.3,

1 1
sp m(Lo+gL1)m = {0, —Zg(H-cos2 0):F§\/COSQ 0 — g?>sin* 0}, mBm = 0.
If g # 0, then the waves that are not polarized along the Kernel of 71 (Lo +
gL1) are exponentially damped in ¢.

To observe short waves over long times O(1/¢) without any further polar-
ization condition, it is thus natural to make the following assumption:
Assumption 3.11. The system is conservative: E + E* = 0.

With Assumption 3.11 and Lemma 3.10, equation (3.17) becomes

Oimjug =0, for all j.

In the following, one pulls the variable ¢ out of the ansatz.
Plugging (3.18) into (3.19) and applying dx leads to

878X7rju0 + 7Tj(E + Bay)(cj — A)_l(E + Bay)ﬂ'leo = E)XGT].WJ- (F(uo)axuo)‘

(3.21)
The following lemma investigates the nature of the second-order operators
present in equation (3.21).

Lemma 3.12 (the noncritical case: second-order operators). The following
relations hold:

—8?73-(0,0) Ty = 27TjE(Cj - A)_lEﬂ'j,
0= FjE(Cj — A)ilBﬂ'j + FjB(Cj — A)flEﬂ'j,
0¢ 07 7;(0,0) mj; = 4m;B(c; — A)~' B,

Proof. The residue formula at second order in £ at the noncritical point
(14(0,7m),0,n) gives, writing only the polarized terms,

%5»?77(07 ) 73(0,m) = 7;(0,0)(E/i + Bn)(¢c; — A)~H(E/i + Bn)m;(0,7).
(3.22)
In the above equation, n = 0 leads to the first relation. To derive the other
two equations, one could carry the residues computations to third and fourth
order. It is more convenient to remark that with (2.10), the first derivative
of 7; is seen to be

an 7rj(§777) = —5(7Tj(§a77)BL(fa77)_1 + L(é?ﬂ)_lBﬁj(‘San> )
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Hence, 0,7;(0,n) = 0. By Assumption 3.3, 8287,7]-(5,0) =0 for £ # 0, and
also for £ = 0 by continuity (everything is smooth by Assumption 3.7).
Differentiate now (3.22) with respect to n and set n = 0:

0= WjE(Cj - A)_IBT(']' + WjB(Cj — A)_IETF]'.

This is the second relation. Differentiating (3.22) twice with respect to 7
and letting n = 0 yields

1
5852 (97%7']'(0,0) = 27TjB(Cj — A)_lBﬂ'j,

keeping again only the polarized terms. This is the third relation. ]

With Lemma 3.12 and the last point of Proposition 3.9, the component
mjup of the main profile satisfies

1 1
Dr-Oxu + (—iagg(o, 0) + Zagagq(o, 0) 97)u = OxGr,m;(F(u)dxu). (3.23)

One sets o := —%8527']-(0,0), Bj = i@g@%Tj(O,O), and Fj := Gq;7;F in the
following. «; and f; are real numbers.

3.4.2. Solving the equation for the main profile. In (3.23), the point is that
6;(1 (o + 5]05) generates a unitary group e~0x (a5 +85) on HS(Rggy). For
a given ¢ in HS(R%y), the equation

O = (@Ta;?l(aﬁﬁjai)pj (6773;?1(aj+ﬁj3§)v)effa§1(aﬁﬁjai)) dxv

with initial datum v(0) = ¢ is proved by a classical iteration scheme to have
a unique solution v defined on a time interval [0,7*), with v € C°([0, 7ol
H*(R?)), for all 0 < 79 < 7*. Note that v is not regular with respect to 7
and that regularity in 7 is not used in the iteration scheme. Then

u = e~ TOx (i +B;95),

solves (3.23), with u(0) = ¢ and u € C°([0, 9], H*(R?)). Again, u is only
continuous with respect to 7.

We now state a regularity result for the solutions of (3.23) with initial data
satisfying the vanishing-mean condition and under the additional assumption
that the quasilinear term is conservative. This is done by smoothing the
operator 8)_(1 and by using compactness in time. The index j is dropped for
convenience. We use the regularization of [14] and [10]:

Definition 3.13. For y > 0, define 8;1 as the operator given by the symbol
—i¢
§2 + /1’2 :
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Consider (3.23) in a conservation form, that is, where F; = G’ with a
smooth G such that G(0) = 0. Then a regular solution of (3.23) with initial
datum ¢ € 8XH5(]R%(’y) is defined as a triple (7%, u,v), with 7% > 0, a
map u € CO([O,TQ],HS(R§(7y)) N C’l([O,TO],Hs_Q(R%(’y)) and a map v €
([0, 0], HS_Q(Rg(’y)), for all 0 < 79 < 7*, such that u(0) = ¢ and

{ (8Tu +v = 0xG(u)

Q; + ﬂjaz)u = 8)(1). (3'24)

Theorem 3.14. Suppose that the quasilinear term is conservative: Fj = G,
with a smooth G such that G(0) = 0. Then for s > 2 and for all ¢ €
Ox H*(R?), there exists a unique reqular solution to (3.23) with initial con-
dition .

Proof. First step: solving the reqularized equation. Look first at the quasi-
linear regularized equation

O-u + 6;1(a + ﬁ@;)u — G'(u)oxu = 0. (3.25)

To solve (3.25) by a classical iterative scheme, an energy estimate for the
linearized equation is needed. The Hermitian scalar product in LQ(R?X’y)
will be denoted by (-,-). The symbol of 8;1 being purely imaginary, for all
v E LQ(R%y), one has

Re (8;1 v,v) = 0.

The energy estimate for the linearized operator of (3.25) follows: for w €
C°([0, 7], L?(R?)) such that w and Vw are in L>([0, 0] x R?),

HU(T)HL2(R2)

< Juoll 2 @2 + c/ 101 + 8, (@ + BO2)u — G (w)dxulr)|| 222 A7,
0

where the constant C' depends on ||w, Vw|| .~ but does not depend on p. The
proof now goes the same as for a standard quasilinear differential operator,
and the following result holds (see for instance [1], Theorem III.B.1.2):

For s > 2 and for all ¢ € Ox H?, there exist T* > 0 such that for all p > 0
there exists a unique solution u* to (3.25), satisfying u* € C°([0, 0], H*(R?))
NCL([0, 0], H*~2(R?)) for all0 < 79 < 7%, and satisfying the initial condition
ut (T =0) = .

Moreover, the proof of the convergence of the iteration scheme yields the
uniform estimate

H’U/uHLoo([O,TOLHs(RQ)) < C(To), for all u > 0. (326)
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Second step: the limit p — 0. Let ¢ € HS(]Rg(Vy) be such that dxvy =

@, and denote by {e™ 1(a+5a§)}T the group of operators associated with
9, (a+p307). It operates in H®, and its norm is 1. With (3.26) and nonlinear
estimates in H® (s > 1), G(u") is bounded in H®, uniformly in p. u# satisfies

0, (a + B2yt (1) = e T @ HB 5N (o 4 BO2)p
n / e~ (=0 (@B 915 (o + BOR)G(uM) ds. (3.27)
0

Since 8;18)( operates in H? (and its norm is less than 1), the second term of
the right-hand side of (3.27) is bounded in H*~2 with respect to p. Thanks
to the hypothesis ¢ € dx H?, the first term of the right-hand side is seen to
be bounded as well:

10~ Y (0t-B852 _ _
||~ 0 @ H09%) (o + BO2)0, ol pre—2(ry) < CHOL ol are ) < ClU prs ()

Going back to (3.25), we now see that d,u* is bounded in L (H*"2), uni-
formly in u. By (3.26), changing u* into one of its subsequences if necessary,
there exists u such that u# — wu in L°°([0, 79], H*(R?)) * and dxu* — dxu
in L>([0, 0], H*"1(R?)) * . By Aubin’s lemma ([25], Lemma 1.5.2, for in-

stance), the convergence u* — wu also stands in L ([0, 7o], Hfo_cl (R?)), and

nonlinear estimates show that G'(u*) — G'(u) in L°°([0,7'0],HISO_C1 (R?)). Tt

follows that G'(u")oxu” — G'(u)dxu in D'([0,7*[xR?). Besides, by the
dominated convergence theorem,

8X8;1(a + 68§)u” — (a+ ﬂ@f,)u in L2,

Summing up, the existence of v € C°([0, 7], H*~2(R?)), for all 0 < 79 < 77,
satisfying (3.24) for the above u is proved, and u has the requested regularity.

3.4.3. The approzimate solution. In Section 3.4.1, a certain number of nec-
essary conditions were derived in order that u® be an approximate solution
of problem (3.1). In this section, these equations are solved and it is proved
that the function thus obtained actually is an approximate solution.

The component 7;ug of the main profile must satisfy the transport equa-
tion in 7" and X (3.13) and the equation in 7 (3.21) together with the initial
condition mjuy = 7rju0 at T'= 7 = 0. Such a system is generally overdeter-
mined. The average operators have removed the terms that would prevent
us from solving it. First, there is a unique a; solution of (3.23) with ini-
tial condition 7rju0. Let 7* be its maximal existence time. Then for all
0 <1 <7* a; €CY0,7), H*(R?)). Second, with (3.13), the main profile
is chosen to be

i = aj(T,X - CjT, y). (3.28)
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It satisfies both the transport equation (3.13) and the slow-time scale equa-
tion (3.21). With equation (3.28) and with the condition s > 1, ug is
bounded with respect to T: ug € L*>([0,7o] x Ry, H*(R?)). Returning to
the initial variables, set uj = ug(t/e,z/e,y,ct). Provided that s > 1, v is
bounded with respect to ¢ in L*([0, 79/e] x R%yy).

We now prove that one can determine the following terms in the expansion
of u® so that they are effectively correctors. This is not obvious because this
study was led over two time scales that differ by a factor 2, so that errors of
size O(1) in the short time scale T may accumulate like O(1/£2) in the long
time scale 7. In view of the stability Theorem 3.18, one also has to control
the growth of the correctors and of their derivatives with respect to the slow
time scale. This is done by a technique of low-frequency cut-offs as in [2].

Definition 3.15 (low-frequency truncation). Let x be a smooth function in
Rx, such that |x| <1, x =0 for |[X| < 1, and x = 1 for |X| > 2. Define the
Fourier multiplier x%(Dx) as the operator acting on H*(R?) by

C(Dx): = Fpxy ) flEm)

The dominated convergence theorem shows that
f—f—0 in H° (3.29)

Note that there is no rate of convergence in H®. This will be done in the
semilinear case in another class of Banach spaces (Section 3.5).

The action of x°(Dx) is a low-frequency truncation: for all f € H*(R?),
x° f lies in Ox H*(R?), and one has the straightforward estimate

1050 iy < 51 ey (330)
Set now uj = x’ug. uf satisfies the equation
drmiud 4 Oy (o + B@Z)Trjug = GTjTrjXJ(F(uo)axuO). (3.31)
Define the first corrector uj by
mu = —dy ' m;(E + Bd,)(c; — A)~1ul. (3.32)

u lies in C°([0, 70] x Ry, H*~1(R?)) N L>([0, 70] x Ry, H*~1(R?)), equation
(3.14) is solved exactly, and for s — 1 > 1, one has the uniform bounds in &:

0S| oo ([0,70) xRy Hro—1(2)) < C/6 and [[(d)%]] oo (j0.70 /)2y < C/3, (3.33)

where C' is independent of ¢ and 6. The key is that with (3.32), ud is
smooth with respect to 7. With estimate (3.30) and equation (3.31), one
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has |15 0rud]| = O(||9xwol) = O(1/5) in L*([0, 7] x Ry, H*5(R)):

’laq—u?HLoo([O’TO]XRT,H572(R2)) < 0/52, (3.34)

where C' does not depend on 6.
The second corrector is set to be the solution of

(D1 + ¢;0x)mjud = (3.35)

(1-Gr,)m; (X‘S(F(uo)ﬁxuo)—ﬁ;(l S (E+B3,)(cr, - A)—l(E+Bay)7rkug),
k#j
together with null initial conditions. As u$ does not solve (3.23) but solves
(3.31), the profile ug + €u‘f + €2ug is not a WKB solution; i.e., ro # 0 for
this profile. However, ra will be seen to be o(9).
(3.35) is a linear transport equation with a nonlinear source term. To

estimate the time growth of ug, we will make use of the following proposition
([6], Propositions 3.2 and 3.3):

Proposition 3.16. i) Let a,b € R, a # b, and let f(T,X) and g(T,X) be
sufficiently smooth functions such that

(Or +adx)f =0xg, and (Op +bdx)g=0.
Then
Loy s ®x)) < 2 1|9l Loe Ry, 15 (R x))-

ii) Let a,b € R, a # b, and let f(T,X), (T, X), and h(T, X) be sufficiently
smooth functions such that g,h € L>®(Ryp, H*(Rx)) and

(Or+adx)f =gh, (Or+adx)g=0 and (Or +bdx)h =0.
Then

1
lim — s =0.

THfHH (R)

T—o00

Proof. See [6]. O

The linear source term in (3.35) is estimated with point i) of the proposi-
tion. The nonlinear source term in (3.35) is, with j = +,

(1 —GL)X°(F(ug)dxug) = x° (F(m—up)dxm_ug + Fy_(mud, W,ug)ﬁxuo),

(3.36)
where F;_ is polynomial. The point is that the first term in the right-hand
side of (3.36) involves only m_ug. With the truncation and point i) of the
previous proposition, its contribution to the secular growth of ug is thus
O(1/6). The contribution of the second term in the right-hand side of (3.36)
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is estimated by point ii) of the previous proposition. The key hypothesis here
is that there are only two traveling components m1ug and m_ug. It yields

| o2 g2y < CU(T) + 5), (3.37)

uniformly in 7, where for all 6 > 0, lim7_, %l‘f (T)=0.
Differentiating (3.35) with respect to 7, one gets similarly

1
10703l 152y < CUB(T) + 55),

uniformly in 7, where for all §, limp_ ﬁlg(T) = 0. In the original set of

variables, the bounds are in L*°(]0, 70/¢] x R?):

1 1
1(w3)*]| < C( sup B(T) + 5); and 1(@-u)*|| < C( sup B(T) + =),

where C' is independent of € and 4. Setting
u™’ = e(u) + eud + %ud), (3.38)

one now proves that u®° is an approximate solution by estimating the resid-
ual as defined by equation (3.9). First, for all 4, u and uj deserve to be
called “corrector terms of the ansatz,” as shown by the above bounds. Sec-
ond, the residual r? associated with u®? is

1.
réd = (EF(uE"S)(?XuE"S—EQF(uES))(?Xug)—1—62 (F(ug)ﬁxug — X‘S(F(uo)axuo))
+3((E + B(9y))ud + 0,ud) + 0, ul. (3.39)

With Assumption 3.1 and the bounds (3.33) and (3.37), the first nonlinear
term in the residual is of size O(g%)o(8) in L>([0, 79] x Ry, H*73(R?)). The
second nonlinear term stems from (3.35). By (3.29) and the dominated con-
vergence theorem, it is of size O(g2)o(8) in L*°([0, 0] x Ry, H*~1(R?)). The
last two terms are estimated via the above bounds. It yields the following
proposition.

Proposition 3.17. The corrector terms of the ansatz ui"s = () and

u§’§ = (ud)?, as defined by equations (3.32) and (3.35) respectively, satisfy,

for all 0 < 1y < TF,

S é
e + €57l o xrg,,) < OEN) +* sup H(T),
T<%
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where 1(6) — oo as 6 — 0 and limp_, ﬁl‘f(T) = 0. The residual r*°
satisfies, for all 0 < 19 < 7%,

|Loe(oro/elxR2,) < 0(8) + & sup (If +€l5)(T) + O(e)l(9),

P
7<%

|7,,€,§

1
=l
where [(§) — 00 as § — 0 and limy_o ﬁlg(T) = 0.
3.4.4. Asymptotic stability. The following theorem asserts that there exists

an exact solution v¢ valid for diffractive times O(1/¢) which is asymptotically
close to ug, as € — 0.

Theorem 3.18. Under Assumptions 3.3, 3.4, 3.7, and 3.11, there exists 7* >
0 and a unique uf = [uo(T, X, y, T)| 7=t/ X —u/e r=et, With ug € CO([0, 0] x
Ry, H*(R?)), for all 0 < 79 < 7%, such that ug = Zj mjug, and for all j,

(aT + Cjax)ﬂ'qu = 0,
aTaxﬂ'qu + (aj + ﬂj 85)7‘(']‘110 = ijXGTj (F(U_Q)axuo),
w(T=7=0) = (1—m)u’.

Set u§ = ug(t/e,z/e,y,et). (3.1) with initial datum v¢ = ¢ ((1 — mo)u® +
v9(¢g)), with v2(e) — 0 in H*(R?), has a unique solution v° defined and
smooth on [0,7%/e) x R? for sufficiently small . For all 0 < 79 < T* and
sufficiently small €, the asymptotic estimate holds,

1
110 = 2| 0 ek, = (1), (3.40)
as € — 0.

Proof. The exact solution v° is sought as a perturbation of the family of ap-
proximate solutions u*° defined in (3.38). Set u® =c[u°(X,y, T) X =z /e r—ect
with a “semi-profile” u? and similarly 75 = £2r9. Look for v¢ in the form
v® = e(u®® + w®?), where w* depends on X, y, 7. Define

1 1 1 -
L(u+2,0)z=(0; + ?A Ox + E(Bﬁy +E))z— 8—2F(5(g +2))0xz.
The equations for w®? to satisfy in order that v® be an exact solution to
(3.1) with initial condition e((1 — mp)u® + v°(¢)) are

{E‘E (ga,a +ws,6a)wa,6 — E%(F(E(gg’é +M€’6)) —F(5g575))8xg€7‘5 —EE’(S

w(0) = (1 — mp)(L — x*)u® +vO(e) — 511?5(0). (3.41)

Local existence for the solution w®? of (3.41) over a time 7*(¢,d) follows
from the standard local existence theory for quasilinear symmetric hyper-
bolic systems, thanks to the symmetry property stated in Assumption 3.4.
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Set then

7(e,8) :=sup {0 < 7 < min (7*(¢,9),70), sup [w ()| <1}
o<r’'<r

There exist 61 > 0 and &1 > 0 such that for 0 < § < 4; and 0 < € < €7,
|ws®(0)||gs—4 < 1; hence, the definition of 7(e,d) makes sense for these
choices of § and e. Nonlinear and commutator estimates yield the H*™*
estimate for the quasilinear operator £° (see [15], Lemma 6.3): for 0 < 7 <

7(e, ),

1™ ()| prs-1r2)

< C(J[w° (0)|| ro-1(rey + /OT |1£5(u® + w™?, 0)w™ ()| prs-a(pzyd7”).
The nonlinear term in (3.41) can be estimated in H*~4, and one has, for
0<7<7(eg,0),
1™ () o1y
< O(lw™ )l rs—sm2) + 125l oo (0,70]x22) + C/OT [lew™® (7)o g2y dr').

Gronwall’s inequality yields finally

15 | re-sgzy < €7 (113 0) |-z + 1175 (o)) )

Let now p > 0. By Proposition 3.17 and by (3.29), there exists d2 > 0 such
that for fixed dp, 0 < dp < min (d1,d2), there exists 9 > 0 such that for all
0 <& < min (g1,€2),

eCmo ((l,wa,Eo(o)(J‘Hs_4(R2) + 125% || oo fo,m0)xR2)) < 12/3,
leut™ + euy oo o,m0/e1xr2,,) < 1/3;

0
lug — g™ || Lo (0,70 /) xR2 ) < 1/3-

Hence, for all 0 < 7 < 7(e,dp) and for all 0 < € < min (e9,£1),

[lw™* (1) ro-1(r2) < p/3.

For 1 < 1 and for these choices of &, by continuity of 7+ |Jw®% ()l ers-a w2y
and by definition of 7(g, dp) and 7*(e, dy), one has thus (g, dy) = 79. Besides,

1
sup || w0 (7)|[ rs-1g2) < p/3.
0<7<79

Finally, for 0 <7 < 79 and 0 < € < min (e2,¢1),

00— eug ™| + [|ug™

1 s 1
llv® = eug]] < J1w™* oo (0,m0] xR2) + ™ = eug o —upll <,

in L>°([0, 0/¢] x RZ ).
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3.5. The noncritical case for a semilinear system. It is shown in this
section that under Assumption 3.5, that is for semilinear systems, an ap-
proximate solution can be constructed which is asymptotically close to the
exact solution with a close initial datum. What’s more, a rate of convergence
can be obtained.

E%*%P is well designed for estimating the rate of convergence in (3.29). Let
indeed u? satisfy the condition stated in Assumption 3.5, and let 7’ be such
that l % = 1. Then

||X u’ — UOHE"’SaP(Rz)

= ([asar ([ )= 1pa s @i d)* an)
R R
1/2
o [avmr([_ o e mapn i m)’

2\o r/d 2/pr’ 2\spr/2(+0 P 2/pr d 1/2
<o fasny( [ ra™ (o i i)

1
< C67 | ez
The growth of a function transported by a linear operator with a linear
source term can also be estimated in E7%P. Let indeed ¢ # ¢ be two real
numbers, let ©® be as in Assumption 3.5, and let u and v satisfy
(Or + cOx)u=v and (Or + dx)v =0,

together with the initial conditions u(0) = 0, v(0) = u". Then (T, ¢) =
e~ ieTe fg e's630(¢)ds, and

i(c'—c)TE 1 1/
10+ 20Dl < ([ 1+ G Pl rae)
i(d=)T¢ _ 1 \1/pr
< ([ 15 rae) " I+ i e (3.42)

by Holder’s inequality, where 7’ is such that 1/r' + 1/r = 1. In the integral
present in the last inequality, only low frequencies contribute to unbounded
terms in 7"

el =a)T /pr’ sinT¢ 1/pr!
g <C L+/ g
([ o )" se(ie [ 1)

1

<CA+T"w);
hence,
1-L
(T | ooz < CL+ T 57 ) [l pousior s2)- (3.43)
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This estimate is a special case of a result of [21]. Low frequencies come into
play here because they correspond to critical points of the characteristic

variety of
c 0

In the case of a nonlinear source term, the resonances in the characteris-
tic variety create small divisors in the integral. This is the context of the
following:

Proposition 3.19 ([21], Proposition 3.3). Let u®, v{, 08 € E7sPNETSPT (R?),
with o, s, p, and r as in Assumption 3.5, (pr)’ such that 1/pr+1/(pr) =1,
and c, c1, and co three distinct real numbers. Then the unique solution in
E°5P(R?) of
(8{[‘ + Cax)u = V1V2 . (6T + ¢ 8_)()%‘ = 0
{ w(0) Y with vi(0) _ v? (3.44)

satisfies the estimate
1——L1
(T |50 < C(1+ T T ) |60 5o [ | s

Proof. See [21]. O

Note that (pr)’ < pr’: as expected, the estimate in the nonlinear case is
better than the estimate in the linear case.

The equations for the profiles are those of Section 3.4.1, changing the
nonlinearity into a semilinear nonlinearity satisfying Assumption 3.5. The
equation (3.23) becomes in this context

Or0xu+ (o + B;05)u = Ox G, m; f (). (3.45)
E7%P is defined by growth and integrability conditions on the Fourier side,
so that the groups of operators {e7%x N5 85)}T acts on E%*P(R?), for all j.
Under Assumption 3.5, equations (3.13) and (3.45) can thus be solved with
an initial condition u® € E%*P(R?) N E75P"(R?). Let ug € C°N L% ([0, 7] x
Ry, E7*PNE%*P"(R?)) be the solution. One sets u) = x’ug in the following.
The components of u; are defined by equation (3.14). By (3.13), there
exists a; solution of (3.45) such that ma(T,¢&,n,7) = e_ichgfz?(f, n,7T).
Thus u? is estimated as in (3.43):
1

_L _
[0 (T)]| g 1s(@2) < CL+ T 77)][a] | goor g2y < CA+T 77,

where C' is independent of 4.
Deriving (3.14) with respect to 7, one gets a similar bound for 9, uy:

1—-L
1070} 202y < CT " 777|805 2.0 (g2)
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1—-L - C 1— L
< CT 5 (10563l o + 103l pr—2ameny) < ST 57

Set for the second corrector
(D1 + c;0x)mjud (3.46)

= (1— Gr)my(f(ud) + 05" S (E + BD,)(er — 4)~ (B + Bo,)moud).
k#j

together with null initial conditions. Again, the term G, m; (f(ud)—x% f(ug))
was dropped. The contribution of the linear source term in (3.46) to the
growth of uf is estimated by (3.43), and the contribution of the nonlinear
term is estimated by Proposition 3.19:

5
0o (T)|| o2 (r2)
-1 —1..6 -1 2
<CA+T »")|[0x wgllgeswor@ey + C(L+T @ )[[uo||go—2,spr
C _1
ggﬂ+T1W)

The estimate for 9,uj follows:

10T | r-smay < sy (14T,
Set § = € and the approximate solution
€ =c(uf +euf +eiud). (3.47)
The residual is
rf = (f(u) = £2f(ug")) + 27 D miGry (F(ug") — X (o)
J
+ 63((E + B(9,)u5 + 8Tu§a) + etorus .

One wishes to estimate r< in L°°([0, 10/¢], E°~4*P(R?)). With Assumption
3.1 and the bounds for the correctors, the first semilinear term is of size
O(3-20=1/p")) 4 O(e*~2—2(=1/P")) The second semilinear term is of size
O(e2te/P" with the bound for u” and the estimate for the rate of con-
vergence of the low-frequency truncation in E?%P. With the bounds for the
correctors, the second term is of size 0(53*6“*2(1*1/?”"/)). The last term is of
size O(e*20=2(1=1/p"))  Besides, by (3.43), the error on the initial condition
is of size O(e'+*/P™") In view of the stability theorem, the residual must be
of size o(e?) and the error on the initial datum must be of size o(e).
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2—pr’ __ 2—pr
Trpr > 0 8ety = soriomy
O(£**7) and an error on the initial condition of size O(¢!™7). The results of
this section are summed up in the following:

The best a is a = . It yields a residual of size

2—p'r/ /
Proposition 3.20. Set 6 = ¢ and v = % < 1/2. Then the
corrector terms of the ansatz uj and u§ as defined by equations (3.32) and

(3.46) respectively, satisfy

2 21
|lew] + e"us|| oo (0,7 /e xR, xR2 ) = O(e7 ),
and the residual ¢ of the approximate solution u® defined in (3.47) satisfies
1 1
2l Lo (0.70] xR Hs-4(r2)) = O(€7), and S5[17°]| oo (0,70 /1<) = O(E7)-
As in the quasilinear case, the above proposition is the main step of the

proof of the following:

Theorem 3.21. Under Assumptions 3.3, 3.5, 3.7, and 3.11, there ewists
7 > 0 and a unique profile ug € C°([0, 0] x Ry, E%*P N E%PT(R?)), for all
0 <79 <T" such that ug = Zj mjug, and for all j,

(aT + Cjax)Trqu = 0,
870)(71'qu + (aj + B; 8;)7rqu = WjaxGij(u()),
uO(T:TZO) = (1—7r0)u0.

Set u§ = ug(t/e,x/e,y,et). (3.1) with initial datum v¢ = ¢ ((1 — mo)u® +
v0(e)), with ||vO(e)|| = O(£7) in E%P, has a unique solution v¢ defined and
smooth on [0,7%/e) x R? for sufficiently small e. For all 0 < 19 < 7* and
sufficiently small €, the asymptotic estimate holds:

1
EHUE — eug|Loe ([0,mo ] xr2 ) = O(7).

3.6. The critical case. The initial data are now supposed to be polarized
along the kernel of A : uf(t = 0) = emou’, and one makes the following
assumption, which is satisfied by the physical examples:

Assumption 3.22. For all n, (0,0,n) is a critical point of Charg M.

3.6.1. Profile equations. Throughout this section, the notation is that of a
quasilinear system. It is easily adapted to the case of a semilinear system,
considered in Section 3.6.3. Let u® satisfy (3.6). Compute

L(O)® — F(u%)d,u° = > eFrp(X,y,t,7). (3.48)
k
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Again, the strategy is to annihilate the first three terms of the residual,
which yields

A@Xug =0 (3.49)
Adxu; + (875 + E+ Bay)uo =0 (3.50)
Adxuy + (0 + E + Bay)ul + 0rug = F(ug)dxuy. (3.51)

A being hermitian, (Ker A)* = Im A, and denoting by 7 the projector onto
Ker A, the following equivalence holds:

Ar=bs (mb=0, and (1 —m)x=A"'D),

where A~! is the partial inverse of A naturally defined on Ker A ® Ran A.
Therefore, the above set of equations is equivalent to

ToUg = Ug (3.52)
70 (Oy + E 4+ BOy) moug =0 (3.53)
(1 —m)dxu; = —A~ Y0, + E + BO,)mouy (3.54)
70 (0y + E + Boy) mouy = —mo(9; + E + BO,) A~ (0, + E + BO,)mouy

— Ormoug + moF'(ug)dxug (3.55)

(1 — ﬂo)&ng = —A_l((at + FE+ Bﬁy)ul + Orug — F(uo)axuo). (3.56)

The first relation expresses the polarization of the main profile ug. The
second one is a differential equation for ug in the variables (¢,y). (3.55) is a
compatibility condition on mou;.

Remark 3.23. The presence in (3.1) of a dispersion term forces one to
consider different components of the main profile, each one oscillating with
respect to t with a possibly different frequency, as is shown below. Setting
mouy = 0, one would be left with incompatible equations for the components
of ug. The necessity of the presence of a polarized corrector at first order
thus stems from the dispersive and nonlinear nature of the system.

Denote by 71, ...,7s the 0-group at (0,0,7n) and by 1,..., s the associ-
ated eigenprojectors. By assumption, 0 is a semisimple eigenvalue of A, so
that by Proposition 2.8, the spectrum of mo(E/i + Bn)mo is the collection
of derivatives {0¢7;(0,n),1 < j < s}. If E 4+ E* > 0, then these deriva-
tives generically have nonvanishing imaginary parts. Writing the spectral
representation of the tangent operator

mo(E/i + Bn)m = Y _(9¢(0,m) + N;);,

J
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one sees with equation (3.53) that the component of ug polarized along a 7;
such that 0:7;(0,71) ¢ R behaves exponentially in .

Example. For the nonconservative equations of ferromagnetism, with the
notation of Section 2.3,

sp mo(Lo + gL1)mo

1 1
= {0, —g(a+ 3 sin? 0) + 5\/—4a(a + sin% 0) + g2 sin* 9}, moBmy = 0.

If g # 0, then the waves that are not polarized along the Kernel of 7y(Lg +
gL1)my are exponentially damped in ¢.

To ensure that short waves with initial data e mou" do propagate for long
times O(1/e) without any further polarization condition, one is thus led to
make Assumption 3.11, that is, to suppose that the system is conservative,
just as in the noncritical case.

Under Assumption 3.11, Butler’s Theorem 2.10 applies for the symbol
of the long-wave operator. In particular, the projectors of the 0-group are
holomorphic in all section planes n = ng. What is more, Butler’s theorem
applies to the tangent operator as well, so that for all j, n +— 0¢7;(0,7) is
holomorphic. Denote by 7;(0,79) the limit of 7; in the section plane n = g
as £ — 0. One has

Ty = Zm(o,n) (3.57)
1
for all 7, and similarly, denoting by 7;(0, D,) the operator whose symbol is
Ty (07 7])7
Uy — Toug — Zﬂ'i(o, Dy)uo.
1

We now describe the nature of the differential operators present in the profile
equations. Again, this is done by residue computations.

Lemma 3.24 (the critical case: first-order operators). The following rela-
tions hold:

7 (0,n)(E/i+ Bn)m;i(0,n) = —0:7;(0,n) m(0,n), for all 1,
and

mi(0,n)(E/i+ Bn)mj(0,m) =0, for all i# j.
Proof. The residue formula at (0,0,7) at first order in £ gives

Z 0:7j(0,n) m;(0,n) = —mo(E£ /i + Bn)mo,
1
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and with (3.57), the lemma follows. O
Consequently, (3.53) becomes for all j
(8t — ’iagTj (0, Dy))ﬂ'j(o, Dy) up = 0. (3.58)

There is no coupling in the variable ¢ for the different components of ug.
Note that at (0,0,0), the components ;(0,0)uy = 7Yug of the main profiles
are coupled in general, for they satisfy

(0 — im) End)miug + Z W?B?T?llo =0
J

and the terms TF?BW? do not vanish in general.
To obtain decoupled equations in 7 as well, one sets for all j

Ij={k=1,...s, 0c(0,m) = 9¢7;(0,n)}, and IL;(0,n) := Y  mx(0,7).
kEIj

Remark 3.25. The symmetry properties of L and the fact that the trans-
verse perturbation is one-dimensional (y € R) allowed us to apply Butler’s
theorem to the tangent operator, yielding smoothness for the symbol of
0¢7;(0,Dy). If y € RI1 with d > 2, the critical points of the characteristic
variety of the tangent operator might well not be isolated, so that the func-
tions 7 — 0O¢7;(0,m) might be multivalued. However, the solution of (3.53)
could still be decomposed in a sum of simpler waves as in (3.58), by studying
the structure of the set of critical points of Char g(mo(E/i + B(n))mo), as
done in [15], Proposition 3.2.

Projecting (3.55) in the direction II;(0, D, ) and applying Jx, one obtains
(615 — iagTj(O, Dy))axﬂj (0, Dy) up (3.59)
= —87—6)(1_1]'(0, Dy)uo + Hj(O, Dy)GX(F(uO)é?XuO)
—11;(0, D) (E + Boy) A~ (E + Bo,)uy.
To sort out the different components of ug in this latter equation, averag-
ing projectors are again used. With Proposition 3.9, averaging (3.59) with
respect to T5(0) = 0y — i0¢7;(0, Dy) leads to
9-0x11;(0, D,y)ug — 11;(0, D,)(E + Bd,) A~ (E + B,)I1;(0, D,)ug
= 8XGTjH]~(O, Dy)F(uo)(?Xuo. (360)

With the last point of Proposition 3.9, it follows that the equations for the
components IT;(0,7)ug are decoupled.
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The residue formula at second order for the 0-group at (0,0,7) gives

S (502750, m)m; 0, m) + D3 0,m) e 0.)

j
= mo(E/i+ Bn)A Y (E/i + Bn)mo + mo(E/i + Bn)mo(E/i + Bn)A™!
+ AN (E/i + Bn)mo(E /i + Bn)mo,
and projecting along I1,(0,7), one gets

1
> (5352714 T + OgT0er)(0,7m)
kGI]'

= 11;(0,n)(E/i + Bn) A~ (E/i + Bn)IL;(0,7) =: Mj(n).

M;(n) is an |I;| x |I;| block matrix whose block of indices jo, ko has size
rank 7, (0,7) x rank 7, (0,7). The diagonal blocks are the scalar matrices
%BgTjO(O, n)Id;,, where Id;, is the identity matrix over Ran ;,(0,7).

The slow-time evolution equations are

878XH3~(0, Dy)uo — Mj(Dy)Hj(O, Dy)UQ = 8xGTjHj(0, Dy)F(UQ)axuo.
(3.61)

3.6.2. The approximate solution and its asymptotic stability for a quasilinear
system. With u’ € H*, equations (3.58) and (3.61) can be solved simulta-
neously, and the components of the main profile have the same regularity as
in the noncritical case: there exists 7* > 0 such that for all 0 < 7p < 7%,
I1;(0, Dy)ug lie in C°([0, 0] x Ry, H¥(R?)) N L=([0, 0] x Ry, H*(R?)). The
need for smoothness in 7 for the correctors again leads us to truncate the
main profile. Set ug = x%up, with the same notation as in the noncritical
case. The equation satisfied by ug for long times is

0:11;(0, Dy Jug — ' M (Dy)I1;(0, Dy)ugy = T1;(0, Dy ) G, X (F (w0) dx o).
(3.62)
Equation (3.54) is solved exactly with a main profile u): one sets
(1 —mo)uf := —A'9 (E + BI,)ud, (3.63)
which with (3.30) yields the bounds in L>([0,79/e] x R?):

(1= m0) (wd)*|| = O(1/8), and [|(1—m0) (3| o (.m0 /] xB2) = O(L/52).

Contrary to the noncritical case, the growth of the polarized components of
u‘lS are estimated by a classical sublinear growth condition. From equations

(3.59) and (3.60), one sets
(0 — i07j(0, Dy))IL;(0, Dy) ug = (1 = G7;)11;(0, Dyy)5! <X5(F(u0)8xu0)
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+(E + Ba,)A~N(E + Ba,)(1 — T1;(0, Dy))ug). (3.64)

At this stage, the same approximation as in the noncritical case was made—
namely, to drop the term II;(0, D,)(F(ud)dxud — x°(F(up)dxug)) that
would appear in the right-hand side of (3.64) according to the profile equa-
tions of the previous section. This latter term will be present in the residual.
With Proposition 3.9, u‘{ satisfies the sublinear growth condition

||(TL;(0, Dy)u)®|| oo (0,0 je] xk2) < Sup  15(2),
0<t<ro /=

where for all § > 0, limy_ 213(t) = 0. The sublinear growth condition

applied to the derivative of (3.64) with respect to 7 yields

107113 (0, Dy )uf)F | o (0, ] xm2) < sup I (B),
0<t<to/e

where for all § > 0, limy—.o +1§(t) = 0. The functions [ and [§ are un-
bounded in the limit § — 0, but as in Section 3.4.3, one will consider the
limit lim. o Supg<;<r, /e 5[?0 (t) for a fixed, carefully chosen dy.

According to (3.56), one sets

u) = (1-mo)ud := —A~'05 (8 +E+ B3, )ul +d-u)+F(uf)dxu)). (3.65)

As before, one gets the bounds

1
H(ug)EHLw([O,m}xR?) < L(5) + 5 Sup 13(t),
0<t<ro/e

and

~ 1
[1(0r03)° || Lo (jo,r0] x2e, o2 ®2)) < L(6) + 5 sup 15(1),
0<t<mo/e
where L(8) — oo and L(§) — oo as § — 0.
Define the approximate solution by

u® = e(uf + euf + £%(1 — mo)ud). (3.66)

Set ui’é = (u))® and u§’5 = (u$). Consider now the residual r®? of the
approximate solution u® defined in (3.66). The two new terms in the residual
resulting from the above approximations of the profile equations for 71'011? and
u) are O(e2)o(d). Then the above bounds show that given y > 0, one can

choose §p small enough such that

r) 10
Haui 0 —|—52u§ OHLM([O,To/é]XRa%,y) <

and
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1 5
8_2Hre, OHLOO([O’TO/E}XRg)y) < pu,

for € small enough. As in the noncritical case, these estimates yield the
following:

Theorem 3.26. Under assumptions 3.3, 3.4, 3.22, and 3.11, there exists
™ > 0 and a unique profile ug € C°([0,79] x Ry, Ox H*(R%)) N C([0, 0],
H*72(R?)) for all 0 < 79 < 7%, satisfying ug = >~ 1L;(0, Dy)ugy and

(0 — iaij(Ov Dy))Hj(O> Dy) up =0,
0,0x11;(0, D, Yy — My(Dy)IL,(0, D)o = x T (0, D,) Gy (F(u0)Ox o).
UQ(T =T = O) = 7T0u0.
Set u§ = up(z/e,y,t,et). (3.1) with initial condition v = e(meu’ + v°(¢)),
with v®(¢) — 0 in H®, has a unique solution v¢ defined and smooth on
[0,7%/e) x R? for sufficiently small €. For all 0 < 19 < T, the asymptotic
estimate holds:

1
2" = eugll L= (0.m/e)xmz,,) = 0(L).

To improve this convergence rate, one needs for the correctors a better
estimate than the sublinear growth condition. This is achieved in the semi-
linear case for a certain class of systems.

3.6.3. The approximate solution and its asymptotic stability for a semilinear
system of Maxwell type. This section addresses the semilinear critical case for
a certain class of hyperbolic operators which exhibit symmetry and geometric
properties. Among such systems, one finds the Maxwell equations, (2.18)
and (2.20)—(2.21). A stability theorem with an explicit convergence rate is
stated.

The system (2.18) takes the form (2.1) via (2.19). For v # 0, the bounded
branches of its characteristic variety (Figure 1) have different limits for
¢ — o0o. System (2.22) has the same property. This is a property of non-
asymptoticity for the bounded branches. Via the definition of the long-wave
operator in Section 3.2, it implies 0¢7;(0,0) # 0¢7x(0,0) for j # k, with the
notation of the previous section for the 0-group. Rouché’s theorem yields
continuity for the spectrum of the tangent operator, so that for n in a neigh-
borhood of 0 and j # k, 0¢7;(0,m) # 0¢7x(0,n). This means that there are
no critical points around 1 = 0 for the tangent operator—see Remark 3.25.
What’s more, this nonasymptoticity property implies some regularity for
the projectors of the 0-group. For 7 close to 0, compute with (2.10) the
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transverse derivative of a projector of the O-group at the noncritical point
(r:(&,m), &,m) € Char M:

0, Ti\S) = -
e = =2 SR
—mi(&,mBELT(E n) — LTHE m)BEm;(€,m),

where the sum is carried over indices of the 0-group and where L=1(0,7) =
A~'. In the limit & — 0, one obtains

mi(0,n) Br;(0, ) + m;(0,m) Bmi(0, )

o,mi(0,m) = — 3.67
(0, ) ; 0¢7i(0,m) — 0e7;(0,m) (3.67)
Similarly, at order two,
1 m;(0,n)B;(0,m)Bmi(0,7)
—7;(0,n) 827;(0,1) 7;(0,1) = d . 3.68
OO w00 =3 GG e )

J#i
Note that such a nonasymptoticity condition provides sharper secular bounds
for the correctors in [21]; it yields regularity in our setting.

Another feature of Maxwell equations of great interest regarding the as-
ymptotic stability is the relation mgBmy = 0. It follows that the algebraic
lemmas may be written at the critical point (0,0,0) € Char M without
inducing any coupling between the components of the main profile. The
algebraic lemma at first order is

7TOE7TO = —1 Z 8573 (0, 0)71']'(0, 0)
J
With (3.67) and (3.68), the relation moBmy = 0 also implies for all j,

9ym;(0,0) =0 and ;(0,0) d7m;(0,0) 7;(0,0) = 0.

Hence the algebraic lemma at second order is the same as in the noncritical
case, for all j:

1
7;(0,0)EA™ Er;(0,0) = =5 0¢7;(0,0)m;(0,0),

1
7;(0,0)BA™'Br;(0,0) = Zagagrj(o, 0)7;(0,0),

and
7;(0,0)EA™ Br;(0,0) + 7;(0,0)BA~ ' E7;(0,0) = 0.
The first profile satisfies

u = ij(o, 0)up. (3.69)
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With the algebraic lemma at first order, the 7;(0,0)ug’s satisfy a system of
linear, uncoupled ordinary differential equations in ¢:

(815 - 7;857']'(0, 0))7Tj(0, O)UO =0. (3.70)
The nonlinear term in the slow-time evolution equation is 7;(0,0)dx G,
x f(ug), where G, stands for the averaging projector with respect to the
frequency —id7;(0,0). The average with respect to G, of the product of
two terms oscillating with frequencies 0¢7%(0,0) and 0¢7y/(0,0), vanishes; f
being a homogeneous polynomial of degree two, the nonlinear term vanishes.
Changing the degree of f and changing the amplitude of the solutions ac-
cordingly, the nonlinear term would not vanish because of the resonances
between the 0¢7;(0,0)’s. With the algebraic lemma at second order, the
equation becomes

1 1
9-0x;(0,0)ug + (—§agTj(0, 0) + Zagagrj(o, 0)9;);(0,0)ug
= Wj(0,0)GTjaxf(uO,UQ). (3.71)
These equations together with the initial datum ug = mou® can be solved
in C°N L*([0, 70], E7*P(R?)). Let 7* be the maximal existence time of the
solution ug, and let ug = x’up.

The equations for the polarized components of the first corrector are linear
ordinary differential equations:

(0r — i9e7;(0,0))7;(0,0) uf = 7;(0,0)(1 = Gr;) (X f (wo) + (E + Bd,)
x A7HE + B9,)(1 — 7;(0,0))u)).

The right-hand side is a product of terms oscillating with frequency different
from 0¢7;(0,0), because of 1 — Gr;. It follows that mou{ is bounded. The
sublinear growth condition that hampered the estimates in the previous
section is replaced by a bound in O(1), and one has for all 0 < 79 < 7*

[[(mouf)*|l = O(1), and ||(mod;ui)|| = O(1/6) in L=([0,70/<] x R ).

The equations for the nonpolarized component of the first corrector is
(3.63), whence follow the estimates

(1= mo)(w))7]| = O(1/8), and [|(1 - m0)(@uf)F]| = O(1/6?)

in L>®([0,70/¢] x RZ ).
The second corrector, defined by

u) = — A9 ((E+Boy)moul +05* (E+Bdy) A~ (E+B0,)moud +x° f (uo)),
satisfies by (3.30)
1(u)[] = O(1/6%), and [|(8-u)*|| = O(1/6%) in L>([0,70/c] x R ).
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Set again § = &, with 0 < a < 1 and u® = e (u§ +euj +¢c?us ). The
corrector terms of the ansatz are O(e!=%) in L>([0, 9] x Ry, E7~25P(R 2))
The terms created by the definitions of the correctors are like e2(f(u§”) —
X" f(ug)), a term of size O(2T%/?™") in L>([0,79] x Ry, E% S’p(RQ)) The

2).

worst estimate for the other terms of the residual is of size O(&3 The

best a is a = It yields the estimate

1+pr’

1 )
Sl o] s - s0n(r2y) = O 7).

The stability theorem follows:

Theorem 3.27. Under Assumptions 3.3, 3.5, 3.22, and 3.11, assume more-
over that the elements of the 0-group of Char M satisfy 0¢7;(0,0) # O¢x(0,0)
for j # k, and that moBmg = 0—these assumptions are satisfied by sys-
tems (2.19) and (2.22). Then there exists 7 > 0 and a unique profile
uy € C%nN L>2([0, 7], E%P N E%SPT(R?)), for all 0 < 19 < T*, satisfying
equations (3.69), (3.70), and (3.71), and the initial condition up(0) = mou®.
Set u§ = ug(z/e,y,t,et). (3.1) with initial datum v° = e(meu® + v°(¢)),
with ||vO(e)|| = O(e/HP)y in E7*P has a unique solution v¢ defined and
smooth on [0,7*/e) x R? for all sufficiently small €. For all 0 < 19 < 7* and
sufficiently small €, the asymptotic estimate holds:
" = eugllpoe (oo fe1xrz,,) = O(eH/ter),

3.7. Examples. For the systems (2.19) and (2.22), the equations for the
leading term of the approximate solution can be made explicit by simple
matrix computations.

Maxwell-Lorentz equations. Consider system (2.18), adding to P a
nonlinear polarization Py = nonlinear (£). In transverse magnetic mode,

0 B,
g: O (taxay)a B: By (t,x,y)
& 0
Set
0 —curl 0 O
curl 0 0 0
0 0 0 0 = A0, + BO,.
0 0 0 0

Consider first an initial datum polarized along 1, the projector onto Ker (A—
1). In normalized units B,(0) = 0 and £(0) = —B,(0). Only the electric field
and the transverse component of the magnetic field are turned on. The first-
order tangent operator at (1,0,0) vanishes by Lemma 3.10—see Figure 3.
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Computing the second-order operators, one finds that the leading term u of
the approximate solution satisfies

(Or + Ox)miu = 0,
(0:0x + 5(—v + 85))7rlu = nonlinear (mu),

where mu = (0,0, (€ — By),0,—3(€ — B,),0,0gs, Ogs).

Consider now an initial datum polarized along the Kernel of A. One has
£(0) = 0 and B,(0) = 0. All the components of u are turned on except
the electric field and the transverse component of the magnetic field. The
equations in t reduce to a system of uncoupled ordinary differential equations
whose frequencies are the limits of the bounded branches of the characteristic
variety for the Lorentz model (Figure 1). The second-order operators vanish.
Therefore, the only nontrivial equations are

(Gt — in)Wj(O, O)U = 0,

where v; € {0, £1, £y/T+ 7}, and m = 3, 7;(0,0) is the decomposition of
the 0-group. In transverse magnetic mode, one has 7;(0,0)u = 0 for all j:
all the equations are trivial.

Ferromagnetism. Consider system (2.22) with an initial datum polar-
ized along Ker (A—1), with the same notation as above. For the characteris-
tic variety pictured in Figure 4, (1,0,0) is a critical point. The axisymmetry
hypothesis in Assumption 3.3 is actually not satisfied by the characteristic
variety of this model. The slow-time evolution equation will therefore be
slightly different.

The first-order operator at (1,0,0) is

1
—i7T1E7T1 = 50089(71’1’4_ - 7T1,_),

where 71 4 and 71 _ haverank 1 and 71 = 71 4+ —. In transverse magnetic
mode,

. 1 1 .
misu = (0,£7(6 = B,), (€ = B,),0,—7(€ = B,), £ (€ = B,), 0ss).
The nonlinearity vanishes, and it yields
(Or + Ox)m1,2u =0,

1.
(0 = gicos m ru=0, (3.72)
1,1 1
(878;( + 5(1(1 +sin? ) + a(l — 5 sin? 0) + isin 00, + 83)) 712w = 0.

The fact that these equations are linear when they were expected to be
nonlinear does not stem from a transparency property of the system as in
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[16] but from the nature of the nonlinearity and the oscillations in ¢, as
explained in Section 3.6.3.

The presence of a term in 9, in the equation in 7 is due to the fact that the
characteristic variety is not rotation invariant with respect to {{ = n = 0}.
If sin @ = 0, the branches of the characteristic variety depend on &2 +n? and
n?, and it follows from the analysis led in Section 3.4.1 that the equation in
7 does not involve any term in 9y, as in (3.72).

Consider finally an initial datum polarized along Ker A. The focus is on
the point (0,0, 0) of the characteristic variety associated with the long-wave
operator (Figure 4). The tangent operator —imgEmy has rank 4, and its
eigenvalues are {0, ++/a(a +sin®§)}. The second-order operators and the
nonlinear term vanish. The only nontrivial equations are ordinary differential
equations in t

(875 — in)T['j(O, O)U = 0,

where v; € {0, £/a(a +sin?6)} and m = >_;7;(0,0) is the decomposition
of the 0-group. In transverse magnetic mode, these equations are trivial
again.
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