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ABSTRACT: In this paper, we explore the physics of electromagnetically and gravitationally
coupled massive higher spin states from the on-shell point of view. Starting with the three-
point amplitude, we focus on the simplest amplitude characterized by matching to minimal
coupling in the UV. In the IR, for charged states this leads to g = 2 for arbitrary spin,
and the leading deformation corresponds to the anomalous magnetic dipole moment. We
proceed to construct the (gravitational) Compton amplitude for generic spins via consistent
factorization. We find that in gravitation couplings, the leading deformation leads to
inconsistent factorization. This implies that for systems with Gauge? = Gravity relations,
such as perturbative string theory, all charged states must have g = 2. It is then natural
to ask for generic spin, what is the theory that yields such minimal coupling. By matching
to the one body effective action, we verify that for large spins the answer is Kerr black
holes. This identification is then an on-shell avatar of the no- hair theorem. Finally using
this identification as well as the newly constructed Compton amplitudes, we proceed to
compute the spin-dependent pieces for the classical potential at 2PM order up to degree
four in spin operator of either black holes.
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1 Introduction

Recently a new formalism for four-dimensional massive scattering amplitude was intro-
duced by one of the authors [1] that manifests the covariance of the SU(2) massive Little
group. Through such formalism, many fundamental properties of interacting systems be-
come manifest, including Weinberg-Witten theorem, limits on the spin of fundamental
point like particles, as well as Higgs mechanisms as the natural infrared unification. Fur-
thermore, the new formalism also allows one to streamline computations such as anomalous
magnetic dipole moment as well as classical electric and gravitational potentials [2, 3].
Given its utility in making physical properties manifest, it is natural to pose the
following question to such formalism: what is the simplest massive scattering amplitude?
A similar question was posed for the massless case long ago [4], for which remarkable



properties of N’ = 8 supergravity amplitudes were unmasked. Here we expect the lessons
to be equally, if not more, interesting. For one, the space of massive theories is much richer
than that of massless ones. It includes not only fundamental particles, but monopoles, BPS
states, and infinite tower of string resonances. Indeed, recently such on-shell approach was
utilized for extremal (half-BPS) black holes in N = 8 supergravity [5], which demonstrated
the absence of perihelion precession.

We answer this question by starting with the three point amplitude describing a spin-
s state coupled to either a photon or a graviton. As discussed in [1], this is given by an
{25} ®{2s} symmetric SL(2,C) tensor, with 2s+1 distinct structures. Assigning the massive
legs to be 1 and 2 with equal mass, the general three point amplitude is parametrized by A3
(along with €, shares the responsibility of carrying the SL(2,C) indices) and z, defined as:

g
Thge = L1ad%3 (1.1)
m

and m is the mass of the massive legs. The simplest amplitude then corresponds to that
comprises of  and €, solely. This amplitude is identified as minimal coupling in the sense
that in the high energy limit, the amplitude matches the minimal massless amplitude that
has the least number of derivatives. For the case of charged particles this also matches with
that of classical magnetic dipole moment 2 for any spin, and deformation of the form )\3
represents g—2. Interestingly when extended to gravitational coupling )\3 deformations are
forbidden on the grounds of general covariance. Note that for systems in which the gravita-
tion coupling is given by the square of vector couplings, such as perturbative string theories,
this immediately leads to the conclusion that the charged particles must have g = 2.

Given that the minimal coupling has special properties both in the UV and IR, it
is natural to ask for generic spin-s, which theory leads to such minimal coupling. Naive
expectation would be the leading trajectory states of open and closed string theories,
since from the world-sheet CFT point of view, their vertex operators are the simplest. It
turns out, the answer is quite the contrary, as we demonstrate that the leading trajectory
massive spin states are the maximal non-minimal coupling, reflected in the fact that all
2s+1 tensor structure are present. Allowing ourselves to take the classical values of spin,
i.e. s > 1, we show by matching to the one-body effective action of a point particle coupled
to gravitational background, minimal coupling matches on to that of a Kerr black hole.
Thus the matching between minimal coupling and Kerr black hole, is the on-shell way of
stating a consequence of the no-hair theorem.

Given the importance of minimal coupling, we explore the four-point (gravitational)
Compton amplitude for general spin, by constructing an ansatz whose residues match that
of products of minimal coupling. This leads to potential polynomial ambiguities. For
s < 2, such ambiguities are identified as finite size effects, as they are accompanied with

additional % factors. For s > 2 the polynomial terms in general can be of the same order
1
m
particles. We also consider four-point amplitudes with deformations from minimal coupling,

in = as the pole terms, reflecting the inherent non-fundamental nature of such higher spin

demonstrating that consistent factorisation bans /\§ terms in the three-point coupling with



graviton. This provides an on-shell origin of inconsistencies of A3 terms in gravitational
coupling alluded to earlier.

Equipped with the identification of minimal coupling with Kerr black holes, as well as
its Compton scattering amplitude for s < 2, an immediate application is to compute the
classical contributions to long-range gravitational interactions at 2 post-Minkowskian (PM)
order, or G? order where G is the Newton constant. It has been known for some time that
quantum field theory (QFT) loop effects are not entirely quantum, but includes classical
effects as well [6]. Such effects have been computed by various authors [7-10], and the re-
sults have become important in the era of gravitational wave astronomy where gravitational
wave sources undergo hundreds to thousands of revolutions before their merger, which is
long enough to push the small corrections of inverse-square-law to the detectable range [11].

Recently there has been tremendous activity in applying advanced developments in
perturbative QFT computations to the computation of such classical effects, commonly
referred to as classical potentials. These include generalized unitarity methods [12, 13],
double copy relations [14-17], and spinor-helicity variables [2, 3, 18-21]. Following Cachazo
and Guevara [2, 3], we compute the spin-dependent pieces of the 2PM classical potential
to cubic and quartic in either Black Hole’s spin. Such corrections, to the best of authors’
knowledge, have not been presented in the literature before.

This paper is organized as follows. First, we start with a brief review of the massive
spinor helicity formalism in section 2 and set up the 3pt amplitudes. In section 3, we will
analyze the physical implications of the 3pt amplitudes from section 2 for photons and
gravitons. Then in section 4, we take the graviton minimal coupling amplitude to the
infinite spin limit and match with the effective action of a Kerr black hole. In section 5, we
start to construct the Compton amplitudes with these 3pt amplitudes via constraints from
consistent factorization. We discuss the high energy behaviour of these 4pt amplitudes and
the polynomial ambiguities in our amplitude. In section 6, we start to calculate the classical
potential at 1 PM with the leading singularity technique up to quartic order in spin. Finally,
in section 7, we start with a review of the 1-loop leading singularity. Then we predict new
results up to quartic order in spin. Then, we will use the consistent condition of the classical
potential to fix some of the polynomial ambiguities in the higher spin Compton amplitude.

At the final stage of this work we were informed of the draft [22] that has some overlap
with the content in this work.

2 Review: on-shell formalism

Scattering amplitudes are Lorentz invariant but Little group covariant quantities. This
means that the amplitude must reflect the Little group representation of each external leg.
As we will be interested in four dimensions, the Little group in interest will be U(1) and
SU(2) for massless and massive states respectively. Representations of U(1) are simply
labeled by the helicity weight h, while for SU(2) instead of introducing a reference z-
direction and label the states by its eigenvalue for J,, we will represent a spin-s state as a
rank 2s symmetric tensor. As an example a four point amplitude with two massless and



two massive states should be represented as:

M2, T2y bR, ha {1, 2,0 J2sy, } (2.1)

where the massive legs (1 and 4) are of spin-s; and s4 respectively and the massless legs 2
and 3 have helicity ho, hs. The curly bracket indicates that one is symmetrizing over the
2s SU(2) indices I, J, taking value in 1, 2.

Since amplitudes are covariant quantities, it should be a function of objects that are
not singlets under the Little group, i.e. objects that carry little group indices. In the usual
textbook approach, one introduces external line factors or polarization tensors which serve
the purpose of converting Lorentz representations into Little group representations. Since
except for scalars the size of the two representations are distinct, doing so introduces large
amount of redundancy, which is the underlying reason for the complexity in the usual
Feynman diagram approach. In contrast, the spinor helicity formalism introduces bosonic
spinor variables that transform under the fundamental representation of the Little group,
while directly comprising the kinematic data, the momenta. This allows us to remove the
redundancy and dramatically reduce the complexity of the final answer. Furthermore, as
we will see, such on-shell approach will render many physical properties, such as high the
energy behaviour, transparent and straightforward.

2.1 The massless/massive spinor helicity formalism

We begin by introducing SL(2, C) representations. A Lorentz vector, such as the momenta,
is written as a bi-fundamental tensor under SL(2, C):

P = Daa (2.2)

where o, & = 1,2. The usual Lorentz invariant inner products are then mapped to the
contraction of these tensors with the 2 x 2 Levi-Cevita tensor:

1 Ny
pzupjl/ = §6aﬁ€a6 Diaa pjﬁg . (23)

From the above one sees that p? = detp®®. Thus for massless momenta, the 2 x 2 tensor
p®? is of rank one and one has:!

Pac = /\a)\o'z . (2.4)
The relation between the bosonic spinor variables and the momenta is invariant under the
following transformation:
0
2

(2

A — e_’g)\, A — ez ) (2.5)

Note that this is precisely the definition of the Little group! Thus we identify the spinors
A, A as having (—%, —i—%) Little group weight respectively. Using these bosonic spinors it is

For real future-directed momenta with Minkowski signature, we have A = (A\)*. For complex momenta
or (2, 2) signature the two spinors are independent. It will sometimes be convenient to consider complexified
momenta when discussing the analytic properties of the scattering amplitude.



then convenient to define the following Lorentz invariant, Little group covariant building
blocks: _
(i) = MM €ag,  [ig] = Niak,; g€ (2.6)
In terms of these blocks, the usual Mandelstam variables are given as 2p; - p; = (ij)[ji].
For massive momenta, p,q has full rank and we have

Paa = )\(I)CS\Id7 (27)

where I = 1,2. The index I indicate that they form a doublet under the SU(2) massive
Little group. Indeed the momentum is invariant under the following transformations:

PR 5 LD Ly e L (2.8)
where U is an element of SU(2). One can convert between the two spinors via
Paa M@ =mAL, paa N = —mM}. (2.9)

A detailed description of spinor-helicity formalism is given in appendix A.

An important property of the Little group is that it is defined for each individual
momenta separately. In other words, only the spinor variables of a given leg can carry its
Little group index. This implies that without lost of generality we can pull out overall
factors of )\iI from the amplitude,

Ip,ee o, } o _ )\11 )\12 .. ./\{251' Mé.{ahamm’a%i}m (210)

TR 1o D) tags;

Mn{llz

leaving behind a function that is symmetric in SL(2, C) indices instead. We will refer to
this representation as the chiral basis, reflecting the fact that we are using the un-dotted
SL(2,C) indices. One can equally use the anti-chiral basis, and the two can be converted
to each other by contracting with %. This separation will be useful when considering
suitable basis for all possible three-point interactions as we will now see.

2.2 General structure of the three-point amplitude

We now consider the most general form of the three-point amplitude for one massless and
two equal mass legs with spin s. Without loss of generality, the momenta p; and ps can
be taken to be massive, and the amplitude takes the form:

Mél,{al,"',0125}7{51""’525} , (211)

where h is the helicity of the massless leg. Now we have a {2s} ® {2s} SL(2, C) tensor, and
we are interested in the general structure of all possible couplings. This entails the need of
a basis to span the two-dimensional space. It is preferable to use the kinematic variables
of the problem to serve as a basis, thus it is natural to introduce

A3a; €ap (2.12)

as the expansion basis.



Since A3 carries helicity weight —% of the massless leg 3, in order to represent general
amplitudes, one should also have a variable that carries positive weights. This variable is
introduced by noting that for equal mass kinematics,?

2p3 - p1 = (3[p1[3] =0, (2.13)

and hence the spinor A5 must be proportional to S\Mp?o‘. Through this proportionality,
we introduce a new variable x defined as:

2Ag e (2.14)
m

where p? = m?2. Note that the above equality tells us that z is dimensionless and carries
+1 helicity of leg 3. Using an auxiliary spinor £, we can represent = as

[3lp11€)
= ) 2.15
m(36) (219
The above shows that x can be nicely written in terms of polarization vectors:
1
— _
mr = IR 2.16
7 (p1 — p2) (2.16)
>\3a§a

with the polarization vector 5 f , and the auxiliary spinor is identified with the

reference spinor of the polarlzatlon vector
Equipped with the new variable, we can write down the general structure of a three
point amplitude for two spin s and a helicity h state:

2s
Mél,{al,---,azs}:{ﬁh---,,325} _ (mx)h |:g()628—|—g1623 1 )\3)\3 Asds o +( )\i:\s) ]

[ ()

where the 2s ® 2s separately symmetrized SL(2, C) indices are distributed across the Levi-

{alv . 0523}7{517"' aﬁZs}

{a1,,a2:},{B1,,B2s}
, (2.17)

Cevita tensors € and Ags. Thus we see that there are in total 2s+1 structures for spin s
states, and we’ve normalized the couplings such that the g;s are dimensionless.

Note that the above classification is purely kinematic in nature, and does not cor-
respond to the classification of local operators in the usual derivative expansion. Indeed
in the usual Lagrangian language, there may be a large number of operators at a given
derivative order simply due to the different ways the derivative can contract. Furthermore,
operators at the same derivative order may behave very differently in the high-energy limit.
For example, consider the following Lagrangian for a charged spin-s field:

L= (_1)SDV¢(3)DV¢§(3) 4. (2.18)

where ¢(%) is the short hand notation for a rank s field, the Lorentz indices of ¢ is contracted
with ¢, and --- represents additional terms needed to ensure that through equations of

*Here (i[p; k] = Afpjaai.



motion, ¢(*) and ¢(*) are symmetric, traceless and transverse.® Consider the three-point
amplitude from the leading term, given by:

€3 - (P1—p2) 658) '€§s) . (2.19)

To convert to our chiral basis, we strip-off the polarization tensors and convert the dotted
indices into un-dotted indices, by contracting with £-:

_ Pla dpwa
- om2

€3 (pl_pQ) Oa151 004252 T Oasﬂs Casy1Bst1 " CansBass Oaﬂ (2'20)

Using the identity pl‘*:l# = €8 — a:/\?";‘nﬂ, we find that in the chiral basis the leading

coupling in eq. (2.18) written as:

s A )\ 2s
e [ (e2) 1T e

i=1 k=s+1

+ sym{ay - agstsym{B1 -+ Pas} . (2.21)

Here we have all g; # 0 for all ¢ < n. In other words, a single local operator in the
Lagrangian is expressed as a sum of many terms in such on-shell basis. The reason that
there is such dramatic difference is because the on-shell basis is completely determined from
kinematics, and thus each term in the expansion is distinct in a purely kinematic way. On
the other hand, operators in a Lagrangian can often be related through integration by parts
or field redefinitions, and each operator can contain several kinematically distinct pieces.
In fact, as we will see in the next section, by expressing the three-point amplitude on such
on-shell basis, we will be able to cleanly separate terms that behave poorly in the UV,
allowing us to define in a physically meaningful way what minimal coupling is.

It will be convenient to make connection with the amplitudes computed from the usual
Feynman diagram approach. For this, we simply put back the )\Z-I factors that was pulled
out that defined the chiral basis in eq. (2.10). For example,

U EUETIEHEY (2826

o |. e

Note that we have suppressed the massive Little group indices, and simply “bolding”

m?s— 1 m25 m4s— 1

the massive spinors with the understanding that its Little group indices are symmetrised.
Taking the conjugate, one obtains the anti-chiral representation:

[21]% N g1 [21]*71[23][31] R %[23]28[31]28} _

h
h,s,s z —
M;y = [90

mh m2s 225 mAs—1 (2.23)

The coefficients in the anti-chiral basis are of course linearly related to that in the chiral
basis. Indeed using the following identities;

(21) = 21] + ZIBU _ (11 T ‘ﬂi") 1] (2.24)
23)(31) = -2 _pg (-'331[23‘) 1], (2.25)

3For massive higher spin fields, transversality will be defined as having no time-like polarisations. This
means transverse polarisations in this manuscript will include degrees of freedom referred to as longitudinal
polarisations in the literature.



one can show that eq. (2.22) can be recast into the anti-chiral basis, where the coupling
constants g,s are given as

gm=>_(-1)" <28 - n) In - (2.26)

As an illustration of how these interaction arrises from terms of a local Lagrangian,
consider the coupling of Maxwell field to Dirac spinors; Ly = eAu\I/fy“\Il. The 3pt am-
plitude for this interaction term with the convention ¥(p;) incoming, A, (k3) incoming
positive helicity, and ¥(p2) outgoing is

+1,1.4 _ —[23]{¢1) + (2¢)(31
My 722 = eu(py)gf u(pr) = V2e 23] <>3C>< B ; (2.27)
which, with help of three particle kinematics we can write [23] = —(2|p1]3]/m and

[31] = [3|p1|1)/m. Substituting into the last equality we find that:

+1,3,1 Blp1[¢)

M, 22 = /2 21) = V2ex(21), 2.28
which, corresponds to the first term in eq. (2.22) after normalization. Similarly, for the
Pauli term; Lt = —ﬁFMV\TIVW\II with y* = %’y“"y’j],

+1,1.1 V2e 2 V2e
M

M3 = —’L%ﬂ(pz)fyl“’ (_Zk‘g [ 8;;V]> u(pl) = —7[23} [31] =z

o (23)(31).

(2.29)

where we have used the eq. (2.25) for the last equality. This gives the second term of the

1

expansion eq. (2.22), with s = 3.

2.3 Classical spin-operators from amplitudes

It will be useful to view the three-point amplitude as an operator acting on the Hilbert
space of SL(2,C) irreps. More precisely, since M "% is basically a {2s} ® {2s} Lorentz
tensor contracted between 2s A\; and 2s Ass, it can be viewed as an operator that maps
the spin-s representation in the Hilbert space of particle 1 to that of particle 2. In other
words, schematically we have:

MJrh’S’S —

I Iosang J JasB2s
T AT AP0, (o, M AP (2.30)

We know that the operator Ojq, ... as.},{81, 824} 1S @ linear combination of polynomials in
€ap and A3zqA33. The former naturally can be identified as the identity operator, while the
latter is the spin-operator which we now show.

Let’s start with the spin vector S* defined as the Pauli-Lubanski pseudo-vector
SH = —ﬁe““p”ply(}pg. For the Lorentz generator J,,, we will be interested in its ac-
tion on SL(2,C) irreps. For spin-s, we write:

- _ i
(Ju)aran-ans 2700 =3 " (T)a, "L = 25(Ju)ay T, (Jpw)a” = 5000 (2.31)

i



where I, = 65! - - - 652:15&11 -+-622 and the last equality reflects the fact that the irreps
are symmetric tensors of 2s indices. Using this, we find that

1 _ _
m(8) = 5 loulpr - 8) = (1 0)3,],
, . ' (2.32)
m (Sp) = =7 10ulpr-0) = (pr-3)a,]% -
Finally, dotting into the massless momenta p3 we arrive at:
x x
(b3 5)a = GhaaXs = 31303
; 2.33
(55 5 = AsaN; _ [3)[3] (2.33)
3% 2¢ 2z

From this result we see that the operator Oyq, ... a,},{8,,3.} 15 comprised of iden-
tity operators and the spin vector operator, projected along the direction of the massless
momenta. For example, for s = 1, we have

17 (p3 - S) 2 (p3-S) 7 (p3-5)2
go]l{ﬁl]I P2 4 2g, (o @2} | 4go e Jou) . (2.34)

{6182} —
a1 az} m m m

O{alaz}

3 The simplest three-point amplitude

In the previous section, we’ve seen that for a massive spin-s particle, whether it is funda-
mental or composite, the emission of a photon or graviton can in general be parameterized
by eq. (2.22). This parameterization is unique in the sense that the expansion basis is de-
fined on kinematic grounds unambiguously. The expansion is organized in terms of powers
of %, with higher order terms hinting at potential problems in the UV, i.e. the massive
amplitude does not have a smooth m — 0 limit. In other words, this parameterization
manifests the high energy behaviour for a given interaction. To illustrate this feature in
more detail, take for example the Lagrangian in eq. (2.18) with spin-1, which is known to
lead to four-point amplitudes that violate tree-unitarity at high energies and is not remov-
able via the presence of an extra Higgs. Indeed this can be seen already at the three-point
level, where in our parameterization is given as:
a2 L (2)(13)(2)

— -_ 3.1
2 mr m3 (3.1)

m

We see that while in the Lagrangian the interaction is given by a single local operator,
in our on-shell parameterization, it is comprised of two pieces, with the latter behaving
worst in the high-energy limit compared to the first. Indeed, if we consider the three-point
amplitude of a photon with W-bosons, we will only find the leading piece at tree level.
Consider an amplitude with only the leading term in eq. (2.22). The above discussion
would indicate that not only is the amplitude simple in the number of terms involved, but
is also simple in the sense of having the best UV behavior. At high energies we only have
massless states, and we can ask what amplitude in the UV does this pure x-piece matches



to. Note that simply “unbolding” the spinors might lead to ill defined limit, as while the
denominator of % tends to zero in the limit, the angle brackets in the numerator can tend
to zero as well even in complex kinematics. Thus we would like to have a controlled way of
approaching the high energy limit for eq. (2.22). To this end, let us decompose the massive
spinors onto the helicity basis of the massless limit:

AL =X na™, N = e+ el (3:2)

where €7;6t1¢=7 = 1 and (M) = [Mj] = m. The SU(2) spinors £/ are the eigenstates
of spin—% for J, in a given frame. In the m — 0 limit we see that the finite contribution
correspond to taking the ¢! of the two massive legs to have opposite helicity. In other
words we the two massive spin-s states will translate into a +s and —s helicity state
separately at high energies. To avoid a singular piece we must have A1 ~ Ao ~ As.
Choosing leg 1 to be the positive helicity, we then have

(2] - () (3],

Since the \;s are proportional to each other, we introduce proportionality factors yi,ys

(3.3)

—0 —0

defined via A\; = y1 A3 and Ao = yoA3. Momentum conservation then fixes:

~[23] o [13]
Using that % = —%% = %, this leads to

<[3gé\>§)>h <<n7;2>>25 _ <[2€,1][2?1}>h G;gb% | -

We see that in the high-energy limit, the pure z-piece will become that of the minimal

m—0

coupling: the minimal mass dependence for a three point amplitude with hs > 0 and
|h1| = |ha| = s states.*

One can straightforwardly check that subleading terms in eq. (2.22) match to higher
derivative couplings in the UV. Thus minimal coupling in the UV uniquely picks out

(ma)" <<12>>2 (3.6)

m

from all possible low energy couplings. For this reason it is natural to refer to the choice
of setting all coupling constants except go(go) to zero as minimal coupling. Once again,
we stress that our minimal coupling is defined through kinematics solely. As we will see
in the next section, this will be minimal in a very precise sense in the IR as well! In the
following, we will study this simplest amplitude in more detail for photons and gravitons
separately.

4For more detail see appendix A.4.

~10 -



3.1 Photon minimal coupling and g = 2

Let us first consider the case where the minimal coupling involves the massive states coupled
to a photon, |h| = 1. The coupling we are interested in will then be:

ema (<21>>2 , (3.7)

m

where we’ve included the charge e and made an overall sign choice for a better interpretation
as operators. Since we are considering coupling to photon that is sensitive to its spin, a
natural quantity of interest would be its magnetic dipole moment. Recall that in the non-
relativistic limit, the magnetic dipole moment is defined through the Zeeman coupling:

Vy=—ji-B=-73.B. (3.8)

In the rest frame of the charged particle with momentum p;, the magnetic field B can be
written in the following Lorentz covariant form:

1
BH = %e“"p"plprg. (3.9)

The expression for the Zeeman coupling then has the following Lorentz invariant form:

€5 = € e

Vy = —%S -B = égimJ“ Fu+ %p{FTWJUXplx . (3.10)
Substitute F),, = —iﬂ(pgusf —p3l,5lf),5 into the Zeeman coupling equation eq. (3.10) for
5= % in the dotted frame. For plus helicity photon this results in:

B 9€ 3B, %y,
(V7)" & =5, 3% (P1hs)a (3.11)
For general s we simply have:
B1B2-+B2s 3. 3, -
(Vizs) =N hE =25 (V) 1 (3.12)
1 deg-e-cras , g

To compare with our three-point amplitude we contract the SL(2,C) indices with massive
spinor helicity variables, yielding

(szzs) - s%[23][31] <m>28_1 . (3.13)

®The normalisation factor of v/2 may seem unconventional, but introduction of this factor simplifies the
analysis: the scalar potential coupling Vs = e¢ can be covariantly written as %7 and setting A, = \/iaf

results in VS+ =ex and Vg = eZ.
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Now let us compare with our minimal coupling amplitude. We will use the anti-chiral
representation in eq. (2.23) with h = 1. Since all g,, vanishes except for gy which we set to
electric coupling, gy = go = e, and g1 = 2s. The three-point amplitude then takes the form

[21]% [21]2571[23][31]

1
M5 = ema + 2s
3 m2s

—F (3.14)

Compared with the Zeeman coupling in eq. (3.13), we immediately see that our minimal
coupling leads to g = 2 for arbitrary spin. Thus the simplest amplitude with photon
coupling is also characterized by the classical magnetic dipole moment being 2! Note that
terms denoted as - -- corresponds to higher multipole moments as they are of higher order
in s, indicating higher derivative terms on the field strength. Since minimal coupling
is also related to good high energy behaviour, this indicates that for an isolated charged
spin-s particle with good UV behaviour, the classical magnetic moment must be 2. By
isolated we are referring to the case where there are no other states with similar mass.
Indeed the classical value for g is 2 for massive vectors arising from Higgs mechanism, and
it is known that when constrained to operators with two derivative couplings, tree-level
unitarity requires g = 2 for isolated massive spinning particles [23].

Finally, from eq. (2.26) we see that the only terms affecting g; is g1 (with gg set to e),
which correspond to a non-zero A3 coupling in the chiral basis. Since we already have g = 2
when ¢g; = 0, the presence of g; indicates (g — 2) contributions. Indeed as one finds that
the coupling parameterized by ¢; is generated at one loop [1].

3.2 Gravitational minimal coupling

We now turn to gravity. The minimal three-point coupling for a positive helicity graviton is

]\foz (<12>)2 , (3.15)

pl m

Following our photon discussion, we can ask whether there is a gravitational analogue of
Zeeman coupling for gravitomagnetic interactions, and the minimum coupling correspond
to a particular value for the gravitomagnetic dipole moment. Indeed one can consider a
Kaluza-Klein decomposition of the metric:

hoo = 2®, hg; = —.AZ', hij = 2(1)5”‘ R (3.16)

where ® will be identified with the gravitational potential and A the vector potential for
gravitational version of magnetic field. The full gravitational potential then takes the form:

V=md+alS B. (3.17)

Note that in contrast to the photon case, here « is fixed by the requirement that the result-
ing Hamiltonian reproduces the correct evolution of the spin operator S , which is dictated
from general covariance. This fixes o = —%, where we leave the details to appendix B.
Thus we seem to have a potential contradiction: since the gravitomagnetic dipole moment

is completely fixed from general covariance, minimal coupling is inconsistent if it doesn’t
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reproduce the correct value. However, from an on-shell point of view, there is no apparent
sickness either in its high energy behaviour or consistent embedding in a four-point am-
plitude, as we will see in section 5. Not surprisingly, we will find that minimal coupling
exactly reproduces the correct result!

The discussion above indicates that the gravitomagnetic dipole moment should be
universal on grounds of general covariance.® Since the dipole moment is associated with
minimal coupling as well as the coefficient of )\%, this implies that one can simply consider
an arbitrary diffeomorphism invariant action, and read off the latter coefficient. The result
would be universal! Again introducing a scalar like kinetic term for general spin-s field for
integer s, we start with the on-shell action:

S
5= [VEISE 0 Db - - G1)
My 2

where the sign factor (—1)° is there to make sure that the kinetic term for physical degrees
of freedom have the right sign. Note that while additional terms are generally needed to
impose tracelessness and transversality condition [25], such terms cannot generate non-zero
g1 and have been neglected. This can be seen by noting that such terms can be recast into
linear combinations of D,¢#"2""* DP¢,y,...,, and ¢R¢ via integration by parts identities,
where the latter is a schematic representation with index contractions suppressed. The
former term vanishes due to transverse tracelessness of the polarisation tensors, while
terms involving the Reimann tensor yields g; terms with ¢ > 1 [26]. Expanding around the
flat metric, terms linear in graviton can be separated into two terms:

T = (=)’ [(8u¢01...05)(au¢01~-as)""S(a/\(zsu@mos)(8A¢Vaz~-~as)_5m2¢ug2mgs¢uaz~-as] — N L
—)®%s o Vo2 020 v
G,uz/)\ — (2) (¢u02 saud)/\gr_as +¢ 2 58)\(17“02---05 _¢>\ 2 saqu 02._.05-1-(/1, <~ V))

(3.19)

where we’ve separated the piece that stems from expanding Fl)‘w as G*A. The stress tensor
is then given as T}, = 7#1, —9*G - These two sources will contribute to the 3pt amplitude
as following terms.

e (2 ()
5 (Or )G T (<2n1>>8 <[2£1>5‘1 23)31] o

Using eq. (2.24), we convert the expression into pure chiral form:

x2m2l<<21>>28_s<s—1> 1 <<21>>25‘2<23>2<31>2+,,_‘ (3.21)

M, \ m? 2 Mym?\ m

This is reminiscent of Weinberg’s soft theorems [24], where photon soft theorems only require charge
conservation, and thus allowing any charge for a given state. On the other hand graviton soft theorems
leads to unversal coupling constants and hence the equivalence principle.
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Note that there are no )\g couplings, so g1 = 0! Thus it appears that general covariance
simply tells us that /\g couplings are forbidden. In section 5, we will present an alternative
on-shell view point of why nonzero g; is prohibited, this time under the constraint of
consistent factorisation.

Finally we comment that the action in eq. (3.18) yields deviations from minimal cou-

@. Indeed as was pointed out in [27], such

pling that begins at A3, with coefficient —
action leads to violation of tree-level unitarity for longitudinal scattering. For s < 3 this

can be completely resolved by introducing a new coupling to the Reimann tensor

s(s—1)
2

h AHPETE R oo 7 s (3.22)
with h set to 1. We see from the above, this is precisely the requisite choice to cancel the
)\g" term, consistent with the conclusion that terms beyond minimal coupling lead to bad
UV behaviours. Note that string theory in general has h # 1, as discussed in [28], where
it evades the UV unitarity disaster by introducing an infinite tower of states whose mass
scale is the same as the state in question.

3.3 Universality of g for perturbative string states

The requirement that g; = 0 for gravitational couplings has important implications for
systems in which the three-point coupling to a graviton is given by the square of the
coupling to a photon. More precisely, the spin-2s spin-2s coupling to a graviton is given
by the square of three-point amplitude of spin-s, spin-s and photon:

Ms(125, 2% 372) = [My(1%, 2%, 31)]* (3.23)

where we’ve used bolded numbers to indicate the massive legs, and their exponent indicat-
ing their spin. An immediate example is perturbative string theories, where type II closed
string amplitudes are given by the square of type I, and similarly closed bosonic string is
given by the square of open string. In such case, if g # 2 for the charged states, which
implies g1 # 0, then the cross terms in the double copy procedure will lead to g; # 0 in the
gravitation sector. Thus we conclude that for systems with double copy relation between
gauge and gravity three point amplitudes, the charged states in the gauge theory sector
must have g = 2. This is applicable to not only leading trajectory, but also all daughter
trajectory states. Indeed such result was found previously in [23].

4 Black holes as the s > 1 limit of minimal coupling

In light of the discussion in the previous section, we see that if we consider the “simplest”
three-point amplitude with ¢g; = 0 for ¢ > 0, we have the bonus simplicity in the UV: it
matches minimal coupling in the UV and has the best high energy behavior. For spin—%, 1,
this is precisely the couplings for particles in the standard model. It is then natural to ask
the following: are there particles in nature with s > 1 that have such minimal couplings?
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Given the good UV behaviour of string theory, one might expect that the higher spin
string resonances would be a perfect candidate. Interestingly it is quite the contrary. For
example, the three-point coupling between a photon and the leading trajectory states in
open bosonic string theory is given by:

+188 _ ZZ N2s—n+E=L (Z) (Z) 2sfn_(77(’5)__1{;;':’_1]_)'<12>2nk (x<23><31>)2s—2n+k‘

n=0 k=0
(4.1)
One sees that the coupling is “maximally complex” in that all g; # 0 except for g;. Note
that this does not violate our discussion with regards to the violation of UV unitarity, since
at the energy level where the - - factor becomes singular, we are at the string scale and the
infinite string resonances now come into play.

Instead of looking to the UV, we consider the IR. For a most general approach, we
consider the one body effective action of a point particle coupled to gravity, introduced by
Goldberger and Rothstein [29] and generalised to cases involving spin by Porto [30].” This
is an effective action where the internal degree of freedom in the object is integrated away,
and shows up as “higher dimensional operators” multiple moments. This is given by the
following world-line action:

S = / do {—m\/zT2 - %SWQW + Lz [u", Sy, guy(y“)]} (4.2)
where u# = Cil S, correspond to the spin-operator and €2, is the angular velocity. The
first two terms correspond to minimal coupling and are universal, irrespective of the details
of the point-like particle, while the terms in Lg; correspond to spin-interaction terms that
are beyond minimal coupling, and depend on the inner structure of the particle. The
angular velocity Q¥ is defined as Q" := ¢/} Df) , where ¢/} (o) is the tetrad attached to
the worldline of the particle. The defining relation for this tetrad is n”*Be/ (0)el (o) = g.
Generalising the quadrupole moment operator introduced in [31], the non-minimal spin-
interaction terms can be parameterized as [32]:

[e.9]

1 CEs2n E
D, ...D,  ZHE2 guigHz ... GH2n—1 GH2n
221 2n)! m2n—17 H2n HsT s
> -Hr C B (4.3)
BgZnt! M2
D ...D, —F1F2 gH1 gE2 . GH2n GH2n+1
g 2n + 1 m2n H2n+1 H3 TLQ

where F and B are the electric and magnetic components of the Weyl tensor defined as:

B, = R“a,,guauﬁ
1
By = ieaﬁwRaﬁyuvué. (4.4)

Note that here the Riemann tensors are taken to be linear perturbations around flat space,
and the information with regards to non-trivial backgrounds is encoded in the Wilson

"The authors would like to thank Rafael Porto for an explanation on the historical development of the
subject.
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coefficients Cx. For generic astrophysical objects the Wilson-coefficients are obtained by
matching with the multipole moments used in numerical simulations. For Kerr black-holes
the coefficient is 1, which we review in appendix D.

4.1 Universal part of the one body EFT

We first consider the terms besides Lgy in eq. (4.2) which are universal for all particles.

The spin-independent part of minimal coupling is given by L = —mvu2,

—mVu? = —m/Nuutu’ + khyutu? = —%hwu“u” +O(h?). (4.5)

Keeping only linear order in h,, = 2&‘“6”,8 and identifying = v/2(e* -u), this term simply
yields the scalar three-point interaction:

2

—mvVa? = —""Zm . (4.6)

Next we consider the minimal spin coupling —%SMVQ“”, given as [30, 33],

1 1 AB
—55'“,,(2‘“’ = 755’,43&;# ut . (4.7)
As usual the spin connection quB is defined as quB =e Bl,aueA” +ep, I ’;L)\eA)‘. Since we
are only interested in the three point amplitude with one graviton, the derivative on the
tetrad will not contribute, and we have:

1 1
—§SABwHABu” =3 M,,u)TKUg”“ (4.8)

In classical mechanics, the spin S*” can be defined as the difference between the angular
momentum that the orbital part:

Jr = xlpl 4 gm (4.9)

However, this separation is ambiguous without a reference frame to define the origin and
hence X. The choice of the origin can be translated into an additional constraint on S**
known as spin supplementary condition (SSC). Of the various choices for SSC known
in the literature, one that can be generalised to curved space without any ambiguity is
the covariant SSC S*p, = 0, also known as Tulczyjew SSC or Tulczyjew-Dixon SSC.
Adoption of this condition can be met by the following choice of S#¥, where the vector u*
is defined as u* = %.

SHY = JH Loyb J Py — u” JF sy (4.10)

Note that this spin operator can be cast in the form S* = —%e“”)“’pASU, where S* is the

Pauli-Lubanski psuedo-vector eq. (A.54). The 3pt amplitude can be computed by adopting

8The extra factor of 2 was inserted to make equations simpler.
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the following definitions and replacement rules:

K
Fﬁx\ = 5 [huu,)\ + hu/\,u - hl/,)\#}
1
po_ ton
v h (4.11)
8,1 = —Z'pgu

+ .+
hw = 2¢, e, .

Combined with three particle kinematics, eq. (4.8) becomes

2 2 . B
- 5o [imul VB — 2] =~ e = - (25 (4.12)

2 m o

where we’ve used the spin—% representation of the Lorentz generator in the chiral repre-
sentation, and eq. (2.33) to obtain the rightmost expression. Generalisation to higher spin
follows from eq. (A.63), which gives (—p%s> with the understanding that,

B1B2-+
p3 - S) s
= 2133 (4.13)
( T Seape TP
P .S (3R DREE s
( e > =3B (4.14)
B1B2

A caveat with using this form is that higher degree of this operator must be evaluated from
the definition of Lie algebra eq. (A.62). For example,

m (2m)2 e
i s o BB p (4.15)
(2% = 25(25 = 1)(25 = 2) o B el B 3151

when symmetrization is taken into account.
Thus the universal piece of the 1 body EFT translates into the following three-point

9
2 .
_ e (]I—p3 S) . (4.16)

2 m

where both the operator I and p3-S are defined to act on the Hilbert space of SL(2, C) irreps.

interaction:

4.2 The three-point amplitude from Lgy

We now consider the three-point amplitude arising from the Wilson operators in eq. (4.3).
The electric and magnetic components of the Weyl tensor are converted to:
2
x

B =
uv 9 P3uP3v (417)

R
B;WS“ = 7 [p3a(\/§€; — qu)JO‘ﬁ] D3y

9When the graviton is chosen to have negative helicity, the sign of ps - S term flips.
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The one-body EFT Lagrangian eq. (4.3) then translates to the following form for three-

particle kinematics:'°

_Z Es2n rma? (ps- S Zn_i S R (V2et — )Jaﬁ} ps- S\
m Zo(an 1) 2 [PV T m

B Z kma? Cgn <p3n'15>n (4.18)

The Wilson coefficients Cyn are defined as Cqem = Cpgem for even n = 2m and Cgam+1 =

Cpgem+1 for odd n = 2m+1. It is possible to add the universal pieces in eq. (4.16), so that
the sum starts from n = 0, with the definition Cqo = Cq1 = 1.

We will be interested in the three-point scattering amplitude of a spin-s particle emit-
ting a graviton described by the effective action eq. (4.2). Again the incoming and out
going momenta will be p1, ps, while the graviton being ps. The polarization tensor for a
spin-s particle is given by:

(e dgieds) _ 23/2)\( AL AT ,\iz) o)

Q101 QsCis ms )

where the total symmetrization of the Little group indices ensures the transversality of
the polarization tensor. As the polarization tensors are contracted with the operators in
the effective action, terms with spin-operator of degree n, with n < s, will contribute.
Furthermore, for each fixed n, we sum over the all possible distributions of the n spin
operators between the chiral and anti-chiral indices of the polarization tensor. This results
in the following three-point amplitude:'!

MPR = S gy (21) <_g;<23><31>>a 21)5 ([23”31]>b7

2m 2mx
a+b<s

w=(2)(:)

where the + subscript indicates that this is the plus helicity graviton amplitude, and we

(4.20)

denote the combinatoric factors as éfz,b for reasons that will be clear shortly. In a sense this
provides an alternative parameterization for the general three-point amplitude, where the
information of the specific interaction is encoded in the Wilson coefficients Cga+s. Again
for Kerr black holes they are unity.

4.3 The matching to minimal coupling

We are now ready to recast our minimal coupling to the above EFT basis. While minimal
coupling for the positive helicity graviton is simple in the chiral basis, the EFT basis in

10T he sign of ks - S term in the last line flips when negative helicity is chosen for the graviton, which is
consistent with the sign flip in eq. (4.16).
HThe irrelevant overall factor of 2° has been neglected.
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eq. (4.20) is in the symmetric basis. To convert the chiral basis into the symmetric basis,
we use the following identity,
[23][31] =(23)(31)

(21)? = (21)[21] + (21) S T o [21]—2

(23)(31)[23][31]
(2m)?

(4.21)

This relation can be readily generalised to integer higher spin.

s a b
1) = ((21)?)° = 3 5 ,(21)0 (—W) 21] (MB”) (1.22)

2m 2mzx
a,b=0

Note that the ratio of Cq.p With respect to ¢; , yields the Wilson coefficients for the minimal
coupling. The coefficient Cop Can be readily computed by identifying it as simply the
coefficients of (1 + z +y + 2zy)°,

s

(1+z+y+22y)° Z Cab %y (4.23)

a,b=0
min(a,b)
2¢s!
. 4.24
Cob =0 (s —a—b+c)l(a—c)l(b—c)l! ( )

Note that if 2¢ in C.p Was substituted by 1, which is equivalent to using 14+z4+y+azy)®
to evaluate c; ;, then we would simply have ¢, , = ¢} ;! This observation can be used to
derive the following formula.

min(a,b)
8 .
s _ § : ~s—i
Ca,b - (’L ) Cafi,bfi

i=0 (4.25)
- 51 s(s—1) 49
=Capt5C 15 1+ 5 Coopot
Since Cab tends to % for asymptotically large s, each term in the series is subleading in
powers of % for fixed set of a and b. In other words,
| ap=a,+00)s). | (4.26)

There are no 1/s corrections when either a or b of cj , is zero; ¢; o = ¢; o and 3, = &5
It is worthy of note that since Cgq: is fixed to be unity, ¢f, = ¢f and ¢, = ¢ ;; these
conditions imply that introduction of M3" 2 23(21)2571(23)(31) term in the graviton 3pt
amplitude, or introduction of non-zero g1, is forbidden in this context as well.

Thus we see that in the s > 1 limit, the minimal coupling reproduces the Wilson
coefficient of a Kerr black hole! The fact that one should take the large spin limit is not
surprising since the spin of a black hole takes a macroscopic value. The reader might
wonder that since the matching is occurring at the large spin limit, it may very well be
that deviation from minimal coupling is subleading in s and hence suppressed. In such
case, the matching of minimal coupling to black holes is simply a reflection of it being the
leading contribution in the limit. We now show this is not the case.
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The simplest deformation from minimal coupling is introducing A* coupling to the 3pt
amplitude. The three-point amplitude then becomes

2
M5 = 2(21)%° + goa® —(21)77(28)?(31)?

= Z B y(21)" (—x<23><31>> [21]5~ <[23H311)b (4.27)

2m 2max
a,b=0

B(f’b is determined to be B;b = CZJ; + 49202:%,1;—1' The Wilson coeflicients C's» for asymp-
totic s is then given as

2n(n —1)

Bjy, = ¢ (1 +4abgs + O(1/s)) = Cgn = 1 + .

G2+ O(1/s) (4.28)

where g2 = g2/s%. The natural value for g can be deduced from eq. (3.21) to be ~ s2
in the large s. Thus we see that introducing terms that generate deviations to minimal
coupling does indeed modify the Wilson coefficients from the black hole value.

Note that this is consistent with the intuition that the terms beyond minimal couplings
represent finite size effects that indicate deviation from point particle. In other words, the
fact that black holes are given by minimal coupling is a kinematic way of saying that it
has no “hair”.

5 Compton amplitudes for arbitrary spin

Consistent factorization at four-points often imposes new constraints for the underlying
theory that are not visible at three-points. For example, the color algebra associated
with non-abelian theories can be recovered by simply enforcing that the residue from one
factorization channel can be made consistent with that of another [1, 34]. For massive
amplitudes, the application of such consistency condition has been initiated in [1], which
led to bounds on the spin of isolated massive particles. Here we will systematically construct
the Compton amplitude, as well as its gravitational counterpart, for general massive spin-s
particle, utilizing consistent factorizations. The gravitational Compton amplitude will later
serve an important ingredient in extracting the spin-dependent piece of the 2 PM potential.

Let us first give an over view of our strategy. We will start from gluing the known 3pt
amplitudes on s-channel together. Putting the result on an s-channel propagator gives a
putative ansatz for the four-point amplitude:

M3(1727P) X M3(3747 _P)

Ansatz = 5
s—m

. (5.1)

Without loss of generality, we take legs 1 and 4 to be the massive spin-s state, and legs 2 and
3 to be either photons or gravitons. For minimal couplings, the gluing on a specific channel
is not local, reflecting the presence of another factorization channel. Thus we will need to
check whether the factorization constraint on the other channel is also satisfied. If s channel

12

gluing in our Compton amplitude carries u-channel information,*“ correct factorization in

12For the discussion with regards to amplitudes, we follow the notation that s = (p1 +p2)?,t = (p1 +pa)?
and u = (p1 +p3)2.
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the u-channel is guaranteed if the s-channel residue is given in a form symmetric under
(1 <> 4) exchange. In general for photon Compton amplitude, we will find:

fsu

M3(172+17P) X M3(_P7 37174) 9 = ) +f8
s=m uUu—m (52)
= Ansatz = fsu Is Ju
(s —m2)(u—m?) s—m? wu—m?’

where f, can be deduced from f, via 1 <> 4 symmetry. For graviton Compton amplitudes,
we will find:

My(1,2°2, P)yx My(—P32,4)| =T St g
s=m? (u—mQ)t t (5 3)
= Ansatz: fstu + fst + fut + fs + fu +ﬁ

(s—m?2)(u—m?2)t (s—m?2)t (u—m?)t s—m? u—m2

This procedure fixes the four-point amplitude up to polynomial terms, which do not have
poles and therefore are not subject to previous constraints. Importantly, for (photon) gravi-
ton couplings s < (1)2 the possible polynomials must be of higher order in % suppressions,
which reflects the fact that these are finite size effects. For s > (1)2, the order of % for
such ambiguity is of the same order as terms in the Ansatz. Thus the result given here
are “correct” only up to polynomial ambiguities for charged spinning particles with s > 1,
and gravitationally coupled spin states with s > 2.

5.1 Photon

The minimal coupling 3pt amplitude of a photon with 2 massive spin s particles is given by:

+1,8,8 <12>25 —1,5,5 1 [12]28
M3 = J;W, M3 = EW (54)
5.1.1 Photon Compton amplitude with s <1
s-channel gluing gives:
_ 1
Ms(1,2%1, P) x M3(—P,37",4) = m*(mpﬁ])%
" 3t (5.5)
(3|p[2)> >

= P ((43)[12] + (13)[42])>

with P as the momentum of the s-channel propagator and the second equality in eq. (5.5)
comes from solving the conditions:

Pang’ = —mMT12\20, Padxg‘ = mz3adsa, P?=m? (5.6)
yiclding 43)[12 13)[42
iy = 812 15142 5
and by the definition of the z-factors:
L1z _ _<3|101|2]2 (5.8)

T34 m2t
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Since there’s no 3-photon interaction to be considered in the ¢ channel, we identify the ¢ in
the denominator as —(u —m?). Putting back the (s —m?), we obtain an ansatz for photon
Compton amplitudes:

(3[pa |22~
(s =m?)(u —m?)

((43)[12] + (13)[42))* (5.9)

for s < 1 this is precisely the Compton amplitudes. On the other hand, for s > 1, there
will be spurious poles (3|p1/2] in the denominator and the ansatz ceases to be local. Then
we conclude for s <1,

(3[pa |22~

(5= m2)(u — ) (4312 + (13) [42])%*. (5.10)

M(1%,271 371 4%) =

5.1.2 Photon Compton amplitude with s > 1

For higher spin charged particles, we need to more work to find a completely local ansatz.
The assumption that went into eq. (5.9) was that we used a representation of P such that
it matches both the s and u-channel residue. This anticipates the fact that the s-channel
residue sits on top of a u-channel pole as well. However, it is also possible that part of the
s-channel residue is in fact local, and thus do not need to satisfy any u-channel constraint.
Thus the task becomes that of separating the residue into local and non-local pieces. Again
starting with the s-channel residue:

Res[M(1°,2+1 371 4%))

s=m?  u—m? (3|p1/2]

_ (Bl f2P? <<43>[12] +(13) [42]>25 (5.11)

We rewrite the term in the parenthesis, which is simply (1|P|4], as

2

1P = - ([Zx]+<42>[21]—<12>[24]>+1 (<14>+<13>[34]—<43>[31}>+ £(34)[21]

2m?2 2\ m 2m? 2m2(3|p1|2]

(F+F)+B=F+B (5.12)

| =

where F is written in a way that is symmetric under angle square exchange for the massive
legs. Now, the F term is completely local and satisfies the correct spin-statistics property
under (1 <> 4), with the price of introducing extra factors of m in the denominator. In
expanding (F + B)?%, one of the B factor in the B dependent terms will cancel the u pole,
since —t = u —m? when s = m?, and its spurious pole will be canceled by the prefactor.
Thus these terms will be pure s-channel terms. The remaining B factors still contain
unphysical pole, but can be removed by imposing s-channel kinematics:

t[21](34) _ (43)[32](21) B [43](32)[21] (5.13)

2m?2(3|p1/2] 2m3 2ms3 '

s=m?

We now see that only the F2° term carries both s and the u channel poles. The pure
u-channel term will be fixed by (1 <> 4) symmetry.
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Now we conclude that the photon Compton amplitude for s > 1 to be:

Photon Compton amplitude for s > 1
M(1%,271,371 4%) = %#S (5.14)
_ { 12 |2(] 4) [22)1] {; (2) . <—<4zi By 43P ]
+ SR {g <2f>(—1>72“(<13§5§]<24> L)y ]}

where we dropped the (s — m?) terms in eq. (5.13) since it would not contribute to the
residue at any poles.

5.2 Graviton

The minimal coupling 3pt amplitude of a graviton with 2 massive spin s particles is given by:
o 1 (12)% 11 [12)%

+2,s,5 —2,8,8
M3 =X mm, M3 = x2 M N m23 5 (515)
5.2.1 Graviton Compton amplitude for s < 2
We again start out with s-channel gluing of the graviton Compton amplitude,
_ 1 z?
M3(1,2%2, P) x M3(—P,37%,4) = 22, 32 ;i(lfpf‘l]
5.16
Bl (510)

P (43012 + (13)fa2))*
p
where eq. (5.6) and eq. (5.7) is applied in the second equality in eq. (5.16). The double pole
2 in the denominator can be identified as one massive u-channel pole and one massless ¢
channel pole comming from the 3-graviton interaction. So the ansatz for graviton Compton
amplitude is
(3|p[2)* >

(s —m?)(u — m2)tM3,
Note that now we should also check that this ansatz correctly factorizes in the ¢ channel.
Here, we should match both the MHV ([23] = 0) and anti-MHV ((23) = 0) ¢-channel
residues:

((43)[12] + (13)[42])%. (5.17)

Ansatz = —

My (272,372 P My (P L) = - R OAT OB (s.1)
My(272,372 PROMy (P2 L) =~ OB B o BB pe (5.19)

which is indeed the case. Now that our ansatz eq. (5.17) consistently factorizes in all three
channels and that it contains no other poles for s < 2, it gives us the graviton Compton

amplitude:
Mo, 2232 g0y = BRI e 32 for s <2 (5.20)
o (s —m?)(u — m?)tM3, -

Again there will be spurious poles when s > 2 and thus need to be further taken care of.
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Definition of variables

The variables we’ll be using are defined as follow:

o % | o <42>[21}2 - 224
f <1T;1> | p <13>[34}2 - s
f=%(F+F), flzé(FlJrFl), f2:%(F2+F2)

The F is defined such that it remains invariant under (Fy <> ﬁ’l) and (F2 Fg) Also, for the pure
t-channel terms, we’ll be needing:

Clag) = [23](13)(34>7 Clagy = — (23)[12][24]

m m

and
(34)[21] B (31)[24]

K
2m?2 2m?2

in the functions:

— K202 2s 2s—n—1
h(n) = on—1 <n—|—1>]:1

K202 ! 2s ]
g(n) = — Z (2r+1) Fi RV

n r+n+1
s—uy K30 ! 2s 2s—n—1—r pr—1
+< 2 )2n—1 Z:: Dl ) 72

We'll be taking C = C(a3y for ga(n) and ha(n), C = Clag for gs(n) and hs(n), with g(n) satisfying
g(n >2s —1) = 0. They will be used in the numerator of the pure-¢ channel:

2s—1
2 Cred
Poly:—(3|p12]2K2Zr< § >ffs Rt

= r+1
[s1-3 [s]—2 5
o = \2r 41 = o (3p1]2]K C<23> 2s 25—3
Poly a3y = Z::O ha(4+2r)(Fi—F1)* ' 4 ; ga(2+2r)(F— )" - S ()
[s1-3 [s1—2 2
_ = 2r41 =, 2r <3|p1‘2]K C[23] 2s 25—3
Polyjag = E::O hs(4+2r)(FL—F)* T+ ; gs(242r)(Fi—F)" —————= 5 |71

5.2.2 Graviton Compton amplitude for s > 2

Just as in section 5.1.2, for s > 2 we will relax the constraint that the s-channel residue sits
on both the t- and u- channel poles. Instead the s-channel residue will be converted into
one that has both ¢ and u-channel poles, one that only has either ¢ or u- channel poles, and
one that is completely local. The u-channel image will be fixed by (1 <> 4) again. Simply
doing so still wouldn’t give us a consistently factorizing amplitude, since we need to ensure
that the ansatz also matches that of the ¢-channel pole. We will find that the ¢-channel
residue of our ansatz differs from eq. (5.18) and eq. (5.19), by local polynomial terms, and
hence the mismatch can be removed by a pure t-channel term.
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We again go back to the s-channel gluing eq. (5.16) and apply the identity eq. (5.12).
Putting back (s —m?) and fixing the u-channel by spin statistics, our ansatz become

Blpl2lt s 25@Ip1[2° (34)[21] ooy 25(3[pal2]” (31)[24] 1oy

Ansatz:_(s—mQ)(u—mZ)t t(s—m?2) 2m? t(u—m?2)  2m?
(3[p1[212(34)2[21)2 [ S~ (25 poser (—(43)[32)(21) )"
+{ 4m*(s—m?) [;<r>}— < 2m3 > ]
20 (31p1120%(31)%24]2 [ {= (2 251 p2s—r [ —(13)[32](24)\ "
+(=1) 4m*(u—m?) [;<r>(_1) d <2m3> ] }

(5.21)

Taking the ¢-channel residue of eq. (5.21) for both MHV and anti-MHV poles, we find that
it yields eq. (5.18) and eq. (5.19) plus additional pure polynomlias. All we need to do is
subtracting them off, adding minus the polynomial terms over t¢:

_ (3lp1[2]*
@3=0 (s —m?2)(u— mQ)]W2

28<3!p1|2] (34)[21] o1 25(3Ipal2)° (31)[24] 5,

Res[Ansatz] F2

(s — m?) 2m2M2 (u—m?) 2m2M2 (5.22)
Poly + Polyjas
M2
<3’p1|2]4 2
Res[Ansat =— Fe
eslAnsatz] [23]=0 (s —m?)(u— mQ)MIfl
25(3|p1[2]” (34)[21] o5y 25(3|pal2]® (31)[24] o, 4
F= — F2 ‘
+ (s —m?2) 2m2M§l (u —m?2) 2m2Mp2l (5.23)
Poly + Poly o3,
M3
We conclude that the graviton Compton amplitude for s > 2 is:
Graviton Compton Amplitude for s > 2
S - - L
Ma(s>2)= (sme)(ume)tMgl
25(3[p1[2]° (34)[21] os-1 25(3[paf2]® (31)[24] 100
t(s—m?) 2m2M2 t(u—m?) 2m2M2,
(3[p:1 [2]* (34)°(21]? oo (—(43)[32)(21)  [43)(32)[21] )"
+ dm*(s—m2)Mp, | & 4m3 4m3
4 B2 3124 [ poer (—13)(224) [13)(32) 24\
AmA(u— m2 M2 4m3 4m3
B Poly+ Polyjzs —‘,—Poly(%)
tM?2,
(5.24)

which is consistent with the ansatz eq. (5.3).
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We can see that F, F; and Fs carry inverse powers of m, and do not have a healthy
high energy behaviour. So we can again conclude that massive particles with s > 2 cannot
be elementary.

5.3 The Compton amplitude for non-minimal coupling

In previous sections, we’ve seen that minimal coupling can always be embedded into a
local consistent four-point amplitude, and no constraint other than possible high energy
sickness was revealed. In this subsection, we proceed and investigate the case of non-
minimal couplings. Recall that we’ve argued through general covariance, that A\ couplings
are forbidden for gravitational couplings. We will see this constraint as a consequence of
inconsistent factorizations for the four-point amplitude.

5.3.1 A deformation

We again start with the s-channel gluing of the three point amplitudes. With the A\
deformation, the 3pt amplitudes are

(m% + x%“)\)\) ® (9354}’2 + ngz_l;\:\)

Expanding the expression, we find that need to consider 4 contributions here. One is the
pure minimal contribution which is already known from previous sections, which will not
be repeated in this section. The other three are

A\
RS

@: @TONe 0 a:h®xiil (@: 2OV ®

The z-factors of the both sides’ non-minimal gluing cannot be completely absorbed in the
graviton case and is the reason causing inconsistent factorization.

Let’s start with photons, where the minimal coupling 3pt amplitude is given by eq. (5.4)
and the (A\) defomation 3pt amplitude is given by:

o (LI)*71(12)(2I)

1 [I4]*5-1[13][34
M g2, [T4) 1 (13)[34]

L, My = (5.25)

2s 2 2s
m .T34 m

s-channel gluing of case (i) yields:

boo e _ Gl (3)R421]) (@312 + a3laz )
MM = = <m<3\p1\21>( Glpil2 ) (>:20)

where we can see that we’ll confront spurious poles again when s > 1. For 0 < s < 1,
we have

MM 0<s<1)= (5.27)

(s —m?)(u —m?) m (3Ip1[2]

Bml2l (@324 (<43>[12] + <13>[42]>25‘1
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where the tilde denotes that it is a partial contribution to the full non-minimal coupling
amplitude. For higher spin, we follow the procedure of dealing with spurious poles demon-
strated in section 5.1.2, leading to the following result

Y Blpr|2]  (23)[24][21]

Mia) - (u—m?2)(s—m?2) m Fe
21)34) [ @3)24]21)\ [2 /25—1\ o o[ @)D\
+{2m2(s—m2) ( m ) [TZI ( r >]:2 1 <_ 2m3 ) ]

+(1 <—>4)} (5.28)

Finally, the completely local contribution (¢) is:

) _ [12](43)
My~ = 2sm?st1l(s — m?)

(41>28—2{<3\p112] (41) + (25 — 1)<4\p1y2]<31>} + (14 4) (5.29)

So, we have obtained a A\ deformed photon Compton amplitude that consistently factorizes
in all channels:

b)

MM M+ M+ M (5.30)

where M, iMm) is the Compton amplitude derived in the previous section. One thing worth
mentioning is that for the mixed contribution, x-factors in the s channel gluing that cannot
be absorbed by A or A via:
phg = Lodje 24 Padya (5.31)

m x m
becomes a (u — m?) pole by using the identity eq. (5.7). On the other hand, z factors
in the (¢) contribution can be completely absorbed because we have enough A and A to
use eq. (5.31) so that it is completely local. This discussion will be important to see the
inconsistent factorization of A\ deformed Compton amplitude.

Let’s now turn to the non-minimal graviton Compton scattering. The minimal coupling
3pt amplitude is given by eq. (5.15) and the (A\) deformation is:

g (LI)*~1(12)(2I)

1 [I4]?5-1[13][34
M3+2’S’S = Ty [ ] [ ][ ]

L MR = 5.32
mQSfIMpl 3 CL‘§4 m2571Mpl ( )

The mixed coupling (a) + (b) contribution for spin 3 is

MM _ ) 4 37 0)

(3|p1|2)° [12](23)[24] | (3]p12)° (13)[23](34)  (5:33)
(s —m2)(u—m2)t mM}fl (s —=m?2)(u —m?)t mMgl '

Importantly, the ¢-channel residue is already correctly reproduced by that of minimal cou-
pling and eq. (5.33)! This poses a problem because when we include the all non-minimal
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couplings contribution:

o GmPP 1264 + 426
4 2(s —m?)(u — m2) m2le 5.34)
B2 [12)(34) - [42(31)  Bpil2? [@E) - [p2Ey
2(s —m?2)t m2M 2(u —m?2)t m2M2,

we find that there is further t-channel singularity. Note that this mismatch is not local,
and thus cannot be removed by modifying the expression by pure t-channel contributions.
Thus we have failed to obtain a local amplitude that correctly factorizes in all channels.
Note that the source of this can be traced back to the excess z-factors. There is a factor of
% left in the gluing procedure that gives the extra t channel in the (¢) contribution due
to eq. (5.7). Thus, we conclude that A\ coupling is forbidden for gravity. This is consistent
with the previous results shown in the 3pt amplitude.

Finally, a side note on the high energy behaviour of the A\ deformed photon Comp-
1) in HE. The (b)
contribution is not given because it should behave the same as (a) contribution in HE due

ton amplitude. The (a) contribution eq. (5.27) scales at least as O(

to symmetry. For higher spins, dealing with the spurious poles introduces higher power of
%. In other words, the counting of the factors of % is no more just the multiplication of
the ones in the 3pt amplitudes. The (a) contribution for s > 1 eq. (5.28) scales at least as
O(ﬁ) at HE. And the (¢) contribution scales at least as O(ﬁ) at HE for all spins.
That is, worse than both (a) and (b) contributions when 0 < s < 1, but not for higher spin
charged particles.

5.3.2 (AM)? deformation

For (A\)? deformations, we should in general consider
(9033’115 + o113 TN+ 9290}1?“()\/\)2) ® (9090§4h2 + g1y T A+ 92x§4h2_2(5\5\)2>

where g1 = 0 for gravitons. In this section, we’ll be mostly ineterested in the contributions

(AV)? Che2py g2 o OV
oht2 () 2N @ ohte

1
(a) : xh+2(w2®ﬁ, ) : 2"

We again start with photons. From our experience above, we will only be interested
in (a') and (V') contributions to the deformed Compton amplitude since this is the only
structure that causes the % counting differ from that of 3pt counting in higher spin. The
(AN)2 coupling of photon is given by:

5 (LI)*72(12)*(21)

. | 14 2(13%[34]
M:;r P =ay, m2s+1 J

71’835 —
Mj - ;3;4 m2s+1 (5.35)

This (a) contribution for s = 1 photon Compton scattering is:

(23)2[24]%[21]°
m?(s —m?)(u — m?2)

M (s=1) = (5.36)
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with O(m™2) in HE. And for s > 1, we'll need to deal with spurious poles. The (a’)
contribution to the non-minimal photon Compton amplitudes for S > 1 is:

(3|p1]2)
(u—m?2)(s—m?2)

31p1|2][21](34) | o, L (a3)[32](21)\ "
+{<2’f§|2<2 1o [fz Z()Fz <_< >2[ml< >>
T2 (252 a0 (43)[32)(21))7
+F§Z< ; >]—"23 2 J<< >2[ml< >) (5.37)

+Z2:2SZQ (2) <25 2> Figas2 J< <43>2[321’<21>>i+j_1]
— 2 ] m

M (s>1)=— FE-2p2

which at least scales as O(m~%%3) in HE.

Now we apply the same analysis for gravitons. Since (A)) coupling is forbidden
for gravitons, we will elaborate more on the (A\)? coupling. The (A)\)? graviton 3pt
amplitude is:

_ 1 1 [I4]?>572[13]%[34]?
, M3 27878 — T [ ] [ ] [ ] (5.38)
x34 Mpl m25

e _ 0 L (DRI 01)
3 12Mpl mQS

The 4pt mixed coupling (a’) + (b') contribution to the amplitude for 1 < s < 2 is given by:

—(3lp1|2) 7> ((43)[12] + (13)[42]) ™" [12]7(23)2[24]% + (13)2[23]°(34)°
(s — m?2)(u —m?2)t mQM}fl

(5.39)
And for s > 2 particles

Mia,)(s >2) = M? (s - mQ)](u —m?2)t

—~ B C<223> <3|p1‘2 2F23 2
pl

Blp1|2][21](34)  (3(pa[2][24](31) | o5
+(25-2) [ 2m§t(s —m2) 2m3t(u —m?2) ] From
[122(34)% (X /25 — 2\ pe o, (—(43)[32)(21) "
* 4mA(s — m?) (; < r )J:Q : < 2m3 >

G (S e ()

r=2

2s—3 25 _

Zr( >F125 Sorprl } (5.40)
1

r+1

KQ
T
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—~(p 02 2 252
Aﬁ%>m:[m{_@mmf

Mgl (s —m?)(u —m?)t
(3lp1|2][21](34)  (3|p4|2][24](31) | o
+(25-2) [ 2m§t(s —m2)  2m2%t(u—m?) ] Fom
[12]2(34)% (= (25 — 2\ Loyn, (—(43)[32](21)\ "
* 4mA(s — m?) <rz:2 ( r >]:2 i < 2m3 >

S (S e () )

r=2

K2 [%23 /959
= F2sf377“Fr71 5.41
+ P ; T( i 1> 1 2 (5.41)

So the mixed coupling contribution to higher spin Compton amplitude is:
MMed (g 5 9y = A (s > 2) + MY (s > 2) (5.42)

Finally, for the (A\)? ® (A\)? contribution to the amplitude, the z-factors can be com-
pletely absorbed by the \’s, so the gluing is going to be completely local. For spin 1, the
amplitude is:

(Blp1|2[12%(34)7 | (3lpa|2][42](31)"

M (s=1) =
T (s — m2)m4M§l (u— m2)m4M5l

(5.43)

For s = %, the amplitude is:

3, [12]%(34)%(3|p1|2]

M (s = 5) = (s = 2L (3(3[p112](14) + 2(34)[12]m) — (1 > 4) (5.44)
And for s > 2:
~ (¢ 12]%(34)2(14)%—4 3|p1|2]2(41)?
MpgzngLé%%%&&J%<mu;>

+2(25 - 2) s ) e

(3lp1[2](31)(41) (4]p[2] <2$ - 2) (31)(4[p1[2) } (5.45)

£ (—D)*(1 e 4)

The full amplitude containing the (A\)? non-minimal coupling is the sum of the mixed one
and the pure non-minimal one. The mixed one has already matched the ¢-channel residue
and there are no t channel poles to be considered in the pure non-minimal piece because
the z-factors are completely absorbed.

5.3.3 UV behaviour of the 4pt amplitudes

It is natural to ask the following question. Given that the minimal coupling 3pt ampli-
tude has the best high energy behavior among all possible structures, does the Compton
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amplitude obtained from gluing the minimal 3pt amplitudes together automatically has
better high energy behavior than the non-minimal contributions? The naive answer to
this question is yes, because the % counting in the minimal coupling 3pt amplitude for a
given spin is always lower than the non-minimal couplings. This is true for s < 1 photon
Compton amplitudes and s < 2 graviton Compton amplitudes, but it no longer holds for
higher spin Comptons. The procedure of removing the spurious poles introduces various
powers of % This can make the HE behaviour of the minimal Compton amplitude worse
than the non-minimal ones.

Now, we summarize the HE behaviour of all the Compton amplitudes we have obtained
until now.

1. Photon

e The pure minimal Compton amplitude has no % factors for 0 < s < 1 and thus has
a good HE behaviour and scales at least as O(m~%+1) at HE for s > 1.

e The (a) and (b) contribution from (A\) coupling deformation scales at least as O(m 1)
for s <1 and O(m=%%3) for s > 1.

e The (c) contribution from (A\) coupling deformation scales at least as O(m~2) for
s <2 and at least O(m~2571) for s > 2.

e The (a) and (b) contribution from (A\)? coupling deformation scales at least as
O(m763+2).

2. Graviton

e The pure minimal Compton amplitude has no % factors for 0 < s < 2 and thus has
a good HE behaviour and scales at least as O(m~%+2) at HE for s > 2.

e The (a’) and (b') contribution from (A\)? coupling deformation scales at least as
O (m~05+6).

e The (¢’) contribution from (AX)? coupling deformation scales at least as O(m~2572)

for all spins.

Finally we conclude that the HE behaviour predicted by 3pt amplitudes only holds for lower
spins. For higher spins, the powers of % are determined by the number of the spurious

poles cancelled. One factor of W cancelled raises the inverse mass factor counting by

1]2]
L more.
m

6 Computing the classical potential (1 PM)

Now that we have identified the s > 1 limit of minimal coupling three-point amplitudes
as that describing Kerr black holes from the one body EFT framework, we can utilize
this fact to compute the spin-dependent part of the classical potential between two black
holes, which is defined as Fourier transform of the non-relativistic centre of mass amplitude
as in [10]. When we talk about the classical potential, we are referring to a long range
effect which in momentum space corresponds to the zero momentum limit. The standard
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textbook setup is then to consider the amplitude for a massless exchange between two

massive states,
P, p,

gravitons

P, P,

As we will be interested in long range effects, this requires taking the ¢ = (¢)? — 0 limit of
the above process, where ¢'is the momentum transferred in the center of mass frame. Thus
the classical potential can be extracted by taking the four-point amplitude and extracting

the t = (P, — P,)? = —¢? channel massless pole and discontinuity, schematically given as:
M
A : (6.1)
AE.Ey |20

The computation can be organized in terms of powers of Newton constant G, which corre-
sponds to post Minkowskian (PM) expansion. At leading order (1 PM), the classical poten-
tial is given by the residue of the massless pole in the tree-amplitude. At (2 PM), the contri-
bution to the classical potential arrises from the t-channel triangle integral in the scalar in-
tegral basis. There the relevant factor would then be the scalar triangle integral coefficient.

Note that these contributions are on-shell in nature: the residues in a tree-level am-
plitude are simply products of lower point amplitudes, and at one-loop the integral basis
coefficients are computable by generalized unitarity cut methods [12, 13], which again are
given by products of tree-amplitude. Thus in principle, one should be able to bypass the
need for the full four-amplitude, and compute the potential using these on-shell building
blocks. There is one obstruction, however, in that in the centre of mass (COM) frame the
transfer momentum is space-like, and the ¢ — 0 limit is only reachable by taking the limit
of vanishing transfer momentum. On the other hand, to fully utilize the on-shell nature,
we need to have light-like exchange momentum.

Cachazo and Guevara [2, 3] demonstrated how this can be circumvented by utilizing
the “holomorphic classical limit” (HCL), which keeps the total exchanged (complex) mo-
menta to be light-like and then perform a non-relativistic expansion. This expansion is in

Vr? — 1, with

P, - Pj
B mqeMmy ‘

(6.2)

r
The general procedure for obtaining the classical potential then proceeds as follows:

e (A) One first computes the Leading Singularity (LS) for the wanted order in G in
the HCL. At tree-level the LS is just the ¢-channel residue which is the product of
three-point amplitudes on both sides of the pole. For one-loop it is the pole at infinity
for a specific parametrisation of the triangle cut, which yields the triangle coefficient.

~32 -



Since for the HCL the kinematic setup is essentially that of two three-point on-shell
kinematics, the LS can be expanded as:

2S¢ QSb 3a73b ] Sa,Sb _ (28[1) (28[))
LS - g JZO N AZ] Spa) (Spb) ) Nz,] (280, _ Z) (2317 _ ]) (63)
where SO
oy BB o AN 6
mq my

and the spinors |A] and |A] are defined from the null exchanged momenta in the HCL.
Here the LS is written with free SL(2,C) indices, as 2s, and 2s; external massive
spinors have been stripped. The coefficients /L’j will be functions of the external
momenta, and have an expansion in v72 — 1.

e (B) Next one considers a set of local Lorentz invariant operators also evaluated in
the HCL. Although the number of operators are possibly infinite, the number of
combinations actually used to form the basis is not high due to the observation that
number of spin operators and number of momentum transfer vector appearing in
the classical potential are closely related [3]. These operators will in general have
different powers of v/r2 — 1 in the HCL, and thus be unambiguously mapped to the
LS. We thus have a representation of the LS in terms of local operators.

e (C) Divide the LS obtained above by the additional factor of WIE;,' This additional
factor changes the normalisation of density of particles from one particle per volume
< 157 E| relevant for relativistic scattering, to one particle per unit volume, relevant for
non-relativistic scattering. The classical potential is then simply the non-relativistic
expansion of this result.

LS nNr
4EaEb — VCl (6.5)

(PP B ) [1- 5 x-S <)

a

(6.6)

E*(P4)E(P3) E) 5*(Pb) |:]l + T( p X (j) Sb + - :| €(pb) .
my

where the last two lines indicate the extra contributions that arises from the effect of

putting back the polarization tensors. Appendix E outlines how the non-relativistic
results for the last two lines were worked out.

Note that from eq. (6.3), we see that for a given scattering of particle with spins s,
and sy, we can compute terms in the potential that is up to degree 2s, in S, and 2s; in
Sp,. For example for spin-{1, %} we can compute terms with

‘57;27 ‘57217 5_12)7 521*97;)7 ‘\S_’;L2S_';) . (67)

Importantly, a given operator in the potential may appear in many different choice of
{Sa, sp}, and they all must give identical results. For example the operator 5’ 5’,1, should
emerge from the LS of spin-{3, 3}, {1, 1}, {2, 2} e.t.c. For consistency, they should all agree.
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Before starting with explicit examples, as we will be interested in the spin-dependent
part of the potential, some comments for the spin supplementary condition (SSC), discussed
around eq. (4.9), is in order. The covariant condition S*'p, = 0 used in former sections was
used in [30] and [35] to compute leading order (LO) gravitational spin-orbit interactions,
which also have been reproduced in the following sections. However, this choice of SSC is
in conflict with canonical Poisson bracket relations [36]. To get canonical variables, another
choice called Newton-Wigner (NW) SSC is needed [35, 36], the choice referred to as baryonic
condition in [30]. In curved space NW SSC can be formulated as S*(p, +me)) = 0 where
eV is the time-like vielbein, and following sections will be mostly concerned with this choice.
In the following we will use the tree-level LS (1 PM) as detailed examples to illustrate the
details of this procedure, while reproducing known results in the literature. In the next
section, we will present the corresponding 2PM results, which will be mostly new.

6.1 Kinematic variables and basis for operators

6.1.1 Kinematic variables

Kinematic variables will be taken to have the following parametrisation in the centre of
mass frame, which is the parametrisation adopted by Guevara in [3];'3

Py = (Bay 5+ 3/2) = 1A + 13163

Pa = (Eau= 0/2) = S+ 5|00+ 313

Py = (Byy == @/2) = I\ + (6.8)
Pa = (Evy =5+ 0/2) = Bl + 5Nl + A

K=P—Py=(0,§) =—|\NA+0(8-1) =N\ +0(5-1).

The HCL corresponds to the limit 3 — 1, which is equivalent to the limit 5’ — 1. Since the
“approaching speed” of the limit is the same for both cases, the limit 5 — 1 will be used to
denote the HCL. Note that this on-shell limit has been reached by complex momenta K.

The usual definitions for the Mandelstam variables, s = (P; + P3)2 and t = (P, — P2)27
has been adopted. In this frame t = —q?, where ¢> = ()?. All external momenta are taken
to be on-shell; P? = P} = m? and P§ = P? = m}. The spinor brackets are taken to be
constrained by the conditions (A)) = [Mj] = mq and (A\) = [M] = my. The variables u, v,
and r are defined as follows;

u = [A|Py|n)

v = [n|Pi[A) (6.9)
PP

T =
MMy

13While it was implicitly assumed that 8 = ' in [3], unless mg = m; this does not hold true in general.
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In the HCL, the variables u and v tend to the values u— mympz1Z3 and v —mempT123.
Following relations can be derived from kinematic constraints.

[l PN PLX) = wo — mgmi;

(B—1)°

_ 6.10
3 +L 1u. ( )

APLA) = = 3

mp + (1= B)v

To compute the classical potential, an expansion in 7 or € = /72 — 1 is needed. This
expansion is obtained by utilising the following relations that hold in the HCL.

u=mgmp(r + Vr2—1)
(6.11)
v =mgmp(r —/r2—1).

6.1.2 Lorentz-invariant combination of operators

The independent four-vector kinematical variables are P;, P3, S,, Sp, and K. Some exam-
ples of non-trivial invariants (in the COM) that can be constructed from these variables are;

K-8 =75
€uro PI'PYK*SS = (Ey + Ey)(Sy - po % @)

P - S, = <1+%) (p%-.g')

epquP{LPé/SC)L\Sg = (Ea +Eb)(p_(; : 5:1 X S_';)) .

(6.12)

However, not all such invariants are of interest. The invariants relevant for computing the
classical potential should reduce to powers of Sp, and Sp, defined in eq. (6.4) when HCL
is taken. This removes the candidacy of the last two terms in (6.12). Indeed the first two
terms in (6.12) in the HCL takes the form:

K-Sy <+;X]m or —;W(X!) +o(B-1)

K-Sy— <—;)\][>\| or +;|)\)<)\|> +O(B-1)

) K-S,
EW)\UP{”P:;'K)‘Séf — %(v—u)(K-Sa)—i—(’)(ﬁ—l) = —imimb\/ r2—1 < 5 > +0(B-1)

Mg,

eWMP{‘P;KAS{;' — %(v—u)(K-Sb)—i—(’)(B—l) = —imgmiv/r2—1 (Knjb) +0(8-1).

(6.13)
The last two results are obtained from the definitions of w and v, which are consistent with
eq. (B.4) of [3] up to phase. These Lorentz-invariant combination of operators constitute

the basis on which the computed LS is expanded, so that classical potential can be read
out from the results.
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6.1.3 Symmetric basis for polarisation tensors

As undotted spinor index and dotted spinor index can be interchanged freely by the “Dirac
equation relations” eq. (2.9), all LS computations can be simplified by expressing all oper-
ators to act on dotted indices. The end result can be expressed as eq. (6.3)

LS = %%]\]ﬂsaﬁbﬁ‘ . 2sa—i(S )z 2sb—j(S )j NSase (2811)! (285)! (6 14)
= £ JZO i,j 17‘76 pCL € pb 9 i,j - (2Sa _ Z)' (2Sb _ ])' 9 .
where definitions for Sp, and Spy are the same as in eq. (6.4).
Al Al
oy B o DD 615
Mg my

As the above notation indicates, we’ve expressed the LS in purely dotted basis, i.e. the
external massive spinors (wave functions) have been stripped off. Note that eq. (6.14) tells
us that the SL(2, C) indices of the external wave functions are contracted either with Sp, ps
or the Levi-Cevita tensors € i We stress that this simplification is a consequence of the
HCL. The normalisation factors N;$® are the combinatoric factors that appear due to
Lie algebra properties as in eq. (4.15).

While it is tempting to match Sp, and Spp in the above expansion to Lorentz-invariant
combination of operators discussed in section 6.1.2, the basis used to compute flm does
not treat dotted and undotted indices democratically at all. It is natural to relate the
operators considered in section 6.1.2 to one-body effective action operators introduced in
section 4, and the natural basis on which these operators act should treat dotted and
undotted indices equivalently. The expansion eq. (6.14) needs to be massaged so that LS
is expanded in one-body effective action operators.

An educated guess that could be made from the identity eq. (2.24) for three-point
kinematics is that half of Sp, and Spy in eq. (6.15) do not encode the dynamics but come
from kinematics, therefore this kinematical contribution which is irrelevant to the dynamics
should be factored out from the computed coefficients fli,j. A trick™ that can be used is
to repackage the coefficients by constructing power series in variables z, and zp in the
following way.

D A j(wa) (wp) = e " Pem 2N " A j(wa) ()] (6.16)

i,j i,j

The multiplication by the factor e=%e/2¢~%4/2 has the effect of factoring out the kinematical
(or non-dynamical) contributions from flm coming from eq. (2.24) when expressing the LS
in the anti-chiral (or purely dotted index) basis. Thus, the data of dynamics is encoded by
the series expansion

> Aij(Spa)'(Spy) (6.17)

1]

4 The authors would like to thank Justin Vines for helpful discussions.
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Figure 1. A graphical representation of gluing two 3pt amplitudes.

which can be viewed as the expression for LS in the vector (or the symmetric) basis. The
Sp, and Spp in the above expression are operators which act on all indices, where their
action on anti-chiral indices is given by eq. (6.15). While their action on chiral indices is
not specified, eq. (6.15) and eq. (6.13) can be compared to match Sp, and Spy with HCL

operators (K - S,) and (K - Sp);
Spa — 2 (K : Sa)

Mg,

(6.18)

Reduction to the form K -5 in the HCL does not mean that the operator is necessarily the
operator K - S. The exact matching onto Lorentz-invariant combination depends on the
power of v/r2 — 1 that may appear; e.g. the following matching rules can be devised from
inspecting the list eq. (6.13) closely.

V12 —18p, — —5—€uno P PYK?S
amb
(6.19)
V12 —1Sp, — —7€MV)\0P PYK?SY .
b

6.2 Matching at leading order (1 PM)

The leading order contribution corresponds to the tree-level amplitude. The LS at this level

is just a product of two 3pt amplitudes, multiplied by the massless graviton propagator %

as represented in figure 1;
Ao Azt Az Ay,

LS= =a’mim}

(21Z3)2(12)252[34]2%0 + (Z123)?[12]25 (34) 2%
t “ '

t

(6.20)

Following Guevara [3], this LS can be cast into a purely anti-chiral form. Adopting the
definitions in 6.1, this expression simplifies to [3]

2
« S S
LS = 7 [u?(1 — Spa)?* +v*(1 — Spp)***] (6.21)

where Sp, = % and Sp, = "\H , as defined above.
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A note of caution is that all flm- coefficients of LSs were computed as if LSs were
operators acting from left to right to match the sign choices in [3], i.e. the polarisation
tensors for the incoming particles are put to the left while that for the outgoing particles
are put to the right. The factor e %e/2¢=%/2 in eq. (6.16) must be changed to e**/2e*/2 in
this convention to eliminate the non-dynamical kinematical factors, since the sign appearing
in the middle of eq. (2.24) will be flipped. Also, the rule eq. (6.6) will have a sign flip due to
this convention. The rules (modified) eq. (6.6), eq. (6.18), and eq. (6.19) are then applied
to yield the expression for the classical potential.

6.2.1 Spin-independent Newtonian gravity

Tree-level computation of LS yields the following result for Ag o, the term responsible for

V= —GMT’” of Newtonian gravity.

~ 167Gm2m2  327Gm2m? 2
Apo = Ao = — i q?am" -2 q?amb Vr2—1. (6.22)

Since only this term can contribute to the spin-independent part of the LS, this part
determines the spin-independent part of the classical potential. The classical potential to
leading and subleading orders in PN can be read out by multiplying a factor of ﬁ,
which is consistent with the results of [10].

LS _ ArGmamy 21 Gp? (Smamb + SmZ + 3m§) (6.23)
4EaEb 5858 q2 qzmamb . .
6.2.2 Spin-orbit contributions
The result for A; o up to subleading order in vr2 — 1 is the following.
Ao — 8mrGm2m3 N 16rGm2miV/r? — 1
b 2 2
1 1 , (6.24)
4 16rGm2m2\/r2 — 1 N 8rGm2m2V/r? — 1
L0 = 2 2 :
q q

Of the two set of rules eq. (6.18) and eq. (6.19), only the second rule matches the order in
v/r?2 — 1. Thus it can be concluded that LS‘S&S,? = 32“;2Gmb €ro Pf' PY K*SS by matching

the orders in v/r2 — 1, or

LS 8mG (Mg +mp) , »
AF.E, 10: ((127; )(a’anCj)
a0 1SaS ¢ (6.25)
2G Mg +my , »
=—— (Sa - pa x )
r Mg

to leading PN order where eq. (6.12) was used to evaluate non-relativistic expression which
is consistent with the known results; eq. (48) of [30] and eq. (71) of [35]. This result
corresponds to the choice of covariant SSC S*p, = 0.
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Taking eq. (6.6) into account, spin-independent term contributes an additional factor
which matches other results known in the literature; eq. (51) of [30], eq. (53) of [10], and
eq. (70) of [35]; this result corresponds to the choice of NW SSC S (p, + me2) = 0.

LS NW SSC

=~ e TG, g X A). 6.26
4E, Fy, SLSy r? 2mq, S ( )

6.2.3 Spin-spin interactions

The computation result up to subleading order in v/72 — 1 is the following:

4rGmim} N 8rGmimiv/r? — 1
2

A = 6.27
11 7 . (6.27)
Thus, applying the rules eq. (6.18) to the LS makes the LS to take the form
16mG'my,
LSlgysy = =g (K- Sa)(K - 5)) (6.28)
and the classical potential to leading PN order is
LS 47TG — —
aTblsys; . (6.29)
=5 (Sa- S - 3(S - 7)(S, )

consistent with the results eq. (6.9) of [33] and eq. (90) of [10]. Note that contributions
due to eq. (6.6) do not change the potential in the leading order in PN, since additional
dependence on p; makes the potential subleading in powers of Z—;

6.2.4 Quadratic in spin effects

Ag o is relevant for this computation.

2
2rGm2mi  ArGmimivr? —1
_ 2 '

Agp = —
q? q

(6.30)

This is the first two leading terms in expansion over v/r2 — 1. The LS and the classical
potential up to leading PN order then takes the form

8TGm?
LS|g250 = _Tb(K - Sa)? (6.31)
_ 3. 6.32
4EaEb sgsg q2ma ( i) ( )
e A
= gt (Sa .S, — 3(S, - 7) ) (6.33)

also consistent with the results eq. (6.10) of [33], provided that Cjgg2y = 1. Similar to
spin-spin interaction term, the application of eq. (6.6) does not change the potential at
this order.
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6.2.5 Cubic in spin effects

There are two terms to consider; A3 and As ;. Their first two leading terms in the 72 — 1
expansion are given below.

72—
+

2rGm2m3 v 1 7wGmimivir? — r
2

Aso = 6.34
3,0 3 3y (6.34)
mGMEMIVIE —1  7GmZmiViZ —1°
A2y = - = -t . (6.35)
q q
Computation of Sg—term is straightforward, since there are no ambiguities.
16iwGmy, 9 oy A o
LS|szs0 = W(K-Sa) o Pl PYKASS (6.36)
a
LS 4inG (Mg + M) , 5 9, =
= S - N2(S. -
4B, By g0 3Pm? (Sa - @)*(Sa - Pa X @)
Gmg+my), » . (&5 =& _—
= _(TZTn?,b)(Sa  pu X 71) (Sa .S, — 55, n)2> . (6.37)
a

This leading PN order expression matches the terms proportional to Cl(BSS) in eq. (3.10)
of [37] when it is set to unity. When eq. (6.6) is taken into account, there is an additional
term generated from eq. (6.32) that contributes to this potential which matches the terms
proportional to Cl(ESQ) when it is set to unity.

Ls |NWSSC G dmg +my) - o
_ G { D (5, (S po x @

AEqEp | 5350 3¢*m}
_ G(4ma + mb) T o > 5 2 9
= =g (Sa P x 1) (S-S =5(5,-?) . (6.38)

At first sight, computing the contribution from A seems complicated by the fact that

o 3 0 2
there are two combinations that reduce to the same factor (%\/ 72 — 1Sp2Spy) in the
HCL. Nevertheless, it is possible to write this LS as a linear combination of the two by
introducing an arbitrary real parameter c.

16inG
2

LS[gz51 = o

[a(K - 82)2€ a0 Pl PYE?SE
(6.39)

+(1 — @) (K - So)(K - Sp)epro P PYK ST | .

Computing the classical potential up to leading PN order requires taking the non-relativistic
limit.
LS . 4irG (ma + mb)

= (S, - D2(Sy - iy ¥
4EaEb Sgsg qugmb ( a q_) ( b pb q_j

(6.40)
~(1=a)(Si- (S D (Sa-7a x D] -
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However, the following vector identity [37] can be used to relate the different combinations.

— — —

A1(14_‘2 - Az X 14_‘4) = 14_‘2(/(1 . frg /f) /f (A1 A4 X AQ) + A4(/f1 . /rg X /rg) . (641)

Setting A = _:1, Ay = ;, {3 = p, and Ay = ¢, it can be shown that
(7 Sa)(Sh 7% @) = (T 53)(Sa -7 x @) + ¢*(F Sa % Sp) (6.42)
therefore
(7 Sa) (S i % @) = ~(7+ 5b)(Sa - Pa X @) = ¢* (7~ Sa % S3) (6.43)

and since there is an overall factor of ¢~2

in the amplitude already, changes in « is re-
flected in the classical potential as derivative delta-like interaction which does not affect
the long-distance behaviour; « is a free parameter that can be tuned arbitrarily without
affecting the long-distance behaviour. The non-relativistic limit takes the following form

in position space.

LS o 3G(ma+mb) - . S5 - 9 - o .o
AE.Ey | g261 T rim2m, [a{( b-prn)< a*Sa—5(5a-7) >+2(pb'5a><5b)(5a-n)}
_(l—oz){—(Sa 1) (Pa- Sax Sp)+(Sa-pa X 1) ((SZ Sh)—5(S-7) (Sh- S }

(6.44)

When « is set to unity, this expression matches the sum of first two terms proportional
to Cyps2) in eq. (3.10) of [37] provided Ci(gs?) is set to unity. Note that there are two
sources that can contribute to this potential through eq. (6.6); the first is the contribution
from As o which is

TG - miG

2 - 5 2,3 -
B ——— a’ . = — a’ . 4
T (S DS XD = (5 DS D) (6.45)

and the other is the contribution from A ; which is

IS DS DS X D =~ Sa DE DS P D (640)

2
g*m2 a

In position space, these two contributions take the following form.

3G [g (& @ 2\ e @ avE
—m[(sb-pbxn) (S-S0 = 5(80 - %) + 25 Su x S)(Sa- @) (6.47)
3G ¢ o fd & ed md ) L& e @
e (S 1 (S 8= 5(SL - 7)(S} 7)) + S+ S5~ % S5 (6.48)

Adding up eq. (6.44), eq. (6.47), and eq. (6.48) gives an expression that matches with
eq. (3.10) of [37] when C} gg2) is set to unity. Note that using eq. (6.43), the final potential
can be written in the following form in momentum space.

z7rG (3mg + 2my)
q m2mb

(Sa - @)*(Sp-1b % @) - (6.49)
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6.2.6 Quartic in spin effects

Relevant terms are Ay, Az, and Asg; their first two leading terms in V72 — 1 expan-
sion are

2
TGm2m;  TGm2Zmivr? —1

Ay = - .
4,0 21 122 (6.50)
rGm2m?  wGmimiVrE — 1
Agy = =65 by —— 3”(]2 (6.51)
Ao — _ﬂGmng B TGm2m2\/r? — 1 6.52
225~ 2 : (6.52)

There are no ambiguities for matching the LS from these results.

2rGm?

LS|g1g0 = qugb(K - Sa)* (6.53)
8rGmy,

LSlgzs1 = *W(K - 8a)* (K - 5) (6.54)
ArG

LS|g2g2 = —qT(K - Sa)* (K - Sp)? . (6.55)

Computing the classical potential to leading PN order is straightforward, which is consis-
tent with the results eq. (4.4) of [37] when Cgg2), Cyms2y, Cy(pssy, and Cygge) are all set
to unity. Note that eq. (6.6) does not induce any corrections at this order.

4;aSEb S45Y - gg?;'; @ 5" (6.56)
_sgg;l; [( Far5a)® = 10(S, 571)(S?L-ﬁ)2+3§5(51 ﬁ)4]
4;asEb gt ;%qu (7-Sa)*(7-Sb)
__251;5 [5712(&1 ) =5 { (S-S (S +8, (S (Spe) } - (6:57)
+3§5(S}ﬁ)3(§b ﬁ)]
T I AR,
__4mj§br5 [12 5, +2(S, 2)2—5{(5; 725,21+ 8.%(G,m2  (658)
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7 Results for the classical potential (2 PM)

Based on dimensional analysis, it can be argued that two particle irreducible (2PI) dia-
grams with only one massive internal leg per loop contribute to the classical potential for
the case of non-spinning particles [18]. The only topology that meets this criteria at one
loop is the triangle topology. More precisely, since in four-dimensions one-loop amplitudes
can be cast into a scalar integral basis involving box, triangle and bubble integrals [38, 39],
the statement is that only triangle scalar integrals are relevant for contributions to the
classical potential.

To understand why note that the one-loop integrals that are relevant to our problem
always contains two massless graviton propagators:

This implies that the result will have non-analyticity in ¢> = —t, reflecting the presence of
the massless cut. There are two types of such non-analyticity,

V3, long. (7.1)

The first corresponds to classical contribution and the second quantum [6]. It is then
straightforward to march through the scalar integrals, and find that only scalar triangle
yields the desired non-analyticity [9]:

d*e 1 7 1 log ¢ mm?
/ [— 84 1o, (12

@m0+ q)2((C+p)? —m?) 1672 m? -

RN

where p will be the momenta of one of the external lines. Thus to extract the classical

result at 2 PM amounts to computing the integral coefficient for the scalar triangle.

The integral coefficients can be readily computed using generalized unitarity meth-
ods [12, 13]. As the triangle integral has three propagators, one can explore the kine-
matic regime of the loop momenta where all three propagators become on-shell, and the
“residue” simply becomes the product of two three-point and a four-point on-shell am-
plitude, as shown in figure 2. This is termed the triangle cut. Note that the triangle
integral is not the only basis integral that contributes to the triangle cut. Box integrals
with one extra propagator can contribute as well. The challenge is then to separate these
two contributions.

This problem was beautifully solved by Forde [40], which parameterize the loop mo-
menta in terms of four complex variables, and can be fixed as propagators go on-shell. For
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Figure 2. The triple-cut diagram for b-topology triangle cut. The a-topology diagram is obtained
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the triangle cut, the loop momenta has only one complex variable left, and the cut can
be viewed as a function of this variable with poles at finite values as well as infinity. The
finite poles represents extra propagator becoming on shell, and hence the presence of box
integrals. Thus the contribution from the scalar triangle simply corresponds to the pole
at infinity.

We can again simplify things by evaluating the triangle coefficients in the HCL limit,
and match with a preferred local operator basis, after which one performs the non-
relativistic expansion to recover the classical potential just as what was done in the 1
PM case. In summary the 2PM result are obtained as follows:

e Compute the following Leading Singularity in the triangle cut
LS = / d*05(D1)5(D2)d(D3) Mz x Mz x My (7.3)

where D; = L? — mf represents the three propagators that were put on-shell, and foo
indicates that we are picking the contribution at infinity for the remaining integration

variable.

e Due to solving the delta functions, the above generates a Jacobian factor J. Thus to
get the triangle coefficient, we need to multiply the LS by J~1.

e Finally we multiply the resulting triangle coefficient to the loop integral and per-
form the ¢> — 0 expansion, and picking out the relevant classical piece, which from
eq. (7.2), is given by

(7.4)

i
32my/@?
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Thus the final 2PM result is given by:

(2PM) = J7! x LS x (- (7.5)

i
32m+/q? ) '
The Jacobian factor can be computed explicitly and in the HCL limit, yielding J =
—m, which cancels the last term in the above product! Thus the 2PM classical poten-
tial is simply reproduced from the LS along, as pointed out by Cachazo and Guevara [2, 3].

From the previous sections it is clear that the three-point amplitudes that should
enter the cut would be that of minimal coupling. For the four-point amplitude, we use the
Compton amplitude that was constructed from matching the three-point minimal coupling
on the residue. This however, leaves us with polynomial ambiguities as discussed previously.
For s < 2, the polynomial ambiguities come with additional % factors, which was absent
from the answer constructed from residues, and thus can be argued as finite size effects.
Such separation is no-longer true for s > 2. Thus for now, we will constrain ourselves to
using the Compton amplitude of s = 2, which in practice, means we will be limited to
terms in the potential that are at most degree 4 in the each particle’s spin operator.

When computing the 1-loop scattering amplitude in the non-relativistic limit, there
are terms that diverge as COM average momentum vanishes. These terms have an inter-
pretation as second order perturbation theory effects from the 1 PM potential, or second
Born approximation terms. Such terms are artifacts of iterating the 1 PM potential, and
they must be subtracted to compute the correct 2 PM contributions to the potential; when
these terms are not subtracted, the amplitude computed from the classical potential will
double-count such contributions and lead to a wrong answer. It can be shown that such
iteration terms only consist of singular terms in COM momentum pg := |p;| when non-
relativistic propagator is used [10],!° so the following simple prescription for subtracting
the iteration terms will be adopted; when there is a divergent term in the expression for
LS, all poles in pg will be interpreted as coming from iteration and will be subtracted. The
remaining finite pieces will be interpreted as the 2 PM potential.'6

In this section we compute the spin dependent pieces of the 2 PM classical potential.
The analysis is similar to 1 PM case, but 2 PM computations require separation of iterated 1
PM contributions, which is usually referred to as the second Born approximation term [10].

7.1 Parametrisation and computation of the LS

The parameterisations used in [3] was used to compute the LS in this manuscript. The
details of the parameterisation apart from the ones given in section 6.1.1 will be presented

5While it is also noted in [10] that using non-relativistic propagators to separate iteration terms do not
lead to a potential which is useful for computing equations of motion, this prescription will be adopted
for its simplicity. A method is provided in the appendix of [10] which computes the iteration terms from
propagators with relativistic energy-momentum dispersion relations.

The conclusion depends on the order of po pole subtraction and flux normalisation; taking the non-
relativistic flux normalisation first and then subtracting po poles gives the result which matches that of [20],
while subtracting po poles first and then taking the non-relativistic flux normalisation gives the result which
matches that of [10]. The latter is adopted in this manuscript.
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here. Consider the triple-cut diagram in figure 2, which is referred to as the b-topology.
The loop momentum L runs through the massive internal leg, and massless internal legs
are parameterised as k3 = —L + P3 and ky = L — P;. The parameterisation for the loop
momentum L = L(z) is;

L(z) =21+ wK (7.6)
L= (In] + BIA]) ((nl + AA]) -
Imposing the triple-cut conditions k% = ki = 1% — mg = 0 fixes w = —%, and A(z) and
B(z) as rational functions of z and . Defining y = —(5_#1)2 as in [3], the LS from this
topology is computed to be
1
LS=7 > / d*LO(L*—m3)o(k2)6(k3)
hg,ha==%|h| " 5 (7.8)

X My(Py,—Po, k53 kD) x My(Ps, — L, —k3"3) x M3(— Py, L, —k; ™)

B / dy hs 1h
=3 | S My(P,—Pa k5 k)
2 ) y vy Hyvg
2 16(52 =13 Jry v (7.9)

X M3 (Ps, —L,~k3"®) x Ms(—Py, L, —k; ™)

where I'rg is taken to be the contour enclosing the pole at y = co. The product of on-
shell amplitudes that constitute the integrand need to be interpreted as operator products,
detailed procedure being given in [3]. The choice for internal momenta spinor-helicity
variables are given below.

) = 7 (82 = 0l = 22200 )kl = 2 (8 - Dl + 1+ B
2 _ —
) = g (T I ) L = gy (B0 - Dl + (- PN

(7.10)

After having computed the b-topology LS, the result is added to the computed result for
a-topology LS which can be evaluated from the b-topology LS by reflection, e.g. u <> v,
Mg < My, etc.

7.2 Results for the classical potential

In our computations, we are interested in the classical potential up to quartic order in spin,
so all the results presented in this section are calculated from spin-2 particle scattering with
My(Py, — P, k:é“*, k:ff“) in eq. (7.9) given by the lower spin Compton amplitude eq. (5.20).17
Recall that from eq. (6.3), the LS for minimally coupled {s,, s} particles can capture terms
in the potential that is up to degree 2s, in S4, and 2s;, in S{;. Here we have verified that

'"Here we only take the mixed helicity Compton amplitude contribution into account because the same
helicity Compton amplitude has zero residue at y — oco. Take the (++) channel Compton amplitude for
example, the integrand %M4(P1, —Po, kT, kT )M5(Ps, —L, —k3 )M3(— Py, L, —ky ) is of order O(y)', so that
the residue at infinity is zero.
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the overlapping results of {%, %}, {1,1}, and {2,2} are in agreement with each other. At
the end of the current section we will discuss how to utilize this fact to fix ambiguities

associated with higher spin scattering.

7.2.1 Spin-independent

A%E M is needed to compute 2 PM contributions to the spin-independent 2PM contribution

to the classical potential.

U2 G2 m2m2 30m2G2m2m2 71’

The resulting leading PN order classical potential is consistent with the results given in [10].

Ls2PM B 6m2G2mamy (ma + mp)

4E,Ey, 59550 B q

(7.12)

7.2.2 Spin-orbit interaction

The coefficient Aig M which is the 2 PM counterpart to Aj ¢ computed in section 6.2.2,
up to first three terms in the /72 — 1 expansion takes the following form.

2PM 727r2G2m§m§ (4mq +3mp) 672G mim? (4mg + 3mp) V2 — 1
gvr? —1 q
Im2G2m2m? (4mg + 3myp) V2 — i
4q

(7.13)

This is the first of numerous terms that include 1 PM potential iteration pieces; in the

1
Vr2—1

stationary limit » — 1 this expression diverges due to the factor in the first term.

Using the following formula

po\/Z <\/(m3 + ) (m} + p3) +p3) +m2 +m?

meaemyg

Vr2—1= (7.14)
this expression can be converted to Laurent series in pg, and dropping poles in py gives the
following expression.

TGV — Im2mi (62m2my, + 57Tmemi + 24m) + 18mj))

A2 PM _ . 7.15
07 b e+ ) )

All subleading v/72 — 1 expansion pieces were dropped in the above expression. Combined

with the contributions from A%E M due to eq. (6.6), the following expression is obtained for

leading PN 2 PM spin-orbit coupling. This is consistent with the results eq. (57) in [10].

final

Lz pM |t im*G? (56mgmy, + 45mamy + 24mg + 12mj) S, 7x D (7.16)

4F,E g150 2qmyg (mg + myp) a P Xq). .
a™b
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7.2.3 Quadratic order in spin

Up to first three terms in /72 — 1 expansion, the terms relevant for quadratic order in

spin are;

42PM _ m2GPmimi(me +mp)  T2G*mEmE (22mg + 15my)

20 =
2qV/r? — 1° 4q

| 572G mEm} (19m, + 12m) V=1
16¢q
42PM _ T2G*mim (mg + myp) B 1972G?m2m3 (mq + my)
10m2G?m2m2 (mg + mp) V2 — 1
. :

The leading terms after py poles are subtracted out are

2pM| T2G*m2m? (35mamy + 22m2 + 15m})
20 lreg 4q (mg + myp)

9 PM‘ _ _WzGQmng (36mamp + 19m2 + 19m3)
bl reg 2q (mg + mp)

which translate into

T2G*mj (35mamy, + 22m? + 15mj)

LSzPM = K-S,)?
reg }5353 q(mg + myp) ( )
212G mamy (36m mp 4+ 19m?2 + 19m2)
Ls2PM = a4 “ a b (K- S,) (K-S
reg }Sésg q (mq +my) ( ) b)

and becomes in the non-relativistic limit

LsfegPM T2G?*my, (35memy + 22m?2 + 15m3) A
= q .
4F,E 5250 dgmg, (ma + mb) ‘
LSz m2G? (19m2 + 36mamy, + 19m3) @ S 5
BBy |, 2q (Mg + my) 47 altd
a™~p

The latter can be compared with eq. (95) of [10];

o2 72 19m2 + 36mgmp, + 19m

V—t 2(mq + mp)

(S D(Sh- @) — a0 S

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

(7.25)

The two expression match up to terms proportional to qZST; . ,S_';,, which are subleading
in the HCL. While this subleading HCL contributions did not affect the long-distance
behaviour for LO, this is no longer true for 2 PM; ¢' in momentum space is roughly

equivalent to 4 in position space. It is not possible at the moment to compute subleading

HCL contributions so the answers provided above cannot be complete, but the directional
dependence on relative orientation of the bodies (S, - 7)(S, - 7) can solely be attributed to
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non-vanishing HCL contributions and they can be computed by the methods provided in
this manuscript.

Taking such HCL equivalence classes into account, the potential at this order will have
the following form in momentum space.

LSZEM w2 GPmy, (35mamy + 22my + 15m3) [(* Sa)® + 20} 7.26
pr— q‘ q ‘
4E.E) 528y 4gma (ma + myp) ’ .
LSz M G2 (19m3 + 36mqmy, + 19m) (@ S5
) 2 SN G 4 20}. 7.97
4E.E) S1g1 2q (mq + myp) (ST o
a*~p

O refers to an unknown operator that is vanishing in the HCL. The corrections induced
by eq. (6.6) does not affect the potential at this order.

7.2.4 Cubic order in spin

The leading PN corrections at 2PM order for cubic order spin interactions are formally
classified as 4.5PN corrections, and according to [41] they were not known in the literature.
The coefficients up to first three terms in v/7%2 — 1 expansion that will be relevant are the
following.

A2PM _ _ﬂ2G2mZm§ (4ma +3ms) r2 — 1 (7*G*m2mj (22mq + 13my))
>0 8gv/r2 —1 164 (7.28)
ViZ— 1 (T2G*m2m3 (32mg + 17my))
64q
42 PM _ m2G*m2m? (11m, + 10my) N m2G?Vr2 — Im2m? (117mq + 100my)
2,1 8q /r2 — 1 32q (7 29)
N Tr2G2/r? — 13mgm§ (6mg + 5myp)
32q ’
After subtraction of pg poles, leading PN terms take the following form.
2PN GV = Imgmg (53mgmy, + 45mamy + 22m + 13m}) (7.30)
3,0 reg 16(] (ma + mb) 2 .
5 PM T2 G*Vr? — ImZmj (312m2my, + 297memi + 117m3 + 100m3)
21 Lreg = =t . (7.31)

The S3-term has no ambiguities, apart from HCL-vanishing contributions.
L2 PM‘ _i7r2G2mb (53mgmb + 45mamz +22m3 + 13m2)
reg SgSg 2(]TYLL21 (ma + mb) 2 (7‘32)
X [(K  8)2eao PPV ST + KQO} .

Taking the non-relativistic limit gives

LSEGgM B imG? (53m(21mb + 45mam§ + 22m2 + 13m§)
4E,Ey, N 8qm3 (mg + myp)

S350 (7.33)

% [(Se- 92(Se- 72 x D) + %0
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and adding contributions due to eq. (6.6) gives the final answer.

s “

final
LSpp [ inG? (31mZmy + 10mam3 + 22m3 — 2m3)

AE,E, sa0 8qm (mq + my) (7.34)

x [(STI'@Q(S}%X(TH(JQO} :

The other cubic spin interaction term suffers from an ambiguity that was elaborated in
section 6.2.5. Since this ambiguity can be absorbed into the unknown HCL-vanishing con-
tributions, this ambiguity will be ignored in this section. The interpretation for A%fM

reg
is then

5 PM iw2G? (312m2my, + 29Tmgmi 4+ 117m3 + 100m;))
LSreg ‘3251 = - 4 P)
ap qmg (ma + mb) (735)
x [(K  82)2€ 0 PIPYKSY + K2O} ,

and in the non-relativistic limit it takes the form

LSz M im? G (312m2my, + 29Tmam? + 117m 4 100m})
4E,Ey sas 16gm2my, (Mg + mp) (7.36)

X ($-®2(§b-p%><®+q20} :

Taking effects from eq. (6.6) into account, 2 PM S2S! potential takes the following form.

~ a

final
LSZPM T in2G2 (166m2my, + 123mgm? + T3m3 + 24m)
AE.Ey |, 16gmgmy (ma + my) (7.37)
a*b

X |(Sa- 2S5+ x @) + 20 .

7.2.5 Quartic order in spin
Formally, leading PN corrections at 2PM order at quartic order in spin is classified as 5PN

corrections, which were also not known in the literature according to [41]. At quartic order
in spin, the following coefficients computed up to first three terms in v/72 — 1 expansion

— 50 —



are relevant.

2 PM _ m2G*mimi (mg +mp)  ©2G2m2Zmi (19m, + 12my)

Aip Y LA 128¢
. 72G2/r2 = Tom2m2 (239mq + 120my)
15364
A% fM _ _ﬂ'QGQmng (mg —21— my) B 7 (WQGQmng (5mq + 4mb))
’ 16gvr2 — 1 64q
7210 (72GPm2m2 (2Tmg + 20my))
48¢
AZPM 3mG?m2ms (ma;- mp)  95mAGPm2m? (mg + my)
7 32¢vr2 —1 128¢
N 95W2G2m2m3m§ (mq + mp) .
128¢

Subtraction of poles in pg yields the following leading term expression.

T2 G*mim? (29mamb +19m2 + 12m§)

A2PM|
4.0 ‘reg 128¢q (mgq + mp)
9 PM‘ _ _7T2G2mgm§ (59mamy + 35m2 + 28m3)
3,1 lreg 64q (ma + mb)

A2PM| _ T2G*m2m3 (178mgmy, + 95mZ + 95m)
22 lreg ™ 128¢ (ma + mp)

Proceeding as in former examples, the relativistic LS takes the following form

m2G*m} (29mamb +19m2 + 12mg)

L 2 PM _ K- A 4 K2
Sreg ‘5355 8qmg (ma + mp) [( Sa)* + O]
2G*my (59mqmy + 35m? 4 28mj)
pe2pmy o T Te 0 e a b (K- 8,)3 (K - Sp) + K20
reg ‘5355 dgmg (Mg + myp) [( ) b) + ]
2G? (178mqmy, + 95m2 + 95m})
IR B o a b [(K - 8,)2(K - Sp)% + K20
reg ‘5353 8¢ (mq + mp) L ) b ]

(7.38)

(7.39)

(7.40)

(7.41)
(7.42)

(7.43)

(7.44)
(7.45)

(7.46)

which, with non-relativistic flux normalisation, yields the following expression for the

potentials.
1,2 PM |final _ T2G%my, (29mamb+19m¢21+12m127) [((7.5?)44_(]2(9] (7.47)
AE, B, 58D 32qm3 (mg+myp) a .
L2 PMM 72G2 (59mamy+35m3 +28m?) (75203 S3) +420)| (7.48)
AE By | g3 16gmg (ma+ms) ’ o |
LS P 72G2 (178mamy +95m?2+95m?) [(Cf S)2(T-S)2+ 20} (7.49)
AE By | g2 32gmamy (ma-+my) ' o |

Since the terms introduced by eq. (6.6) are subleading in PN expansion, they do not

need to be considered.
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7.2.6 Partial results for higher order in spin

Though we cannot obtain the full results for higher spin effects due to the polynomial am-
biguities of the higher spin Compton amplitude eq. (5.24), we can still obtain partial results
from LS computations of spin 2 particle scattering. We present them in the following list:

e Fifth order in spin:

L82 PM final

4E,Ey

iw2G? (149m2my, — 116memj + 182m) — 128m})

SéS; 384qm3mb (ma + mb) (7‘50)
X |(Sa- @ (Sh -5 x @) + °O|

imG? (88m2mp — mamj + 60m3 — 44my))

5352 192gm3m? (mq + myp) (7.51)

% | (S DSy (S, P x @) + O]

L82 PM final

AE,F,

e Sixth order in spin:

LS2 PM final 7T2G2(69’I7’L mb+37m2+37m§)

= a a 'Sa3 .S 3+ 2(/)j| 759
AEo Ly |33 96gm2m (mq+mp) [(q ) (a-5b)"+a (7.52)
LS2 PM final 22 (413 u +9239 2+204 2
4E, Ey, 5452 768qmamb (maerb)

e Seventh order in spin:

L82 PM final

AE,F,

_im?G? (494mZmy + 681mgmy + 114m3 4 336m})
5453 4608gmim; (mq + my) (7.54)

< |(Si- "S- D*(Si -5 x @) + 420

e Eighth order in spin:

182 PM | 52 G2 (93mmy 4 50m2 +50m2)
4E,E, 53531_ 9216m2m3q(mq+my)

(¢-Sa)(q-Sp)*+¢*0|  (7.55)

7.3 Fixing the local polynomial term at S* from consistency condition

In the beginning of this section, we mentioned that certain terms in the potential can be
computed with more than one way of assigning the spin to the two particles, and the result
from each assignment should be identical. More precisely, for a specific order of spin opera-
tor, the coefficient should be independent of which external spins were chosen to extract the
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potential. Indeed in derivation of the potential, we have verified that the same result has
been reached with different choices of spin assignment. In this subsection we will explore
the possibility of using this consistency condition to fix the polynomial ambiguity. Recall
that the Compton amplitudes were derived from matching the factorization poles, which
leaves us open to polynomial ambiguities. As we will show the polynomial ambiguities can
only enter at the quartic order in spin operator in the HCL limit.

In general, a candidate polynomial term needs to satisfy the little group weights and
spin-statistics relations. Since we are talking about the one contributing to the classical
potential, the contact terms should also survive the HCL. So we require the following
conditions:

1. Correct little group weights: M (1%,2%2,372 4%)
2. Correct spin-statistics property: M (1%, 272 372 4%) = (—1)2°M(4%,2%2,372,19)
3. Survives the HCL: Mcoptact ~ O(8 — 1)

The following list exhausts all possible spinor combinations that survive the HCL limit:

[14]

F1 =-— = -1
m
F = @ — —1+4 Spa
m
1 ~ S
F1 = §(F1+F1) %*1+$
_ PRV
a2l ARy 0-yP
2m?2 4y
- _ 2
5o (8B4 - @By | (R
2m?2 4y
1 ~ 1+ y? Spa
Fo = 2(F2+F2)—) 4y 5

N2
FeFR+F—-1-1" g,

4y
2
K= (34)[21]  (31)[24] R ~1—y*Spa
2m?2 2m?2 4y  mg

We can see that the only combination that provides the correct helicity weight of the
gravitons is K*. Since this term contains 4 SU(2) indices for both particle 1 and particle
4, contact terms starts to affect the classical potential at quartic order in spin.
Universality of spin effects demands that all S* potential extracted from particles with
s > 2 should also take the same form. However, one would find that using eq. (5.24) in
the LS calculation to extract quartic order spin effects for s > 2 particles will yield a result
different from the one we presented in section 7.2.5. This difference exactly comes from
the polynomial ambiguities. Now we propose the following ansatz for the contact terms:

2s
Polynomial(s) = K* Z al®) Frs—r Fr—t (7.56)
r=4
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where Fj, F2 provide 2s — 4 SU(2) indicies. This ansatz is motivated from following
properties:

1. The inconsistency begins at quartic order in spin, so we’ll need K* as an overall
coefficient of the ansatz to supply the correct helicity weights.

2. We need F; and F> to supply correct little group weights for the massive particles
and the correct spin statistics property under (1 <> 4) exchange. We use the curly
symbols F; and JF3 because they are the most symmetric under angle square brackets
exchange.

3. To make the correction from polynomial terms begin at S* for all higher spins, we’ll
need the combinations of F; and F» in the summation of the ansatz eq. (7.56) starting
from Spa® in the spin operator basis. Only F and F; can supply such Spa’ terms.
But since F can be expanded in terms of F; and F», we choose to write the ansatz
in the form of eq. (7.56). When r = 4, this will correspond to the correction to S4
from polynomial terms.

Expanding the ansatz eq. (7.56) in the spin operator basis, it looks like

Polynomial ~ a$” Spa* + (a{ + a)Spa® + (a5 + al” + o) Spas + - -- (7.57)
(s)

The interest in this section is fixing a; ', so one can write down other ansatz that will not
alter afls). On the other hand, we also observed that though eq. (5.20) becomes spurious
when s > 2, it still yields a consistent S* potential for higher spins. So, we can fix this
coefficient by directly comparing M, lower spin nd M. f igher spin 4\ the HCL for higher spin
particles. Then we require the coefficient of Spa? for higher spin particles to take the

analogous form for the spin 2 particles. We found

s 272
al®) = 3% ( 4‘9> m2 (7.58)

with « = V87G. So we conclude that adding eq. (7.56) with the coefficient aff) given
by eq. (7.58) to the higher spin Compton amplitude eq. (5.24) will yield the correct S4
classical potential for all spins. That is, we need

AHIoop (5 5 9) — Z d4L6 — mj)d(k3)6(k3)
h3h4 T, (7.59)

X (Mflgher SPIN(§) + Polynomial (s))MsMs

to obtain a consistent S* potential. The coeffcients {ags), e a28 } in the ansatz eq. (7.56)
cannot be fixed at this level since we do not have another representation of the higher spin
Compton amplitude to compare with.

Finally, a remark on the spurious Compton amplitude for higher spins, which is just an
extrapolation of eq. (5.20) to s > 2. Though we found that using this spurious Compton
amplitude in the LS can give us consistent S* effects, it still cannot be applied to extract
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S® effects and higher. As an example, one can compare the As( coefficient of the LS
calculated from eq. (5.24) and eq. (5.20). We found that they differ by:
higher spin spurious
Aglg P _A5I,)0
G2r?m2 (3m8 +-19mym? +50m2mi +69m3m3 +50mim2 +19mdm,+3m$)  (7.60)

96m§(ma+mb)5q

One might think that they just differ by a polynomial term. But a polynomial term of the
Compton amplitude of particle a should not carry any information of particle b. That is,
the difference must only carry powers of m, and no powers of b in the denominator while
eq. (7.60) carry (mq +my)® in the denominator. So, such difference is definitely not from
the polynomial ambiguity of the Compton amplitude. Thus we conclude that the spurious
Compton amplitude is not applicable for higher spin effects.

8 Conclusion and outlook

In this paper we systematically study charged and gravitationally coupled higher spin
particles. We focus on “minimal couplings”, where the UV limit matches to the minimal
derivative coupling. We identify that these interactions can also be characterised in the IR
through various physical properties such as g = 2, and the absence of finite size effects. For
spins-1/2 and 1, this corresponds the usual minimal couplings for Dirac fermions as well
as W bosons. We also derive the (gravitational) Compton amplitude, up to polynomial
ambiguities, for the minimal coupling with arbitrary spin. These are derived through
the requirement of consistent factorisation. Applying the same criteria for non-minimal
couplings, we find that \? interactions are forbidden for gravitational coupling. We argue
that the absence of A\? deformations, or anomalous gravitomagnetic dipole moment, is a
reflection of general covariance. For theories whose gravitational coupling is the square
of gauge couplings, this implies that the charged states must have g = 2, consistent with
string theory.

Having equipped with the Compton amplitude, we proceed to utilize it to compute
the spin dependent piece of the classical gravitational potential. We follow the work of
Cachazo and Guevara, where the 2PM potential is computed by evaluating the one-loop
triangle leading singularity in the holomorphic classical limit, and matched to local Lorentz
invariant operators. Using the spin-2 Compton amplitude, we derive the spin-dependent
parts of the potential up to degree four in the spin operator of either black holes. We also
discuss to which extent the polynomial ambiguities of the higher spin Compton amplitudes
can be fixed by requiring that the resulting classical potential yields the same coefficient
for the spin operators as that for the lower spins.

As alluded to in the paper, the leading trajectory states in string theory do not yield
the simplest coupling. In fact, it is the most complex, as all allowed deformations except
for the (gravito)magnetic dipole moments are turned on. It would be interesting to see if
the couplings for the subleading trajectories are simpler. This would be in line with the
expectation that the large degeneracy for subleading trajectory states become the dominant
contribution for black hole microstates, which we know are simple. It would be fascinating
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if this is the case, as vertex operators for subleading trajectories are generally much more
complicated than the leading one, and yet it yields a simpler amplitude, providing further
evidence that the worldsheet point of view can often be misleading.

An immediate task is to identify what is the theory that gives minimal coupling for
spins > 2. To construct the corresponding Lagrangian, one starts with the quadratic
term in eq. (3.18), and successively adds terms linear in the Reimann tensor to remove
the spin-operator pieces that are induced by eq. (3.18), characterizing the deviation from
minimal coupling. This is not only of theoretical interest, but it will resolve the polynomial
ambiguity in the gravitational Compton amplitude, allowing one to extract spin effects
beyond quartic order.

The fact that the infinite number of Wilson coefficients of the one body effective action

2 in our on-shell parameteri-

is reproduced by the minimal coupling which is simply an z
zation, lends one to wonder if further simplification can be achieved by reformulating all
computations in the one body EFT approach in terms of computations involving z2. A
tantalising example would be the fact for charged black holes, one also has g = 2 [42],
and one can conjecture that x gives the correct Wilson coefficient for the electricmagnetic
couplings. This would be the simplest example of double copy for classical objects.

Finally, an important question is whether the relation between minimal coupling and
black holes persists through quantum corrections. It is well known that quantum effects
generate (g—2) for charged particles. On the other hand the gravito-magnetic moment is
argued to be universal and thus should be protected. It would be interesting to see why
A2 terms are not generated by loop corrections. Furthermore, whether minimal coupling
states in gravity stays minimally coupled quantum mechanically, in that all deformations
are never turned on.
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A Spinor-helicity variables

A.1 Lorentz algebra

We work with the metric 7, = diag(+1, —1,—1,—1), so that p? = n*p,p, = (po)? — (p)*.
Our convention for the Lorentz generators are fixed by the algebra,

|:JMV’ J)\U] — (,,,/,U,)\JVO' + nuaju)\ _ nuaju)\ _ 77V)\J},LO’> ) (Al)
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To relate the (connected part) of the Lorentz group SO(1,3) and its double cover
SL(2,C), we follow a widely adopted convention for spinors and gamma matrices,

AH = <(5B)dﬂ (Uuo)aﬁ) . ot =(1,5), &"=(1,-5), (A.2)

where ¢ denote Pauli matrices in the standard convention. Complex conjugation exchanges
undotted and dotted indices. It is easy to check that

i i [ (olhah), P wy B
(P )spinor = 30" =5 <( ) <o[ufu1>d5> - (U , <JMS)°"5) —

forms a representation of the algebra eq. (A.1). Spinor indices are raised and lowered by
the invariant tensor of SL(2,C) satisfying

€af = —€far  €ape’ =027, €7 =+1, €45=(cap)” (A.4)

For example, \* = eaﬁ)\g and Ay = GdBS\B.
For any (momentum) 4-vector, the bi-spinor notation is defined by

1 L
Poc = Pu(0")ai,  p” = det(pac) =S¢ ¢ paapy; (A.5)
A.2 Massless momenta

For massless momenta, p,q as a (2 x 2) matrix has rank 1, so it can be written as

Dai = AaAq - (AG)

For a real momentum, the spinors satisfy the reality condition,

(Aa)" = sign(po) A - (A.7)
The Little group U(1) acts on the spinors as
0
2

7

A—)e_ig)\, A — ez, (A.8)

The spinors for p and those for (—p) must be proportional. We fix the relation by setting
A=) = Al), A=p)=-A). (A.9)
It is customary to introduce a bra-ket notation,
D) ¢+ Aas (Bl A%, [Pl & A%, [pl & A, (A.10)
which leads to the Lorentz invariant, Little group covariant brackets,
(i) = XN eag = A0 Njg,  [ig] = Mia A - (A.11)

The massless Mandelstam variables, which are both Lorentz invariant and Little group
invariant, can be expressed as

2pi - b = €2 (pi)aa(p) 55 = (i) ] (A.12)
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A.3 Massive momenta

For massive momenta, the on-shell condition in the bi-spinor notation is given by
det(pag) = m?. (A.13)
The massive helicity spinor variables are defined by
Pag = Al Ara,  det(Nof) =m = det(Arg) . (A.14)
The index I indicates a doublet of the SU(2) Little group. The reality condition reads

(Aa’)* = sign(po)Ara
(Aa1)* = —sign(po)j\é.

SU(2)-invariant tensor. Given a matrix representation of the doublet of SU(2),

(A.15)

R A L (A.16)
the two defining properties of SU(2) can be written as
erxULUR L =e5p, UL UNY g =0Tk, (A.17)

where the SU(2)-invariant tensor e;; shares, by convention, the first three properties in
eq. (A.4). Just like spinor indices, the Little group indices are raised and lowered by ez s
and /7. Tt follows from eq. (A.17) that the two variables below transform in the same way.

Yr=ergp? and Py = (¥1)*. (A.18)
Then,
Pai = Al Ara = —AarM g, PO = pu(ah)e = edﬁeaﬁpﬂg = A% = A9 (A19)
It is also useful to note that
eo"Bz\aI)\BJ = det()\)eU = me!’ | GdBS\[éCS\JB = det(s\)eu = meyy. (A.20)
Dirac spinors. By definition, the massive spinor helicity variables satisfy
Pac A = mAL,  pNS = mA (A.21)
Comparing this with the textbook convention for Dirac spinors,
(pu" —m)u(p) =0,  (puy" +m)v(p) =0, (A.22)

leads to the natural identification,

I I
u!(p) = (;ZL) , vl(p) = (_A;“a1> : (A.23)

Similarly, for the conjugate Dirac spinors, we have

a(p)(puy* —m) =0, o(p)(puy* +m) =0, (A.24)
ﬂ[(p) — (_)\a] /N\d[) 5 ﬂ[(p) — ()\a[ 5\@]) . (A25)
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BOLD. For a fixed massive particle, the SU(2) Little group is always completely sym-
metrized. Ref. [1] introduced the BOLD notation, which suppresses the SU(2) little group
indices by means of an auxiliary parameter for each particle. For instance, for particle 1,

(Mo’ (t1)r = 1) (t1)r = (1), (A.26)
(A)M (t1)r = [1](t1)r = [1]. (A.27)

It is clear how to reinstate the SU(2) index if needed.
The Dirac equation eq. (A.21) can be written in the BOLD bra-ket notation as

plk] =mlk), (klpr = —ml[k]. (A.28)

In the main text, we define the x factor for a 3pt amplitude:

(3] = Blpr _ Bl ool = Blpr _  Blp2 (A.20)
m m m m

Decomposing the massive momenta into the spinor helicity variables, we can derive
x(31) = +[31], =(32) = —[32]. (A.30)

Combining these with the Dirac equation eq. (A.28), we obtain a useful identity,

1) = 21 + 2 _py <]1 " |3]n£3\> 1. (A31)

A.4 High-Energy limit

Definition. Consider a system of massive particles whose masses are equal or similar to
some fixed m. As in the scattering problem of the main text, we assume that the particle
number is conserved and the mass of each particle is also conserved. Let p; be the incoming
momenta, and v;; = p; - pj/mym; (i # j be the Lorentz invariant measure of the pairwise
relative velocity. The High Energy (HE) limit is defined such that all ~;;’s grow arbitrarily
large while the ratios 7;j/vx remain fixed.

Frame dependence. In the center of momentum (COM) frame among all incoming
momenta, it can be shown that p = E > m holds for each particle in the HE limit.
Suppose

E—-p O
H — E70707 _— ad = , A.32
P = p) p < 0 E+p> (A.32)

in the COM frame. The two diagonal matrix elements are well-separated in the HE limit,

m2 m2 m2 m2
Et+p=2E(1-"4+...), E—p= = e g A.33
TP < oz > P=FE+p 2E<+4E2+ ) (A.33)

where we suppressed corrections of order O(m/E)%.
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Unlike the definition of the HE limit, the relation £ > m depends on the Lorentz frame;
it does not hold in the particle’s own rest frame. We can specify the frame dependence in
a Lorentz covariant way. Let u* be the time-like unit vector of the COM frame. Introduce

s (ulp)y = up,;. (A.34)

In the COM frame, where u* = (1,0,0,0), u®® is the identity matrix. So, both (p|u)
and (u|p) have the same matrix elements as pyq in eq. (A.32). But, now (p|u) and (u|p)

(p|u)0/3 = padudﬁ

are Lorentz covariant operators acting on spinors. Their eigenvalues, which coincide when
E + p in the COM frame with p* = (E,0,0,p), can now be regarded as Lorentz invariant
quantities.

Bearing in mind the frame dependence, we decompose each massive momentum as

p=INA+ O, (M) =m=[i7A]. (A.35)

The first piece corresponds to the large eigenvalue (E+p) and the second piece to the small
one (E — p). It is often convenient to rescale the sub-leading piece by (7', 7)) = m(n, 1),

p =N +mi i, On) =1=[, (A-36)
or, to discuss many particles at once,
pi = |l +m?Dlil,  (id) =1 = [id] . (A.37)
In this notation, the definition of the HE limit can be rewritten as [1]

(i)

mg;m;

>1, mimjlij] < 1. (A.38)

Explicit form of helicity spinor variables. The spinor helicity variable A\, is defined
up to actions of the SL(2,C) Lorentz group and the SU(2) Little group. For numerical
computations, it might be useful to have a prescription to fix both group actions.

To fix the Lorentz group action, we choose a Lorentz frame (the COM or some other)
with a time-like unit vector v*. In the w* = (1,0,0,0) frame, we write p* = (E,p) with
FE > 0 and introduce the notations

p=pn, p=Ip|, n-an=1. (A.39)

Choosing a Lorentz frame breaks SL(2,C) to SU(2) acting on the 3d space orthogonal to
u*. We temporarily introduce notations adjusted for this SU(2). The round ket |v) denotes
an SU(2) spinor and (v| denotes the Hermitian conjugagte of |v).

We start by the familiar eigenvalue problem in SU(2):

(A - &) |nt) = £|nF), @ = (sinfcos¢,sinfsing,cosh). (A.40)

We fix the phase ambiguity for the normalized eigenvectors [n*) by setting

0 e~ igin ?
+y._ [ cosg ~y._ [—e¥sing Al
In): (e“bsin g) o In7): ( cos § ) ' (A.41)
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In terms of these SU(2) spinors, we may write
puot =E —p- &= (E—p)nT)(n"|+ (E+p)ln7)(n"]. (A.42)
Comparing it with the Lorentz covariant expression (with I € {+,—}),
pu® = X)L+ AT, (A.43)
leads to the identification

) = VEFpIn®), Dl = VEFpn*. (A.44)

To make contact with the HE limit, we make simple replacements to recover eq. (A.36):
AT) = mln), Dyl —=mll, A7) =[N, = (A.45)

HE limit of 3pt amplitudes. We use the decomposition eq. (A.37) to examine the HE
limit of the 3pt amplitudes with two massive particles of the same mass and spin coupled
to a massless particle. Without loss of generality, we assume that the massless particle has
positive helicity.

It is well-known that the 3pt amplitude for three massless particle can be non-vanishing
only if the momenta are complex valued and either |1) o< |2) o |3) or |1] o |2] o< |3] holds.
We cover the two cases separately.

Case I: |1) o |2) ox |3). Momentum conservation requires that

0= [3)[3] + [1)[1] +[2)[2] +m* (IL[L] + 2)[2]) - (A.46)
When [13], [23] and [12] are all comparable and much bigger than m, up to O(m)
corrections,
1) ~ 132 3), |2)= —@]3) (A.47)
[12 " 1] '

To the leading order in m, the x factor becomes

_ BIpl¢) B¢ [23][31]

= ~ ~ . A48
n(30) ~ mBo) ~ mi) (A3
Recall that the 3pt minimal coupling is
min mh=2s s

where M is a fixed dimensionful coupling such as the Planck mass. In the HE limit, the spin
of the massive particles effectively split into helicities of massless particles. In one extreme

case with hy = +s and hy = —s, we recover the massless 3pt amplitude Asz(k{, ky ,k; )
as follows
h—2s h 2s
(min) _, 1M hjo—q4y2s _ 1 hiopes L ([23][31] 31]
(A.50)

Exchanging particle 1 and 2 gives As(ky, ks, k7).
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Case II: |1] o |2] o |3]. We begin again with the momentum conservation eq. (A.46).
When (13), (23) and (12) are all comparable and much bigger than m, up to O(m)

corrections,
1 ~——=—[3|, [2|~—-—+-—=[3|. (A.51)

The z factor is approximately,
_mBq | mi] om0
@Blp1|c]  BL[IC]  (23)(31)

Starting from the minimal coupling eq. (A.49) and take the case with h; = —s and hy = —s,

(A.52)

we recover the massless amplitude As(ky, ky , k3 ),

min mh—2s s m2h—2s (12) h ,

A.5 Spin operator

Pauli-Lubanski pseudovector can be considered as an operator acting on the space of

spinors. The general definition of the operator (¢123 = +1 = —¢g123)
W, :=mS, = —%EM,)\UPVJ)‘U (A.54)
and the definition of J*¥ for spinors in eq. (A.3) give
m (S = 5 loulp-0)— (-0l (A.55)

Its action on the spinor-helicity variable Ao’ for the momentum peg = Ao’ A Ia 1S

1 -
m(SuM)a = 7 [mU#AI —(p-o)a | (A.56)
An analogous statement for the dotted spinors is
& 1 v ( o)\ Lo _\_qa
m(8,)% = gewaP” (1), == ulp-0) = - D)ol . (45T
In the helicity basis defined in section A .4,
E
m B == A
ntS, A, ZFzm)\a (A.58)
. E _.
HSAYE = F— X A.
n*S, ZFZm (A.59)

where n* = (0,7) is the unit spatial vector pointed towards the direction of particle’s
momentum. Note that n#S, = —(7 - g), it is natural to associate A% to positive helicity
states and A\, to negative helicity states. The signs are flipped when “bra” vectors are used.

E
AERHS), = o \E A.
ntS, o (A.60)

_ E _
AEnHS, =+ —\E A.61
an SH 2m « ( 6 )
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The spin operator for multiple spinor indices follows from the Lie algebra,

(J}U/) B1B2-+-Pas — Z (J/“j)ofi ﬁz , (A62)

oo
i
where 1; is defined as 1; = 65! - -- 55:155111 .- 652 When acting exclusively on the totally
symmetric representation, the spinor operator is effectively proportional to the spin,
(Si)ayay P2 =37 (8,) Sy~ 25(S,) 0 1 (A.63)
i

A similar equivalence works for the dotted spinors as well.

A.6 Polarisation

Massless case. We take the following definitions for the polarisation vectors of photons,

o WEO (Kol
et (k) = VTR e (k) : VTR (A.64)

where ¢ parametrises the gauge redundancy. The polarisation vectors satisfy
et (eF)*=—-1 and et (e7)*=0. (A.65)

Alternatively, in the bi-spinor notation,

_ Rl gy etk
5+(k)_\/§<ko, £ (k)_\/i[kd. (A.66)

The polarisation tensors for higher-spin particles are constructed as symmetric products of
eq. (A.64).

Massive case. For a massive spin 1 particle, we adopt the following definition for the
polarisation vector:

el (p) = 7m(p” o lp”Y] = (@' loulp”] + 7 loulp"]) - (A.67)

1
2v/2m
They are orthonormal in the sense that

* 1 * Pubv
e LU R SN S CAD R (L I (W)
1,J

The reduction of massive polarisation vectors to the massless case in the HE limit can be
seen by adopting the helicity basis introduced in section A.4. Inserting the HE spinor-
helicity variables eq. (A.45) into eq. (A.67) and using the defining relations for n spinors
(A\n) = [7\] = 1 to eliminate the Little group dependence on 7 spinors gives the massless
polarisation vectors eq. (A.64) for the transverse polarisations I = J =+ or I = J = —.

The polarisation tensors for higher-spin particles are constructed in an analogous way
to the massless case.
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B The normalization of gravitomagnetic Zeeman coupling

It is expected that the full gravitational potential V' will have “scalar potential” coupling
m® and Zeeman-like coupling oS - B with gravitomagnetic field B:=VxA.

V:i=m®+aS B (B.1)

The coefficient o will be fixed by requiring that the correct time evolution of the spin-
operator S will be reproduced by the corresponding Hamiltonian. The natural evolution
of spin vectors in general relativity required by the equivalence principle is described by
what is known as the Fermi-Walker transport:!'®

DgpSH
ds

=u"V,S" +e(uta, — alu,)S” =0. (B.2)

The vector u# is the tangent vector of the curve ~y(s) along which S* is transported, and
is normalised by u*u, = € = £1. The acceleration vector a* is defined as a* := u"V, u*.
Setting u = Jy, Fermi-Walker transport for spin vector gives the following equation.

DpS?
ds

= 005" +T(;87 =0 (B.3)
The Christoffel symbols up to O(h) are given by, assuming stationary solutions, i.e. dy = 0,

Y =T =V

oo =V
. . 1 ) . 1 .. -
by = Tlo = 5 (0541 = 0 = — (¥ x A} (B.4)
1 , .
Iy = =S (A7 + 0,4

=070+ %D — 5 ,).

Substituting the Christoffel symbols, eq. (B.3) gives an analogue of Larmor precession in
electrodynamics.

0=z 15 o

—S=-SxB B.5
ot~ 2”0 (B5)
Since eq. (B.3) must be reproduced from eq. (B.1) in the same way as Larmor precession
is reproduced from Zeeman coupling, from the relations
5, 0] = ineitst,. Lo Lo m (B.6)
’ ot ih

one can deduce that o = —%.

18This equation assumes that finite-size effects or tidal effects are negligible. When such effects cannot
be neglected spin evolves according to a different set of equations known as Mathisson-Papapetrou-Dixon
equations.
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C Some details of the t-channel matching of the higher spin graviton
Compton amplitude

Let’s go back to eq. (5.21), and take the t-channel residue.'’ Exapanding F = Fj + F
yields:

2s—1

(3|p1[2]* 2 2 772 2s 2s—r—1 r—1
A = — S__ 2K s—r T
Res[Ansatz| o (s—mQ)(u—mQ)]:l (3|p1/2] ;7“ 1 v Fy
__ 25@Im2]° iy (Clasy +Cpy
(s—m2)(u—m?2)” 1 2
s C.1
~ (3Ip2? Ciag) +Clag) Qi 25\ zo5—r pr—2 (1
(s—m?)(u—m?) 2 —\r 1 2
(31p112% . [ Cia5)+Clos | t= (28 p2emior et
+(S_m2)K 5 ;(r D(,iq )70 73
where we have used
34)(21 31)24 1
1217 = BV 2y BBy Loy +Ca) (€2)

to cancel as much (s —m?) and (u—m?) as possible until there is no more F; in the leading
term of each of the summation. Then we identify the last term in the first line of Eq (C.1)
as Poly and the piece that only carries the (s — m?) pole as Poles, so that:
3|p1[2]*
Res[Ansatz| =— Blp112] F2s
t=0 (s —m?2)(u —m?2)

25(3|p1|2]3 Fo-1 (C<23> + C[zs])

(s —m?)(u—m?)

, (C.3)
Blpal2” ([ Clas) + Cog \* = (25 posr 2
(s —m?)(u —m?) 2 ; r Fi
+ Poly + Poleg
Now, we are free to write 7 in the terms other than Poly and Poly; as:
1 -~
Fi :F1+§(F1—F1) (04)
or 1
Va2l :F1—|-§(F1—F1) (05)
such that the first term in the expansion of —%}?S matches eq. (5.19) if we

choose eq. (C.4) and it matches eq. (5.18) if we choose eq. (C.5). First we consider the
(23) = 0 case, where C(93y = 0. Expanding F; with eq. (C.4) and apply

Blp1[2](Fy — F1) = (3[p12)(Fy — F) = —Clag) + Cas) (C.6)

19We define (s — m?) = sm, and (u — m?) = u.m, also factors of M,; will be temporarily suppressed here
for simplicity.
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repeatedly until there is no more (3|p1]2] to be absorbed. On the other hand, since r =1
in the summation of Poley is zero, we can further apply eq. (C.2) to Poles once more. We

end up with:
<3|p1|2]4 2
Ansat = - F{?
Res[ nsa Z]‘<23>:O (S — m2)(u _ mQ) 1 ( )
C.7
31|21 K2Clas) (25 oy
+ {f5(4) +gs(2) - Blp 2K Clzg ]2 23] (3 >]—“12 3} + Poly

where fg(n) is defined by:

04 2s—n 2 o o r 2s—n
= _ﬁ s r+n—1 2s—n—r F1 Fl 2s 28—r—n T
fs(n)= s { ; <r+n)< N >F1 < 5 + Tz_: in 7 2

1 =1

KOB 2s—n 9
(23] S 2s—r—n Tr
+2n715m ; r<r—|—n> 1 F2 (C.8)

and satisfies fg(n > 2s) = 0. As long as fg(n) are present, there are still (s — m?) and
(u — m?) poles that should be further taken care of. This can be dealt with by applying
the recursion relation

fs(n) = fs(n+2)(F1 = F1)* + hs(n)(Fy = F1) + gs(n)(Fy — F1)? (C.9)
until f(n > 2s) such that the residue is completely local.2’ Now we are only left with

(3|p12)* 2
Res[Ansatz]| =~ =~ F2 4 Pol
es[Ansatz] (23)=0 (s—m2)(u—m2) | + Poly

[s]-3 [s]—2
+{ S hs(dr2) (B R+ S gs(2 2B Ry
r=0

= r=0 (C.10)
_(3\191‘2]](20[23] 2s F25-3
2 3)71
3|p1|2]*
=— 3lp 2] F128+Poly+Poly[23]

(s—m?)(u—m?)

which is just the correct residue eq. (5.19) plus pure polynomial terms.
For [23] = 0, we do not need to do the calculations again. Since we are using the
variables F, F1 and F2 that are symmetric under F; < Fl and Fy < FQ, we can just

*0The recursion relation eq. (C.9) is obtained by

Clag) F2 | (23)=0

2 i C
= —@nPF - F)F = —(F - R) (umK+ [223}) |

And there are (u — m2) present to cancel with the ones in the denominators, leaving only local terms.
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simply use the substitutions F} < I} and Clag) + Cla3)- So the [23] = 0 residue is:

Blpr2t =,
Res[Ansatz]‘[Qg]zo =— ) yop— F{*+ Poly

[s1-3 [s]-2
+{ > ha(d+2r) (P —F)* 4 Y ga(2+2r)(Fr—Fy)”
r=0

r=0 (C.11)
_<3|p1‘2]K20<23> 2s ]:.25_3
2 3)°1
3p1)2]t -
=-— (3lp1 2] F125+Poly+Poly<23>

(s=m?)(u—m?)
We again end up with an expression whose leading term already matches the desired residue
eq. (5.18). So, all we need to do to match all three channels is subtracting off
Poly + Polya3) + Poly a3
t

(C.12)

from Ansatz.

D Wilson coefficients for black holes

The Wilson coefficients Cy for coupling of spin degrees of freedom to spacetime curvature
have an interpretation as gravitational multipole moments generated by spin effects. For
this purpose it is convenient to introduce the vector a* := %S“. The terms linear in A,
in the one-body effective action can be recast as follows.

M > CEs2n

|
2 ~ (2n)!

L=-—

2 n

(— (—a-0) ) wp WM

(D.1)
rm > CB8277,+1 2 n a 6 v 1 v 2

2WJ%+DK—Fw®)zw%wwaah +(u-9)[--]+ O(h?)

The notation Cpgqo = Cpgq1 = 1 has been adopted to simplify the equations, and covariant
SSC was used to express Sy, as Sy, = meWAUu)‘a". The round brackets on p and v indices
on the second line indicates symmetrisation, i.e. A, = %(AW + A,,). When integrated
on the worldline, the terms with (u-9) can be converted to boundary terms which becomes
irrelevant when trying to interpret this Lagrangian as the source term for h,,. Upon

integration by parts, this Lagrangian reduces to the following source term expression.?!

Sint = —/d4ac %hw(x)T“”(aﬁ) (D.2)
T (a) =m [ ds [““ 2 (< @0?) "5l )] -
" D.3
(€0 ua’d Z ((;ES—TB! (_ (a a)2>” o'z — xwl(s)]]
n=0

Twi1(8) is the worldline of the particle, parametrised by s.

2IThe coupling constant x has been absorbed into definition of Py -
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The solution for h, can be constructed from Green’s function method [43].

By (1) = / dYy P (2 — y)To(v) (D)

Py (2) = 4GPLY Gret(w) (D.5)
2

() =0 & () 0.

The retarded scalar Green’s function Gye(x) is given as the solution to the sourced wave
equation [ Get(x) = —47w6% (), and has Dirac delta values over the future-directed light
cone. The tensor P,i‘,f = 5((255)) — $muwm° is the trace-reverser, which can be factored out
to yield a simpler equation for trace-reversed graviton field B,w = Pffl,ﬁ hag-

Bﬂy(aﬁ) = 4G / d4y Gret (@ — )Ty () (D.7)

Note that integration by parts identity [dyK(z — y)d%f(y —z)=2 [dyK(z —y)f(y — 2)
for vanishing boundary contributions can be applied to pull out the derivatives on the
source term. Setting the worldline of the particle to lie at the origin, i.e. zw(s) = (s,0),
the following expression for the trace-reversed graviton field is obtained.

Buy(az) = Uy z_;) ?QES; (— (a- 8)2)71 4Gm

r

(D.8)

CBSQ"'H 2\ "™ 4Gm
+ UuCr)apyU aﬁmZm (— (a-0) ) "
n=0

It is known that trace-reversed graviton field for exact Kerr geometry hKe” can be put in
the following form [43].
[e.e]

_ 1 n 4Gm
hllfgrr(g;) = Uy, Z:% W (— (a . 8)2)

r

N > 1 2\ " 4Gm
Uuev)apyu®a’0T Y ] (- (a-0) ) "
n=0

Comparing eq. (D.8) with eq. (D.9), it can be concluded that Wilson coefficients Cy for
black holes are unity.

E Spin-orbit factor corrections to polarisation tensor contractions
Define pl, = B +P , ¢* = Pl'— Py. In terms of average momentum and momentum
transfer, the polarlsatlon tensors can be expressed as follows.

pe(Pa) + (E.1)

e(P2) = €(pa) — %q“

S(P1) = e(pa) + L2

L SCOR (E2)
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Since polarisation tensors are defined in some reference frame and then extended to ar-
bitrary momentum by boosts for massive particles, the polarisation tensor £(p) can be
schematically be written as follows.

£(p) = G(p; po)e(po) (E.3)
Thus, the derivative on polarisation tensor can be represented as

9 () = Iim G(p+ dp;po)G " (pipo) — 1
Opt 6p—0 op

e(p) (E4)

In the non-relativistic limit with pg = (m, 6), the following relations can be derived which
holds at linear order in momentum.

Gpipo) = e AOR o iR (E.5)
K =J=_g0 (E.6)

0 _ emPHD KPR g i =
67]9#6(]0) = 52210 5p e(p) ~ %de) (E.7)

Using NW SSC S#¥(p, + md?) = 0, the following relation can be derived for S°;

S™(po +m) = —Sp; = 9*p/ S* (E.8)
} 1 L1 -

K =28%° xS~ —pxS E.9

po+m? 7T amb” (E-9)

Therefore, the derivative can be represented as follows in the non-relativistic limit.

B B, i -
a) — 7 — a) = 7 _(;, a a El
8pgﬁ(p) q 6@6(10) q < P ><S>6(p) (E.10)

m
q 2m2

Summing up, the polarisation tensors can be represented as

S(Ps) = <(pu) + g S (7o X Dlpa) + - (E.11)
(P = <(pu) — S (B X Dlpa) + - (E12
(PP =" (pn) [ 1= oy G X D)oot | et (B.13

For particle b, there is an additional sign factor due to definition of ¢, which is consistent
with the dictionary provided in [10].

= (Py)e(Py) = <* () [11 o ) St } () (£.14)
b
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