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Abstract

We study the empirical measutg, of the eigenvalues of non-normal
square matrices of the fordy, = U,D,V,, with U, V,, independent Haar dis-
tributed on the unitary group ard, real diagonal. We show that when
the empirical measure of the eigenvaluedgfconverges, an®, satisfies
some technical conditiond,s, converges towards a rotationally invariant
measure on the complex plane whose support is a single nngarticular,
we provide a complete proof of Feinberg-Zee single ring tbeo[5]. We
also consider the case wheJg,V, are independent Haar distributed on the
orthogonal group.

1 The problem

Horn [15] asked the question of describing the eigenvalfiasquare matrix with
prescribed singular values. Afis an x n matrix with singular values; > ... >
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S, > 0 and eigenvaluek;, ..., A, in decreasing order of absolute values, then the
inequalities

k k n n
H gH s, ifk<n and [ I=]]s; (1)
j=1 j=1 j=1 j=1

were shown by Weyl [25] to hold. Horn established that theseevall the rela-
tionships between singular values and eigenvalues.

In this paper we study the natural probabilistic versionho$ fproblem and
show that for “typical matrices”, the singular values alin@dstermine the eigen-
values. To frame the problem precisely, $ix> ... > s, > 0 and considen x n
matrices with these singular values. They are of the f8rma PDQ, whereD is
diagonal with entries;j on the diagonal, anB, Q are arbitrary unitary matrices.

We makeA into a random matrix by choosing and Q independently from
Haar measure ofd/(n), the unitary group oh x n matrices. Lel\1,..., A, be the
(random) eigenvalues &£ The following natural questions arise.

1. Are there deterministic or random séss}, for which one can find the exact
distribution of {Aj}?

2. Letls=%>"" 85 andLa = 7, 8, denote the empirical measures
of S= {sj} andA = {Aj}. Supposes, are sets of siz& such thatlg,
converges weakly to a probability meas@rsupported ofR . Then, does
L converge to a deterministic measyren the complex plane? If so, how
is the measurg determined byy?

3. For finiten, for fixed S, is La concentratedn the space of probability mea-
sures on the plane?

In this paper, we concentrate on the second question andeatisin the affir-
mative, albeit with some restrictions. In this context, vetenthat Fyodorov and
Wei [[4, Theorem 2.1] gave a formula for the mean eigenvaleesitly ofA, yet in
terms of a large sum which does not offer an easy handle onsyimproperties
(see alsol]6] for the case whelteis a projection). The authors afl[7] explicitely
state the second question as an open problem.

Of course, questions 1-3. above are not new, and have bekedsia various
formulations. We now describe a partial and necessaribf Iistory of what is
known concerning questions 1. and 2.; partial results aoireg question 3. will
be discussed elsewhere.



The most famous case of a positive answer to question 1. iGithibre en-
sembleseel[8], and its asymetric variant, seel[17]. (There areeqaitfells in the
standard derivation of Ginibre’s result. We refer(to [18]&adiscussion.) Another
situation is the truncation of random unitary matricescdégd in [26].

Concerning question 2., the convergence of the empiricalsonre of eigen-
values in the Ginibre ensemble (and other ensembles refatgdestion 1.) is
easy to deduce from the explicit formula for the joint disttion of eigenvalues.
Generalizations of this convergence in the absence of sxglicie formula, for
matrices with iid entries, is covered undgirko’s circular law, which is described
in [9]; the circular law was proved under some condition@jgnd finally, in full
generality, in[[10] and(122]. Such matrices, however, do pmdsess the invari-
ance properties discussed in connection of question 2.sirfgge ring theorem
of Feinberg and Zee [5] is, to our knowledge, the first examylere a partial
answer to this question is offered. (Various issues of cayarece are glossed over
in [B] and, as it turns out, require a significant effort to mame.) As we will see
in Sectior B, the asymptotics of the spectral measure aipggarquestion 2. are
described by the Brown measuref®fliagonal operators. (The Brown measure is
a continuous analogue of the spectral distribution of nonvral operators, intro-
duced in[3].)R-diagonal operators were introduced by Nica and Speictd3nhl
the context of free probability; they represent the weaktitl (or more precisely,
the limit in x-moments) of operators of the forbthD with U unitary with size
going to infinity andD diagonal, and were intensively studied in the last decade
within the theory of free probability, in particular in coeetion with the problem
of classifying invariant subspaces [12] 13].

2 Limiting spectral density of a non-normal matrix

Throughout, for a probability measupesupported orR or onC, we writeGy, for
its Stieltjes transform, that is

Gu(z) — / H(dx)

Z—X

G, is analytic off the support of. We let H, denote the Haar measure on the
n-dimensional unitary grougi/(n). Let {P,,Qn}n>1 denote a sequence of inde-
pendent H,-distributed matrices. Ldd, denote a sequence of (possibly random)

diagonal matrices with real positive entrigs= {si(n)} on the diagonal, and intro-



duce theempirical measuref thesymmetrizedersion ofD,, as

1 n
L _ 6n 6 ni -
S Zniz_;[ yn + _s1<>]

We write Gp,, for G . For a measurg@ supported oriR ., we write {1 for its
symmetrized versiomhat is, for any < a < b < oo,

(2, ~b)) = i(fa,b]) = SH([a.b).

Let An = P.DnQn, letAn = {)\i(”)} denote the set of eigenvaluesAyf, and set

1 n
i=

We refer toLa, as the empirical spectral distribution (ESD) &f. Finally, for
any matrixA, we set||A|| to denote the? operator-norm of\, that is, its largest
singular value.

The main result of this paper is the following.

Theorem 1. Assume{Lp, }, converges weakly to a probability meas®@eom-
pactly supported ofR ;. Assume further

1. There exists a constant M0 so that
lim P(Dn] > M) = 0. @
2. There exist a sequence of evefi } with P(G5) — 0 and constants, & >
0 so that for any z C, with o7 the minimal singular value of zt A,
E(15,1(6zn-s)(logaf)?) < & (3)

3. There exist constants K, k’ > 0 such that, for all n large,
K

~ _ < 1 —k’ .
G5(2) = G0,(2)| < g 0@ >n (4)
4. There exists a constaki such that
|Gs(2)] <k1 on CT . (5)
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Then the following holds.

a. La, converges in probability to a limiting measurg, potationally invariant
in C.

b. The measuregipossesses a radially-symmetric dengitywith respect to
the Lebesgue measure @i which is characterized as follows. ForezC,
let v2:= OH A5, whereA; = %(6|Z| +0_|z) is the symmetric Bernoulli
measure with atoms dt—|z, |z|}, and B denotes free convolution. Then,
pa(z) = %[Az(f log|x|dv?(x)), whereA, denotes the Laplacian with respect
to the variable z.

c. The support of pis a single ring: there exist constan®s< a < b < o so
that _
suppua = {re'® :a<r <b}.

Further, a= 0if and only if [ X 2d@(x) = .

See Remarkl6 for an explicit characterization of the freevalution appearing
in TheorentdL, and][1, Ch. 5] for general background. A diffé@haracterization
of pa, borrowed from[[11], is provided next.

Remark 2. We provide, following[[1ll, Theorem 4.4 and Corollary 4.5),alter-
native characterization @fa and its support. Recall th&({0}) = 0 by Assump-
tion[H. Let®* denote the push forward @ by the maw — 72, i.e. © is the
weak limit of{LD%}. Let.s denote theStransform of@? (see [T1, Section 2] for
the definition of theStransform of a probability measure @&and its relation to
the R transform). Defind=(t) = .5(1/v/t—1) on D = (0,1]. Then,F maps? to

the interval 1

(a,b] = (<fxzde(x))l/z,(/dee(x))l/z],

and has an analytic continuation to a neighborhoo®péandF’ > 0 onD. Fur-
ther, withpa(re'®) = pa(r), it holds that

1
_ ) weEmy re@b),
PA(r) {O, otherwise ©)

Finally, pa has an analytic continuation to a neighborhoodeob.



Theorentll is generalized to the case whéy8/, follow the Haar measure on
the orthogonal group in Theordml16.

As a corollary of Theoreril 1, we prove the the Feinberg-Zerglsiring the-
orem”.

Corollary 3. LetV denote a polynomial with positive leading coeffici¢et. the
n-by-n complex matrix xbe distributed according to the law

Ziexp(—ntrV(XX*))dX,
n

where % is a normalization constant and dX the Lebesgue measure lmpm-
complex matrices. Letd be the ESD of X Then{Lx, }n satisfies the conclusions
of Theorent]l witl® the unique minizer of the functional

Jvoiaux - [ [1ogh - yPlduxdic

on the set of probability measures p&n.

Corollary[3 will follow by checking that the assumptions dfidorentlL are
satisfied for the spectral decompositin= U,DnV,,, see Sectiohl6.

The second hypothesis in TheorEin 1 may seem difficult towearifeneral;
we show in the next corollary that adding a small Gaussiamixgarantees it.

Corollary 4. Let (Dn)n>0 be a sequence of matrices satisfying the assumptions
of TheorentIl except fqB) and assume thatD!| is uniformly bounded. Let

Nn be a nx n matrix with independent (complex) Gaussian entries af regan

and covariance equal identity. LeflY/,, follow the Haar measure on unitary-nn
matrices. Then, the empirical measure of the eigenvalués efU,DnV,+n"YN,
converges weakly in probability toy\las in Theorerfilll for anye (%, ).

Example 5. An exemple of sequend®,)n>o satisfying the hypotheses of Corol-
lary [4 is given as follows: tak@ a compactly supported probability measure
on R**. Assume the inversé ! of the distribution functiorF (x) = p([0,x])
is Holder continuous and thathas a uniformly bounded Stieltjes transform on
C*. Then the diagonal matri®,, with entries

s =inf{s: u([0,9]) > ln}, 1<i<n,

satisfies the hypotheses of Corollty 4.
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The main difficulty in studying the ESDa, is thatA, is not a normal matrix,
that isAnA; # ALAn, almost surely. For normal matrices, the limit of ESDs can
be found by the method of moments or by the method of Stiéltjaasforms.
For non-normal matrices, the only known method of proof igenadirect and
follows an idea of Girko[[R] that we describe now (the detaiis a little different
from what is presented in Girko![9] or Ball[2]).

From Green'’s formula, for any polynomiB(z) = H?:l(z—)\j), we have

%[/Alp(z) log|P(z)|dm(z) = ;w(h), for anyy € CZ(C),

wherem(-) denotes the Lebesgue measure(dn Applied to the characteristic
polynomial ofA,, this gives

[w@dia@ = o [ su()log|detzi— Ayldmiz
C

- %m/Al]J(Z) logde(zl — An)(zl — An)"dm(z).
C

It will be convenient for us to introduce th& 2 2n matrix

z. 0 zl - Aq

It may be checked easily that eigenvaluedigfare the positive and negative of
the singular values dfl — A,. Therefore, if we levj denote the ESD dfij,

1 1 _
[ 5900 = et (=D
then
1 * 1 y4 z
n logde{zl — An)(zl — An)* = o logdetH;| =2 [ log|x|dvy(X).
R

Thus we arrive at the formula
[v@dLa@ =5 w2 [ / Iogxdvﬁ(x)] dmz).  ®
C R

This is Girko’s formula in a different form and its utilityds in the following
attack on finding the limit oL, .



1. Show that for (Lebesgue almost) every C, the measuresj converge
weakly in probability to a measur¢ asn — o, and identify the limit.
SinceHp are Hermitian matrices, there is hope of doing this by Haamit
techniques.

2. Justify that[ log|x|dvj(x) — [log|x|dv#(x) for (almost everyl. But for
the fact that “log” is not a bounded function, this would h&skowed from
the weak convergence of, to v%. As it stands, this is the hardest technical
part of the proof.

3. A standard weak convergence argument is then used intardenvert the
convergence for (almost evergpf v; to a convergence of integrals over
Indeed, settindn(z) := [ log|x|dv?(x), we will get from [B) that

[w@dLa@ — 5. [ 842 h@dmia). ©

C

4. Show thah is smooth enough so that one can integrate the previous equa-
tion by parts to get

[w@dLa@ - 5. [ W@ sn@dn(a). (10
C

which identifiesAh(z) as the density (with respect to Lebesgue measure) of
the limit of La,,.

5. Identify the functiorh sufficiently precisely to be able to deduce properties
of Ah(z). In particular, show theingle ring phenomenon which states
that the support of the limiting spectral measure is a siagleulus (the
surprising part being that it cannot consist of severabdisjannuli).

Girko’s equation[(B) and these five steps give a generaledoipfinding limiting
spectral measures of non-normal random matrices. Whetigezan overcome the
technical difficulties depends on the model of random matne& chooses. For the
model of random matrices with i.i.d. entries having zero maad finite variance,
this has been achieved in stages by Bhi [2], Gotze and TikioerfiLd], Pan and
Zhou [19] and Tao and VU [22]. While we heavily borrow from tlsaquence, a
major difficulty in the problem considered here is that ncejpeihdence between
entries of the matriX, is present here. Instead, we will rely on properties of the
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Haar measure, and in particular on considerations borrdwedfree probability
and the so calle&chwinger—Dysofor master-loop equations. Such equations
were already the key to obtain fine estimates on the Stieigesform of Gaussian
generalized band matrices [n]14]. [n [4], they were usedudysthe asymptotics
of matrix models on the unitary group. Our approach combideas of [14]
to estimate Stieltjes transform and the necessary adapsatd unitary matrices
as developped iri_[4]. The main observation is that one canceedttention to
the study of the ESD of matrices of the forfh + U )(T +U)* whereT is real
diagonal andU is Haar distributed. In the limit (i.e., wheh andU are replaced
by operators in £*-algebra that are freely independent, witlbounded and self
adjoint andJ unitary), the limit ESD has been identified by Haagerup andém
[11]. The Schwinger—Dyson equations give both a charaetgon of the limit
and, more important to us, a discrete approximation thabeansed to estimate
the discrepancy between the pre-limit ESD and its limit. Sehestimates play a
crucial role in integrating the singularity of the log in Stevo above, but only
once an a-priori (polynomial) estimate on the minimal siagwalue has been
obtained. The latter is deduced from assumilon 3. In theegoof the Feinberg—
Zee single ring theorem, the latter assumption holds dua @daptation of the
analysis of[[21].

Notation

We describe our convention concerning constants. Thrautghyg the wordcon-
stantwe mean quantities that are independent ¢br of the complex variables
z, z1). Generic constants denoted by the let@ys or R, have values that may
change from line to line, and they may depend on other pamseConstants
denoted byC;, K, k andk’ are fixed and do not change from line to line.

3 An auxiliary problem: evaluation of v* and con-
vergence rates

Recall from the proof sketch described above that we areasited in evaluating
the limitvZ of the ESDL{, of the matrixHj, seel(¥’). Note that far# 0, Lj is also



the ESD of the matrixiZ given by

o 12 0 WDy
" (Wg—Du/lz)* 0

0 Qn 0 zl - A, 0 Py
Pt 0 ||zI-A: O Q, O
_ | 0 QnijLz| O Py
- [W O}W{% 0}’ ()

whereWs =zQ,P,/|2| is unitary and#;, distributed. We are thus led to the study
of the ESD for a sequence of matrices of the form

0 Bp
n(a 7) 42

with B, = Un + Tp, Ty being a real, diagonal matrix, ak a #, unitary matrix.
We denote in short

0O u N 0 O 0 T,
n

3.1 Limit equations

We begin by deriving the limiting Schwinger-Dyson equasidor the ESD of
Y n. Throughout this subsection, we consider a non-commutptivbability space
(4,*,1) on which variable a variablg lives and wheragu is a tracial state satis-
fying the relationgi((UU* — 1)?) = 0, u(U?) = 0 fora € Z\ {0}. pis the unique
non-commutative law of bounded variables which is invariaxder unitary con-
juguation, and therefore corresponds to the asymptotitiseoHaar measure. In
the sequel, 1 will denote the identity . We refer to[[1, Section 5.2] for defini-
tions.

LetT be a self-adjoint (bounded) elementdnwith T freely independent with
U. Recall the non-commutative derivativedefined on elements &(T,U,U*)
as satisfying the Leibniz rules

PQ=0Px12Q+P®1xdQ, (14)

oU=U®1,dU*=-1U" dT =0x0.

10



(Here,® denotes the tensor product and we wAte Bx C® D = (AC) ® (BD).)
0 is defined so that for ang € 4 so thatB* = —B, anyP € C(U,U* T),

P(UE®B e ®By* T) = P(U,U* T)+€dP(U,U*, T)tB+o0(e),

where we used the notatidnz BfC = ACB.
By the invariance oft under unitary conjuguation, see [24, Proposition 5.17]
or [1, (5.4.31)], we have the Schwinger-Dyson equation

L& U(oP) = 0. (15)

We continue to use the notatidfy U,U* andT in a way similar to[IR) and
@3). So, we lety = U +U*+T with

0 U . 0 0 0T
UZ(O o)’ UZ(U*O)’ TZ(T o)' (16)

We extenduto the algebra generated byU* andT by putting for anyA,B,C,D €

A,
1((& 5)) =3+ uo.

Observe that this extension is still tracial.

The non-commutative derivativieextends naturally to the algebra generated
by the matrix-valuedJ, U*, T, using the Leibniz ruld{14) together with the rela-
tions

ou=U®p, odU"'=-pxU", a7

00
01
functions ofU + U* and T such as products of Stieltjes functionals of the form
(z—bU — bU* —aT) ! with ze C\R anda, b € R. Such an extension is straight-
forward;0 continues to satisfy the Leibniz rule and

where we denotegh = In the sequel we shall apply to analytic

d(z—bU—bU*—aT) 1=
b(z—bU—bU*—aT) ' (Uo p— poU*)(z—bU —bU* —aT) !

11



Introduce the notation, far,zo € CT,

G(z1,2) = M((zm— Y)fl(Zz ~-T) !

Gu (21,22) M (U(
Gu(z1) H( (Y )
u+(21,22) pU(z-Y) Y z-T) ), (18)
GT(Zl 2) HT(z-Y) Y z-T)1),
Gz) = u((m-Y)~ )
Gr(z) = H(z2-T)).

We apply the derivativé to the analytic functior® = (z, — Y) (z — T)~1U,
while noticing that, by[(T4) and(17),

P=Pep+(z-Y) WU pP—(z2—Y) poUP (19)
For any smooth functiof,

MU™QU) =u((1-p)Q)

due to the traciality oftandUU* = 1—p. Furtheer P and thugu(pP) = u(P),
and by symmetry (note thall — p)(z; —Y) }(zz—T) tandp(zz - Y)Yz -
T)~! are given by the same formula up to replacitgU*) by (U*,U), which
has the same law)

M1-p)(@-Y) (2-T) "= H((Zl— ) Hz-T) ).

The same equality holds without the last factey — T) %, and so we get from

@)

%GU (21,20) = -Gy (z1,22)Gy (z1) + %G(zl,zz)G(zl). (20)

Noticing thatGy (z) is the limit of Gy (z1,22) asz — «, we find by [20) that

1 1
EGU (z1) = —Gu(z1)*+ ZG(Zl)Z’

and therefore, aGy (z1) goes to zero ag — oo,

Gu(m) = 5(5+1/ 32 +6(@)?) = ;(-1+\/1+46@P).  (21)

12



Here, the choice of the branch of the square root is detedrbgehe expansion
of Gy (2) at infinity and the fact that botB(z) andGy (z) are analytic ifC*. This
equation is then true for ath € C™.

Moreover, by[[ZD) and{21), we get

Gy (21 Zz) _ :_LG(Zl,Zz)G(Zl) _ G(Zl,Zz)G(Zl)
’ 2 1+2Gy(z1)  1+/1+4G(z)?
(Again, here and in the rest of this subsection, the propserdir of the square root
is determined by analyticity.) LéR denote theR-transform of the Bernoulli law
A1:=(0_1+0:1)/2, thatis,
R(Z)_\/1-1-422—1_ 2z
2z V1i+42+1’

seel[l, Definition 5.3.22 and Exercise 5.3.27], so that we hav

(22)

Gu(z1,2) = %G(zl,zz)R(G(zl)). (23)

Repeating the computation with,+, we haveGy- = Gy. Algebraic manipula-
tions yield
Gr(z,2) = z6(z1,2)—-G(z), (24)
26y (21,22) + Gr1(21,22) = z16(z1,2) — Gr(22). (25)
Therefore, we get by substituting{23) ahdl(24) imid (25} tha
G(Zl, Zz) R(G(Zl)) + ZgG(Zl, 22) — G(Zl) = ZlG(Zl, Zz) — GT (Zz) , (26)
which in turns gives, for any;,zo € CT,
G(Zl, Zz) (R(G(Zl)) +2— Zl) = G(Zl) -Gt (Zz) . (27)

Thus,
Gr(z) =G(z1) whenz =27 —-R(G(z)). (28)

The choice of as in [28) is allowed for ang € C* becausé& : Ct — C~ and
we can see th&®: C~ — C~. Thusz > Oz > 0, implying that suclz, belongs
to the domain of5t.

The relation [ZB) is the Schwinger-Dyson equation in ounett gives an
implicit equation forG(-) in terms ofGr(-). Further, forz with large modulus,

13



G(z) is small and thug — z— R(G(z)) possesses a non-vanishing derivative, and
further is close t@. Becausdst is analytic in the upper half plane and its deriva-
tive behaves like 1 at infinity, it follows by the implicit function theorem that
(Z8) uniquely determineS(-) in a neighborhood ob. By analyticity, it thus fixes
G(-) in the upper half plane (and in fact, everywhere except inmpaxrt subset
of R), and thus determines uniquely the lawxaf

Remark 6. Let pr denote thespectral measuref T, that is [ fdpr = p(f(T))
forany f € Cp(R). We emphasize th&r is not the Stieltjes transform of the law
of T; rather, it is the Stieltjes transform of the symmetrizetsien of the law of
T, that is of the probability measugg .~ With this convention,[{28) is equivalent
to the statement that the law ¥f denoteduy, equals thdree convolutiorof fir
andAy, i.e. ty = fir A1, whereh; = (3_j +9|,)/2 is the Bernoulli law that puts

masss at£|z.
In the next section, we will need the following estimate.
Lemma 7. If |Gy (-)] < kg 0onC™ then|G(-)| < k3 onCT.

Proof Recall that ifze C* thenG(z) € C~ and alsdR(G(z)) € C~ becausd
mapsC~ into C~ (regardless of the branch of the square root taken at eanl) poi
Thus,y =z—R(G(z)) € C*. Therefore|G(z)| = |Gt (y)| < K1. O

3.2 Finite n equations and convergence

We next turn to the evaluation of the law ¥f,. We assume throughout that the
sequencd, is uniformly bounded by some constavit thatLt, — pr weakly

in probability, and further thafl4) anfl(5) are satisfiedhwii, and the spectral
distribution of T replacingD, and®. Recall first, see’|1, (5.4.29)], that by in-
variance of the Haar measure under unitary conjuguatiah,Rve C(T,U,U*) a
noncommutative polynomial (or a product of Stieltjes fumcals),

1.1 o
E [T ® 5 tr(9P(Tn, Un, Uy)) = 0. (29)

This key equality can be proved by noticing that for any n matrix B such that
B* = —B, for any (k,¢) € [1,n], if we letUp(t) = U,e® and constructn(t) and
Un*(t) with this unitary matrix,

0=0tE[(P(Tn, Un(t), Un(t)))y o] = E[(OP(Tn, Un,Up)tB)y /] (30)

14



with B = < 8 g ) Letting A(k,¢) be then x n matrix so thatA(k,¢); j =

1i—x1j—,, we can choose in the last equalty= A(k, £) —A(4,k) orB=1i (A(k,£) +A(Z,K)).
Summing the two resulting equalities and then summing keerd/ yields [Z9).

We denote byG" the quantities as defined in{18), but WEIflz—lntr] replacingu
and the subscript attached to all variables, so that for instance

G"(2) = E[2—1ntr ((z—Yn) ).

We get by takind® = (zo — Yn) (22 — Tn) ~tU, that
1 1
QGG (z1,22) = —G() (21, 2) G (zw) + ZGn(ZlaZZ>Gn(Zl) +0(n,z1,22), (31)
with
O(n,z1,22) =E (itr—E[itr])®(itr—E[itr])a(z —Yn) Yz—-Tn) U
s L1, £2) — on n on n 1 n 2 n n| -

Further, by the standard concentration inequalityfigr seel[l, Corollary 4.4.31],
for any smooth functio® : Uu(n) — C,

1 1 2

) E [(%tr(P) - E[%tr](m)

with ||P||_ the Lipschitz constant d® given by
[Pl = [|DP]|o

1
< SIPIR, (32)

if D is the cyclic derivative given bfp = mod with m(A® B) = BA. Applying
@B2) to each term adP (recall formula [ID)), we get that fai(z;) > 0,

C
O 21.22)| < B A L)

Multiplying by z, and taking the limit ag, — c we deduce from(31) that
(G"(z1))? = 2G{} (z1) (1 +2G{}(z1)) — Ox(n, 1), (33)

where

Oi1(n,z;) = 4E {(intr— E[intr]) ® (2—1ntr— E[Z—lntr])a(zl —Yn) U,

1
- O(HZD(Zl)Z(D(Zl)M))'
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In particular,

1
Gl (21) = 5(~1+1/1+4G"@)2 +401(n. 7)), (34)
with again the choice of the square root determined by aicéiyt

Recalling that[[24) and(25) remain true when we add the sigtst and

combining (31) and{24), we get

a2 (B ) — G (z) - GMz)+ Oz z), (35)
1, £2 (1+ZGB (Z]_)) 2 1 1 T\£2 y£1,82)
with 20( )
= - N,2,,2
O %) = (1 26y o)
Hence, if we define
- o G"(z1)
2 =Wn(2)=2- G 5 o) (36)
then N
Gn(Z]_) = G-T— (Zz) + O(n, Z, 22) ,
and therefore N
G"(z1) = Gt (Wn(z1)) +O(Nn, z1, Yn(z1)) - (37)

Equation[[3F) holds at least whétz, > 0 for z; as in [36). In particular, forl(z)
large (say larger than sonw), it holds thaiG"(z;) andG{j (z1) are small, implying
thatz is well defined with()(z,) > 0. Assume.t, converges towardst so that
GI converges t@st onC*. Then, the limit points of the sequence of uniformly
continuous function$G"(z),G{j(z)) on {z: 0z > M} satisfy [Z1) and[{28) and
therefore equalG(z),Gy(z)) on{z: 0z > M} by uniqueness of the solutions to
these equations. Hence, takimg- « then implies thaG" — G in a neighborhood
in the upper half plane close to. SinceG" andG are Stieltjes transforms of
probability measures, we have now shown the following (se@&K5).

Lemma 8. Assume f, converges weakly in probability to a compactly supported
probability measuretL Then, ly, converges weakly, in probability, te j= fir &

A1. In particular, if Lp, converges weakly in probability to a probability measure
O, then for any = C, v§ converges weakly in probability ©H Az

16



(Recall that® is the symmetrized version @ and note that for = 0, the state-
ment of the lemma is trivial.)

Lemmal® completes the proof of Step one in our program. To lee tab
complete Step two, we need to obtain quantitative inforomafiiom the (finiten)
Schwinger-Dyson equations_{37): our goal is to show thatefteside remains
bounded in a domain of the fordz € C* : Oz > n~°} for somec > 0. Toward
this end, we will show that in such a regiafy is analytic,0Wn(z) > 0z/2AC
for some constar@ andO(n, z1, Pn(z1)) is analytic and bounded there. This will
imply that [3T) extends by analyticity to this region, and agasumption on the
boundedness @b} will lead to the conclusion.

As a preliminary step, note th&t"(-) andG[j () are analytic inC*. We have
the following.

Lemma 9. There exist constants;(C, such that for all ze C* with 0(z) >
Cin~Y/3 and all n large, it holds that

11+ 2G]} (2)] > C2[0(2)3 A ). (38)

Proof SinceG[) (z) is asymptotic to 1z at infinity, we may and will restrict atten-
tion to some fixed baBr C C, whose interior contains the support\of But

: i,
16" = -0 [ et

and therefore, a§1(z) — x)? + 0(2)? < 4R? for all z x € B(O,R)

0(2)]
4R2

Moreover, sinceG(j (z)| < 1/|0(z)|, for some constartindependent ofi and all
nlarge, we deduce froniL(B3) that

) 2|14 2G! (2)| c
@ <551 * vo@ao@ D

Combining this estimate an{39), we get that

211+2G(2)| _ |0 c 0@))?
O(z)] =~ 16R* n20(22(0(z) A1) — 32R

G"(29)] = |0(G"(2)| = (39)

(40)

as soon a§l(z) > Cin~1/3 for an appropriat€;, and|zl < R. The conclusion
follows.
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As a consequence of Lemrih 9 and the analyticitbfand G} in C*, we
conclude thatpy is analytic in{z: 0(z) > C;n~1/3}, for all n large.

Our next goal is to check the analyticity bt~ O(n, z, Pn(2)) for ze C* with
imaginary part bounded away from 0 by a polynomially decgyim n) factor.
Toward this end, we now verify thgt,(z) € C* for zup to a small distance from
the real axis.

Lemma 10. There exists a constang@uch that if(z) > Cgn~1/4, thend(n(2)) >
O(z)/2.

Proof Again, we may and will restrict attention fd(z) < Rfor some fixedR. We
divide the proof to two cases, as follows. legt= n~1/2, and sef\, = {zeCt:
G"(2) +i/2| > en}.

Then, for anyz € A, and whatever choice of branch of the square root made in
@), if a?l/zol(n, z) is small enough (smaller tham/2 is fine), then that choice
can be extended to include a neighborhood of the peiatG"(z) such that with
this choice, the function(w) = 7(—1+v/1+4w2) is Lipschitz in the sense that

G} (2) ~1(G"(2))] < Cen204(n.2).. (41)
On the other hand, again from{34),
‘ G2  2G)(2) Ox(n.2)
1+2G(z) G"(9 |~ 1G"@(1+2G{(9)|

Combining the last display with the relati&®{6) = 2r(8)/6, @1) and [3B), one
obtains that foz € Ap,

G"(2) n 2r(G"(z)) 2G(2) G"(2) 2G])(2)
T e (Z))' = 7oz G#(z) '1+2GB(2)_ G#(z)
01(n,2)] 01(n,2)]
= TR0+ 2G@ g o)
01n,2)] | _|0:(n,2)]
< ce%/2|D(Z)‘+c S
< C 1 1
= WOEF\ &2 0P
1
= e <”1/4+|D<z>|3)‘ (42)

18



Since the above right hand side is smaller thaa)/2 for 0(z) > n~%* and
O(R(G"(2))) < 0, we conclude that far e AyN{0(z) > n~ 14}

G"(2) 1
. (1+2G[‘,(z)) <35tz

as, regardless of the branch taken in the definitioR(ef, JR(G"(z)) < 0.
On the other hand, whene C*\ A, and(z) > n~%/4, then we have from

B4) that
IGl)(2) +1/4] < :—ZL\/Q'] +101(n,2)|.

Thus, under these conditions,

D<ﬂ) - 2DG”(Z)+D< 2G(z) )

1+2Gl}(2) 1+4(G (2 +1/4)
< 0(@(2)+Cy/Et 1012 <~ +Cy/an T 01 2)
< Cn_1/4,

where we finally used that ak,, G"(z) is uniformly bounded and so tha{G"(z)) <
—1/4 forze C* andn > 2. We thus conclude from the last display and (42) the
existence of a consta@ such that if(z) > Csn~1/* then

(Wn(2)) = O(2) 0 (1:527((;3(2)) > 02)/2,

as claimed. O
From LemmaI0 we thus conclude the analyticityzof> O(n,z Wn(2)) in
{z: 0O(2) > Cen~Y4}, and thusG"(z)/(1+ 2G[}(2)) is also analytic there. In
particular, the equalityf(37) extends by analyticity tastregion.
We have made all preparatory steps in order to state the raauitrof this
subsection.

Lemma 11. There exist positive finite constantg, C7,Cg such that, for > Cg
and all ze &, = {z: 0(2) > n~%},

|G"(2)| < Cg. (43)

Proof This is immediate from Lemm@ 9, Lemnhal 10, the definitionjgf the
assumption oG and the equality[(37). O
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4 Tail estimates forvy

Our goal in this short section is to prove the following prsiion.

Proposition 12. (i) Fix z € C. Under the assumptions of Theorgm 1,

€
IiinlimsupE[lgn/ log|x|dv3(x)] = 0. (44)
e 0

Nn—oo

Consequently, for anyz C,

/ log |X|dvZ(x) — / log|X|dvZ(x) (45)

in probability.
(ii) For any smooth compactly supported deterministic tiorcd on C,

/ 5(2) / log |X|dvZ(x)dm(z) — / 5(2) / log X|dvi(x)dm(z),  (46)

in probability.

Before bringing the proof of Propositiénl12, we recall thida@ing elemen-
tary lemma.

Lemma 13. Let 1 be a probability measure @ For any real y> 0, it holds that
H((=y,Y)) < 2y|G(iy)] - (47)

Proof We have

-0l - [

y 1
b0 > [ Lo = vy,
from which [4T) follows. O

We can now provide the
Proof of Proposition[12

Let R be large enough so thBk C C contains the support @f. Throughout
this proof, we may and will restrict attention zsatisfying|z| < R.

(i) By (B), we can replace the lower limit of integration [with n—2. Let
Gf, denote the Stieltjes transform Bfv]. Forz =+ 0, by Lemmdll and Lemma
[4, there exist positive constants(R), cz(R) such that whenever(u) > n~, it
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holds thaiG(u)| < c,. Forz=0, L is simply the ESD oDy, once symmetrized,
and hences) is also uniformly bounded byi4) and (5).

Therefore, sinc&y, is the Stieltjes transform dE[vy], by Lemmé&B, for any
y >0,

ENVA((—y,¥)] < ENVA((=yvnyvn=®))] < 2coyvn .
Thus, we get that for any< Br and witha € [1,2],

E| / (I1l0gx))@dvZ(x))

-3
nfcl\/5 I3

el (log)avi+ [ (llogx) cvi(x)
< ((e1v8)logn) EVE((—n*n~%))

IA

J
+Y EVA((—2U0nme 20+ n=e))j(log(2in~))? |
=0

where 271n"% < £ < 2)n~%. Note that by LemmB13 and the estimateG@fy
for j >0, . . .
EVA((—2'n¢,2In7%))) < 21 gn o,
It follows that .
e[, llogx"avi(x)] < Cellog(e)*. (48)
nfé

where the constar® does not depend om The estimate[{44) follows when
consideringy = 1.
Moreover, by[(B), foro < 2,

-3

n
E[lgn/o [logx|*dvi(x)]

< E[LGVA([=n"° )1 gz -5y |log o]
=

25 a
e | (v8(-n 2 )| Ellgdigpqs 00058

IN
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by Holder’s inequality. The first factor goes to zero beeaus
2
e | (vE(-n 2 ) | <€ [vi(n S0 )] < 2en

We thus getl{44) froni{48). By Chebychev’s inequality, thevaygence in expec-
tation implies the convergence in probability and thereflor anyd, & > 0 there
existse > 0 small enough so that

€
lim P(/ [logX|dvi(x) > ) < &
—> 00 O
On the other hand/;”log|x|dv(x) converges tof," log|x|dv*(x) by the weak
convergence off, to vZ in probability for anye > 0. Hence, we gef{45).

(i) Define the functiond): B — R, i = 1,2 by

-3

n
@) = Lodoyew | 00X,
7@ = lgdipam [ 000X,
-
and setf,(z) = f1(2) + f2(z). Becaus? is supported irBg v on ||Dy| < M, f,

is bounded above. BY#8E[|f2(-)|%] is bounded, uniformly ire € Br. On the
other hand, by[{3), again uniformly m E(f}(2)?) < &, and therefore

£ [ (13@)dmz) <eo.
Br
Thus,E fBR | fn(2)]2dm(z) < o, and in particular, the sequence of random variables

/)1gn1|D|n§|v|/'09XdVﬁ(X)‘2dm(Z)

is bounded in probability. This uniform integrability andetweak convergence
@3) are enough to conclude, using dominated convergepe€ 28, Lemma 3.1]
for a similar argument). O
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5 Proof of Theorem

By Propositio IR, se€_(#6), we have, wiite) := [log|x|dv*(x), that for any
smooth compactly supported functigmon C,

[ w@dLad ~ 5 [ dwi hzdm),

C

in probability. Since the sequentg, is tight, it thus follows that it converges, in
the sense of distribution, to

1
E{Azh(z) .
From RemarkR (based on]11, Corollary 4.5]), we have thalinhieis actually a
function. The statement of the theorem follows. O

6 Proof of Corollary Bl

We let X, be as in the statement of the corollary and wiie= P,D,Qn with
Pn, Qn unitary andD,, diagonal with entries equal to the singular valye$} of
Xn. Obviously,{ P, Qn}n>1is a sequence of independef;,-distributed matrices.
The joint distribution of the entries @, possesses a density Bff which is given
by the expression

Za[J10% — o?2e "= V@D [T oidoi,
i

i<j

whereZ, is a normalization factor, see e.@l [1, Proposition 4.1TBlerefore, the
squares of the singular values possess the joint density

ZnH |X| _ Xj |2e*n2inzlv(xi) Hd)q ,

i<j i

onR". In particular, it falls within the framework treated in_[RMBy part (i) of
Theorem 2.1 there, there exist positive const&hiS;; such thaP(o; > M —1) <

e C11" and thus point 1 of the assumptions of Theof&ém 1 holds. Paift8 as-
sumptions (withk < 1/4 andk’ = 1/2) is an immediate consequence of equation
(2.26) there. Point 4 of the assumptions is an immediateszprence of equation
(2.32) there. Thus, it remains only to check point 2 of theiags#tions. Toward
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this end, defings, = {0] < M + 1} and note that we may and will restrict atten-
tion to|z| < M + 2 when checking{3). We begin with the following proposition
due to [21].

Proposition 14. LetA be an arbitrary n-by-n matrix, and let A A+ oN where

N is a matrix with independent (complex) Gaussian entrieead mean and unit
variances. Leti,(A) denote the minimal singular value of A. Then, there exists a
constant G, independent o\, o or n such that

P(on(A) <x) <Ci2vn (g) g (49)

The proof of Proposition14 is identical {a]21, Theorem 3v@th the required
adaptation in moving from real to complex entries. We omitifar details.

On the event;,, all entries of the matriX, are bounded by a constant multiple
of v/n. Let N, be a Gaussian matrix as in Propositioh 14. With 2 a constant
to be determined below, set

Gy = {all entries ofn~%/2Ny, are bounded by }.

Note that because > 2, on gy, we have tha;(n~*Np) < 1. DefineA, = zl — X,
An = Aq+n"%Nplg andA, = Ay +n~%Np. Then, by [4B), witho, (An) denoting
the minimal singular value d4,, we have

P(On(An) < X; Gn) < C12xnt/2+20 (50)

If the estimate[{50) concerndg instead ofA,, it would have been straightforward
to check that point 2 of the assumptions of Theorém 1 hold$@vi appropriately
chosend, which would depend on). Our goal is thus to replace, in_(5®, by
A,, at the expense of not too severe degradation in the right Sithis will be
achieved in two steps: first, we will replagg by A,, and then we will construct
on the same probability space the ma¥pand a matrixy, so thaty; is distributed
like Xq+n—¢ Nnlg; butP(Yh # Xn) is small.

Turning to the construction, observe first that frdml (50),

P(0n(An) < X; Gn) < C12X2nY/272 1 P((Gh)©) < Cpo[Pnt/2+20 4 n2e="/2],
(51)
Let x.S‘” = Xn+n"%Nplg. Let {6} and{l} denote the eigenvalues o, =

XX and of WY = (X{®)(x\*))*, respectively, arranged in decreasing order.
Note that the density of, is of the form

Zn—le— ntr (v (xx*)) dx

)
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where the variablex = {X j }1<i j<n is matrix valued andix = [ ], ;<,d%,j,
while that ofX\” is of the form

ZrTlEN [e—ntr(V((x—i—lgﬁn*“Nn)(x+1gr/1n*°‘Nn)*))]dx7

whereEy denotes expectation with respect to the lavwNgf andZ, is the same
in both expressions. Note thai(X,ﬁ“)) € [01(Xn) —1,01(Xn) +1]. Becausé&/(+)

is locally Lipschitz, we have that if either; (X)) <M +1 orol(X,ﬁa)) <M-+1,
then there exists a constdbitz independent oft so that

tr(V (Wh) — VWD) < STIVO) —V (W) < Cis > 16—l
i=1 i=1

IA

1
n 2
Cyan'/? <Z 16 — L |2> (52)

i=1

IN

1
Caan®/2 (tr((Wh—W4¥)?))

< Cpan/Z %1 gtr((n"9/2N,)H) Y2 < nC4% | (53)
where the Cauchy-Schwarz inequality was used in the thiedquality and the
Hoffman-Wielandt inequality in the next (see e.gl [1, LemZa&.19]). We em-

phasize that the consta@i, does not depend om. In particular, ifa > (Ci4+
1) V2 we obtain that onG,, the ratio of the functionsf,, = e "f(V(%)) and

gn = e "MVW™) s bounded e.g. by 4 nC4+1-9: in particular, it holds that

P(o1(X\") < M) (1+ G410 p(gy (X,) < M)

<
< (1402 02p(gy (V) < M).

Therefore, the variational distance between the laXpafonditioned oo (X,) <
M and that oX\®) conditioned oro1(X\")) < M, is bounded by

4nC14+ 1-a

It follows that one can construct a mathfx of law identical to the law o)i(r(,a)
conditioned oro1(XY) < M, together withX,, on the same probability space so
that

P(Xn %Yn; gn> S 4nC14+1—C1 S n(315—a‘
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Note that this estimate does not depend.o@ombined with[(5l1), we thus deduce
that
P(On(ﬂn) <X gn) < C12X2n1/2+20( + nC]_GfC( < nC17X2/3,

wherea was chosen as function of This yields immediately point 2 of the
assumptions of Theorelm 1,8f> 3Cy7/2.

We have checked now that in the setup of Corol@ry 3, all treumptions
of Theoren{dl hold. Applying now the latter theorem complébesproof of the
corollary. O

Remark 15. The proof of CorollaryiBB carries over to more general situai
indeedV does not need to be a polynomial, it is enough that its growitfifiaity
is polynomial and that it is locally Lipschitz, so that theués of [20] still apply.
We omit further detalils.

7 Proof of Corollary &

We takeD,, satisfying the assumptions of Corollddy 4 and cons¥let U,DV,, +
n—YNn, with matrix of singular value®,. Note thatY, = UnDnV,, with Up,V,,
following the Haar measure. We first show tixf also satisfies the assumptions
of Theorentll wher > % except for the second one. Since the singular values of

N, follows the joint density of Corollar/]3 with (x) = %xz, it follows from the
previous section tha?(Hn*%NnH > M) < e %" and thereforg|Dy|| < ||Dnl| +

AR Hn’%NnH is bounded with overwhelming probability. Moreover, sifie=
|Dn + n_yUr;anVrT | )

C(IIDn 1)

1
__y
‘ |

1Gp,(2) —Gp, (2)| < E[H[iaz_‘anH]

<

with C(||Dr?||) a finite constant depending only diD;;|| which we assumed
bounded. As a consequence, the third condition is satigfied s

CUD )y, K K

Ga(2) —Gg (2)| < <
‘ e( ) Dn< )‘ = |DZ|2 nK|Dz| - nV|Dz|

with y = min{k,1(y— 3)} and 0z > n-ma3(-2)€}. Hence, the results of
LemmalTIl hold and we need only to check as in Propodlifion 12 itheg the
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singular values ozl — Y,

-3

n
In = E[lgn/o log [X|dV§(X)]

vanishes as goes to infinity for somé& > 0 and some s&f, with overwhelming
probability. ButA, = zI — Yp = zI — UpDyVa + N~ YN, with N, a Gaussian matrix,
and therefore we can use Propositioth 14 to obtaih (49) with n~Y, and the
desired estimate olR. O

Proof of Example[3

Indeed, the first and the fourth hypotheses of Thedriem 1 aifedesincep
is compactly supported and we assumed its symmetrizedovehsis a bounded
Stieltjes transform. For the third, note thaFEif 1 is Holder continuous with index
a,

n|0z|2 n|Dz|2

n .
— F— H—l i _a
}Gé(Z)—GDn(Z>}SZ|Sin+1 ol ZI RO,
i—1
where we finally used thdt 1 is Holder continuous with indeg. 0

8 Extension to orthogonal conjuguation

In this last section, we generalize Theorldm 1 to the caseanherconjuguat®,
by orthogonal matrices instead of unitary matrices.

Theorem 16. Let D, be a sequence of diagonal matrices satisfying the assump-
tions of Theorerl1. Let p@n be two nx n independent matrices which follow
the Haar measure on the orthogonal group and sgtA0,D,On. Then, la,
converges in probability to the probability measuredescribed in Theoreid 1.

Proof. To prove the theorem, it is enough, following Sectidn 5, toverthe
analogue of LemmB11 which in turn is based on the approxif8atavinger-
Dyson equation{35) which is itself a consequence of equd8) and concen-
tration inequalities. To prove the analogue [of](29) whinfollows the Haar
measure on the orthogonal group, observe {hdt (30) remaiesnith Bt = —B
which only leaves the choid® = A(k, /) — A(4,k) possible. However, taking this
choice and summing ovér/, yields, if we denotenA® B) = AB',

11 . N )
E [5tr ® 5 tr(0P(Tn, Un, U))) = 5-E[S-tr (M0 0P) (Tn, Un, Uy))l-
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The right hand side is small aaodP is uniformly bounded. In fact, taking
P=(zz1—Yn) Yz —Th) U, we find thatnio dP is uniformly bounded by
2/(|0z|(|0z1| A 1)?) and therefore[[31) holds once we add@¢n,z,z) the
above right hand side which is at most of ordén|[I1z|(|0z| A 1)?. Since our
arguments did not require a very fine control on the error tevesee that this
change will not affect them. Since concentration ineqigalialso hold under the
Haar measure on the orthogonal group, 5ee [1, Theorem #ahd71, Corollary
4.4.28), all the proof of Theorefd 1 can be adapted to thisget u O

Acknowledgments: We thank Greg Anderson for many fruitful and encour-
aging discussions. We thank Yan Fyodorov for pointing oatghper([15].
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