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The idea that the elementary particles might have the symmetry of knots has had a long
history. In any modern formulation of this idea, however, the knot must be quantized.
The present review is a summary of a small set of papers that began as an attempt to
correlate the properties of quantized knots with empirical properties of the elementary
particles. As the ideas behind these papers have developed over a number of years, the
model has evolved, and this review is intended to present the model in its current form.
The original picture of an elementary fermion as a solitonic knot of field, described
by the trefoil representation of SUq(2), has expanded into its present form in which a
knotted field is complementary to a composite structure composed of three preons that in
turn are described by the fundamental representation of SLq(2). Higher representations
of SLq(2) are interpreted as describing composite particles composed of three or more
preons bound by a knotted field. This preon model unexpectedly agrees in important
detail with the Harari-Shupe model. There is an associated Lagrangian dynamics capable
in principle of describing the interactions and masses of the particles generated by the
model.

Keywords: Quantum group; electroweak; knot models; preon models.

PACS numbers: 02.20.Uu, 02.10.Kn, 12.60.Fr

Contents

1.  Introduction .

2. The Characterlzatlon of Orlented Knots . .
3. The Kauffman Algorlthm for Associating a Polynormal Wlth a Knot3
4. The Knot Algebra . e

5.  Higher-Dimensional Representatlons of SLq( ) and SUq(2) .

6. The Gauge Group of the SLq(2) and SUq(2) Algebras .

7. Representation of an Oriented Knot .

8. The Quantum Knot .

1530037-1

World Scientific

www www.worldscientific.com

© 00 Uk W W N

10


http://dx.doi.org/10.1142/S0217751X15300379
mailto:finkel@physics.ucla.edu

Int. J. Mod. Phys. A 2015.30. Downloaded from www.worldscientific.com
by Dr Ernest Abers on 10/23/15. For personal use only.

R. J. Finkelstein

9. Toward the Lagrangian of the Knotted Standard Model . . . . . . . . . 11
10. The Physical Interpretation of DJ e e e e 15
11. Complementarity . . . e 17
12. The Knot and Preon Lagranglan515 i e e e 22
13. The Mass Terms . . . e e e 25
14. The Fermion—-Boson Interactlon e e e e 28
15. Preon Couplings in the Preon Lagrangian . . . . . . . . . . . . . . . 29
16. Knot Couplings in the Knot Lagrangian . . . . . . . . . . . . . . .. 31
17. The Higgs Kinetic Energy Terms . . . . . . . . . . . . . . . . . .. 34
18. The Field Invariant . . . . . . . . . . . . . o000 Lo 35
19. Masses and Interactions'®'® . . . . . . . L. 36
20. The Masses of the Fermions'®'? . . . . . . . . . . .. ... .. 37
21. Electroweak Reaction Rates . . . e e 39
22. Effective Hamiltonians for Compos1te Leptons and Quarks e e 41
23. A Speculative Interpretation of the SLq(2) Algebra and of the

Deformation Parameter q2 e e e e 43
24. Bound Preons . . . . . . . . . . Lo Lo 45
25. Gravitational Binding . . . . e e 45
26. Summary and Comments on the Structure of the Model e e 46

1. Introduction

The possibility that the elementary particles are knotted has been suggested by
many authors, going back as far as Kelvin, Maxwell and Tait.! Among the dif-
ferent field theoretic attempts to construct classical knots, a model related to the
Skyrme soliton has been described by Faddeev and Niemi.? There are also the
familiar knots of magnetic field; and since these are macroscopic expressions of the
electroweak field, it is natural to extrapolate from macroscopic to microscopic knots
of this same field. One expects that the conjectured microscopic knots would be
quantized, and that they would be observed as solitonic in virtue of both their topo-
logical and quantum stability. It is then natural to ask if the elementary particles
might also be knotted. If they are, one expects that the most elementary particles,
namely the elementary fermions, are the most elementary knots, namely the trefoils.
This possibility is also suggested by the fact that there are four quantum trefoils
and four families of elementary fermions (charged leptons, neutrinos, and up and
down quarks), and is supported by a unique one-to-one correspondence between
the topological description of the four quantum trefoils and the electroweak quan-
tum numbers of the four fermionic families. We have first attempted to determine
the minimal restrictions on a model of the elementary particles in the context of
electroweak interactions if the knotted soliton (quantum knot) is described only by
its symmetry algebra SLq(2) independent of its field theoretic origin. The use of
this symmetry algebra to define the quantum knot is similar to the use of the sym-
metry algebra of the rotation group to define the quantum spin. Before describing
the symmetry algebra SLq(2) we shall describe an oriented classical knot by its
topological invariants and by an invariant polynomial.
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2. The Characterization of Oriented Knots

Three-dimensional knots are described in terms of their projections onto a two-
dimensional plane where they appear as two-dimensional curves with 4-valent ver-
tices. At each vertex (crossing) there is an overline and an underline. We shall
be interested here in oriented knots. The crossing sign of the vertex is +1 or —1
depending on whether the direction of the overline is carried into the direction of
the underline by a counterclockwise or clockwise rotation, respectively. The sum
of all crossing signs is termed the writhe, w, a topological invariant. There is a
second topological invariant, the rotation, r, the number of rotations of the tangent
in going once around the knot. These are invariants of regular (two-dimensional)
isotopy but not of ambient (three-dimensional) isotopy.

We may label an oriented knot by the number of crossings (IV), the writhe (w)
and rotation (r). The writhe and rotation are integers of opposite parity.

3. The Kauffman Algorithm for Associating a
Polynomial with a Knot3

Denote the Kauffman polynomial associated with a knot, K, having n crossings,
by (K),. Let us represent (K),, by the bracket

(K <> 3.1)

The interior of the bracket is intended to represent the projected knot when only
one of the n crossings is explicitly shown. Let us also introduce the polynomials
(K4)n—1, associated with slightly altered diagrams in which the crossing lines are
reconnected, as follows:

(K _Yp_q ~ <x >n_1 and (K )p 1~ <')'(' >n_1. (3.2)

Then one may define a Laurent polynomial in the parameter ¢ by the following
recursive rules:

<K>n = i[q71/2<K7>n71 - q1/2<K+>n71] ) (I)
(OK) = (q+q ") K), (11)
(O)=q+q7 ", (I11)

where O is any closed loop generated by (I).
The Kauffman rules may be written entirely in terms of the Pauli matrices o+
and the following matrix:

0 Qi/Q -1
€qg = , = . 3.3
q (_q1/2 O ql q ( )
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These rules then read as follows:
(K = Treglo (K Y1 + 0y (K )noi)
(OK) = Treleq (K) ,
(O) = Treleq,
where t means transpose and
oL = %(01 +i02).

Here the o are the Pauli matrices.
One may obtain an invariant of ambient isotopy by forming®

Fre(A) = (=A%) K,
where w(K) is the writhe of K and
A=iTreqo_.

4

The Jones polynomial is

Vie(t) = fre(t™/).

(1)
(Ir)
(11T)

(3.6)

The Kauffman and Jones polynomials are topological invariants. They are in-

variants of regular and ambient isotopy, respectively.

4. The Knot Algebra**

The description of the knot by (I'), (IT'), (IIT') is invariant under the transformations

e =Te,TH =T, T,

o =0,

=y

and the matrix elements of T satisfy the following algebra:

where

ab=gqba, bd=gqdb, ad—qgbc=1, bc=cb,

ac=qca, cd=qdc, da—qcb=1, q=q* .

Then
Te, T =T, T =¢,
or by (4.1a)
€y =Eq-
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Therefore the Kauffman algorithm as expressed in terms of ¢, is invariant under
(4.1). We shall refer to (A) as the knot algebra. The matrix T, as defined by (4.2)
and (A), is a two-dimensional representation of SLq(2).

We shall also introduce the unitary algebra SUq(2) obtained by setting

d=a, c=—qb. (4.5)
Then (A) reduces to
ab = gba, aa+bb=1,
L _ bb = bb. (A)
ab = gba , c’ta—&—q%bb:L

For the physical applications we require the higher-dimensional representations
of SLq(2) and SUq(2).

5. Higher-Dimensional Representations of SLq(2) and SUq(2)

To compute the higher-dimensional representations one needs the g-binomial theo-
rem.” This may be written in either of the following two ways:

(A+B) =" <Z> BfA (5.1a)

q

or as
n __ n s PN—Ss
(A+ B) _Z<S>Q1A B¢, (5.1b)
where
AB=¢gBA and ¢ =q'. (5.2)
Here

<”> o met (), = L1 (5.3)

T T 9l i1

We shall use this theorem to compute the SLq(2) transformations on the following
class of monomials:

Vi =Npaitey, —j<m<j, (5.4a)
where
[x1,22] =0, (5.4b)
ny =jEtm, (5.4¢)
NJ — ! (5.4d)

T Ung ) no) g Y2
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when (2) is transformed according to the two-dimensional representations of
SLq(2) as follows:
Ty = axy + bxs, (5.5)
rh = cxy + dxa (5.6)

d
and (A). Then

where (‘Cl b) is the two-dimensional representation T of SLq(2) introduced in (4.2)

Wl = NJ (azy + bay)"™ (cxy + dag)™ . (5.7)

We assume that (a, b, ¢, d) commute with (z1,z2) so that
(az1)(bx2) = q(bw2)(ax1), (5.8)
(cx1)(dw) = q(da2)(car). (5.9)

By the g-binomial theorem,

n

ni
;= Nj <n8+> (ax1)®(bzo)"+~ SZ< > cxy)t (dag)" "
t

s q1 q1
. ny n_ s +n_—s—t ash" s n_—
= N%Z< ) > < . > ittt e (5.10)
s,t q1 q1
=Ny, <n+> <nt_> asb™+sctdn- *t:EYJ“a:; , (5.11)
s,t s q1 q1
where
n, =s+t, (5.12)
n =ny+n_ —s—t (5.13)
and by (5.4c)
ny +n_ =ny+n_=2j. (5.14)
Set
ny=j3+m. (5.15)

We may rewrite (5.11) as

. NJ\ /ng n_
=2 (50) (), (),

’

X 6(s+t,n )ab"+ 5 d"“%Niw?*xS’) (5.16)
= ZD vl (5.17)
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where
. NJ B
D/ ,=m "+ " §(s+t,n )a’b"+5ct gt (5.18)
mm’ N] s t +
m’ st q1 q1
or
1
. AT
Dl <7<”+>1'<”—>1'> 3 <”+> <”—> 5(s + t,n', )b ot dn
<n+>1'<n_>1' 0<s<ny $ 1 ¢ 1

O;t;n_ (519)

where we write ( )1 for ( )q,. The corresponding representations of SUq(2) are
obtained by setting

d=a, (5.20a)
c=—qb. (5.20b)
Then
< (n/ >1!<n'_>1!>% <n+> <n_>
D’ — ( +
mm/ <n+>1!<n_>1! OSSZ§71+ S 1 t 1
x 6(s+t,n/ ) (—q1) a®b" " obra" " (5.21)

For both SLq(2) and SUq(2) we have

Y (2, 2h) ZD I (w1, 22) . (5.22)

In obtaining these representations of SLq(2) and SUq(2) that operate on the
monomial basis (5.4a) we are following a well known procedure for obtaining rep-
resentations of SU(2).8

Let us rewrite (5.19) by introducing the exponents (ngq, ny, nc, nq). Then

Ng =8, (5.23)
ne=t, (5.24)
ny =ng + np, (5.25)
n_ =n.+ng (5.26)
and
DI alabed) = S AL (gm0 n0)d(na + e, nl)ame b eed
5(na+nb,n+)
S(ne+ng,n_)
(5.27)
where

<n’+>1<n'_>1]% (! (o) 5.25)
< .

A (4|1 me) = {<n+>1<n—>1 na) 1 (me)1! (ne)1l(na)1!
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The sum (5.27) is over the positive integers n,, np, nc, 4, subject to the constraints
as shown. The ny and n/, are given by (5.4c¢) and (5.15) respectively.

6. The Gauge Group of the SLq(2) and SUq(2) Algebras

By (5.27) the 2j 4+ 1-dimensional representations of the SLq(2) have the following
form

D/ = Z AT (@] My ne)d(na + ne,nl)a b eed (6.1)
s(natny,ny)
S(ne+ng,n_)
where (a, b, ¢, d) satisty the knot algebra (A) defined in Sec. 4 and
ny =j+tm, (6.2)
nly =j+m,

Dfnm, is defined only up to the following gauge transformation on (a,b,c,d) that
leaves the algebra (A) invariant:

a =e%a, b =e"¥h,

d =e ad,  =e e,

(®)

We shall also refer to (G) as Uy (1) x Up(1). Under the gauge transformation (G),
every term in D7, transforms like

(a™a bl dn) = eiPalna—na) giws(ny—nc) (a™e b e dne) (6.4)
But by the §-functions in (6.1)

Ng —Ng =nNg — (N_ —ne) = (Mg +10e) — N
=n, —n_=m'+m, (6.5)

np—MNe =Ny —Ng —Ne =n4 —n/y =m—m'.

By (6.4) and (6.5) every term of D/ transforms the same way and therefore the
D’ . transforms under (G) as follows:

Dj

mm/

(a,b,c,d) — emHm)eagilm=—m")ey D’ (a,b,c,d) (6.6a)
or
D7 — ei(tpa+¢b)mei(¢a*¢b)m'Dinm/ ) (6.6b)

We denote the irreducible representations of SUq(2) by D7, (a, @, b, b).
The gauge transformations on SUq(2), namely

a =e%eq, b =e 0, (6.7)
induce similar transformations on the D/ . (a,a,b,b).

1530037-8
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7. Representation of an Oriented Knot

The oriented 2d-projection of a knot has three coordinates, namely (N, w,r) the
number of crossings N, the writhe w and the rotation r. We may make a coordinate
transformation to (j,m,m’), the indices that label the irreducible representations
D7 .. of SLq(2), the symmetry algebra of the knot, by setting

,_ (r+o)

w
m = m =2 1
27 2 ) (7)

where o is an odd integer.

This linear transformation allows half-integer representations of SLq(2) and
respects the knot constraint requiring w and r to be of opposite parity. In this
new coordinate system one may label the knot (N, w,r) by D{\u[/io (a,b,c¢,d). One

thereby associates with the (N, w,r) knot a multinomial in the elements of the
algebra of the form

D1]nm’ (a7 b, & d) = Z Ai@m/ (q7 Na, nc)(S(na + ne, nﬁr)an“ b cted ) (72)
S(na+mny,ny)
S(netng.n_)

where (j,m,m’) are given by (7.1) and the explicit form of A7 is given in (5.28).
We shall also assume that ¢ is real.

Like the Kauffman and Jones polynomials, these forms are based on the algebra
of the classical knot. They are operator expressions that may be evaluated on the
state space of the algebra.

Let us next compute a basis in this space.

Since b and ¢ commute, they have common eigenstates. Let |0) be designated
as a ground state and let

bl0) = 80) , (7.3)
cl0) = ~l0), (7.4)
bel0) = B+(0). (7.5)
From the algebra we see that
beln) = Enfn), (7.6)
where
[n) ~ d"|0) (7.7)
and
E, = ¢*"8y. (7.8)

The eigenvalue spectrum resembles that of a harmonic oscillator but the levels are
arranged in a geometrical rather than arithmetical progression. We shall refer to
this spectrum as the g-oscillator spectrum.

1530037-9
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Here d and a are raising and lowering operators respectively:

dln) = Ap|n+1), (7.9)
aln) = ppln —1). (7.10)
Then
adln) = aly|n+1) = Appinyi1|n), (7.11
daln) = dpnpn — 1) = ppAn—1|n) . (7.12)
By the algebra (A), (7.11) and (7.12) become
(1+ gb)ln) = Anftnsaln), (7.13)
(14 q1be)|n) = ppAn—1|n) . (7.14)

If there is both a highest state M, and a lowest state M’, then

M= =0, M <M (7.15)

and by (7.13) and (7.14)
(14 gbc)|M) =0, (7.16)
(1+ qibe)| M) = 0. (7.17)

Then by (7.6) and (7.8)
M By = M 1By (7.18)

or

(PYM-M+1 =1, (7.19)

Since we assume that ¢ is real,
M =M+1. (7.20)

Since (7.15) and (7.20) are contradictory, there may be either a highest or a
lowest state but not both. The same discussion may be given for the SUq(2) algebra.
In the next section we shall postulate that the individual states of excitation of
the quantum knot are represented by Dfnm, [n). If the empirical evidence restricts
the number of states, there must be an externally required physical boundary condi-
tion to cut off the otherwise infinite spectrum that is formally allowed by the SLq(2)

algebra. In general the physical interpretation of |n) depends on the context.

8. The Quantum Knot

Since the writhe and rotation of a classical knot are topological invariants, they do
not depend on the size or the shape of the knot; i.e. they are conformal invariants
that hold for microscopic knots as well. These topological constraints are also to
be understood here as kinematical constraints on the allowed equations of motion.

1530037-10
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Then w and r are integrals of the motion for microscopic classical knots with spectra
determined by the topology of the knot.
We shall now introduce the quantum knot by interpreting D7 . (a,b,c,d) as

the kinematical description of a quantum state, where

(j,m,m") = %(N,w,r—!—o) (8.1)

and (N,w,r) describes the 2d projection of the corresponding classical knot. We
set o = 1 for the quantum trefoil. The odd integer o is a new quantum number
that may assume other values for other quantum knots. We also introduce the
“quantum rotation” 7 = r + o, where o appears as a “zero-point rotation” of the
quantum knot. Since the spectra of (j,m,m’) are restricted by SLq(2), and the
spectra of (N, w,r) are restricted by knot topology, the states of the quantized knot
are thus jointly restricted by both SLq(2) and the knot topology. The equ%i/gn (8.1)

establishes a correspondence between a quantized knot described by D',/., and
2 2

the 2d-projection of a classical knot.
For the 2d-projection of the trefoil knot there are four choices of (w,r), namely
(3,2), (—3,2), (3,-2), (—3,—2). Regarded as 3d-classical knots, only two of these

trefoils are topologically distinct; but we shall consider all four choices of Di/% 41 a8
2 2

distinct quantum states. In the following when (w, ) refers to the quantum knot,
both w and r may have either sign.

One may somewhat similarly define the eigenstates of the spherical top as irre-
ducible representations of O(3) by Dfnm, (o, B,7) where the indices (j, m, m’) refer
to the angular momentum of the top and the arguments («, 3,7) to its orientation.
It is also possible to define the eigenstates of the hydrogen atom as irreducible rep-
resentations of O(3), expressed as Df%m, (a1,a2,a3) where in this case (a1, as,as)
are three coordinates on the group space of O(3), and where (25 + 1,m,m/’)
are respectively the principle quantum number, the z-component of the angular
momentum and the z-component of the Runge-Lenz vector.® Here the quantum
knot is similarly described, but it is defined on the SLq(2) algebra, which is not
a group.

Equation (8.1) is the “correspondence principle” of the model where (j, m,m’)
describes the quantum knot and (N, w,r) refers to the 2d-projection of the corre-
sponding classical knot. The so-defined quantum knot is a 2d-image of a classical
knot.

9. Toward the Lagrangian of the Knotted Standard Model

To construct the Lagrangian of the knotted standard model we first describe a
mapping between the trefoil quantum knots and the elementary fermions as they
are described in the standard model. We begin by replacing every left chiral field

1530037-11
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operator, ¥, of the standard model by the “knotted field operator,” \I’an/v where

q/znm’ = \ijj (.TZ)D]

mm/’ mm/’

(a,b,¢,d). (9.1)

The right chiral field operator and the vector field operator will be introduced later.

Since Df%m, lies in the SLq(2) algebra, (9.1) adds new degrees of freedom to
the field quanta. Then after U is replaced with \Ifinm, by (9.1) in the Lagrangian of
the standard model, the space time factor U/ () will be determined by a new
Lagrangian containing form factors generated by Dznm,. Then \iﬂmm,(m) will have
an induced but clear dependence on (j, m, m’).

Under U, x U, transformations of the algebra (A) the new field operators
transform as follows:

mm/’

\Ijinm’ - \ijinm' (x)Dinm' (a/7 bl? Cl? d/) (9'2)
or by (6.6b)
U Uy x U (9.3)

For physical consistency the new field action must be invariant under (9.3),
since (9.3) is induced by U, x U, transformations that leave the defining algebra
(A) unchanged. There are then Noether charges associated with U,, and U,,, that
may be described as writhe and rotation charges, @, and @, since m = 5 and

!/

m/ = (r + o) for quantum knots.

For quantum trefoils we set 0 = 1 and, and we now define
Quw = —kum (z —kw%) , (9.4)

Q= —kym! (z kgt 1)) , (9.5)

where k,, and k, are undetermined constants with dimensions of electric charge.
We assume that k,, = k, = k is a universal constant with the same value for all
trefoils.

The knot picture of the elementary particles is more plausible if the simplest
particles are the simplest knots. We therefore consider the possibility that the most
elementary fermions with electroweak isotopic spin t = % are the most elementary
quantum knots, the quantum trefoils with N = 3 and o = 1. This possibility is
supported by the following empirical observation

1
(t7 _tSa_tO)L = E(Nawar+ 1) ) (96)

where ¢ is the electroweak U(1) hypercharge. Equation (9.6) is satisfied by the four
(left chiral) families of the elementary fermions described by (3, t3, o), and the four
quantum trefoils described by (3, w, r) and shown by the row-to-row proportionality
in Table 1, as expressed in (9.6).

1530037-12
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Table 1. Empirical support for (9.6).

N
(f1, f2; f3) t t3 to D2, N w T r+1
2 2
(e, 10, 7)1 . ~1 -1 DY/ 3 3 2 3
leptons ;/22
(V€7VM7VT)L % ; —% D_%% 3 -3 2 3
d, s,b)r, 1 -1 1 D?%/? 3 3 2 1
2 2 3_1
quarks ;22
(u,c,t)L 1 1 1 D_/%_% 3 -3 -2 -1

Only for the particular row-to-row correspondence shown in Table 1 does (9.6)
hold, i.e. each of the four families of fermions labeled by (t3,to) is uniquely correlated
with a specific (w,r) trefoil, and therefore with a specific Dfnfn, quantum knot.

Note also that with this same correspondence all the leptons (regarding the
neutrinos as uncharged leptons) correspond to trefoils with positive knot helicity
(r = 2), while the quarks correspond to trefoils of opposite knot helicity (r = —2).

By (8.1) and (9.6) one also has

(.j7 m, m/) = 3(t7 —tg, _tO) (97)

for the left chiral fields and quantum trefoils.

In the knot model quantum knots are jointly defined by the topological condition
(8.1) and the empirical constraint (9.7). Both (8.1) and (9.7) refer to the left chiral
components of fermionic field operators.

In Table 2 we next compare the electric charges (). of the elementary fermions
with the total Noether charges of the corresponding quantum trefoils. To construct
and interpret this table we have again postulated that k = k,, = k, is a universal
constant with the same value for all trefoils. We then obtain the value of k by

Table 2. Electric charges of leptons, quarks and quantum trefoils.

Standard model Quantum trefoil model
(f17f27f3) t t3 to Qe (w,r) DZ/; Quw Qr Qu + Qr
22
3/2
(e;u, 7)1, % —% —% —€ (3,2) D%/% _k(%) _k(%) —3k
3/2 3
(vevwvr)r 5 3 -1 0 (-3,2) DY5, k(-3 K (3) 0
3/2 :
(d,s,b)r % _% % —%e (3,-2) D%/_% _k(%) —k (_%) —k
T T [ AR T | YR, R
Qe = e(ts + to) Qu=—kY Qr=—k"F
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requiring that the total Noether charge, @, + @, of the quantum trefoil D?;/f
22

satisfies

Qw + QT = Qe s (98)

where @, and @, are the writhe and rotation charges, and @, is the electric charge
of the corresponding family of elementary fermions, the charged leptons as shown
in Table 2.

One sees that (9.8) holds not only for charged leptons, but also for neutrinos
and for both up and down quarks if

k=3, (9.9)

and one also sees that t3 and tp; measure the writhe and rotation charges

respectively:
Qw—et3<——§m=—gw>, (9.10)
Qr—et()(——gm’:—%(r—kl)). (9.11)
Then (9.8) becomes by (9.10) and (9.11) an alternative statement of
Qe = e(ts + o). (9.12)
Also by (9.10) and (9.11)
Qe =—gm+m), (9.13)
or
Qe:—g(w+r+1) (9.14)

for the quantum trefoils.1%1!

Then the electric charge is a measure of the writhe + rotation, of the trefoil.
The total electric charge in this way resembles the total angular momentum and
total magnetic moment as a sum of two parts where the localized contribution of
the writhe to the charge corresponds to the localized contribution of the spin to the
angular momentum and magnetic moment. In (9.14) o contributes a “zero-point
charge.”

As here defined, quantum knots carry the charge expressed as both (9.12) and
(9.13). The (t3,tp) measures of charge are based on SU(2) x U(1) while the (m,m’)
measures of charge are based on SLq(2). These two different measures are related
at the j = 2 level by (9.7). We shall next attempt to extend these results beyond

.3 : . . 110,11
J = 3, and in particular to j = 3.
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10. The Physical Interpretation of Dznm

We shall try to give physical meaning to the defining expression (7.2) for Df;nm, by
postulating that a, b, ¢, d are creation operators for fermionic preons, since these
are the four elements of the fundamental (j = 3) representation given first in (4.2)
and again in the following (10.1):

A

2 2

1/2

Dy = L | a b (10.1)
—% c d

By (10.1) and (9.13) there is one charged preon, a, with charge —%5 and its
antiparticle, d, and there is one neutral preon, b, with its antiparticle, c.

By (8.1) the corresponding a, b, ¢, d classical realizations cannot be described as
knots since they have only a single crossing. They can, however, be described as
2d-projections of twisted loops with N = 1, w = +1 and r = 0. We shall propose a
physical meaning for these twisted loops by interpreting them as flux tubes, and we
shall regard a, b, ¢, d as creation operators for either preonic particles or preonic 2d-
projections of flux tubes, depending on whether we assume that they concentrate
energy and momentum at a point or on a curve. We may assume that the direction
of flow in the flux tube defines its helicity.

Every Dfnm, as given in (5.27), being a polynomial in a, b, ¢, d, can be interpreted
as a creation operator for creating a superposition of states, each state with ng, nyp,
Ne, ng preons. The a, b, ¢, d population of each of these states is constrained
by the triplet (j,m,m’) that allows (ng,np, ne, nqg) to vary but fixes (¢,ts,to) and
(N,w,r + o) according to (9.7) and (8.1).

It then turns out that the creation operators for the charged leptons, D33/ 3, neu-

trinos, D 3 T down quarks, D7 3/2 C1 and up quarks, D™ / s_1, 08 required by Tables 1
and 2, are represented by (5. 27) as the following monomials

272 27 2

D%/%z ~a®, Di/gg ~cd, DY ~ab?, DYI | ~ed (10.2)
implying that charged leptons and neutrinos are composed of three a-preons and
three c-preons, respectively, while the down quarks are composed of one a- and two
b-preons, and the up quarks are composed of one c- and two d-preons. Both (10.1),
with (9.13), and (10.2) are in agreement with the Harari-Shupe model of quarks,1?13
and with the experimental evidence on which their model is constructed.

To achieve the required U,(1) x Up(1) invariance of the knotted Lagrangian
(and the associated conservation of t3 and tg, or equivalently of the writhe and
rotation charge), it is necessary to impose (8.1) and (9.7) on the knotted vector
bosons by which the knotted fermions interact as well as on the knotted fermions
themselves.!® For these electroweak vectors we assume the standard ¢t = 1 and
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Table 3. Electroweak vectors (j = 3).

Q t t3 to Di’f3t373t0
w+ e 1 1 0 D34~ c3d?
W —e 1 -1 0 Dj , ~ ab?
w3 0 1 0 0 D3 o ~ f3(be)

therefore j = 3 and N = 6 since (j,m,m’) = 3(1,—t3, —to), in accord with (9.7)
and (8.1) and as shown in Table 3.
The neutral vector Wi is the superposition of four states of six preons given by

D3, = A(0,3)b*c® + A(1,2)ab’c*d + A(2,1)a’bed? + A(3,0)a’d®

according to (7.2) which is reducible by the algebra A to a function of the neutral
operator be. It is assumed that the W9 neutral vector coupled to the hypercharge
is an SLq(2) singlet.

The previous considerations are based on electroweak physics. To describe the
strong interactions it is necessary according to the standard model to introduce
SU(3). In the SLq(2) electroweak model, as here described, the need for the ad-
ditional SU(3) symmetry appears already at the level of the charged leptons and
neutrinos since they are presented in the SLq(2) model at the electroweak level as
a® and ¢, respectively. Then the simple way to protect the Pauli principle is to
make the replacements of (a, ¢) by (a;, ¢;) and

charged leptons:  a® — eijkaiaja;c ,

neutrinos:  ¢® — g% kcicjck ,

where a; and ¢; provide a basis for the fundamental representation of SU(3). Then
the charged leptons and neutrinos are color singlets. If the b and d preons are also
color singlets, then down quarks a;b*> and up quarks c;d* provide a basis for the
fundamental representation of SU(3), as required by the standard model.**

We do not depart from SLq(2) in the above way of introducing SU(3). If one
instead goes over to SUq(2), where a = d and ¢ = —¢1b, we may make use of the
two complex representations 3 and 3 of SU(3), by assigning a; and ¢; to the 3 and
b and d’ to the 3 representation.?*

The leptons and quarks, which are associated in Table 1 with opposite knot heli-
city (r), are SU(3) singlets and SU(3) triplets, respectively, for gluon interactions.
Likewise one sees from Table 4 that the SU(3) triplets, a; and ¢;, have positive
preon helicity (7 = +1), while the SU(3) singlets, b and d, have opposite preon
helicity (7 = —1). The association of the SU(3) representation with knot and preon
helicity repeats the similar association of SU(2) doublets and SU(2) singlets with
left and right chirality, respectively, for electroweak interactions.
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11. Complementarity

The representation of Dan, as a function of (a,b,c,d) and (ng,np,ne,ng) by
Eq. (5.27) implies the following constraints on the exponents:

Ng +np +ne +nqg =27, (11.1)

Ng +Np — Ne —Ng = 2m, (11.2)

Ng —Np + Ne —ng = 2m’ . (11.3)
The two relations giving physical meaning to Dznm,, namely (8.1) and (9.7):

(j,m,m’) = %(N,w,r—!—o) (11.4)
and

(4, m,m") = 3(t, —ts, —to) (11.5)

imply two different interpretations of the relations (11.1)—(11.3). By (11.4) one has

N =ng+np+ne+ng, (11.6)
W="ng+ny—nNe—ng, (11.7)
T=r4+o0=mn,—np+ne—"ngqg. (11.8)

In (11.8), where 7 = r+ o0 and o is the parity index, 7 may be termed “the quantum
rotation,” and o the “zero-point rotation.”
By (11.5) one has

1
t= g(na+nb+nc+nd)7 (11.9)
1
tg,:—é(na—&—nb—nc—nd), (11.10)
1
to = —E(na—nb+nc—nd). (11.11)

These relations hold for all representations allowed by the model. For the ele-
ments of the fundamental representation they imply Tables 4 and 5 describing the
fermionic preons.

Table 4. Elements of j = % rep-
resentation as twisted loops.

p Np Wp Tp
a 1 1 1
b 1 1 -1
c 1 -1 1
d 1 -1 -1
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Table 5. Elements of j = % repre-

sentation as point particles.

P tp t3, to, Qp
.t 4 4
voh o d
co% b
d 5 g g 5

Equation (11.5) describes the electroweak indices (t,t3,to) if j = %; in general,

however, in this model including j = % and Table 5, the (¢, 3, to) may be understood
as code for (j,m,m’), i.e. as indices for SLq(2), not for SU(2) x U(1). Then the
index t3 in (11.5) measures writhe charge and tp measures rotation hypercharge
as Noether charges following from the U, x U, invariance of the knot Lagrangian.
Then t no longer needs to be integral or half-integral. The “SLq(2) knot charge”
defines charge more naturally in the knot model than electroweak isotopic charge
with which it agrees at j = 3. At the j = 2 level the SU(2) x U(1) measure requires
the assumption of fractional charges for the quarks and the SLq(2) measure requires
at the j = % level the replacement of the fundamental charge (e) for charged leptons
by a new fundamental charge (e/3) for charged preons. The SLq(2), or (j,m,m’)
measure, has a direct physical interpretation since (j, m, m’) = %(]\L w,r+0), where
27 is the number of preonic sources, while 2m and 2m’ respectively measure the
writhe and rotation sources of charge.

In Egs. (11.6)—(11.8) by Table 4, the numerical coefficients may be replaced by
(Np, wp, 7p) as follows:

N = ZnPNP’ p= (aab7 C, d)a (1112)
p

W=y npwy, (11.13)
P

=S npy, (11.14)
P

and in Egs. (11.9)—(11.11) by Table 5, the numerical coefficients may be replaced
by (tp,t3,,to,) as follows:

t= antp, p=(a,b,c,d), (11.15)
p

ts = myts, (11.16)
p

to =Y mylo, - (11.17)
p
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Since r = 0 for preonic loops, o plays the role of a quantum rotation for preons:
fp=0p, p=(a,b,cd). (11.18)
For the elementary fermions presently observed,
F=r+1. (11.19)

We shall now regard Df%m, as the creation operator for a superposition of quantum
states that may be described as either the 2d-projections of knotted fields (N, w, )
composed of 2d-projections of preonic flux lines according to (11.12)—(11.14) or as
composite particles (t,ts,tp) composed of preonic particles according to (11.15)—
(11.17). As formal algebraic relations (11.12)—(11.17) express properties of the
higher representations as additive compositions of the fundamental representation.

The representation of the four trefoils as composed of three overlapping preon
loops is shown in Fig. 1. In interpreting Fig. 1, note that the two lobes of all the
preons make opposite contributions to the rotation, r, so that the total rotation of
each preon vanishes. When the three a-preons and c-preons are combined to form
charged leptons and neutrinos, respectively, each of the three labeled circuits is
counterclockwise and contributes +1 to the rotation while the single unlabeled and
shared (overlapping) circuit is clockwise and contributes —1 to the rotation so that
the total r for both charged leptons and neutrinos is +2. For the quarks the three
labeled loops contribute —1 and the shared loop +1 so that » = —2. It is the quan-
tum rotation (7), however, and not the classical rotation (r) that satisfies (11.14).

In interpreting the 2d-projections shown in Figs. 1 and 2 and other 2d-
projections shown elsewhere in the model, we continue to observe the rule that
3d-motions, which would be allowed by ambient isotopy, such as topological motions
that would unroll a twisted loop, are strictly forbidden.

Equation (11.6) states that the total number of preons, N', equals the number of
crossings, N. Since we assume that the preons are fermions, the knot describes a
fermion or a boson depending on whether the number of crossings in odd or even.
Viewed as a knot, a fermion becomes a boson when the number of crossings is
changed by attaching or removing a curl. This picture is consistent with the view
of a curl as an opened preon loop.

Since a and d are antiparticles with opposite charge and hypercharge, while b
and c¢ are neutral antiparticles with opposite values of the hypercharge, we may
introduce the preon numbers

Vg = Ng — Ng , (11.20)
Vp = My — Ne - (11.21)
Then (11.7) and (11.8) may be rewritten as
Vo + 1 = w (= —6t3), (11.22)
Vo — 1 = 7 (= —6to) . (11.23)
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(w,r,0) (w,r,0)
Charged Leptons, D?;/ 3~ a3 a-preons, Dll/f
22 22
a7
ST
D (3,2,1) - (1,0,1)
Neutrinos, Di/ 32 3~ ¢-preons, Dl_/lz 1
22 22
M (~3,2,1) — (~1,0,1)
d-quarks, D%/, ~ ab? b-preons, D}/?|
2 2 2 2
b
L
90
(3,-2,1) (1,0, 1)
u-quarks, D /3 , o~ cd? d-preons, Dl,/f_l
2 2 2
d
TN —
~ (—3,-2,1) (=1,0,-1)

Fig. 1. Preonic structure of elementary fermions @ = —

%(N,w,r—}—o).
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By (11.22) and (11.23) the conservation of the preon numbers and of the charge
and hypercharge is equivalent to the conservation of the writhe and rotation, which
are topologically conserved at the 2d-classical level. In this respect, these quantum
conservation laws correspond to the classical conservation laws.
One may view the symmetry of an elementary particle, defined by representa-
tions of the SLq(2) algebra, in any of the following ways:
Dz;nm’ = D?it?stg—:ato - D2 = DN (11.24)

w r Valp ?
o) alb

where N’ is the total number of preons.
The point particle (N’ v,, 1) representation and the flux loop (N, w,7) com-
plementary representation are related by
~ N’
Dy = 3 O(N', N)S(va + v, w)(ve — 10, 7)D Y7 (11.25)

N 53

In (11.25) the correspondence between classical and quantum knots introduced
in (8.1) has here been promoted to a correspondence between fields and particles.

Since one may interpret the elements (a, b, ¢, d) of the SLq(2) algebra as creation
operators for either preonic particles or flux loops, the D%%p may be interpreted as
a creation operator for a composite particle composed of either preonic particles
or flux loops. These two complementary views of the same particle may be recon-
ciled as describing N -body systems bound by a knotted field having N -crossings as
illustrated in Fig. 2 for N = 3. In the limit where the three outside lobes become
infinitesimal compared to the central circuit, the resultant structure will resemble
a three particle system tied together by a string. The j = 1 representation does
not play an explicit role in the picture just described. In a different physical inter-
pretation of the algebra, the j = 1 vector field binds the three j = % preons to form
the j = % elementary fermions.

On the other hand, in an alternative interpretation of complementarity, the
hypothetical preons conjectured to be present in Fig. 2 carry no independent degrees
of freedom and may simply describe concentrations of energy, momentum and
charge at the crossings of the flux tube. In this interpretation of complementarity,
(t,t3,t0) and (N, w, ) are just two ways of describing the same quantum trefoil of
field. In this picture the preons are bound, i.e. they do not appear as free particles.

If 7 = 0, the indices of the quantum knot are

(j,m,m’) = (0,0,0) (11.26)

and by the rules in (11.4) and (11.5) for interpreting the knot indices on the left
chiral fields

(N,w,7) = (0,0,0) by (11.4), (11.27)
(t,—ts,—to) = (0,0,0) by (11.5). (11.28)

Then by (11.28) the j = 0 states have no electroweak interactions and by (11.27)
they are simple flux loops with no crossings (N = 0). It is possible that these
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(w,,0) (w,,0)
Neutrinos, D 3/ 32 5~ Charged Leptons, D /
22
£
=~ (_37271) (372,1)
d-quarks, Dz/_Ql ~ ab? u-quarks, D™ / o d?
2 2 2
b
W
a; b
- (3,-2,1) ~ (=3,-2,1)

The preons conjectured to be present at the crossings are not shown in these figures.

Fig. 2. Leptons and quarks pictured as three preons bound by a trefoil field.

hypothetical states are realized as electroweak noninteracting unknotted loops of
field flux with r = +1 and 7 = 0.

If, as we are assuming, the leptons and quarks with j = % correspond to 2d
representations of knots with three crossings, and if the heavier preons with j = %
correspond to 2d representations of twisted loops with one crossing, then if the
j = 0 states correspond to 2d projections of simple loops, one might conjecture
that these particles with no electroweak interactions are smaller and heavier than
the preons, and are among the candidates for “dark matter.”

Since the topological diagram of Fig. 2 describes loops that have no size or shape
or associated equations of motion, we shall next introduce an explicit Lagrangian
to obtain a dynamical interpretation of these figures.

12. The Knot and Preon Lagrangians!®17
To construct the knot Lagrangian we replace the left chiral field operators for the

elementary fermions, ¥y, (x), and the electroweak vectors, W, (z), of the standard
model by ¥¥/?(2)D*?,, and W (z)D3

mm/’?

Lagrangian we replace ¥r(z) and W, (x) by ‘illL/2(x)D1/2 and W L (T)D )5 Te-

mm/’

spectively. In both the knot and the preon Lagrangians we preserve the local

respectively. To construct the preon

mm'?
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SU(3) x SU(2) x U(1) symmetry and to this degree the dynamics of the standard
model, but the knot factors will introduce form factors in all terms and thereby dis-
tinguish the preon from the knot Lagrangian. The factors U7 () and Wi(m) in the
knot and preon models record the masses and momenta of either the hypothetical
composite fermions and bosons of the knot model or of the hypothetical preons and
preonic vectors of the preon model. We will assume that every right SU(2) singlet
has the same D? . factor as the corresponding left SU(2) doublet for both j = 3
%; it will be clear that this assumption is required if the Higgs is knotted
in the simplest way.

We take as a starting point the Lagrangian of the standard model at the elec-
troweak level written as follows®

and j =

1 1 - .
Lao=—7T WHAW ) — ZHMHM +i[LVL + RVR]

- %[E¢R+R¢L]. (12.1)

1= _

+5 Ve Ve = Vigy)

Here W, is the non-Abelian gauge field and H, is the hypercharge part of the

Weinberg—Salam gauge field; L and R are the left and right chiral components of

a fermion field and ¢ is the Higgs field. The Yukawa coupling matrix in the mass
term has here been replaced by a multiple of the unit matrix.

We replace every field operator ¥ of the standard model by
U — UD/

mm/’

(12.2)

where the left-chiral creation operators D’ are determined empirically, as dis-
cussed in Secs. 8 and 9, subject to the requirement that the modified action be
SU(2) x U(1) and U, (1) x Up(1) invariant. In this Lagrangian, there are no SU(3)
couplings, i.e. in the following exposition the preon operators do not carry the
indices needed to formulate the standard model beyond the electroweak level.
To implement (12.2) we begin with
U(t,ts,to) — O (x|t t3,t0)D’

mm/

(12.3)

where the first factor preserves the SU(2) x U(1) symmetry of the standard model
and the (t,ts,tp) of this factor are the electroweak isotopic spin quantum num-
bers of the standard model. The second factor Df%m, expresses the postulated knot
symmetry and the (j,m,m’) are the knot quantum numbers. We assume that the
Higgs is an isotopic doublet as in the standard model, and as a fundamental defin-
ing assumption in the SLq(2) extension of the standard model we postulate that the
knotted Higgs is an SLq(2) singlet. Then the requirement of U, (1) x Up(1) invari-
ance of the mass term in (12.1) requires that every right chiral field R has the same
knot factor DY, as the corresponding L field. In the same way the U, (1) x Up(1)
invariance of the fermion-boson interaction determines the D?  carried by the
boson that mediates this interaction.
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For the left chiral field we examine the possible meaning of the extension of the
empirically-based relation (9.7) from j = % to other j if (9.7) is retained unchanged
as follows

(4,m,m’) = 3(t, —ts, —to) , (12.4)
while we also retain the SU(2) x U(1) expression for charge
Q = e(ts + to) (12.5)
as well as the SLq(2) expression for charge
Q= —g(m +m) (12.6)

but we do not assume (12.4) for the right chiral field, which is assumed to be an
isotopic singlet with ¢ = 0 here as in the standard model. We shall also assume
that the space time dependent factor W/  (z) for both L and R, at both the
j = 2 (knot) level and at the j = % (preon) level, retains the symmetry of the
standard model except for the global form factors generated by and contributed to
the Lagrangian by the Dan,.

If the changes in the standard model are made according to the preceding sub-
stitutions, the new Lagrangian will be Ugy(1) x Uy(1) invariant as required, so that
all modified terms appearing in the new Lagrangian will be functions of bc. The new
operator Lagrangian is then numerically valued on eigenstates of bc and is therefore
a function of (7, the eigenvalues of bc. The new field operators will appear in the
new Lagrangians as dependent on (j, m, m’) form factors parametrized by be.

In the standard model, L and ¢ are isotopic doublets while Ly and R are
isotopic singlets. We retain this isotopic structure in both the knot (j = %) and
preon (j = 1) modified versions of (12.1) and continue to follow the standard model
by going to the unitary gauge where ¢ has a single component which is neutral.
Since we have assumed that ¢ is an SLq(2) singlet and that L and R carry the
same Di@m” the mass term in (12.1) is U, (1) x Up(1) invariant as required.

In the interaction terms as well as in the mass terms we retain the organization
of the four fermionic fields of the standard model into two SU(2) doublets.

The knotted isotopic or writhe doublets at the level of the standard model are

e LCLNS N A O 21 T
]/7 = 22 5 .
W (0)DY? by (0)a® N

where [ labels the charged leptons, and

\ij UDS/C? 1 v UCd2 1 2
Ldy = | TPy | [T} el
‘I’L(d)Dé/f; U (d)ab? d _% _%
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The corresponding writhe doublets at the preon level are by Table 5

t3 Q
\IJL c D1/121 \j:IL c)c c 1 0
Lea) = G ) “ : ° (12.9)
bp(a)DY? V(a)a a -1 -1
and
ts @
U e ) N R
v (b)Dll/_Ql W (b)b b -+ 0

after the constant factors in the monomials Df%m, have been dropped. Here the
hypothetical z-dependent factors (U1 (c), ¥y (a)) and (¥ (d), Uy (b)) describing
preons are also assurr}ed to bA(s tg—doubletsAin the J= % representation of SU(2), like
the field operators (U (v), ¥y (¢)) and (¥ (u), ¥ (d)) of the standard model, i.e.
the first factor W, preserves the SU(2) x U(1) symmetry of the standard model,
while the second factor Dfnm,, lying in the SLq(2) algebra, expresses the postulated
knot symmetry.

In both the knot and preon actions the Lagrangian expresses the local non-
Abelian dynamics of the standard model and differ from the standard model and
each other only by invariant form factors like D7, ., D? . These factors are U, x U,
invariant and are functions of SLq(2) parameters. The differences between the preon
and knot Lagrangians then stem from the form factors generated by the j = 1
vectors and j = % fermions in the preon Lagrangian since these differ from the
form factors associated with the j = 3 vectors and the j = % fermions in the knot

Lagrangian.

13. The Mass Terms

In the mass term of (12.1) the complex 3 x 3 Yukawa coupling matrix of the standard
model has been replaced by a multiple of the unit matrix. The masses and mixings
of the quarks therefore do not arise here from the same Yukawa interactions with
the Higgs condensate as they do in the standard model. Rather, in the present
SLq(2) modification of the standard model, the masses and mixings are determined
by the knot form factors as modulated by scalar Yukawa couplings.

Let us now begin to convert (12.1) to a knot or preon Lagrangian by first
expressing the Higgs mass term as a sum of four parts, either the contributions of
the four elementary fermions, or the contributions of the four preons, as follows.

(a) The Knotted Mass Operator at the Level of the Standard Lagrangian
Mknot = M + My + Mup + Mdown + adjoint (131)
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where
m; = L(v,)e()R(1), (13.2)
m, = L(v,)p(v)R(v), (13.3)
mup = L(u,d)o(u)R(u), (13.4)
Mdown = L(u, d)¢(d)R(d) (13.5)
Here L(v,1) and L(u,d) are given by (12.7) and (12.8).
(b) The Knotted Mass Operator at the Level of the Preonic Lagrangian
Mpreon = Mqa + My + M + mg + adjoint (13.6)
where
= L(c,a)p(a)R(a), (13.7)
= L(c,a)p(c)R(c), (13.8)
= L(d,b)p(b)R(b), (13.9)
ma = L(d,b)¢(d)R(d) . (13.10)

Here L(c,a) and L(d,b) are given by (12.9) and (12.10). In all of these mass opera-
tors, o is a Higgs field. Since we are proposing that the Higgs field is a knot singlet,
L and R carry the same knot factor.

There are four knots of elementary fermions (I, v, u, d) at the level of the standard
electroweak theory as well as four preons at the level of the SLq(2) preon model
(a,b,c,d), with both arranged in two doublets: (v,1) and (up, down) at the knot
level with (¢,a) and (d, ) at the preon level.

Because of the wide spread in mass at the j = 3 level and possibly at the j=3
level, we assume that there may be four Higgs factors at both the j = 5 and the
j= l levels. In the unitary gauge the four Higgs doublets at the two levels are as
follows:

Pv 0 0 Pdown
v = s = 5 up — B own — 111
o= (5) a=(0) o) wm=(57)  am
0 Pe 0 Pd
. - - . g = . 13.12
w=(n) #=(5) 2=() 2= (G) 0o

One then computes, for example, m;, the mass term of the charged leptons by (13.2)
and (12.7) as

and

Lv,)e()R(l) = (vp8® 1pa®) (g) (lra®) = paa®lLlg (13.13)

and the adjoint

R()p()L(v,a) = paa®lply . (13.14)
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Here vz and Iy, have been written for Wy (v) and W (1) respectively when substi-
tuting (12.7) in (13.2).
Evaluating these mass operators on a state |n) of the SLq(2) algebra gives

(n|L(v, )e(OR(1) + R()G(1) L(v, 1)|n)
= pi(n|a*a®|n)(ILlr + IrlL) = pi(n|a*a®|n)il (13.15)

and the charged lepton mass as a function of n is
my(n) = pr(njaa®|n). (13.16)

One finds similar results for all the Higgs induced masses:

() = plE@ ), up(n) = pup (I - e )
_ (13.17)
my(n) = pu(n|S®c’[n), Maown(n) = paown (n[b?a - ab®|n)
and
ma(n) = pa(nlaaln),  my(n) = py(n|bbln),
_ (13.18)
me(n) = pe(nlecin),  ma(n) = pa(n|ddin) .

It may be shown by the SLq(2) algebra that the mass operators are simple polyno-
mials in be and may be evaluated on the states, |n), of the SLq(2) algebra, which
are eigenstates of bc. These states may be used to label the three generations or
flavors of the leptons and quarks. For the preons there are no corresponding exper-
imental suggestions and one may set [n) = [0). In all cases, the “bare Higgs mass,”
p, is rescaled by (n|D? D’ |n). For the “physical picture” the states |n) may
be interpreted as representing either particles or flux loops.

Note that if the mass of the j = 0 particle is computed in the same way as
the masses of the j = % and j = % particles, then the rescaling factor is absent
for j = 0, since DY, = 1, so that the mass of the j = 0 particle, computed in this
way, is determined entirely by the Higgs factor. It is then possible to identify the
j = 0 particle with a Higgs particle. The “Higgs factors” may then be regarded as
expectation values of four Higgs fields or as the expectation value of a single Higgs
field multiplied by four Yukawa coupling constants.

Although it is not necessary in this model to know the Higgs factors in order to
compute relative masses of the three generations,'®20 it is still necessary to know
these factors in order to compute absolute masses. It is also clear that a spectrum
of values of the Higgs factor is required to agree with the observed mass spectrum
of the leptons and quarks. It may then be natural in this model to conjecture a
spectrum of masses for the 7 = 0 Higgs field to fix the absolute masses of the j = %,

% and 0 particles.
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14. The Fermion—Boson Interaction

The fermion—boson interaction term in (12.1) is

i[LVL + RVR], (14.1)
where L and R are again the left and right chiral fields, and L is the isotopic doublet
described in (12.7) and (12.8) at the composite fermionic level, or by (12.9) and

(12.10) at the preonic level. R is an isotopic singlet with the same knot factor as
L. Here V is the covariant derivative

V=3J+W, (14.2)

where W is the vector connection.
If W is the vector connection of the standard model, then

W =ig(WTty + Wt + W3t3) +igoW% . (14.3)

To go over to the knot and preon models we follow (12.2) and therefore replace
(WH, W=, W3) in (14.3) by (WTD3,,, W~D3,, W3D3)) in the j = 3 represen-
tation of SLq(2) and by (w*DY,,, w~Dlj,w’D},) in the j = 1 representation of
SLq(2). The particular realization of (j,m,m’) as 3(t, —ts, —to) in (12.2) for the
vector bosons as well as for the left-chiral fermions has been chosen to satisfy the
required conservation of U, x Uy in the interaction terms.'®> We may replace t in
(14.3) by T as follows:

7l =clteD],, j=1,3, (14.4)
m =cftsDf,  j=1,3. (14.5)
Here ’Dio is the operator part of the monomial Djijoz
Dio = Djijo/Aztjoa J=13 (14.6)
and
D =Df, j=1,3 (14.7)

Dgo is a function of the operator bc, but it is not a monomial.

The determination of the constants c,f in (14.4) and (14.5) is deferred to the
section on the kinetic energy of the Higgs.

Since we have assumed in both the j = 3 and j = 1 representations the relations
(9.7) and (9.12), we have Tables 6 and 7.

In the adjoint representation where j = 1 and ¢t = +%, the possible values of m
and m/ are (1,0,—1) and the corresponding values for t3 and to are (3,0, —3%) by
(9.7) extended to j = 1. We assign to = 0 to all the vector bosons. Then we have
by (12.4) Tables 6 and 7 for the j = 3 (knotted electroweak vectors) and j = 1
(preonic vectors).

The charges in Table 6 are the writhe and rotation charges of SLq(2). In Table 7
they are the charges of both SU(2) x U(1) and SLq(2).

The U(1) hypercharge field, WY, appearing in (14.3) will be assumed to be an
SLq(2) singlet.
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Table 6. Adjoint (preonic) vector (j = 1).

t t3 to Q D231, 31,
1 1 1
whoo3 s 0 5§  Dlip=cd=Di(3)
— 1 1 1
w1 -l 0 -t Dly=aw=D_(3)
w3 1 0 0 0 D, = ad+bc="Ds (1)
Table 7. Knotted (electroweak) vector (j = 3).
t ts o Q Dy s
W 1 1 0 e D3y~ c3d® =D (1)
W 1 -1 0 —e D3, ~ a3 =D_(1)
w3 1 0 0 0 D3, = f3(be) = Ds(1)

15. Preon Couplings in the Preon Lagrangian

In the preon Lagrangian, the left chiral interaction terms are by (12.1), (12.9)
and (12.10),

LVL = (LVL)(c,a) + (LVL)(d,b), (15.1)

where
(LVL)(c,a) = (Vi(c)e, VYp(a)a)(d+IWV) < ) (15.2)
and

(15.3)

> =ecV(e)PV(c) +aaV(a)P¥p(a) (15.4)

= \I/L(C)AC\I/L(C) + @L(a)Aa\IIL(a) s (155)

where A, and A, may be interpreted as momentum operators for ¢ and a preons
rescaled by the same factors that rescale their mass operators in (13.18):

A, =cc (15.6¢)
and

A, =aad. (15.6a)
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By (15.2) and (14.3)—(14.5) there is the following contribution of the non-Abelian
gauge field

e o [ e3Dsw? ¢y Dywt Uy (c)e
= (¥r(c)e, Yi(a)a) B ><\I/L(a)a> (15.7)

=Foe[Ur(c)w* VL (c)] + Fea [PL(c)w ¥ (a)]
+ Fac[Vr(a)w VL(c)] — Faq[Vr(a)w?¥p(a)]. (15.8)

Here w', w~ and w3 are components of the adjoint vector field (j = 1) that
mediate the interaction between the left chiral preons. The adjoint vector—preon
form factors are

Fze = ¢3¢ D3c = csifs(be)e, Fazq =cyeéDia = cyé(cd)a, (15.9)
Fac=c_aD_c=c_alab)e, Faa = csaDsa = csafs(bc)a (15.10)

by (14.7) and Table 6 where
f3(bc) = ad + be. (15.11)

The form factors (15.9) and (15.10) are all invariant under U, x Uy, and are therefore
expressible as functions of the knot parameters.

One may discuss (15.3) in the same way as (15.2). Beginning with the derivative
term one has

o U, (d)d

(Ur(d)d, WL(b)b)d (\IJ > = dd¥ ()P 1(d) + bW (D)PP L, ()
L(b)b

= U (d)AVL(d) +PL(b)AUL(b), (15.12)

where A, and A, are momentum operators, again rescaled by the same factors that
rescale the d and b preon masses in (13.18):

Ay = ddd (15.13)
and
Ay = bbd. (15.14)

In (15.3) one also has again the following contribution of the non-Abelian gauge
field:

R q/L(d)d>

e - [ e3D3w? e Dywt\ [V (d)d
= (Up(d)d, T (b)D) <C_D_W_ —63D3W3> <\1/L(b)b> (15.15)
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=F [V (@)w? ¥ (d)] + Fgp [V (d)w T (b)]

+ Fpa [V (0)w™ Wr(d)] — F [V (b)w? W (b)] (15.16)
where
Fg, = c3dDsd, Fg =cidDyb,
- ~ (15.17)
Fipg=c_bD_d, Fyg, =c3bDsb.
The operator form factors
dD. b= d(cd)b (15.18)
and
bD_d = b(ab)d (15.19)

are invariant under U, x Uy as required, and by (15.11) the elements F z; and Fg,
are also invariant. All the invariant form factors are simple functions of bc.

16. Knot Couplings in the Knot Lagrangian

The non-Abelian part of the fermion—boson interaction in the knot Lagrangian is

Zi(i)vm), (16.1)

where L, R and V are now all lying in the SLq(2) algebra, and the sum over ¢ is
over the two doublets described by (12.7) and (12.8). The only modification of ¥V
in going over to the knot model is the replacement of t by 7.

We next consider the detailed dependence of (16.1) on knot form factors. For
the charged lepton—neutrino doublet we have, dropping the Feynman slash, and
denoting the knotted L and W by Land W,

LVL = (7 1);(0+igW) (’Z) : (16.2)
L
where only the non-Abelian part of (14.3) is carried in (16.2).

The derivative term in (16.2) is, after the knot symbol is dropped but understood

on the right-hand side, in the following equations,

(17 [)ﬁé) (ll/>A = (ESDL)a(C?)l/L) + (&3fL)8(a31L)
L

= (5363)17L(91/L + (a3a3)[L8lL . (16.3)

Here () ;= (CB”L> is the knot doublet and (/) , is the doublet of the standard

a3l£
model.
By (16.3) one has

v 1):0 v =v A v + ZLAllL7 (164)
L ~
L
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where
A, =20, A =a%d®0. (16.5)

Then A, and A; are momentum operators rescaled with the same factors that
rescale the neutrino and charged lepton rest masses found in Eq. (13.17).

The second term of (16.2) is, ignoring the coupling factor, ig, and systematically
dropping the understood knot symbol on the right-hand side of these equations

- (v o _ | esDsW? ¢, DLW | |Bug
W = [ °l
@ D (l)i o @ty L_D_W‘ —esDsW3| | adl

S]]

a“tr

- c3D3sW?3 - v + e, DLW - a3l
= 1 .
(@@L L D_W~ -c3vp — c3DsW? -l (16.6)
= C3 (ESD;),CS) (DngyL) +cq (E3D+a3) (DLW+1L)

+c_ (@32)763) (ZLwil/L) —C3 (@3D3a3) (iLWSZL) . (167)

There are four form factors stemming from the knot degrees of freedom, namely:

Fu, = 383 Dsc® = ¢3¢ f3(be)c?, (16.8)
Fy = c3a°Dsa’® = 03Ez3f3(bc)a3, (16.9)
Foi =c é°Dya® = c éd(Pd®)a®, (16.10)
Fi, =c a*D_c* = c_a*(a®®)c?. (16.11)

Here f3(bc) = D3 as in (15.11).
Then the interaction is

Fo, (rW3up) — Fp(IpW31L) + Fo(op WHiL) + Fr, (bW wg) . (16.12)
n (16.8)—(16.11) the form factors are numerically valued on the state |n) fixing the
Lagrangian. All of these form factors are invariant under U, (1) x Uy(1) since a and
d, as well as b and ¢, transform oppositely and each operator transforms oppositely
to its adjoint.
For the up—down quark doublet we have
LVL = (a d);(0+igWV) (Z) , (16.13)

L

where, in this section, d is notation on the left side of (16.14) for down quark as
well as for the d preon on the right side of (16.14) as follows:

(Z)L = (Z‘Zz Zi) . (16.14)

Here again (;); in (16.14) is the knot doublet while (") is the doublet in the

standard model.
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The derivative term of (16.13) is
(@ d);0 (“) = cd ard(cd®)ur, + ab? dyd(ab?)dy,

= (&? CdQ)TLLauL + ((W abQ)JLadL . (16.15&)

Equation (16.15a) may be rewritten as

(ﬂ (i)ia (Z) =urAyur, + (ZLAddL, (16.15b)
L
where
A, = cd?cd*d, Ay = ab?ab®d. (16.15¢)

Here A, and A4 are again momentum operators rescaled with the same factors
that rescale the rest masses of the u and d quarks in (13.17).
The interaction term in Eq. (16.13), after dropping the knot symbol, is

es[(ed?)Ds(cd?)] (u Wup) + e [ (ed? ) Dy (ab®)| (u, WHdy)
+c_[(ab?)D_(cd*)|(dL W ur) — es[(ab? ) Ds(ab?)] (AL W3dL). (16.16)

The interaction term is then the sum of four parts:

Fau(@rW3ur) — Fgq(deW3dp) + Faa(arWhdp) + F g, (dpW ),  (16.17)

where the four form factors are

Fau = cscd? f3(be)ed? (16.18)
F 3, = czab? f3(bc)ab? (16.19)
Faq = ci(cd?)Dy(ab?) = cpcd? (Pd®)ab?, (16.20)
Fg, = c¢_(ab?)D_(cd®) = c_ab? (a®b®)cd?® . (16.21)

All of these form factors are invariant under U, (1) x U(1) since a and d transform
oppositely as do b and c.

If one passes to SUq(2) all of the four form factors may be evaluated in terms
of g and 3, where (3 is the eigenvalue of b on the ground state.

Since the R-fields are SU(2) singlets, they are invariant under SU(2) transfor-
mations and are not subject to SU(2) interactions. They do transform according
to hypercharge (¢g), or rotation charge. These are U(1) gauge transformations, and
RVR is the sum of the following four parts:

A (r(0+ WwR), (16.22)

a*a*(Ir(0 + WO)IR), (16.23)
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cd? cd*(ig(0 + WO)ug) , (16.24)
ab? ab*(dr (0 + W°)dg) . (16.25)

All these terms are again invariant under U, (1) x Up(1) gauge transformations on
the SLq(2) algebra.

To obtain the corresponding terms of the preon Lagrangian replace (v,1,u,d)g
by (c,a,d,b)r and (¢3c®, a3a?, cd? ed?, WabQ) by (éc,aa, dd,bb), respectively.

17. The Higgs Kinetic Energy Terms
The weak neutral couplings are by (14.3)
i(gW3T3 + goWoro) = i(AA + 27), (17.1)

where the (t3,t9) of the standard model has been replaced by (73, 7) in (14.4) and
(14.5) and

Wy = Acosf —Zsinb, (17.2)
W3 = Asinf + Zcosb. (17.3)
Here 6 is the Weinberg angle:
tan @ = %2 . (17.4)
g
Then
A = go(73 + 70) cos b, (17.5)
Z = g(r3 — 1o tan® @) cos 6. (17.6)
If |0) is any state satisfying
A0) =0 (17.7)
or by (17.5)
(13 +70)|0) =0 (17.8)
then by (17.6)
Z|0) = (nge>o>. (17.9)

In the standard model and also as we shall assume in the knot model, the Higgs
is coupled to the observed electroweak field. In the preon model we shall assume
that the Higgs is also coupled to the hypothetical electroweak field described by the
adjoint representation of SLq(2). Then there are two realizations of the covariant
derivative of the Higgs as follows:

(ZTo)j

V7 |0) = 9p|0) +ig | (WHry)? + (Wro) + el0), j=1,3, (17.10)
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where j refers to the representation and 6 is the Weinberg angle. The (W', W?) im-
plied by (17.10) were previously denoted by (w, W) in Tables 6 and 7, respectively.
The corresponding contributions to the total kinetic energy are

1 . .
5 {01 Tr Vo V¥ pl0)/
J

1 . . . . 1 . )
- §8ﬂpa’up+92p2 P (WEW ) + 172 (WEW )7 + Cosge(z#z#)ﬁ . j=1,3.

(17.11)

Here the charged component of ¢ has been transformed away and

~()

where p is real.
Here
k = +a R 3 )

, 1 L
Iy, = ) Tr (0] 7 73710 , =13,
where the Tkj are given by (14.4) and (14.5).

To agree with the observed masses of the W, W_ and Z of the standard theory

we have set (0/0) = 1 and

I}, =1. (17.12)
As the simplest generalization of (17.12) we shall now set
=1, j=1,3. (17.13)
Then the ¢} introduced in (14.4) and (14.5) are determined as follows:
el = %<0|@5Dg|0>, T (17.14)
7=13

The expressions @,f D,f are invariant under U(a) x U(b) and are therefore functions
of be. The explicit expressions for (D, D7, DJ) are (¢*d?, a*b?, D) for j = 3, and
(cd,ab,Dgy) for j = 1. The |cj| are then determined as functions of £.

18. The Field Invariant
We replace the field invariant of the standard model by

O Tr W W), j=1,3, (18.1)

where Wlf)\ are the field strengths of the knot and preon models and where |0) is
the ground state of the commuting b and ¢ operators. In (18.1) we have

Wi =[Vi. V], j=13, (18.2)
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where
Vi, =0, +W/] (18.3)
and by (14.3)
Wi =ig(Wirl + Wird + Wird ) +igoWt, j=1,3.  (184)
Then the non-Abelian part of the field is
Wik = ig(0,W5 — aWE ) 7f — P WEWS [/, 70], j=1,3,  (185)

where (k,¢) = (+,—,0) and differs from the standard model by the substitution of
Tkj for tk.

The 7-commutators introduce structure coefficients invariant under the gauge
transformations U, (1) x Up(1) that leave the SLq(2) algebra invariant and hence
are functions of be only. The structure coefficients implied by (18.5) will therefore
be functions of v, the value of be on the ground state that appears in (18.1).

As already noted, the description of the knotted standard model in Secs. 12-18
has been simplified by not endowing the preons with gluon indices.

19. Masses and Interactions®19

The leptons and quarks are described by the D3/2 representation and interact by
the D3 vectors, while the preons are described by the D'/2 representation and
interact by the D! vectors.

Since the number of preons equals the number of crossings by (11.6), one may
speculate that the crossings and preons are pointlike, that there is one preon at
each crossing, and that the leptons and quarks are composed of three preons bound
by a trefoil of knotted electroweak and gluon fields. If this is a realistic picture,
there should be three bound states, corresponding to the three generations of each
family, with their observed masses; and assuming that the preon dynamics is entirely
determined by the knotted action, the calculation of these bound states could be
formulated as a well-defined mathematical problem. On the other hand, to reach a
physically credible picture, one needs some experimental guidance at relevant and
presumably very high energies. For example, one might expect the electroproduction
of a and d preons according to

et +e —wa+d+---

since a and d are oppositely charged (:I:%)
The following decay modes are also kinematically possible:

Down quarks: D?;/Ql — Dll/f +Di_,4 (ab® = a+b?),
22

272

Up quarks: Df/;{l —~DY? + D', | (cd® = c+d?).

2 2 22
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Table 8.
i D*2 (i) M(i,n)
l a® p(D)(n|ada3|n)
v c? p(v)(n|c3c3|n)
ab? p(d)(n|b3a - ab?|n)
u cd? p(u)(n|d 2 - cd?|n)

These decays could limit to three the number of generations by permitting
the quark to decay from higher excited states. In that case one would expect the
formation of a preon—quark plasma at a sufficiently high temperature.

Currently there is data on electroweak reaction rates and on the masses of the
three generations. This data at present constrains and in principle is predicted by
the knot model. To discuss this data we now introduce some simplifications based
on the same physical picture and on SUq(2), the unitary version of SLq(2). Let us
first consider the masses of the three generations of fermions.

20. The Masses of the Fermions!819

The mass terms (13.17) of the knot Lagrangian contain the mass spectra of the
four families that are listed in Table 8.
These masses are all of the form

p(m,m')(n|Dile D22 |n),

where (m,m’) labels the family and n labels the generation. The |n) are eigenstates
of D f’,{ilDi{;,. Since the electric charge is —§(m+m’), the pair (m,m’) determines
both the mass and the charge.

In this table, as before, only the operator factor of the monomial Di{;, is
recorded. The four prefactors (p(l), p(v), p(d), p(u)) represent the products of the
numerical factors in Dfmi, with the Higgs factor. The magnitude of p sets the
energy scale and differs for each family.

The M (i,n) in Table 8 are invariant under U, (1) x Up(1) transformations since
the preon operators (a, b, ¢, d) transform oppositely to their adjoints.

To numerically evaluate the expectation values of these operator products we
may go to the unitary version of SLq(2) by setting

d=a, (20.1)
c=—qb. (20.2)

Then

ab = gba , aa +bb=1,
B B bb = bb. (20.3)

ab = gba , (’1(1—1—(]%%217
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The identification of d with @ and ¢ with b is in agreement with the physical
identification of the creation operators for the d and ¢ preons with the creation
operators, a and b, for the antiparticles of the a and b preons respectively. Then
the operators a"a™ and a™a" are charge neutral and are expressible in terms of bb
which is also charge neutral.

The reduction of a™d™ to a polynomial in bec may be shown as follows:

a"d” =a""' - ad-d"!

=a"" (14 gbc)d" ! (20.4)
=a" " (14 ¢* o). (20.5)
By iteration one finds
2n—1
a*d” = [ @+ ¢°be) (20.6)
s=1
and in SUq(2)
2n—1 B
a"a” = [ (1 -q""bb) (20.7)
s=1

and

S]]
3
s
3
I
—
—
—
|
=)
Lol V)
w
>
>
SN—

(20.8)
s=1

We take the states |n) in Table 8 to be eigenstates of a mass operator expressed
as a function of bb. Then the expectation values for these states are functions of 54,
the eigenvalue of bb on the ground state. The M (i, n) are then functions of (¢, 3,n)
and p, but the ratios of the masses in a single family depend only on (g, 3,n) and
not on p.19’20

The three generations, corresponding to the ground and two excited states,
may be labeled by three choices of n. The three expressions for the mass M (i,n)
correspond to the three choices of n within a single family and are functions of the
four parameters of the model (g, 3, n, p) according to

M((i,n) = p(i)F(qQ, |,8|2,n) , = (l,v,d,u), (20.9)
where F(q¢?,|3]?,n) is a polynomial in |3]? of the third degree, and a polynomial in
q? of the degree determined by Table 8, Eq. (20.8), and the algebra (A).

Depending on the assignment of n to the three generations, one may determine
q and 3 by Eq. (20.9) from the two ratios of the three observed masses.!?:29 All of
these estimates of mass ratios are based on the electroweak Lagrangian and need
to be corrected to include the effects of gluon charge.

To obtain the absolute masses one needs to know the p(i). The wide spread in
the observed masses then requires a wide spectrum of p(i) and suggests a family
of Higgs particles also with widely different masses, or a single Higgs with widely
different couplings.
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21. Electroweak Reaction Rates
The matrix elements of the standard model acquire the following form factors in
the corresponding knot model

=3/2 3/2
<””‘D—3tg—3tg D3—3t'3—3t5 D—/3t3—3t0 In), (21.1)

where n and n” run over the three generations.
As an example consider

Im+WH =y (21.2)
with the following form factor
(|D*33 D23 DYFI) (21.3)

If this form factor is reduced in the SUq(2) algebra, it becomes a function of ¢ and
B, where (3 is the eigenvalue of b on the ground state |0). Comparison of (21.3) with
experimental data on lepton-—neutrino interactions like (21.2) indicates that
%)

in approximate agreement with the universal Fermi interaction.?°

More demanding tests of the model are provided by the CKM and PMNS matri-
ces that relate to (21.1), depending on whether n and n” refer to quarks or charged
leptons and neutrinos. In making these tests we examine the possibility that the
flavor states are simply related to the “coherent states,” i.e. the eigenstates of the
operators a and a, that are raising and lowering operators and thereby transmute
particles of one generation into particles of the adjoining generation.'®2!

Starting from the mass states, one may obtain the coherent states as follows.
The orthonormal mass states |n) are defined to satisfy

[n) ~ a"|0), (21.5)
(n|n")y = d(n,n’). (21.6)

Then a is a raising operator:
alny = A\,|ln+1) (21.7)

and
(nla =X (n+1]. (21.8)
By (21.6) and (20.3)

Anl? =1-¢*"|B. (21.9)

Similarly, a, working to the right on |n), is a lowering operator.
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Let |a) be an eigenstate of a with eigenvalue a:
ala) = ala) , (21.10)
(ala = {ala™ . (21.11)

We now compute the matrix element (n|a|a) connecting mass and coherent states.
If @ operates to the right, one has by (21.10)

(nlala) = a(n|a) (21.12)

and if it operates to the left, one has by (21.8)

(nlala) = X5 {n+ 1]a) . (21.13)
Then
(n+1la) = %(ma}. (21.14)
By iteration,
a'ﬂ
0o As

and (0|«) may be fixed by normalizing |«).
Let the flavor states |i) be expressed as superpositions of the mass states |n):

DEDDICHE (21.16)

Then the matrix elements between flavor states are related to the matrix elements
between mass states as follows

(M) = Giln) (nM|n) (n]i) . (21.17)
Let
N; = (i]i) . (21.18)

We are now interested in the generalization of (21.3) to the cases for which

~3/2
m//

M = D3, D32 (21.19)

mp

when taken between flavor states, modifies the weak vector interactions of all the
elementary fermions. In particular

(w(@)[WHAE)) = 3 i) ulm) (u(m)| W d(n ) d(n)|d(i")) . (21.20)

nn’

@AW (@) = 3 (@d@) ) dm)| W ) (u(n)u(@))  (21.21)

nn’

holding for the flavor states of the up and down quarks.
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With the same model for the PMNS matrix the form factor is
(i[D¥3, D3, DY, |i") | (21.22)
22 22

where 7 = 0,1, 2 label the three generations of neutrino flavor states.

Because of the U,,(1) x U,(1) symmetry, the matrix element M in (21.19) is
neutral, i.e. n, — ng = ny — n. = 0. It is therefore a function of b and ¢ only and
has no off-diagonal elements:

(n|]M|n"y = M,,6(n,n’) (21.23)
and by (21.17)
(iM]i") = > (iln) M (n]i") . (21.24)

n
If the empirical flavor states |i) are tentatively identified as coherent states |a),
then (i|M]é') is the mixing matrix and may be parametrized by (n|i).
The quantities |(n|é)| may be expressed as a function of

(a) the eigenvalues of a: «
(b) the norms of the eigenstates of a: N;
(¢) the matrix elements of a between neighboring mass states: A = (nlaln + 1)

and the electroweak mixing matrix may be parametrized by a, IN; and \,.

The CKM and PMNS mixing matrices are 3 x 3 empirical matrices. The CKM
matrix has been expressed by Kobayashi and Maskawa as a unitary matrix with
three mixing angles and a CP-violating KM phase. The CKM empirical matrix may
also be parametrized with (a, Ny, Ay, q) of the knot model, but these parameters
must be related since only 4 parameters are needed as shown by Wolfenstein and
by Kobayashi and Maskawa. Hence, if the flavor states are tentatively defined by
or closely related to coherent states, the empirical CKM matrix puts only weak
restrictions on (a, Ny, A, q).

22. Effective Hamiltonians for Composite Leptons and Quarks

Although the masses and interactions of the composite charged leptons, neutrinos
and quarks can be expressed in terms of the knot parameters, ¢, 5, v, it may
also be possible to obtain an approximate description of these 12 particles as the
three-preon structures that are schematically pictured in Fig. 3.

The SU(3) charge structure of the up and down quarks resembles the electric
charge structure of the H* nucleus, i.e. one charged (a; or ¢;) and two neutral (b or
d) particles, resembling one proton and two neutrons.

The three preons in these hypothetical structures are bonded by the hypothetical
preonic vector field D! . with the operator form factors shown in Table 9.

It is in principle possible to obtain the eigenvalues of the Hamiltonian that
corresponds to the Lagrangian of the knot model. Instead of attempting to solve
this difficult problem, however, one may try to gain an approximate picture of
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Charged Leptons Neutrinos Down Quarks Up Quarks
a; ¢ b d
a @ o ; b ’ d
Eijk a,'ajak Eijk CiCjCk aibz Cidz

Fig. 3. Schematic representations of elementary fermions.

Table 9.
Dfn/fn, Bond Form factor
charged leptons ad a—a Dll/fD(l)ODll/f = a(ad + bc)a
22 22
neutrinos c? c—c Di/f 1 DéODi/f , = ¢(ad + be)e
22 22
down quarks ab? a—b ljlé/gD(lnDl%/_2 . = a(ac)b
b—b DY? DL,DY? | = blad + be)b
2 2 2 2
up quarks cd? c—d ]31_/12 1 D(l)lDl_/f_ 1 = ¢(ac)d
22 2 2
d—d D'/?  DLDY? | = d(ad+be)d
2 2

these three-particle composite particles with the aid of effective Hamiltonians for
three-particle systems.

The topological diagrams in Fig. 2 may be shrunk into the effectively triangular
shapes in Fig. 3 by reducing the outside loops of the trefoils to infinitesimal loops.
Then the two body forces result from the matrix elements that connect the fermionic
preons and are mediated by the preonic vectors. The relevant two body bonds are

charged leptons: a — a, neutrinos: ¢ — ¢,

down quarks: a—band b—b, up quarks: ¢—dandd—d.

Then we have Table 9 describing operator form factors for the two body forces.

The operator form factors may all be reduced by the algebra (A) to functions
of bc and ¢. If one then reduces these operators by replacing SLq(2) with SUq(2),
one finds that the strength of these bonds depends on the values of ¢ and bb.

Within the SLq(2) kinematics there are several options in constructing an effec-
tive Hamiltonian for the three body structures that represent the charged leptons,
neutrinos, and quarks. These possible three body effective Hamiltonians permit
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gluon and gravitational forces, but the model, as here described, allows only electro-
weak interactions that are mediated by the preonic adjoint field and are therefore
proportional to the form factors in Table 9. A successful model must have an angu-
lar momentum of % and should also have only three bound states, corresponding to
the three generations. The quanta of the binding field lie in the adjoint representa-
tion and are represented by normal modes of w;} (z)D! o, w,, (x)Diy, z.(2)Dg, and
a,(x)Ddy, where wi(m) zu(x) and a,(x) are determined by the standard model
Lagrangian as modified by form factors stemming from D} .

The preonic photon field aMD(lJO produces a Coulombic potential while the
charged w particles and the neutral z, being massive, are responsible for a Yukawa-
type potential. The range of the Yukawa potentials is determined by the masses
of the charged w and the neutral z. The “Higgs masses” of these particles are in
turn determined by the vacuum expectation values of the Higgs scalars and are

rescaled by
(0|D7, D2,,010) (22.1)

where j7 = 1 for these preonic vector fields.

All of these masses are dependent on ¢, 5 and ~. Similarly the form factors,
rescaling the interactions, are dependent on the same parameters. One can construct
a formal effective Hamiltonian dependent on the parameters ¢, 8 and ~.

In order to achieve an adequately strong binding at very short range, it is impor-
tant that the parameters (g, 8, v), determining the strength of the form factors, and
the factor coming from the Higgs scalar, determining the range of the Yukawa poten-
tials, be themselves sufficiently large or small. The magnitude of these parameters
in turn depends on their possible physical meaning, which we now briefly consider.

23. A Speculative Interpretation of the SLq(2) Algebra and of the
Deformation Parameter g 22

In Sec. 3, an implicit connection between the SLq(2) algebra and the 2d projections
of the classical 3d-knots was made through the matrix

0 q_%

which is invariant under the following transformation
Te,T' =T, T =¢,, (23.2)

where the elements of T define the SLq(2) algebra and where ¢, underlies the
Kauffman algorithm for associating the Kauffman polynomial with a knot.

If ¢, is replaced by
0 (65
= 23.3
c (—041 0 ) ’ ( )
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then the SLq(2) algebra (A) is again generated by (23.2) but with

q= Z—: . (23.4)
If one further imposes
dete =1 (23.5)
then
alag =1 (23.6)
and
gg=¢. (23.7)

Then (23.3), restricted by (23.5), is equivalent to (23.1) and the knot model may
be based on either ¢ or ¢4. By taking advantage of the fact that ¢ is a two-parameter
matrix while €, depends on only a single parameter, however, one may describe a
wider class of physical theories with . If the physical situation that the theory is
being asked to describe is characterized by two interacting gauge fields, with two
charges, g and ¢/, on the same particle, one may attempt to give physical meaning
to g by embedding g and ¢’ in ¢ as follows

9(E)
Vhe
€ ¢(B) . , (23.8)
Vhe

where g(F) and ¢/(F) are energy-dependent coupling constants that have been
normalized to agree with experiment at hadronic energies.
Then ¢ is defined by (23.8) and (23.4) as

(23.9)

If (23.5) is also imposed, then
g(E)g (E) = he. (23.10)

In the electroweak knot model it is argued that the electroweak experimental
data suggest an SLq(2) extension of the standard model. To the extent that this
view is correct it appears that the sources of the electroweak field may be knotted,
but the possible physical origins of the additional “knot” degrees of freedom have
not been identified. A possible origin of the “knotting” is the deformation of the
electroweak SU(2) x U(1) structure by SU(3). Since the leptons and neutrinos,
appearing as a® and ¢® particles in the SLq(2) model, have already been given
SU(3) indices to protect the Pauli principle, the gluon field is implicit in this model
and a possible interpretation of (23.9) is then (¢’,g) = (e, g) or (g,e), where g is
the gluon charge, and e is an electroweak coupling constant.
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If (23.5) is imposed, (23.10) would become
eg = he, (23.11)

which is like the Dirac restriction on magnetic poles.

Since g and e are running coupling constants, the SLq(2) parameter ¢, which is
either g or 2, is also a running and dimensionless coupling constant. If e increases
with energy and g decreases with energy according to asymptotic freedom, ¢ may
become very large or very small at the high energies where the interaction and
mass terms become relevant for fixing the three particle bound states representing
charged leptons, neutrinos and quarks. Although there is currently no experimental
data suggesting the interpretation of ¢ as a particular function of an e and a g,
such a relation (resulting from a possible physical interpretation of the otherwise
physically undefined matrix ¢ in (23.8)) could be explored since e, g and ¢ can be
independently measured.

24. Bound Preons

The three particle models discussed here resemble familiar composite particles like
H?3, but it is possible that the H? example is not appropriate and that the preons are
always bound. In this case the preons may not have an independent existence but
may be particular field structures, or elements of larger field structures, carrying no
independent degrees of freedom. In the SLq(2) model described here the elementary
fermions are three-preon composite particles bound by a trefoil field structure. It
is possible that the trefoil field structure is a trefoil flux tube carrying energy,
momentum and charge, and that energy, momentum and charge are concentrated
at the three crossings. It is then possible to regard these three concentrations of
energy, momentum and charge at the three crossings as actually defining the three
preons without postulating their independent existence with independent degrees
of freedom. Since the number of preons in any composite particle is always equal,
in the SLq(2) model, to the number of crossings (by (11.6)), this alternative view
of the preons as tiny solitonic regions of field surrounding the crossings holds for
all composite particles considered here. This alternative view of the elementary
particles as lumps of field is sometimes described as a unitary field theory and has
also been examined in other solitonic contexts.

25. Gravitational Binding

A major uncertainty in these realizations of the knot model which is inherited from
the standard model and not introduced by the knot model, lies in the unknown
values of the Higgs factors and more fundamentally in the nature of the Higgs
fields and their relation to the gravitational field. It is not possible to construct a
more predictive SLq(2) modification of the standard model until the Higgs factor,
as well as ¢ and 3, are better understood.
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Since the preons are very heavy and the leptons and quarks are very tiny, gravi-
tational attraction should not be dismissed. Since the Higgs term determines inertial
mass, the Higgs factor and Higgs field must be related to the gravitational field and
to supergravity and superstring models as well as to quantized Einstein gravity. It is
interesting that knot states have emerged in a natural way in attempts to quantize
general relativity.??

26. Summary and Comments on the Structure of the Model

We briefly summarize and comment on the structure of the model. First define the
structure of the SLq(2) algebra with the aid of the matrices ¢ and T as in Sec. 23:

TeT! = T'eT = ¢, (26.1)

_fa b _ 0 Qg
T = (c d) and €= (—041 0) . (26.2)

Here a, b, ¢, d are elements of the two-dimensional representation of SLq(2):

where

ab=gqba, bd=gqdb, ad—qbc=1, bc=cb,

(26.3)
ac=gqca, cd=gqdc, da—qcb=1, qg=q ',
and
_ o
=%
The (25 + 1)-dimensional representation of the SLq(2) algebra is
D/ = Z A(g,na,n6)0 (g + ne, n’)a™ b e d™ (26.4)

5(na+nb,n+)
S(net+ng,m_)
where a, b, ¢, d satisfy (26.3), and (ng,np, nc,nqg) are summed over all positive
integers.
The structure of (26.4) implies

Ng + np +ne +ng =27, (26.5)
Ng +Mp — Ne — Ng = 2m, (26.6)
Ng — Np + Ne — ng = 2m’ . (26.7)

The essential step in the SLq(2) extension of the Lagrangian of the standard
model is the replacement or renormalization of the field operators of the standard
model as follows:

U(z) = ¥ (x)D? . (26.8)
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The new operator Lagrangian differs from the Lagrangian of the standard model
fnm,. Then the numerically valued
Lagrangian depends on the state of the knot algebra on which it is evaluated.

The renormalization described by (26.8) is formally possible for any Lagrangian,
including the gluon and gravitational Lagrangians, and its physical meaning
depends on the physical meaning of (j,m, m’). If the particles described by the
gluon and gravitational Lagrangians also have electroweak charges, then the recipe
for the SLq(2) extension described here for the electroweak action also holds for
the gravitational and gluon actions.

The expression (26.4) for Df%m, is the general representation of the knot alge-
bra that we are proposing to define the kinematical characterization of the quan-
tum knot. The description by (j,m,m’) of the quantum knot is related to the
description by (N, w,r) of the 2d projection of the corresponding classical knot as

follows:

by operator form factors generated by the D

1
(j,m,m’) = §(N,w,r—|—o). (26.9)

As a quantum trefoil, the quantum knot is also empirically related to the left-chiral
elementary fermion of the standard model by

(ja m, m/) = 3(t7 _t37 _tO) 5 (2610)

where (t, —t3, —tg) are the electroweak isotopic spin quantum numbers and where
t= % and j = % Equation (26.10) holds at the j = % level of the knot model. We
have examined the class of left chiral states that satisfy (26.5)—(26.10).

Here are two complementary descriptions, namely (N,w,r) and (t,t3,%o)
expressed in (26.9) and (26.10) where the (N, w, r) are interpreted as descriptive of
flux loops carrying charge-current and the (¢, t3, to) are quantum numbers of charged
particles. In the algebraic formulation of the same two descriptions (j, m,m’) is the
SLq(2) label and (¢, t3, %) is the SU(2) x U(1) label. The local isotopic-electroweak
group SU(2) x U(1) describes the non-Abelian electroweak field as it appears in
the standard model while the global SLq(2) algebra describes the global form fac-
tors that appear in the knotted standard model. To agree with the observed and
conjectured electroweak fields, both ways of assigning charge require the use of
fractional charges to supplement the classification by representations of a group or
of an algebra. The fractional charge of the preon is e/3.

It is essential that all knot form factors be invariant under general gauge trans-
formations induced by the U, (1) x Up(1) gauge transformations that leave the defin-
ing algebra (26.3) invariant. In particular the form factor appearing in the Higgs
mass term is the product of the three knot factors for the left chiral, the Higgs, and
the right chiral fields. We assign a special status to the Higgs as an SLq(2) singlet.
Then to satisfy the required invariance of the knot Lagrangian, the left and right
chiral fields must carry the same knot factor. Therefore, although the left and right
chiral components are doublets and singlets, respectively, of SU(2), they belong to
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the same representation of SLq(2). The right chiral field carries the same Dfnm
factor as the left chiral field.

The Dfnm, as described by (26.4) are creation operators for the superpositions
of composite particles composed of numbers (ng,ny, ne,ng) of (a,b, c,d) preons
that are allowed by the (j,m,m’) indices, which in turn describe the numbers of
crossings, the writhe and the rotation of the corresponding classical knot. The pre-
cise restrictions on the (n,,ny, ne,nq) are expressed by the Diophantine equations
(26.5)—(26.7).

In the knot extension of the standard model the leptons and quarks lie in the
j = % representation of SLq(2) and are bound by vectors lying in the j = 3
representation. In the associated preon model the leptons and quarks are composed
of three j = % preons that are bound by vectors lying in the j = 1 representation.
The j = 0 states are neutral electroweak loops of field flux with » = +1 and with
mass determined entirely by the Higgs factor, which is the vacuum expectation
value of the Higgs field. It is then also possible to identify the j = 0 states with a
Higgs particle.

Equations (26.9) and (26.10) permit (26.5)—(26.7) to be rewritten as

(t,ts,t0) an tpts, to,), p=a,bcd, (26.11)

(N, w,T) an P, Wp,Tp), D=a,bcd. (26.12)

Then (26.11) and (26.12) express the charge and topological properties of composite
structures as additive compositions of the corresponding properties of preons. These
equations are complementary descriptions of a composite structure composed of
either preonic particles as in (26.11) or as preonic flux tubes as in (26.12). Since
the number of preonic particles is the same as the number of crossings, these two
complementary pictures of leptons and quarks may be reconciled by picturing the
preonic particles at the crossings of preonic flux tubes, as discussed in Sec. 11. If
the preonic particles have independent degrees of freedom, they may not be bound.
If they do not have independent degrees of freedom, they may simply represent the
concentrations of energy, momentum and charge at crossings of the flux tubes. In
this case the preons will be bound.

The SLq(2) induced form factors appearing in Secs. 13-16 rescale the energy—
momentum operators as well as the interactions of the standard model. This rescal-
ing would have implications for high energy behavior and convergence of the model,
since it is a function of a possibly highly energy dependent ¢, as discussed in Sec. 23.
We finally note another way of looking at these modifications of behavior at high
energy that is related to the following deformation of the Heisenberg algebra by
SLq(2).

The quadratic form
K = Alg A, (26.13)
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where again

(o, o 26.14
€q= _q% 0 (26.14)
is invariant under SLq(2) transformations of A.
Choosing
A= (Zz> and K =q 2 (26.15)
(26.13) becomes
D,x —qxD, =1. (26.16)

Equation (26.16) is identically satisfied if D, is chosen as the g-difference operator,
namely

v - v
D, w(a) = 2lar) ~¥(@) (26.17)
qr —x
If we introduce
po=lp, (26.18)
i
then one has the SLq(2) invariant relation
h
(Ppx — quPy) ¥ = -V (26.19)

i
If ¢ = 1 then (26.19) becomes the standard Heisenberg (p, z)-commutator applied
to a quantum state; but here ¢ # 1 and D and P are difference operators given
by (26.17) where ¢ may play the role of a dimensionless regulator in field theoretic
calculations, again with implications for high energy behavior and convergence of
any SLq(2) model where ¢ may be highly energy dependent.

Since the SLq(2) extended model suggests a finer level of structure than the
standard model provides alone, there are clearly many open problems including
questions concerning gravitational binding, the actual existence of free preons, and
the renormalization of the Lagrangian dynamics.

Acknowledgments

I thank Jan Smit and Cristina Cadavid for extremely helpful discussions of this
review.

References

1. W. H. Thomson, Trans. R. Soc. Edinb. 25, 217 (1969).
2. L. Faddeev and A. J. Niemi, Nature 387, 58 (1997).

3. L. H. Kauffman, Int. J. Mod. Phys. A 5, 93 (1990).

4. L. H. Kauffman, Topology 26, 395 (1987).

1530037-49



Int. J. Mod. Phys. A 2015.30. Downloaded from www.worldscientific.com
by Dr Ernest Abers on 10/23/15. For personal use only.

R. J. Finkelstein

10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.
24.

. N. Yu. Reshetikhin, L.. A. Takhtadzhyan and L. D. Faddeev, Leningrad Math J. 1,

193 (1990).

J. Woronowicz, Commun. Math. Phys. 111, 613 (1987).

G. Gasper and M. Rahman, Hypergeometric Series (Cambridge University Press,
1990).

H. Weyl, Theory of Groups and Quantum Mechanics, ed. E. P. Dutton (Dover, 1931).
R. J. Finkelstein, J. Math. Phys. 8, 443 (1967).

R. J. Finkelstein, Solitonic models based on quantum groups and the standard model,
arXiv:1011.2545v3 [hep-th].

R. J. Finkelstein, Int. J. Mod. Phys. A 24, 2307 (2009).

H. Harari, Phys. Lett. B 86, 83 (1979).

M. Shupe, Phys. Lett. B 86, 87 (1979).

J. Sonnenschein, private communication.

. J. Finkelstein, Phys. Rev. D 89, 125020 (2014).

Huang, Quarks, Leptons, and Gauge Fields (World Scientific, 1952), Eq. (6.22).

. J. Finkelstein, The preon sector of the SLq(2) model, arXiv:1301.6440v3 [hep-th].
. J. Finkelstein, Int. J. Mod. Phys. A 29, 1450092 (2014).

. J. Finkelstein, Int. J. Mod. Phys. A 20, 6487 (2005).

C. Cadavid and R. J. Finkelstein, Int. J. Mod. Phys. A 21, 4269 (2006).

. J. Finkelstein, Flavor states of the knot model, arXiv:1011:0764 [hep-th].

. J. Finkelstein, Deformation parameter in SLq(2) models of the elementary particles,
arXiv:1108.0438 [hep-th].

G. T. Horowitz, Strings and Symmetries (World Scientific, 1991).

J. Smit, private communication.

DI IIRT

1530037-50



	Introduction
	The Characterization of Oriented Knots
	The Kauffman Algorithm for Associating a Polynomial with a Knotart3
	The Knot Algebraart4,art5,art6
	Higher-Dimensional Representations of SLq(2) and SUq(2)
	The Gauge Group of the SLq(2) and SUq(2) Algebras
	Representation of an Oriented Knot
	The Quantum Knot
	Toward the Lagrangian of the Knotted Standard Model
	The Physical Interpretation of  D jmm'
	Complementarity
	The Knot and Preon Lagrangians art15,art16,art17
	The Mass Terms
	The Fermion–Boson Interaction
	Preon Couplings in the Preon Lagrangian
	Knot Couplings in the Knot Lagrangian
	The Higgs Kinetic Energy Terms
	The Field Invariant
	Masses and Interactionsart18,art19
	The Masses of the Fermionsart18,art19
	Electroweak Reaction Rates
	Effective Hamiltonians for Composite Leptons and Quarks
	A Speculative Interpretation of the SLq(2) Algebra and of the Deformation Parameter qart23
	Bound Preons
	Gravitational Binding
	Summary and Comments on the Structure of the Model

