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Abstract

In this paper, we consider the existence and non-existence of non-trivial solutions to quasilinear
Brezis—Nirenberg-type problems with singular weights. First, we shall obtain a compact imbedding
theorem which is an extension of the classical Rellich—Kondrachov compact imbedding theorem, and
consider the corresponding eigenvalue problem. Secondly, we deduce a Pohozaev-type identity and
obtain a non-existence result. Thirdly, thanks to the generalized concentration compactness principle,
we will give some abstract conditions when the functional satisfies the (®8dlition. Finally, basing
on the explicit form of the extremal function, we will obtain some existence results.
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1. Introduction

In this paper, we consider the existence and non-existence of non-trivial solutions to the
following quasilinear Brezis—Nirenberg-type problems with singular weights:

{ —div (|x|~?|Du|P~2Du) = |x| b9 |u|92u + A|x|~@tDrte|y1P=2y in Q (1.1)

u=0 onodQ,

whereQ c R" is an open bounded domain with! boundary and 0= Q, 1< p <n,
—co<a<™P a<b<a+1, g=p*a b= nf’(}p, d=14a—-be]0, 1], c>0.

The starting point of the variational approach to these problems is the following weighted
Sobolev—Hardy inequality due to Caffarelli et @], which is called the Caffarelli—~Kohn—

Nirenberg inequality. Let & p <n. Forallu € C3°(R"), there is a constant, ;, > 0 such

that
r/q
</ |x|_bq|u|qu) gca,b/ |x|~%|Du|” dx, (1.2)
R" R"

where

n— n
—oco<a< p’ a<b<a+1l, q:p*(a,b):—p ,
p n—dp

d=1+4a—b. (1.3)
Let @i”’(Q) be the completion of 3°(R"), with respect to the norrh- || defined by

1/p
||u||=(/ |x|—“"|Du|"dx) .
Q

From the boundedness @fand the standard approximation arguments, it is easy to see that
(1.2) holds for any: € 9,%”’(!2) in the sense:

p/r
</ | "% u]” dx) QC/ |x|~“?|Du|? dx (1.4)
Q Q
for1<r< %, 7<(+a) +n(% - %), that is, the imbedding&},’p(()) — L"(Q, |x|™%

is continuous, wheré” (Q, |x|~%) is the weighted.” space with norm:

1/r
lullr, o == Nullr @, jx- = (/Q x|~ u|” dx> .

On 93”’(9), we can define the energy functional
1 1
Ej(u)== / x|~ | Dul|? dx — —/ x| P u| dx
pJao qJQ
A .
- = / x| ~@FDPe P dy, (1.5)
P JQ

From (1.4),E; is well-defined inZ>”(Q), andE; e CX(ZL?(Q), R). Furthermore, the
critical points ofE; are weak solutions of problem (1.1).
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We note that folp =2, a =b =0 andc = 2, problem (1.1) becomes
—Au=ul""%u+u inQ,
{ u=0 onodQ, (1.6)

whereq =2*=2n/n—2is the critical Sobolev exponent. Problem (1.6) has been studied in a
more general context in the famous paper by Brezis and Nirefi@k1gince the imbedding
H&(Q) — L9(Q2) is not compact foy = 2n/n — 2, the corresponding energy functional
does not satisfy the (PS) condition globally, which caused a serious difficulty when trying
to find critical points by standard variational methods. By carefully analyzing the energy
level of a cut-off function related to the extremal function of the Sobolev inequali®in
Brezis and Nirenberg obtained that the energy functional does satisfy thef@®Spme
energy levek < %S"/Z, whereSis the best constant of the Sobolev inequality.

Brezis—Nirenberg type problems have been generalized to many situatiof&{sed 3,
16,18,23,24hnd references therein). |h0,11,24] the results of3] had been extended to
the p-Laplace casq18,23]extended the results §8] to polyharmonic operators; Jannelli
and Solomini[13] considered the case with singular potentials wheee 2,a =0, ¢ =
2,b € [0, 1]; while [8] considered the weighted case where=2,a <n — 2/2, b €
[a,a + 1], ¢ > 0, and[16] considered the case whepe= 2, a = 0 and(2 is a ball.

All the above references are based on the fact that the extremal functions are symmetric
and have explicit forms. Ifi7], based on a generalization of the moving plane method,
Chou and Chu considered the symmetry of the extremal functions *d@, p = 2; In
[12], Horiuchi successfully treated the symmetry properties of the extremal functions for
the more general cage> 1, a >0 by a clever reduction to the cage= 0 (where Schwarz
symmetrization gives the symmetry of the extremal functions); On the contrary, there are
some symmetry breaking results (§,4]) for a < 0. We define

S(a, b) = 1inf Eq.p(u), .7
ue7y" (RM\(0)

to be the best embedding constants, where

fRn |x|~*P|Du|? dx

(1.8)
(f[RE" |x| =29 |u| dx)p/q

Eqp(u) =

and

Sr(a,b) = inf Eqp(u),
ueZrh (R"M)\(0)

where@(lli’]’e(ﬂ%”) — (u € P (R") | u is radia}. It is well known that forz <n — p/p and
b —a <1, Sg(a,b) is always achieved and the extremal functions are given by

n—dp/dp

n—p-—pa

Uap(r) =co T dpi—p—pa) ) (1.9)
1+ r »-Dli—dp)
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where

n n—dp/dp2
— . 1.10
0 ((p )Pl - dp)) (1.10)

Under some condition on parametersh, n, p [6,4] obtain thatS(a, b) < Sg(a, b) for
a <0. In this case, it is very difficult to verify that the corresponding energy functional
satisfies the (P$S)condition.

In Section 2, based on the Caffarelli-Kohn—Nirenberg inequality and the classical
Rellich—Kondrachov compactness theorem, we will first deduce a compact imbedding the-
orem and then study the corresponding eigenvalue problem:

{ —div (|x|~% | Du|”~2Du) = Ax|~@tDrte|y|P=2y in Q,

u=0 onodQ. (1.11)
In Section 3, based on a Pohozaev-type identity, we obtained a non-existence result for
problem (1.1) withA <0. In Section 4, based on a generalized concentration compactness
principle, we shall give some abstract conditions when the functional satisfies the (PS)
condition. In Section 5, based on the explicit form of the extremal function, we will obtain
some existence results to problem (1.1).

2. Eigenvalue problem in general domain

In this section, we first deduce a compact imbedding theorem which is an extension of
the classical Rellich—Kondrachov compactness theorem.

Theorem 2.1(Compact imbedding theoremSuppose tha® ¢ R” is an open bounded
domain withC! boundary and € Q, 1< p <n, —oo <a < (n — p)/p. The imbedding
@}”(Q) — L"(Q, |x|~*) is compactifi<r <np/(n — p), a< L+ a)r +n(l — %).

Proof. The continuity of the imbedding is a direct consequence of the Caffarelli-Kohn—
Nirenberg inequality (1.2) or (1.4). To prove the compactnesdulg} be a bounded se-
quence in@cl,”’(Q). Foranyp > 0, letB,(0) C Q2 be a ball centered at the origin with radius

p, it is easy to see thdl,,,} C Wl*P(Q\Bp(O)). Then the classical Rellich—Kondrachov
compactness theorem guarantees the existence of a convergent subsequyepgerof
L"(2\B,(0)). By taking a diagonal sequence, we can assume, without loss of generality,
that{u,,} converges irL” (2\ B, (0)) for anyp > 0.

On the other hand, for any<lr <np/n — p, there exists & € (a,a + 1] such that
r<qg=p*(a,by=np/n—dp, d=14+a—>b € [0, 1). Fromthe Caffarelli-Kohn—Nirenberg
inequality (1.2) or (1.4){u,,} is also bounded il (Q, |x|~>7). By the Hélder inequality,
foranyo > 0, it follows that

/l 5 x| ™%t — uj|” dx
X<

1-(r/q) r/q
< < / x|~ bralta=r) dx) ( f el ™ g, — w1 dx)
|x|<d Q
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5 1-(/g)
<C< / n—1—(a—br)g/(g—r) dr)
0

— Coln=@=bra/(g=na=r/q) (2.1)

whereC > 0 is a constant independentrof Sincex < (1 + a)r +n(1— (r/p)), it follows
thatn — (o — br)q /(g — r) > 0. Therefore, for a given> 0, we first fixo > 0 such that
f g — ;" Ay <= ¥ m, j e N.
|x|<o 2
Then we choos&/ € N such that

/ IXI_“Ium—ujlrdxéCa/ [ —uj|" dx <
Q\B;(0) Q\B;(0)

Y
=

Ym,j

NI >

whereC, = 6 % if x>0 andC, = (diam(Q))~*if « < 0. Thus
/Q|x|_“|um —ujl"dx<e Vm,j=N,
that is,{u,,} is a Cauchy sequence irf (Q, |x|~%). O
Remark 2.2. Chou and Ch{i7] had obtained Theorem 2.1 for the case- 2.

In order to study the eigenvalue problem (1.11), let us introduce the following functionals
; 1p .
in2;"(Q):

D(u) ::/ Ix|7%|Dul? dx and J(u) ::/ x| ~@FDPEe P dy.
Q Q

For ¢ >0, Jis well-defined. Furthermoreb, J € Cl(@g”’(g), R), and a real valué is
an eigenvalue of problem (1.11) if and only if there exists 93”’(9)\{0} such that
@' (u) = 2J'(u). At this point let us introduce set

M= {ue TEPQ) : Ju)=1).

Then.# + ¢ and.# is aC* manifold in 9};”(9). It follows from the standard variational
arguments that eigenvalues of (1.11) correspond to critical valu@s gf From Theorem
2.1, @ satisfies the (PS) condition o#. Thus a sequence of critical values®f , comes
from the Ljusternik—Schnirelman critical point theory 6% manifolds. Lety(A) denote

the Krasnoselski's genus @cl,”’({)) and for anyk € N, set
I'y:={A C.# : Aiscompact, symmetric andA) >k}.
Then values

= inf 0 2.2
/lk AIQFk TSXX (u) ( )

are critical values and thence are eigenvalues of problem (1.11). Morégw i, < - - -
<<= Foo.
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From the Caffarelli-Kohn—Nirenberg inequality (1.2) or (1.4), it is easy to see that
Ja=inf{dw) : ue Za"(Q), Ju)=1}>0

and the corresponding eigenfunctiey> 0.

3. Pohozaev identity and non-existence result

Inthis section, we deduce a Pohozaev-type identity and obtain some non-existence results.
First let us recall the following Pohozaev integral identity due to Pucci and Jéfjn

Lemma 3.1 (Pohozaev-type identity Letu € C2(2) N C1(Q) be a solution of the Euler—
Lagrange equation

(3.1)

div{Z ,(x,u, Du)} = F ,(x,u, Du) in Q,
u=0 ondQ,

wherep = (p1, ..., pn) = Du = (Ou/0Ox1, ..., Ou/0x,) and.#, = 0.7 /Ou. Let A and h
be, respectivelyscalar and vector-value function of claés(Q) N C(Q). Then it follows
that

% |:f/7(x, 0, Du) — a—ufpi (x, 0, Du):| (h-v)ds
o0 ox;

:/ {ﬁ(x, u, Duydivh + h; 7 ., (x, u, Du)
Q
_ |: ou ahj 0A

— | 7, D
ax/' ax,' uax,’:|jpl(X7u’ u)

d
—A [a—”fp, e, u, Du) + uZ o (x, u, Du)” dx, 3.2)
Xi

where repeated indices i and j are understood to be summedifiom.

Let us consider the following problem:

{ —div (|x|7% | Du|P~2Du) = g(x,u) inQ, (3.3)

u=0 onodQ,

whereg satisfiesz (x, 0) =0. Suppose tha# (x, u, Du)= % |x|~*P|Du|P — G(x, u), where

G(x,u)=[y g(x,t)dristhe primitive ofg (x, u). Ifwe choosé: (x)=x, A=(n/p)—(1+a),
then (3.2) becomes

<1—l>¢. (x-v)
p oQ

:f |:nG(x, W)+ (x, Gy) + (1+a - %) ug(x, u)] dx. (3.4)
Q

p

Ou
a dS
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As to problem (1.1), suppose th@t(x, u) = (1/q)|x|~29|u|? + (1) p)|x|~PAFO+e| P,
then (3.2) or (3.4) becomes

(e
p 0Q

Thus we obtain the following non-existence result:

ou|P ) .
a—’j ds:%/g|x|_(“+l)p+‘|u|pdx. (3.5)

Theorem 3.2(Non-existence theoremThere is no solution to probleifi.1) whenl <0
and Q2 is a(smooth star-shaped domain with respect to the origin

Proof. The above deduction is formal. In fact, the solution to problem (1.1) may not be of
classC?(Q) N C1(Q). We need the approximation argument§lit,8] (cf. Appendix). O

4. (PS) condition

In this section, we first give a concentration compactness principle which is a weighted
version of the Concentration Compactness Principle Il due to Libh4d5]

Theorem 4.1(Concentration compactness principldet 1<p<n, —co<a<
(n—p)/p, a<b<a+1, g =p*@a,b)=np/m—dp), d=1+a—>b € [0, 1], and
A (R") be the space of bounded measuresRin Suppose thatu,,} C @i’p(R”) be a
sequence such that

Um — U in Qi’p(R”),
= 1% Du||P dxx — g in A (R"),
Vo = x| Pupm| | dx — v in 4 (R"),
Uy — U a.e. on R".

Then there are the following statements

(1) There exists some at most countable satfamily{x/) : j e J} of distinct points in
R", and a family{v\/) : j e J} of positive numbers such that

v=|lx|Pul dx + > v5,q), (4.1)
=

whered, is the Dirac-mass of madsconcentrated at € R”".
(2) The following inequality holds

=[x Dul|” dr + > 18, (4.2)
jelt

for some familyf{u) >0 : j e J} satisfying
S(a, b)y(WI)Pla <y forall j e J. (4.3)

In particular, Zjej(v(./'))l’/q < o00.
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Proof. The proof is similar to that of the concentration compactness principle Il (see also

[20]). O

Theorem 4.2((PS). condition in general domain Letl< p <n, —co<a < (n—p)/p,
a<b<a+1l, g=p*(a,b)y=np/(n—dp), d=1+a—b € (0, 1], ¢>0and0< A < 11.
Then functionak ; defined in(1.5) satisfies the P S).. condition in@ﬁ”’(g) at the energy
level M < £5(a, by .

Proof. (1) The boundedness of (R®equence.
Suppose thaftu,,} C .@2”’(9) is a (PS) sequence of functiondl ,, that is,

E;(un) —> M and Ej(u,) — 0 in(Z5" (@)
Then asn — oo, it follows that

M +0(1) = E;(um)

1 1
=—f |x|—“P|Dum|de——f 170 1 | dlx
P JQ q Jo

)
-~ /Q @ DR 1P (4.4)

and
o(Dllell = (E;(um), @)

= /Q x| 77| Dty |P 2Dty - Dep lx — /Q 1174 [t |72t p
— / | @Dy P20, dx (4.5)
Q

foranyg € _@Ll,’p(Q), whereo(1) denotes any quantity that tends to zereas> co. From
(4.4) and (4.5), ag1 — oo, it follows that

gM +o(D) + o(Dljum | = qE;(um) — (E;(um), v)

— (1—1)/ x|~ | Duyy | P dx
p 0

—A (Z - l) f x|~ @tDrtey (P2, 0 dx
p Q

— (1 _ 1) <1— ;) L (4.6)
P 11

that is, {u,,} is bounded in@g”'(!)), sinceq > p, A < A1. Thus up to a subsequence, we
have the following convergence:
Uy —u N @i’p(g),
Up —u N L9(Q, |x|70),
Uy —>u INL"(Q,|x|™), V1<r<
Uy, — u a.e.onq.

np

P E <Lt a) +n(G - )
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Fromthe concentration compactness principle—Theorem 4.1, there exist non-negative mea-
suresy, v and a countable familyx;} C Q such that

el 9 dox = v = [1x]|Pul| dx + Y v,
jeJ
1|~ Dy dr — p>[1x] Dutl|” dx + S(a. b)Y 096,05,
jeJ
(2) Up to a subsequence,, — u in L(Q, |x|~b9).

Since{u,, } is bounded ir@al”’(Q), we may suppose, without loss of generality, that there
existsT € (LP (L, |x|~P))" such that

|Ditn|P"2Duyy — T in (LY (Q, |x|7%P))".
On the other handy,, |9 2u,, is also bounded i (Q, |x|~?9) and
|9 20 — 7% in L9(Q, |x|7P9).

Takingm — oo in (4.5), we have
/|x|—“PT-D<pdx=/|x|—bq|u|q—2wdx+x/|x|—<“+1)1’+0|u|l’—2mpdx 4.7
Q Q Q

foranyp € -7 (Q). )
Let ¢ = Yu,, in (4.5), whera) € C(Q), then it follows that

f x|~ | Dty |”~2 Dty - Dep lx = / 172 |21 p
Q Q
+/ / x| DRy P20, p40(1). (4.8)
Q
Takingm — oo in (4.8), we have
/prdu+/9|x|—“l’uT-Dlpdx=fglpdv+z/9|x|—<“+1>P+C|u|P¢dx. (4.9)
Let ¢ = yu in (4.7), then it follows that
/ |x|”PuT - D\ dx +/ |x| YT - Dudx
Q Q
=/;2|x|_bq|u|q¢dx—i—l/g|x|_(“+l)p+c|u|ptpdx. (4.10)
Thus (4.9)—(4.10) implies that

/g)tﬁd,u:Zvjt//(xj)+/Q|x|_“”¢T-Dudx, (4.11)

jelJ
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which implies that
S(a, LYV p(xj) = v,

Thencev; > S(a, b)"/?7 if v; # 0.
On the other hand, from (4.4), (4.7) and (4.11), it follows that

1 1 J
M:—/ d,u——/ dv——/ x|~ @tDPEe P dx
pJa qJa rJo

1 1 1 1
=—Zvj+—/ |x|"*’T - Dudx — = Zv,»——/ x| 729 |u|? dx
p pla q Ja

=Y jeJ
_ ﬁf |x|—(a+1)17+0|u|l7dx
pPJo
1 1 1 1
= (— — —> Zvj + <— - —)/ x| 759 u|9 dx
poalis palle
1 1 d
2(———>Zvj=;Zv,. (4.12)
p q jeJ jeJ

Since it has been shown that> S(a, b)"/?? if v; # 0,the conditiotM < (d/n)S(a, b)"/%?
implies thatv; =0 for all j € J. Hence we have

/|x|_hq|um|qu—>/ x| 729 |u |9 dx.
Q Q

Thus the Brezis—Lieb Lemni&] implies thatu,, — u in LI(Q, |x|~%9).

(3) Existence of convergent subsequence.

To show thats,, — u in 92”’(9), from the Brezis—Lieb LemmR], it suffices to show
that Du,, — Du a.e.inQ and||u,,| — |lull.

To show thatDu,, — Du a.e. inQ, first note that

1X|=% (| Duy|P~?Dutyy, — |Du|P~?Du) - (Dutyy — Du) >0, (4.13)
the equality holds if and only iDu,, = Du.

Secondly, letp = u,, ande = u in (4.5) and then letn — oo, respectively, it follows
that

i IP = /Q|x|—“f'|Dum|de
= fg x|~ 1 |9 dx — 2 fg x|~ @FDPEE 1P dx + 0 (D) [t |

— / |x|_bq|u|qu—l/ x| @t DPte, P dy (4.14)
Q Q
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and
/ 1x| = | Duyp|P~?Duy, - Du dx
Q
=/ |4 |72 e — / | @D P20 A + o (1) [lu
Q Q
_>/ x| 759 |u|? dx —i/ x| @t DPre) P dy. (4.15)
Q Q
From (4.14) and (4.15), it follows that
/ |x|_ap(|Dum|p_2D”m - |Du|p_2Du) - (Duy, — Du) dx
Q
=/ x|~ | Duyy|P dx — / |X| ™| Dutyn|P~?Dutyy, - Du dx
Q Q

—/ |x|~%?|Du|”~?Du - (Du,, — Du) dx
Q
— 0. (4.16)

Egs. (4.13) and (4.16) imply thdu,, — Du a.e. inQ, henceT = |Du|’~2Du, that is,
| Dty |P~2Du,y, — |DulP~2Du in (LP'(Q, |x|~9P))".
To show that|u,, || — |lu||, from (4.14) and (4.15), we have

lul|? < /Q|x|_“p|Dum|p_2Dum-Dudx
=/|x|*bq|um|q72umudx—/l/ |x|7(“+1)1’+c|um|p72umudx
Q Q

- / x| 729 |u|? dx—i/ x|~ @tDptey P dy,
Q Q
thus, [[u, |7 — [lull?. O

As indicated in the introduction, far <0, S(a, b) < Sg(a, b) and there is no explicit
form of the minimizers of(a, b), so itis difficult to show that there exists a minimax value
M < (d/n)S(a, b)"/? . But there does exist an explicit form of the extremal functions
of Sg(a, b), the method in3] can be used to show that there exists a minimax value
M < (d/n)Sg(a, b)"/r  Next theorem shows that in the space of radial functions, the
functional E; defined in (1.5) satisfies the (RS)ondition in@i”’,’?((z) at the energy level

M < (d/n)Sg(a, b)"/?" in the casep = 2.

Theorem 4.3((PS). condition in bal). LetQ = B1(0) be the unit ball inR"*, p =2 <n,
—co<a<(n—2)/2, a<b<a+1l qg=2%@a,b)=2n/(n —2d), d=14a—->b €
[0, 1], ¢ >0and0< 4 < 1. Then functionalE; defined in(1.5) satisfies th& P S),. con-
dition in @2’%(9) at the energy level < (d/n)Sg(a, b)"/%.
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Proof. (1) As in the proof of Theorem 4.2, any (RSequence is bounded@1 i(Q) and
up to a subsequence, we have

Upy —u in @i’é(!)),

Um — u N LI(RQ, |x|7),

um — u  iNL7°(Q, |x|™%), VI<r<2n/(n —2), <(1+a)+n(———)
Uy, — u a.e.onq.

Thenceu satisfies the following equation in weak sense:

{ —div (|x| 7% Du) = |x| P9 |ul9=2u + Ax|72@etDtey in Q (4.17)

u=0 onoQ.

Thus it follows that

E;(u) = / |72 | Du/? dx——/ x|~ ”‘f|u|de——/ x| 2@+ DFe,2g

= <§__) (/ x|~ Du| dx—/Lf |x| 2@ty de) >0. (4.18)

(2) Letvy, := u, — u, the Brezis—Lieb Lemmf2] leads to
/ x| 729 |u, |9 dx =/ x| 29 || dx +f x| 7% |, | dx 4 0(2).
Q Q Q

FromE;(u,) — M and(Ei(um), u,) — 0, we have
1
Ej(um) = E;(u) + éf x| 72| Dy, | dx
Q

- E |x|_bq|v |q d)C — % |x|_2(a+l)+CU2 d.x
qJa " 2 Jo n
- (4.19)

and

/|x|_2”|Dvm|2dx—/ |x|—”q|um|qu—,1/ x| 2@+ DFey2 gy
Q Q Q

— / x| 759 |u|? dx +i/ x| 2@t Dte, 2 gy —/ Ix|~2*| Du|? dx
Q Q Q
= —(E}(u), u) = 0. (4.20)

Up to a subsequence, we may assume that
/ |x| =% D,y | dx — /1/ x| 2@t Drey2 gy - p, / x| 759 )v,, |9 dx — b
Q Q Q
for someb >0. From Theorem 2.1y, — 0in L2(Q, |x|~2@tD+c) then

/ Ix|%| D,y |2 dx — b.
Q
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On the other hand, we have

2/q
f|x|2"|Dvm|2dx>sR<a,b></ |x|bq|vm|‘fdx> :
Q Q

Thus it follows thath > Sz (a, b)b?/4, eitherb > Sk (a, b)’* or b = 0. If b = 0, the proof
is complete. Assume that> Sk (a, b)"/?, from (4.18) and (4.19), it follows that

d 1 1 d
— Sr(a, by < (— - —) b<M < —Sg(a, b)"/*
n 2 q n

a contradiction.

5. Existence results

In this section, by verifying that there exists a minimax vaMisuch thatM < (d/n)
S(a, b)"/ or M < (d/n)Sg(a, b)"/“P, we obtain some existence results to (1.1). We need
some asymptotic estimates on the truncation function of the extremal functiy{@fb).
Let

1
= (& + |x|dP—p—pa)/(p=D(n—dp)yr—dp/dp’

Ug(x)

k(e) = co(e(n — p — ap))"~r/dr

andcg is defined by (1.9). Them,(x) := k(e)U,(x) is the extremal function ofg (a, b).
Furthermore, we have

”DyEHZP(R”,\xraP) - SR(Q, b)q/q_p = k(g)p||DU8||Zp(Rn"xlfup) (51)
and
”ysn(zq(R"Jx\—hq) = Sg(a, b)1/4=P) = k(s)q||U£”;{q(R",\x|—htl)' (5.2)

Let @ ¢ R" be an open bounded domain witH boundary and G Q, R > 0 such that
Bor C Q. Denoteug(x) = Y (x)U;(x) wherey(x) = 1 for |x| < R andy(x) = O for
x| >2R.As¢ — 0, the behavior ofi; has to be the same as thatlgf.

Lemma 5.1. Assumel < p<n, —co<a<(n — p)/p, a<b<a+1, qg=p*a,b) =
np/(n —dp), d=1+a—Db € [0, 1], ¢>0.Let

Ueg(X
ve(x) = #)
||Me||Lq(Q,\x|—bq)
q _
The”””ﬁ”Lq(Q,\xrbq) = 1. Furthermore we have

1. ||DU8||€,’(Q,|X|_“/’) = SR(a, b) + O(S(n*dp)/d);

2. 1DVl pyyapy = O PPy for 0= 1,2, p — 2, p = 1
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O =4P/dyif ¢ > (n — p —ap)/(p — 1),

3. lsll? _ ] 0P logel) if ¢ = (n — p —ap)/(p - 1),
- TENLP(Q, x|t Dpte) O (¢P~Dn—dp)(nte—(a+1)p)/dp(n—p—ap))

ifc<(n—p—ap)/(p—1).

The proof of Lemma 5.1 is given in the Appendix.

In the case where>0, 1 < p < n, the results i1j12] and[7] show that the minimizers of
S(a, b) are symmetric and given by (1.9). Combining Theorem 4.2 and Lemma 5.1, there
is the following existence result:

Theorem 5.2 (Existence Theorem in general domaiet Q ¢ R" be an open bounded
domain withC1 boundaryand € Q, 1< p<n, 0<a<@m—p)/p, a<b<a+1, g=
p*(a,b)=np/(n—dp), d=1+a—b e (0, 1], c<(n—p—ap)/(p—21),and0< 1 < /3.
Then there exists a non-trivial solutiane 9};”(9) to problem(1.1).

Proof. ltis trivial that functional
1 1 yi
E/t(u)z—/ |x|—“P|Du|1’dx——/ x| 049 |u )4 dx——/ x|~ @tDPEey P dy
r Jo qJo rJo

satisfies the geometric condition of the mountain pass lemma without (PS) condition due
to Ambrosetti and Rabinowitid]. From Theorem 4.2, it suffices to show that there exists a
minimax valueM < (d/n)S(a, b)"/?. In fact, we will show that max. o E; (tv;) < (d/n)
S(a, b)"/“P for ¢ small enough. Let
g(1) = E,(tv,)
tP 14
= —/ x|~ | D, dx — —/ |74 v |4 dx
pJQ q JQ
itP
_ _/ |x|—(a+l)l7+6|v8|l7 dx
p JQ
P 14
= _/ |x| 7% | Dvg|P dx — — — —/ x|~ @FDPEe P dy,
P Ja

Since O< / < A1, it follows thatg(¢) > 0 whent is close to 0, and lim, o, g(t) = —oc if
d=14+a—-be (0, 1,9 = p*(a,b) =np/(n — dp) > p. Thusg(¢) attains its maximum
at some, > 0. From

gt =1P1 </ |x| 79| Dvg|P dx — 197P — z/ |x| @t Dprepy » dx) =
Q Q

it follows that

1/(¢—2)
fe = <f x| 77| Dvg | dx — z/ x|~ @rDPE | dx)
0 Q
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and

1.1 —ap p —(a+Dp+cyy, 1P a2
g(t;) = P QI)CI |Dvg|” dx — 2 QIXI [vg|” dx

C_l S(a, by 4 O (gn—dp)/d)
n

—1)(n—dp)(n—(a+1)p+c — —
—0(8([) >(dp(’/;)7(p7;p4)r )p+ )) o n—p—ap
- p—1
é S(a, by 4 O (gn—dp)/d)
n
—0(en=9P)/d|10gg)) if ot _PT49P
p—1

Note that forc<(mn — p — ap)/(p — 1), we have(n — dp)/d > (p — 1)(n — dp)
n—(a+LDp+c)/dp(n— p—ap). Thus fore small enough, it follows thaf(z;) < (d/n)
S(a, ). O

In the case wherp = 2, combining Theorem 4.3 and Lemma 5.1, there is the following
existence result:

Theorem 5.3 (Existence of radial solution in ball Let Q@ = B1(0) is the unit ball inR",
—xo<a<m—2)/2, a<b<a+1l g=2%a,b)=2n/n —2d), d=1+a—>b €
0, 1], c<n —2—2a,and0 < 4 < 41. Then there exists a nontrivial radial solutiane
@j”i(ﬂ) to problem(1.1).

Proof. Itis trivial that functional
1 1 ) ,
E;u)== / |x|*2“|Du|2dx——/|x|*bq|u|‘fdx—f/|x|*2<“+l>“|u|2dx
2 Jo q Ja 2 Jo

satisfies the geometric condition of the mountain pass lemma without (PS) condition due
to Ambrosetti and Rabinowitd]. From Theorem 4.3, it suffices to show that there exist a
minimax valuec < (d/n)Sg(a, b)"/?? |n fact, the same process in Theorem 5.2 shows that
max >0 E; (tvy) < (d/n)Sg(a, b)"/?? for ¢ small enough for<n — 2 —2a. O

From the result if7], that is,S(a, b) = Sg(a, b) for p = 2,a >0, Theorem 4.2 and the
proofs of Lemma 5.1 and Theorem 5.2 imply that

Corollary 5.4. Let @ ¢ R" be an open bounded domain wigt boundary and0 e
Q,0<a<n—2)/2, a<b<La+1l g=2%a,b)=2n/n —2d), d=1+a —b €
(0, 1], c<n—2-—2a,and0 < 4 < 11. Then there exists a nontrivial solutianc 9};2(9)
to problem(1.1).

Remark 5.5. The results for the case whare= 0, p = 2 had been obtained [8] and[16]
for a =0, p = 2. But the results for the cases where 0 or p # 2 had not been covered
there.
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Appendix

Proof of Theorem 3.2. Let {g.} be a sequence af2(Q\{0}) functions converging to
g(-, u) ase goes to 0 andu, the solution of

{ —div (|x| 7% (¢ + | Du,|?)P~2/?Du,) = g, in Q, (A.1)

u, =0 onodQ.

Then from the standard regularity result§2d], u, is of classC3(Q\{0}) and converges to
uin cL*(Q\{0}), for somex € (0, 1). For problem (A.1), we apply the Pohozaev integral
identity—-Lemma 3.1 if2; = Q\ B5(0), 0 < 6 < dist(0, 02), noting thatu, may not vanish
onthe boundargBs(0) = {x € R" : |x| =0}, or deduce directly by multiplying (A.1) by
(Aug — h - Duy) with A = (n/p) — (1 + a), h = x, we have

—/ div (x|~ (¢ + | Dug> P22 Duy) (Aug — x - Duy) dx
Qs

= / g:(Aug — x - Dug) dx. (A.2)
Q5
Integrating by parts ove®;, we get

LHS= —/ x|~ (e + | Dug|?)P~?/2(Auy — x - Dug)(Dug - v) do
)
+/ x|~ (& + | Dug|>)?=2/2Du, - D(Aug — x - Duy) dx
9(5
- A/ x| 7 (& + | Duy |9 P =2/ 2u,(Du, - v) do
|x|=0
+/ 7 (& + | Dugl?) P27\ Duy 2(x - v) do
oQ
+ / X177 (¢ + | Dug|>) P=272| Duy|?(x - v) do
|x|=0

+A/ [x|7% (¢ 4+ | Dus|?)P~2/2| Du,|? dx
Qﬁ

— / Ix| = (& + | Dug|>)?=2/2Du, - D(x - Du) dx. (A.3)
Q(5
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SinceDug - D(x - Dug) = |Dug|? + %(x - D(|Dug|?)), from (A.1), it follows that

f 7 (5 + | Dug ) P2/2| Dug 2 dx

Qs

Zf 8otz Ax + f X179 (& + | Dug|®) P ~2/2u,(Duy - v) do (A4)
.Q(s |x|:5

and

1
5 /Q x| 7% (& + | Dug|>) P=2/2(x - D(|Dugl?)) dx
)
1
N E/Q 1x|7%x - D((¢ + | Du,|?)P/?) dx
)

1
- _/ X7 (¢ + | Dug|*)P/?(x - v) do
P JoQ

1
+—/ x|~ (¢ + | Du,|$)?/?(x - v) do
P Jix|=4
1
——(n - ap)f X7 (¢ + | Dug|?)P/? dx, (A.5)
p 96

wherev is the unit outer normal vector. Substituting (A.4) and (A.5) into (A.3) implies that

LHS= / x|~ (& + | Dug|®) P22 Dug|?(x - v) do
oQ
* / X7 (e + | Dug[2) P~ 272| Dugl*(x - v) do
|x|=0

1
——/ x| 7% (¢ + | Dug|)P/?(x - v) do
P Jo@

p
+ (A - 1)f geUtg dx
Qs

1
a _/ X7 (& + | Dug|®)?/?(x - v) do
|x|=0d

1
+ 21— ap) / X179 (& + | Duy 2)/2 dx. (A6)
P Qs
On the other hand, we have

RHS= A/ gslte Ax —/ geX - Dugdx. (A.7)
Qs Qs
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Lettinge — 0T, we get
1 _
LHS= (1— —> [ |x|7*?|Du|? (x - v)do
P/ JoQ

1
+<1——>/ |x|7?|Du|? (x - v)do
P |x|=0

1
+(A-1 gudx + —(n — ap)/ |x|~*”|Du|? dx (A.8)
Qs p Qs

and
RHS:A/ gudx—/ gx - Dudx
Q5 Qs
=A/ gudx—/ G(x,u)(x-v)do
Qs 00;

+ (x - Gy) dx+n/ G(x,u)dx. (A.9)
Q5 Qs

From (A.8) and (A.9), noting tha® (x, u) = (1/¢)|x| %4 |u|? + (A/p)|x|"PAFTO+ |y P it
follows that

1 1
<1——>/ |x|"plDu|p(x~v)d0'+<1——>/ |x|7“?|Du|? (x - v)do
p 0Q P |x|=6

1
+ —(n —ap)f |x|7“P| Du|” dx
4 Q5

1
=/ gudx——/ x|~ )9 (x - v) do
95 q |X|=($

J
——/ x| ~PAFOF P (x - v) do
P Jx|=6
- p@
+ (E —b)/ |x|—hQ|u|q dx +;~M
q 20 p
x/ x| ~PAFOFe 1P dy. (A.10)
oQ

Next, we need to get rid of the boundary integrals alorig= 6 in (A.10). In fact, letu
be a solution of (1.1), from the Caffarelli-Kohn—Nirenberg inequality (1.2) or (1.4), and
Theorem 2.1, we know that

/|x|_“”|Du|pdx, /|x|_hq|u|qu and /|x|_p(1+“)+c|u|pdx
Q Q Q
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are finite. Therefore, by the mean-value theorem there exists a sequgnceé,, — 0
such that integrals

/ |x|~?| Du|” (x - v) d, / x| 7% |ul (x - v) do,
|x|=0 |x|=0

/ x| ~PAFO+E 1P (x - vy do — O
s

x|=0
asm — oo. Thus, lettingn — oo and noting (A.2), we obtain (3.5) from (A.10).C]
Proof of Lemma 5.1. (1) Itis easy to see that

DU (x) if |x] <R,
Dug(x) = { Ug(x)DY(x) + Yy (x) DU (x) if R<|x|<2R
0 if [x|>2R
n—p-—ap
—— 1

if x| <R,

x
= (e+4|x|4P(n—p=pa)/(p=D)(n—dp)yn/dp | |2—(dp(n—p—ap)/(p=1)(n—dp)

Us(0)DY(x) + Y (x) DU (x) if R<|x| <2R

0 if |x| > 2R,
Dug|P DU,|P
| Du| dx:O(l)—i—/ IDU,|
o x| Ix|<Rr |x|%P
IDU|
=0(1
(”/n NG
= 0) + Sk(a,b)T7k(&)~P
and
|Ms|q

dx = O(1) + Sg(a, b)?/ 4 P (e)1.

Q |x|Pe

Thus, it follows that

p
”Du8||Lp(Q,|x|_“1’)

p —
|IDUS||LP(Q,|)C|_‘1P) - ”u ”p
ENLa(Q,|x|=ba)

_0(1) + Sg(a, by1/@=Pk(g)~P
T 0 + Sk(a, by @ Pk P
= Sgr(a, b) + O(k(e)?) = Sg(a, b) + O ("D
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(2) A direct computation shows that

[Du|*
o |x|er

|DU |*
=01 +/
x|<r |x]?P

=0 +/ <w>
Ix|<R p—1

|x
X d
(¢ + |x|ap(r—p—pa)/(p=1)(n—=dp)\n/dp | x |2(2—(dp(n—p—ap)/(p=D)(n—dp))) .

R _ _ o
=0 +a),,f <—" P ap)
0 p—1

pa—aptn—1-0(2—(dp(n—p—ap)/(p—1)(n—dp)))

d
x (¢ + rdp(n—p—pa)/(p=1)(n—dp)yan/dp g

_ _ o
<o +w(u>

|o<—ap

p—1

R
x/ po—ap+n—1-a(2—(dp(n—p—ap)/(p=1)(n—dp))—(un—p—ap)/(p—1)(n—dp)) g,
0

and the order of in the integrand is

d —p— —p—
a_aern_l_a(Z_ p(n—p ap)) oa(n — p — ap)

(p =D —dp)) (p—Dn—dp)
np—n+ot—otn—ap2+ap+otap
= 1 —-1>-1
p—

fora=1,2,p—2, p—1.Thus

[Du|*
Qo |x|er

dx = 0(1)

and

o
||DU ”a _ ”Dué‘”La(QJﬂ—ap)
SRR T g
ElLa(Q,|x|=ba)
B o(1)
0 + Sg(a, by Pk(g) >

= 0(k(e)*) = O (2"—4P)/dp)y,




B. Xuan / Nonlinear Analysis 62 (2005) 703—-725 723
@R)lfc=m—p—ap)/(p —1),then we have
/Q |x|*(a+1)P+C|u8|P dx

:0(1)+/ L
\

dx
v|<R (& + |x|dp(r—p=pa)/(p=1)(n—dp))(n=dp)/d |y |(a+1)p—c

R p—1-(a+Dp+c
=0+ on /0 e 1 rar—p—r o—D—dpry e dnid
Re—(p—D(n—dp)/dp(n—p—pa) rn—l—(a+l)p+c
=0(D)+w, /O (1 + rdp(n—p=—pa)/(p=D)(n—dp))(n—dp)/d ar

Re—(p—D(n—dp)/dp(n—p—pa) 1

<0 + w, f —dr
0 r
=0() + O(lloge)).
Then it follows that

p
”uS||Lp(Q"x|—(a+l)p+z:)

p —
||vg||Lp(Q,‘X|_(a+1)p+C) - ”u ||p
FNL1(Q,|x|700)

B 0D + O(|logel)
" 0 + Sg(a, b)P!4=P(g)~P
= 0(k(e)?|logel) = 0("~P)/4|logel).

If c>m—p—ap)/(p—1),thenwe have
/ |x|7(a+l)p+c|u8|p dx
Q

=0(1)+f L
\

d
v|<R (& + |x|dp(r—p=pa)/(p=1)(n—dp))(n=dp)/d |y |(a+1)p—c *
R rnflf(a+l)p+c

:0(1)+a),,/ dr

0 (&+ rdr(n—p=pa)/(p=1)(n—dp))(n—dp)/d

R

<0+, f pr=1- (@D p+e—(pn-p—ap)/p=D) g
0

=0,

the last equality isdue to that— 1 — (e +)p+c—pn —p —ap)/(p — > —1if
¢>m—p—ap)/(p—1.Thus it follows that

P
”u'?”Lp(Q"xr(aJrl)pﬂ)

p —
”v8||Lp(Q"x|—(a+l)p+C) - ||M ”p
ENLa(Q,|x|7b7)

B 0(1)
O + Sg(a, b)P/ AP (g)P
= 0(k(e)P) = O (g9,
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fc<m—p—ap)/(p—121),then—(n —dp)/d+ (n — (a+ Dp+c)p—Dn —
dp)/dp(n —p—ap)<0andn —1—(a+Lp+c—pn—p—ap)/(p—1<-1,we
have

/ x| @D dy
Q

1
=0(1)+/
\

x|<R (8 + |x|dp(nfp7pu)/(pfl)(nfdp))(”—d[’)/d|x|(a+1)p7c
=01+ wn8—(n—dp)/d+(n—(a+1)p+c)((p—l)(n—dp)/dp(n—p—up))

/oo rn—l—(a+l)p+c
1

d
1+ rdl’(”*l’*l?a)/(ﬂfl)(n*dp))(n—dp)/d r
=0 (8—01—dp)/d+(11—(a+1)p+c)((p—l)(n—dp)/dp(n_p_ap)))

and
)4
P “ub‘”Lp(Q"xlf(nJrl)erc)
||USHLP(.Q,‘X|7(“+DP+C) = ||u||l7
ENLa(Q,|x|~Pa)
0 (¢~ (n=dp)/d+(n—(a+D)p+c)(p=D)(n—dp)/dp(n—p—ap))
B O(1) + Sg(a, by =P (e)="
— 0(g(p—l)(n—dp)(n—(a+1)p+c)/dp(n—p—ﬂl7))_ 0
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