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THE SPACE OF KAHLER METRICS

XIUXIONG CHEN

Abstract

Donaldson conjectured [16] that the space of Kahler metrics is geodesically
convex by smooth geodesics and that it is a metric space. Following Don-
aldson’s program, we verify the second part of Donaldson’s conjecture com-
pletely and verify his first part partially. We also prove that the constant
scalar curvature metric is unique in each Kéahler class if the first Chern class
is either strictly negative or 0. Furthermore, if C; < 0, the constant scalar
curvature metrics: realizes the global minimum of the Mabuchi K energy
functional; thus it provides a new obstruction for the existence of constant
curvature metrics: if the infimum of the K energy (taken over all metrics in
a fixed Kéhler class) is not bounded from below, then there does not exist
a constant curvature metric. This extends the work of Mabuchi and Bando
[3]: they showed that K energy bounded from below is a necessary condition
for the existence of Kahler-Einstein metrics in the first Chern class.

1. Introduction to the problem

1.1 Brief introduction to the classical problems in Kahler
geometry

Let V be a Kéahler manifold. E. Calabi conjectured in 1954 that any
(1,1) form which represents C7(V) (the first Chern class) is the Ricci
form of some Kéhler metric on V. Yau [44], in 1976, proved this Calabi
conjecture. Aubin [1] and Yau proved independently the existence of a
Kahler-Einstein metric on a Kéhler manifold with negative first Chern
class (also a conjecture of E. Calabi). G. Tian [38], in 1987, proved
the existence of Kéhler-Einstein metric in a canonical Kéhler class on
complex surfaces if the first Chern class is positive and the group of
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automorphisms is reductive. For further references on this subject, see
[39] and [40]. An important conjecture by Yau [45] relates the existence
of Kéahler-Einstein metrics to stability in the sense of Hilbert schemes
and geometric invariant theory.

Kaéhler-Einstein metrics can be treated as a special kind of extremal
Kahler metric. The question of extremal Kéhler metrics was first raised
by E. Calabi in his paper [9]: he considered the L? norm of curvature as
a functional from a given Kéhler class; a critical point of this functional
is called an “extremal K&hler metric.” He showed that any extremal
Kahler metric must be symmetric under a maximal compact subgroup
of the holomorphic transformation group. Using this structure theorem
of Calabi, Marc Levine [30] was able to construct a Kéhler surface on
which there is no extremal Kéhler metric. In 1992, D. Burns and P. de
Bartolomeis [8] also produced an example of non-existence of extremal
Kahler metrics; their example suggests some new obstruction for the
existence of extremal metrics which is related to some borderline semi-
stability of hermitian vector bundles. LeBrun [26] also demonstrated
that the existence of critical Kdhler metrics might be tied up with
the stability of corresponding vector bundles. Donaldson [16] thought
that Yau’s conjecture [45] should extend over to the general extremal
Kahler metrics. For further references on the subject of extremal met-
rics, please; see [27], [26], [19] and references therein.

Futaki [18] in 1983 introduced an analytic invariant for any Kéhler
manifold with positive first Chern class. The vanishing of this invariant
is a necessary condition for the existence of a Kéhler-Einstein metric on
the manifold. Later, Futaki and Calabi [10] generalized the invariant to
any compact Ké&hler manifold. This generalized Futaki invariant, i.e.,
Calabi-Futaki invariant, is an analytic obstruction to the existence of
a constant scalar curvature metric on a Kéhler manifold. In the same
paper, Calabi also showed that constant scalar curvature metrics and
extremal Kahler metrics with non-constant scalar curvature do not co-
exist in a single Kahler class.

For uniqueness, the known results are as follows:

1) in the 1950s, E. Calabi showed the uniqueness of Kéhler-Einstein
metric if C7 < 0.

2) in 1987, Mabuchi and S. Bando [3] showed the uniqueness of
Kahler-Einstein metric up to holomorphic transformation if the first
Chern class is positive. Recently, Tian and X.H. Zhu [43] proved the
uniqueness of Kéhler-Ricci Soliton with respect to a fixed holomorphic
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vector field on any Kéhler manifold with positive first Chern class. Al-
though very little was known about the uniqueness of general extremal
Kahler metrics, most experts in Kahler geometry expect that the ex-
tremal K&ahler metric is unique in each Kahler class up to holomorphic
transformation. In [12] (also see [11] for further references), we demon-
strated two degenerate extremal Kahler metrics in the same Kéhler class
with different energy levels and different symmetry groups: one example
is due to Calabi, the other is due to the author. To my knowledge, it
appears that this is the only non-uniqueness example known today.

Main results. Mabuchi ([31])! in 1987 defined a Riemannian met-
ric on the space of Kéhler metrics, under which it becomes (formally)
a non-positive curved infinite dimensional symmetric space. Appar-
ently unaware of Mabuchi’s work, Semmes [35] and Donaldson [16] re-
discover this same metric again from different angles. In [35], S. Semmes
first pointed out that the geodesic equation is a homogeneous complex
Monge-Ampere equation on a manifold of one dimension higher. In [16],
Donaldson further conjectured that the space is geodesically convex and
is a genuine metric space. We prove that it is at least convex by C!
geodesics,> and from which we conclude that the space is indeed a
metric space, thus verifying the second part of Donaldson’s conjecture.
Moreover, this C! geodesic realizes the absolute minimum of length
over all possible paths connecting the two end points; thus the met-
ric aforementioned is a genuine one. Using these results, we are able
to show that the constant curvature metric is unique in each Ké&hler
class if C7 < 0 or Cy = 0. Furthermore, if C; < 0, we show that
constant scalar metric (if it exists) realizes the global minimum of K
energy, which gives an affirmative answer to a question raised by Gang
Tian [42] in this special case. This last statement also extends the work
of Mabuchi and Bando [3]: they showed that K energy bounded from
below is a necessary condition for the existence of Kéhler-Einstein met-
rics in the first Chern class. Tian [40] showed that in K&hler manifold
with positive first Chern class and no non-trivial holomorphic fields,
the Kéhler-Einstein metric exists if and only if the K energy is proper
(he actually uses an equivalent functional instead of the K energy).3
One would like to ask: Is this still true for constant scalar curvature

! Around the same time of Mabuchi’s work, J. P. Bourguignon has worked on
something similar in a related subject [6].

?Here we mean the mixed second derivatives are uniformly bounded. See Theo-
rem 3 in Section 3 for details.

3The sufficient part of this result was proved in [14].

191



192 XIUXIONG CHEN

metrics??

Organization. In Section 2, we first summarize the different
approaches taken by Mabuchi, Semmes and Donaldson in the space of
Kahler metrics; then we introduce the Riemannian metric on this infinite
dimensional space and prove that it has non-positive sectional curvature
in the formal sense. Then we introduce Donaldson’s two conjectures and
reduce the first conjecture to the existence problem for the complex
homogeneous Monge-Ampere equation with Dirichlet boundary data.
Readers are alerted that material in Sections 2.3-2.5 is essentially a re-
presentation of Donaldson’s work [16], included here for the convenience
of readers. In Section 3, we prove that this geodesic (CHMA) equation
always has a Cb! solution. In Section 4, we prove that a continuous
solution to the geodesic (CHMA) equation in some appropriate weak
sense is unique. In Section 5, we show that the geodesic distance defined
by the length of Cb! geodesics satisfies the triangle inequality. Using
this, we prove the space of Kahler metrics is a metric space. In Section 6
we show that the extremal Kéhler metric is unique in each Kéahler class
if either C1(V) <0 or C1(V) =0.

Acknowledgments. The author is very grateful to Simon Don-
aldson who introduced him to this problem. He is also grateful for the
constant encouragement and support of E. Calabi, L. Simon and R.
Schoen during this work. He also wants to thank Professor E. Stein
for his help in Soblev functions and embedding theorems. The author
wishes to thank S. Semmes for pointing out some important references
in this problem. Thanks also go to W.Y. Ding and his colleagues, and
P. Guan for pointing out some errors in an earlier version of this paper.

2. Space of Kahler metrics

2.1 Mabuchi and S. Semmes’ ideas

Shortly after introducing the K energy, Mabuchi [31] defined a Rieman-
nian metric on the space of Kéhler metrics. Besides showing formally
it is a locally symmetric space with non-positive sectional curvature, he
also pointed out that the K energy is formally convex in this infinite di-
mensional space (in the sense that the Hessian is semi-positive definite).

“Tian informed us that he [41] has conjectured that constant scalar curvature
metrics exist if and only if the K energy is proper.
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Perhaps, this is his original motivation for introducing such a metric.
Unaware of Mabuchi’s work, in [35], S. Semmes studied the geome-
try of solutions of the complex Homogeneous Monge-Ampeére equation
(CHMA). He observed that in some special domain 2 x D where €2 is an
n-dimensional domain in C™ and D is a domain in the complex plane, the
solution to CHMA is some sort of geodesic equation if the data is rota-
tionally symmetric when restricted to D. He then considered the space
of pluri-subharmonic functions in €2 and defined a Riemannian metric
in this space according to this geodesic equation. It turns out that
this space becomes a non-positively curved (locally) symmetric space in
some formal sense. Unlike the real homogeneous Monge-Ampére equa-
tion (RHMA) whose solution always has proper geometric meaning, the
solution of a CHMA equation doesn’t have a preferred geometric inter-
pretation. Without a proper geometry interpretation, it is very hard to
work on this subject. Of course, great progress has been made since the
famous work of L. Caffarelli, L. Nirenberg and J. Spruck [24] and later
their joint work with J. Kohn [23], e.g., L. Lempert [29], E. Bedford and
B.A. Taylor [4]; P. Lelong [28] and important work of Krylov [22] and
Evans [25]. This is by no means a complete list of papers on complex
Monge-Ampere equations since the author is quite new to this impor-
tant field. For a complete and updated list of references, please; see S.
Kolodziej [21]. Donaldson’s recent work certainly makes Mabuchi and
Semmes’s original work more interesting.

2.2 Brief summary of Donaldson’s theory on space of Kihler met-
rics

S. K. Donaldson [16] outlined a strategy to relate this geometry of in-
finite dimensional space to the existence problems in Kéhler geometry.
In particular, he explains how one can use this extra structure on the
infinite dimensional space to solve the problem of the existence and
uniqueness of extremal Kéahler metrics. In general, the latter are in-
tractable problems from traditional means. He regards the space of
Kaéhler metrics in a fixed Kéahler class as an infinite dimensional sym-
plectic manifold with the automorphism group SDiff(V) (symplectic
diffeomorphism group of V into itself). In [15], he pointed out that
scalar curvature is the moment map p from this infinite dimensional
symplectic manifold to the dual space of the Lie algebra of its auto-
morphism group® . Thus, to find an extremal Kihler metric in a fixed

5The moment map point of view here was also observed by A. Fujiki [17].
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Kahler class in classical Kahler geometry could be re-interpreted as to
find a pre-image of 0 of the moment map g in this symplectic setting.
This acute observation sheds new light into the otherwise intractable
problem of the existence of extremal Kahler metrics on a Kéahler man-
ifold; at least conceptually, the picture looks much clearer. He then
proposed several conjectures whose ultimate resolution will lead to a
better understanding of extremal Kéahler metrics, and for that matter,
better understanding of Kéhler geometry as well. The most fundamental
one among his conjectures is the so called geodesic conjecture: any two
Kahler metrics in the same class are connected by a smooth geodesic. A
second conjecture by him is that this space of Kahler metrics is a metric
space under this metric. If the geodesic conjecture is true, this second
conjecture will be a direct consequence (since this space of Kahler met-
rics in a fixed Kéhler class is non-positively curved in the formal sense.).
He went on to show that the uniqueness of extremal Kahler metrics is
a consequence of this geodesic conjecture as well.

2.3 Riemannian metrics on the infinite dimensional space.

Consider the space of Kéhler potentials in a fixed Kahler class as:
H={peC®V):w,=wy+vV—189p > 0on V}

We now introduce an L? metric in this space (cf. Mabuchi [31]). Clearly,
the tangent space TH is C°°(V'). Each Kéhler potential ¢ € H defines

a measure d ji5 = %wg Now we define a Riemannian metric on the

infinite dimensional manifold H using the L? norm provided by this
measure. We define the length of any vector ¢ € T,H as

|2 = /Vz,z)? d .

For a path ¢(t) € H(0 <t < 1), the length is given by

1
/ \// ¢ () d g dt
o \Jv

and the geodesic equation is

1
(1) o(t)" - i‘v@/(t)@(t) =0,
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where the derivative and norm in the 2nd term of the left-hand side are
taken with respect to the metric wy ).

This geodesic equation shows us how to define a connection on the
tangent bundle of H. The notation is simplest if one thinks of such a
connection as a way of differentiating vector fields along paths. Thus,
if ¢(t) is any path in H and v (¢) is a field of tangent vectors along the
path (that is, a function on V' x [0, 1]), we define the covariant derivative
along the path to be

g 1

Dep = 5 = 5(V¥, V')

This connection is torsion-free because in the canonical “coordinate
chart”, which represents H as an open subset of C*°(V), the “Christoffel
symbol”

L:C%V)x C®(V)— C®(V)

at ¢ is just .
L()1,92) = —§(V¢1,V¢2)¢

which is symmetric in 11, 192. The connection is metric-compatible be-
cause

ol = o / Wdng
0
[ S+ 50,

i% - 1( (0?), V) du

0 1
= /V (5 - 570960 ) viu
= <Dtd}7¢}>

Here A is a complex Laplacian operator. The main theorem proved in
[31] (and later reproved in [35] and [16]) is

Theorem A. The Riemannian manifold H is an infinite dimen-
stonal symmetric space; it admits a Levi-Civita connection whose cur-
vature is covariant constant. At a point ¢ € H the curvature is given
by

Ry (019, 02¢)03¢ = —i{{fﬁé, 020}, 030} 4,
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where { , }4 is the Poisson bracket on C*°(V') of the symplectic form
We and 610,620 € T¢H.

Recall that in infinite dimensions the usual argument gives the
uniqueness of a Levi-Civita [i.e., torsion-free, metric-compatible] con-
nection, but not the existence in general. The formula for the curvature
of H entails that the sectional curvature is non-positive, given by

1
Ky(316,020) = =7 |[{510, 820 }13.

Different proofs of this theorem have appeared in [31], [35] and [16].
We will skip the proof here; interested readers are referred to these
papers for the proof.

The expression for the curvature tensor in terms of Poisson brackets
shows that R is invariant under the action of the symplectic-morphism
group. Since the connection on T"H is induced from an SDiff-connection,
it follows that R is covariant constant, and hence H is indeed an infinite-
dimensional symmetric space.

2.4 Splitting of H

There is obviously a decomposition of the tangent space:

ToyH = {¢:/ wd,%:()}@R.
1%
We claim that this corresponds to a Riemannian decomposition
H= Ho x R.

We are interested in seeing this Riemannian splitting more explicitly,
partly because we see the appearance of a functional I on the space of
Kahler potentials, which is well-known in the literature; see [2], [40] for
example. The decomposition of the tangent space of H gives a 1-form
o on ‘H with

ag(Y) = /Vzbd/w,

and it is straightforward to verify that this 1-form is closed. Indeed

(da)ofv.0) = [ (580 = va7) =0,
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This means that there is a function I : H — R with I(0) = 0 and
dl = «, and it is this function which gives rise to the corresponding
Riemannian decomposition. We call a Kahler potential ¢ normalized if
I(¢) = 0. Then any Kéhler metric has a unique normalized potential,
and the restriction of our metric on H to I~1(0) endows the space Hy
of Kéahler metrics with a Riemannian structure; this is independent of
the choice of the base point wy and clearly makes Hy into a symmetric
space. The functional I can be written more explicitly by integrating «
along lines in ‘H to give the formula

)=y — /V WD) 6.

=+ 1!(n—p)!

2.5 Donaldson’ Conjectures

We will now study the geodesic equation in H in more detail, and inter-
pret the solutions geometrically. Suppose ¢, t € [0,1], is a path in H.
We can view this as a function on V' x [0,1] and in turn as a function
on V x [0,1] x S, with trivial dependence on the S* factor; that is, we
define

®(v,t,e) = ¢y(v).
We regard the cylinder R = [0,1] x S as a Riemann surface with
boundary in the standard way—so t 4 is is a local complex coordinate.

Let Qg be the pull-back of wy to V' x R under the projection map and
put Qo = Qo + 90P, a (1,1)-form on V' x R. Then we have:

Proposition 1. The path ¢, satisfies the geodesic equation (1) if
and only if QZ;H =0onV xR.

Proof. Denote the metrics defined by wo,wy as g,g’. Then
1 n __ /. 1 n __
Hw‘b =det ¢; HWO =det g.
Thus the geodesic equation is equivalent to the following (if det ¢’ # 0)

1
(¢ = 51 V6 [3) detg =0,
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which may be given as

det : =0.

( ¢ 8¢ . 9¢ ) ¢//
o0z1 J0zg 0Zn

Let w = t + +/—1s. Then ¢t = Re(w). The above equation could be
rewritten as

9%¢
BZ]QaE
2 o°¢
924 9220w
(9 + F2oa5; )nn .
det et : =0.
9%¢
Ozp 0w
%9 %¢ . 2%¢ 92%¢
0z10w  0zz0w 0Zn 0w Owow

This is just Qgﬁ'l = 0. The proposition is then proved. q.e.d.

Given boundary data — a real valued function p € C*°(9(V x R)),
we consider the set of functions ® on V' x R which agree with p on the
boundary. Then we define the variation of I, on this set by

1
—_— 0P Q”+1,
(n+1)! /VXR ®

where the variation d® vanishes on the boundary by hypothesis. This
boundary condition means that we can show easily that this formula
defines a functional I,. To prove this, one only needs to show that the
second derivatives of I, with respect to two infinitesimal variations d;®
and 2P are symmetric. The second derivatives are:

1 1
S | 5D A G QR
2 (n+1)!/v ! 25 e o

51, =

which are clearly symmetric in §;® and Jo®. Here A is the Laplacian
operator of 2 on V x R.

This functional I, reduces to the energy functional on paths, by an
integration by parts, in the case when R is the cylinder and we restrict
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to Sl-invariant data. Suppose ¢(t)(0 < t < 1) is a path in H, and
d¢ represents the infinestimal variation of ¢ while keeping the value of
¢ fixed when ¢t = 0,1. Thus, the variation of I, in the d¢ direction is
(follow notation in the proof of the previous proposition):

1
- 5 Qn-i-l
<n+1>!/m it

(e RS ,
:mm/to/v‘w(@b —§|V¢ ) detg'dt.

On the other hand, the variation of energy functional along this path
is:

51, =

1
6E:/ / 56 (¢ — = | V! 2) detgdt,
t=0 Jv 2

where F = ft1:0 Ji, &' (t)* det g’dt. Thus, in case when R is the cylinder
and we restrict to S'-invariant data, I » equals to the energy functional
on the path up to a constant multiple.

The following is the first conjecture by Donaldson in [16]:

Conjecture 1 (Donaldson). Let R be a compact Riemann surface
with boundary and p : V xOR — R be a function such that wg—+/—1 00p
is a strictly positive (1,1) form on each slice V' x {z} for each fized
z € OR. Let S, be the set of functions ® on V x R equal to p over the
boundary and such that wy —/—1 00® is strictly positive on every slice
V x {w},w € R. Then there is a unique solution of the Monge-Ampére
equation (Qo — /=1 90®)"™ = 0 in S,, and this solution realizes the
absolute minimum of the functional I,.

This question is a version of the Dirichlet problem for the complete
degenerate Monge-Ampere equation, a topic around which there is a
substantial literature; see [2], [20] for example. Note that regularity
questions are very important in this theory, since the equation is not
elliptic.

In the case of the geodesic problem, when the functional can be
rewritten as the energy of a path; if these infima are strictly positive,
for all choices of fixed, distinct, end points, they make H into a metric
space, in the usual fashion. In this connection, Donaldson proposes the
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following conjecture (after verifying that it will be satisfied by a smooth
geodesic):

Conjecture 2 (Donaldson). If ¢ € Hy is normalized and q~5t, t e
[0,1] is any path from O to ¢ in H, then

~\ 2
(2) /OI/V (Cﬁ) dpg,dt > M~ <max( ¢>o¢du¢’/¢<o¢d“0)>2'

The restriction to normalized potentials ¢ is not important since
we know that H splits as a product, and we could immediately write
down a corresponding inequality, involving I(¢), for any ¢ € H. If this
conjecture and the geodesic conjecture are proved, then H is a metric
space. We want to use the continuity method to treat this existence
problem of geodesics between any two points in H.

3. Existence of C1! solutions

Let V be a n— dimensional Kéhler manifold without boundary, R
be a Riemann surface with boundary. The case we are concerned the
most is when R is a cylinder. Suppose g = gagdzad%(l <a,f<n)is
a given K&hler metric on V. Then g =g adead zZg + dw dw is a Kahler
metric on V x R, and @ = ¢ — |w|?. For convenience, we still denote §
as g, and @ as ¢ when there is no confusion. Also, let z,11 = w. Then
2 = (21,22,--+,2n,2n+1) is @ point on V x R and 2’ = (21,29,...,25)
is a point in V. Let ¢(z) = ¢(2/,w) be a function on V' x R such that
g+ 0.0.9(',w) is a Kihler metric on V for each w € R. We want to
solve the degenerate Monge-Ampeére equation:

2

det <g + 9 807 )
0207 (n+1)(n+1)

and ¢ = o in IV x R).

=0 inV xRy
(3)

We want to use the continuity method to solve this equation. Con-
sider the continuity equation 0 <t < 1:

e 80
det = tdet i R;
¢ <g + azaazﬁ) ¢ <9 + azaazﬁ) , VxR

and ¢ = ¢ in I(V x R).

(4)
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Suppose g is a solution to (4) at t = 1 such that

n+1

(92@0 _
Z <ga/@ + %8%) dZad z3

a,ﬂ:l

is a strictly positive Kahler metric on V x RS . Let

8o -1
[ =det <g + 8za825) (det g)~" > 0.

Then equation (4) can be rewritten in a better form

2

0%p _ . )
det (g+ 8za825> =t-f-det(g) inV xR;

(5)
and ¢ = ¢ in I(V x R).

Clearly, ¢ is the unique solution to this equation at ¢t = 1. Since the
equation is elliptic, this equation can be uniquely solved for ¢ sufficiently
closed to 1 (the kernel of the linearized operator is zero for any t > 0).
Let ty be such that (5) has a unique smooth solution for every ¢ € (o, 1].
We want to show that tp = 0 in this section. Observe that equation (5)
is elliptic for every ¢ > 0. Hence, the solution will be as smooth as the
boundary data once we show that 2nd derivatives of ¢ are uniformly
bounded. Let h be a super harmonic function on V x R with respect
to g such that Ajgh+n+1=0.and h = ¢ in (V x R). Then for any
solution of equation (5) for ¢ < 1, we have a C° bound on the solution:

Lemma 1. If ¢ is a solution of equation (5) for 0 <t < 1, then ¢
has the following a priori CO estimate due to the mazimum principle:

wo <@ < h, inV x R.

For a C? estimate, we follow Yau’s famous work on Calabi’s conjec-
ture. Essentially, we reduce it to a boundary estimate since we have a
C° estimate:

n+1 2
. 0 _ . .
By definition, for any ¢y € H, E (9.5 + 3 ? )dzadZg is a strictly pos-
o,f=1 Za078

itive Kahler metric on each V— slice V x {w}. Let ¥ be a strictly convex func-
n+1

tion of w which vanishes on OR. Then for large enough constants m, Z (9.3 +
a,8=1

8 (po +mY)

020075 )dzadZg is a strictly positive Kédhler metric on V' x R.



202 XIUXIONG CHEN

Lemma 2 (Yau). If ¢ is a solution of equation (5) for 0 <t <1,
then ¢ has the following a priori C? estimate:

N(e=C°(n+1+ Ayp))
> e CP(Alnf — (n+1)? i.gg(Rﬁﬂ))
—Ce®(n+1)(n+1+ Ap)
+(C+ ir;g(Rmz))e_w(" LAY

where C + gg(RﬁlZ) > 1, A is the Laplacian operator with respect to g,

while ' is the Laplacian operator with respect to g = g+ &Tiéﬁd Zq dzg
and Rzy; is the Riemannian curvature of g.

From the a priori estimate in Lemma 2, either e~ C?(n + 1 + Agp)
is uniformly bounded in V x R or it achieves its maximum value at
J(V x R). Lemma 1 asserts that ¢ is uniformly bounded from above
and below, then

Corollary 1. There exists a constant C which depends only on
(V xR, g) such that

1+ Ap) < C(1 1+ Ag)).
max (n + 1+ Ap) < C( +a{3i’§)(”+ + Ap))

Theorem 1. If ¢ is a solution of equation (5) for 0 <t < 1, then
there exists a constant C which depends only on (V x R, g) such that:

< 24+1).
(6) max (n+1+ Ap) < Cmax ([Velg +1)

In light of Corollary 1, we only need to prove inequality (6) on the
boundary, i.e.,

< 2 .
o (n+1+24p) < C max [Vl +1)

We will prove this inequality in the next subsection.

Theorem 2. If ¢;(i = 1,2,...) are solutions of equation (5) for
0 < t; < 1, and the inequality (6) holds uniformly for all these solutions
{pi,i € N}, then there exists a constant Cy independent of © such that

14+ Ap) < 241 )
max (n+ 1+ Ap) < C max (|[Velg +1) < 1
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This is proved via a blowing up argument. We will show this in
Subsection 3.2.

Remark 1. By now it is a standard estimate of Monge-Ampere
equations, that if

14+ Ayp) < 241
max (n+ 1+ @)_Cg%)(lvwlgﬂL ) <Ch

then equation (5) for ¢1, ¢, ... is a sequence of uniform elliptic equations.
The higher derivative of the solution ¢; has a uniform bound as long as
liminf¢; > 0.

1—00

Theorem 3. There exists a C11(V xR) function which solves equa-
tion (3) weakly. In other words, for any two points po, p1 € H, there
exists a geodesic path p(t) : [0,1] — H and a uniform constant C such
that the following holds:

0% >
0< (g7 + 7o < (3;) .
(9 J 02;07%; (n+1)(n+1) %ij (n+1)(n+1)
Here z1,20..., 2, areiocal coordinates in V. and t = Re (zp41). And
g= 9oplzadZp + dwdw is a fixed product metric on V x R.

Following notation in Theorem 2, we want to show that tg = lilm iﬂlf t;
= 0. Otherwise, assume ¢y > 0. Then equation (5) has a unique smooth
solution for 1 > ¢ > tyg. By Theorem 2 we have a uniform upper bound
for Ap + (n+ 1) for all t; > tg > 0. Then equation (5) implies that
g=g+ azajig%ﬁd %o d 23 is bounded uniformly from below by a uniform
positive constant (this positive lower bound approaches 0 when t — 0).
Thus, from equation (5), we obtain uniform higher derivative estimates
for solutions ¢;. Therefore these solutions converge to a regular solution
at to > 0. Again, since equation (5) at ¢y is an elliptic equation and
the kernel of the linearized operator is zero, it can then be solved for
any t sufficiently close to tg. But this contradicts the definition of tg.
Thus tg = 0. We can choose a subsequence of t; — 0 such that the ;
converge weakly in C11(V x R) where Q is a relative compact subset
of V x R. Again via the maximum principle, we can show this limit is
unique and defines a weak solution of equation (3).
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3.1 Boundary estimate

We want to estimate Ay at any point in the boundary 9(V x R) =
V x OR. Let p be a generic point in d(V x R). Now choose a small
neighborhood U of p in V' x R (this will be a half geodesic ball since
p € O(V xR)) and a local coordinate chart such that g,5(p) = d,5 and

p=(2=0)

1
3005 < 9ap(0) < 20,5 Vg € U.
n+1 62@
Since a%; <gaﬂ + aza825> d z,dZg is a positive Kahler metric on V' x
R, there exists a constant ¢ > 0 such that
32800 .
gag-l-azaazﬂ >2e~gaﬁ, in V xR.

In the neighborhood U of p, we have

&g .
(7) gaﬁ+m>€'5aﬁ in V xR.

We have the trivial estimates in (V' x R):

_ 20 —
oo—wo) _g  F—%) _o  yicapg<n
0%, 02,073

n+1 o

In order to estimate Ap = Z gaﬁ ——— in J(V x R), we only need
af=1 aza82’5

to estimate 822275;?) when either « or 8 is n + 1. We will estimate

gii‘gi;fff(a < n) first, then use equation (5) to derive as estimate for

9*(p—¢0)
6zn+lazn+l :

Now we set up some conventions:
Za=Ta+V—1Yys, V1< a<n; Zny1=x+V—1uy,

where R near JR. is given by = > 0.



THE SPACE OF KAHLER METRICS 205

Lemma 3. There exists a constant C which depends only on (V x
R, g) such that

e

o )] < Clipa (9l +1)

Proof of Theorem 1. At point p, equation (5) reduces to

0%
det (6 -+ -2 ) —y¢. .
© (5a5+ azaazﬁ> /

In other words,

0% e 0% ‘ 0%
aan@EnH 3za8§n+1 6@82,1“ '

Lemma 3 then implies that

’% < C(max |[Ve|? +1).
8Zn+162n+1 VxR g
Thus,
n+1 o3 82@ )
|Ag(p)| = a%:fq Gz, P)| < Clmax[Vel; +1).

Since p is a generic point in (V' x R), Theorem 2 holds true.  q.e.d.

Let D be any constant linear 1st order operator near the boundary
( for instance D = iai , :l:% for any 1 < o < n). Notice D is just
defined locally. Define a new operator £ as ( ¢ is any test function):

n+1

_ 108 ¢
E(b N Z g (9Za83ﬂ ’
a,f=1

-1
where (g '0‘5) (g B (gaﬁ"' 8212{;%5) . Differentiating both side

of equation (5) by D, we get

n+1 7
LDp=Dlnf+ Y gDy
a,B=1
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Thus there exists a constant C' which depends only on (V x R, g) such
that

n+1
(8) LD(p — o) <C <1 + Zg’aa> :

a=1

We will now employ a barrier function of the form
(9) v=_(p—0)+s(h—po) - N-a?

near the boundary point, and s, N are positive constants to be de-
termined. We may take § small enough so that z is small in Q5 =
(V xR) N Bs(0). The main essence of the proof is:

Lemma 4. For N sufficiently large and s,0 sufficiently small, we
have

»Jk\m

n+1
<1 + Zg"m> in Q5, v>0 on 09y.

Proof. Since 9.5 T 8za > 65(13, we have

825

n+1 2 2
108 0% . 9%
Llp—po)= D 9 K 0207 > <gaﬁ+azaazza>]

a,B=1

n+1 _

<n+1-—c¢ Zg'aa
a=1

and

n+1 _
E(h — gO()) < (1 + Z g'aa>

a=1
for some constant Cj. Furthermore, £ z? = 24’ (n+DnHT - Py

Lv=L(p— o) +5L(h—pp)—2-N.gnFInel

n+1 _ n+1 _
§n+1—eZg'aa+sCl+sClzg'aa
a=1 a=1

. 2Ng/(n+1)n+1 ‘
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Suppose 0 < A\ < Ao < --- < Ay are eigenvalues of (glaﬁ)(”ﬂ)(nﬂ)'
Then

n+1 n+1 -
o -1 +1)n+1 —1
Zg/aa _ Z)\a 7 g/(n n > A
a=1 a=1
Thus,
n+1 n

izg/o@ +Ng/(n+1)n+1 > iz)‘ail (N + i))‘n-i-lil
a=1 a=1
1

> (n+ DTNTTE (AL dg o Ag) 70
= CyNwH,
Choose N large enough so that

—CQJV#'1 +(n+1) + sC1 < —i.

IA

Choose s small enough so that s - C}

From now on we fix N. Observe that A(h — ¢p) < —2e. Then there
exists a constant Cy which depends only on g such that h — @9 > Cy x
near (V x R). Choose § small enough so that

s(h — o) — Nz > (sCy — N&)x > 0.
Then v > 0 in 09)s.  q.e.d.

Proof of Lemma 3. Let M = max(|V¢|s + 1). Choose A > B >
C,C1. In addition, choose A, B as big multiples of M. Notice that
|Dy| < 2M in Qs. For 6 fixed as in Lemma 4, we have B&% — |D(p —
©0)| > 0. Consider w = A v+ B |z]*>+ D(p — o). Then w > 0 in 98
and w(0) = 0. Moreover,

E 6A ntl 1o
w< (=== +2B+C 1+ g <0.

a=1
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The Maximum Principle implies that w > 0 in Q5. Since w(0) = 0, we
have g—”‘; > 0. In other words,

0
5, De(0) < Cs- M

for some uniform constant Cs. Since D is any 1st order constant oper-
ator near (V x R), replacing D with —D, we get

0
—5-Dp(0) < C3- M.

On the other hand, since JR is given by z = 0 in our special case, we
then have the trivial estimate:

aayD«o ~ 20)(0) = 0.

Therefore,

0

O0zny1

D@(O)’ <Cs-M
Lemma 3 follows from here directly. q.e.d.

3.2 Blowing up analysis

Lemma 5. Any bounded weakly sub-harmonic function on the two
dimensional plane is a constant.

This is a standard fact in geometric analysis. We will omit the proof
here. Note that the lemma is false if the dimension is no less than 3.

The essence of blowing up analysis is to use a “microscope” to an-
alyze what happens in a small neighborhood via rescaling. Hence it
doesn’t make any difference what the global structure of the background
metric is, or what the metric is. Under rescaling, everything become
Euclidean anyway. We might as well view the manifold as a domain in
Euclidean space. We will use the variable x to denote the position in
V x R.

Proof of Theorem 2. Suppose + = {/naf{\v%\g — o0o. We want to
g X
draw a contradiction from this statement.

1
€’

=

Suppose |Vilg(zi) = By Theorem 1, we have max Ap; < —.
VxR €;

Choose a convergent subsequence of x; such that x; — z. Choose
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tiny neighborhood Bs(z) of z so that gaﬁ(g) = 5(13 and g is essentially
an identity matrix in Bg(z). For simplicity, let us pretend that g is a
Euclidean metric in Bs(z). There are two cases to consider: the first
case is when z € 9(V x R) and the 2nd case is when z is in the interior
of V x R.

We define the blowing up sequence as

@i(x) = @i(w; + &), Vo € Bs (0).

Then |Vg;(0)] =1 and

max |Vg;| <1, and max |Ag;| < C.
Bi(o)l il Bi(o)l Pil

€ €

Observe ¢ < ¢; < h ( Vi). Rescale pg and h accordingly:

@o(x) = @o(z; + ), h(z) = h(z; + €,2), Ya € Bs(0).

€4

Thus lim @o(z) = po(z) and lim h(z) = h(z). Moreover,

11— 00
(10) Po<@; <h, Vi=12,....

There exist a subsequence of @; and a limit function @ in C™*! (or
half plane in case z is in the boundary) such that in any fixed ball B;(0)
(or half ball if z is in the boundary) we have @; — @ in C1 in the ball
B;(0) (or half ball) for any 0 < n < 1. This implies

(11) Ve(0)] = 1.
In addition, inequality (10) holds in the limit:

(12) eo(z) < §w) < h(w), V.

Case 1. Suppose z € 9(V x R). Then h(z) = po(z). Inequality
(12) implies that ¢ is a constant function in its domain. In particular,
we have |Vp(x)] = 0. This contradicts our assertion (11). Thus the
theorem is proved in this case.

Case 2. Suppose z is in the interior of V' x R. Then ¢(z) is a
well defined C'" and bounded function in C"*!. We claim that this
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function is weakly sub-harmonic on any complex line through the ori-
gin. If this claim is true, then Lemma 5 says it must be constant for any
complex line through the origin. Therefore, the function itself must be
a constant as well. Thus |V@| = 0. It again contradicts our assertion
(11). Thus the theorem is proved also, provided we can prove this claim.

Without loss of generality, we consider the complex line T' to be
22223:---:Zn+120.
Observe that (near x) the following holds

82901' > C .
— < 7(5047) n+1)(n+1 ,V 2.

0< <5aﬂ +
After rescaling, we have
0> >
920025 ) (1,41)(n41)

0 <€ (57) (n+1)(nr1) + ( < C (0,3) (n+1) (1)

Restricting this to a complex line T', we have

0%p;
1 2 U _
(13) O<€1+821831<C

Thus one can choose a subsequence of $; which converges C1(0 < n <
1) locally in 7' to some function 1. Since the convergence is in C*7, we
have ¥ = @|r; i.e., ¥ is the restriction of ¢ to this complex line 7. By
taking a weak limit in inequality (13), the @;|7 weakly converge to ¢ in
the H 1205 topology for any p > 1. Hence, ¥ is a weakly sub-harmonic
function by taking a weak limit in inequality (13). Therefore ) = @|p
is a constant by Lemma 5. Our claim is then proved. q.e.d.

4. Uniqueness of weak C° geodesic

Notation follows from previous section.

Definition 1. A function ¢ is generalized-pluri-subharmonic in V' x

n+1 2
R if Z ( 9.5 T 02,07 )dzang defines a strictly positive Kahler

7B 1
metric on V x R.



THE SPACE OF KAHLER METRICS 211

Definition 2. A continuous function ¢ in V x R is a weak C°
solution to the degenerate Monge-Ampere equation (3) with prescribed
boundary data g if the following statement is true: V € > 0, there exists
a pluri subharmonic function ¢ in V' x R such that |¢ — ¢| < € and @
solves equation (5) with some positive function 0 < f < e at t =1, and
with the same boundary data .

Clearly, the solution we obtain through the continuity method is a
weak C¥ solution of equation (3).

Theorem 4. Suppose 1, are two C° weak solutions to the de-
generate Monge-Ampére equation with prescribed boundary conditions
hl,hg. Then

max — < max |h1 — hsl.
VxR |801 SOQ‘ - 8(V><R)‘ ! 2‘

Corollary 2. The solution to the degenerate Monge-Ampere equa-
tion is unique as soon as the boundary data is fixed.

Proof. Suppose ¢1,¢s are two approximate generalized-pluri-
subharmonic solutions of @1, @2 in the sense of Definition 2. More pre-
cisely,

8¢
8za8§5
and ¢; =h;in O(V xR), i=1,2

det(g—i— )zfi-det(g)>0inV><R;

such that max( [¢1 — ¢1] + f1) and max( |p2 — ¢2| + f2) can be made
VxR VxR

as small as we wanted.

Ve > 0, we want to show

—0) < hi — ho) + 2.
rvnggg(w @2)Jvngf>§(1 2) + 2¢

Choose f; such that 0 < f; < € and max o1 — ¢1| < e. Choose fa
X
< 1 . ‘ .
such that 0 < fo < 3 min f1 < eand max |p2 — 2| < €. Then ¢ is a
sub-solution to ¢o (thus ¢1 < ¢2) if hy = ha. In general, we have

- < - .
P (0100 = g, (=)
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Thus
max (p1—p2) = max (o1 — 1) + max (1 — ¢2) + max (2 — 2)
< e+ max (h; —hg)+e€
O(VxR)
= max (hy — hg) + 2e.
O(VxR)

Change the role of ¢; and ¢3, we obtain

- < ha —h 2e.
PR (2o = g (e m i) e

Hence

ma — < ma hi1 — hal| + 2e.
pe ler el = ) V= el 26

Let € — 0, we obtain the desired result. q.e.d.

5. The space of Kahler metric is a metric space—Triangle
inequality

In this section, we want to prove that the space of Kéahler metric is
a metric space, and the C! geodesic between any two points realizes
the global minimal length over all possible paths. To prove this claim,
one inevitably needs to take derivatives of lengths for a family of C'1!
geodesics. However, the length for a C'! geodesic is just barely defined
(the integrand is in LP space). In general, one cannot take derivatives.
Therefore, we must find ways to circumvent this difficulty.

Definition 3. A path ¢(¢)(0 < ¢ < 1) in the space of K&hler metrics
is a convex path if p(t) is a generalized-pluri-subharmonic function in
V x (I x S1) (cf. Definition 1).

Suppose vol(t)(0 < t < 1) is a family of strictly positive volume form

in V such that
/ vol(t) = / det g.
|4 |4

The notion of e-approximate geodesic is defined with respect to such a
volume form:
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Definition 4. A convex path ¢(t) in the space of Kahler metrics is
called an e-approximate geodesic if the following holds:

(¢ = IV 2)) detg(t) = e - vol(2),

2

0
where g(t),5 = 9.5 + ﬁ (1<a,B<n).

Remark 2. The definition is really independent of these volume
forms since we only care what happens when € is really small. For
convenience, sometimes we choose vol(t) = det g (a volume form inde-
pendent of ¢).

Lemma 6. Suppose ¢(t)(0 <t < 1) is an e-approzimate geodesic.
Define the energy element as E(t) = / ¢ (t)?d g(t). Then
1%

dE
dt‘<2€ max | (t)] - M,

max
t VxI

where M = / det g is the total volume of V' which depends only on the

Kahler class.

Proof.
dE
‘dt = ‘ /V (26" + ¢ Dyrye) dg(t)‘
1
=2 ‘/V ¢'(" 2’V80,3(t))det9(t)’

=2

/ e vol(t)‘ <2e-max |¢(t)| M. q.e.d..
v VxI

Proposition 2. Suppose ¢(t) is a CY' geodesic in H from 0 to ¢
and I(¢) = 0. Then the following inequality holds

/ / /Qduwdt >M~ max(/ odpy, — / apd,ug>> .
©>0 <0

In other words, the length of any C™' geodesic is strictly positive.
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Proof. As in Definition 4, suppose ¢(e,t) is a e-approximate
geodesic between 0 and . (We will drop the dependence of € in this
proof since no confusion shall arise from this omission). First of all,
from the definition of e-approximate geodesic, we have

1 2
- §]Vg0/]g(t) > 0.
In particular, we have ¢”(t) > 0. Thus
(14) ©'(0) <o <¢'(1).

Consider f(t) = I(ty),t € [0,1]. Then f'(t) :/ ¢ dpy, and
\%4

f//(t) = /V ¥ Ag(t‘go) ¥ d,utgo <0.

Thus, we have f/(0) > f( ) > f/(1). In other words, we have

/@duo>f( ) > /‘Pdlw

Since we assume () = 0, and ¢ is not identically zero, it must take
both positive and negative values. Then the length (or energy) of the

geodesic is given by
E = / cp/Qdu%,
1%

for any ¢ € [0, 1]. In particular, taking t = 1,
B(1) > M‘m/ ' (1)]dpg > M_W/ ¢'(1)du,
v ¢'(1)>0

where M is the volume of V' (which is of course the same for all metrics
in H). It follows from inequality (14) that

/ ¢ dpg, 2/ © dpg,
©'(1)>0 >0

where the last term is strictly positive by the remarks above, and de-
pends only on ¢ and not on the geodesic. A similar argument gives

E(0) > —M—1/2/ © duo.
<0
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The previous lemma implies that for any ¢, € [0, 1], we have
|E(t1) — E(t2)| < C - ¢

for some constant C' independent of €. Thus

VE()> M2 max </ odjiy, —/ gpduo> —C e
®>0 p<0

Now integrate from t = 0 to 1 and let ¢ — 0. Then

1/
/ / g0’2d,u¥, dt> M max (/ odpy, —/ gpd,ug) .
0 \% ©>0 ©<0

This proposition is proved. q.e.d.

Remark 3. This proposition verifies Donaldson’s second conjec-
ture. Unfortunately, it does not imply H is a metric space automati-
cally since the geodesic is not sufficiently differentiable. On the other
hand, one can easily verify that the C'! geodesic minimizes length over
all possible convex curves between the two end points. To show that it
minimizes length over all possible curves, not just convex ones, we need
to prove that the triangle inequality is satisfied by the geodesic distance
(see Definition 5 below).

Definition 5. Let (1,2 be two distinct points in the space of
metrics. According to Theorem 3 and Corollary 2, there exists a unique
geodesic connecting these two points. Define the geodesic distance as
the length of this geodesic, denoted it by d(p1, 2).

Theorem 5. Suppose C : ¢(s) : [0,1] — H is a smooth curve in H.
Suppose p is a base point of H. For any s, the geodesic distance from
p to p(s) is no greater than the sum of the geodesic distance from p to
©(0) and the length from p(0) to ¢(s) along this curve C. In particular,
if C :¢(s):[0,1] — H is a geodesic, then the geodesic distance satisfies

d(0, (1)) < d(0,9(0)) + d(¢(0), (1))

Lemma 7 (Geodesic approximation lemma). Suppose C; : ¢;(s) :
[0,1] — H(i = 1,2) are two smooth curves in H. For ¢y small enough,
there exist two parameter smooth families of curves C(s,€) : ¢(t, s, €) :
[0,1] x [0,1] x (0,€0](0 < t,s < 1,0 < € < €y) such that the following
properties hold:

215
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(15)
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. For any fized s and €¢,C(s,€) is an e-approxzimate geodesic from

v1(8) to pa(s). More precisely, ¢(z,t,s,¢€) solves the correspond-
ing Monge-Ampére equation:

0%
det <g + 82@855
and ¢(2',0,s,¢€) = p1(2',8), ¢(2',1,5,€) = pa(2, 5).

Here we follow notations in Section 3, and z,4+1 = t++/—16 where
the dependence of ¢ on 0 is trivial.

>:6-det(g) inV x R;

There exists a uniform constant C' (which depends only on p1, p2)
such that
0%¢ 0%¢

0¢ 0o
_ s . < - ;
|¢!+‘as‘+’at < C; O—8t2<c’ 852<C

For fized s, let ¢ — 0 : the convex curve C(s,€) converges to the
unique geodesic between 1(s) and pa(s) in the weak C%' topology.

Define the energy element along C(s,€) by

2
E(t,s,e):/ 9%
\%4

a d g(ta S, 6)7
where g(t,s,€) is the corresponding Kdhler metric define by
&(t,s,€). Then there exists a uniform constant C such that

max
t,s

OF
L oM
815‘_6 ¢

In other words, the energy/length element converges to a constant
along each convex curve if € — 0.

Proof. Everything follows from Theorems 3, 4 and Lemma 6 except

the bound on \g—f\ and an upper bound on g%f which follow from the
maximum principle directly since

and

dp\
£(%) -

¢ 2 9¢
L <E).92> =try {Hessas . Hessas} > 0. q.e.d.
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Proof of Theorem 5. Apply the geodesic approximation lemma in
the special case that ¢1(s) = p. We follow notations in the previous
lemma. For ey small enough, there exist two parameter smooth families
of curves C(s, €) : ¢(t, s,€) : [0,1] x[0,1] x (0,€0](0 < t,5 < 1,0 < € <€)
such that

02,,0%Z
and ¢(2',0,s,¢) =0, ¢(2',1,5,¢) = (7, ).

2
det( ¢ >:e~det(g), inV x R;

Denote the length of the curve ¢(t, s, €) from p to ¢(s) by L(s, €), denote
the geodesic distance between p and ¢(s) by L(s), and denote the length
from ¢(0) to ¢(s) along curve C by [(s). Clearly,

- [\ [ 15Eraat) ar,

where g(7) is the K&hler metric defined by ¢(7), and

(s,€) /\/ﬁdt—/\//| 2d g(t, s, €) dt,

and lim¢_,g L(s,e) = L(s). Define F(s,e) = L(s,€) + I(s) and F(s) =
L(s)+1(s). What we need to prove is : F(1) > F(0). This will be done
if we can show that F'(s) >0, Vs € [0,1]. The last statement would
be straightforward if the deformation of geodesics is C'. Since we do
not have that, we need to take derivatives of F(s,¢€) for € > 0 instead.
Notice % =0 at ¢ = 0 in the following deduction:
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ol

= /01 E(t,s,€)”

N

ol

Nlw

N

ol

[N

0\ > 06
+ <8t) Ag(t,s,e)as> dg(t,s,e) dt
9 06 0¢
{m ( v Ot 05 d9<tvs,e>)
- L[99 99 !
2
0s )dg(t7sa€)}dt
' _ 0¢ 0¢
+ /0 {E(t7 876) v a a dg(tvs’e)
¢ 82¢ 1 ¢ 2
/v ot (aﬂg‘vat dg(t,s,e) p dt
ot
_ /1{E(7§36)_ / 6¢€'detg} 4t
0 59y . 88
Observe that by the Schwartz inequality, we have
dl(s) /
ds v

dL(s,e) b -1 d¢ 9%¢
ds _/0 5 Elts.6) /V<28tatas
o (820 1|_0s|?
! _ oo (0%p 1]|_0¢
- {E“’S’@ /, 5 <81§2_2‘v8t
[ 9815, dg 96(1,5,€)|” .
- [ =5 dsd9<8>'{/v dg<s>}
! _ ¢ 0o ¢
—i—/o {E(t,s,e) Vatasdg(t,s,e)-/v ate-detg} dt.
9p(1,s,¢€) dy
Z—/Vat dsdg(s).{/v

dyp 2
55| 29()

99(1,5.€) |
ot
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Observe that F'(s,e) = L(s,€) +1(s). Thus

1
dP;;Z’G)Z—/O{ (t,s,€)” / edetg}d
! _ d¢ d¢
—I—/O {E(t,s,e) L9t Bs dg(t,s,e)

/ — € det} dt.

Integrating from 0 to s € (0, 1], we obtain
/ € - det g} dtdr

F(s,e) — 06>//{ (t, 7€)
//{ bro [ 204000
-/Vaafe-detg}dth

for some large constant C' depending only on (V' x R, g) and the initial
curve C : o(s) : [0,1] — H. Now taking the limit as ¢ — 0, we have
F(s) > F(0). In other words, the geodesic distance from p to ¢(s) is
no greater than the sum of the geodesic distance from p to ¢(0) and the
length from ¢(0) to ¢(s) along this curve C.  q.e.d.

l\‘:h—t

Njw

K\Jh—'

M\DJ

> — (Ce

Corollary 3. The geodesic distance between any two metrics real-
izes the absolute minimum of the lengths over all possible paths.

Proof.  For any smooth curve C' : ¢(s) : [0,1] — H, we want to
show that the geodesic distance between the two end points ¢(0) and
©(1) is no greater than the length of C. However, this follows directly
from Theorem 5 by taking p = ¢(1) and s =1.  q.e.d.

Theorem 6. For any two Kdhler potentials ¢1,ps, the minimal
length d(p1,p2) over all possible paths which connect these two Kdihler
potentials is strictly positive, as long as ¢1 # p2. In other words, (H,d)
is a metric space. Moreover, the distance function is at least C'.

Proof.  Immediately from Corollary 3 and Proposition 2, we see
that (H, d) is a metric space. Now we want to prove the differentiability
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of the distance function. From the proof of Theorem 5, we have

d L(s,e€) 9p(1,s,€) dy
ds _/V ot ds d9s)

{1

9p(1,s,¢)|?

! s [ 09 0¢
+/0 {E(t,s,e) Lot s dg(t,s,e)

o¢
/V ate-detg} dt.

Integrating this from s; to so and dividing it by so — s1, gives

L(sg,€) — L(s1,€) 1 2 [ 06(1,s,€) dop
S9 — 81 B SS9 — 81 /51 /V ot E dg(s)
) _
{/ dg(s)} ds
1%
2—31/ /{ (t,s,€)” /v e'detg} dtds

1 S9 1
+ / / E(t,s,e€) ' ’
52 =81 Js; Jo

e-detg} dtds

D=

aqb(]‘? 8’ 6)
ot

m\»—A

ds

M\DJ

dg(t,s,e)

< Ce.

Let € — 0, and s3 — s;. Then we have



THE SPACE OF KAHLER METRICS

o L(s2) —L(s1) _ . 1 /52/ 9¢(1,s) dy
lim o 851_)1?(;1 S92 — 81 s1 V4 ot ds dg(s)
9¢(1, s)

§2—81 S9 — 81
_1
2 2
. dg(s ds
L[5 o

B 09(1,s) dy

—/V 5t a5 4906)
) _
dg(S)}

S
The distance function L is therefore a differentiable function. q.e.d.

N[

0¢(1,s)

ot

{1

6. Application: Uniqueness of extremal Kahler metrics if
Cl(V) < 0 and Cl(V) =0

In this section, we want to show that if C1(V) < 0, or if C1(V') =0,
then the extremal Kéhler metric is unique in any Kéahler class. Further-
more, if C7(V) <0, the extremal Kéahler metric (if it exists) realizes the
global minimum of the K energy functional in any Kahler class, thus
giving an affirmative answer to a question raised by Tian Gang in this
special case.

6.1 Uniqueness of c.s.c metric when C; (V) = 0 and the lower bound
of K energy for C1(V) <0

We should now introduce an important operator— the Lichernowicz
operator D. For any function h, Dh = h ogdz* ® dzP. If Dh =0, then

T 0h = ¢g*» %% is a holomorphic vector field. Now let us introduce the
K energy. Like I,, I, it is again defined by its derivatives and one should
check it is well defined by verifying the second derivatives is symmetric
(we will leave this to the reader). Let R be the scalar curvature of the
metric g = gg + v/—100¢ and R be the average scalar curvature in the
cohomology class. Let v € T,H. Then the variation of K energy of g

in the direction % is:

5¢E:—/V(R—R)-w det g.

221
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Along any smooth geodesic ¢(t) € ‘H, S. Donaldson shows

d’E
e :/V\Dgol(t)\g det g.

Using this, Donaldson shows that the constant curvature metric is unique
in each Kéahler class if the smooth geodesic conjecture is true. Now we
want to prove the uniqueness of constant curvature metrics in each
Kaéhler class when C1(V) < 0 or C1(V) = 0, despite the fact we have
not proved the smooth geodesic conjecture yet.

Theorem 7. If either C1(V) < 0 or C1(V) = 0, then the constant
curvature metric (if it exists) in any Kdhler class must be unique.

Proof.  Notation follows from Section 5. Suppose @(t) is an e-
approximate geodesic. Then

1
det g <g0” - 2|Vg0’|§> =¢€-deth,

where h is a given metric in the Kéhler class such that Ric(h) < —ch if
C1(V) < 0 and Ric(h) = 0 if C1(V) = 0. Let f = ¢” — 3|V¢'|2 > 0.
Then

det g
det h

(16) Vin =—-Vin f

and

(17) ddt</v<p'(t)detg>:/v f-detgze-/v det h.

Let E denote the K energy functional. Then

dE

C“——/V(R—R)'Tb det g.

A direct calculation yields

d*E

T POk detg

1
_/(@//—|V(,0/|3)'R detg+e-R-/ det h,
14 2 v

(18)
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where we already use Equation (17). Now the second term on the right-
hand side of the above equation is:

—/ R-f detg = /Aglndetg-f-detg
\%4 \%

YIn det h
Indet g .
=—- |V -Vinfdetg — trg(Ric(h)) f detg
Vv Vv

1
:/ A ndetg.f.detg—}—/ Agylndeth- f-detg
1% 1%

I1n det h
1
= / ]Vf|§—detg— /trg(Ric(h))fdetg.
v / v

Integrating from ¢ = 0 to 1 gives

2
/ \D(p’]g detgdt+/ Vi detgdt
VxI vl [

(19) - /VXItrg(Ric(h)) f detgdt

1
= e —ER'/ det hdt.
0 %4

dt
If ©(0) and (1) are both constant scalar curvature metrics, then % 4=
0 and

\V4 2
/ |Dg0'|§ detgdt+ / ﬂdetgdt
VxI VxI f

(20) — / trg(Ric(h)) f detgdt
VI
:—6R~/ dethdt.
1%

Observing that fdet g = ¢-deth, then

[Dy'[3 2 .
/ det h +/ ViIn f; deth —/ trg(Ric(h)) det h
VxI f VxI VxI

=—R [ deth.
14

If C1(V) =0, then R = 0. Consequently

|D90,’§ 2
/ dethdt+/ IVIn f|2 det hdt = 0.
VxI f VxI
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This easily implies that Dp(t) = 0 and T d¢'(t) is a holomorphic vector
field. Since C'; = 0, the only holomorphic vector field is constant vector
field. Thus ¢'(t) is constant in the V direction. In other words, ¢'(t) is
a functional of ¢ only. Hence, there exists at most one constant scalar
curvature metric in each Kéhler class when C7 = 0. We postpone the
proof of the case C7 < 0 to the next subsection.

Theorem 8. If C1(V) <0, then a constant scalar curvature metric,
if it exists, realizes the global minimum of the K energy functional in
each Kahler class. In other words, if K energy doesn’t have a lower
bound, then there exists no constant curvature metric in that cohomology
class.

Proof. Suppose ¢g € H is a metric of constant curvature. Then

JE
dﬂwz—/XR—Ry¢@w:a
1%

For any metric ¢(1), let ¢(t)(0 <t < 1) be a path in H which connects
©(0) and ©(1). In addition, let us assume this is an e-approximate

geodesic where € > 0 may be chosen arbitrarily small. From equation
(17), we have

@B [P actg— [ (- Lvelz) R g
iz = Jy g LTVl

—i—e'R-/ det h
1%

1
= [1DS O detg+ [ V1R detg
Vv 1% f

- /trg(Ric(h))fdetg+6-R-/ det h
\% \%
> — Ce.

The last inequality holds since the average of the scalar curvature is a
topological invariant. Thus

mnmmzai, vt € [0,1).

In particular, this holds for t =1
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Let € — 0, we have

E(p(1)) = E(p(0)).

The theorem is proved since (1) is arbitrary.

6.2 Uniqueness of c.s.c. metric when C; < 0

Now we turn our attention to the case C; < 0. By our initial assump-
tion, Ric(h) < —ch for some positive constant ¢ > 0. Thus

‘DS0/’§ 2
/ deth+/ \Vlnf|gdeth+c‘/ try(h) deth
(21) VI f VI VxI
<C(= —R/ det h).
\%

We want to show that in the limit as e — 0, we still have D¢'(t) = 0 in

some weak sense. Let us first get an integral estimate on f 2%q(l <qg<
2) with respect to the measure det h dt :

/ fradethdt < C - fdethdt
VxI VxI

< C. .
=¢ VxI {f det h

1
gei/ {deth}ndethdt
VxI det g

§C-erlr/ trg(h)deth dt — 0.
VxI

(oW
@
-+
N
——
3
—
=¥
[CHE
~
>
——
oL
]
=S
>
ISH
~

Let X =1 0¢/(t) = gaﬁ%%. We want to show that X is uniformly

in L? with respect to the measure h + d 2.

Jyur | X2 dethdt = /VIZ%X&X& deth dt
X

a’ﬁ
— / —_ /
= / S hose ol {gﬁéa‘p} deth dt
VxI a,ﬁvﬁ azfy 826
_ / /
= h fg‘ﬁg‘wa—ia—(p deth dt
of 97z 0
VI a.Biy,6 2y OZ§
< trg(h)|V¢'[Z deth

IN

C’-/ trg(h) dethdt < C.
VI
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The second to last inequality holds since f = ¢" — |V¢/ \g > 0 and
¢" < C. Thus X € L?(V x I) has a uniform upper bound for the L?
norm.

Consider |D¢'|, as a function in L?(V x I). First of all, it has a
weak limit in L?(V x I); secondly, its L(1 < ¢ < 2) norm tends to 0 as
e— 0.

Dy,
/ D], dethdt = / | “Ol‘g f! deth dt
VI vxr [

1

Dy'|,% s

< (/ ’(Plbdethdt)
vxr [

: ( fI7 deth dt>
VI 1 1
(where — 4+ — =1).

s T

p

Now [ is some number which we should choose appropriately:

1 1
ls =1; qs = 2; -4+ -—-=1.
s T
Since for any ¢ < 2, we have
2 q 2
s = —; == T=—,
q 2 2—q

the above inequality reduces to

/ Dy’ |,? deth dt
VI

DY |,
gc-(/ "P’gdethdt>
VI f

n
-0
For any vector Y € TH0(V xI) (ie., Y = g Y’a— where 21, 29, ..., 2n
2
i=1

i

(2—q)

2
( Fiog dethdt> )
VxI

QN

are all of the coordinate functions in a local chart in V. We use % to

0 i ® d zj.) For a scalar

denote the vector valued (0,1) form
ij=1

n

0

function ¢ in V' x I, let % = %d z;. Now the norms of %—g and
j=1 "
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g—%’ in terms of the metric h are:

ay |? & 250V (YT
(22) | = harh™ —— <>

0z h a,ﬂ%l aZﬁ 325
and

o |2 & — O O
2 Pl = B Y 9%
(23) 0z |, 2 h 020 075
a?ﬂzl

We claim the following inequality holds (for some uniform constant

O):

" 20X (9XT
< orh%0 = ) <c,/ Dy|,.

h a,B,r,d=1

0X
S

This could be proved by choosing preferred coordinates, where hﬁ =
0;7(1 <d,j < n) while gz = \id;5(1 < 4,j <n) at an arbitrary point
O. Here \; are eigenvalues of the metric g in terms of the metric h.
These A;’s are uniformly bounded from above since g is so. We want to
verify the above inequality at this point O.

0X

2 n @ _
0z - Z aaXa aaXa haah®®
Zln o,B,a,b=1 Zﬁ b

n - — —

= ) haah®’™Y 50 aug™
a,B,a,b,c,d=1

= 35 1 oz 1

_ Z (50@55 br6a6¢,75590,,d bYda

@ a

a,ﬁ:l

~ 1,
= > ¥ ap? b

a,p=1 "¢

1
n n
s 1 , ,
Z W )\a)\ﬁgaﬂﬁ(p ap

IA
Q@
T

IN

Here C is a uniform constant. From inequality (21) and the fact that g
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is bounded from above, it follows that

/V><I

2

—/ | Vieg S |2
h VI

<(C- |V10gf|§detgdt§0,
VxI

1
deth\ =
/ (e ) dethg/ try(h) deth < C.
vxr \detg VxI

From now on, all of the norms, inner products, and integrations are
taken with respect to the the metric h 4+ dt? unless otherwise specified.
Now define a new vector field Y by

det g
det h

Vlog

and

det g
Y=X. )
det h
Then
det g
Yi,b=|X <C.
Yn =| ’hdethf

In other words, Y has a uniform L°° bound. This implies that Y -
Oln g::fl /0% has a uniform L? bound for any 1 < ¢ < 2. Moreover, for
q

any 1 < ¢ < 2, we have
I (k-0
VI L Jvxd 0z |}, deth
det g\ ? ,
< try(h Dy'|1
—/‘/Xl < Tg( )deth> | g0|g

< C |Dg'[7 — 0.
VixI

det
oY _ .31ﬂd§ti

0z 0z

This immediately implies that % is uniformly bounded in L4 for any
1<g<?.

Now, all of these quantities, X,Y, %—g, and jZ‘EZ, ... are geometric
quantities which depend on €. Since their respective Soblev norms are
uniformly controlled, we can take weak limits of these quantities in some
appropriate sense. Denote the corresponding weak limits (when ¢ — 0)
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as X,Y, %9 . Then X(¢) = X weakly in L*(V x I), Y(e) = Y
weakly in L=(V x I) and 94 (e) — 994 weakly in L®(V x I),....
Consider v = In giEZ' For simplicity, assume u > 0 (otherwise

u > —c for some positive constant). Then the following two equations

hold in the limit

oYy ou

—+Y == d Y=Xe"

9z + bE 0, an e
in the sense of L9(V x I) for any 1 < ¢ < 2. Moreover, we have the
following estimates:

1
[ee |
VxI VxI

Now define a new sequence of vectors X (k = 1,2,...) by X =

du

2
< C; and/ X?<C.
8? V><I| |

ki
YZ u—‘ This is well defined since w is in LP(V x I) for any p > 1.
i!
i=0
Then
k ’LLi
Xil = MY
i=0
< ([Xlem)er < [X].

Equality holds in the last inequality whenever e # 0. Thus

/ X,mg/ xXP<c.
VxI VxI

By definition, it is clear || X i|lp2(vxr) < | X mllz2(v ) whenever k <
m. Thus, there exists a positive number A < || X||z2(y ) such that
klim | X kll2(vxry = A. For m >k, we have

—00

Xonlfaan = [ Xl
VxI
/ 2 % Ui)2
= YY) =
VI ;'L!
k Ui m Ui
S LGOI YD Sk
VxI i—0 ikl U

- / (X524 X — X4?)
VxI

= HX,kH%g(VX]) + ”X,m - XJ‘CH%Q(VXI)'
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Taking limits as m,k — oo, we have || X ,, — X’kH%Q(VxI) — 0. Thus
X (k=1,2,...) is a Cauchy sequence in L?(V x I) and there exists a
strong limit X o in L?(V x I). By definition, we know that X o, = X
almost everywhere in V x I7 . We want to show that X oo is weakly
holomorphic in the V' direction. A straightforward calculation yields

k ; k ;
0Xy 0Y u’ 0 u’
7 _azgu+yaz <Z|)

=0
k—1
ou u'\ Ou
- vyZ=N"Z 4y Bl e
0z Z + ( i!) 0z
=0 =0
ou
X, —X
( N Jk— 1) oz
We want to show that Bgfw = 0 in the sense of distributions. We just
need to show it in any open set U x I where U is a coordinate chart
in V. Let (21, 22,...,2,) be coordinate variables in U. Then, for any
vector valued smooth function ¢ = (¢!, 4?2, ...,4™) which vanishes on

O(U x I), and for any 1 < j <n. We have

59 ‘/ 0X 1 ‘
X - k
VxI ke aZJ vxr 0% v
0
/ (X~ X 1)a“w‘
VI

<X~ Xiorllzwen - / Vul?

<Ol X e = Xp-1llz2vxn-

Taking the limit as £ — oo yields

X af 0, forany j =1,2,...,n,
VxI a
and for any smooth vector valued function ¢ = (!,4?2,..., ™) which

vanishes on (U x I). Thus, X  is a weak holomorphic vector field in
the V direction for almost all ¢. Now recall that

/ 1 X ool deth dt < C.
VxI

It is easy to prove that X o, = X in the sense of L(V x I) for any (1 < ¢ < 2).
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This implies that X o is in L2(V x {t}) for almost all ¢ € [0,1]. Since
X ~ is weakly holomorphic in V' x {t} for all ¢, X ,, must be holomor-
phic for those ¢ where X o is in L?*(V x {t}). However, there is no
holomorphic vector field on V' since C; < 0. Thus X o, = 0 for all of
those t where X o is in L?(V x {t}). This shows that X o, = 0in V x I.
Thus X = 0 since X = X o in the sense of LY(V x I) for any 1 < ¢ < 2.
Recall

9¢'(t) _ < _xB — 3 _x . B_p
=2 95X =D dup¥’ =0
024 = =

In other words, ¢'(t) is trivial in the V' direction and it is a function of ¢
only for all ¢ € [0, 1]. Therefore, ¢(0) and ¢(1) differ only by a constant
in the V direction, and hence represent the same metric in each Kahler
class.
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