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Hany inve rse problems a r i s i n g i n o p t i c s and o t h e r f i e l d s l i k e geophys ics , médical 

d i a g n o s t i c s and remote sens ing , p résen t numer ica l i n s t a b i l i t y : the noise a f f e c t i n g 

the data may produce a r b i t r a r i l y l a r g e e r r o r s i n the s o l u t i o n s . In o ther words, 

thèse problems are ill-posed i n the sensé o f Hadamard. 

The bas ic p o i n t , i n the s tudy o f i l l - p o s e d problems, i s t h a t the development o f 

adéquate computa t iona l methods, l ead ing to s t a b l e r e s u l t s , r equ i res prior kncwledge 

o f p r o p e r t i e s o f the adm iss ib l e s o l u t i o n s : g l oba l bounds, smoothness c o n d i t i o n s , 

p o s i t i v i t y c o n s t r a i n t s , s t a t i s t i c a l p r o p e r t i e s , e t c . The problem i s f i r s t to i n c o r -

pora te the supplementary c o n s t r a i n t s i n the computa t iona l a l g o r i t h m , and secondly 

to es t ima te the accuracy o f the s o l u t i o n s f o r a g iven p r i o r knowledge and data accu-

r a c y . General methods are a v a i l a b l e o n l y f o r l i n e a r inverse problems. 

This chapter begins w i t h an o u t l i n e o f the main f ea tu res o f i l l - p o s e d problems, 

o f t h e i r connec t ion w i t h i nve rse problems and o f the bas ic ideas enab l i ng one to 

so lve them. Next we d iscuss regutarization tkeory where the supplementary c o n s t r a i n t s 

are p resc r i bed bounds on the c l ass o f adm iss ib l e s o l u t i o n s . Then we analyze the 

a p p l i c a t i o n to i l l - p o s e d problems o f the method o f l i n e a r mean square es t ima t i on 

(aptvmm f i l t e r i i g ) , when p r i o r knowledge o f s t a t i s t i c a l p r o p e r t i e s o f the so lu -

t i o n s i s a v a i l a b l e . F i n a l l y , we rev iew the a p p l i c a t i o n s o f the prev ious methods to 

some l i n e a r i nve rse problems i n o p t i c s and s c a t t e r i n g t heo ry . 

5 . 1 I I 1-Posedness in Inverse Problems 

The concept o f ill-posedness was i n t r oduced by HADAMARD [ 5 . 1 ] i n the f i e l d o f p a r t i a l 

d i f f e r e n t i a l équa t i ons . For y e a r s , i l l - p o s e d problems have been considered as mere 

mathemat ica l anomal ies . Indeed, i t was be l i eved t h a t phys i ca l s i t u a t i o n s were l ead -

ing o n l y to we l l -posed problems l i k e , f o r i n s t a n c e , the D i r i c h l e t problem f o r e l l i p -

t i c équat ions o f p o t e n t i a l t h e o r y , o r the Cauchy problem f o r hype rbo l i c équat ions 

d e s c r i b i n g wave mot ion . However, i t appeared l a t e r t h a t t h i s a t t i t u d e was erroneous 

and t h a t many i l l - p o s e d prob lems, g e n e r a l l y i nve rse problems, were a r i s i n g from 

p r a c t i c a l s i t u a t i o n s . Nowadays t he re i s no doubt t h a t a sys temat ic study o f thèse 

problems i s o f g rea t re levance i n many f i e l d s o f app l i ed phys ics . 
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5 . 1 . 1 He11-Posed and 111-Posed Problems 

I t i s r a t h e r d i f f i c u l t t o g i v e a p r é c i s e and e x h a u s t i v e d é f i n i t i o n o f an i l l - p o s e d 

prob lem. Indeed t h i s te rm covers a l o t o f v a r i o u s problems p r e s e n t i n g many common 

f e a t u r e s bu t a l s o d i f f é r e n c e s so i m p o r t a n t t h a t a g l o b a l and u n i f i e d t h e o r y i s n o t 

y e t a v a i l a b l e . The bes t c h a r a c t e r i z a t i o n i s perhaps a n é g a t i v e one: i l l - p o s e d p r o b -

lems do no t f u l f i l l a i l the r e q u i r e d c o n d i t i o n s f o r wel1-posedness [ 5 . 1 ] , i . e . , 

eù'istence, uniquemss and oontùmity o f the s o l u t i o n on the data ( r e q u i r e m e n t o f 

s t a b i l i t y ) . As c l e a r l y s t a t e d by COURANT and HUBERT [ R é f . 5 . 2 , p . 2 2 7 ] , " t t e third 

requirement, partïcularly incisive, is neaessary if the inathematiaal formulation 

is to describe observable natural phenonena. Data in nature cannot possibly he con-

aeived as rigidly fixed; the mere proaess of measuring them involves small errors. 

Therefore a mathematicàl problem cannot be aonsidered as realistiaally oorrer.ponding 

to physiaal phenomena unless a variation of the given data in a sufficiently mail 

range leads to an arbitrary small change in the solution. This requirement of "sta-

bility" is not only essential for meaningful problems in mathematicàl physias, but 

also for approximation methods". 

An example o f a w e l l - p o s e d prob lem i s t o f i n d a s o l u t i o n u o f the Lap lace équa-

t i o n 

^.l^-O (5.1) 
SX ay 

i n some domain D o f t he p l a n e , w i t h the c o n d i t i o n u = g on the boundary o f D ( D i r i -

c h l e t p rob lem) . I t i s w e l l known t h a t t h e r e e x i s t s a un ique s o l u t i o n wh ich dépends 

c o n t i n u o u s l y on the d a t a . Indeed , the maximum p r i n c i p l e [ R é f . 5 . 2 , p .255) guaran tees 

t h a t when g i s s l i g h t l y p e r t u r b e d i n t o g ' , the c o r r e s p o n d i n g s o l u t i o n u ' i s i n a 

neighborhood of u. More p r e c i s e l y , | g - g ' l i s : i m p l i e s | u - u ' | < e . 

Any problem f a i l i n g t o s a t i s f y one o r more o f t he t h r e e requ i remen ts quoted 

above m igh t be c a l l e d an i l l - p o s e d ( o r i m p r o p e r l y posed) p rob lem. N e v e r t h e l e s s , 

t h i s term i s u s u a l l y rese rved t o those problems f o r wh ich the second requ i remen t 

(un iqueness) i s f u l f i l l e d , bu t n o t t he f i r s t and the t h i r d ones. I ndeed , as we s h a l l 

see be low, e x i s t e n c e and c o n t i n u i t y a re i n gênera i c l o s e l y r e l a t e d . 

The f i r s t who p o i n t e d o u t t he concepts o f w e l l - and i l l - p o s e d n e s s was J . Hadamard. 
Le t us r e c a l l h i s famous example showing the lack o f c o n t i n u i t y on the da ta i n the 
Cauchy problem f o r e l l i p t i c p a r t i a l d i f f e r e n t i a l é q u a t i o n s . Cons ider ( 5 . 1 ) w i t h the 

boundary c o n d i t i o n s 

u ( x , 0) = 0 , l y ( X . 0) = ^ 5 i n ( n x ) . ( 5 . 2 ) 
3y ^ ' ' n 

I t i s s t r a i g h t f o r w a r d t o v e r i f y t h a t t h i s prob lem has the f o l l o w i n g s o l u t i o n : 

".(J*. y ) = s i n ( n x ) s i n h ( n y ) . ( 5 - 3 ) 
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The te rm n " l s i n ( n x ) d é p a r t s f rom zéro on the x a x i s i n an i m p e r c e p t i b l e way f o r n 
s u f f i c i e n t l y l a r g e . However, because o f the h y p e r b o l i c s i n e , the s o l u t i o n ( 5 . 3 ) be-
comes enormous a t any g i v e n d i s t a n c e f rom the x a x i s , p rov ided t h a t n i s s u f f i c i e n t -
l y l a r g e . 

Re la ted t o the Cauchy prob lem f o r the Lap lace é q u a t i o n i s the a n a l y t i c c o n t i n u -

a t i o n o f f u n c t i o n s o f a complex v a r i a b l e . I n f a c t , l e t the va lues o f the harmonie 

f u n c t i o n u , i . e . , the s o l u t i o n o f ( 5 . 1 ) , and i t s normal d e r i v a t i v e 5u/?n be known 

on some curve r . We dénote by f ( z ) , z = x + i y , the a n a l y t i c f u n c t i o n f = u + i v , 

where v i s the f u n c t i o n c o n j u g a t e to u. Then, on the curve r , v i s r e l a t e d to u as 

f o l l o w s 

z . . - . . 

v ( z ) = / nj^ ( z ' ) d s + c o n s t a n t , ' ' "' ( 5 . 4 ) 

where Zg i s one o f t he e n d p o i n t s o f r . Hence, i f u and 3u/8n a re known on r , one 

may c o n s i d e r t h a t t he va l ues o f t he a n a l y t i c f u n c t i o n f { z ) on r are known. Th is 

shows t h a t the s o l u t i o n o f the Cauchy prob lem f o r the Lap lace équa t i on g i ves the 

a n a l y t i c c o n t i n u a t i o n o f f o u t s i d e r , wh ich i s t h e r e f o r e a l s o an i l l - p o s e d problem. 

Moreover , i t i s w o r t h n o t i n g t h a t the d é t e r m i n a t i o n o f an a n a l y t i c f u n c t i o n f rom 

i t s va lues on a cu rve r , i n s i d e the domain o f r e g u l a r i t y , i s a problem which can be 

reduced to the s o l u t i o n o f a Fredholm i n t é g r a l é q u a t i o n o f the f i r s t k i n d , by means 

o f the we l l - known Cauchy f o r m u l a . T h e r e f o r e , i t i s q u i t e n a t u r a l to guess t h a t a l s o 

i n t é g r a l é q u a t i o n s o f the f i r s t k i nd g i v e r i s e t o i l l - p o s e d prob lems. This i s indeed 

t r u e , as we s h a l l show i n S e c t . 5 . 1 . 2 . 

To be conv inced o f the p r a c t i c a l r e l e v a n c e o f i l l - p o s e d p rob lems, i t i s s u f f i c i e n t 

t o have a g lance a t the enormous amount o f l i t e r a t u r e devoted t o t h i s f i e l d . Many 

r é f é r e n c e s may be found f o r i n s t a n c e i n the books by LAVRENTIEV [ 5 . 3 1 , TIKHONOV 

and ARSENINE [ 5 . 4 ] and PAYNE [ 5 . 5 ] . 

5 . 1 . 2 I I 1-Posedness and Numer ica l I n s t a b i l i t y 

Le t us c o n s i d e r the f o l l o w i n g Fredholm i n t é g r a l é q u a t i o n o f t he f i r s t k i n d : 

b 

/ K ( x , y ) f ( y ) d y = 5 ( x ) , c < x <d , ( 5 . 5 ) 

where the ke rne l K ( x , y ) i s supposed to be c o n t i n u o u s . Assuming t h a t there e x i s t s a 

un ique s o l u t i o n f c o r r e s p o n d i n g t o g , we m igh t add to t h a t s o l u t i o n a f u n c t i o n 

f * " ' ( x ) = C s i n ( n x ) where C i s an a r b i t r a r y c o n s t a n t . From the Riemann-Lebesgue 

theorem we know t h a t 

b 

l i m / K ( x , y ) s i n ( n y ) d y = 0 . � f6 61 
n -� + a * � ' 

I u 
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Hence, taking the cons tan t C and the in teger n s u f f i c i e n t l y l a r g e , we see t h a t 

w i d e l y d i f f é r e n t f u n c t i o n s f g i v e app rox ima te l y the same g. As i n the case o f the 

Cauchy problem f o r the Laplace é q u a t i o n , smal l m o d i f i c a t i o n s o f g can a l t e r r a d i -

c a l l y the s o l u t i o n o f ( 5 . 5 ) . 

Wi thout be ing conscious o f the i11-posedness o f t h i s p rob lem, one cou ld t r y t o 

so lve n u m e r i c a l l y ( 5 . 5 ) by d i s c r e t i z i n g i t . By means o f some N - p o i n t quad ra tu re f o r -

mula , the i n t é g r a l i n ( 5 . 5 ) may be approx imated by a f i n i t e sum. Then, supposing 

t h a t g i s g iven i n M po in ts , the i n t é g r a l é q u a t i o n becomes a l i n e a r a l g e b r a i c System 

[ K j f = g ( 5 . 7 ) 

where (K] i s a M «H m a t r i x o f components K^^ = K ( x ^ , y^)'^^ ( t he are the we igh t 

f a c t o r s depending upon the quad ra tu re fo rmu la used) w h i l e f = ^Hy^)'i and g = (9(X|j,)) 

are vec to r s i n euc l i dean spaces o f d imension N and M, r e s p e c t i v e l y . At t h i s p o i n t , 

l e t us i n t r oduce the usual e u c l i d e a n s c a l a r p r o d u c t between two M-dimensional vec to r s 

m=i 

and the cor respond ing e u c l i d e a n norm 11 9 11 ^ = ( g . g)|i^. Now, when g i s a f f e c t e d by 

e r r o r s , one cou ld always add to a g i ven s o l u t i o n f a spur ious v e c t o r u such t h a t 

Il [ K l u l l ^ = ( [ K ] u , [K]u)|^ < , ( 5 . 9 ) 

where c i s an es t ima te o f data accuracy . L e t us now i n v e s t i g a t e the shape o f the 

se t o f those u s a t i s f y i n g ( 5 . 9 ) . To t h i s purpose l e t us put the q u a d r a t i c form ( 5 . 9 ) 

i n a somewhat d i f f é r e n t fo rm 

( [ K i n K I u , u )^ £, , ( 5 . 1 0 ) 

where (K ) * i s a N ' M m a t r i x deno t i ng the a d j o i n t (o r h e r m i t i a n c o n j u g a t e ) m a t r i x 

o f (KJ. Even i f [K] i s no t a square m a t r i x , [ K ] * [K ] i s a N x N sy tnmetr ic , nonnega-

t i v e m a t r i x , so t h a t i t can be d i a g o n a l i z e d . Le t us dénote by the e igenva lues o f 

[KJ* [K ] (»^ i s a l so c a l l e d a s i n g u l a r va lue o f [ K ] ) and assume t h a t they are a i l 

s t r i c t l y p o s i t i v e . Of course t h i s can happen o n l y i f N <M. Then i n e q u a l i t y ( 5 . 1 0 ) 

d e f i n e s the i n t e r i o r o f a N-d imens iona l nondegenerate e l l i p s o i d w i t h cen te r a t the 

o r i g i n and axes d i r e c t e d a long the e i g e n v e c t o r s o f [ K ] * [ K ] . The l e n g t h o f each 

a x i s i s g iven by a^ = E/X^, n = 1 , . . . . N, and when the e igenva lues are o rdered 

i n decreas ing magn i tude, the l e n g t h o f the g r e a t e s t a x i s i s E / * ^ . w h i l e the l e n g t h 

o f the s h o r t e s t one i s e / X j . The r a t i o between the two l e n g t h s , a = Xj/x^^ i s the 

s o - c a l l e d condition number o f the m a t r i x [ K ] . When a i s much g r e a t e r than one, the 

e l l i p s o i d ( 5 . 1 0 ) c o n t a i n s , a long c e r t a i n p r i n c i p a l d i r e c t i o n s , v e c t o r s whose eu-

c l i d e a n norm i s very l a r g e . A smal l change i n the data v e c t o r g may produce a l a r g e 

e r r e r i n the s o l u t i o n ( o r p s e u d o - s o l u t i o n ) o f ( 5 . 7 ) . The a l g e b r a i c System ( 5 . 7 ) i s 

then sa i d to be ill-aonditioned. ' . 
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I n gênera i t h i s a c t u a l l y a r i s e s when d i s c r e t i z i n g Fredholm équat ions o f the f i r s t 

k i n d . Indeed, l e t us cons ide r f o r s i m p l i c i t y an i n t é g r a l ope ra to r whose kerne l 

K ( x , y ) i s symmet r i c , and l e t us assume t h a t i t does no t have the e igenva lue zéro 

( o f c o u r s e , we a l s o assume a = c and b = d i n ( 5 . 5 ) 1 . Then, as i t i s we l l known, 

such an o p e r a t o r admi ts an i n f i n i t é séquence o f r e a l e igenva lues ( w i t h f i n i t e m u l t i -

p l i c i t y ) accumu la t i ng t o zéro ( R é f . 5 . 6 , Chap .2 ] . Hence i t i s easy to understand 

t h a t the f i n e r the d i s c r e t i z a t i o n o f ( 5 . 5 ) i s ( i . e . , the l a r g e r N and H ) , the worse 

c o n d i t i o n e d the r e s u l t i n g System ( 5 . 7 ) i s . 

5 . 1 . 3 General F o r m u l a t i o n o f L i nea r Inve rse Problems 

In o rde r to make p r é c i s e the concepts i l l u s t r a t e d i n the p rev ious sec t i ons concern ing 

i n s t a b i l i t y , we must s p e c i f y the se ts to which the data and the s o l u t i o n s be long. 

Moreover, we must d e f i n e what i s meant by " c loseness " i n each s e t . This can be done 

by i n t r o d u c i n g a norm and d e f i n i n g a d i s t a n c e between two f u n c t i o n s o f the s e t as 

the norm o f t h e i r d i f f é r e n c e . P a r t i c u l a r l y impo r t an t i n many a p p l i c a t i o n s i s a norm 

induced by a s c a l a r p r o d u c t ( o r i nne r p r o d u c t ) l i k e the norm o f a vec to r i n Euc l idean 

space. I n t h a t way one may speak about ang les and pe rpend i cu l a r s and per form the 

f a m i l i a r geomet r i ca l c o n s t r u c t i o n s even f o r i n f i n i t é d imensional spaces. A t y p i c a l 

and v e r y i m p o r t a n t example i s t h e space o f square i n t e g r a b l e f u n c t i o n s on some i n t e r -

val ( 

d u c t 

val ( a , b ) . Th is space, c a l l e d L ^ ( a , b ) , i s equipped w i t h the f o l l o w i n g s c a l a r p ro -

b 
( f , g) = / f ( x ) g « ( x ) d x ( 5 . 1 1 ) 

a 

and the induced norm i s 

l | f | l = ( f . f ) * " = ( / I f ( x ) l ^ d x ) ' * . ( 5 . 1 2 ) 
a 

The space L ( a , b) i s no t o n l y a normed space, bu t a l s o a Hilbert epace [ R é f . 5 . 7 , 

C h a p . l ) . Th is means t h a t i t i s oornplete w i t h r espec t t o the norm, i . e . , t h a t every 

Cauchy séquence converges t o an élément o f the space. Moreover , i t i s a separable 

space: the re e x i s t s a c o u n t a b l y i n f i n i t é or thonormal séquence (u^ ) such t h a t every 

é lément o f the space can be i n d e f i n i t e l y approx imated i n norm by l i n e a r combinat ions 

o f the v e c t o r s u^ . Such a séquence i s c a l l e d a bas is and every f u n c t i o n f can thus 

be w r i t t e n as 

f = r V n � ' ' = 
n -0 

where f ^ = ( f , u^ ) are the F o u r i e r components o f f w i t h r espec t t o the bas is 

I n the f o l l o w i n g we s h a l l o f t e n use the s o - c a l l e d Parseval equality which expresses 

the s c a l a r p roduc t o f two f u n c t i o n s i n terms o f t h e i r F o u r i e r components 
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( f . g ) = I f„g* . ( 5 . 1 4 ) 
n=0 � ' 

Anotber norm, which i s o f t e n used i n the case o f con t inuous f u n c t i o n s on the c losed 

i n t e r v a l [ a , b ] , i s the s o - c a l l e d uniform norm d e f i n e d as f o l l o w s : 

l | f | | = "lax | f ( x ) | , ( 5 . 15 ) 
a ^ X b 

i . e . , the maximal va lue o f the modulus o f f on the i n t e r v a l [ a , b ) . Convergence w i t h 

respec t to the norm ( 5 . 1 5 ) i s un i fo rm convergence and the space o f con t inuous f unc -

t i o n s i s complète w i t h respec t to t h i s norm. 

A f t e r thèse few p r e l i m i n a r i e s , we can g i v e a more p r é c i s e meaning t o the concept 

o f ilt-po3ed linear inverse problem. 

F i r s t l e t us d e f i n e the direct problem: i t i s a mapping o f a space F o f f u n c t i o n s , 

c a l l e d by CHADAN and SABATIER [ 5 . 8 ] "parameters" and by BALTES ( R é f . 5 . 9 , p . l ] "source 

f u n c t i o n s " , i n t o a space G o f f u n c t i o n s , c a l l e d " r e s u l t s " or " d a t a " . In the a n a l y s i s 

o f imaging Systems a f u n c t i o n o f F i s c a l l e d an " o b j e c t " and a f o n c t i o n o f G a "no i se -

less image". We assume t h a t F , G are normed spaces and t h a t the mapping i s g i ven by 

a l i n e a r opera to r A. We W r i t e A: F->G and, i n mathemat ica l language, the space 5 i s 

c a l l e d the range o f the opera to r A. 

Usua l l y the opera to r A i s con t i nuous . Th is means t h a t to any séquence o f éléments 

of F, say { f ' " h , converg ing to the n u l l é lément , there corresponds a séquence 

( A f ' " ' ) which converges to the n u l l élément o f G. Th is p r o p e r t y ensures the s t a b i l i -

t y o f the d i r e c t problem: any p e r t u r b a t i o n o f g vanishes when the i nduc ing p e r t u r -

ba t i on o f f tends to zé ro . Besides i t i s always p o s s i b l e to i n t roduce a norm i n S 

such t h a t G becomes a complète normed space. Le t us assume now t h a t the inverse 

mapping A"^ e x i s t s , which i s é q u i v a l e n t to r e q u i r e t h a t the équa t ion Af = 0 has 

on ly the t r i v i a l s o l u t i o n f = 0. Then a theorem o f Banach ( R é f . 5 . 1 0 , p .83 ] i m p l i e s 

t h a t A"^ i s a lso con t inuous . At t h i s p o i n t one could t r y to d e f i n e the inve rse p rob-

lem as the problem o f s o l v i n g the f u n c t i o n a l équa t ion 

Af = g , (5 .16 ) 

where g i s a g iven f u n c t i o n o f G. The c o n t i n u i t y o f A ' ^ would ensure the s t a b i l i t y 

o f the s o l u t i o n . 

However, t h i s approach i s inadéquate f o r the f o l l o w i n g reason. The ope ra to r A 

has u s u a l l y a smoothing e f f e c t . Cons ider , f o r i n s t a n c e , the i n t é g r a l ope ra to r o f 

( 5 . 5 ) : i f the kernel K (x , y ) has cont inuous d e r i v a t i v e s w i t h respec t to x up to a 

c e r t a i n o r d e r , then the same p rope r t y holds f o r g ( x ) . In any case the ope ra to r a t t é n -

uâtes the h igher f requenc ies - see ( 5 . 6 ) . Now, i n g ê n e r a i , measurement e r r o r s o r no ise 

des t roy the smoothness p r o p e r t i e s o f g: the "measured r e s u i t " g i s no longer a func-

t i o n o f G ( i n the case o f imaging Systems g i s the " n o i s y image" ) . In o t h e r words , 
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as remarked by SABATIER [ R é f . 5 . I l , p . 5 ] , one has t o extend the space G i n t o a l a rge r 

space G c o n t a i n i n g a i l p o s s i b l e r e s u l t s o f measurements. The space G must be equipped 
2 2 

w i t h a norm s u i t a b l e f o r d e s c r i b i n g expér imenta l e r r o r s : a L - space w i t h the L -

norm f o r i n s t a n c e , when one cons iders mean-squared e r r o r s , or a space of cont inuous 

f u n c t i o n s w i t h the un i f o rm norm ( 5 . 1 5 ) , when one cons iders maximal abso lu te e r r o r s . 

I t happens t h a t G i s no longer a complète space w i t h respec t to the norm of G and 

the ope ra to r A " ' i s no longer con t i nuous . The inversa problem turns oui ^r. 

ill-posed problem. Besides the équa t ion Af = g might have no s o l u t i o n , because g 

does no t n e c e s s a r i l y be long to G. We see t h a t the ques t ions o f ex is tence and con-

t i n u i t y a re c l o s e l y connected. 

We s h a l l c a l l F the solution space and G the data space . I f we assume a simple 

a d d i t i v e model f o r no ise and measurements e r r o r s , then we have 

Af + h = g 
(5 .17) 

Since both f ( t h e s o l u t i o n ) and h ( t h e no i se ) a re unknown and s ince the équat ion 

Af = g might have no s o l u t i o n , i t f o l l o w s t h a t : 

I ) the best we can do i s t o search f o r some f reproduc ing the g iven g w i t h i n a 
t o l e r a b l e u n c e r t a i n t y . The problem i s then re fo rmu la ted as f o l l o w s : f i n d f such t h a t 

l l A f - g l l g < c . ( 5 .18 ) 

where c i s the " s i z e " o f the n o i s e , measured w i t h the norm o f G. 
I I ) the p rev ious f o r m u l a t i o n i s adéquate i f the s e t H o f a i l the f u n c t i o n s f s a t i s -
f y i n g (5 .18 ) i s bounded and s u f f i c i e n t l y " s m a l l " so t h a t any élément of H might be 
taken as an approx ima t ion o f the " t r u e " s o l u t i o n . However, when A " ' i s not c o n t i n -
uous, H i s not bounded. In o the r words, g iven an a r b i t r a r y number A, one can f i n d 
Iwo f o n c t i o n s f U ) , f ( 2 ) s a t i s f y i n g (5 .18 ) and such t h a t jl f ( 1 ) - f ( 2 ) |i p - . . This 
i s p r e c i s e l y the meaning o f Hadamard's example d iscussed i n Sec t . 5 . 1 . 1 . In such a 
case, as we s h a l l see be low, some supplementary c o n s t r a i n t s on the s o l u t i o n are 
necessary . 

The s i t u a t i o n i l l u s t r a t e d above i s q u i t e s i m i l a r to t ha t o f i 1 1 - c o n d i t i o n e d Sys-

tems as desc r ibed i n S e c t . 5 . 1 . 2 . E v i d e n t l y , i n the f i n i t e d imensional case the se t 

H 1s always bounded, but i t i s ve ry l a r g e a long some d i r e c t i o n s . 

F i n a l l y we want t o remark t h a t , when the inve rse ope ra to r does no t e x i s t , the 

p rev ious a n a l y s i s can be repeated c o n s i d e r i n g f o r (5 .16 ) on ly s o l u t i o n s of minimal 

norm. Thèse s o l u t i o n s can be expressed i n tenus o f the generalised inverae (or 

pseudo- inverse) o f the ope ra to r A [ 5 . 1 2 ] . The gene ra l i zed inve rse i s an ex tens ion , 

f o r ope ra to rs i n f u n c t i o n a l spaces, o f the Moore-Penrose inverse f o r ma t r i ces . When 

the ope ra to r A has a smoothing e f f e c t , i t happens t h a t i t s gene ra l i zed inverse i s 

not cont inuous w i t h respec t to the norm of the data space G and t he re fo re we get 

aga in an i l l - p o s e d prob lem. 
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5 .1 .4 P r i o r Knowledge as a Remedy t o l l l - P o s e d n e s s 

In S e c t . 5 . 1 . 3 we saw t h a t , f o r an i U - p o s e d prob lem, the se t H i s unbounded so t h a t 

(5 .18 ) i s not s u f f i c i e n t f o r de te rm in ing meaningfu l approximate s o l u t i o n s . The main 

idea , common to most a v a i l a b l e methods f o r c u r i n g i11-posedness, i s to r e s t r i c t the 

c lass o f admiss ib le s o l u t i o n s by means o f s u i t a b l e prior knoaledge. In the f o l l o w i n g 

we sha l l always assume t h a t the inve rse ope ra to r A"^ e x i s t s . 

In regularization methods, a subset M o f the s o l u t i o n space F i s d e f i n e d i n such 

a way t h a t the i n t e r s e c t i o n o f M w i t h the se t H, should be a se t K o f reasonably 

sraall s i z e (see F i g . 5 . 1 ) . 

F i g . 5 . 1 . I l l u s t r a t i n g the d i f f é r e n c e 
between i l l - p o s e d and we l l - posed prob-
lems, and the bas ic idea o f r e g u l a r i -
z a t i o n 

The problem i s then sa id to be r e g u l a r i z e d i f K co l l apses around the élément A"^g , 

when g tends to an élément g o f G, i . e . , when the no ise tends t o zéro . In such a 

case one a lso says t h a t continuoue dependence of the solution on the data has been .-

restored. 

The se t M can be de f i ned by imposing g l o b a l c o n s t r a i n t s on the c lass of adm iss i -

b le s o l u t i o n s . For example, one migh t ask f o r nonnegat ive s o l u t i o n s , or f o r s o l u t i o n s 

s a t i s f y i n g p resc r ibed bounds, l y i n g i n compact s e t s , e t c . The re levance o f compact-

ness as a way f o r r e s t o r i n g c o n t i n u i t y was emphasized by TIKHONOV [ 5 . 1 3 ] who a l s o 

in t roduced the concept o f r e g u l a r i z a t i o n . Besides he showed, i n the case o f Fredholm 

i n t é g r a l équat ions o f the f i r s t k i n d , how to i n c o r p o r a t e the c o n s t r a i n t s i n t o the 

computat ional a l g o r i t h m . 

The r ô l e played by p resc r i bed bounds i n i l l - p o s e d problems f o r p a r t i a l d i f f e r e n -

t i a l équa t i ons , has been p a r t i c u l a r l y emphasized by JOHN [ 5 . 1 4 ] and PUCCI [ 5 . 1 5 ] 

( i n S e c t . 5 . 1 . 5 we s h a l l g i ve a s imple example o f t h i s approach) . L a t e r , a long thèse 

l i n e s , MILLER [ 5 . 1 6 ] fo rmu la ted a r e g u l a r i z a t i o n a l g o r i t h m , having i n mind the prob-

lem o f a n a l y t i c c o n t i n u a t i o n ( f o r an a p p l i c a t i o n o f t h i s method t o the a n a l y t i c 

c o n t i n u a t i o n of s c a t t e r i n g amp l i t udes , see a lso MILLER and VIANO [ 5 . 1 7 ] ) . Since i t i s 

fb rmu la ted i n the framework o f H i l b e r t spaces, the method o f MILLER [ 5 . 1 6 ] i s e a s i l y 

adapted to the gênerai f o r m u l a t i o n of i nve rse problems g iven i n S e c t . 5 . 1 . 3 . The p re -

sc r i bed bound on the s o l u t i o n i s then expressed by means o f a l i n e a r ope ra to r B as 
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f oUows ' 

l l B f l I p i E , (5 .19) 

where E i s a g iven p o s i t i v e c o n s t a n t . The ope ra to r B i s c a l l e d by M i l l e r the con-

etraint operator. The method o f TIKHONOV [ 5 . 1 3 ] and the method o f MILLER (5 .16) are 

n o t e x a c t l y é q u i v a l e n t even i f , i n many cases , they lead p r a c t i c a l l y to the same 

r e s u l t s . We s h a l l d iscuss thèse p o i n t s i n S e c t . 5 . 2 . 3 . 

The g l o b a l bound ( 5 . 1 9 ) should express some expected p r o p e r t i e s o f the s o l u t i o n 

and has to be p r e s c r i b e d acco rd ing to the phys ica l cha rac te r o f the probVem one con-

s i d e r s . I f the s o l u t i o n rep resen ts f o r i ns tance a s i g n a l , then one may know some 

r e a l i s t i c upper bound f o r i t s energy . Very o f t e n a l s o , some smoothness c o n d i t i o n on 

the s o l u t i o n can be p r e s c r i b e d by bounding i t s d e r i v a t i v e s . The r ô l e o f t h i s p r i o r 

knowledge i s to d i s c r i m i n a t e between i n t e r e s t i n g s o l u t i o n s and spur ious s o l u t i o n s 

generated by u n c o n t r o l l e d p ropaga t ion o f data e r r o r s . The p r i n c i p l e of r e g u l a r i z a t i o n 

methods i s t o i n c l u d e the a d d i t i o n a l c o n d i t i o n s e x p l i c i t l y , a t the s t a r t , ins tead 

o f r e s o r t i n g c o n s c i o u s l y o r n o t , d u r i n g the computa t ions , to some t r i c k s e l i m i n a t i n g 

the i n s t a b i l i t y . The e s s e n t i a l drawbacks o f such appos i te t r i c k s i s indeed t h a t t h e i r 

i m p l i c a t i o n s , on the c l ass o f a d m i s s i b l e s o l u t i o n s , o f t e n remain i n the dark . 

Another r ou te to r e g u l a r i z a t i o n i s p rov ided by the theory o f s t o c h a s t i c processes. 

The idea i s to assoc ia te random processes both t o the c lass of admiss ib le s o l u t i o n s 

and to the data s e t . Again we must have some p r i o r knowledge about the s o l u t i o n s . 

For l i n e a r mean-square e s t i m a t i o n (which i s i n gênerai the best one can do) i t i s 

enough t o know e x p e c t a t i o n va lues (mean v a l u e s ) , a u t o c o r r é l a t i o n and c r o s s - c o r r e l a t i o n 

f u n c t i o n s o f data and s o l u t i o n s . 

Along thèse l i n e s most work has been done on i 1 1 - c o n d i t i o n e d a l g e b r a i c Systems, 

a r i s i n g f rom the d i s c r e t i z a t i o n o f i l l - p o s e d problems. A good rev iew on t h i s sub jec t 

i s the paper o f TURCHIN e t a l . [ 5 . 1 8 ] . S t o c h a s t i c r e g u l a r i z a t i o n f o r i l l - p o s e d prob-

lems has been fo rmu la ted by LAVRENTIEV [ 5 . 3 ] , MOROZOV [ 5 . 1 9 ] and FRANKLIN [ 5 . 2 0 ] . 

When data and s o l u t i o n s be long t o H i l b e r t spaces, the fundamental mathematical 

toot i s g iven by t he t heo ry o f weak random variables [ R é f . 5 . 7 , Chap.6 ] . Then l i n e a r 

mean-square e s t i m a t i o n (optimum f i l t e r i n g ) i s per fo rmed, a l l o w i n g a comparison w i t h 

r e g u l a r i z a t i o n theo ry based on the c o n s t r a i n t ( 5 . 1 9 ) , as presented in [5 .21 ,221 . In 

the s t o c h a s t i c approach, one says t h a t a cont inuous dependence o f the s o l u t i o n on 

the data ( i . e . , s t a b i l i t y ) has been r e s t o r e d i f the mean-square e r r o r on the so lu -

t i o n tends t o zéro when the no ise tends t o zé ro . Th is requ i rement imposes cond i t i ons 

on the a u t o c o r r é l a t i o n f u n c t i o n s ( cova r iance ope ra to r s ) o f the s o l u t i o n s and o f the 

no i se . S t o c h a s t i c r e g u l a r i z a t i o n methods w i U be analyzed i n S e c t . 5 . 3 . 
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5 . 1 . 5 Ho lder and L o g a r i t h m i c C o n t i n u i t y 

In S e c t s . 5 . 2 . 4 and 5 . 3 . 3 , we w i l l r e v i e w some convergence r e s u l t s e n s u r i n g t h a t c o n -

t i n u i t y on the da ta has t r u l y been r e s t o r e d , by means o f p r i o r knowledge. Th is means 

t h a t the e r r o r i n the s o l u t i o n converges t o zéro when the da ta e r r o r r. v a n i s h e s . 

However, convergence theorems a r e n o t n e c e s s a r i l y enough f o r p r a c t i c a l p u r p o s e s : 

one has t o know whether t h e convergence i s f a s t enough o r n o t i n o r d e r t o a l l o w e f -

f i c i e n t numer i ca l c o m p u t a t i o n s . I n t h i s c o n n e c t i o n , we have t o d i s t i n g u i s h between 

two d i f f é r e n t t ypes o f c o n t i n u i t y . For some p r o b l e m s , the e r r o r on t h e s o l u t i o n i s 

p r o p o r t i o n a l to r " , 0 < a < l . Such a c o n t i n u i t y , c a l l e d ïKhii.v rjr,r.tinuit;i, may i n 

gênera i be c o n s i d e r e d as f a i r l y s a t i s f a c t o r y [ 5 . 1 4 ] . I ndeed , t h e number o f s i g n i f i -

c a n t d i g i t s i n the s o l u t i o n i s t hen a f i x e d pe rcen tage o f the number o f s i g n i f i c a n t 

d i g i t s i n the d a t a . However, t h e r e a r e some prob lems where the o p t i m a l bounds f o r 

the s o l u t i o n e r r o r a re p r o p o r t i o n a l o n l y t o | l n e > 0 . Then a l o w e r i n g o f the 

data no ise by many o r d e r s o f m a g n i t u d e , does n o t improve s i g n i f i c a n t l y the s o l u t i o n 

a c c u r a c y . Th i s i s logarithmic continuity w h i c h appears v e r y poor f o r numer i ca l com-

p u t a t i o n s . I n o t h e r w o r d s , a r e a l improvement o f the s o l u t i o n i s o n l y p o s s i b l e i f 

f u r t h e r c o n s t r a i n t s may be i n t r o d u c e d . 

As an i l l u s t r a t i o n o f thèse d i f f é r e n t t ypes o f c o n t i n u i t y , l e t us c o n s i d e r the 
prob lem o f a n a l y t i c c o n t i n u a t i o n o f f o n c t i o n s ho lomorph i c i n t h e u n i t d i s k . Suppose 
t h a t the da ta a re g i v e n on a cu rve r c o n t a i n e d i n t h e i n t e r i o r o f the d i s k . The do-
main whose boundary i s the u n i t c i r c l e and the c u r v e r , may be c o n f o r m a l l y mapped 
i n an annu lus w i t h i n n e r r a d i u s a and o u t e r r a d i u s R. The d a t a a r e then g i v e n on 
the i n n e r c i r c l e . L e t f ( z ) be a f u n c t i o n ho lomorph i c i n the a n n u l u s ; i f we dénote 
by M(o) the maximum o f t h e modulus o f f ( p e x p ( i ( p ) ) on t h e c i r c l e o f r a d i u s p , 
a i P i R > then by Hadamard's t h r e e c i r c l e theorem [ R é f . 5 . 2 3 , C h a p . 5 ] , we have 

M{p) 4 [ M { a ) l ° [ M ( R ) ] ^ " " , - = � ^ � ( 5 - 2 0 ) 

From t h i s i n e q u a l i t y i t f o l l o w s t h a t a n a l y t i c c o n t i n u a t i o n t o p o i n t s w i t h i n the 
annu lus i s s t a b l e i f p r i o r knowledge assu res t h a t the a d m i s s i b l e f u n c t i o n s a re bound 
ed by E on t h e o u t e r c i r c l e . I ndeed , l e t us t ake two such f u n c t i o n s f ( l ) , f ( 2 ) and 
c o n s i d e r t h e i r d i f f é r e n c e f = f ( l ) - f ( 2 ) . The modulus o f f i s bounded by 2c on the 
i n n e r c i r c l e and by 2E on t h e o u t e r c i r c l e , so t h a t , by ( 5 . 2 0 ) , i t i s bounded by 
2E (E /E ) ° on any c i r c l e o f r a d i u s p. T h i s r e s u i t i m p l i e s Ho lde r c o n t i n u i t y f o r ana-
l y t i c c o n t i n u a t i o n t o p o i n t s w i t h i n the domain o f a n a l y t i c i t y . However , n i s equal 
to zéro f o r p = R, and t h e r e f o r e ( 5 . 2 0 ) does n o t ensure t h e s t a b i l i t y up to the 
o u t e r c i r c l e . I f one p ré tends t o c o n t i n u e a f u n c t i o n p r e c i s e l y up to the boundary 
o f i t s a n a l y t i c i t y domain , t hen a more r e s t r i c t i v e bound i s n e c e s s a r y . For i n s t a n c e , 
one r e q u i r e s t h a t a l s o the f i r s t d e r i v a t i v e i s bounded. I n such a case i t i s p o s s i b l 
t o show t h a t , a t t h e b o u n d a r y , one g e t s l o g a r i t h m i c c o n t i n u i t y [ 5 . 1 4 1 . T h i s f a c t i s 
n o t s u r p r i s i n g s i n c e a n a l y t i c f u n c t i o n s a re smooth and w e l l behaved deep i n s i d e 
t h e i r holomorphy domain , b u t may grow rough and o s c i l l a t o r y when a p p r o a c h i n g t h e 
boundary . 

For gênera i i n v e r s e p r o b l e m s , one expec ts t h a t the t ype o f r e s t o r e d c o n t i n u i t y 

w i l l dépend upon the smooth ing o r f i l t e r i n g e f f e c t o f t h e o p e r a t o r A . C o n s i d e r f o r 

i n s t a n c e a Fredholm i n t é g r a l o p e r a t o r . Then t h e r e g u l a r i t y p r o p e r t i e s o f i t s k e r n e l 

a re r e l a t e d to the d e c r e a s i n g r a t e o f i t s e i g e n v a l u e s . In p a r t i c u l a r , f o r a n a l y t i c 
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k e r n e l s , the e i g e n v a l u e s tend e x p o n e n t i a l l y t o zéro [ 5 . 2 4 1 and t h e r e f o r e , i f t he 

c o n s t r a i n t i s n o t too r e s t r i c t i v e , we g e t o n l y l o g a r i t h m i c c o n t i n u i t y . In o t h e r 

w o r d s , some i n f o r m a t i o n c o n t a i n e d i n the " t r u e " s o l u t i o n i s l o s t i n the d a t a . Acco rd -

ing1y one e x p e c t s t h a t t h e r e a re severe l i m i t a t i o n s on the r e s t o r a t i o n o f f i n e dé-

t a i l s i n t h e s o l u t i o n . To check t h i s p o i n t i t i s c o n v e n i e n t to c o n s i d e r the r e c o n -

s t r u c t i o n o f a " b l u r r e d s o l u t i o n " , i . e . , the r e s t o r a t i o n o f l o c a l we igh ted averages 

( S e c t . 5 . 2 . 4 ) . Then i t i s p o s s i b l e t o d e f i n e a " r e s o l u t i o n l i m i t " , p r a c t i c a l l y n o i s e 

i n d e p e n d e n t , g i v i n g a measure o f t h e s i z e o f t h e f i n e s t d é t a i l s wh ich can be r e -

s t o r e d , T h i s w i l l be i l l u s t r a t e d by many examples i n S e c t . 5 . 4 . 

5 . 2 R e g u l a r i z a t i o n Theory 

The concep t o f regularization was i n t r o d u c e d by TIKHONOV [ 5 . 1 3 ] i n the s tudy o f 

Fredho lm i n t é g r a l é q u a t i o n s o f the f i r s t k i n d . The b a s i c ideas have a l r e a d y 

been d i s c u s s e d i n S e c t . 5 . 1 . 4 . A s i m i l a r method was deve loped by MILLER [ 5 . 1 6 ] f o r 

i m p r o p e r l y posed prob lems i n a H i l b e r t space s e t t i n g . We chose the l a t t e r method 

f o r the f o l l o w i n g r e a s o n s . F i r s t l y because , u s i n g the g e o m e t r i c a l p r o p e r t i e s o f 

H i l b e r t s p a c e s , i t i s p o s s i b l e t o j u s t i f y , by means o f e l emen ta ry a rguments , the 

main p o i n t s o f t h e t h e o r y . Second l y because M i l l e r ' s t h e o r y a l l o w s p r é c i s e e s t i m a -

t i o n s o f the s o l u t i o n accu racy ( S e c t . 5 . 2 . 4 ) . 

5 . 2 . 1 An O u t l i n e o f M i l l e r ' s Theory 

As seen i n S e c t s . 5 . 1 . 3 , 4 , the r e g u l a r i z a t i o n o f a l i n e a r i n v e r s e prob lem can be 

f o r m u l a t e d as f o l l o w s : t o search f o r f u n c t i o n s f s a t i s f y i n g bo th c o n s t r a i n t s 

l | A f - g | | g £ t ( 5 . 2 1 ) 

and . 

Il Bf II p < E . ( 5 . 2 2 ) 

The spaces F and G a r e H i l b e r t s p a c e s , A:F->G i s a known c o n t i n u o u s o p e r a t o r , c i s 

an e s t i m a t e o f t h e d a t a a c c u r a c y , E i s a p r e s c r i b e d c o n s t a n t and , f i n a l l y , B:F->F 

i s the c o n s t r a i n t o p e r a t o r . 

Many d i f f é r e n t c h o i c e s a r e p o s s i b l e f o r B , a c c o r d i n g t o t h e a v a i l a b l e p r i o r know-

l e d g e . The s i m p l e s t one i s B = I ( t h e i d e n t i t y o p e r a t o r i n F ) ; t hen ( 5 . 2 2 ) i s a 

c o n s t r a i n t on t h e norm o f f . A n o t h e r usua l c h o i c e i s t o l e t B be a d i f f e r e n t i a l 

o p e r a t o r (see S e c t . 5 . 2 . 3 ) and then the bound ( 5 . 2 2 ) i s a smoothness r e q u i r e m e n t on 

the s o l u t i o n . However , f o r t h e gêne ra i f o r m u l a t i o n o f t h e t h e o r y , i t i s n o t neces-

sa ry t o s p e c i f y B. I t i s o n l y r e q u i r e d t h a t B i s d e n s e l y d e f i n e d i n F and t h a t i t 

has a rantinuovs invprse B I n o t h e r w o r d s , t h e r e must e x i s t a c o n s t a n t s such 
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t h a t 11 Bf II P > B I | f II p . T h e r e f o r e , the s e t H o f t h e f u n c t i o n s s a t i s f y i n g ( 6 . 2 2 ) i s 

bounded, and hence a l s o the s e t K o f t he f u n c t i o n s s a t i s f y i n g ( 5 . 2 1 , 2 2 ) . Of course 

the se t K i s no t a l l owed t o be empty , and t h i s p r o p e r t y dépends on the va lues o f 

the numbers E and E. A coup le [c, E) i s s a i d t o be permiseible [ 5 . 1 6 ] i f t h e r e e x i s t s 

a t l e a s t one f u n c t i o n f wh ich s a t i s f i e s ( 5 . 2 1 , 2 2 ) . 

Le t us dénote by n the s e t o f p e r m i s s i b l e c o u p l e s . I t can be proved [ 6 . 1 6 ] t h a t 
t h i s se t i s convex , i . e . , i t c o n t a i n s the segment j o i n i n g any two o f i t s p o i n t s . I t s 
boundary can be drawn as f o l l o w s . L e t us i n t r o d u c e the f u n c t i o n a l 

«. (a; f ) = Il Af - g | | ^ + c l ] Bf II ^ , ( 5 . 2 3 ) 

where a i t a p o s i t i v e pa ramete r . Then, s i n c e B " l i s bounded, t h e r e e x i s t s a un ique 
f u n c t i o n m i n i m i z i n g the f u n c t i o n a l * ( a ; f ) [see a l s o the subséquent d i s c u s s i o n 
f rom (5 .25 ) t o ( 5 . 2 7 ) ] . I f we w r i t e 

i t can be proved t h a t c „ i s a c o n t i n u o u s l y i n c r e a s i n g and E., a c o n t i n u o u s l y dec reas -
i n g f u n c t i o n o f a , when a runs f rom 0 to + » . Moreover , s i n c e f „ m in im izes || Af - g | l . 
under to the c o n s t r a i n t || B f j ' p = Ej, and l i k e w i s e m in im izes || B f | | p under the con-
s t r a i n t jl Af - g | | g = E „ , then n i s e x a c t l y the s e t o f p o i n t s wh ich a re above and t o 
the r i g h t o f the curve { e „ , E ^ ) , 0 < a < +». S ince n i s a convex s e t , the compu ta t i on 
o f o n l y a few p o i n t s on i t s boundary c u r v e , coup led w i t h l i n e a r i n t e r p o l a t i o n i n 
between, would g i v e a good idea o f i t s shape. 

Le t us assume now t h a t the coup le [c, E) i s p e r m i s s i b l e ; then i f K i s n o t too 

" l a r g e " , any f u n c t i o n o f K may be taken as a s a t i s f a c t o r y e s t i m a t e o f t he unknown 

s o l u t i o n . We are faced w i t h the f o l l o w i n g two p rob lems: 

a) how t o e x h i b i t a t l e a s t one f u n c t i o n o f K; 

b) how t o e s t i m a t e the accuracy o f the s o l u t i o n . 

For s o l v i n g thèse problems i t i s c o n v e n i e n t t o f i n d o u t a s i m p l e r and more sym-

m e t r i c geometry than t h a t o f the se t K. To t h i s pu rpose , one can i n t r o d u c e two se ts 

Kg and K j sandwich ing K [ 5 . 2 5 , 2 6 1 . I ndeed , i f we c o n s i d e r the f u n c t i o n a l d e f i n e d 

i n ( 6 . 2 3 ) w i t h i = ( E / E ) ^ 

« ( f ) = l l A f - g | | ^ + ( | - ) ^ l | B f | | ^ , , ( 5 . 2 5 ) 

then the se t KQ o f the f u n c t i o n s f s a t i s f y i n g the c o n d i t i o n * ( f ) < r ^ i s c o n t a i n e d 

i n K, w h i l e the se t K j o f the f u n c t i o n s f such t h a t » ( f ) <2j c o n t a i n s K. 

I n o rde r to show t h a t t he se ts and K j have a s i m p l e r g e o m e t r i c a l s t r u c t u r e 

than the se t K, we must c o n s i d e r the f o l l o w i n g o p é r a t o r : 

C = A*A + ( r / E ) ^ B * B , ( 5 . 2 6 ) 

where A* and B* are the a d j o i n t s ( h e r m i t i a n c o n j u g a l e s ) o f A and B, r e s p e c t i v e l y . 

Observe t h a t A» : G - F , so t h a t A*A : F - F . 

The ope ra to r C : F - . F i s d e f i n e d on t h e domain o f B*B and has the f o l l o w i n g 

p r o p e r t i e s : i t i s a p o s i t i v e d e f i n i t e o p e r a t o r , i . e . , f o r any f i n i t s domain 
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( C f , f ) p > 0 ; i t i s s e l f - a d j o i n t , i . e . , C* = C; i t has a con t i nuous i nve rse s i n c e , 

f rom the analogous p r o p e r t y assumed f o r B , i t f o l l o w s t h a t t h e r e e x i s t s a p o s i t i v e 

c o n s t a n t such t h a t || C f | | p i v ^ l l f II p- The l a s t p r o p e r t y i m p l i e s t h a t , f o r any 

g i v e n g , we can i n t r o d u c e the f u n c t i o n 

f = C"^A*g . � ( 5 . 2 7 ) 

Then the f u n c t i o n a l ( 5 . 2 5 ) may be r e w r i t t e n as f o l l o w s : 

» ( f ) = ( C [ f - f ] , [ f - f l ) p + I! g ! ! g - (a> A f ) s � ( 5 . 2 8 ) 

I t i s c l e a r t h a t t he f u n c t i o n f m i n i m i z e s t h e f u n c t i o n a l and t h a t 

« ( f ) = l ! g l ! g - ( g . A f ) g > o . ( 5 . 2 9 ) 

Now, i n o r d e r t o i n v e s t i g a t e the g e o m e t r i c a l s t r u c t u r e o f the se ts K^, tCj, assume 

f o r s i m p l i c i t y t h a t t he o p e r a t o r C has a comp lè te o r thonorma l se t o f e i g e n f u n c t i o n s 

( u ^ ) ; t hen t h e c o n d i t i o n t ( f ) ^ c ^ can be w r i t t e n i n t h e f o l l o w i n g f o r m : 

where ( y ^ l i s t he se t o f the e i genva lues o f C and f ^ , f ^ a re the F o u r i e r components 

o f f , f i n the b a s i s { u ^ l , i . e . , f ^ = ( f , u ^ ) p , f ^ = ( f , u ^ ) p . A t t h i s p o i n t i t i s 

c l e a r t h a t t he s e t s Kp, K j a re i n f i n i t e - d i m e n s i o n a l " e l l i p s o i d s " hav ing the same 

c e n t e r f and the same p r i n c i p a l a x e s , the l a t t e r be ing g i v e n by the e i g e n v e c t o r s 

o f C. 
2 

Now, does f be long t o the s e t K? A s u f f i c i e n t c o n d i t i o n f o r t h i s i s » ( f ) <E , 

wh ich can be e a s i l y v e r i f i e d by numer i ca l c o m p u t a t i o n . 

F i g . 6 . 2 . Schemat ic r e p r é s e n t a t i o n o f the r e l a t i o n between the se ts KQ, K, h- The 
; e t s KQ, K l a re r e p r e s e n t e d as homothe t i c e l l i p s e s w i t h c e n t e r f 
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Besides the se t i s nonvo id i f and o n l y i f t h i s c o n d i t i o n i s s a t i s f i e d . I n such 

a case , the s i t u a t i o n i s s c h e m a t i c a l l y r e p r e s e n t e d i n F i g . 5 . 2 . I t i s t hen c l e a r 

t h a t we may take f as an e s t i m a t e o f the unknown s o l u t i o n . 

5 . 2 . 2 E i g e n f u n c t i o n Expansions and Numer ica l F i l t e r i n g 

Le t us suppose now t h a t A i s a compact o p e r a t o r . A t y p i c a l example i s an i n t é g r a l 

o p e r a t o r over a f i n i t e i n t e r v a l and w i t h c o n t i n u o u s k e r n e l . The c o r r e s p o n d i n g I nve rse 

problem i s the s o l u t i o n o f a Fredholm é q u a t i o n l i k e ( 5 . 5 ) . E x i s t e n c e t h e o r y f o r 

thèse équa t i ons was developed by PICARD [ 5 . 2 7 ] , u s i n g expans ions i n ternis o f the 

e i g e n f u n c t i o n s o f the o p e r a t o r s A*A and AA*. P i c a r d ' s t h e o r y g ê n e r a i i z e s immed ia te l y 

to the case o f compact o p e r a t o r s i n H i l b e r t space. The o p e r a t o r A*A i s a compact , 

s e l f - a d j o i n t , nonnegat ive o p e r a t o r and i t s i n v e r s e e x i s t s s i nce A ' e x i s t s . From 

the s p e c t r a l t heo ry f o r compact o p e r a t o r s [ R é f . 5 . 7 , C h a p . 3 ] , i t f o l l o w s t h a t A*A 

admits a c o u n t a b l y i n f i n i t é se t o f p o s i t i v e e i g e n v a l u e s and t h a t the se t ( u ^ ) 

o f the co r respond ing e i g e n f u n c t i o n s i s a b a s i s i n F. Each e i g e n v a l u e has f i n i t e 

m u l t i p l i c i t y and {a^ } can be o rde red as f o l l o w s : > a j 4 > � . . . Moreover "^"0 

when n - . + » . The are c a l l e d , r e s p e c t i v e l y , s i n g u l a r va lues and 

s i n g u l a r f u n c t i o n s o f A. I f we i n t r o d u c e the v e c t o r s 

% ' - > n . ( 5 . 3 1 ) 

i t i s easy to check t h a t ' � 

Au„ = a u „ , A * v „ = o „ u „ . . ' ( 5 . 3 2 ) 
n n n n n n 

and t h a t 

A*Au„ = c f u „ , AA*v„ = a?v„ . , ' .. ' ( 5 . 3 3 ) 
n n n n n n 

The se t ( v ^ ) i s a complète o r thonorma l s e t i n t h e c l o s u r e o f the range o f the 

o p e r a t o r A [ R é f . 5 . 2 8 , C h a p . 5 . 2 ] , i . e . , i n the c l o s u r e o f G. T h e r e f o r e { v ^ } i s a 

bas is f o r r e p r e s e n t i n g n o i s e - f r e e d a t a . 

S o l u t i o n ( 5 . 2 7 ) takes on a s imp le fo rm when the u^ d i a g o n a l i z e B*B. I n such a 

case , we have 

B*Bf = r . B ^ „ u „ ( 5 . 3 4 ) 

and B has a con t i nuous i n v e r s e i f and o n l y i f B„ > p. > 0 f o r any n . The u d iagona l i z e 
n — 2 2 

a l s o the o p e r a t o r C, and the c o r r e s p o n d i n g e i genva lues a re g i v e n by = + 

( E / E ) ^ e ^ . Now, from ( 5 . 3 2 ) i t f o l l o w s t h a t 
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where g^ = ( g . v ^ j g and f rom ( 5 . 2 7 ) we g e t 

n=0 7 + T ^ 7 Ë 7 ê F 

( 5 . 3 6 ) 

n n 

Another s o l u t i o n o f t he problem i s o b t a i n e d as f o l l o w s . Le t us assume f o r s i m p U c -

i t v the the fo rm a nondecreas ing séquence. Then l e t us dénote by N the g r e a t e s t 

i n t e g e r such "that „ > ( c / E ) 8 „ ( r e c a l l t h a t t he fo rm a non inc reas ing séquence) . 

N and n e g l e c t i n g eB„/E i n comparison w i t h 
T r u n c a t i n g the s é r i e s ( 5 . 3 6 ) a t n 

f o r n .<; N, we o b t a i n 

N 
T 
n=0 

- 1 
( 5 . 3 7 ) 

I t can be proved t h a t f be longs t o K j [ 5 . 1 6 ] and t h e r e f o r e i s a l s o an approx imate 

s o l u t i o n . We r e c o v e r h e r e , w i t h a p r e s c r i b e d c u t o f f , the we l l - known t r u n c a t i o n method 

which i s i n use f o r e l i m i n a t i n g the no i se a m p l i f i c a t i o n due t o e igenva lues very 

c l o s e t o zé ro and wh ich i s u s u a l l y c a l l e d nuneriaal filtering [ 5 . 2 9 ] . 

The p r e c e d i n g methods have the d i sadvan tage t h a t bo th the e r r o r bound � and the 
c o n s t r a i n t E have t o be known. However, o f t e n i n p r a c t i c e , o n l y e i s known. Then i t 
i s p o s s i b l e to e l a b o r a t e p rocédures wh ich r e q u i r e the knowledge o f on l y one é lément 
o f the coup le i t , E i . For i n s t a n c e , l e t us suppose t h a t we know a good upper bound 

Ê f o r t he da ta accu racy b u t none f o r E. 

F i i 5 . 3 . The r é g i o n n o f p e r m i s s i b l e coup les f r . ,E) 

N e v e r t h e l e s s , we can o b t a i n an e s t i m a t e . o f t h e j o l u t i o n t a ^ n g as our a p p r o x i -

complète d i s c u s s i o n o f t h i s p o i n t can be found i n [ 5 . 1 6 ] . 
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Up to now we have c o n s i d e r e d an o p e r a t o r A such t h a t A*A has o n l y a d i s c r è t e 

spec t rum. By means o f a s i m p l e example , we i l l u s t r a t e how the r e g u l a r i z a t i o n p r o c é -

dure Works when the spec t rum i s c o n t i n u o u s . To t h i s purpose we c o n s i d e r the case 

o f a c o n v o l u t i o n o p e r a t o r 

( A f ) ( x ) = r K(x - y ) f ( y ) d y . ( 5 . 3 8 ) 

I f the f u n c t i o n K (x ) i s i n t e g r a b l e ove r ( -�», + " ) , then i t s F o u r i e r t r a n s f o r m 

K(v ) = / K ( x ) e ' ' ^ ' ' ' ' " * d x ( 5 . 3 9 ) 

i s a bounded c o n t i n u o u s f u n c t i o n on ( - � " , + « ) , such t h a t | K ( v ) | - « 0 when | v | - > + " ' 

(Riemann-Lebesgue t heo rem) . I f we t ake as s o l u t i o n and d a t a space t h e space o f 

square i n t e g r a b l e f u n c t i o n s , i . e . , F = G = L^(-«>, + » ) , t hen A ;F ->G i s a c o n t i n u o u s 

o p e r a t o r . Bes ides A " ' ( w h i c h e x i s t s i f K(\)) does n o t v a n i s h ove r some i n t e r v a l ) i s 

n o t c o n t i n u o u s s i n c e K ( v ) tends to zéro a t i n f i n i t y . 

Now we can take as a c o n s t r a i n t o p e r a t o r B 

( B f ) ( x ) = / B ( v ) f ( v ) e'^"^''''dN) . ( 5 . 4 0 ) . 

I n such a fo rm we can w r i t e , f o r i n s t a n c e , a d i f f e r e n t i a l o p e r a t o r o f o r d e r n w i t h 

c o n s t a n t c o e f f i c i e n t s . Then i{v) i s a p o l y n o m i a l o f o r d e r n , s ( v ) = a Q + a j V + . . . + 

a ^ v " , and the domain o f B i s the s e t o f the f u n c t i o n s f such t h a t B ( v ) f ( y ) i s square 

i n t e g r a b l e ove r ( - « , + " ) . B e s i d e s , l e t us remark t h a t B has a bounded i n v e r s e i f and 

o n l y i f B (v ) has no zéros on (-�=, +�»). 

S ince the o p e r a t o r s A*A and B*B commute, we a re i n a s i t u a t i o n c o m p l e t e l y analogous 

to t h a t i l l u s t r a t e d i n the p r e c e d i n g example. T h e r e f o r e , f rom ( 6 . 2 7 ) we g e t 

.. W = r 2 2 � ( 5 . 4 1 ) 

- | K ( u ) | S ( E / E ) ' ^ | f i ( v ) r 

Th i s fo rmula co r responds t o the expans ion ( 5 . 3 6 ) . Of c o u r s e , a l s o i n t h i s case , we 

can o b t a i n a second a p p r o x i m a t i o n c o r r e s p o n d i n g t o the t r u n c a t e d s o l u t i o n ( 6 . 3 7 ) . 

I ndeed , l e t us dénote by A the s e t o f the v a l u e s o f v such t h a t | K ( v ) | > ( c / E ) | B ( V ) | ; 

s i n c e K { v ) tends t o zéro a t i n f i n i t y w h i l e 6 ( v ) i s never z é r o , A i s a bounded s e t 

o f ( - « , + » ) . Then the second s o l u t i o n i s g i v e n by 

? ( x ) = / î M e^ ' ^^ ' ^dv . ( 6 . 4 2 ) 
A K ( . ) 
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6 . 2 . 3 T ikhonov R e g u l a r i z a t i o n Method 

A gênera i method f o r s o l v i n g Fredho lm é q u a t i o n s o f t h e f i r s t k i n d was proposed by 

TIKHONOV ( 6 . 1 3 ] . The method was s u c c e s s i v e l y deve loped and g e n e r a l i z e d by Tikhonov 

h i m s e l f and by many Russ ian m a t h e m a t i c i a n s . A cop ious l i s t o f r é f é r e n c e s o f the 

Russian schoo l can be f ound i n [ 5 . 4 ) . 

L e t us c o n s i d e r t h e i n t é g r a l o p e r a t o r 

b � . 

( A f ) ( x ) = / K ( x , y ) f ( y ) d y . c f, x < d . ( 6 . 4 3 ) 

a 

whose i n v e r s e i s assumed t o e x i s t . The s o l u t i o n space F i s the space o f the con-

t i n u o u s f u n c t i o n s ove r [ a , b j , normed w i t h t h e u n i f o r m norm ( 6 . 1 5 ) . The da ta space 

G i s t h e space L ( a , b ) . The purpose i s t o c o n s t r u c t a u n i f o r m a p p r o x i m a t i o n t o the 

s o l u t i o n o f ( 5 . 5 ) . 

The b a s i c idea i s t o r e s t r i c t t h e c l a s s o f a d m i s s i b l e s o l u t i o n s t o a compact sub-

s e t o f F. Then a gêne ra i theorem o f f u n c t i o n a l a n a l y s i s , (due t o T ikhonov h i m s e l f ) 

assures the c o n t i n u i t y o f the i n v e r s e mapping ( R é f . 5 . 4 , C h a p . l , S e c t . l ] . The r e -

s t r i c t i o n t o a compact subse t i s a c h i e v e d by means o f a " r e g u l a r i z i n g f u n c t i o n a l " 

S ! ( f ) : the compact subse t s a r e d e f i n e d by the c o n d i t i o n fi(f)<^E^, where i s a 

g i v e n a r b i t r a r y c o n s t a n t . 
The f u n c t i o n a l proposed by T ikhonov f o r Fredholm é q u a t i o n s o f the f i r s t k i nd i s 

b . , 
n ( f ) = ! [ p ( x ) ! f ' ( x ) r + q ( x ) | f ( x ) ! ' ^ ] d x , ( 5 . 4 4 ) 

a 

where the w e i g h t f u n c t i o n s p ( x ) and q ( x ) a re s t r i c t l y p o s i t i v e . I t i s p o s s i b l e t o 

p r o v e , by means o f t h e A s c o l i - A r z e l à theorem [ R é f . 6 . 1 0 , C h a p . l ) , t h a t the se t 

n ( f ) <E i s a compact subse t o f F. Next a "rcrfulari::(!d family of appn>xir:,tt.r c.olu-

tionr," f f j ^ ) , a > 0 , i s d e f i n e d as t h e s e t o f f u n c t i o n s m i n i m i z i n g the f u n c t i o n a l s 

I «( ,<; f ) = / | ( A f ) ( x ) - g ( x ) ! ' ^ d x + a ! î ( f ) , ' ( 6 . 4 5 ) 

' c 

where -i i s a f r e e p a r a m e t e r . 

The f u n c t i o n s f^^ a r e t h e s o l u t i o n s o f t h e E u l e r é q u a t i o n f o r * ( a ; f ) 

b 
- . < ( [ p ( x ) f ; ( x ) ] ' + q ( x ) f ^ ( x ) ) + / K ( x , y ) f j y ) d y = B (x ) , 

r ( a ) = r ( b ) = 0 , ( 6 . 4 6 ) 

where 

d d 
M x . y ) = / K » ( s , x ) K ( s , y ) d s , B ( x ) = / K« (5 , x ) g ( s ) d s . ( 5 . 4 7 ) 
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Dénote by ( g ^ ) , o O , a f a m i l y o f data c o n v e r g i n g t o t h e e r r o r - f r e e datum g when 
£ - 0 and l e t c = | | g B e s i d e s , 1et â{r.) be a v a l u e o f t h e parameter o, such 
t h a t c i c ' : < o ( c ) <C2e'; (where c i , c^ a re g i v e n a r b i t r a r y c o n s t a n t ) ; i e -,{r)~r.? 

when 1 ^ 0 , F i n a l l y , dénote by t h e s o l u t i o n o f ( 5 . 4 6 ) w i t h g = g^ and ,< = 5 { t ) . 
Then f j , - . f i n t h e u n i f o r m norm, when c - O ( f i s t h e un ique s o l u t i o n c o r r e s p o n d i n n 
t o the e r r o r - f r e e datum g) [ 5 . 1 3 ] . A s imp le p r o o f o f t h i s r e s u i t can be found i n 

In o r d e r to compare T i k h o n o v ' s method w i t h t h e method o u t l i n e d in S e c t . 5 . 2 . 1 , 
we can take as s o l u t i o n space L 2 ( a , b ) . The space o f c o n t i n u o u s f u n c t i o n s i s a sub-
space o f L ' : ( a , b) and the s e t S i ( f ) <EZ i s a compact subse t o f l^(a, b ) . Then we r e -
mark t h a t the c o n d i t i o n fi(f) <E2 can be w r i t t e n i n the f o rm ( 5 . 2 2 ) i f t he o o e r a t o r 
B i s such t h a t 

( B * B f ) ( x ) = - [ p ( x ) f ' ( x ) l ' + q { x ) f ( x ) ; f ' ( a ) = f � ( b ) = 0 . ( 5 . 1 8 ) 

Indeed , by means o f a p a r t i a l i n t é g r a t i o n , i t i s easy t o see t h a t , f o r any f i n 
the domain o f B*B we have: ( B * B f , f ) = r i ( f ) . We want a l s o to remark t h a t t h e o p e r a -
t o r B*B has a d i s c r è t e spect rum w i t h e i g e n v a l u e s a c c u m u l a t i n g t o i n f i n i t y . Indeed 

the e i g e n v a l u e é q u a t i o n f o r B*B i s n o t h i n g e l s e bu t a S t u r m - L i o u v i 1 l e p rob lem ove r 
[ a , b ] . I t shou ld a l s o be remarked t h a t the f u n c t i o n a l ( 5 . 4 5 ) c o i n c i d e s now w i t h 
5 . 2 3 ) . Bes ides the s o l u t i o n f o f ( 5 . 4 6 ) can be f o r m a l l y w r i t t e n as i n ( 5 . 2 7 ) , w i t h 

( e / E ) ^ rep laced by a i n ( 5 . 2 6 ) . C l e a r l y t h e method o u t l i n e d i n S e c t . 5 . 2 . I i s e s s e n t i -
a l l y a g ê n e r a i i z a t i o n o f T i k h o n o v ' s method to the case where F and G a re H i l b e r t 
spaces and A : F - .G an a r b i t r a r y l i n e a r c o n t i n u o u s o p e r a t o r . Bes ides the parameter 
a i s e x p l i c i t l y t aken p r o p o r t i o n a l to c ^ , the c o n s t a n t be i ng g i v e n by the p r e s c r i b e d 
bound ( 5 . 2 2 ) . 

Numer ical compu ta t i ons on Fredholm é q u a t i o n s o f t h e f i r s t k i n d have been done by 

many a u t h o r s u s i n g the method d e s c r i b e d above [ 5 . 3 2 - 3 4 ] . When un iqueness does n o t 

h o l d , g ê n e r a i i z e d i n v e r s e s must be used. A s imp le d i s c u s s i o n o f e x i s t e n c e and u n i q u e -

ness theorems, u s i n g s i n g u l a r f u n c t i o n expans ions can be found i n [ 5 . 3 5 ] . The c l e a r 

r e s u i t i s t h a t g e n e r a l i z e d i n v e r s e s a re n o t c o n t i n u o u s . T h e i r r e g u l a r i z a t i o n has 

been ana lyzed u s i n g TIKHONOV'S method [ 5 . 1 2 ] . 

5 . 2 . 4 S t a b i l i t y Es t imâ tes 

Here we corne back to the method o f S e c t . 5 . 2 . I . I n d e e d , i f we want t o e s t i m a t e the 

e r r o r on the approx imate s o l u t i o n ( 5 . 2 7 ) i t i s necessa ry t o know bo th c o n s t a n t s , 

t and E. Of c o u r s e , i t i s mean ing less t o speak abou t e r r o r s i n the s o l u t i o n w i t h o u t 

s p e c i f i y i n g how the accuracy o f the s o l u t i o n i s d e f i n e d . When F i s a H i l b e r t space , 

w i t h o u t f u r t h e r s p é c i f i c a t i o n s , then t h e r e a re two n a t u r a l c h o i c e s . The f i r s t i s 

t o measure e r r o r s i n the s o l u t i o n s by means o f the d i s t a n c e || f ' ^ ' - f ' ^ ' î l p- The 

second cho i ce i s t o measure e r r o r s by means o f the q u a n t i t y ( seminorm, i n ma themat i ca l 

language) | ( f ' ' ' - f ' ^ ' , w)|-|, where w i s a s u i t a b l e f u n c t i o n o f F. As we s h a l l see , 

t h i s cho i ce i s c o n v e n i e n t f o r the a n a l y s i s o f " b l u r r e d s o l u t i o n s " . We do n o t c o n s i d e r 

here the case where e r r o r s a re d e f i n e d i n terms o f the u n i f o r m norm ( 5 . 1 5 ) ( f o r a 

d i s c u s s i o n o f t h i s prob lem see [ 5 . 2 2 , 3 6 ] ) . 

I n the f i r s t case the e r r o r may be d e f i n e d as the maximum v a l u e o f || f - f l | j-

where f i s any f u n c t i o n o f the s e t K. Reca l l t h a t f i s g i v e n by ( 5 . 2 7 ) and t h a t K 

i s the se t o f the f u n c t i o n s s a t i s f y i n g ( 5 . 2 1 , 2 2 ) . We s h a l l W r i t e 
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M - , E ; g ) = max 11 f - f 11 r � ( 5 . 4 9 ) 
f £ K 

I n F i g . 5 . 2 ' ( c , E ; g ) i s t h e maximum d i s t a n c e between any p o i n t o f K and f ; i t i s 

c l e a r t h a t t h i s maximum v a l u e i s a t t a i n e d a t t h e boundary o f K. 

L e t us now déno te by ' . ^ ( r . , E ; g) and ' j ( t , E ; g) the maximum l e n g t h o f the semi-

axes o f Kp and K j , r e s p e c t i v e l y . Then, l o o k i n g a t F i g . 5 . 2 , we see 

« o ( r , E ; g ) < 4 ( t : . E ; g ) î E ; g ) . ( 5 . 5 0 ) 

The q u a n t i t i e s { . ( c , E ; g ) , i = 0 , 1 , may be e a s i l y r e l a t e d t o t h e data g and to the 

spec t rum o f t h e o p e r a t o r C. Assume, f o r s i m p l i c i t y , t h a t C has a d i s c r è t e spect rum 

and l e t y^{c/E) be the s m a l l e s t e i g e n v a l u e o f C. Then, f rom ( 5 . 3 0 ) , i t f o l l o w s t h a t 

6 i ( c , E ; g ) = ^ [ e ^ - ( 1 1 g " ^ ( 9 . ^h^)]' � i = 0 , 1 . ( 5 . 5 1 ) 

where = and - 2 c ^ . When C has a c o n t i n u o u s spec t rum, ( 5 . 5 1 ) i s s t i l l t r u e , 

Y^( t : /E) be i ng t h e i n f imum o f the spec t rum o f C. T h e r e f o r e « g ( r , E ; g) and ^ j ( i , E ; g ) 

can be computed i n p r a c t i c a l c a s e s , and they g i v e , r e s p e c t i v e l y , a lower and an 

upper bound f o r 6 ( e , E ; g ) . 

I n e q u a l i t y ( 5 . 2 9 ) shows t h a t t h e r e e x i s t s an upper bound f o r S{z, E, g) indepen-

den t o f the da ta f u n c t i o n g . More p r e c i s e l y : « ( c , E , g ) , < ô ( c , E ) , where 

The q u a n t i t y 6 ( e , E) i s c a l l e d by MILLER [ 5 . 1 5 1 stability estimate. I ndeed , i f 

s ( c , E ) - * 0 when £ - . 0 , f o r f i x e d E, t hen t h e e r r o r i n the s o l u t i o n o f the i n v e r s e 

prob lem a l s o tends t o z é r o . I n o t h e r w o r d s , i f t h e n o i s e tends t o zéro and t h e r e -

f o r e g - g , where g = A f r e p r e s e n t s n o i s e l e s s d a t a , then t h e e s t i m a t e d s o l u t i o n f 

tends t o t h e e x a c t s o l u t i o n f . T h i s co r responds t o the c o l l a p s e o f the e l l i p s e s 

and K j o f F i g . 5 . 2 i n t o a p o i n t . A g ê n e r a i c o n d i t i o n f o r e n s u r i n g t h i s i s t h a t 3 has 

a conrpant inverse. T h i s i s j u s t a r e f o r m u l a t i o n o f the gêne ra i r e s u i t o f Tikhonov 

(see S e c t . 5 . 2 . 3 ) . 

We can now s t a t e more p r e c i s e l y what i s meant by llôlder oontinuittj and Icgarithmia 

mnti'-.uitu ( S e c t . 5 . 1 . 5 ) . The f i r s t case co r responds t o 6 ( c , E ) ~ t ' " , 0 < a < l ( f o r 

f i x e d E) and the second t o f,{c, E ) ~ | l n n r ' ' , P > 0 . An e l emen ta r y d i s c u s s i o n o f the 

r e l a t i o n s h i p between thèse p r o p e r t i e s o f t h e s t a b i l i t y e s t i m a t e and the p r o p e r t i e s 

o f the c o u p l e o f o p e r a t o r s A, B can be done when assuming t h a t the o p e r a t o r s A*A 

and B*B commute. 

L i k e i n S e c t . 5 . 2 . 2 , c o n s i d e r f i r s t l y the case where A i s a compact o p e r a t o r . 
Then, f rom ( 5 . 5 2 ) , r e c a l l i n g t h a t the e i g e n v a l u e s o f C a re g i v e n by yft = "h *� 
(C /E)2B2 , i t f o l l o w s t h a t 
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S(e , E) = ^2E sup [a^ + (E /E ) ^B^ ] " ' ' ' . ( 5 . 5 3 ) 

F i r s t o f a i l , l e t us observe t h a t we canno t r e s t o r e t h e c o n t i n u i t y by c h o o s i n g 
bounded B,,- Indeed i f we t a k e , f o r i n s t a n c e , pp = 1 i n ( 5 . 5 3 ) then we have, f o r any 
c , 6 ( e , E) = n E. I n f a c t f ( E , E ) - 0 f o r E - . 0 and f i x e d E , i f B s a t i s f i e s the f o l l o w -
i n g c o n d i t i o n s : I ) each e i g e n v a l u e o f B*B has f i n i t e mul t i p l i c i t y ; I I ) the (.„ grow 
t o i n f i n i t y f o r n - > + " [ 5 . 2 6 ] . Thèse assumpt ions a r e é q u i v a l e n t t o r e q u i r e t h a t B " l 
i s a compact o p é r a t o r . 

More p r é c i s e r e s u l t s can be o b t a i n e d i f s t r o n g e r assumpt ions a r e imposed on the 
Bp- For i n s t a n c e , i f we assume t h a t f o r n - � + ^ , l^n'^I«n'> M ' 0 , t h e n , by Comput ing 
the minimum o f the f u n c t i o n i f (s) = s + ( E / E j ^ s - v , s ; 0 , i t i s easy t o show t h a t 
{ ( . ; , E) ~ E ( E / E ) " where a = (i(ii + l ) " l . However, the c o n d i t i o n '<n~:ip" i s too r e s t r i c -
t i v e when the ip tend t o zéro v e r y r a p i d l y . T h i s o c c u r s , f o r i n s t a n c e , f o r i n t é g r a l 
o p e r a t o r s hav ing an a n a l y t i c k e r n e l , s i n c e t h e i r s i n g u l a r v a l u e s have an e x p o n e n t i a l 
f a l l - o f f [ 5 . 2 4 ] . In such a c a s e , a more r e a s o n a b l e c o n d i t i o n [ 5 . 2 2 , 2 6 ] i s t o t ake 
Bn g row ing as a power o f n , i . e . , f n ~ n i ' , i i > 0 . B u t , o b s e r v i n g t h a t the f u n c t i o n 
* ( s ) = e x p [ - a s ] + (E/E)2S2U, S > 0 , has a minimum f o r s g - ! l n ( E / E ) | when E ^ O , i t 
f o l l o w s t h a t 6 ( £ , E) ~ E | l n ( E / E ) 1 " " . I n most cases the c o n d i t i o n B n ~ n u i m p l i e s a 
c o n s t r a i n t upon a f i n i t e number o f d e r i v a t i v e s o f the a d m i s s i b l e s o l u t i o n s (see 
S e c t . 5 . 4 ) . 

As a second example, we c o n s i d e r the case o f the c o n v o l u t i o n o p e r a t o r ( 5 . 3 8 ) , t h e 
c o n s t r a i n t o p e r a t o r B hav ing the f o rm ( 5 . 4 0 ) . N o t i n g t h a t t h e i n f imum o f t h e spec t rum 
o f the o p e r a t o r C i s g i v e n by 

Y ^ e / E ) = i n f [ l l < ( v ) | ^ + ( £ / E ) ^ | B ( v ) | 2 l . 
V 

f r om ( 5 . 5 2 ) we ge t - � 

6 (E , E) = V'? E s u p [ | K ( v ) i ^ + ( E / E ) ^ | B ( U ) | ^ ] " ' ' ' . ( 5 . 5 4 ) 
V , � � . 

I n t h i s c a s e , we o b t a i n r e s u l t s v e r y s i m i l a r to t h e p r e v i o u s ones . L e t us suppose, 
f o r i n s t a n c e , t h a t i$(v) i s a r a t i o n a l f u n c t i o n ( t h i s may happen i n t h e case o f an 
e l e c t r i c a l n e t w o r k ) , _ w i t h o u t zéros on t h e r e a l a x i s , whose a s y m p t o t i c b e h a v i o r f o r 

i s g i v e n by K ( u ) ~ v - n ' (m i s a p o s i t i v e i n t e g e r ) . Then we can take as con -
s t r a i n t o p e r a t o r B , a d i f f e r e n t i a l o p e r a t o r o f o r d e r n , w i t h c o n s t a n t c o e f f i c i e n t s ; 
i n such a case ê ( v ) i s a po l ynom ia l o f o r d e r n , and t h e r e f o r e ê ( , ) ~ v " f o r ! v | - > + » . 
Then, a s y m p t o t i c a l l y , we have ê ( v ) ~ [ l < ( y ) ] " i i , p = n /m, and hence we have Ho lde r c o n -
t i n u i t y . More p r e c i s e l y , « (E , E) ~ E ( £ / E ) = ' w i t h a = i j ( i j + 1 ) " 1 = n(m + n ) " l < 1. Observe 
t h a t 'x~\ when n > > m , i . e . , when t h e a d m i s s i b l e s o l u t i o n s a re v e r y smooth. On the 
o t h e r hand, i f K (v ) decreases e x p o n e n t i a l l y f o r | v | - > + » w h i l e B (v ) i n c r e a s e s as a 
power, then the r e s t o r e d _ c o n t i n u i t y i s o n l y l o g a r i t h m i c . As i s w e l l known, the 
a s y m p t o t i c behav iou r o f K(y ) f o r | « | - . + ~ i s s t r i c t l y r e l a t e d to smoothness p r o p e r t i e s 
o f K ( x ) . I n p a r t i c u l a r , K {v ) decreases e x p o n e n t i a l l y when K ( x ) i s an a n a l y t i c f u n c -
t i o n . À l i s t o f v a r i o u s prob lems wh ich can be reduced t o the s o l u t i o n o f i n t é g r a l 
é q u a t i o n s o f c o n v o l u t i o n t y p e can be f o u n d , f o r i n s t a n c e , i n [ R é f . 5 . 4 , Chap .4 , 
S e c t . 3 ] . 

As p o i n t e d o u t i n S e c t . 5 . 1 . 5 , when t h e r e s t o r e d c o n t i n u i t y i s o f l o g a r i t h m i c 

t y p e , i t i s c o n v e n i e n t t o c o n s i d e r t h e r e c o n s t r u c t i o n o f " b l u r r e d s o l u t i o n s " . For 

t h e sake o f s i m p l i c i t y , we a n a l y z e e s s e n t i a l l y the case o f t h e c o n v o l u t i o n o p e r a t o r 

( 5 . 3 8 ) . Then we can proceed as f o l l o w s . L e t Wj j(x) be a p o s i t i v e , even f u n c t i o n such 

t h a t 

/ w - ( x ) d x = 1 , / x V ( x ) d x = ( 5 . 5 5 ) 

18t 

and l e t 

f p ( x g ) = / Wp(XQ - x ) f ( x ) d x . ( 5 . 5 6 ) 

The " b l u r r e d s o l u t i o n " ^^{^Q) i s a l o c a l w e i g h t e d average o f f ove r t h e d i s t a n c e D, 

and an e s t i m a t e f [ | (Xg) f c " i t i s o b t a i n e d by r e p l a c i n g f w i t h f i n ( 5 . 5 6 ) . The e r r o r 

i n f()(>!g) i s the maximum v a l u e o f ! f p f ̂ ĝ) " ' 'O'-'^Q) ' " ' ^^ ' ' ^ ' 'D' '*O' <^oi'i'^sponds to an 

a r b i t r a r y f u n c t i o n o f t h e s e t K. S ince we c o n s i d e r a c o n v o l u t i o n o p e r a t o r commuting 

w i t h the t r a n s l a t i o n o p e r a t o r s , i t i s q u i t e c l e a r t h a t t h e e r r o r i n f g ( X g ) i s i n -

dependent o f Xg, and hence i t i s enough t o e v a l u a t e the e r r o r i n f j j ( O ) = ( f , Wp)p. 

For a f i x e d D, we d e f i n e the e r r o r by 

6 ( E , E ; g , w ) = sup | ( f - f , w ) ! . ' ( 5 . 5 7 ) 
U f g |< u I- . 

I n o t h e r w o r d s , i t i s the maximum v a l u e o f the component o f f - f a l ong the d i r e c t i o n 

o f the v e c t o r Wp. I f we l o o k a t F i g . 5 . 2 , we c l e a r l y unde rs tand t h a t 

, Sp {c , E ; g , Wp) < 6 ( E , E ; g , w^) < 5 j ( c , E ; g , Wp) , ( 5 . 5 8 ) 

where ^ g l t , E ; g , w^) and 6 j ( e , E ; g , w^) a re q u a n t i t i e s ana logous t o ( 5 . 5 7 ) , the 

supremum b e i n g taken ove r t h e s e t s and K j , r e s p e c t i v e l y . Aga in 6 g ( n , E ; g , Wp) 

and « J ( E , E; g , Wp) can be e a s i l y computed. I ndeed , i f we use F i g . 5 . 2 as a schemat ic 

r e p r é s e n t a t i o n o f t h e i n f i n i t é d i m e n s i o n a l p r o b l e m , we see t h a t the component a l ong 

Wp o f a v e c t o r u = f - f o f KQ i s maximal when u c o i n c i d e s w i t h t h a t p o i n t UQ o f the 

boundary o f Kg such t h a t t h e t a n g e n t t o the e l l i p s e a t UQ i s o r t h o g o n a l to Wp. Now, 

i f we W r i t e the é q u a t i o n o f t h e e l l i p s e as (Cu , u)r- = b ^ , then the é q u a t i o n o f the 
2 

t a n g e n t i n u^ i s g i v e n by (CUQ, u )p = b and t h e r e f o r e t h e t angen t i s o r t hogona l 

to the v e c t o r Cup. T h i s v e c t o r i s p a r a l l e l t o Wp i f Up = aC ' w p , where a i s a con-

s t a n t wh ich can be de te rm ined by r e q u i r i n g t h a t Up be longs t o the boundary o f Kg. 

I t f o l l o w s t h a t a = b ( C " ' w p , Wp)p^, so t h a t «Q (E, E; g , Wp) = | (Up, Wp)p| = 

b(C ^Wp, Wp)p. Us ing a s i m i l a r argument f o r and r e c a l l i n g ( 5 . 3 0 ) , we have 

6 . ( E , E; g , Wp) = [E^ - ( ! l g l | g - ( g , A f ) g ) ] ' ^ ( C - ' w p , Wp)^' , ( 5 . 5 9 ) 

2 2 2 2 

where EQ = E and EJ = 2e . For i n f i n i t é d imens iona l " e l l i p s o i d s the p r e v i o u s 

argument can be made c o m p l e t e l y r i g o r o u s u s i n g t h e Schwarz i n e q u a l i t y . 

Aga in we can f i n d an upper bound on the e r r o r , wh ich i s independent o f g , i . e . , 

6 ( E , E ; g , Wp) i , S ( £ , E ; Wp) where [ 5 . 1 6 ] 

6 ( E , E ; Wp) = Jï E ( C - \ , Wp)p= ( 5 . 6 0 ) 
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I t i s p o s s i b l e t o prove t h a t « ( f , E; Wp) tends t o zéro when c - . 0 , p r o v i d e d t h a t 

the c o n s t r a i n t o p e r a t o r B wouid have a bounded i n v e r s e . Hence i n t h i s case , we a re 

a l l owed t o take B = I . Th is t ype o f c o n t i n u i t y can be c a l l e d weak aontinuity. 

More g ê n e r a i l y , the problem o f r e s t o r i n g " b l u r r e d s o l u t i o n s " can j u s t be fo rmu-

l a t e d as the problem o f r e s t o r i n g a f a m i l y o f l i n e a r f u n c t i o n a l s l i k e ( f , w^ jp 

where x i s some s u i t a b l e parameter ( l i k e the c e n t e r o f t he a v e r a g i n g i n t e r v a l ) . 

Such a p o i n t o f v iew i s u s u a l l y adopted f o r i n v e r s e problems i n geophys ics [ 5 . 3 7 , 3 8 ] . 

5 .3 Optimum F i l t e r i n g 

When s t a t i s t i c a l p r o p e r t i e s o f data and s o l u t i o n s a re a v a i l a b l e , f i l t e r i n g methods 

p r o v i d e an a l t e r n a t i v e way f o r r e g u l a r i z i n g i l l - p o s e d p rob lems . 

5 . 3 . 1 Random V a r i a b l e s i n a H i l b e r t Space 

Since we w i l l use a perhaps u n f a m i l i a r d e s c r i p t i o n o f s t o c h a s t i c p rocesses , we be-

g i n w i t h a b r i e f ske tch o f the work ing f rame. For f u r t h e r d é t a i l s the reader may 

c o n s u l t s tandard books on random processes l i k e [ 6 . 3 9 - 4 1 ] o r , f o r t he more s p é c i f i e 

q u e s t i o n s concern ing H i l b e r t space va lued random v a r i a b l e s , [ R é f . 5 . 7 , Chap.6] and 

the rev iew a r t i c l e [ 5 . 4 2 ] . 

Le t us f i r s t r e c a l l t h a t a random variable ( i n s h o r t : r . v . ) X i s an a p p l i c a t i o n 
o f some s e t n ( t h e se t o f the outcomes M o f an e x p e r i m e n t ) on the se t o f the r e a l 
numbers, i . e . , X(iu) i s a r e a l number c a l l e d a va lue o f the r . v . X. A p r o b a b i l i t y 
measure P i s de f i ned on the subsets o f n , c a l l e d e v e n t s , and X i s d e s c r i b e d by the 
d i s t r i b u t i o n f u n c t i o n 

Fj((x) = P(X < X] = i X) , ( 5 . 6 1 ) 

where one must read the r . h . s . as the " p r o b a b i l i t y o f t he even t c o n t a i n i n g a i l o u t -
comes M such t h a t X(w) < x " . The mean value o f X w i l l bç denoted by m^ = E [ X ) , where 
E means mathematical expectation, and i t s varianca by n% = E [ ( X - m x ) 2 j . Two f ) r more) 
r . v . are sa i d t o be j o i n t l y d i s t r i b u t e d i f t h e y a re d e f i n e d on the same space a; then 
they may be desc r i bed by the j o i n t d i s t r i b u t i o n f u n c t i o n 

F y y f x . y l ^ < X, Y < y l = P{a.|X(«) 1 X, Y(M) < y ) . ( 5 . 6 2 ) 

T h e i r aovarianae coefficient i s u w = E[ (X - m)()(Y - m y ) ] . The two r . v . a re uncorre-

lated i f = 0 . A complex r . v . Z = X + iY i s v iewed as a p a i r o f j o i n t l y d i s t r i b u t -
ed r e a l r . v . X, Y . 

A Hilbert space valued random variable C i s an a p p l i c a t i o n o f n on a H i l b e r t space 

F, i . e . , ç(iu) i s an élément o f F. When F i s a space o f f u n c t i o n s , then ç i s a s tocha -

s t i c p rocess . We p r e f e r , however, to use the p r e v i o u s a p p e l l a t i o n , s i n c e s t o c h a s t i c 

processes are not n e c e s s a r i l y d e f i n e d i n a H i l b e r t space. I t i s q u i t e obv ious t h a t , 

i f F i s a r e a l (complex) H i l b e r t space, t h e n , f o r any w i n F , = ( r , w)p i s a r e a l 

(complex) r . v . A c c o r d i n g l y , the F o u r i e r components o f f. i n a bas i s (u^ ) o f F a re an 
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i n f i n i t é s e t o f j o i n t l y d i s t r i b u t e d r . v . f;^ = ( ç , u ^ ) p . S i m p l i f y i n g somehow, we 

can d e f i n e f, by r e q u i r i n g t h a t , f o r any séquence ( a ^ l o f r e a l numbers, the f o l l o w i n g 

p r o b a b i l i t y makes sensé: 

P I î l ' ^1 - '-Z i ' z ' ��� ' f-n � � � ' � t ^ - " ' 

However, i n o r d e r t o i n c l u d e processes l i k e w h i t e n o i s e , one has to cons ide r ueak 

rnmto."! variablcc ( i n s h o r t : w . r . v . ) . I n t h i s case i t i s r e q u i r e d t h a t ( 5 . 6 3 ) be de-

f i n e d o n l y f o r any séquence hav ing a f i n i t e number o f é léments d i f f é r e n t from +�-. 

Such a p r o b a b i l i t y measure on F i s a l s o c a l l e d a aylinder set meaaure, because i t 

i s o n l y d e f i n e d on t h e " c y l i n d e r s " o f F , i . e . , t he se ts wh ich a re bounded o n l y a long 

a f i n i t e number o f d i r e c t i o n s [ 5 . 7 , 4 2 ] . Indeed , as i t i s the case f o r w h i t e n o i s e , 

the p r o b a b i l i t y t h a t ç takes va l ues i n a bounded s e t i s no t n e c e s s a r i l y d e f i n e d . 

Le t us remark t h a t , i n w r i t i n g ( 5 . 6 3 ) , we have i m p l i c i t l y assumed t h a t F was a r e a l 

H i l b e r t space; the e x t e n s i o n to complex H i l b e r t spaces and to co r respond ing w . r . v . 

i s q u i t e o b v i o u s . Nex t , l e t us o n l y men t i on t h a t an a l t e r n a t i v e way t o the i n t r o -

d u c t i o n o f w . r . v . i s t o d e f i n e l i k e GEL'FAND and VILENKIN [ 5 . 4 3 ] g e n e r a l i z e d p r o -

cesses , i . e . , a p p l i c a t i o n s o f n i n t o a space o f d i s t r i b u t i o n s . 

I n the f o l l o w i n g we w i l l assume, f o r s i m p l i c i t y , t h a t a i l w . r . v . K have zéro 

mean; i n o t h e r wo rds , f o r any w i n F , E((E;, w)p) = 0 . Th is i s no t a r e s t r i c t i v e 

hypo thes i s s i n c e , when the mean i s n o t z é r o , one can always c o n s i d e r , i ns tead o f 

r , the reduced w . r . v . ç ' = t - E [ r . ] . A t t h i s p o i n t we s t i l l have t o i n t r o d u c e the 

concept o f c o v a r i a n c e o p e r a t o r R^^ o f the w . r . v . ç . Such an o p e r a t o r i s s t r i c t l y 

r e l a t e d to the s o - c a l l e d a u t o c o v a r i a n c e f u n c t i o n o f a s t o c h a s t i c process ( f o r zéro 

mean processes a u t o c o r r é l a t i o n and a u t o c o v a r i a n c e f u n c t i o n s c o ï n c i d e ) . Indeed, l e t 

us assume f o r a moment t h a t F i s L ( a , b) and t h a t i t i s p o s s i b l e to d e f i n e i n some 

way the complex r . v . c ( x ) , where x i s a p o i n t o f [ a , b ] . Then the autocovariance 

function o f c i s g i v e n by 

R j . f ( x . y ) = E [ ( ; ( x ) E ; * ( y ) ] ( 5 .64 ) 

and we c a l l covariance operator R^^ the i n t é g r a l o p e r a t o r whose kerne l i s ( 5 .64 ) 

b 

( R f . n i x ) = / R . , ( x , y ) f ( y ) d y . ( 5 . 6 5 ) 

"Whi te n o i s e " i s by d é f i n i t i o n a Gaussian process r, f o r w h i c h , f o r m a l l y , R ( x , y ) 
2 2 

= E c ( x - y ) , and hence R = E I , where I i s the i d e n t i t y o p e r a t o r i n F. From 
ce 2 ' 

( 5 . 6 4 , 6 5 ) and the d é f i n i t i o n o f t he s c a l a r p r o d u c t i n L ( a , b) i t i s easy to check 

t h a t , f o r any f , w i n F 

( R ^ . f . w)p = E [ ( f , F,)p(f., w ) p ] . ( 5 .66 ) 

I n the t heo ry o f w . r . v . ( 5 . 6 6 ) i s adopted as a d é f i n i t i o n o f R^.^, a d é f i n i t i o n which 
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remains v a l i d i n any H i l b e r t space F. Indeed, we w i l l always assume t h a t the w . r . v . 

has a f i n i t e second moment, i . e . , we r e q u i r e t h a t E ( | ( î , f ) | - ! ^ ] i s f i n i t e f o r any f 

i n F, and is a cont inuous f u n c t i o n o f f . Then the r . h . s . o f (5 .66 ) i s a cont inuous 

b i l i n e a r forii i over F and hence there e x i s t s a bounded, l i n e a r , s e l f - a d j o i n t , non-

negat ive operator R^^ f u l f i l l i n g (5 .66) (see, e . g . [ 5 . 7 ] ) . 

For two s tochas t i c processes ç , n the croes-covarianae function i s de f ined by 

R , „ ( x . y ) = E [ î ( x ) n * ( y ) ] (5 .67) 

and the cross-covar iance opera tor R .̂̂  i s the i n t é g r a l opera to r whose kernel i s 

( 5 . 6 7 ) . I f e, takes values i n the H i l b e r t space F and n i n the H i l b e r t space G, 

then R^^ : G->F, and i t i s easy to check t h a t 

(Rç„g. = E t ( g , n ) g ( ç , f ) p ] . (5 .68) 

Equat ion (5 .68) can be taken as a d é f i n i t i o n o f the c ross -covar iance opera to r f o r 

processes having a f i n i t e second moment. Besides the f o l l o w i n g r e l a t i o n ho lds : 

R_ = R%. 

5 .3 .2 Best L inear Est imâtes 

With the previous background, l e t us t u r n back to our l i n e a r inverse problem. The 

basic équat ion i s (5 .17) and the f u n c t i o n s f , g , h w i l l be considered as values o f 

j o i n t l y d i s t r i b u t e d w . r . v . , r e s p e c t i v e l y ç , n, ç. The w . r . v . ç takes values i n the 

H i l b e r t space F, wh i l e n and c take values i n the H i l b e r t space G. The w . r . v . ç , 

1 , ç are assumed to s a t i s f y the f o l l o w i n g équa t ion 

*5 + Ç = n , (5 .69 ) 

where the l i n e a r operator A : F->G i s con t i nuous , and i t s inverse A " ' i s supposed to 

e x i s t . The inverse problem cons i s t s i n e s t i m a t i n g a value o f ç , g iven an observed 

va lue g o f n. P r i o r knowledge would be knowledge o f the j o i n t d i s t r i b u t i o n o f the 

w . r . v . ç and ç ( s o l u t i o n and n o i s e ) . This i s u s u a l l y too much f o r l i n e a r e s t i m a t i o n s . 

I t i s enough to assume a knowledge o f the mean values o f the w . r . v . ç , ç and o f the 

appropr ia te covar iance and c ross -covar iance o p e r a t o r s . The f o l l o w i n g assumptions 

are usua l l y in t roduced: 

I ) ç and ç have zéro mean; 

I I ) ç and ; are unaorrelated, i.e., R^^ = 0 ; 

I I I ) R^J exists. 

The t h i r d assumption i s the mathematical f o r m u l a t i o n o f the f a c t t h a t a i l components 

o f the data f u n c t i o n are a f f e c t e d by n o i s e , o r i n o ther words t h a t no component o f 

the noise is equal to zéro w i t h p r o b a b i l i t y one. Thanks to the assumptions I ) , I I ) 
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the covar iance opera to r o f n i s g iven by (see , e .g . [ 5 . 2 0 ] ) 

R = AR^ A* + R^, '�� <5 -^ ° ' 
nn t ç ÇÇ � . 

and the c ross -covar iance opera to r R .̂̂  i s 

We w i l l a l 50 assume t h a t R^^ con ta ins a parameter c , which tends to zéro whon the 

noise van ishes , i . e . , 

where N i s a g iven opera to r ( f o r wh i te noise N = I ) . 

The c l a s s i c a l procédure o f l i n e a r mean-square es t ima t i on can now be formulated 

as f o l l o w s . A linear estimator o f ç wi 11 be any w . r . v . = Ln where L : G->F i s an 

a r b i t r a r y l i n e a r cont inuous o p e r a t o r . From a value g o f n one obta ins then a linr-ir 

estimate o f the poss ib le values o f ç , \ = Lg. Now we have to f i n d some way o f e v a l -

u a t i n g the v a l i d i t y o f such an e s t i m a t o r . For i ns tance , we can measure i t s v a l i d i t y 

i n e s t i m a t i n g the sca la r r . v . ( ï . w)p ( f o r any g iven élément w i n F) by the mean-

square e r r o r : � 

6 ^ , : ; w; L) = E{ | (Ç - Ln, w ) p | ^ ) . ( 5 - " ) 

I t i s then na tu re l to ask whether there e x i s t s an opera tor LQ min im iz ing the e r r o r 

( 5 . 7 3 ) . I f the covar iance opera to r R^^ has a bounded i n v e r s e , Lp e x i s t s and i s unique 

f o r any w i n F. I t i s g iven by 

Ln = Rr R"^ = Rf r ' ^ ' IAR^.A* + R ] " ^ . (S-?" ) 

The w . r . v . 5 = L^n i s c a l l e d the beat linear estimator o f ç and, g iven a value g of 

n , the best linear estimxtc f f o r the va lue o f C i s 

r = R^çAMAR^çA* + R ç ç l ' ^ g . ( 5 - " ) 

Let us j u s t sketch the proof o f t h i s r e s u l t ( see , e . g . [ R é f . 5 . 7 , Chap.6] o r [ 5 . 2 0 ] ) . 
Since Rrr has a bounded i n v e r s e , R^^ has a lso a bounded inverse and LQ %RcnJ^nn 
i s a l i n e a r cont inuous opera to r f rom G i n t o F. On the o ther hand, using ( 5 . 6 6 , 5 8 ) , 
one can w r i t e 

E { | ( 5 - Ln, w)p |2 } = ( [ R ç j - R^^L* - LR*^ + LR^^^l*]w, w)^ 

= ( [ L - Lo ]R^^ [L ' - LJ lw , w)p + ([R^p^ - LgR^^LSi". «)F 

(5.76) 

and, s ince the opera to r ( L - L o ) R n n ( L * - LQ) i s p o s i t i v e d e f i n i t e when L ;f LQ, the 
minimum i s a t t a i n e d i f and on l y i f L = LQ. I,et us s t i l l remark t h a t the previous 
r e s u i t can be extended to the case where RJ,; i s not bounded: there ex is ts^a unique 
cont inuous ope ra to r LQ m in im i z i ng (5 .73 ) i f and on ly i f the operator R,;„R„n 15 
bounded on i t s domain 15.211. 
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We consider a lso the case o f a w . r . v . r w i t h a f i n i t e variartce de f ined by 

E{|| c i l p) = E f l _ ^ ( u ^ , r . )p (ç , u j p ) < +^ , (5 .77) 

where (Up) i s a basis i n F [note t h a t (5 .77) does not dépend upon the choice of a 
p a r t i c u l a r b a s i s l . Let us remark t ha t (5 .77) can a lso be w r i t t e n w i t h the help of 
the covariance operator Rrç, using (5 .66) 

7 
E M U I I p ) = (RççU^, u^) = Trace (R^^) . " (5 .78) 

Hence we see tha t ç has f i n i t e var iance i f and on ly i f Rrr has a f i n i t e t race (one 
says then tha t R;,; is a nuclear or t race c lass o p e r a t o r ) ' When f has f i n i t e va r i ance , 
we may def ine the f o l l ow ing " g l o b a l " mean-square e r r o r ( f o r the es t ima to r C|_ = Lu) 

« ^ e ; L) = E{|| î - Lnll . (5 .79) 

which w i l l be f i n i t e i f and on ly i f Ln has a lso a f i n i t e va r iance . When i t e x i s t s , 
the operator LQ, which minimizes ( 5 . 7 3 ) , minimizes a lso (5 .79) i f and on ly i f L n 
has a f i n i t e var iance. When Rçç has a bounded i n v e r s e , the previous c o n d i t i o n iS 
s a t i s f i e d i f the operator LQ = RçnRn^ i s of the Schmidt c l a s s , i . e . , i t s a t i s f i e s 
the cond i t i on t race (LQLO) <+�». 

Now, as i n S e c t . 5 . 2 . 3 , l e t us b r i e f l y d iscuss the s i t u a t i o n s where (5 .75) can be 

conven ient ly represented by means of e i gen func t i on ( s i n g u l a r f u n c t i o n ) expansions. 

We consider f i r s t the case of a compact opera tor A, us ing the same no ta t i ons as in 

Sec t . 5 .2 .3 . We expand ç and ; i n terms of the e igen func t ions of the operators A*A 

and AA*, r e s p e c t i v e l y , t h e i r Four ier components are the random va r i ab les = � 

( ç , u^) | . , = ( ç , V|^)g. Then we assume ( in a d d i t i o n to I ) - I I I ) I t h a t 

IV) the Fourier compmenta of ç are mutually unoorrelated çui well as the Fourier 

components of c. 

E q u i v a l e n t l y , the f o l l o w i n g représen ta t ions f o r R^^ and R^^ are v a l i d : 

where f ^ = ( f , u^)p, g^ = (g , v ^ ) ^ , i s the var iance o f r,^ and Jv'^ the var iance 

o f [ r e c a l l ( 5 . 7 2 ) ] . 

Then the best l i n e a r est imate (5 .75) becomes , 

+oa a p 

= l-P 2 2 V n � ^ ' {5 .81) 
"n^n^^ ̂ n 

and i t r e s u l t s t h a t the operator i s bounded i f and on l y i f sup(a p^u"^) < + -

[ 5 . 2 1 , 2 2 ] . " " " 
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Equation (5 .81) can a lso be w r i t t e n as f o l l o w s : 

(5.82) f . l (1 - e x p ( - 2 J J ] ^ u ^ 
n=0 n 

where 

2 2 

= 1/2 l n ( l + ^ ) . (5.83) 

This ronn i s i n t e r e s t i n g because, i n the case of Gaussian processes, we recognize 
i n Jn the average mutual i n fo rma t ion conta ined i n the sca la r random var iab les fn = 
( f . , U„)F and 1^ = (n , v^) j , (see, e .g . [ 5 . 4 4 ] ) . Indeed, we have 

= -1 /2 l n ( l - r ^ ) , (5.84) 

where r ^ , g iven by 

V n l E I V ^ l l ' p ^ (5 .85) 

i s p r e c i s e l y the c o r r é l a t i o n c o e f f i c i e n t of f.p and nn. The best l i n e a r est imate f 
hence appears as a pénal ized vers ion of the unstab le formai s o l u t i o n A- lg = 
I ^'n'gnun, where the penal ized components are those components gn conta in ing too 
n 
l i t t l e i n fo rma t ion about the components f ^ . 

A t runcated s o l u t i o n , s i m i l a r t o ( 5 . 3 7 ) , can be obta ined by in t roduc ing the 
set l ( r ) o f the values of the index n such t h a t ap.-p > z\>n- This cond i t i on is équi -
va len t to r equ i re r^ > 1/2 or J^, i ( l n 2 ) / 2 . I f r p - 0 when n - . + " [ t h i s cond i t i on i s 
assured by the c o n d i t i o n sup(anpS/vS) < + " which imp l ies the convergence of (5.81) 
f o r any g i n G ] , then the set I ( E ) i s f i n i t e and we can consider the f i n i t e sum 

y ^ u . (5.86) 

n £ I ( , ) "n " 

I t can be proved [5 .22 ] t h a t LQ minimizes (5 .73) when we consider l i n e a r es t imators 
w i t h on ly a f i n i t e number o f components d i f f é r e n t from zéro. 

As a second example, l e t us cons ider the case where A i s a convo lu t ion operator -

see ( 5 . 3 8 ) . Besides we assume t h a t both r and c are stationary prooecsrs w i t h auto-

covar iance f u n c t i o n s R ç ç ( x - y ) and R ç ç ( x - y ) , r e s p e c t i v e l y . Let Sçç(v) and Sç . (v ) 

be the power spcatra ( s p e c t r a l d e n s i t y ) o f ç and ç , r e s p e c t i v e l y ; then (5.75) takes 

the usual form o f a Wiener filter [ 5 . 40 ,41 ] 

?(x) - X ^ ' i ^ ' ' ^ ^ ' ^ ' g ( . ) e ^ - - - d . . ' (5 .87) 
- | l < ( v ) r S ç ç ( v ) + S ^ ç ( v ) 
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5 . 3 . 3 Hean-Square Er rors 

The r . v . ( î - L ^ r , , w)p i s t h e e r r o r we c o n m i t when t a k i n g (LQH, VI)^ as an e s t i m a t o r 

o f ( ç , w )p. I t s v a r i a n c e i s 

6^{c; w) = E [ | ( Ç - LQ-I, w ) p | ^ ] ( 5 . 8 8 ) 

and t h e r e f o r e 6 ( e ; w) i s the mean-snunre error i n the e s t i m a t i o n o f ( ; ; , w )p . The 

parameter t i s d e f i n e d by ( 5 . 7 2 ) . For s i m p l i c i t y l e t us c o n s i d e r o n l y the case where 

R^^ has a bounded i n v e r s e . Then the opt imum f i l t e r c e r t a i n l y e x i s t s and , f rom 

( 5 ^ 7 4 , 7 6 ) i t f o l l o w s t h a t 

6 ( c ; w) - ( [ R ^ ç - L Q R ^ ^ ^ L ' I W , VI)) . � ( 5 . 8 9 ) 

F u r t h e r m o r e , i t i s p o s s i b l e t o prove t h a t , when bo th i n v e r s e o p e r a t o r s R^J and A " ' 

e x i s t , then «(c ; w) - �0 when c -� 0 , f o r any w i n F [ 5 . 2 1 ] . 

I t i s now n a t u r a l t o d e f i n e a relative mean-square error as be i ng the r a t i o be-

tween the v a r i a n c e o f the e r r o r and t h e v a r i a n c e o f t h e e s t i m a t e d r . v . ( ç , w)|-

[ 5 . 2 0 ] . S ince E [ | ( ! ; , w ) p | ^ I = (R^f-W, w)p , we g e t f r om ( 5 . 8 9 ) 

( [ R „ - L o R „ L*]w,w)p= 

Vel(^i « ° ° , ^ , � ( 5 . 9 0 ) 

Th i s q u a n t i t y g i ves a p r é c i s e measure o f the reliability o f t h e e s t i m a t e . I t i s 

i n t e r e s t i n g t o remark [ 5 . 2 0 ] t h a t , when A ' ^ i s n o t c o n t i n u o u s , one can f i n d a sé -

quence { w ' " ' ) such t h a t «^giCs:. w ' " ' ) - > l when n - . + « , f o r f i x e d c . I n o t h e r w o r d s , 

in the case o f an i l l - p o s e d p rob lem, f o r any v a l u e o f c > 0 , t h e r e w i l l be v e c t o r s 

w in F f o r wh ich the r . v . ( ç , w)p canno t be r e l i a b l y e s t i m a t e d . 

When Rçç is o f the t r a c e c l a s s , i . e . , ç has a f i n i t e v a r i a n c e - see ( 5 . 7 8 ) - and 
Rçç has a bounded i n v e r s e , then the opt imum f i l t e r LQ i s o f the Schmidt c l a s s and 
one can d e f i n e a " g l o b a l " mean-square e r r o r as 6 ( c ) = 6 { E ; LQ) - see ( 5 . 7 9 ) . An 
e x p r e s s i o n f o r 6 ( e j , s i m i l a r t o ( 5 . 8 9 ) , can be d e r i v e d r e m a r k i n g t h a t 62(E) i s t h e 
t r a c e o f the c o v a r i a n c e o p e r a t o r o f ç - Lgn 

Sic) = [ T r a c e { R ç ç - LQR^^LJ} ] ' ' ^ . ( 5 . 9 1 ) 

When the i n v e r s e o p e r a t o r s R î t and A"^ b o t h e x i s t , t hen one can p rove t h a t 6 ( e ) - » 0 , 
when c - O [ 5 . 2 1 ] . 

I n the case o f a compact o p e r a t o r A , when assumpt ion I V ) o f S e c t . 5 . 3 . 2 i s s a t i s -

f i e d , ( 5 . 8 9 ) becomes 

, ( . ; w) = e f 4 n ; V ? I w J ^ y . , ( S . g p , 

Vn=0 . „ p „ + c v„ / 
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where w = (w , u ) p . I t i s q u i t e easy t o show t h a t s ( c ; w ) ->0 when c-0 [ 5 . 2 1 1 , 
" - 1 - 1 

under the s o l e c o n d i t i o n t h a t t h e o p e r a t o r s R^^ and R^̂ ^ e x i s t ( 5 . 2 1 , 2 2 1 . 

As rega rds the " g l o b a l " mean-square e r r o r ( 5 . 9 1 ) , i t becomes 

2,^2 

M O = 4 ï - P P V ^ V � ( 5 . 9 3 ) - / v" """" \ ^ 
\ i „ 2 2 , 2 2 ) 
\ n=0 i „ n „ + c -1 I 
^ n n n ' 

I t i s a l s o easy t o show t h a t f ( e ) - > 0 , when c - » 0 , p r o v i d e d t h a t t has a f i n i t e v a r i -
ance , i . e . , Z f ^ r ^ < + " ( 5 . 2 1 1 . 

I n the case o f a c o n v o l u t i o n o p e r a t o r A and o f s t a t i o n a r y processes ç , ç , one can 

o n l y d e f i n e the mean-square e r r o r ( 5 . 8 9 ) . I ndeed , the c o v a r i a n c e o p e r a t o r o f a s t a -

t i o n a r y p rocess i s never o f the t r a c e c l a s s . An e x p r e s s i o n f o r { ( c ; w) can be e a s i l y 

d e r i v e d u s i n g ( 5 . 8 7 , 8 9 ) . 

5 . 3 . 4 Comparison w i t h M i l l e r ' s R e q u l a r i z a t i o n Hethod 

I n M i U e r ' s method, t h e e s t i m â t e s o f the s o l u t i o n o f t h e prob lem ( 5 . 1 7 ) have t o 

be long t o the s e t K d e f i n e d by ( 5 . 2 1 , 2 2 ) and t h i s i s a " r i g i d " c o n d i t i o n , i n the 

sensé t h a t a i l t he f u n c t i o n s o u t s i d e K a r e r e j e c t e d as mean ing less . I n p r o b a b i I i s t i c 

methods, the r e s t r i c t i o n s a re l e s s c a t e g o r i c a l s i n c e one c o n s i d e r s the p r o b a b i l i t y 

d i s t r i b u t i o n s o f t h e s o l u t i o n s and o f the e r r o r s . I n f a c t , the knowledge o f R^^ 

co r responds t o the bound ( 5 . 2 1 ) f o r the e r r o r , w h i l e the knowledge o f R .̂̂  co r responds 

t o the bound ( 5 . 2 2 ) f o r t h e s o l u t i o n . M o r e o v e r , b o t h H i l l e r ' s method and optimum 

f i l t e r i n g a r e l e a s t square methods. Hence, i t i s n o t s u r p r i s i n g t o f i n d s i m i l a r i t i e s 

between the s o l u t i o n s p r o v i d e d by t h e two methods. I ndeed , thanks t o the f o l l o w i n g 

i d e n t i t y , v a l i d when R^^ and R j J e x i s t 

( A V J A ^ Rçç)RççA* = A*R-J(ARççA* + R^^) ( 5 . 9 4 ) 

i t i s easy t o show t h a t ( 5 . 2 7 ) and ( 5 . 7 5 ) c o i n c i d e f o r m a l l y when p u t t i n g 

Rçç = e ^ I , Rçç = E ^ ( B * B ) " 1 . , ( 5 . 9 5 ) 

I n f a c t , the c o n d i t i o n i n t r o d u c e d by M i l l e r i n o r d e r to r e s t o r e c o n t i n u o u s depen-

dence on the da ta ( i . e . , t h a t t h e c o n s t r a i n t o p e r a t o r B shou ld have a bounded i n -

v e r s e ) co r responds t o the c o n d i t i o n t h a t t h e w . r . v . ç has f i n i t e second moment, i . e . , 

t h e r e e x i s t s a bounded o p e r a t o r R^^ d e f i n e d by ( 5 . 6 6 ) . Moreove r , the mean-square e r r o r 

( 5 . 8 9 ) can be c o n s i d e r e d as t h e ana logue o f t h e s t a b i l i t y e s t i m a t e ( 5 . 6 0 ) f o r the 

r e s t o r a t i o n o f " b l u r r e d s o l u t i o n s " . Thanks t o t h e i d e n t i f i c a t i o n ( 5 . 9 5 ) , they c o i n -

c i d e up to a f a c t o r t l . L o o k i n g a t the r e l a t i v e e r r o r ( 5 . 9 0 ) , we are teuipted t o de-

f i n e i t s f e l l o w i n r e g u l a r i z a t i o n t h e o r y by 
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V e l ( = ' ^' � ( 5 . 9 6 ) 
( [ B B l w,w)p 

I n f a c t , i t 1s a l s o p o s s i b l e to d é r i v e t h i s f o r m u l a i n an i n t r i n s i c way, w i t h o u t 

r é f é r e n c e to i t s p r o b a b i l i s t i c ana logue [ 5 . 2 6 ] . I n s p i t e o f d i f f é r e n t s t a r t i n g p o i n t s , 

the s i m i l a r i t i e s o f the s o l u t i o n s and o f the e r r o r e s t i m â t e s a re v e r y i n t e r e s t i n g 

and t h e r e f o r e the c o n j u n c t i o n o f b o t h p o i n t s o f v i e w can p r o v i d e complementary i n -

s i g h t s on the r e g u l a r i z a t i o n o f l i n e a r i n v e r s e p r o b l e m s . 

For the r e a d e r ' s conven ience we summarize t h e main a n a l o g i e s between M i U e r ' s 

r e g u l a r i z a t i o n method and optimum f i l t e r i n g i n t h e f o U o w i n g scheme. 

R e g u l a r i z a t i o n method 

Data the f u n c t i o n g ; g = Af + h 

P r i e r 

knowledge 

Il *^\\ e = Il - 9 l l 5 i E , Il B f | | p < E; knowledge o f c , E and o f 

the o p é r a t o r B 

Requirement an e s t i m a t e o f the f u n c t i o n f 

S o l u t i o n f = [A*A + ( | - ) V B ] " ^ A * g 

Optimum f i l t e r i n g 

Da ta a va lue g o f the r . v . r = A ç + ç 

P r i o r 

knowledge 

f; , c a re zéro mean, u n c o r r e l a t e d r . v . ; knowledge o f the c o v a r i a n c e 

o p e r a t o r s R^^ , R^^ 

Requirement an e s t i m a t e o f a v a l u e o f 5 

S o l u t i o n f = R ç t . A * [ A R ç ^ A % R ç ç ] - ^ g 

5 .4 L i n e a r I nve rse Problems i n O p t i c s 

Surveys o f i n v e r s e problems i n o p t i c s and e l e c t r o m a g n e t i c s can be found i n [ 5 . 9 , 4 5 1 . 

Due to the r a p i d g rowth o f r e s e a r c h i n t h i s f i e l d , we do n o t a t t e m p t a comp lè te r e -

v i e w . Dur aim i s to f ocus on s t a b i l i t y p rob lems and t h e r e f o r e we s e l e c t o n l y a few 

examples , u s i n g f o r s i m p l i c i t y t h e s c a l a r t h e o r y o f l i g h t . The harmonie t ime depen-

dence e x p ( - i u i t ) i s assumed, and by wave f u n c t i o n s we mean s c a l a r complex a m p l i t u d e s . 
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5 . 4 . 1 I n v e r s e Problems i n F o u r i e r O p t i c s 

The p rob lem o f r e s t o r i n g da ta t h a t have been degraded by a l i n e a r b a n d l i m i t e d System 

has f o r l o n g r e c e i v e d much a t t e n t i o n b o t h i n o p t i c s [ 5 . 4 6 ] and i n r a d i o astronomy 

[ 5 . 4 7 , 4 8 ] . For s i m p l i c i t y we w i l l c o n s i d e r o n l y a one -d imens iona l System. Then, i n 

the absence o f n o i s e , such a System i s d e s c r i b e d by a l i n e a r é q u a t i o n l i k e 

X/2 
/ S(x - y ) f ( y ) d y = g{x) , ( 5 . 9 7 ) 

- X / 2 

where S ( x ) , the point spread funation, has a F o u r i e r t r a n s f o r m wh ich van ishes o u t -

s i d e a f i n i t e i n t e r v a l [ - n / 2 , n / 2 ] , f i s the wave f u n c t i o n i n the o b j e c t p lane and 

g t h e wave f u n c t i o n i n t h e image p l a n e . We c a l l f t he o b j e c t and g the n o i s e l e s s 

image. 

S ince f i s zé ro o u t s i d e the i n t e r v a l ( - X / 2 , X / 2 ] , i t s F o u r i e r t r a n s f o r m i s an 

e n t i r e a n a l y t i c f u n c t i o n . So i t was observed [ 5 . 4 6 , 4 8 ] t h a t a n a l y t i c c o n t i n u a t i o n 

i n the f r e q u e n c y domain w i l l i n p r i n c i p l e a l l o w f o r r e s t o r a t i o n o f u n l i m i t e d d é t a i l s 

o f f . As remarked by many a u t h o r s [ 5 . 4 9 , 5 0 ] , t h i s r e s u i t seems t o be i n c o n t r a d i c t i o n 

w i t h t h e concep t o f numbev of degrees of freeàom of an -image [ 5 . 5 1 - 5 3 ] , wh ich essen-

t i a l l y means t h a t the image never c o n t a i n s enough i n f o r m a t i o n t o r e c o n s t r u c t the ob-

j e c t unamb iguous l y . The c o n t r a d i c t i o n d i s a p p e a r s i f one takes i n t o account the no i se 

and logarithmic aontinuity , wh ich a r i s e f o r o b j e c t r e s t o r a t i o n . 

Protate Spheroidal Wave Functions (PSWF) 

We summarize here t h e main p r o p e r t i e s o f t h e p r o l a t e s p h e r o i d a l wave 

� ^ ( c , x ) [ 5 . 5 4 - 5 6 ] , wh i ch a re a fundamenta l t o o l f o r the a n a l y s i s o f 

Systems. The 4 'p (c , x ) can be d e f i n e d as the c o n t i n u o u s s o l u t i o n s , on 

i n t e r v a l [ - 1 , 1 ] , o f t h e d i f f e r e n t i a l é q u a t i o n 

- [ ( 1 - x ^ ) * ' ( x ) ] ' + c ^ x ^ * ( x ) = x * ( x ) . . : ( 5 . 9 8 ) 

Con t inuous s o l u t i o n s e x i s t o n l y f o r c e r t a i n d i s c r è t e p o s i t i v e va lues x„ °^ the pa ra -

meter x : 0 < XQ < Xj < . . . . T^ie" ^ n ' * " ' ^ '^^^ s o l u t i o n o f ( 5 . 9 8 ) co r respond ing 

t o the e i g e n v a l u e x^. b e h a v i o r o f Xp when n - + " i s [ 5 . 5 7 ] 

X„ = n {n + 1) + 1 c^ + 0 ( - l ) . � ( 5 . 9 9 ) 

The � „ ( c , x) can be u n i q u e l y ex tended t o e n t i r e a n a l y t i c f u n c t i o n s , and they w i l l 

be n o r m a l i z e d as f o l l o w s : 

f u n c t i o n s 

band l im i ted 

the c l o s e d 

/ | * ^ ( c , x ) | ^ d x = 1 ; n = 0 , 1 , 2 , ( 5 .100 ) 
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The PSWF are a l s o s o l u t i o n s o f the e igenva lue é q u a t i o n 

l "'V-y')'^' ^)'y = Vr^^- ^ ) (5 -101) 

The e igenvalues form a dec reas ing séquence: l > \Q> ^ ... ^ 0 and have a s tep 

behav io r : they are app rox ima te l y equal t o one f o r va lues o f the index l ess than 

Np = 2 c / t and then f a l l o f f t o zéro e x p o n e n t i a l l y . More p r e c i s e l y , t h e i r behav io r 

f o r n - . + » i s [ 5 . 5 8 ] 

^n ' ° ' ï ï ^ " P î " ^ " ^ " ' i ? ' " � (5 -102) 

The e igenva lues \ ^ are a l s o the n o r m a l i z a t i o n cons tan t s o f the PSWF on the i n t e r v a l 

( - 1 . U 

1 2 
/ J t p ( c , x ) | dx = . ( 5 .103 ) 

The fundamental p r o p e r t i e s o f the PSWF a r e : 

a) The i n ( c , x) are b a n d l i m i t e d f u n c t i o n s ; t h e i r F o u r i e r t r ans fo rms van ish o u t -
s ide the i n t e r v a l [ - c / 2 i t , c /2w] 

r e - 2 ' ' ' % ^ ( c , x)dx = ( - i ) " y ^ * „ ( c . ^ ) 6 ( - ? î ^ ) . . (5 .104) 

where o (s ) = 1 f o r | s | < 1 and e ( s ) = 0 f o r | s | �> 1 ( s e e , e . g . [ 5 . 5 9 1 ) . 
b) The l<n{c, x ) are a bas is i n the space o f the s q u a r e - i n t e g r a b l e b a n d l i m i t e d 

f u n c t i o n s . 
c ) The f u n c t i o n s Up(x) = \ ^ \ „ { c , x ) are a bas is i n i- ( - \ , 1 ) . 

Statements b) and c ) e x h i b i t a remarkab le p r o p e r t y o f the PSWF: they are o r t h o -

gonal over two d i f f é r e n t i n t e r v a i s . Th is p r o p e r t y i s fundamenta l f o r t he e x t r a p o l a -

t i o n o f band l im i t ed f u n c t i o n s . 

Perfeat LowpasB Filter 

We cons ide r f i r s t ( 5 . 9 7 ) w i t h the p o i n t spread f u n c t i o n S(x ) = ( n x ) " ' sin(Tt ! ix) 

( p e r f e c t lowpass f i l t e r th rough the band [ - n / 2 , n / 2 ] ) . The c o n n e c t i o n w i t h the gêne-

r a i f o r m u l a t i o n o f a l i n e a r i nve rse p rob lem, g i ven i n S e c t . 5 . 1 . 3 , i s as f o l l o w s . 

Since the o b j e c t r a d i â t e s a f i n i t e power, we can take L ( - X / 2 , X /2) as s o l u t i o n 

space F. Assuming t h a t the no isy image g i s known on l y on the i n t e r v a l [ - X / 2 , X /21 , 
2 

we can a l s o take L ( - X / 2 , X/2) as data space G. Then, o b j e c t r e s t o r a t i o n c o n s i s t s 

i n i n v e r t i n g the i n t é g r a l o p e r a t o r 

X/2 
( A f ) ( x ) = / i M ^ f l J U X l l f ( y ) d y . � . ( 5 .105 ) 
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The o p e r a t o r A i s s e l f - a d j o i n t , nonnegat ive and compact. The q u a n t i t y R = fi"' i s 

the Hai/îrCfjh rccolution dictance and NQ = nX i s the yumber of d';gree3 of fr'icdom 

o f the image. Observe t h a t NQ i s the number o f e igenva lues o f A which are app rox i -

mate ly equal to one and a l s o t h a t Ng = Trace(A) [ 5 . 6 0 ] . In f a c t the e igenva lues o f 

A are the a s s o c i a t e d to the PSWF w i t h c = t r iX /2 and the cor respond ing e igen func -

t i o n s are 

u j x ) = ( j j | - ) S „ ( c , 1^) . c = „nX /2 . (5 .106) 

In o rde r to app l y to t h i s problem the gênera i r e s u l t s o f S e c t . 5 . 2 . 2 , we need a con-

s t r a i n t o p e r a t o r B commuting w i t h A. Th is requ i rement i s s a t i s f i e d by the d i f f e r e n -

t i a l o p e r a t o r 

( B * B f ) ( x ) = - [ ( ^ X ^ - x ^ ) f ( x ) ] ' * c ^ x ^ f ( x ) (5 .107) 

s i n c e , f rom the d é f i n i t i o n o f the PSWF, i t f o l l o w s t h a t the u , de f i ned by ( 5 . 1 0 5 ) , 
� 

a re the e i g e n f u n c t i o n s o f B B and the x„ a re the co r respond ing e igenva lues . F u r t h e r -

more, by means o f a p a r t i a l i n t é g r a t i o n one ge ts 

X/2 X/2 
( B * B f , f ) p = / ( | x ^ - x ^ ) | f ' ( x ) | ^ d x + c^ / x ^ | f ( x ) | ^ d x (5 .108) 

-X /2 -X /2 

so t h a t c o n d i t i o n ( 5 . 2 2 ) i s a c o n s t r a i n t on the f i r s t d e r i v a t i v e o f f . Note t h a t 

(5 .108 ) has the same form as ( 5 . 4 4 ) ; however, the f u n c t i o n s p (x ) and q ( x ) i n (5 .108) 

are n o t s t r i c t l y p o s i t i v e . Hence the se t d e f i n e d by (5 .22 ,108 ) i s no t compact w i t h 

r espec t t o the u n i f o r m norm ( 5 . 1 5 ) (see [ R é f . 5 . 3 6 , p . 1 9 5 ] ) but i t i s compact w i t h 
2 

r e s p e c t t o the L -norm. 

Now the r e s t o r e d o b j e c t i s g i ven by ( 5 . 3 6 ) w i t h = A^, 6̂ ^ = �'xp and 

X/2 
% - ! g ( x ) u ( x ) d x (5 .109) 

or by the t r u n c a t e d s o l u t i o n ( 5 . 3 7 ) . I t i s i n t e r e s t i n g to remark t h a t , s ince the 

decrease e x p o n e n t i a l l y f a s t when n > N p , w h i l e f p ~ n , the number o f ternis N i n 

(5 .37 ) i s equal t o ( t h e number o f degrees o f freedom) p lus a number o f terms 

which i s r ough l y p r o p o r t i o n a l to j l n c | , which number i s t h e r e f o r e r a t h e r i n s e n s i t i v e 

to the n o i s e . Th is f a c t i s s t r i c t l y r e l a t e d to l o g a r i t h m i c c o n t i n u i t y [ 5 . 6 1 ] . Indeed, 

i f we cons ide r the s t a b i l i t y e s t i m a t e ( 5 . 5 3 ) , w i t h r, = \ and 6„ = �'x„> '̂�o™ the ^ V / ' n n n, n 

behav io r (5 .102) and ( 5 . 9 9 ) , we conc lude t h a t 6 ( c , E ) ~E | l n ( c / E ) | " . This r e s u i t can 

be extended to the case where a f i n i t e number o f d e r i v a t i v e s o f f a re bounded ( 5 . 2 2 , 

3 6 ] . The f o l l o w i n g s ta tements are j u s t i f i e d . 

I ) The e r r o r on the r e s t o r e d o b j e c t tends t o zéro when c-»0 and t h e r e f o r e , ''i 

pnnciplc, u n l i m i t e d r e s o l u t i o n o f d é t a i l s i s p o s s i b l e ( a t l e a s t i n the framework 
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o f c l a s s i c a l o p t i c s , s i n c e the p r e v i o u s a n a l y s i s does n o t take i n t o accoun t the 
quantum-mechanical l i m i t a t i o n s on measurement o f t h e l i g h t f i e l d [ 5 . 6 2 ] ) . 

I I ) When the o b j e c t i s n o t e x t r e m e l y smooth (what i s é q u i v a l e n t t o say t h a t i t s 
F o u r i e r t r a n s f o r m i s n o t n e g l i g i b l e o u t s i d e the band [ - i V 2 , n / 2 ] - see [ 5 . 2 2 , 6 1 ) ) , 
the e r r o r on the r e s t o r e d o b j e c t tends to zéro so s l o w l y t h a t , in pvnst u:e, r e s o l u -
t i o n beyond the l i m i t c o r r e s p o n d i n g t o the number o f degrees o f f recdom becomes 
i m p o s s i b l e . Th i s c o n c l u s i o n agrées w i t h t h e r e s u l t s o f e a r l i e r a n a l y s i s o f o b j e c t 
r e s t o r a t i o n [ 5 . 6 3 , 6 4 ] . 

More p r é c i s e r e s u l t s abou t r é s o l u t i o n can be o b t a i n e d by c o n s i d e r i n g the r e s t o r a -

t i o n o f " b l u r r e d s o l u t i o n s " as ske tched i n S e c t . 5 . 2 . 4 , The " b l u r r e d o b j e c t " i s g i v e n 

by ( 5 . 5 6 ) ( t h e i n t é g r a t i o n r a n g i n g now ove r [ - X / 2 , X / 2 ] ) a t l e a s t when D < X and 

Xjj i s s u f f i c i e n t l y f a r f rom the b o r d e r s . Then t h e e r r o r i n the r e s t o r a t i o n o f f p i O ) 

= ( f . Wp)p i s an e s t i m a t e o f t h e e r r o r we commit i n the r e s t o r a t i o n o f d é t a i l s whose 

s i z e i s D. One shou ld e x p e c t a t r a d e - o f f between r e s o l u t i o n and e r r o r [ 5 . 6 3 1 : t h e 

r e s t o r a t i o n e r r o r has t o be g r e a t e r f o r s m a l l e r v a l u e s o f D. 

I n o r d e r to ana lyze the e f f e c t on r e s o l u t i o n o f d i f f é r e n t t ypes o f no i se [ 5 . 6 3 ] , 

we focus on optimum f i l t e r i n g methods. The r e l a t i v e e r r o r i n the r e s t o r a t i o n o f 

f j j { 0 ) i s g i v e n by ( 5 . 9 0 ) w i t h w = w^. L e t us assume, f o r s i m p l i c i t y , t h a t t h e s t o c h -

a s t i c processes d e s c r i b i n g o b j e c t and n o i s e s a t i s f y t h e assumpt ions I ) - IV ) o f 

S e c t . 5 . 3 . 2 . Bes ides we assume t h a t the v a r i a n c e s o f the F o u r i e r components o f the 

o b j e c t [ w i t h r e s p e c t t o the bas i s ( 5 . 1 0 6 ) ] a re c o n s t a n t , i . e . , = E^ . Th is assump-

t i o n i s reasonab le i f t he c o r r é l a t i o n d i s t a n c e 6 f o r t h e s t o c h a s t i c p rocess r e p r e -

s e n t i n g the o b j e c t (« g i v e s the s i z e o f the f i n e s t d é t a i l s t h a t shou ld be r e s o l v e d ) 

i s much s m a l l e r than the Ray le i gh d i s t a n c e R. Then, f r om ( 5 . 9 0 , 9 2 ) we g e t 

2 

V e l ' f ; V - ( 1 - r ? 2 2 N o . n l ' ) ' ' � ( ^ - H O ) 

where | iWp|| i s the norm o f i n L ( - X / 2 , X /2 ) and t h e w^ ^ a re the F o u r i e r c o e f f i -

c i e n t s o f Wp i n the bas i s ( 5 . 1 0 6 ) . We c o n s i d e r two types o f n o i s e i n the image p lane 

[ 5 . 6 3 ] : white measurement r.oiee, i . e . , «? = 1, and band-limited measurement noise, 
2 " 

I . e . , = x^. In bo th cases i t i s easy t o show [ 5 . 2 6 ] t h a t « ^ ^ ^ ( E / E ; Wp) -» ! {100% 

e r r o r ) when D-»0, i . e . , when Wp tends t o t h e O i r ac d e l t a measure. 

I n F i g . 5 . 4 we g i v e the r e s u l t s o f numer i ca l c o m p u t a t i o n s ( t h e numer i ca l method 

i s d e s c r i b e d i n [ 5 . 2 6 ] ) f o r c = 10, X = 2 and Wp(x) = N o ( x / d ) s i n c ^ ( x / d ) [N i s a 

n o r m a l i z a t i o n c o n s t a n t , o ( s ) i s t h e c h a r a c t e r i s t i c f u n c t i o n o f the i n t e r v a l [ - 1 , 1] 

and d i s a parameter r e l a t e d to D t h r o u g h ( 5 . 5 5 ) ] . In the case o f w h i t e measurement 

n o i s e , the curves a re r a p i d l y d e c r e a s i n g up t o a va lue o f D/R o f abou t 0 . 5 and then 
? - f i 

become r a t h e r f l a t . Bes ides a l o w e r i n g o f r. f rom 10" t o 10 does n o t m o d i f y t h e 

s i t u a t i o n i n a s i g n i f i c a n t way. I f we accep t o n l y an e r r o r o f a few p e r c e n t , then 

i t i s d i f f i c u l t o ge t a r e s o l u t i o n b e t t e r t han R. One expec t s t h a t s u p e r r e s o l u t i o n 

shou ld become even more d i f f i c u l t f o r g r e a t e r va lues o f c [ R é f . 5 . 6 5 , p . 4 7 0 ] . F i g u r e 

5 .4 a l s o shows t h a t a smooth ing o f the n o i s e ( b a n d - l i m i t e d measurement n o i s e ) [ 5 . 6 3 ] 

15 é q u i v a l e n t t o a l o w e r i n g o f the w h i t e n o i s e f rom 1 0 ' t o 10 ' . 

195 

S i e i ' f / ^ - ^ o ' F i g . 5 . 4 . R e l a t i v e e r r o r s vs the r e s o l u t i o n 
parameter D/R, where R = i iX/2c (X = 2 , 
c = 10 ) . Undot ted cu rves co r respond to w h i t e 
measurement n o i s e and d o t t e d cu rves to band-
l i m i t e d measurement n o i s e . In bo th cases 
E = 1 

The case o f incohérent illumination i n the o b j e c t p l ane [ p o i n t spread f u n c t i o n 

S ( x ) = ! l { i i n x ) ' ^ s i n ^ ( T . n x ) , f r e q u e n c y band ! î ] l has been ana lyzed by many a u t h o r s 

[ 5 . 6 6 - 6 8 ] . I n t h i s c a s e , as w e l l as f o r any b a n d l i m i t e d System, the r e s t o r e d con -

t i n u i t y i s a l s o l o g a r i t h m i c . I n d e e d , thanks t o the Pa ley -Wiener theorem ( 5 . 6 9 ) , 

the p o i n t spread f u n c t i o n o f a b a n d l i m i t e d System, w i t h bandwid th n , i s an e n t i r e 

a n a l y t i c f u n c t i o n o f o r d e r p , 0 < p i l , and t ype i < ^ n . Then, i t f o l l o w s from gênera i 

r e s u l t s o f MILLE and TAHARKIN [ 5 . 2 4 ] t h a t the s i n g u l a r va lues o f the i n t é g r a l ope ra to r 

d e f i n e d by ( 5 . 9 7 ) have the b e h a v i o r a ^ ~ C exp( -Dn I n n ) , n - + - , where C, D are s u i t -

a b l e c o n s t a n t s . As we remarked i n S e c t . 5 . 2 . 4 , t h i s b e h a v i o r i m p l i e s l o g a r i t h m i c 

c o n t i n u i t y . T h e r e f o r e i t shou ld be p o s s i b l e to d e f i n e , f o r any b a n d l i m i t e d System, 

a r e s o l u t i o n l i m i t and a number o f degrees o f f r eedom, p r a c t i c a l l y no i se independent . 

For i n s t a n c e , i n the case o f i n c o h é r e n t i l l u m i n a t i o n , t h i s number has been es t ima ted 

t o be o f the o r d e r o f 2nX ( t h e bandw id th i s 2 n ) , c o r r e s p o n d i n g t o a r e s o l u t i o n l i m i t 

o f abou t R/2 [ 5 . 6 8 ] . Th i s r e s u i t agrées w i t h an a n a l y s i s o f t h e r e s t o r a t i o n o f 

" b l u r r e d o b j e c t s " [ 6 . 2 6 ] . Mowever i t must be remarked t h a t , i n the case o f i n c o h é r e n t 

i l l u m i n a t i o n the s o l u t i o n s have tO s a t i s f y a p o s i t i v i t y c o n s t r a i n t wh ich cou ld im-

prove the r e s o l u t i o n l i m i t ( f o r a b r i e f d i s c u s s i o n o f t h i s p o i n t see S e c t . 5 . 4 . 6 ) . 

Bandwidth Extrapolation 

A method wh i ch has been proposed f o r the a n a l y s i s o f an a r b i t r a r y b a n d l i m i t e d System 

i s t h e f o l l o w i n g [ 5 . 4 6 , 4 8 , 7 0 - 7 2 ] : by F o u r i e r t r a n s f o r m i n g the image one can o b t a i n 

the F o u r i e r t r a n s f o r m o f the o b j e c t over the band [ - n / 2 , sî /2] o f the System; s ince 

t h i s F o u r i e r t r a n s f o r m i s an e n t i r e a n a l y t i c f u n c t i o n , by a n a l y t i c c o n t i n u a t i o n 

one c o u l d r e s t o r e i t s v a l u e s f o r a i l f r e q u e n c i e s and t h e r e f o r e a l s o r e s t o r e the 

o b j e c t . We remark t h a t t h i s p rob lem i s m a t h e m a t i c a l l y é q u i v a l e n t to the e x t r a p o l a -

t i o n o f o p t i c a l images beyond b o r d e r s [ 5 . 5 9 , 7 3 ] . 



Let f be the o b j e c t and f U s F o u r i e r t r a n s f o r m 

f ( - ) = / ^ ^ ^ e - ^ ' ^ ^ X f t x j d x . ( 5 . 1 1 1 , 

The data 9 a re the va lues ( a f f e c t e d by e r r o r s o f f on the band 1-9./2, n / 2 ] and we 
can take L ' ^ ( - n / 2 , n / 2 ) as data space G. The s o l u t i o n space F i s the se t o f the f u n c -
t i o n s f l i k e ( 5 . 1 1 1 ) , normed w i t h the norm o f L 2 ( - ~ , +œ). Then F i s a H i l b e r t space 
o f a n a l y t i c f u n c t i o n s ^ The d i r e c t problem i s mere ly the r e s t r i c t i o n o f f ( v ) to 
[ - n / 2 , n / 2 ] , i . e . , ( A f ) ( v ) = f ( v ) when | v | < n / 2 , ( A f ) ( v ) = 0 e l sewhere . Then 
A :G-»F i s the i n t é g r a l o p e r a t o r [ 5 . 2 2 ] 

îV2 - . 

^ ^ ^ " ^ ' ^ / „ , 3 - " ' ( v - V ) ' ' ^ 9 ( v ' ) d v ' . ( 5 . 1 1 2 ) 

Observ ing t h a t AA* c o i n c i d e s w i t h the i n t é g r a l o p e r a t o r ( 5 . 1 0 5 ) , excep t f o r an ex -
change^of a and X, one can w r i t e f o r thèse o p e r a t o r s A, A* é q u a t i o n s l i k e ( 5 . 3 2 ) where 
"n " " ' n ' ' ' ^ ^ e igenva lues o f the PSWF) and u„, vn a re r e p l a c e d by (c = ïïfiX/2) 

" n ' ^ ) ^ ' � ^ n ' ^ ' = S * " ' ' ' � 

From p r o p e r t i e s I I ) , I I I ) o f the PSWF i t f o l l o w s t h a t td ) i s a bas i s i n F w h i l e 
U n ) i s a bas is i n G. Remark t h a t the expans ion o f f ( v ) 8s a s é r i e s o f t he ûn i s 
é q u i v a l e n t to the expans ion o f f ( x ) , i n ( 5 . 1 1 1 ) , as a s é r i e s o f the Un g i v e n i n 
( 5 . 1 0 6 ) . Indeed inu^ and Un are r e l a t e d by ( 5 . 1 0 4 ) . 

BUCK and GUSTINCIC [ 5 . 7 0 ] assumed t h a t the s t o c h a s t i c p rocesses , r e p r e s e n t i n g 

the o b j e c t and the n o i s e , s a t i s f y c o n d i t i o n s I ) - IV ) o f S e c t . 5 . 3 . 2 and t h a t 

= E (where the a re the va r i ances o f t he components o f t he o b j e c t i n the bas i s 

{ u ^ } ) . I n the case o f w h i t e n o i s e , t h e i r s o l u t i o n t o the prob lem o f a n a l y t i c con-

t i n u a t i o n i s g iven by ( 5 . 8 5 ) w i t h = \ > ,^1 ' = ^ � 9^ = ( À . v ^ j g and u^ 

rep laced by (we dénote t h i s e s t i m a t e by f ) . I t has been remarked by thèse au tho rs 

t h a t an inc rease by a f a c t o r o f 10 i n the s i g n a l - t o - n o i s e r a t i o E/E adds o n l y one 

more s i g n i f i c a n t terni i n the s é r i e s ( 5 . 8 5 ) f o r f (and t h e r e f o r e , f o r l a r g e a p e r -

t u r e s , the improvement i n r e s o l u t i o n i s n e g l i g i b l e ) . The same e s t i m a t e f was ob-

t a i n e d by VIANO [ 5 . 7 3 ] i n the framework o f r e g u l a r i z a t i o n t h e o r y , c o n s i d e r i n g the 

c o n s t r a i n t o p e r a t o r B = I [compare w i t h ( 5 . 3 6 ) where a = / r , B = l , n = ( 5 0 1 
n n ' "n � ^n ' � ^ - ' n ^G 

and rep laced by u ^ ] . Th is assumpt ion i s é q u i v a l e n t t o r e q u i r i n g t h a t t he o b j e c t 

r a d i â t e s a f i n i t e power. VIANO [ 5 . 7 3 ] proved t h a t such an e s t i m a t e converges t o the 

" t r u e s o l u t i o n " , when £ - . 0 , u n i f o r m l y over any f i n i t e i n t e r v a l c o n t a i n i n g the band 

[ - n / 2 , n / 2 ) . I n o rde r to have s t a b i l i t y w i t h r e s p e c t t o the norm o f F , s t r o n g e r 

c o n d i t i o n s on the o b j e c t s a re r e q u i r e d . I f we i n t r o d u c e , f o r i n s t a n c e , the c o n s t r a i n t 

o p e r a t o r ( 5 . 1 0 7 ) , then i t i s easy t o prove (as i n the case o f the p e r f e c t lowpass 

f i l t e r ) t h a t the a n a l y t i c c o n t i n u a t i o n o f t he F o u r i e r t r a n s f o r m o f t he o b j e c t o u t -

s i d e the band [ - n / 2 , n / 2 ] i s s t a b l e w i t h r e s p e c t t o the norm o f F , but t h a t we q e t 

o n l y l o g a r i t h m i c c o n t i n u i t y . Th is r e s u i t agrées w i t h the c o n c l u s i o n s o f [ 5 . 7 0 ] . 
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5 . 4 . 2 I n v e r s e D i f f r a c t i o n 

Acco rd ing t o SHERMAN [ 5 . 7 6 ] and SHEWELL and WOLF [ 5 . 7 4 ] , i n v e r s e d i f f r a c t i o n can be 

d e f i n e d as the problem o f d e t e r m i n i n g the f i e l d d i s t r i b u t i o n on a boundary su r face 

f rom the knowledge o f t he d i s t r i b u t i o n on a s u r f a c e s i t u a t e d w i t h i n the domain where 

the wave p ropaga tes . An e x t e n s i v e t r e a t m e n t o f un iqueness i n i n v e r s e d i f f r a c t i o n 

i s g i v e n by HOENDERS [ 5 . 7 5 ] bo th i n the s c a l a r and i n the v e c t o r case. 

The fundamenta l reason o f t h e i n s t a b i l i t y o f i n v e r s e d i f f r a c t i o n i s t h a t space 

a c t s l i k e a f i l t e r f o r t he h i g h e r modes. For i n s t a n c e , i n the s c a t t e r i n g o f a p lane 

wave, w i t h wave number k , by a body whose l a r g e s t d imens ion i s R, o n l y kR modes are 

propagated up t o the f a r zone, w h i l e the o t h e r s a re a t t e n u a t e d . 

Inverse Diffraction from Plane to Plane 

The d i r e c t problem i s t o dé te rm ine a wave f u n c t i o n u , s o l u t i o n o f He lmho l tz équa t i on 

i n the h a l f - s p a c e z >_ZQ 

2 , 2 „ (5 .114 ) 
v u + k u = 0 ^ ' 

s a t i s f y i n g Sommerfe ld 's c o n d i t i o n a t i n f i n i t y and the c o n d i t i o n u = UQ (Up being a 

g i v e n f u n c t i o n ) on the p lane z = Zg. Th is s o l u t i o n can be most c o n v e n i e n t l y expressed 

i n terms o f F o u r i e r t r a n s f o r m s [ 5 . 7 4 , 7 5 ] . I f we W r i t e 

G(p, q ; z ) = / / e - ^ ^ ' P ' ' * ^ y ' u ( x , y , z)dx dy . ( 5 .115 ) 

then 

G(p, q ; z) = e x p l i k m ( z - Z g ) ] u ( p , q ; z^ ) , (5 .116) 

where 

m = ( 1 - - q ^ ) ' ' . ' " ' ( " ' ) ^ 0 � 

The i n v e r s e prob lem i s the f o U o w i n g : g i v e n the va lues g ( a f f e c t e d by e r r o r s ) o f 

the wave f u n c t i o n u on t h e p lane z = Z I ^ ^ Q ' ^ ^ ^ " ' ^ ' ^ va lues o f u on any z p lane 

between Zg and Z j . I f t h e r a d i a t i n g power i s f i n i t e , then u i s square i n t e g r a b l e 

over any z p lane and t h e r e f o r e we can take L^ (R^) bo th as s o l u t i o n and as data space. 

W r i t i n g f ( x , y ) = u ( x , y , z ) , g ( x , y ) = u ( x , y , Z j ) (g i s t he n o i s e l e s s wave func -

t i o n ) , f rom (5 .116 ) we d é r i v e t h a t g = A f , where 

( A f ) " ( p , q) = exp [+ i m ( Z j - z ) ] f ( p , q) . (5 .118) 

2 2 

I n s t a b i l i t y i s due t o the e f f e c t o f inhomogeneous (evanescen t ) waves (p +q > 1 ) . 

Assuming t h a t f i s genera ted by a f i e l d d i s t r i b u t i o n on the p lane z = Zg ( w i t h an 

L^-norm bounded by E ^ ) , we ge t a c l a s s o f a d m i s s i b l e s o l u t i o n s d e f i n e d by the con-

s t r a i n t o p e r a t o r 
( B f ) ' ( p , q) = e x p [ - i m ( z - Z p ) ] f ( p , q) . (5 .119) 
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The o p e r a t o r s A, B have the fo rm ( 5 . 3 8 ) and ( 5 . 4 0 ) , r e s p e c t i v e l y , w i t h K ( p , q ) = 

e x p t i n i ( Z j - 2 )J and 6 ( p , q) = e x p [ - i i n ( z - Z g ) ] so t h a t t h e r e g u l a r i z e d s o l u t i o n i s 

g i v e n by ( 5 . 4 1 ) o r ( 5 . 4 2 ) . B e s i d e s , o b s e r v i n g t h a t p,(p, q ) = [ l ( ( p , q ) ] ' " , u = 

(2 - Z o ) / ( Z j - z ) , f rom ( 5 . 5 4 ) 6 ( E , E ) ~ E ( c / E ) ° f o l l o w s , where a = ( z - Z Q ) / ( Z J - Z g ) , 

0 �; a < 1. . � ; 

Th is r e s u i t i s v e r y s i m i l a r t o " t h r e e l i n e theorems" d e r i v e d by MILLER [ 5 . 7 7 ] i n 
the case o f the backward hea t é q u a t i o n and the Cauchy prob lem f o r the Lap lace équa-
t i o n . As we see, we ge t Hb lder c o n t i n u i t y i f z>zo, w h i l e we do no t have s t a b i l i t y 
f o r 2 = Zg ( i n t h i s case B = I ) . To r e s t o r e the s t a b i l i t y even t h e r e , we have t o 
take s t r o n g e r c o n s t r a i n t s . I f we assume, f o r i n s t a n c e , t h a t t h e wave f u n c t i o n on t h e 
p lane z = ZQ has a l s o square i n t e g r a b l e f i r s t d e r i v a t i v e s , then we have s t a b i l i t y up 
to the p lane z = zn. I n t h i s case , however , t h e r e s t o r e d c o n t i n u i t y i s o n l y l o g a r i t h 
mic (see S e c t . 5 . 2 . 4 ) . F i n a l l y , i f t he wave f u n c t i o n on the p lane z = ZQ i s assumed 
to c o n t a i n o n l y s p a t i a l f r e q u e n c i e s below the wave number k , i . e . , û ( p , q ; ZQ) = 0 
i f p2 + q'-> 1, then a w e l l - b e h a v e d i n v e r s i o n f o r m u l a can be d e r i v e d [ 5 . 7 4 ] . I n o t h e r 
wo rds , i n v e r s e d i f f r a c t i o n can be f o r m u l a t e d as w e l l - p o s e d prob lem when the e f f e c t 
o f evanescent waves can be d i s r e g a r d e d . I t has r e c e n t l y been shown [ 5 . 1 1 7 - 1 2 2 1 t h a t 
the t o t a l f i e l d due to the inhomogeneous waves does n o t decay e x p o n e n t i a l l y w i t h d i s 
tance z , bu t much s lower ( z - 3 / 2 o r z " 2 ) . i p v iew o f t hèse r e s u l t s , the i n v e r s e d i f -
f r a c t i o n problem seems t o deserve r e c o n s i d e r a t i o n . 

Inverse Diffraction for Cylindriaal Waves 

We c o n s i d e r a wave f u n c t i o n u = u ( o , q>) ( p , ip a re c i r c u l a r c y l i n d e r c o o r d i n a t e s ) , 

s o l u t i o n o f ( 5 . 1 1 4 ) , s a t i s f y i n g S o m n e r f e l d ' s r a d i a t i o n c o n d i t i o n a t i n f i n i t y and 

the c o n d i t i o n u = Ug on t h e c i r c u l a r c y l i n d e r o f r a d i u s OQ. The s o l u t i o n o f t h i s 

p rob lem ( d i r e c t prob lem) i s r e p r e s e n t e d by t h e F o u r i e r s é r i e s 

+ - H ' ^ ) ( k p ) 

u ( p , , ) = I - 2 ^ c „ e ^ " » , , . ( 5 . 1 2 0 ) 

where the H^^ ' a re the Hankel f u n c t i o n s -of t h e f i r s t k i n d and the c^ a re t h e F o u r i e r 

c o e f f i c i e n t s o f Ug(ip) = " (PQ. T) 

'^n " 2^ / " (PO ' ^" ' " ' ' 'd ip . � ( 5 . 1 2 1 ) 

The i n v e r s e prob lem i s as f o l l o w s : g i v e n the va lues g ( a f f e c t e d by e r r o r s ) o f u on 

the c y l i n d e r o f r a d i u s p j > p g , e s t i m a t e the wave f u n c t i o n ove r any c y l i n d e r o f r a -

d i u s p , P g i P i P j . I f we dénote by g { ^ ) = u ( p j , cp) the n o i s e l e s s da ta and by 

Ht) = u ( p , » ) ( p < P i ) the unknown s o l u t i o n , t h e n , f r o m ( 5 . 1 2 0 ) , g = A f where 

( A f ) ( . ) = I ^ f „ e ^ " " , , ( 5 . 1 2 2 ) 

and the f ^ = <^n"n''''*'''^'^i''('"'o' ^""^ F o u r i e r c o e f f i c i e n t s o f f . We t ake 

L (-TI, 7i) bo th as s o l u t i o n and da ta space. Then, i f f ( i | i ) = u ( p , f ) i s gene ra ted by 
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a wave f u n c t i o n on t h e c y l i n d e r o f r a d i u s Pg, t h e c l a s s o f a d m i s s i b l e s o l u t i o n s on 

the c y l i n d e r o f r a d i u s p i s c h a r a c t e r i z e d by the c o n s t r a i n t o p e r a t o r 

H f ^ ' ( k n n ) 

n= -» ' ( k „ ) 

wh ich i s d e r i v e d f rom ( 5 . 1 2 0 ) and the e q u a l i t y (B f ) ( ip ) = u ( p g , » ) . I f we w r i t e 

cĉ  - | H < ^ ^ ' ( k p j ) / H ^ ' ' ( k p ) | , B„ = | H < , ^ ' ( k p g ) / H ( ^ ) ( k i = ) l . then t h e e s t i m a t e d wave f u n c -

t i o n i s g i v e n by ( 5 . 3 6 ) o r ( 5 . 3 7 ) ( remark t h a t now t h e index n takes va lues f rom 

t o +�»). From the b e h a v i o r o f Hankel f u n c t i o n s when | n | - *+« � , i t f o l l o w s t h a t 

c , ^ ~ e x p [ - | n | ' l n ( D j / p ) l w h i l e B ^ ~ e x p [ | n ! l n ( p / r : g ) ] . Thèse b e h a v i o r s imp ly e „ ~ i J i " 

w i t h u = l n ( p / p g ) / l n ( p j / p ) and f r o m ( 5 . 5 3 ) one has 5 ( e , E ) ~ E ( i : / E ) ° w i t h a 

l n ( p / p g ) / l n ( p j / p g ) ( f o r a more p r é c i s e e s t i m a t e see [ R é f . 5 . 7 8 , Chap .31) . I t i s 

i n t e r e s t i n g t o compare t h i s r e s u i t w i t h the s t a b i l i t y e s t i m a t e f o r a n a l y t i c con-

t i n u a t i o n i m p l i e d by Hadamard's " t h r e e c i r c l e theorem" ( S e c t . 5 . 1 . 5 ) . A s i m i l a r r e -

s u i t ho lds f o r harmonie c o n t i n u a t i o n i n a d i s e [ 5 . 7 7 ] . 

2 
The c o n s t r a i n t o p e r a t o r ( 5 . 1 2 3 ) does n o t i m p l y s t a b i l i t y i n the L -norm when 

p = pg ( i n t h i s case B = I ) . Then we have s t a b i l i t y i f , f o r i n s t a n c e , 

l l B f l l ^ = + l l f l l ^ = r (n^ - D f f , ! ^ i E ^ . ( 5 . 1 2 4 ) 
n=-c° 

L e t us remark t h a t , i f t he wave f u n c t i o n u r e p r e s e n t s a z - p o l a r i z e d e l e c t r i c f i e l d , 
i . e . , Ep = = 0 , = u , t hen t h e components H.i, H,, o f the magnet ic f i e l d a re p ro 
p o r t i o n a l t o p ' ^ a u / S c and 3u /Sp , r e s p e c t i v e l y . T h e r e f o r e , i n t h i s case , ( 5 .124 ) im-
p l i e s a bound on b o t h I j and H,,. However t h i s c o n s t r a i n t g i v e s o n l y l o g a r i t h m i c con 
t i n u i t y , s i n c e Bn ~ f w h i l e a^, tends to zéro e x p o n e n t i a l l y ( S e c t . 5 . 2 . 4 ) . 

The p r e v i o u s r e s u l t s can be e a s i l y ex tended t o the case o f s p h e r i c a l s u r f a c e s , 
u s i n g the expans ion o f the wave f u n c t i o n as a s é r i e s o f s p h e r i c a l harmonies V j ^ e , u 

Inverse. Diffraction from Far-Field Data 

For s i m p l i c i t y we c o n s i d e r a g a i n c y l i n d r i c a l waves. Then the wave f u n c t i o n (5 .120 ) 

has t h e b e h a v i o r 

_2_ e ' ^ ^ i ( ï ) , p - + - , :�- ' . ; � ' ( 5 . 1 2 5 ) 

where g i s the saattering amplitude ( o r pattem function) 

n = - ^ . H ( ' ' ( k p g ) 

The d i r e c t p rob lem i s t o compute g , g i v e n the wave f u n c t i o n Ug on the c y l i n d e r o f 

r a d i u s Pg. The i n v e r s e prob lem i s t o e s t i m a t e u on any c y l i n d e r o f r a d i u s P, 

P Q ' P ' ' " > g i v e n a n o i s y s c a t t e r i n g a m p l i t u d e g . I f we w r i t e f ( i p ) = u( . , r ) , then 

f rom ( 5 . 1 2 0 , 1 2 6 ) we g e t g = Af where 
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( A f ) ( . ) = r - [ i y ^ f n � � ( 5 -127 ) 

We can use aga in (5 .123 ) as a c o n s t r a i n t o p e r a t o r . Then we have r. = | H * ' ' ( k n ) r ^ . 

r (1 ) ( 1 ) n ' n ' ' ' � 

^n " ' n ' ' ' ' ' o ' ' ' " n C * " ) ! ^"'^ ' '^ ^^^V ^ ° ( u s i n g the r e s u l t s o f S e c t . 5 . 2 . 4 ) 

t h a t the r e g u l a r i z e d s o l u t i o n ( 5 . 3 6 ) o r ( 5 . 3 7 ) i s s t a b l e w i t h r e s p e c t t o the L^ -

norm when p > p . For D = PQ the c o n s t r a i n t ( 5 . 124 ) i m p l i e s a t most l o g a r i t h m i c c o n t i n u 

i t y . I t i s i n t e r e s t i n g t o unders tand i n which cases one can g e t Hb lde r c o n t i n u i t y . 

Le t us c o n s i d e r , f o r i n s t a n c e , a p e r f e c t l y c o n d u c t i n g c i r c u l a r c y l i n d e r o f r a d i u s PQ 

i l l u m i n a t e d by a p lane wave. Then, a t the s u r f a c e o f t h e c y l i n d e r the s c a t t e r e d wave 

takes the va lues U g ( j ) = - e x p ( i k o ( j cosm) = u ( p g , » ) . I f we w r i t e f [ ^ ) = U(PQ, cp), 

we have the F o u r i e r expans ion 

f ( ^ ) = - I < J p ( S ) ' � ( 5 -128 ) 
n=-'= 

Since ! H ^ ^ ' ( k p Q ) J ^ ( k p j j ) | ~ (n |n | ) ' \ f s a t i s f i e s the c o n d i t i o n 

l | B f | | ^ = r | H < ' ) ( k p o ) l 2 | f |2 < , ( 5 , 1 2 9 ) 
n=-oo 

where E i s a s u i t a b l e c o n s t a n t . Equa t ion (5 .129 ) i m p l i e s 6^ = a ^ ' and f rom ( 5 . 5 3 ) 

we ge t 6 ( e , E) �~.E(E/E)'*, i . e . , a r a t h e r good Ho lde r c o n t i n u i t y . Th i s a r i s e s a l s o f o r 

s c a t t e r e r s w i t h ve ry smooth shape. 

F i n a l l y , we d i scuss the angu la r r e s o l u t i o n wh ich can be o b t a i n e d i n the r e s t o r a -

t i o n o f t he wave f u n c t i o n on the c y l i n d e r o f r a d i u s p ^ . We c o n s i d e r the r e s t o r a t i o n 

o f a " b l u r r e d wave f u n c t i o n " ( S e c t . 5 . 2 . 4 ) and we use the c o n s t r a i n t ( 5 . 1 2 3 ) w i t h 

p = Pg ( i . e . , B = I ) . The " b l u r r i n g f u n c t i o n " i s Wp(») = NG((p/d) s i n c ^ ( i r / d ) . The 

c o n s t a n t s N, D a re g i v e n by ( 5 . 5 5 ) (where the i n t é g r a t i o n ranges over [ - d , d ] ) . 

Then the r e l a t i v e e r r o r , f o r the r e s t o r a t i o n o f t he " b l u r r e d wave f u n c t i o n " a t 

<t = 0, can be computed by means o f ( 5 . 9 6 ) ( w i t h B = I ) . The numer i ca l method i s 

d e s c r i b e d i n [ R é f . 5 . 7 8 , Chap .3 ] . I n F i g . 5 . 5 we g i v e the va lues o f the r e l a t i v e 

e r r o r as a f u n c t i o n o f t he parameter D/Dg, where Dg = ) y ( 2 n r Q ) = (^OQ)'^ ( R é f . 5 . 7 8 , 

C h a p . 3 ] , f o r A = 2pjj and x = PQ/2. AS we see s u p e r r e s o l u t i o n , i . e . , r e s t o r a t i o n o f 

d é t a i l s o f the o rde r o f a wave length and be low, i s e a s i e r when the wave leng th i s 

g r e a t e r than the r a d i u s pg o f t he c y l i n d e r . 

5 . 4 . 3 An Inve rse S c a t t e r i n q Problem f o r P e r f e c t l y Conduc t ing Bodies 

An i n t e r e s t i n g comb ina t i on o f a n a l y t i c a l and numer ica l t e c h n i q u e s , i n v o l v i n g the 

s o l u t i o n o f l i n e a r p rob lems, has been proposed by IMBRIALE and MITTRA [ 5 . 7 9 ] i n 

the case o f the i nve rse s c a t t e r i n g prob lem f o r p e r f e c t l y c o n d u c t i n g b o d i e s , and 

a p p l i e d to the r e s t o r a t i o n o f c i r c u l a r and e l l i p t i c c y l i n d e r s . 
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F i g . 5 . 5 . R e l a t i v e e r r o r s vs the r e s o l u t i o n 
parameter D/Og, where DQ = x /2 i tpq. Undotted 
cu rves co r respond to X = on/2 and d o t t e d 
cu rves t o ^ = 2po. (Curve 1 ) , r / E = 10"2; 
(Curve 2 ) , : / £ = I Q - t ; (Curve 3 ) , : / l = l O ' ^ 

We c o n s i d e r o n l y p lane wave i n c i d e n c e and we assume t h a t t he p lane wave i s z po-

l a r i z e d . The p e r f e c t l y c o n d u c t i n g s u r f a c e s a re assumed t o be p a r a l l e l t o the z a x i s , 

so t h a t t he e l e c t r o r a a g n e t i c f i e l d may be d e r i v e d f rom the s i n g l e q u a n t i t y E^ = u . 

The i n c i d e n t wave f u n c t i o n i s g i v e n by Ug(p , * ) = e x p { i k p j j c o s j ) and the a s s o c i a t e d 

s c a t t e r e d wave f u n c t i o n u^ has t h e a s y m p t o t i c b e h a v i o r ( 5 . 1 2 5 ) . The t o t a l f i e l d 

u = Ug-i-u^ s a t i s f i e s the He lmho l t z é q u a t i o n ( 5 . 1 1 4 ) i n the f r e e r é g i o n ard i s sub-

j e c t e d to the boundary c o n d i t i o n u = 0 on t h e s u r f a c e s o f the b o d i e s . 

The datum o f t he prob lem i s the n o i s y s c a t t e r i n g amp l i t ude g and the main idea 

o f t he method i s the f o U o w i n g : r e c o n s t r u c t t he wave f u n c t i o n near the o b s t a c l e 

( f r o m the knowledge o f g) and l o c a t e p o i n t s where the t o t a l wave f u n c t i o n i s z é r o , 

i n o r d e r t o i d e n t i f y p o i n t s o f t he s u r f a c e o f t he s c a t t e r e r . Th is program can be 

accompl ished i n two s t e p s . The f i r a t step i s e s s e n t i a l l y the problem o f i nve rse 

d i f f r a c t i o n f rom f a r - f i e l d da ta d i s c u s s e d i n S e c t . 5 . 4 . 2 . Indeed , i f pg i s the r a d i u s 

; o f the c i r c l e t a n g e n t t o the s u r f a c e o f t he body (see F i g . 5 . 6 ) , a t t he e x t e r i o r o f 

t h i s c i r c l e the f i e l d can be r e p r e s e n t e d by t h e s é r i e s ( 5 . 1 2 0 ) . However, the r a d i u s 

Pg i s no t known and must be d e t e r m i n e d : one must s o l v e the i n v e r s e d i f f r a c t i o n p rob-

lem f o r v a r i o u s va lues o f og and choose the va lue f o r wh ich the r e s t o r e d f i e l d has 

a zé ro . Th i s zéro g i v e s a p o i n t o f t he s u r f a c e o f the s c a t t e r e r . Of c o u r s e , the 

accuracy i n the d é t e r m i n a t i o n o f the zéro dépends on the accuracy i n the r e s t o r a t i o n 

o f the near f i e l d . As we have remarked i n S e c t . 5 . 4 . 2 , i f the s c a t t e r e r i s a c i r c u l a r 

c y l i n d e r the accuracy can be ve ry good (Hb lde r c o n t i n u i t y ) . One can c o n j e c t u r e t h a t , 

g e n e r a l l y , the accuracy i n the r e s t o r a t i o n o f the near f i e l d i s good when the s u r -

face o f the s c a t t e r e r i s v e r y smooth and poor when the s u r f a c e o f the s c a t t e r e r i s 

rough. The nec^ond ptcp i s the a n a l y t i c c o n t i n u a t i o n o f t he wave f o n c t i o n i n t o the 

r é g i o n o f nonconvergence o f t he s é r i e s ( 5 . 1 2 0 ) , i . e . , p < o g . I f we know t h a t the 
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F i q . 5 . 6 . Geometry f o r a n a l y t i c c o n t i n u a -
t i o n i n t o r é g i o n P <pg i n the case o f a con-
vex body 

s c a t t e r e r i s a aonvex body, then the a n a l y t i c c o n t i n u a t i o n can be accompl ished by 

a s imp le techn ique o f s h i f t i n g the o r i g i n o f the c o o r d i n a t e System [ 5 . 7 9 ] (see F i g . 

5 . 6 ) . S ince the new c o o r d i n a t e System i s o b t a i n e d by t r a n s l a t i n g the o r i g i n a l one , 

then the s c a t t e r i n g amp l i t ude i n the new System can be e a s i l y o b t a i n e d f rom g [ 5 . 7 9 ] . 

The s o l u t i o n o f the problem o f i n v e r s e d i f f r a c t i o n , w i t h the new s c a t t e r i n g amp l i t ud e 

as d a t a , g i ves ano ther p o i n t o f the s u r f a c e o f the body. The p rocédure can be repea ted 

and, s i nce the body i s convex, a few p o i n t s can be s u f f i c i e n t i n o r d e r t o c h a r a c t e r i z e 

the shape o f t he s c a t t e r e r . An a c c u r a t e a n a l y s i s o f t h i s method i n the case o f a p e r -

f e c t l y conduc t i ng airoular oylinder has been done by CABAYAN e t a l . [ 5 . 8 0 1 , u s i n g a 

s t a b i l i t y c r i t e r i o n due t o TWOHEY [ 5 . 2 9 ) , wh ich i s é q u i v a l e n t t o use the t r u n c a t e d 

s o l u t i o n ( 5 . 3 7 ) i n the spéc i a l case B = I . They show t h a t even a " c o a r s e " n e a r - f i e l d 

map can g i v e some i n f o r m a t i o n on t h e s i z e and c e n t e r p o s i t i o n o f the s c a t t e r e r . Of 

c o u r s e , the r e s u l t s o f the method a re v e r y good because i n t h i s c a s e , as shown i n 

S e c t . 5 . 4 . 2 , we have Holder c o n t i n u i t y . 

When the body i s not aonvex, a n a l y t i c c o n t i n u a t i o n o f the wave f u n c t i o n can be 
done as f o U o w s [ 5 . 7 9 ] . Once the t o t a l f i e l d , o u t s i d e the minimum c i r c l e e n c l o s i n g 
the s c a t t e r e r , has been r e s t o r e d , then one can take a p o i n t i n the e x t e r i o r r é g i o n 
as the o r i g i n o f a new c o o r d i n a t e System p ' , (p' and r e p r e s e n t the t o t a l f i e l d i n 
the neighborhood o f t h i s p o i n t as a s é r i e s o f Bessel f u n c t i o n s 

+ " J ( kp ' ) � , 
u { o ' , , ' ) - l c ' e ^ " ' . ( 5 . 130 ) 

The c i r c l e o ' = PQ i s i n t e r i o r to the r é g i o n P >PQ (see F i g . 5 . 7 ) and the c^ are 
the F o u r i e r c o e f f i c i e n t s o f u ( p o , <>')� Of c o u r s e , the summation o f t h i s s é r i e s i s an 
i l 1 -posed problem i f p ' > pg , s i n c e |Jn(kp ' ) / J n ( k p g ) | ~ e x p [ |n | 1 n(p ' / P A ) ] when | n | - �+« . 
A d i s c u s s i o n o f the r e g u l a r i z a t i o n o f ( 5 . 1 3 0 ) can be found i n [ R é f . 5 . 7 8 , Chap .3 ) . 
The r e s u l t s are very s i m i l a r to those f o r i n v e r s e d i f f r a c t i o n . Anyway one can e s t i -
mate the s é r i e s (5 .130 ) w h i c h , i n p r i n c i p l e , converges i n the i n t e r i o r o f t h e c i r c l e 
p i > p g , tangent to the body s u r f a c e . S ince^pJ i s no t known, one shou ld e s t i m a t e the 
s é r i e s (5 .130 ) f o r v a r i o u s va lues o f p ' > p g and choose the s m a l l e s t va lue o f p ' f o r 
which the r e s t o r e d f i e l d has a z é r o . So a new p o i n t o f the s c a t t e r e r has been d e t e r -
mined. By a s é r i e s o f o v e r l a p p i n g c i r c l e s i t i s then p o s s i b l e , i n p r i n c i p l e , to ob-
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t a i n va lues o f u i n a i l t he p o i n t s o f the space e x t e r n a l to the s c a t t e r e r . Of course 
e r r o r p r o p a g a t i o n can p r e v e n t hav ing a s a t i s f a c t o r y e s t i m a t e o f the shape o f the 
s c a t t e r e r . 

The p r e v i o u s method o f a n a l y t i c c o n t i n u a t i o n has a l s o been used by AHLUWALIA 

and BOERNER [ 5 . 8 1 ] f o r r e c o v e r i n g the e l e c t r i c a l s i r e , the s u r f a c e locus and the 

averaged l o c a l s u r f a c e impédance i n the case o f c i r c u l a r c y l i n d r i c a l monobody and 

twobody shapes. The same au tho rs have a l s o extended the method t o the case o f s p h e r i -

ca l su r f aces [ 5 . 8 2 ] . 

5 . 4 . 4 I nve rse S c a t t e r i n g Problems i n the Born A p p r o x i m a t i o n 

We c o n s i d e r two p rob lems: the d é t e r m i n a t i o n o f t he shape o f a p e r f e c t l y conduc t i ng 

body and the r e c o n s t r u c t i o n o f t he r e f r a c t i v e index o f a s e m i - t r a n s p a r e n t o b j e c t . 

When a perfectly conducting object i s i U u m i n a t e d by an e l e c t r o m a g n e t i c wave, 

the s c a t t e r e d f i e l d can be de te rm ined u s i n g the Born a p p r o x i m a t i o n ( a l s o known as 

K i r c h h o f f ' s o r p h y s i c a l o p t i c s a p p r o x i m a t i o n ) i f the wave lengths \ are small com-

pared w i t h the c h a r a c t e r i s t i c d imens ions o f the s c a t t e r e r . Assuming t h a t the measured 

da ta a re the va lues o f the b a c k s c a t t e r e d f a r f i e l d , then the d é t e r m i n a t i o n of the 

shape o f the body i s a l i n e a r i n v e r s e prob lem [ 5 . 8 3 , 8 4 ] . Consider a p lane wave, w i t h 

e l e c t r i c f i e l d E . j ( r ) = Eg exp( ikSQ � r ) , s c a t t e r e d by a smooth, convex and bounded 

t a r g e t T. The b a c k s c a t t e r e d f i e l d E , ( r ) , i . e . , the f i e l d observed i n the d i r e c t i o n 
~ - 1 

-b ~ ' - 0 ' g i v e n by E j^ ( r ) ~ p ( k ) ( 2 > ' r r r ) e x p ( i k r ) E Q , r->+o=, p ( k ) be ing p r o p o r t i o n a l 

t o the backward s c a t t e r i n g a m p l i t u d e . Then one can prove t h a t , i n the Born a p p r o x i -

ma t i on ^ 

r ( k ) = ^ [ p ( k ) + p * ( - k ) ] = / Y ( r ) e x p ( 2 i k � r ) d r , � (5 .131) 
k 

where k = ks^ and > ( r ) i s t he c h a r a c t e r i s t i c f u n c t i o n o f the t a r g e t , i . e . , Y ( r ) = 1 

when r i s i n r , Y ( r ) = 0 o t h e r w i s e [ 5 . 8 3 , 8 4 ] (see a l s o [ R é f . 5 . 7 5 , S e c t . 3 . 2 . 5 ] ) . I f 

t he b a c k s c a t t e r e d f i e l d c o u l d be measured f o r a i l f r e q u e n c i e s and f o r a i l d i r e c t i o n s 

o f i n c i d e n c e , then the F o u r i e r t r a n s f o r m o f y(r) would be known and T ( r ) cou ld be 
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de te rm ined . I n p r a c t i c e , r ( k ) i s measurable o n l y i n a r e s t r i c t e d domain o f t h e 

k space. Th is does not seem t o be a s e r i o u s r e s t r i c t i o n , as rega rds the p o s s i b i l i t y 

o f a unique r e c o n s t r u c t i o n o f i { r ] , s i n c e r ( k ) i s an a n a l y t i c f u n c t i o n o f k [ R é f . 

5 . 7 5 , S e c t . 3 . 2 . 5 ] . However, t h i s r e c o n s t r u c t i o n , wh ich i s é q u i v a l e n t f rom the mathe-

m a t i c a l p o i n t o f v iew to bandwidth e x t r a p o l a t i o n ( S e c t . B . 1 . 1 ) , i s no t s t a b l e . 

I n radar a p p l i c a t i o n s , r ( k ) i s measured o n l y i n a se t o f p o i n t s i n t e r i o r to the 
annu la r r é g i o n m.< |k ] <;M, w h i r e k j = m/2 and k.2 = M/2 co r respond t o minimum and maxi-
mum va lues o f the usabîe f requency band. I t must a l s o be remarked t h a t the lower 
bound has to be l a r g e enough i n o rde r to assure the v a l i d i t y o f ( 6 . 1 3 1 ) : the l a r g e s t 
wave length i n the i n c i d e n t f i e l d , Xi = l ^ / m , must be s h o r t compared t o the t a r g e t 
shape. The i n a c c e s s i b i l i t y o f low f requency i n f o r m a t i o n i s e s s e n t i a l l y r e l a t e d t o 
the i n t r i n s i c l i m i t a t i o n s o f the Born a p p r o x i m a t i o n . The i n s t a b i l i t y due to t h i s 
f a c t has been i n v e s t i g a t e d by many au tho rs [ 5 . 8 6 - 8 8 ] . PERRY [ 5 . 8 6 ] , f o r i n s t a n c e , 
a p p l i e d T ikhonov ' s r e g u l a r i z a t i o n method to the one -d imens iona l case , assuming t h a t 
r ( k ) i s known f o r Ik j >_m ( p e r f e c t h i gh -pass f i l t e r ) . I n o t h e r wo rds , he d i d no t 
care about the l i m i t a t i o n s due t o the l ack o f i n f o r m a t i o n a t h i gh f r e q u e n c i e s . I f 
the o b j e c t i s l o c a t e d w i t h i n the i n t e r v a l [ - X / 2 , X / 2 ] , then Y(X) can be de te rm ined 
as the s o l u t i o n o f the Fredholm i n t é g r a l é q u a t i o n o f t he second k i nd 

X/2 

Y(x ) - / ^ f ^ ^ ï ( y ) d y = gO<) . � ( 5 . 132 ) 
-X /2 

where g ( x ) i s the i nve rse F o u r i e r t r a n s f o r m o f the a v a i l a b l e va lues o f r ( k ) . Equat ion 
(5 .132 ) has the form ( 1 - A ) Y = g where A i s the i n t é g r a l o p e r a t o r ( 5 . 1 0 5 ) w i t h 
Ttn = m. There fo re s o l v i n g (5 .132 ) i s no t an i l l - p o s e d prob lem i n the s t r i c t sensé 
b u t , when m i s l a r g e , i t i s an i 1 1 - c o n d i t i o n e d prob lem. Indeed , the c o n d i t i o n number 
o f l - A i s a = ( l - X g ) " ' , where AQ i s the l a r g e s t e i g e n v a l u e o f A. From the behav io r 
o f Ag f o r l a r g e m [ 5 . 8 9 ] i t f o U o w s : a~(27i /mX ) '5 exp(mX) /4 , I n rada r a p p l i c a t i o n s 
mX i s r e l a t i v e l y l a r g e and t h e r e f o r e a can be r a t h e r l a r g e . A f t e r d i s c r e t i z a t i o n , 
an i l l - c o n d i t i o n e d problem shows the same f e a t u r e s as an i l l - p o s e d problem and t h e r e -
f o r e r e g u l a r i z a t i o n methods can be u s e f u l . 

I n o rder to c i r cumven t the l ack o f i n f o r m a t i o n a t low f r e q u e n c i e s , ano the r t e c h -

n ique has been f i r s t suggested by BOJARSKI [ 5 . 8 3 ] , and f u r t h e r deve loped by MAGER 

and BLEISTEIN [ 5 . 8 8 1 . The essence o f t he method i s t o examine not t he c h a r a c t e r i s t i c 

f u n c t i o n o f the t a r g e t , bu t r a t h e r t h e d i r e c t i o n a l d e r i v a t i v e o f t h i s f u n c t i o n . I n -

deed, i f s � VY i s the d e r i v a t i v e o f Y i n the d i r e c t i o n o f the u n i t v e c t o r s , then 

i t s F o u r i e r t r a n s f o r m i s the p roduc t o f r ( k ) by the f a c t o r s � k . I n t h i s way, one 

s i m u l t a n e o u s l y a t t é n u â t e s l o w - f r e q u e n c y data w h i l e enhanc ing the e f f e c t o f h i g h -

f requency d a t a . One expects t h a t the l i m i t a t i o n s o f the method a re e s s e n t i a l l y due 

t o the lack o f i n f o r m a t i o n a t h i g h f r e q u e n c i e s . The f u n c t i o n s � JY i s h i g h l y s i n g u l a r 

more p r e c i s e l y s � VY = s � riS where n i s t he u n i t ou tward normal to the s u r f a c e o f 

the body and 6 i s a D i rac d e l t a measure c o n c e n t r a t e d on the s u r f a c e o f the body. As 

proved by MAGER and BLEISTEIN [ 5 . 8 8 ] , s i m i l a r f e a t u r e s a re shown by the f u n c t i o n 

h ( r , s) = I i s . k a ( k ) r ( k ) e'''^ " ^dk . ( 5 .133 ) 
- - (2,)^^ - - - -

Here a ( k ) i s the c h a r a c t e r i s t i c f u n c t i o n o f the domain i n k -space ( i n t e r i o r to the 

annu la r r é g i o n i n i l k l <.M) where the b a c k s c a t t e r e d f i e l d i s measured. I n the h i g h -
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f requency l i m i t ( m > > l ) , i f r ^ i s a p o i n t on the s u r f a c e o f the s c a t t e r e r , then 

R e { h ( r , s ) } ~ ( c o n s t a n t ) | r - r ^ ( " ^ [ s i n ( M | r - r ^ | ) - s i n ( m | r - r ^ | ) ] (5 .134) 

p rov ided t h a t the v e c t o r r - r ^ i s o r t h o g o n a l to the s u r f a c e a t r ^ and i t s d i r e c t i o n 

c o ï n c i d e s w i t h a d i r e c t i o n o f i n c i d e n c e . T h e r e f o r e the f u n c t i o n R e { h ( r , s ) } has a 

c e n t r a l lobe which peaks on the t a r g e t s u r f a c e i n r é g i o n s w i t h s u r f a c e normals p a r a l -

l e l t o d i r e c t i o n s o f i n c i d e n c e . The h e i g h t o f the c e n t r a l lobe i s p r o p o r t i o n a l to 

M - m and i t s w i d t h i s a p p r o x i m a t e l y equal to 2 t / M i f M>>m. Remark t h a t 2r/l^ = 

where s m a l l e s t wave leng th i n the i n c i d e n t f i e l d . I t must a l s o be observed 

t h a t t h i s r e s u i t has been d e r i v e d by MAGER and BLEISTEIN [ 5 . 8 8 ] f o r n o i s e l e s s d a t a . 

Now, the f a c t o r s - k does no t o n l y enhance the e f f e c t o f h i g h - f r e q u e n c y data but a l s o 

the e f f e c t o f the no i se on thèse d a t a . E r r o r p r o p a g a t i o n i n the d é t e r m i n a t i o n o f 

R e { h ( r , s ) } i s c o n t r o U e d by the q u a n t i t y ( c o n d i t i o n number) a = M/m. When t h i s 

parameter i s l a r g e , the r e s o l u t i o n l i m i t i s c e r t a i n l y worse than x^/i. For the nu-

m e r i c a l examples p resen ted by MAGER and BLEISTEIN 1 5 . 8 8 ] , a i s o f the o r d e r o f 2 

and t h e r e f o r e the r e s u l t s a re qu i te good. 

F i n a l l y we want to remark t h a t an improvement o f the r e s o l u t i o n l i m i t i n t r i n s i c 

t o R e { h ( r , s ) ) would r e q u i r e an a n a l y t i c c o n t i n u a t i o n o f t he b a c k s c a t t e r e d f i e l d 

i n the r é g i o n | k | >H. From the a n a l y s i s o f bandwid th e x t r a p o l a t i o n done i n Sec t . 

5 . 4 . 1 , i t c l e a r l y appears t h a t t h i s prob lem i s a f f e c t e d by l o g a r i t h m i c c o n t i n u i t y 

and t h e r e f o r e an improvement o f the r e s o l u t i o n l i m i t i^^i i s p r a c t i c a l l y imposs ib l e . 

The r e c o n s t r u c t i o n o f the refraotive index o f weak ly s c a t t e r i n g s e m i - t r a n s p a r e n t 

o b j e c t s , us ing the Born a p p r o x i m a t i o n , has been w i d e l y d i scussed [ 5 . 9 0 - 9 4 ] , w i t h 

s p é c i a l a t t e n t i o n to the prob lem o f un iqueness o f the s o l u t i o n [ R é f . 5 . 7 5 , Sect . 

3 . 4 . 3 ] . As shown by WOLF [ 5 . 9 1 , 9 5 ] , modulus and phase o f the s c a t t e r i n g amp l i tude 

can be d e r i v e d , us ing h o l o g r a p h i e d a t a , f rom the homogeneous p a r t o f the angular 

spect rum o f the s c a t t e r e d f i e l d . DANDLIKER and WEISS [ 5 . 9 2 ] s t r essed t h a t a p p r o p r i -

a t e v a r i a t i o n o f the d i r e c t i o n o f the i n c i d e n t wave i s c r u c i a l f o r ho log raph ie 3D 

( r e c o n s t r u c t i o n . 

The wave f u n c t i o n u s a t i s f i e s the é q u a t i o n 

v^u + k g n ^ ( r ) u = 0 , ' (5 .135) 

where n ( r ) i s the ( p o s s i b l y complex) r e f r a c t i v e index a t t he p o i n t r . I f the o b j e c t 

i s s i t u a t e d i n f r e e space , then n ( r ) = 1 o u t s i d e the o b j e c t . Equat ion (5 .135) can 

be r e c a s t e d i n the f o l l o w i n g form 

2 2 
V u + k . u = F ( r ) u (5 .136) 
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where 

F ( r ) = - k g t n ^ ( r ) - 1] . ' , / ( 5 . 1 3 7 ) 

The f u n c t i o n F ( r ) i s c a l l e d t h e saattering potential and i t i s e v i d e n t l y zéro a t 

a i l p o i n t s o u t s i d e the o b j e c t . Cons ider an i n c i d e n t p lane wave u ^ ( r ) = e x p ( i k ^ S p � r ) ; 

then the Born a p p r o x i m a t i o n can be used f o r the d é t e r m i n a t i o n o f t h e s c a t t e r e d wave 

f u n c t i o n u ^ ( r ) , i f the o b j e c t s c a t t e r s w e a k l y , i . e . , i f j u ^ j ��< | u ^ | . When t h i s con -

d i t i o n i s s a t i s f i e d , i n t h e f a r zone we have 

e x p ( i k . r ) 

" s ( n . ^o5o) Î ^ T ^ ^ B ' W ^05 ' � < 5 - i ^ « ) 

where 

Ag{kpS(j , kgS) = / F ( r ' ) e x p [ - i k g ( s - S ( , ) . r ' i d r ' . ( 5 . 1 3 9 ) 

T h e r e f o r e the Born a p p r o x i m a t i o n t o the s c a t t e r i n g a m p l i t u d e i s e s s e n t i a l l y g i v e n 

by the F o u r i e r t r a n s f o r m F(l<) o f the s c a t t e r i n g p o t e n t i a l F ( r ) . I n s p e c t i o n o f ( 5 . 1 3 9 ) 

shows t h a t , f o r a f i x e d d i r e c t i o n o f i n c i d e n c e SQ, Ag g i v e s those F o u r i e r components 

o f F ( r ) wh ich co r respond t o p o i n t s on the s u r f a c e o f t h e sphère w i t h c e n t e r kj jSjj 

and r a d i u s kg. By v a r y i n g the d i r e c t i o n o f i n c i d e n c e Sg, a ( t h e o r e t i c a l l y i n f i n i t é ) 

number o f exper imen ts would a l l o w one t o d é t e r m i n e F ( k ) f o r a i l v a l u e s o f k l y i n g 

w i t h i n the sphère o f r a d i u s 2kg. Then a b a n d l i m i t e d a p p r o x i m a t i o n ^ f ^ g ^ i O ^° 

s c a t t e r i n g p o t e n t i a l i s g i v e n by 

F ^ ^ ( r ) = — ^ / _ F ( k ) e ' i � !� dk . . . . . . . ( 5 . 1 4 0 ) 1 r è,L\ ' 

( 2 ^ | k l < 2 k g 

. � � - ' ' . '� � t � 

A rough measure o f t h e l l m i t o f r e s o l u t i o n o f WOLF's approach [ 5 . 9 1 ] , i n t r i n s i c t o 

( 5 . 1 4 0 ) , i s g i v e n by Ag/2 = n / k g (when the s c a t t e r e d f i e l d i s de te rm ined by s i d e - b a n d 

ho log raphy t h e l i m i t o f r e s o l u t i o n i s abou t 9Xg [ 5 . 9 5 ] ) . An improvement beyond thèse 

l i m i t s i s , i n p r i n c i p l e , p o s s i b l e s i n c e F { k ) i s an a n a l y t i c f u n c t i o n when the ob-

j e c t i s l o c a l i z e d w i t h i n a f i n i t e volume T. We e n c o u n t e r , once more , a prob lem 

which i s é q u i v a l e n t , f rom the ma themat i ca l p o i n t o f v i e w , t o bandw id th e x t r a p o l a t i o n . 

T h e r e f o r e a s i g n i f i c a n t improvement o f the r e s o l u t i o n l i m i t seems t o b e , i n p r a c t i c e , 

i m p o s s i b l e . B e s i d e s , the e f f e c t o f the no i se can be v e r y i m p o r t a n t ( i t i s necessary 

to d e t e c t a weak s c a t t e r e d f i e l d i n the p résence o f a s t r o n g u n s c a t t e r e d f i e l d ) , so 

t h a t even the t h e o r e t i c a l l i m i t o f r e s o l u t i o n canno t be r e a c h e d . A new approach t o 

the o p t i c a l i n v e r s e s c a t t e r i n g p r o b l e m , based on i n t e r f é r e n c e w i t h t h r e e v a r i a t i o n s 

o f a s p h e r i c a l r é f é r e n c e wave, has been proposed by LAM e t a l . [ 5 . 1 2 3 1 . 

Exper iments have been unde r taken i n o r d e r t o i n v e s t i g a t e the use o f the t e c h n i q u e 

suggested by W o l f ' s t h e o r y [ 5 . 9 1 , 9 5 ] and c o m p u t a t i o n a l r e c o n s t r u c t i o n o f o b j e c t s 
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f r om holograms has been a t t e m p t e d [ 5 . 9 6 - 9 8 ] . Very s imp le o b j e c t s have been c o n s i d e r -

e d , i . e . , r e c t a n g u l a r (homogeneous and inhomogeneous) and c y l i n d r i c a l ba rs . In thèse 

c a s e s , because o f the symmetry o f t h e o b j e c t s o n l y one hologram i s needed. The r e -

p o r t e d numer i ca l r e s u l t s show s p u r i o u s o s c i l l a t i o n s wh ich p r o b a b l y can be smoothed 

by a f i l t e r i n g o f the F o u r i e r t r a n s f o r m o f F ( r ) . The 3D s c a t t e r i n g p o t e n t i a l o f 

m i c r o s c o p i c o b j e c t s (40 um d i a m e t e r ) has r e c e n t l y been r e c o n s t r u c t e d by FERCHER e t 

a l . [ 5 . 1 2 4 ] . 

5 . 4 . 5 O b j e c t R e c o n s t r u c t i o n f r o m P r o j e c t i o n s and Abel E q u a t i o n 

O b j e c t r e c o n s t r u c t i o n f r om p r o j e c t i o n s and Abel é q u a t i o n s a re two examples o f i n -

ve rse problems wh i ch a r i s e when the v a r i a t i o n s o f the dynamica l f u n c t i o n s over a 

g i v e n wave leng th a re so smal l t h a t d i f f r a c t i o n can be n e g l e c t e d . For both problems 

t h e r e e x i s t s an enormous amount o f l i t e r a t u r e . Our purpose i s o n l y to p o i n t ou t 

t h a t , as a conséquence o f t h e p h y s i c a l a p p r o x i m a t i o n i n t r i n s i c t o thèse p rob lems, 

the r e s t o r e d c o n t i n u i t y i s q u i t e good ( H o l d e r c o n t i n u i t y ) . 

Assuming s t r a i g h t l i n e r a y p r o p a g a t i o n w i t h the a m p l i t u d e ( o r the phase) o f 

t h e r a y c o n t r o l l e d by t h e l i n e i n t é g r a l o f a d e n s i t y f u n c t i o n , a p r o j e c t i o n o f the 

o b j e c t on to a p lane i s measured. T y p i c a l examples a re X - ray shadowgraphs. In two 

d imens ions the ma thema t i ca l f o r m u l a t i o n o f t h e p rob lem i s as f o l l o w s . L e t f ( r ) be 

a d e n s i t y f u n c t i o n wh ich has s u p p o r t i n t h e c i r c l e ' r | <_R and l e t L be the s t r a i g h t 

l i n e d e f i n e d by s � r = p . Here r » ( x , y ) i s a p o i n t o f the p l a n e , s = (cos.- , s i n » ) , 

0 <_if <-n, i s the u n i t v e c t o r o r t h o g o n a l to L and p i s the d i s t a n c e o f L f rom the 

o r i g i n , - » < p < + » . I f t » { - s i n q i , coS(t) i s the u n i t v e c t o r o f the d i r e c t i o n o f 

L , c o n s i d e r t h e l i n e i n t é g r a l 

i ( p , «) = / f ( p s t q t ) d q . (5 .141 ) 

O b v i o u s l y g ( p , (p) = 0 when | p | . > R . The f u n c t i o n g ( p , ff) i s known as the Radcn 

transfert o f f ( r ) and , f o r f i x e d i j , i t g i v e s t h e p r o j e c t i o n o f f ( r ) on to a s t r a i g h t 

l i n e p a r a l l e l t o s . Thus , i n two d i m e n s i o n s , o b j e c t r e c o n s t r u c t i o n f rom p r o j e c t i o n s 

i s e x a c t l y the i n v e r s i o n o f t h e Radon t r a n s f o r m . The s o l u t i o n o f t h i s problem was 

g i v e n by RAOON [ 5 . 9 9 ] i n 1917. Nowadays t h e r e a re many f i e l d s o f a p p l i c a t i o n : i t i s 

s u f f i c i e n t t o men t i on c o m p u t e r i z e d tomography ( s e e , e . g . [ 5 . 1 0 0 , 1 0 1 ] ) , r a d i o a s t r o -

nomy [ 5 . 1 0 2 ] , é l e c t r o n m i c r o s c o p y [ 5 . 1 0 3 ] , r a d a r t a r g e t shape e s t i m a t i o n [ 5 . 1 0 4 ] 

and so on (see a l s o [ R é f . 5 . 4 5 , S e c t . 2 . 3 ] ) . S o l v i n g ( 5 . 1 4 1 ) i s an i l l - p o s e d problem. 

Th i s f a c t c l e a r l y appears f r om t h e Radon i n v e r s i o n f o r m u l a [ 5 . 1 0 0 ] s ince i t con ta ins 

the d e r i v a t i v e o f the n o i s e l e s s da ta g . In o r d e r t o i n v e s t i g a t e e r r o r p r o p . i g a t i o n , 

l e t us t ake as s o l u t i o n space F t h e space o f t h e square i n t e g r a b l e f u n c t i o n s , which 

have suppo r t i n the c i r c l e | r | < R , and as da ta space G the space o f the square i n -

t e g r a b l e f u n c t i o n s ove r the r e c t a n g l e 0_<_f<i, \p\ s,^. Then the l i n e a r o p e r a t o r A 

d e f i n e d by ( 5 . 1 4 1 ) i s a c o n t i n u o u s o p e r a t o r fo rm F i n t o G [ R é f . 5 . 1 0 0 , S e c t . l 2 ] . 
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Using P a r s e v a l ' s e q u a l i t y f o r F o u r i e r t r a n s f o r m , the norm o f f can be w r i t t e n as 

f o l l o w s : 

l | f | | r = / | f ( r ) | ^ d r = / d , / " ! h ( v , ^ ) | ^ d v . � ( 5 . 1 4 2 ) 

k l 4 R " � (2») 0 

where h ( v , ») = U p f ( v s ) and s = {coscp, s i n . j ) . Then, f r om the " p r o j e c t i o n s l i c e 

theorem" ( s e e , e . g . [ 5 . 1 0 5 ] o r [ R é f . 5 . 4 5 , S e c t . 2 . 3 . 4 ] ) 

( A f ) ( P . T) = / e 'P" - ' f ( vs )dv ( 5 . 1 4 3 ) 

and f rom P a r s e v a l ' s e q u a l i t y i t f o l l o w s 

| | A f | | 2 = / d , / l ( A f ) ( p , , ) | 2 d p = ^ / d , r̂ ^ f̂̂ dv . ( 5 . 1 4 4 ) 

F i n a l l y we can r e q u i r e , as a c o n s t r a i n t , a bound on the f i r s t d e r i v a t i v e s o f f ( r ) . 

T h i s bound i s no t ve ry r e a l i s t i c i n many a p p l i c a t i o n s o f t h e Radon t r a n s f o r m , s i n c e 

one shou ld a l s o r e c o n s t r u c t d i s c o n t i n u o u s f u n c t i o n s . However o u r purpose 1s o n l y 

t o d i s c u s s , i n the s i m p l e s t way, the s t a b i l i t y o f t h e i n v e r s i o n p r o c é d u r e . Then, 

u s i n g a g a i n P a r s e v a l ' s e q u a l i t y we have 

l i B f d = / ( l | | l ^ + = — ^ / d-P r Ivl^lM^-. »)l^<iv . ( 5 . 1 4 5 ) 

I c i < " ^ ( 2 ' ) 0 

I t i s now easy to r e c o g n i z e t h a t t h e s t a b i l i t y e s t i m a t e f o r t h e Radon i n v e r s e p r o b -

lems i s g i v e n by ( 5 . 5 4 ) i f we p u t |K ( \ ) ) | = \ ^ \ ' ' and | B ( V ) | = | o | . T h e r e f o r e 

| B ( V ) | = | l < ( u ) | ' \ M = 2 and 6 ( E , E ) ~ E ( f , / E ) ' ' w i t h a = 2 / 3 . The r e s t o r e d s t a b i l i t y 

i s q u i t e good and t h i s r e s u i t shou ld be r e l a t e d to the f a c t t h a t , i n t h i s mathe-

m a t i c a l mode l , d i f f r a c t i o n has been n e g l e c t e d . 

When t h e o b j e c t has c i r c u l a r symmetry , then g ( p , «1), g i v e n by ( 5 . 1 4 1 ) , i s the 

same f o r a i l » . Put if = 0 i n ( 5 . 1 4 1 ) , so t h a t p = x , q = y . I n terms o f t h e v a r i -
2 2 ^ 

a b l e p = (x + y ) ' we have ( x , y > 0 ) 

g ( x ) = 2 r^m-rdp . ' '�� ( 5 . 1 4 6 ) 

X (p -X ) ' 

Th is i s a fo rm o f the Abel i n t é g r a l é q u a t i o n wh i ch i s a l s o fundamenta l whenever 

Ferraat 's p r i n c i p l e can be used f o r the c a l c u l a t i o n o f the r a y s . Many a p p l i c a t i o n s 

o f the Abel é q u a t i o n a re d i scussed i n [ 5 . 1 0 6 1 . From the p r e v i o u s remark we e x p e c t 

t h a t the same k i n d o f s t a b i l i t y ho lds f o r o b j e c t r e c o n s t r u c t i o n f rom p r o j e c t i o n 

and the Abel é q u a t i o n . However i t i s i n t e r e s t i n g t o d é r i v e d i r e c t l y t h i s r e s u i t . 

To t h i s purpose l e t us c o n s i d e r the i n v e r s i o n o f t h e f o l l o w i n g i n t é g r a l o p e r a t o r 

( t h e v a r i o u s forms o f the Abel é q u a t i o n can be t r e a t e d i n a s i m i l a r w a y ) : 
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( A f ) ( x ) = I dy , ( 5 .147 ) 
G / i i x ( x - y ) 

2 

t a k i n g L ( 0 , +«) bo th as s o l u t i o n and da ta space. Then A : F->G i s a l i n e a r c o n t i n u -

ous o p e r a t o r . I n t r o d u c i n g the M e l l i n t r a n s f o r m o f f , 

+�» , . 

fuCv) = / x " ' ' ^ ' ' ' f ( x ) d x . ( 5 .148 ) 
" 0 

i t i s easy t o show t h a t the M e l l i n t r a n s f o r m o f Af i s g i v e n by [ r ( 1/2 - i v ) / i ( 1 - i v ) ) 

f | ^ ( v ) . Us ing P a r s e v a l ' s e q u a l i t y f o r M e l l i n t r a n s f o r m [ R é f . 5 . 1 0 7 , p p . 9 4 - 9 5 ] we g e t 

| | A f i | 2 = | ( A f ) ( x ) | 2 d x =̂ r̂ a!liĵ  | y , ) | 2 d v . (5 .149 ) 

Take the c o n s t r a i n t o p e r a t o r d e f i n e d by ( B f ) ( x ) = x f ' ( x ) . Observ ing t h a t the M e l l i n 

t r a n s f o r m o f Bf i s g i v e n by - ( 1 / 2 + i v ) f | ^ ( v ) and u s i n g a g a i n P a r s e v a l ' s e q u a l i t y we 

g e t 

l l B f l l ^ = ( " ^ + ^ ) | f „ ( « ) | ^ d v . ( 5 .150 ) 

From ( 5 . 1 4 9 , 1 5 0 ) i t i s easy t o r e c o g n i z e t h a t t h e s t a b i l i t y e s t i m a t e 6 ( c , E) f o r 
2 - 1 - 1 

the Abel é q u a t i o n i s g i v e n by ( 5 . 5 4 ) w i t h | K ( v ) | = v t g h ( i i v ) ~ | « | , | v | ->+� " , 

and | 6 ( v ) 1^ = J + 1 /4 ~ v ^ , | v | - . + - . S ince | é( o) | ~ | K ( v ) | , | « | - + " , w i t h u = 2 , 
2 /3 

i t f o l l o w s S ( £ , E ) ~ E ( c / E ) , i . e . , t h e same r e s u i t as f o r the i n v e r s i o n o f the 

Radon t r a n s f o r m . 

5 . 4 . 6 Conc lud ing Remarks and Open Problems 

I n t h i s r e v i e w o f a c o n t i n u o u s l y expand ing f i e l d , we r e s t r i c t e d ou rse l ves to some 

t y p i c a l l i n e a r i n v e r s e p r o b l e m s , and so we o m i t t e d many i m p o r t a n t t o p i c s where 

r e g u l a r i z a t i o n methods a p p l y as w e t ) . L e t us m e n t i o n f o r i n s t a n c e , p o l a r i z a t i o n 

u t i l i z a t i o n i n e l e c t r o m a g n e t i c i n v e r s e s c a t t e r i n g [ 5 . 4 5 , and Chapt . 7 o f t h i s 

vo lume) and l a s e r anemometry da ta a n a l y s i s [ 5 . 1 0 8 , 1 0 9 ] . R e g u l a r i z a t i o n methods can 

a l s o be u s e f u l f o r s y n t h e s i s p rob lems [ 5 . 1 1 0 ] . The main d i f f é r e n c e between i nve rse 

and s y n t h e s i s prob lems can be e a s i l y unde rs tood i n the case o f an an tenna: the i n -

v e r s e prob lem i s the i d e n t i f i c a t i o n o f an a c t u a l antenna f rom measurement o f i t s 

r a d i a t i o n p a t t e r n , w h i l e the s y n t h e s i s p rob lem i s t h e des ign o f an antenna p roduc ing 

a g i v e n r a d i a t i o n p a t t e r n . I n the l a t t e r c a s e , r a t h e r than i n s t a b i l i t y , one i s i n -

t e r e s t e d i n " s e n s i t i v i t y " : i f t he computed antenna i s n o t e x a c t l y r e a l i z e d , how 

much w i l l i t s p a t t e r n f u n c t i o n be m o d i f i e d ? 

S ince the ma thema t i ca l p a t h o l o g y o f a i l those problems i s q u i t e s i m i l a r what -

e v e r the p a r t i c u l a r f i e l d one c o n s i d e r s , we t h i n k t h a t r e g u l a r i z a t i o n theory shou ld 
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prov ide a u n i f i e d framework f o r t r e a t i n g l i n e a r i nve rse problems and f o r i n v e s t i -

g a t i n g thorough ly t h e i r s t a b i l i t y . However, r e g u l a r i z a t i o n methods are by no means a 

c u r e - a i l . Indeed, as we have seen, the f a s t e r the decay o f the e igenva lues ( s i n g u l a r 

va lues) o f the opera to r A, the g rea te r the loss o f i n f o r m a t i o n due to the smoothing 

e f f e c t o f fl. Hence i t i s expected t h a t i n some cases , the a v a i l a b l e data are t r u l y 

i n s u f f i c i e n t and no meaningful p r i o r knowledge can p rov ide a s a t i s f a c t o r y s o l u t i o n . 

Very impor tant i n t h i s connect ion i s the p réc i se v a l u a t i o n o f e r r o r p ropaga t ion i n 

the r e g u l a r i z e d i n v e r s i o n procédure. This enables us to es t ima te i n p r a c t i c a l cases, 

the accuracy o f the s o l u t i o n f o r a g iven noise l eve l and a g iven p r i o r knowledge. We 

a l so showed t h a t t h i s e r r o r ana l ys i s e n l i g h t e n s t h e o r e t i c a l ques t ions l i k e the prob-

lem o f s u p e r r e s o l u t i o n . Summarizing the r e s u l t s o f S e c t . 5 . 4 . 1 , we can say t h a t super-

r e s o l u t i o n appears p r a c t i c a l l y imposs ib le f o r imaging Systems w i t h a l a r g e a p e r t u r e , 

because i t would r equ i r e u n r e a l i s t i c a l l y h igh s i g n a l - t o - n o i s e r a t i o s . This is due 

t o a very f a s t increase o f the r e l a t i v e e r r o r on b l u r r e d s o l u t i o n s beyond the Ray-

l e i g h l i m i t . A s i m i l a r f ea tu re a r i s e s i n n e a r - f i e l d r e c o n s t r u c t i o n from the s c a t t e r -

ing ampl i tudes (see S e c t . 5 . 4 . 2 ) : the r e c o n s t r u c t i o n o f source d é t a i l s o f the o rder 

o f a wavelength and below ( f o r a rev iew on t h i s s u b j e c t see [ 5 . 1 1 1 ] ) appears very 

d i f f i c u l t when the wavelength x i s much sma l l e r than the c h a r a c t e r i s t i c d imension t 

o f the source. Supe r reso lu t i on becomes however e a s i e r when > i s o f the same order 

as I I . 

More fundamental quest ions are s t i l l open i n the f i e l d o f i l l - p o s e d problems. 

The f i r s t p o i n t , very i m p o r t a n t , i s to develop a sound theory when data are g i ven 

on l y a t a f i n i t e nuraber o f p o i n t s ( i n r e g u l a r i z a t i o n t h e o r y , as desc r ibèd i n t h i s 

c h a p t e r , one assumes tha t the data are f u n c t i o n s de f i ned everywhere) . Some r e s u l t s 

i n t h i s d i r e c t i o n have been obta ined f o r the problems of a n a l y t i c c o n t i n u a t i o n 

[5 .112,113] harmonie c o n t i n u a t i o n [5 .114 ] and numerical d i f f e r e n t i a t i o n [ 5 . 1 1 5 ] . In 

thèse cases, the main ideas o f r e g u l a r i z a t i o n theory ( p r i o r knowledge, l eas t - squa re 

methods, s t a b i l i t y es t imâ tes ) have been ma in ta ined . 

A second p o i n t would be to extend r e g u l a r i z a t i o n theory beyond i t s ac tua l f rame: 

l i n e a r problems and p r i o r knowledge expressed i n the form ( 5 . 2 2 ) . For i n s t a n c e , a 

p o s i t i v i t y c o n s t r a i n t , which appears n a t u r a l l y i n some prob lems, cannot be expressed 

i n t h i s way. For p a r t i c u l a r i l l - p o s e d problems (harmonie c o n t i n u a t i o n , backward beat 

é q u a t i o n ) , i t i s known t h a t p o s i t i v e s o l u t i o n s are n e c e s s a r i l y s t a b l e [ 5 . 1 1 6 ] . 

However, the requi rement o f p o s i t i v i t y a lone i s ne t s u f f i c i e n t f o r s t a b i l i z i n q Fred-

holm i n t é g r a l équat ions o f the f i r s t k i n d . Some a l g o r i t h m s , reviewed i n [ 5 . 7 2 ] , 

have been developed f o r i n t r o d u c i n g the p o s i t i v i t y c o n s t r a i n t i n the a n a l y s i s o f 

imaging Systems b u t , to our knowledge, no t h e o r e t i c a l a n a l y s i s o f the s o l u t i o n ac-

curacy has been done. I t i s c l e a r t h a t a supplementary c o n s t r a i n t o f p o s i t i v i t y 

improves the s o l u t i o n , but the q u a n t i t a t i v e e s t i m a t i o n o f t h i s improvement i s s t i l l 

an open ques t i on . 
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