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INTRODUCTION

A retrial queueing system is described by an arriving customer, finds the server busy, joins the retrial group to try again for service after a random
amount of time. Retrial queueing systems have been widely used to model many problems in modern telephone switching systems, computer and
communication systems. For detailed survey one can see yang and Templeton (1987). Most papers assume that each orbiting customer seeks
service independently of each other after a random time exponentially distributed with a fixed rate. Nevertheless, there are other queueing
situations in which the retrial rate does not depend on the number of customers in the orbit. Some notable works in this directions are Fayolle
(1986) and Martin and Artalejo (1995). Artalejo and Gomez-Corral (1997), in their paper incorporate both possibilities by assuming that time
intervals between successive repeated attempts are exponentially distributed with parameter ou(1-8¢;)+ju, when the orbit size is j.

Gomez-Correl and Ramalhoto (1999) assumed the time intervals between successive repeated attempts to be exponentially distributed with
parameter oy(1-8¢;)+ju;, and they find the stationary distributions of the bivariate Markov processes associated with M/M/2/2+1 and M/M/3/3
queues.

The purpose of this paper is to analyse the retrial queueing model M/M/3/n+1 using the technique of Gomez-Correl and Ramalhoto (1999).The rest
of the article is organized as follows: We describe the Mathematical model in section 2. In section 3, we carry out the stationary analysis
M/M/3/n+1 retrial queueing model. Section 4 contains some numerical results corresponding to the model in section 3.

MATHEMATICAL MODEL

We consider a retrial queueing system with ¢ servers and d waiting positions. When the ¢ servers are busy, an arriving customer (called primary
customer) occupies a waiting position and, when one server becomes free, one of the waiting customers immediately enter the servers. Otherwise,
When the c servers are busy and the d waiting positions are occupied, the customer immediately enter the orbit (called orbit customer). The state
of the system at time t is described by the bivariate process {(C(t), Q(t)),t = 0}, where C(t) is the total number of servers and waiting position
occupied and Q(t) denotes the number of orbiting customers. The model is denoted by M/M/r/r+d. The arrival rates of the primary customer is A; if
C(t) =i and the rate of orbit customer equals B;; where C(t) =i and Q(t) = j. The service rate equals v; when C(t) = i. The state space S = {0, 1, 2, ...
¢} x Z, noted in Asmussen (1987), of the Markov process {X(t), t > 0} is ergodic if and only if there exists a probability solution P = {(P¢; Py, ...
P), j 20} to equality PQ = 0, where Q is the infinitesimal matrix of the process {X(t), t 20}. In this case the vector P is the stationary distribution
of {X(t), t> 0}. In section 3, we take C(t) =1, 1 € {0, 1, 2, 3, 4} called model 1.
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The Analysis

Let {X(t), t > 0} be a time homogeneous Markov process, where X(t) the bivariate process (C(t), Q(t)), C(t) is the number of customers in the
system and Q(t) is the number in the orbit. Here the bivariate limit process X takes values on the lattice semi-strip S = {0, 1, 2, 3, 4} x Z,. The

infinitesimal matrix is Q = (q;;), where

4, C 0 0 0

cC 0 0
B, 4, C 0
C

W

0 A
0 0 B, 4,

with (Ag+C)e =0, (B; + A; + C)e = 0, e = (1,1,1, ...)",

S tA) A 0 0
181 _(2’1 v +ﬂli) 2“1 0
A= 0 Va (A, + vy + By) 4,
0 0 Vs (A4 +vs + By
0 0 0 v,
0o g, 0 0 O
0o 0 p, 0 O
B={0 0 0 4B, O
0o 0 0 0 g,
0o 0 o0 o0 O
0 000 O
0 000 O
c=/0 0 0 0 O
0 000 O
0 0 0 0 4,

i=0,1,2,3,...,Bi10=0, By =0, and B3 = 0, where ;= oti(1-85))+jL;.

The Markov process {X(t), t >0} is Ergodic if and only if there exist a solution P = (P, Py, P», ...
equation.

PQ=0
This is equation to
(AotBoj) Poj=v1 P1;,j20

(Atvit Byy) Pij= AoPoj +Boj+1Poj+1+ V2P, 20
(Aatvot Boj) Poj= APy +B1j11P1j 1+ v3Ps;,j 20
(Astvst Bsy) Paj= APy +B2j11Poj 11+ VaPyj, j20
(Matvy) Py = AsP3j +B31:1Paj a1t AgPyiy,j 20

We define generating functions
P(z)= ) P ,i=0,1,2,3,4
j=0

Applying (3.9) on both sides of (3.2), (3.3), (3.4), (3.5), (3.6), we get

oS O O

) Ay
- (2’4 + V4)

Pi’ ), where Pi = (Pio, Pil, PiZ, Pi3, Pi4), the matrix

(.

(32
. (33)
. (34)
.. (3.3)
.. (3.6)

-~ (3.7
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(Aoto) Po(z) + mozP ; (z) = viP(z) + ayPyo .. (3.8)
wz’P ; (2)+ (A +vitay)zP () +oePoo=pezP VO(Z)‘*'O»OZ""O(O)P o(z) +v,7Py(2)+0, 2Py - (3.9)
z’P '2 (2)H(Aytvartan)zPy(z)+ou P o=p, 2P 1 (2) (M 1z+0)P(2)+v32P3(2) + 0pzPyy. .. (3.10)
;2P 3 (2)+(hstvstaz)zP3(2)+0uP0=10zP 5 (2)H(Azton)Py(2)+vazPy(2)+ 032Ps50 - (3.11)
(Aatvs - Maz)ZPy(2) T 03P 30=132P 5 (2)+(Rszt013)P3(2) - (3.12)
Multiplying (3.9) to (3.12) by z' and adding the resulting equalities and (3.8), we get.
3
MzPy(z) = Y nizP ; (2)+0i(Pi(z)-Po) .. (3.13)
i=0

Differentiating the equation (3.8) with respect to z
VP L @=(hrortioP o () Tz P (2) - (3.14)

From (3.2), (3.8) and (3.14) we can write (3.9) as

ViV2zP(2) = popy P ;(Z) +{((ho + g+ o) pytpo(A oy tpy))Z” . (3.15)

‘HOVIZ}P'() (@) H((Motop)(Artoy)tagv)z-agvi)Po(2) F(-(agr v ) H Aot )ztoevi)Poo
Differenting (3.15 with respect to z and multiply the resulting relation by z and after some algebraic manipulation we get,
ViP5 ()= poz'P g (2) + {((ho + 0t +3110) pHitg(hr ). (3.16)

HoviZ'}P :)(@*(((M*%*Ho)(%*al*Hl)*(%*“o)vl)zz- agv,z)P IO(Z) + v 1Po(z)-agv Poo

Substituting (3.2), (3.3), (3.8) and (3.14) to (3.16) into (3.10) and rearranging leads to the following equality.

VivavszPs(z) = AZ'P | (2) + (BZHCA)P o (2)H(DZ+E2)P () + (F£+G)Py(2) + (Hz+D)Pgy + (0o H110)V102Pg, .. (3.17)
Where

A = Mokt K2

B = Hok(Aatvatan) + (Mg + g +3 o) Hitro(AHvitony)) i,

C = - Ho(Vita T V),

D = Ho((M+vitoy) (ha + o) + (vitoy)va) + (gtagt po) i(Aatontvy) + ((Ag + o + Ho) (AFan+iy) + (o THe)Vi o,
E = - (vi(agpat Ho(Aatvaton))+ (Agtog) it Mooty ))va),

F = ((hotag) (A + ay) + agvy) (Aaton)H(Aetop) oy + agv)va,

G = -(0gvy (A tvatan-pa) + (Ao + ao) ayva),

H = (Ao o H(og(Agtvi)+ (Rotol) ay)(on + An) + (agvy Hogtho)ay )va),

I = Roolvy + (ap((Vatha + 0 - o) oy vy),

Differenting (3.17) with respect to z and multiply by z, we get

VivavaZ' P'3(2) = otz PoV (2) + (3 top +A) 24+ BZ) Py (2)

+(QA+C)Z+ (B+D)Z°) P, (2)

+((C+E) 22+ F2) P’o(2) — GPo(z) —H Py, ..(3.18)
Substituting (3.2), (3.3), (3.4), (3.9), and (3.15) to (3.18) into (3.11), we get

Vivavsvaz? Py(z) = G12°PV(2) + (Go2+ Gsz*) Po™ (2)H(Gaz'+Gsz°+Gez?)P '(I)(Z)

Gz +Gyz’+Goz)P '0 (2)H(G19z"+G112+G12)Py(2)

+(Gy13Z° + Gia 2 +Gys) Poo + (G162°+Gy72)Py) ..(3.19)
where G1 = HopiHaMs,
G, = (Buotita + A) p3 + (A3 +v3 + 03) Hopi o ),
G; = (B - V3 Hokika),
Gy= (A +C) s+ A(d; +vi + aslz) - Aalloht V3),
Gs = (B+D)ps+B(Astvstaiz)-pavs)(hot3potoio) iiHHo(A 1V Fou ) -0 ok V3,
Gs= HolaV1V3,
Gy = (C(h3 +vs + a3 + p3)+Eus - Ay v3 (Mo THo o) py+ Ho (A +vi + )
Gg= (Frs+(hstvstos) D-vapa((hotpetoo) (A rH o) +vi(Hetop))) + Aavatevi - o V3((Ag Ly Fog) Wy Fre(Ay vy + ay))
Gy = (HaVv3Vi0g + HoV3Vi0L)
Gp= ((Astvs+az ) E- Avs (Mo + ag) (A + o) +vi0p)),
G = (- Fuz + F (Atvs + o) + Apvaagvy - opvs (R + ) (A o) +viay)),
G = (-0gv1v3 (12 - ),

16447 |Page



Sangeetha Sefvakumaran and Juliet Regina., The stationary analysis of a Retrial Queue With Multiserver
In n-limited Capacity

G = {Aavs (0p(A+vy) + oy (Atag)) - 030n Ao Ay (Aot Vi) - 03 Ao Ava+ (A3 + vs + )}
Gy = H s+ vs+o3-13) +aavihok - 0gvadevy + opvs (o (A + o) +
a; (Ao + o))
Gis= (0ov1v3 (12 - 0)),
G = (Viay A3+ v+ og) (0gt po) + o3vy (At va)(0 Hit))
+ (aav3(oy i) (ot o + o)),
Gy = (-ouv1v3 (Ko + ay)),
For convenience of notation, we re-express some previous equations. First, from (3.9) we consider the relation
ViVav3vy Pi(z) = a;zP 'O(Z)Jr a,P(z) + az Py. ...(3.20)
where = WoVaV3Vys 33 = (Ao + 0) VoV3vy and a3 = - algVoV3Vvy,
From (3.14), we have that
V1VaV3Vy ’I(Z) = bl ZP”()(Z) + bz P’()(Z) (321)

where by = povavsvy; by = (Mg + 0l + o) Vavavy
we can write the equations (3.15) as
ViVaVava 7P (2) = 0,2’ P"(2) H(erZ + 3z) P'o(2)
+ (cqz + ¢5) Po(z) + (c6z + ¢7) Py .. (3.22)
where C1= HoM1V3Vy; €= ((ho + 0o+ Ho) 1y + Mo (A + 0 + V1)) Vavy,
€3 = - HoV1VaVy; €4 = (Ao + 0tg) (A + o) + g vi)VaVy s
Cs = - OlgV1V3Vy; C6 =-(0tg(A1+V1)T(AgH0l)0l)V3Va; €= OlgVIV3Vy

From (3.16) we deduce that
VivavavazZP 5 (2)=diZ°P ) (2)HdoZ +ds )P o () HdZHds2)P o (2)
+d6P0(Z)+d7P00, (323)
where d; = popyvava, dy = ((ho + g + 3p0) i + Ho (A Tvi + 1)) vava,
d3 = povivave, A= (Ao +ag + Ho) (A + o + ) + (0o + Ko )V1) V3va,
ds =-0gVviVv3vy, ds = 0lgViV3Ve d7 = -0lpV V3Vy
From (3.17) we obtain
VIVaVaVa zP3 (2) = 2P o(2) + (27" + €37°) P"'o(2) + (a7’ + e5(2) P'o(2)
+ (e6z +e7) Py(2) + (e3z + €9) Poo + €19zP,; ...(3.24)
where = Wl oV, € =V4A 3=V B, e=v,C, e5= v4D es = V4E, e; = W,4F,
eg = V4G, e9 v4H, €19 = (ot o) 0 Vivye
From (3.18),
vivavsva 23 (2) = FiZ7PYy (2) + (B2 + £52))P"o(2) +(fi2’ + £52°) P'o(2)
+ (£ + £57) P'o(2) + fxPo(2) + £ Poo .(3.25)
where f1 = potiava, £ = Bpotiy TA) vy, £5= vy B, £, = (2A+C)V4> fs = (B+D)vy,
fo = (C+E)vy, f; =Fvy, f5-—4G, o —v,H,
From (3.19) we obtain
Aavivavava 7Py (2) = 2PV o(2) + (27 + &7) Po(2) + (27 + g57° + g627) P o(2)
+ (g2 + g7’ + 207) P'o(2) + (2107 + gz + 212) Po(2)
+ (2132 + 814z + 815) Poo H(gi6Z” + 817) Por --(3.26)
where 217G, 257 MGy, 857MGs, 257M4Gy; 854G, g6= MG,
27704Gr,257M4Gs; g9 = MyGo g10= 24Gio3211 = A4 Giy 2127M4G0y s

13=MGy3 g14= Ay Guy; 215 = A Gis 816 = g G, g17= M Gyy
Now using the set of equations (3.20) to (3.25) we have that, after some tedious algebra the equality (3.13)can be expressed as follows

Agvivavavs 2Py (2) = 1LZ'Po(2) + (Lz' + 1,2 )P"o(2) + (L2’ + 152 ) P"'(2)

+ (L2 +52)P" o(2) H(15z Ho)Po(2) (119211 )Poo 122 Py .(3.27)
where
Lh=tius; 1 = (ad Hhpstos o o), L=f13; 14 = (ModaHypstanc +Aas iy by);
[s=(d3ptfsp3tBo), 1= (Vivavape Ty byt padgHfspsteanta oy +Cas);
l=(dspo st Dastesan); = (vivavsagtoyaytoscstEos);
ly=(dgp-fyps+Foztesa,);
Lo={-02V3hoh -0 koA (Ao tvo) oL atce0ly+Gas-0hod  (V2-V3)
I =(d7po-fopstcr0n+Has);
L= vi(agtpe) (oatvs) + as(Aotg) (Aa+va)- asva(Aotagtve) (otuy))
Then we deduce from (3.26) and (3.27) that the generating function Py(z) satisfies the following fourth order differential equations.
(A2 + A2) PoV(2) + (AsZ’ + A+ APy (2)
HAZ' + A2+ APy (z) HAYZ + AgZ+A112)Py (2)
HARZTARZEA P2 HA 52+ A 162+ A )P H(A 157°+A 192)Pg = 0 ..(3.28)
where Ar=gL A=, A= gy, A= ga-ly, As = 1, Ag = o, A7 = gs-ly, As g1,
Ag=g7, Ajp=gs—l6; A= go-l7, A =g, An =g - Is, Ay =g — by,
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Ars = g13, At = 214 - Lo, A7 = gi5-1i1, A = 16, Aro = g17-112

Replacing the generating function Py(z) and its derivatives in the above differential equation and rearranging its terms, we conclude that the
sequence {Py;, j=0} satisfies

Po; = %1 Poj1- ¥ j-2Poj2.j 23 - (3.29)
where
wu= - At G=DA+(G-DG =24+ -DG =2 =4+ -DU -2 =3I -4 j>4
Ayt jAy + 7 =DA+ (G =D = 2)4s
;j_zz U+ (=D A+ (=2 =4+ (=D =3I =DA4+( =D =) =DU =54 | j>4
A+ jAy + G =D+ 7 =D =24

Pos = %2Po2-1- ¥ 1Po1; Poz = %1Poi- ¥ oPoo

__(A18+A13+A10). _ _(A13+2A10+2A7) .
where X1= > X2T >
Ay, +24,, +24, Ay, +34,, +6A4; + A
— _(A12+A9) . _ _(A15+A12)
X = 2

Ay, +34, + 64, + A A, + 24, + 24,

It follows by induction form (3.28) that

B
POI:C_OPOO’ where By =-(Aj3 +Ag); Co= A+ Ay + Ayg
0

Foy = ny—1 P ... (3.30)

where N1 = My—2Xy-1 + My-axy-2., J =3

Theorem 3.1. If [lim;_, ,.m; | = + oo, then the stationary distribution of {X(t), t > 0} is given by

-1

1 =0
A= (33 M,

=0 3=0

Py = MyPu.(i.j) ¢ E — {(0,0)}

where
My =m-1.5=1
My; = (%ﬂl) M1, j=0
My = yl_lpg_l ((fAL 21+ ) Bog + (A + By dad o — 1By 1my)
May = (vawmra)™ {{{{h2 +vz + Bag) (o1 + Bug) + (w2 + Bag) 1) By
+ {Aa + Bag) (A1 + Bug) Ao +vaBighotng—1
—{({ Az +v2 + Bag) Bogr1vn + Brgrva (Ao -+ Fogr ) e}
Mg = (vavawara) ™ {{{{Aa+ va + Bay) (Aa + w2 + Bag) (A1 + Bug) + (v2 + Bag) 1) By
+{{Aa+ Fagd (A1 + Big) + vafhy) Ao — Aarea (A + 1 + Big) oy — Aawa (ha + Big) Aok
—{{Az + ez + Bay) (A +wa+ Bay) By — Brypara (Ao + Boyer) — Bz (h + 11 4 Bryp)
—Bagr1va (A + Big1) Ao+ Bogri Agvivalay + Bagr1vvaBogs oy )

Notice, that the stationary probabilities Pj;,(i,j)€E , have been written in terms of Py,. Hence, the computation of the stationary distribution of
{X(t), t 2 0} is reduced to find Py, to any desired accuracy by using the equation (3.30).

Numerical study

Numerical calculations were performed to obtain the values of the probabilities, for fixed values of parameters A; = 1/ i+1, v; = 1 / i+2 and f;;
=0,(1-8¢;) + ju;, where p; = 1/2i and o; = 1/i+3, 0<i < 4, j 20 . Some selective results are exhibited in table 4.1
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Table 1 The steady state probabilities

Mo 0.2 0.4 0.6 0.8 1.0
p00 0.0052 0.0053 0.0055 0.0057 0.0059
p01 0.0006 0.0003 0.0002 0.0001 0
p02 0.0007 0.0005 0.0004 0.0003 0.0002
p03 0.0003 0.0002 0.0001 0.0001 0.0001
p04 0 0 0 0 0
p05 0 0 0 0 0
pl0 0.0034 0.0070 0.0109 0.0152 0.0198
pll 0.0010 0.0008 0.0006 0.0004 0.0002
pl2 0.0012 0.0011 0.0011 0.0010 0.0009
pl3 0.0004 0.0004 0.0004 0.0003 0.0003
pl4 0 0 0.0001 0.0001 0.0001
pl5 0 0 0 0 0
p20 0.0062 0.0137 0.0216 0.0302 0.0395
p21 0.0047 0.0039 0.0029 0.0019 0.0008
p22 0.0089 0.0082 0.0076 0.0070 0.0064
p23 0.0041 0.0038 0.0035 0.0032 0.0029
p24 0.0002 0.0003 0.0006 0.0007 0.0008
p25 0 0 0 0 0
p30 0.0048 0.0170 0.0297 0.0435 0.0584
p31 0.0117 0.0091 0.0059 0.0022 0.0020
p32 0.0460 0.0432 0.0404 0.0373 0.0339
p33 0.0288 0.0260 0.0239 0.0220 0.0200
p34 0.0019 0.0028 0.0051 0.0062 0.0067
p35 0 0 0 0 0
p40 0.1032 0.1399 0.1837 0.2333 0.2887
p4l 0.2422 0.2022 0.1669 0.1318 0.0951
p42 0.3682 0.3329 0.3047 0.2780 0.2510
p43 0.1771 0.1693 0.1595 0.1487 0.1369
pd4 0.0144 0.0168 0.0306 0.0370 0.0394

0 0 0 0 0

p45

We can extend it to n-limited capacity in similar mannar.

CONCLUSION

If we use n-limited capacity model then we can get service in quickly.
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