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1 Introduction and outline

Extremal and near-extremal black holes have long offered a simplified set-up to resolve
open questions in black hole physics, ranging from analytic studies of mergers to microstate
counting. The simplicity of near-extremal black holes comes from the universality of their
near-horizon geometry: there is an AdSs throat with an internal space that varies slowly
as the horizon is approached (see, for example, [1]).

While the near-horizon geometry exhibits great simplicity, the thermodynamics of ex-
tremal and near-extremal black holes brings up several important open questions. At



extremality, black holes have zero temperature, mass My, and area Ag. Performing a semi-
classical analysis when raising the mass slightly above extremality, one finds that the energy
growth of near-extremal black holes scales with temperature as 6E = E — My = T? [ Mgap-
Naively, one might conclude that when the temperature, 7' < Mg,p, the black hole does
not have sufficient mass to radiate even a single Hawking quanta of average energy. Con-
sequently, Mg, is considered the energy scale above extremality at which the semiclassical
analysis of Hawking must breakdown [2-4].) A possible way to avoid the failings of the
semiclassical analysis is to interpret Mg, as a literal “mass gap” between the extremal
black hole and the lightest near-extremal state in the spectrum of black hole masses. Such
a conjecture is, in part, supported by microscopic constructions [5-7] which suggest that,
in the case of black holes with sufficient amounts of supersymmetry, My,, could indeed

2 Nevertheless, it is unclear

be literally interpreted as a gap in the spectrum of masses.
if such results are an artifact of supersymmetry or whether such a gap truly exists for
the most widely-studied non-supersymmetric examples: in Reissner-Nordstréom (RN) or

Kerr-Newman (KN) black holes.

The mass-gap puzzle is related to another critical question of understanding the large
zero-temperature entropy of extremal black holes. If a gap exists, and the semiclassical
analysis is correct even at low temperatures, extremal black holes would exhibit a huge
degeneracy proportional to the macroscopic horizon area measured in Planck units. In the
absence of supersymmetry, it is unclear how such a degeneracy could exist without being
protected by some other symmetry. Alternatively, if one takes the semiclassical analysis
seriously only at temperatures T' > M,,,,, then it is possible that the entropy obtained by
this analysis would not count the degeneracy of the ground-state; rather, it could count
the total number of states with energy below E — My < Mg, [4]. We find this solution
unsatisfactory since, from the point of view of the Gibbons-Hawking prescription, we should
be able to compute the Euclidean path integral at lower temperatures.

In this paper, we settle the debate about the existence of a mass-gap for 4d Reissner-
Nordstrom black holes. We show that such near-extremal black holes, in fact, do not exhibit
a mass gap at the scale Mgap.g To arrive at this conclusion, we go beyond the semiclassical
analysis and account for quantum fluctuations to reliably compute the partition function of
such black holes at temperatures T ~ Mgy, in the canonical and grand canonical ensembles.
By taking the Laplace transform of the partition function, we find the density of states in
the spectrum of black holes masses. Due to the presence of T'log(7'/Mga;,) corrections to the

'Even at temperatures T' ~ O(Mgap) there is a breakdown of thermodynamics since a single Hawking
quanta with average energy could drastically change the temperature of the black hole.

?In [7], it is assumed that the lightest near-extremal state has non-zero spin, in contrast to the extremal
Reissner-Nordstréom. However, in section 3, we show that in fact the lightest near-extremal state has zero
spin. [5, 6] focus on string constructions for near-extremal black holes in supergravity. Since our analysis
depends on the massless matter content in the near-horizon region, we cannot compare our results with
the gaped results of [6]. Nevertheless, an analysis of the 2d effective theory in the near-horizon region for
near-extremal black holes in supergravity is currently underway [8].

3While in this paper we will mostly focus on studying 4d black holes in an asymptotically flat or AdSy
space, our analysis could be applied to RN black holes in any number of dimensions.
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Figure 1. Energy above extremality at fixed charge as a function of the temperature when obtained
from the semiclassical analysis (in red) and when accounting for the quantum fluctuations in the
near-horizon region (in purple). This should be compared to the average energy of one Hawking
quanta (dashed line) whose energy is on average (E) ~ T.

free energy,® we find that the spectrum looks like a continuum of states and, consequently,
exhibits no gap of order ~ Mg,,. This continuum is observed because our computation is
not sensitive enough to distinguish between individual black hole microstates; for that, an
ultraviolet completion of the gravitational theory is necessary. Nevertheless, our computa-
tion does suggest that, for non-supersymmetric theories, the degeneracy of extremal black
holes is much smaller than that obtained from the area-law Bekenstein-Hawking entropy
(in figure 2 we show the shape of the density of states at fixed charge).’

The potential breakdown of Hawking’s analysis raised in [2] is also resolved. In figure 1,
we compare the temperature dependence of the energy above extremality in the classical
analysis and when accounting for quantum fluctuations. We find that when only slightly
above extremality, £ — My ~ %T > T, therefore resolving the naive failure of thermody-
namics at very small temperatures. Nevertheless, we should stress that the we expect the
spectrum of Hawking radiation to be strongly modified at such low temperatures.

A similar analysis was done recently for the case of near-extremal rotating BTZ black
holes in AdS3 [15]. These black holes also present a breakdown of their statistical descrip-
tion at low temperatures when restricted to the semiclassical analysis. The breakdown is
similarly resolved by including backreaction effects in the Euclidean path integral.

4The Tlog T corrections discussed throughout this paper should not be confused with the logarithmic
area corrections to the entropy studied for extremal black holes in [9-12]. While we did not find any
connection between the two corrections (as the logarithmic area correction to the entropy is studied in a
specific limit for the mass, charge and temperature; such a limit is not employed in this paper), it would
be interesting to understand whether the results obtained in this paper can be used to also account for the
entropy corrections from [9-12]. It should also not be confused with logarithmic corrections coming from a
saddle-point evaluation of a Laplace transform such as in [13].

5The logic in this paper is very different from the argument in [14]. The degeneracy of the extremal black
hole and the presence of a gap depends on the amount of supersymmetry in the theory (see section 5.1).
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Figure 2. Purple: density of states (at fixed charge) for black holes states as a function of energy
above extremality E — My, including backreaction effects given in (3.26). Red: plot of the naive
density of states p ~ exp (Anor/4G n) which starts deviating from the full answer below energies of
order Mgap,.

To reliably compute the partition function at such small temperatures, we perform a
dimensional reduction to the two dimensional AdSs space in the near-horizon region.® We
find that the only relevant degrees of freedom that affect the density of states are the mass-
less modes coming from the gravitational sector, the electromagnetic gauge field, and the
SO(3) gauge fields generated by the dimensional reduction. The resulting effective theory
turns out to be that of 2d Jackiw-Teitelboim (JT) gravity [16, 17] coupled to gauge degrees
of freedom. The Euclidean path integral of such an effective theory can be computed ex-
actly by first integrating out the gauge degrees [18, 19] and then by analyzing the boundary
modes [20] of the resulting model using the well-studied Schwarzian theory [21-37].

The connection between JT gravity and near-extremal black holes has been widely
discussed in past literature [38-50]. In fact, in [38], the scale Mg, defined through the
thermodynamics was identified as the symmetry breaking scale for the emergent near-
horizon AdS; isometries, SL(2,R). Moreover, this is also the scale at which the equivalent
Schwarzian theory becomes strongly coupled. However, compared to past literature, to
compute the partition function at small temperatures, T' ~ Mg,;,, we had to keep track of
all the fields generated through the dimensional reduction and exactly compute the path
integral for the remaining massless relevant degrees of freedom. Our qualitative picture
is nevertheless similar to that presented in [38] as we show that the semiclassical analysis
fails due to the backreaction of the dilaton and gauge fields on the metric.

For the reasons described above, to avoid confusion from now on, we will stop calling
the scale in which the semiclassical analysis breaks down Mg, since there is no gap at
that scale. Instead we will redefine it as Mg,, — #MSL(Q). The factor of 272 will be

5The geometry describing the throat is AdS2xS2. Even though the size of the transverse sphere r¢ is
large, we will consider temperatures well below the KK scale T' <« Mxk ~ 1/ro. This is consistent since,
in all cases, we study the gap is a parametrically smaller scale T' ~ Mgap < Mkxk.



useful but is just conventional. More importantly, we want to stress that the appropriate
meaning of this energy is really the symmetry breaking scale of the approximate near
horizon conformal symmetry.

The rest of this paper is organized as follows. In section 2, we describe the set-up for
Reissner-Nordstrom black holes, discuss details about the dimensional reduction, dynamics
and boundary conditions for massless fields in the near-horizon region. In section 3, we
reduce the dynamics in the near-horizon region to that of a 1d system, the Schwarzian
theory coupled to a particle moving on a U(1) x SO(3) group manifold. We compute
the partition function and density of states in such a system in the canonical and grand
canonical ensembles, thus obtaining the main result of this paper in section 3.2 and 3.3. In
section 3.4, we also account for deviations from the spinless Reissner-Nordstréom solution
to Kerr-Newman solutions with small spin, in a grand canonical ensemble that includes a
chemical potential for the angular momentum (or equivalently, fixing the boundary met-
ric). More details about the connection between the SO(3) gauge field appearing from
the dimensional reduction and the angular momentum of the black hole are discussed in
appendix A. In section 4, we revisit the contribution of massive Kaluza-Klein modes to
the partition function. We show their effect is minimal and does not modify the shape
of the density of states. Finally, in section 5 we summarize our results and discuss fu-
ture research directions, focusing on possible non-perturbative corrections to the partition
function and speculating about the role that geometries with higher topology have in the
near-horizon region.

2 Near-extremal black hole and JT gravity

In this paper, we will focus on several kinds of 4d black hole solutions. Specifically, in this
section, we will consider the Reissner-Nordstrom black holes solutions and Kerr-Newman
solutions of low spin, in both asymptotically AdS; spaces and flat spaces. While here
we focus on black holes in D = 4, the techniques used here apply to a broader set of
near-extremal black holes in any number of dimensions.

2.1 Setup
In this section we will study Einstein gravity in asymptotically AdSy coupled to a U(1)
Maxwell field. The Euclidean action is given by

1
Tong = — dy i (R4 2A) — 2 / K}
EM 167G N [/M4 4" y/Giar) (B +24) M, homy

1 4 v
— 462/M4d ﬂjﬁ/g(le) F/J,I/F“ 5 (21)

where F' = dA and where we take A to be purely imaginary. The coupling constant

of the gauge field is given by e, and A = 3/L? denotes the cosmological constant with
corresponding AdS radius L. It will be more intuitive to sometimes keep track of Gy by
using the Planck length instead, Gy = (3.

The focus of this paper will be to compute the Euclidean path integral (fixing boundary
conditions in the boundary of flat space or AdSy) around certain background geometries.



Throughout this paper, we fix the boundary metric h;; of the manifold My, which requires
the addition of the Gibbons-Hawking-York term in (2.1). For the gauge field, we will pick
boundary conditions dominated by solutions with a large charge at low temperatures, in
the regime where the black hole will be close to extremality. Specifically, the two boundary
conditions that we will study will be:

e Fixing the components of A; along the boundary 0M,. With such boundary condi-
tions, (2.1) is a well defined variational problem. As we will see shortly, dimensionally
reducing the action (2.1) to 2d, amounts to fixing the holonomy around the black
hole’s thermal circle; in turn, this amounts to studying the system in the charge
grand canonical ensemble with the holonomy identified as a chemical potential for
the black hole’s charge.

o We will also be interested in fixing the charge of the black hole, which corresponds to
studying the charge microcanonical ensemble. Fixing the charge amounts to fixing
the field strength F;; on the boundary. In this case, we need to add an extra boundary
term for (2.1) to have a well defined variational principle [51, 52]

Ien = Igm — lg VhFI 7, A;, (2.2)
€° JoM,y
where 7 is outwards unit vector normal to the boundary. To compute the free energy
in the case of black holes in AdSy, we could alternatively add the usual holographic
counterterms in the AdS; boundary [53, 54]. A detailed analysis of all possible
saddles was done in [55]. For our purposes, we will focus on the charged black hole
contribution.

To start, we review the classical Reissner-Nordstrom solution of (2.1), obtained when
fixing the field strength on the boundary and consequently the overall charge of the system.
The metric is given by

dr?

f(r)

G M Gy Q12
A7 r2  L2°

ds%4d) = f(r)dr* + +r2dQ3, f(r)=1 (2.3)

For concreteness we will pick the pure electric solution with F' = % *€9, with €g the volume

form on S2, while the magnetic solution has F = %62.7 Such black holes have two horizons

ry and r_ located at the zeroes of f(ry) = 0. We will refer to the larger solution as the
actual horizon radius r, = r4. As a function of the charge, the temperature and chemical
potential are given by

4 e @

/827

Pl M I (2.4)

In terms of the chemical potential the vector potential can be written as A = ip (1 — &) dr
such that its holonomy is e along the boundary thermal circle. The Bekenstein-Hawking

"As we will show shortly, in this units the charge is quantized as Q € e - Z.



entropy for these black holes is given by

2
A mry,

4Gy  Gn (2:5)

However, as we will see below, if the entropy is defined through the Gibbons-Hawking
procedure instead, the result can be very different due to large fluctuations in the metric. To
enhance this effects we will consider the regime of low temperatures and large charge next.

Near-extremal Limits. In the extremal limit, both radii become degenerate and f(r)
develops a double zero at ry (which can be written in terms of for example the charge). In
this casem the extremal mass, charge and Bekenstein-Hawking entropy are given by

47 3rd T 2r3 T
e (i B) wmg () s-F e

This is the naive zero temperature extremal black hole. As we will see below, the small
temperature limit of the entropy will not be given by the extremal area Sy but it will still
be a useful parameter to keep track of.

Since the semiclassical description breaks down at sufficiently small temperatures, we
will study near-extremal large black holes with very large S = T—'. We will first review
its semiclassical thermodynamics in this limit. To be concrete, we will do it here by fixing
the charge and the temperature. We will write the horizon radius as r, = rg + dr, where
ro is the extremal size for the given charge. Then the temperature is related to dry as

2

g

A
JIP 62

where the dots denote sub-leading terms in the large 8 limit and the physical interpretation

rL, =10 + O0Th, orp="L3+..., Ly= (2.7)

of the quantity La(rp) will become clear later. The energy and Bekenstein-Hawking entropy
if we fix the charge behave as

2, 472
E(8,Q) = My + T’ ... S(6,Q) =S+ Th.., (28
Mgy, 2) Mgy, (2)
where the dots denote terms suppressed at low temperatures, and where we define the
gap scale
_ roL3
ML = , 2.9
SL(2) Gn ( )

where r( is a function of the charge given by (2.11). Due to this scaling with temperature,
as reviewed in the introduction, the statistical description breaks down at low temperatures
B2 MS_Ll(Q) so we identify this parameter with the proposed gap scale of [2] (as anticipated
in the introduction, we will see in the next section that this intuition is wrong). A similar
analysis to the one above can be done for fixed chemical potential.



Two limits of this near-extremal black hole will be particularly useful. The first is the
limit . — oo where we recover a near-extremal black hole in flat space, and large ). In
this case the mass and entropy scale with the charge as

ro ~ lprQ, Mo ~ gg, So ~ Q. (2.10)
PL

We will take the limit also of large charge ) for two reasons. First, we want the black

hole to be macroscopic with a large size compared with Planck’s length. Second, we want

So > 1. As we will see below, this will suppress topology changing processes near the

horizon [35]. In this limit Mgy,2) ~ Gn/Q3.

The second limit we will consider is a large black hole in AdS, keeping L fixed. Follow-
ing [41] we will take large charges such that 7o > L. We achieve this by choosing boundary
conditions such that Q > L/¢p; (or u > e/lp;). In this regime the charge and mass are
approximately

47 3rd 2r3 3 g
=20 My=—0_ Q% §=_0-Q. 2.11
Gy L2 0 “ e 21

Q?
For a bulk of dimension D = d + 1, the mass of the extremal state scales as My ~ Qd%l
for large charge. This scaling is dual to the thermodynamic limit of the boundary CFT,
in a state with finite energy and charge density, see for example [56]. Since L > fp), then
ro > L implies ro > ¢p; and therefore Sy > 1, suppressing topology changing processes
near the horizon. In this limit Mgy,) ~ GE,)’\,/4/Q1/2.

Near-extremal Geometry. Finally, in the near-extremal limit we will divide the bulk
geometry in a physically sensible way that will be very useful below [41]. We will separately
analyze the near-horizon region and the far region, as depicted in figure 3. They are
described as:

Near-horizon region (NHR). This is located at radial distances r — rg < 79 and is
approximately AdSs x S? with an AdS, and S? radius given by

L
Ly=—=%  Re=nr (2.12)

\/L2—|-67“§’

Indeed from the metric (2.3) we can approximate, defining p = r — rg, in the near-horizon
region

ds? 7p2_5r’%d2+7L% dp* + (ro + p)*dQ (2.13)
STaq) = T T .
(4d) L% 02— 51“% P 0oTP 2
where the first two terms correspond to the thermal AdSs factor with AdS radius Lo and
the second factor is a sphere with an approximately constant radius ro. For a black hole
in flat space limit the radius of AdSs is Lo ~ r¢ while for a large black hole in AdS it is
given by Ly ~ L/+/6.

We kept the slowly varying term in the size of the transverse S? since this small correc-
tion breaks the AdS; symmetries and dominates the low-temperature dynamics [20, 25]. As
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Figure 3. A cartoon of the near-horizon region (NHR) and the far-away region (FAR) separated
by a boundary at which the boundary term of JT gravity will need to be evaluated. In the throat
quantization is easy and necessary to account for at low temperatures. In the FAR quantization is
hard but quantum corrections are suppressed.

indicated in figure 3, we will review how the four-dimensional theory reduces to JT gravity
in this region. At positions p > drp, the finite temperature effects can be neglected, and
the geometry becomes vacuum AdSs. Since we will take very low temperatures dry, < Lo
and therefore the geometry becomes approximately vacuum AdSs before we reach the
asymptotic AdSy regime p > Lo.

We also look at the behavior of the U(1) field strength in this region F,, ~ Q/(4nrd).
Therefore the throat is supported by a constant electric field.

Far-away region (FAR). This is located instead at large r, where the metric can be
approximated by the extremal AdS,; metric

dr?

fo(r)

(r —70)*

272 (L% 4 32 + 2rrg +7%)  (2.14)

dstyay = fo(r)dr® + +r2dQy,  fo(r) =

with the identification 7 ~ 7 + . As the temperature is taken to zero this region keeps
being well approximated by the semiclassical geometry. This is appropriate for the case of
large black hole limit in AdS4. For the case of black holes in the flat space limit, we take
L — oo of the metric above, finding the extremal geometry in asymptotically flat space.

Both the NHR and the FAR region overlap inside the bulk. We will match the cal-
culations in each region at a surface included in the overlap, denoted by the blue line in
figure 3. This happens at radial distances such that Lo < r — rg < rg. We will denote
the gluing radius by royyus = 70 + 0rbday, but as we will see below, the leading low-
temperature effects are independent of the particular choice of ron,, as long as its part
of the overlapping region.



2.2 Dimensional reduction

So far, we analyzed the semiclassical limit of large near-extremal black holes. We explained
how the full four-dimensional geometry decomposes in two regions near the horizon throat
(NHR) and far from the horizon (FAR). The parameter controlling quantum effects in the
FAR region is G which we always keep small, while in the throat the parameter becomes
the inverse temperature SMgy, () (due to the pattern of symmetry breaking). Since the
geometry in the throat is nearly AdSs x S? we can do a KK reduction on the transverse
sphere, and the dominant effects become effectively two dimensional.

In this section, we will work out the dimensional reduction from four dimensions to
two dimensions. With respect to [41], our new ingredients will be to point out that the
reduction works for low temperatures Mgy 2) 2 1 where the semiclassical approximation
breaks down, and to include the SO(3) gauge mode associated to diffeomorphisms of the
transverse sphere. We will begin by analyzing the reduction of the metric and will include
the gauge fields afterwards. The ansatz for the four dimensional metric that we will use,
following [57], is

T v m a ¢m n n
dsfyq) = 7)(1(;2 Guvdz?dz” + X By (dy™ + BeED) (dy™ + Bbp) (2.15)

where z# = (7, p) label coordinates on AdSs and y™ = (6, ¢) coordinates on S? with metric
homn = diag(1,sin? @). At this point rq is a constant parameter which will later be chosen
to coincide with the extremal radius introduced above, when we look at solutions. The
size of the transverse sphere is parametrized by the dilaton y(x) while we also include the
remaining massless mode from sphere fluctuations B. We can use diffeomorphisms to make
the gauge field independent of the coordinates on S2, so B® = Bj(z)dz#. Here &, = &0y,
are the (three) Killing vectors on S? given by

&1 = cos w0y — cot fsin Y0,
§o = —sin pdy — cot O cos 0,
&3 = B, (2.16)

and via the Lie bracket [£4, &) = €apce they generate the Lie algebra of the SU(2) isometry
group. The consistency of this reduction was analyzed perturbatively in [58]. Some useful
technical results involving this ansatz were derived in [59]. The Einstein action after the
reduction, keeping only massless fields, is

1
I(EQL(ID = - {/ d*z\/g[xR — 2U(x)] + 2 dux/ﬁxK}
4G N Mo

1
" 12Gnro o

OMo>

d*z\/gx°/? Tr(H,, H™), (2.17)

which has the form of a two dimensional dilaton-gravity theory coupled to SO(3) Yang-Mills
field with dilaton potential and field strength

3y1/? 1
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We also defined a SO(3) valued field B = B{T“dx", with T antihermitian generators in
the adjoint representation normalized such that [T, T°] = 4, T¢ and Tr(T?T?) = —%5‘“’,
and field strength H = dB — B A B. We will see below how in the state corresponding to
a large near-extremal black hole this reduces to Jackiw-Teitelboim gravity [16, 17].

Finally, we can reduce the Maxwell term to the massless s-wave sector. In order to do
this, we decompose the gauge field as [58]®

£>1,m

An(zy)= D a“’m(a:)enpvm + >0 At @ VLY (), (2.20)

>1m £>1,m

where in the first line Y;”(y) are the scalar spherical harmonics in S 2 and in the second line
we wrote the vector spherical harmonics in terms of the scalar ones. This decomposition
shows that the only massless field after reduction is the two dimensional s-wave gauge field
au(z). In the second line we see there is no component for A4,, that is constant on S? (since
such configurations would yield a singular contribution to the action from the poles of S?)
and therefore no other massless field is generated. Therefore the s-wave massless sector of
the Maxwell action becomes

Iﬁd) 1 / PG o 1, f =da (2.21)
 4e2 70

Putting everything together, the massless sector of the dimensionally reduced Einstein-
Maxwell action (2.1) is given by

g 1
EM — _@

1
IQGNT’O

/ d*z\/g[xR — 2U(x)] + 2 dux/ﬁxK}

M2 8M2

d2xfx5/2 Te(H,, H™) / P/ o P, (2.22)

4e2r0
where the first terms corresponds to two dimensional gravity, the second to the SO(3)
gauge theory generated from the KK reduction and the third to the reduction of the four
dimensional U(1) gauge field. The contribution of the remaining massive fields coming
from the U(1) gauge field, metric or other potential matter couplings is summarized in
section 4 and their contribution to the partition function is discussed in section 4.3. As
explained in the introduction, such modes are shown to have a suppressed contribution at
low temperatures and, therefore, in order to answer whether or not there is an energy gap
for near-extremal black holes it is sufficient to study the contribution of the massless fields
from (2.22). Consequently, we proceed by studying the quantization of the 2d gauge field
n (2.22), neglecting the coupling of the SO(3) gauge field to the massive Kaluza-Klein
modes and coupling of the U(1) gauge field to other potential matter fields that can be
present in (2.1).

8The expansion in (2.19) assumes that no overall magnetic flux is thread through S2.
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2.3 Two dimensional gauge fields

In order to proceed with the quantization of the gauge field in (2.22) it is necessary to
introduce two Lagrange multipliers zero-form fields, ") and ¢5°®) with the latter val-
ued in the adjoint representation of SO(3). The path integral over the gauge fields with
action (2.22) can be related to the path integral over A, B and ¢U(1):50G) for the action

= 1
Igen=——— { d2x\/§[XR*2U(X)]+2/ dU\/EXK] (2.23)
4G N Lo, oM,
_i/ (¢U(1)f+tr¢80(3)H)_/ /g 3GNTO (¢s0(3))2+ e2rg <¢U(1))2
M> Mo 2y 5/2 2y3/2 )

by integrating out the Lagrange multipliers ¢U(1):S0(3) One subtlety arises in going be-
tween (2.23) and (2.22). When integrating-out ¢U(1):S9G) there is a one-loop determinant
which depends on the dilaton field x which yields a divergent contribution to the measure
(behaving as exp 46(0) [y, dulog x(u)) for the remaining dilaton path integral. There are
two possible resolutions to this problem. The first is to define the measure for the dilaton
path integral for the action (2.22) in such a way that it cancels the contribution of the
one-loop determinant coming from (2.23).° The second resolution is to rely on the fact
that logarithmic corrections to the free energy (that are of interest in this paper) solely
come from integrating out fields in the near-horizon region. However, as we will see shortly,
in the near-horizon region, the dilaton field y is dominated by its value at the horizon and
consequently the one-loop determinant is simply a divergent constant which can be removed
by the addition of counterterms to the initial action (2.22). Regardless of which resolution
we implement, the gauge degrees of freedom in two dimensional Yang-Mills theory coupled
to dilaton gravity as in (2.23) can be easily integrated-out [18].

To begin, we fix the gauge field along the three-dimensional boundary which im-
plies that we are also fixing the holonomy at the boundary dMs, e = exp § a and take
P50 ~ [Pexp(§ B)].'* In such a case we find that by integrating out the gauge
degrees of freedom yields an effective theory of dilaton gravity for each U(1) charge @ and
each SO(3) representation j:

. Q —Ip s
Zulus Bl = 3 @5+ Dxilusow)e™? [ Dy Dy et (2:24)
Q€ceZ, jJEL

where x;(6) = W is the SO(3) character. The sum is over integer spin since we

chose the group to be SO(3), and would be over half-integer values had we chosen SU(2).
The gravitational action includes extra terms in the dilaton potential from the integrated

9v2: this definition of the measure which removes the dilaton dependence of the one-loop determinant
precisely arises when derived from the higher dimensional path integral measure. In the context of 3D
gravity, see for example footnote 4 of [60] (published version).

10Here, and throughout the rest of this paper, ~ specifies equality of conjugacy classes. The meaning
of the holonomy for the SO(3) gauge field arising from the dimensional reduction is that as one observer
travels along &My the internal space S? is rotated by an angle Hso(3) around a given axis.
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out gauge fields

1
Igjlg, x] = T108 Ju d*z\/g [XR — 2Uq;(x)] — e /8M duvhyK, (2.25)
2 2
GN 2 3G?V ./ 3)(1/2 1
Uq.;(x) =ro 47TX3/2Q + X5/2J(J 1) == - NIE (2.26)

Fixing the field strength (which corresponds to studying the system in the canonical en-
semble) instead of the gauge field holonomy (the grand canonical ensemble) simply isolates
individual terms in the sum over ) and j which corresponds to fixing the black hole charge
and, as we will show shortly, to its angular momentum.

The equations of motion corresponding to this theory are given by [61]

VuVox — 9w VX — 9w Uo,j(x) = 0 (2.27)
R —20,Uq;(x) = 0. (2.28)

By fixing part of the gauge freedom, the most general static solution can be put into the

following form
Y172

— ds? = &
x=x(r), ds -

f(r)dr® + f(r)]. (2.29)

The equation for the dilaton gives 0,2y = constant, and using remaining gauge freedom
the solution can be put in the form x(r) = r2. For this choice the metric equation becomes

f(x) = Xf/Q o5 [ iU (2.30)

where C is an integration constant that can be fixed by the boundary conditions. This gives
the complete solution of the dilaton gravity equations. After analyzing some particular
cases, we will see why the specific ansatz (2.29) that we chose is convenient.

First, the simplest case is to study states with j = 0. Then the equation of motion for
the metric and dilaton for each effective action (2.25) yields

! 1 X .. x ,Gyv@*  C
100 = =7 0o [ dxUaato] =1+ 5+ tm @8

AT X
Using x = 72 and the boundary conditions at large r we can fix the integration constant
C = —2GNyM. Replacing this in the equation above, and replacing the two dimensional
metric (2.29) into the four dimensional (2.15), we see that this precisely agrees with the
Reinsner-Nordstrom solution (2.3) described in section 2.1 for fixed charge Q.

We can now discuss the case of arbitrary small j. Up to subtleties about the backrection
of the SO(3) gauge field on the g, and g,r metric components, the states with fixed j can
be identified as the KN solutions reviewed in appendix A. Specifically, as we show in
appendix A, the deformation from Reissner-Nordstrom (2.3) is given by SO(3) gauge field
solutions, plugged into the metric ansatz (2.15):

G = g}}i\l + 09 dguvdatde” = 4ir? sin” 0 <a1 + ?j;) dodr . (2.32)
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a; and a9 are two constants which are determining by the boundary conditions on the
SO(3) gauge field and by requiring that the gauge field be smooth at the black hole hori-
zon. Turning on a non-trivial profile for the SO(3) gauge field as in (2.32) breaks the SO(3)
rotational isometry down to U(1). This is the same as in the well-known KN solution re-
viewed in appendix A. Solving the equations of motion in the semiclassical limit when fixing
the field strength on the boundary to H2 |ynr, = iG\%‘:ff

sum in (2.24), and yields a solution with a fixed 4d total angular momentum J = j.!* Since

laaz,, corresponds to fixing j in the

the KN solution is the unique solution with a U(1) rotation isometry and with fixed angu-
lar moment and charge, this makes the metric ansatz that includes the deformation (2.32)
agree (for sufficiently small j) with the KN solution up to diffeomorphisms.

We can now address the subtlety about the SO(3) gauge field backreacting on the
grr and g;r components of the metric. The reason why we need to account for such
backreaction is that it can source other massive Kaluza-Klein modes of the metric, which
are not accounted for in the action (2.25). In order to understand the SO(3) gauge field

backreaction, we can repeat the analysis above in which we studied the backreaction of
GRi(i+1)

S stAR
Since we do not want to source further backreaction on the massive Kaluza-Klein modes,

the U(1) gauge field on f(r). For j # 0 we get a correction to the metric J;f ~

we will require that this correction is small everywhere far from the horizon and require
that the spin of the black hole satisfy j(j + 1) < (r4/¢p1)*.

2.4 New boundary conditions in the throat

While quantizing the action (2.25) directly is out of reach, we can do better by separating
the integral in the action in the NHR and FAR. To conveniently manipulate the action
into a form where quantization can be addressed, we follow the strategy of [41]. Namely
we choose the NHR and FAR to be separated by an arbitrary curve with a fixed dilaton
value X|omunr = Xo and fixed intrinsic boundary metric hy,, = 1/€* and proper length
(= duv/h.

In the NHR, the equations of motion fixes the value of the dilaton at the horizon to be

_ x(rn) _ 13(Q)

Py = = 2.

which acts as a very large constant background. The function r4(Q) obtained from dilaton-
gravity is equivalent to solving (2.6). In the NHR where r — r, < rj we can study small
fluctuations around this value x(r)/Gn = ®¢ + ®(r). Expanding the action to first order
we find that

q>2

1 2
&\/g [%R —o(R+ fg) +0 (%)] : (2.34)

Il%fR[guwX] 1 o
NHR

Lrg

VIL2+6r2’
case of large black holes in AdSy) also depends on the charge of the black hole through

where the two dimensional AdS radius is Ly = which in general (except for the

ro(Q@). From now, Lo and rp should be understood as functions of the charge. The last

“'Where J is normalized as in the KN solution (A.1).
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term captures a quadratic correction in the dilaton variation. The quantization of the
above action has been widely discussed in the presence of an appropriate boundary term.

We will see next how this boundary term arises from including fluctuations in the FAR
region. We proceed by expanding the near-extremal metric and dilaton in the FAR region
into their contribution from the extremal metric and their fluctuation:

g,uz/ — gle;;t 4 6ngeV>ar—ext’ X = Xext 4 5Xnear—ext ) (235)

Both the extremal and near-extremal 4d metrics are solutions to the equations of motion
at fixed (8, i.e. with periodic Euclidean time 7 ~ 7 4 . The extremal solution however
contains a singularity at the horizon if imposing any periodicity for the Euclidean time.
Nevertheless, if separating the space into the NHR and the FAR, the singularity would not
be present in the latter region and we can safely expand the action around the extremal
solution. If expanding around the extremal metic, following from the variational principle
the first order term in the expansion is solely a total derivative term which when integrated
by parts results in a total boundary term. Explicitly, the action is given by

] | [.ex ex 1 /
NHR
0K = KNHR — Kext , 5\/ huu =0. (2.36)

The last equality follows from the fact that we have imposed Dirichlet boundary conditions
for the intrinsic boundary metric. Consequently, as sketched in figure 4, we obtained a
surface which has a small discontinuity precisely on the curve that separates the NHR
from the FAR. Above, Knyr is the extrinsic curvature evaluated on the boundary of the
NHR (defined with respect to the direction of the normal vector ninpr) and Kex is the
extrinsic curvature evaluated on the boundary of the FAR with the extremal metric on it
(w.r.t. the normal vector npaR).

We can now understand the effect of the Dirichlet boundary conditions for the dilaton
xo = Gn(Pg + ®p/(2¢)) and proper boundary length ¢ = [duvh = BLa/e. Here, €
is some parameter fixed by the value of £ and § whose role we will understand shortly.
Curves of constant dilaton in the extremal solution are fixed to have a constant value of
ToMyur = 70+ 07bdy and are parametrized by 7 when using the coordinate system in (2.14).
In the extremal solution, the dilaton value, proper length and extrinsic curvature Key on
the extremal side are all fixed by the value of d7pqy:

D, Q . D, Q Tocsrbdy
=Gn|(D = th =
- _ BLy _ L3 o rol3
(= /du\/ﬁ == with €= - Py = MSL(2) = G
oo 1 4 6rpay N <L2 + 25(57’%dy) 0 5r§dy (2.37)
L \a e 7)) |

where we computed the extremal extrinsic curvature using the metric (2.14). In the near-
extremal limit we have that 8 > ¢ and ®;, > €. These inequalities will prove important in
relating (2.37) to a boundary Schwarzian theory.
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NHR FAR
AdSsy x S2 Extremal
JT gravity black hole

saddle

Boundary (OM)
theory:

GHY term

Horizon

Figure 4. A cartoon of the near-horizon region (NHR) and the far-away region (FAR) separated
by a curve along which the boundary term of JT gravity will need to be evaluated.

We see here explicitly that the renormalized value of the dilaton is precisely given by
the inverse mass gap scale in the way defined previously by thermodynamic arguments.
Consequently, the overall action is given by

Qi 1 Lo {@ R—|—<I><R+)]
EM 1 i V9 [P0 72
! duv/h(®y + ®) | K _<1+y)]+1 J e e (238
2 /BMNHR (%o + @) | Knur Ly 3 10 FAR > X7 (2.38)

The quadratic fluctuations in the FAR region are suppressed compared to the con-
tribution of the first two NHR terms in (2.38).!? Therefore, we will neglect the possible
quadratic (or higher order) fluctuations around the extremal metric in the FAR region and
proceed by evaluating the contribution of FAR action on-shell. To simplify the computa-
tion, we will, for now, focus on the j = 0 sector where there is no backreation from the
SO(3) gauge field on the other components of the metric. On-shell, the bulk term in the
FAR action evaluates to

- 1 v
IEQAJR,Obulk[QZ’Eﬂxe"t] = —@ /dzﬂﬁx/gext {XR - 2UQ70[ggxt7Xextﬂ (2.39)
3rons, B 7% M. 2rg 27"8 B0rba 67‘8
== 1 = 1+ —|— Yl14+—2].
4G N + 1212 + Gn + L? 2G N + L2

where, as we will see shortly, the divergent terms can be canceled by adding counter-terms

to the boundary term in the action (2.1) (which we have so far neglected). We now include

2Fven when we will integrate over order one fluctuations of the Schwarzian mode in the next section,
the fluctuations in the metric near the boundary of AdSs is suppressed by the cut-off. For example §g.» ~
€Sch(r, u). Therefore fluctuations in the FAR region are always small, and become large only very close
to the horizon far inside the throat.
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this boundary term from (2.1) (associated to the Dirichlet boundary conditions on 9M2)
together with possible counter-terms. This evaluates to:

I oo md}——lj/ auVi (K +e X e e (2.40)
FAR, bdy. [9ur » X T 20N Jous, u X 17“3/2 2X1/4 :

. 57"31\42 (201L—37"(2)) ,BTaMQ (C1L2+2C27’8—L7‘(2]) B BCy (L2+27’(2))
B 4GN L2} AGNLr3 2GNLrg

where the terms including C; and Cy are the counterterms necessary to cancel the divergence
in (2.39). In order to cancel the divergence in (2.39) we set,
_ 21"3

=" G=L. (2.41)

We can also find precisely the same terms with the right prefactors by dimensionally re-
ducing the holographic counterterm of [62], reproducing the same overall on-shell action.
In total we thus find that

IQJZOZIQJ:O [ ext ext]_i_IQJ:O [ ext ext] _ TOB <1 27%) _Bérbdy (1 67%)

FAR FAR, bulk9uv s X FAR, bdy.9uv e L2 2G N L?
Borbdy 6r5(Q)
= BM, — 1 2.42
BMo (Q) Gy \ Tz ) (242)

where in the last line we emphasize the charge dependence of the extremal mass and
horizon radius, given by (2.11). The 07,qy dependent term in the action (2.42),
% Is Myr du\/ﬁ%, also precisely cancels the 07pgy term in (2.39). This is simply
a consequence of the fact that the parameter drpqy is chosen arbitrarily to separate Mo
into the NHR and the FAR and, consequently, the fact that all our results are independent
of érpqy can be seen as a consistency check.

Next, we can consider the contribution to the action of the SO(3) gauge fields and of
the backreaction of the field on other components of the metric. Corrections could appear
in the contribution to the partition function in the extremal area term or in the extremal
energy. The former is of order §®y ~ Gi\figLQ j(7 + 1) (for a large black hole in AdS) or
IPy ~ %V j(G + 1) (for a black hole in flat space) and therefore is very small and can
be neglected in either case. The term coming from the correction to the extremal mass,
originating from the backreaction on the metric and by the SO(3) Yang-Mills term in the

action, is multiplied by a large factor of 5 and gives the leading correction
N . GN L. 4
Mo(Q, ) = Mo(Q, j —0)+2T,3J(J+1)+O(J ), (2.43)
0

where 79(Q) is the extremal horizon size for the RN black hole given by (2.6).!3 In princi-
ple, the backreaction of the SO(3) gauge field also affects the boundary value of the dilaton
®;,/(2¢). However, such a contribution appears at the same order as other O(1/®() correc-
tions, which we have ignored in the NHR. Therefore, we will solely track the ()-dependence

of q)b(Q,j) — (I)b,Q.

13v2: for a more accurate account of this correction, see section 4.4 of [8].
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Thus, in total we find that the dynamics of the near-extremal black hole is described by

' N : 2 P2
Iilgp' X = BMo(Q.4) — § |y [QO(QJ)R + O (R + L%> i) (é%)]
NHR
1 . P 1
- = duv'h [@O(Q,j) Knur + —bQ (KNHR — ):| , (2.44)
2 JoMyur € Lo

where the on-shell contribution of the FAR action can be seen as an overall shift of the
ground state energy of the system. We can now proceed by using (2.39) to determine the
exact ground state energy of the system, and then by quantizing the remaining degrees of
freedom in (2.38).

Before moving on, we can briefly comment on corrections coming from non-linearities
in the dilaton potential present in the first line of (2.44). To leading order, we get the
JT gravity action written above. The next correction behaves like U ~ ®2/®g. The
contribution to the partition function from such a term was computed in [63] and scales as
§log Z ~ @2 /(B2®). Such a contribution is suppressed by the large extremal area ®g > 1.
Higher-order corrections to the dilaton potential are further suppressed by higher powers
of ®¢ and, more importantly, decay faster at low temperatures. Therefore, they can all
be neglected.

3 The partition function for near-extremal black holes

3.1 An equivalent 1D boundary theory

We will now evaluate the contribution to the partition function of the quantum fluctua-
tions from the remaining graviton and dilaton fields present in the effective action of the
NHR (2.44). We briefly review this procedure by first reducing the path integral of (2.44)
to that of a boundary Schwarzian theory.

Integrating out the dilaton enforces that the curvature is fixed to R = —2/L3.'* Thus,
each near-horizon region configuration that contributes to the path integral is a patch of
AdSs cut along a curve with a fixed proper length ¢. Following [25], we can write the AdSo
metric by dsQAdSQ = L%dlﬂzi‘;dzz and parametrize the boundary with a proper time u, with
u € [0, ) and hy, = 1/€2. In this case, one can solve for the value of z(u) in terms of F(u)
on the boundary, in the limit in which 5 > € to find that z(u) = eF’(u). The extrinsic

curvature can then be written in terms of the Schwarzian derivative [25]:

[1 + €2 Sch(F,u) + 0(64)} . Sch(F,u) = m_3 (F”>2 _ (3.1)

1
KNuR = £
NHR = 7 F 2\ F

2

1n order to enforce such a condition, the contour for dilaton fluctuation ®(z) needs to go along the
imaginary axis such that

Py +ioc0 dzm\/ﬁd’ R— -2 )
/Dg;w/ Do efMNHR ( Lg) = /ng,é(R— 7)
Dy —ico L2

b
This choice of contour for & isolates the same type of constant curvature configurations in Euclidean

signature as those that dominate in the Lorentzian path integral. More details about this choice of countour
in the context of near-extremal black holes are discussed in footnote 9 of [18].
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The geometry we are working with in the NHR after reducing on S? is actually the hyper-
bolic disk. We can easily go from the Poincare coordinates to the disk by replacing

w7 (u)
3

in the Schwarzian action. Here 7 parametrizes the Euclidean circle at the boundary of the

F(u) = tan T(u+p)=71(u)+p (3.2)

NHR which we glue to the FAR region. For simplicity we will mostly write the Schwarzian
action in terms of F'(u) instead.
The path integral over the metric reduces to an integral over the field F'(u) and the

partition function becomes:!'®

. Q x N .
ZrnlB, i so@)] = Y. (25 + Dxjpsog))e < Hem (@) emAMo(Q)
QceL,jEL

DulF] oPo.a [y du Sch(Fu)

SL(2,R) (3:3)

This relation shows that we can identify the term giving the extremal area Sy = 7®q
coming from the topological part of the dilaton gravity NHR action. The extremal mass
term comes from the action in the FAR region. The path integral over the Schwarzian
theory includes finite temperature near-extremal effects. The effective coupling of this
mode depends on the charge and spin of each black hole in the ensemble.

Before reviewing the quantization of (3.3), it is also interesting to study the possibility
that the sum over all the possible representations is reproduced by a single 1d theory.
Reproducing the sum over charges can be done by coupling the Schwarzian theory to a
theory having a U(1) x SO(3) symmetry. As explained in [18, 39], the theory that exhibits
this symmetry and correctly captures the sum over charges is that of a particle moving
on a U(1) x SO(3) group manifold. To obtain this model, we introduce four additional
fields: a compact scalar 6(u) ~ 6(u) + 27 together with a Lagrange muliplier a(u) and a
field h(u) € SO(3) together with another Lagrange multiplier a(u) € SO(3). The general
coupling between the particle moving on a group manifold and the Schwarzian theory is
given by:

8
T3ehwU(1)xSO(3) = — /0 duliat’ + itr (ah™') + V(a,tra?) = W(a)Sch (F,u) |, (3.4)

where the potential W(«) is independent of the SO(3) degrees of freedom since we are
neglecting the effect of angular momentum of the boundary value of the dilaton & q.
When the generic potential V(a, tr a?) is of trace-class, the theory has a U(1) symme-
try 8 — 0 + a and two SO(3)-symmetries generated by the transformations h — grhgr
and a — g}glagR, with gz, gr € SO(3). Consequently, the Hilbert space arranges it-
self in representations of U(1) x SO(3) x SO(3). However, the quadratic Casimir of both
SO(3)-symmetries is in fact the same. Therefore, the Hilbert space arranges itself in rep-
resentations of U(1) and two copies of the same SO(3)-representation. If we are interested

15 Above, the path integral measure Dul[F] over the field F(u) can be determined from the symplectic
form associated to an SL(2,R) BF-theory which is equivalent on-shell to JT gravity.

~19 —



in reproducing the near-extremal black hole partition function with Dirichlet boundary
conditions for the U(1) and SO(3) gauge fields, then we need to introduce a chemical po-
tential for the U(1) symmetry of (3.4) and for one of its SO(3) symmetries. This can be
done by introducing a U(1) background gauge field, A with exp(§ .A) = e%# and an SO(3)
background gauge field, B with Pexp(§ B) ~ ePHs0®93  coupling the first background to
the U(1) charge through —i f[')g dua.A,, and the second background to the SO(3) charges
through —i OB du Tr(aB,). In such a case, the partition function of the general theory (3.4)

can be shown to be [18]:16

Q. (2 2 j(41) [* du Seh(Fu
Zsenxuiyxsom = O €ME (2] + Dx;(usog)e P EITHNVE D) Jy du Sch(F),
QeeZjer
(3.5)

which up to an overall proportionality constant corresponding to the extremal black hole
entropy agrees with the form of (3.3). Therefore, the potentials V(a, @) and W(a, @) need
to be tuned in order for the partition function of the theory (3.4) to reproduce the charge
dependence in the sum in (3.3). For example, for large black holes in AdSy we find that:

3/2 1/4 5. 13/4 1/275/2
Via,a) = o] V26 B ) el T
(3m)3/A2L)2GY* LA |afP? 6v/2(3rG3,)1/4
For black holes in flat space we find:
|af 4m3/2 2 loPGN?
= t - 3.7
Vi) 2(nGN)V2 T G af? ret, W= (37)

We will see in the next section that for fluctuations around extremality the action for the
U(1) and SO(3) mode further simplifies.

3.2 The partition function at 3 =0

We have identified the effects that dominate the temperature dependence in the near-
extremal limit. In this section, we will put everything together to find a final answer for
the partition function. To at first simplify the discussion, we will pick boundary conditions
in the four-dimensional theory that fix the angular momentum j to zero. In the dimensional
reduced theory this is equivalent to picking only the j = 0 sector of expression (3.3). We
will analyze fixed U(1) charge and chemical potential separately.

Fixed Charge. This is the simplest case to consider where we fix the temperature, U(1)
charge @ and angular momentum to zero. From a Laplace transform of equation (3.3) the
partition function is given by

(8,Q] = ¢ 0(@) M) DulE] a,q [ dusch(Fu) (3.8)

ZRN SL(2,R)

16When taking the trace over the Hilbert space of the theory (3.4) and summing over states within the
two copies of some SO(3) representation j then the sum over the gauged copy yields xr(0) while the sum
over the other copy yields the degeneracy dim R in (3.5).
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This means that for boundary conditions of fixed charge, the U(1) mode is effectively frozen
and does not contribute to the partition function, leaving only the Schwarzian mode. The
path integral of the Schwarzian theory can be computed exactly and gives

Du[F s B0\ /2 22
Zgen(Ph,q, B) = SLIE;[ Ié) e®r.@ Jo du Seh(Fu) _ <2Q> e 5 P, (3.9)

Then the final expression for the canonical partition function is

P _(25.0\Y? ra0(@)-sMo(@4+ 2 0y
rN[6, Q] = 5 e 7o, (3.10)

Here the first term comes from the gravitational one-loop correction from the JT mode
which dominates at low temperatures. This gives a correction —%T log T to the free energy
(equivalently a %logT correction to log Z). The terms in the exponential are first the
extremal entropy through Sy = 7®g, the extremal mass term —SMy(Q) and the third
gives the leading semiclassical correction near extremality. The temperature dependence
of this expression is exact even for ®; o/f finite. The result is valid as long as, stringy
effects are not important, ro > fp; (equivalently, ) > 1) and when the black hole is

near-extremal, 3 > rg <equivalently, B2 > %2[ 14 3GnQ% ID

w2

With this expression we can analyze the thermodynamics of the system. The entropy

is given by
Amdyo 3 3
=(1- log Z = | 11
S(8,Q) = (1 — Bds)log Z = Sy + 5 2108 g o (3.11)
2m2®p 0 3
E(B,Q) = Mo+ 7 T3 (3.12)

This gives a resolution of the “thermodynamic gap scale” puzzle. At very low temperatures
the energy goes as £ — My ~ %T (as opposed to ~ T?). Therefore the energy is always
bigger than the temperature and the argument of [2] does not apply. We will see this again
in the next section when we work directly with the density of states, showing explicitly
that there is no gap in the spectrum.

Finally, there are well-known corrections to the partition function of an extremal black
hole computed by Sen [11] coming from integrating out matter fields. Those effects can
correct the extremal entropy Sy at subleading orders. These corrections are significant
compared to the ones coming from the Schwarzian mode but are temperature-independent
in the limit we are taking (see also the results of [50]) and can be absorbed by a shift of Sp.
As previously stated, the goal of this paper is to study the leading temperature-dependent

contributions to the free energy. Therefore, we can neglect these possible shifts of Sp.

Fixed Chemical Potential. The partition function with fixed U(1) chemical potential

p and zero angular momentum is given by

Q . _
Zpn[B,p) = Y €T em Qe M@ 7y (), B) (3.13)
QeeZ
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As previously mentioned the terms in the sum for which the near-extremal black hole
approximations made above are those with Q > 1 and with é—’;v (/6’2 + 3]_%4) > Q? (this
is equivalent to 5 > 79(Q)). Consequently, in order for the sum (3.13) to be valid we
need it to be dominated by charges within this (very large) range. This problem is only
well-defined when the sum converges, which only happens at finite L (in flat space the
integrand grows too fast with the charge). Therefore, when fixing the chemical potential
we will only consider finite L.

In order to make contact with previous work in the literature and simplify the equiva-
lent boundary theory, it is interesting to study the dominating charge within this sum and
the charge fluctuations around it.

In the large charge limit the Schwarzian contribution is order one and balancing only
the chemical potential and mass term gives

ERD

. . . . e [L%243p32 . .
The near-extremal approximation is valid as long as p < 3 oV on This formula is
consistent with (2.4) but now the extremal charge @y should be thought of as a function

4 2L22
_o o Qo UmLw

o 31 (4nGnp? — €%). (3.14)

of p. This extremal value of the charge is not the true saddle point of the full partition
function in (3.13). It is useful anyways to expand around it @ = Qo + eq, such that g € Z.
Then keeping terms up to quadratic order in ¢ we obtain

2
ZRN [57 M] = eﬁu%eﬂ¢o(Qo)e—5Mo(Qo) Z 62ﬂgq_ﬁ%ZSch(¢b,Qo+eqa B)a (3'15)
q€EZL
where following [47], we defined the coefficients

4m(L* +6r3)  4wL?rg
3e?rg  3e2L3’

/ 2
eLroy/L? + 3r§ L3 Qo (3.16)

VATGN (L2 +6r3) 4 72

It is easy to understand in general the origin of these terms. The chemical potential and

K &

mass terms do not produce linear pieces since (Jg is chosen for them to cancel. Then
the linear piece in @ comes purely from expanding Sy = 7®o(Qo + eq) to linear order.

o€ — e (‘320)“, (3.17)

which we can verify also directly from (3.16) and matches with Sen’s relation between the

This gives

charge dependence of the extremal entropy and the electric field near the horizon [64]. A
similar argument gives the prefactor of the quadratic piece (coming to leading order from

the ﬁ,u% — BM term) as 50
1
K:() : 3.18
e \ou/)r—g ( )

which also is consistent with (3.16) and with the results of [47].

The first three terms of (3.15) give the extremal contribution to the partition function
while the sum includes energy fluctuations (through the Schwarzian) and charge fluctu-
ations. These are not decoupled since the Schwarzian coupling depends on the charge.
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Nevertheless it is easy to see that corrections from the charge dependence of the dilaton
are suppressed in the large Qo limit and can be neglected (this can be checked directly
from (3.9)). Then we have

(8, 1] = P12 em®0(Q0) =BMo(Q0) 7o (G, 00:8) 3 e2mET B (3.19)
qEZ

ZRN

The partition function in this limit can be reproduced by a one dimensional theory that
is a simplified approximation of the one presented in the previous section for small charge
fluctuations around the extremal value
2
ISch><U(1) = (I)tho /ﬂ du Sch (tan M7u> + 5 /B du <0/( ) + ﬁT (u)) , (320)
0 B 2 Jo B

written in terms of the field 7(u). This matches the result of [47] obtained from a different
perspective. As explained in the introduction the main point of this paper is to present a
derivation that clarifies the fact that this analysis is true at energies lower than the gap
scale. Therefore we conclude that besides matching the semiclassical thermodynamics, the
quantum corrections of this theory are also reliable. The exact partition function of the
Schwarzian mode was given in (3.9) and besides the semiclassical term it only contributes an
extra one-loop exact % log T to the partition function. On the other hand the contribution
from the U(1) mode is

2
Zyay (K, E,B) = > &m0 Fik = g ( QﬂK zé’) (3.21)

q€Z

so the total partition function is given by

) 3/2 o2
i [, 1] = P32 +50(Qo)- BMo(Qo)< va0> 25 e g, (l

5 27TK,¢5> , (3.22)

where 63 is the Jacobi theta function. In this formula Qg is seen as a function of the
chemical potential.

In general we do not need the full result for the U(1) mode. The partition func-
tion is dominated by a charge ¢ = 27KE/F giving a saddle point contribution

log ZU(l) = 21282 K /. We can define a U(1) scale by!”
3 e’L3
— o—1 2
Moy =267 = Msioyg o (3:23)

For T < My;) charge fluctuations are frozen since their spectrum does have a gap of
order My(;) and thermal fluctuations are not enough to overcome it. For T' > My
the U(1) mode becomes semiclassical and its one-loop correction can contribute an extra
factor of £ log T to the partition function (see [36] for more details of these limits) from its
approximate continuous spectrum.

For large black holes in AdS, My) ~ Mgy, % and therefore is a tunable parameter
depending on e. If e is small but order one, then My) > Mgy,2) and for T ~ Mgy,
there is no 5 logT contribution and charge fluctuations are frozen. If the theory is super-
symmetric then e ~ Gy and My 1y ~ Msy,2)-

171f we consider a black hole in flat space I — oo and Myy — 0, leading to large charge fluctuations.
This is related to the fact that the sum over charges is divergent in flat space.
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3.3 Density of states at 7 =0

In the previous section we computed the partition function and free energy of the black
hole. We can also look at the density of states directly as a function of energy and charge,
for states of vanishing angular momentum. For this we can start from (3.13) and solve the
Schwarzian theory first. This gives

2

o — ===
Zen[Bopul = ) ePH e em20(Q BMO(Q)/ ds® sinh(27s)e Pag (3.24)
QceZ 0

This can be used to automatically produced the Legendre transform of the partition func-
tion giving the density of states. Now we can define the energy as £ = My(Q) + % to
rewrite this expression in a more suggestive way as 7

AN Z /M dE ¢%(@ sinh [27‘(’\/2(1)1,@ (E— MO(Q))] ePne—BE. (3.25)
QeeZ

From this expression we can read off the density of states for each fixed charge ) sector as

p(E.Q) = @ sink |27 20,,0(E ~ Mo(Q))| O(E - Ma(Q)), (320

where My(Q) and Sp(Q) are the mass and entropy associated to an extremal black hole
of charge @ while &, o = MS}41(2)' At large energies we can match with semiclassical
Bekenstein-Hawking expanded around extremality, while for £ < Mgy,(2) the density of
states goes smoothly to zero as ¥ — Mo(Q) — 0. Therefore there is no gap of order Mgy, ()
in the spectrum. Finally, as we commented above, the path integral over the matter fields
can only produce temperature-independent shifts of Sy and My in the partition function.
This means that the energy dependence of the expression (3.26) is reliable in this limit.

This result is not inconsistent with the analysis of Maldacena and Strominger [7]. In
that paper, the authors claim the first excited black hole state corresponds to a state with
j = 1/2, with an energy above extremality that coincides with the gap scale. Here, we
have shown that a more careful analysis of the Euclidean path integral shows the presence
of excited black holes states of energy smaller than Mgy,2), and they are all within the
j = 0 sector.

3.4 The grand canonical ensemble with fixed boundary metric

Finally we will comment on the situation when we fix the full metric at infinity, instead of
the angular momentum. For concreteness we will consider the case of a large black hole in
AdSy4 with 79 > L. In this case, the dimensional reduction produces a partition function
given by (3.3) setting the SO(3) chemical potential to zero ugo(z) — 0.'8 This gives

ZexlBoul= ). (2 + 1)26_6”%eﬂ%(Q’j)e_ﬂMO(Q’j)Zscsh(‘I)b,Q,5)- (3.27)
QeeZjer

8The result for the general case can be found in appendix A.2.
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After repeating the analysis of section 3.2 we can obtain the following expression

_aGNIG+D)
Zan[B, 1] = P EFTR0Q0)=8MUQ0) 7o (B, 0 B) Zy 1y (K, E,8) S (25 +1)% 218
JEZ
(3.28)

Since the correction in the energy from spin 6M = Gnj(j + 1)/2r8 is very small for large
macroscopic black holes (being suppressed by G and also by ) we can approximate the
contribution of the SO(3) gauge field by
o o (;Af 3/2
Zoe (6. = e 8 4TI 7408, 0, 5) Zu ) (K .6) (05 )

Therefore at low temperatures, T' < Tyy(1), the non trivial temperature dependence of the
partition functions is given by

3/2 2
Zn [, ] ~ S0 BMs ((I)b’QO o ) ¢ 5 e (3.30)

I} 27“85

As a final comment, in a similar manner to the previous section, we can write a
simplified, approximate, one dimensional theory capturing the physics of these states. We
need to add an extra term

p T K orE
Ischxu(1)xso(3) = ®b7QO/ du Sch (tan 5 u) + 5/0 du (9/ 4 Z/BT>

/T [ W+ “SZ( )T’r, (3.31)

where Kgo(3) = r3/GN. This is a simplification of the more general action written down
previously in equation (3.4) since it only captures fluctuations around the angular momen-
tum saddle-point in the sum (3.28). From the discussion here its clear that the prefactor
of the SO(3) action is given by

1 (aJ?
T=0

Finally the gap scale for the SO(3) mode is given by

Gn L?
Msos) = 2@ = MSL(Q)% < Mgy o) - (3.33)

Therefore when we fix the boundary metric the sphere modes produce an extra factor of
% logT" as long as T' > Mgo(3). For T' < Mg (3) the thermal energy is not large enough to
overcome the gap of this sector, the angular momentum is frozen, and it does not contribute
to log T" factors. If we are interested in scales of order, Mgy ) then we are always above
the gap for the SO(3) mode.
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4 Contributions from massive Kaluza-Klein modes

In the previous section we neglected the contribution from massive Kaluza-Klein modes
to the partition function at low temperatures T' ~ Mgy 9). We will argue that this is
correct in this section. First, we will summarize the spectrum of masses for the remaining
Kaluza-Klein modes in the Reissner-Nordstrom solution, following the analysis of [58]. As
an example, we perform the dimensional reduction of the 4d scalar field in the theory, to
obtain the contribution of the Kaluza-Klein modes to the action of the 2d theory. Then, we
will argue that the partition function of massive fields does not contribute to the leading
temperature dependence close to extremality.

4.1 A summary of the Kaluza-Klein spectrum of masses

The full analysis involving the metric KK modes and the gauge field KK modes is very com-
plicated. Instead, since we will be most interested in the spectrum of masses, a linearized
analysis is enough. This was done in detail by Michelson and Spradlin [58] (see also [65]).
As we will explicitly show for the case of a 4d scalar field, the dimensional reduction can
be performed by decomposing the fields into scalar or vector spherical harmonics (labeled
by the spin ¢) on the internal S? space.

At the ¢ = 0 level [58] found two relevant modes. One is the dilaton and two-
dimensional metric, which combine into JT gravity and also the s-wave of the gauge field,
which gives a massless 2d U(1) field, as pointed out in section 2.2. At £ =1 level, we have
a massive 2d scalar and vector coming from the gauge field and a massless field from the
metric which coincides with the 2d gauge field B related to the SO(3) symmetry of S?
(which we also already identified in 2.2). Finally, for ¢ > 2, [58] found massive graviton
KK modes (although they point out they are not independent degrees of freedom on-shell)
and massive vector degrees of freedom from KK modes of the dilaton and U(1) gauge field.
Therefore, besides the massless modes that we have already considered in section 2 and 3,

we solely have massive fields whose minimum mass is given by m? = 1/x2.1

4.2 An example: the dimensional reduction of a 4d scalar

To clarify the summary, we will give the simplest example of a massive mode appearing in
the KK reduction of a scalar field in four dimensions. The action for a scalar field X of
mass m is

Iy = / d*ey/gi (94201 X0pX +m?X?) (4.1)

In order to carry out the KK reduction we wrote an ansatz for the metric (2.15). To
compute the action of the KK modes it is useful to write explicitly the inverse metric in

91 cases where AdS, arises from a compactification in higher dimension, there will be extra towers of
4D KK modes. These can be similarly analyzed as massive 4D fields, although it depends on the size of
the extra dimension whether they contribute to temperature-independent logarithmic corrections to Sp. If
massless 4D gauge fields arise from this higher dimensional compactification, they can be treated separately
following the methods of section 2.
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this notation, which is given by
1
g =X, g = X PBYEY, gl = S X BB, (42)

where the p index of B is raised with the 2d metric. Also, the determinant of the metric
is g4 = xgoh. We will expand the scalar field into spherical harmonics as

X(z,y) =Y Xo(z) Yi(y) (4.3)
VA

where we use the (uncommon) notation of denoting the scalar spherical harmonics of spin ¢
as a vector Y¢(y) = [Y_ﬁg(y), Yff_H(y), .. ,Yf(y)]. Correspondingly, we denoted the modes
of the scalar field also a vector in a similar way Xy(z) = [X[Z, X[“l, . ,Xf]. Then the
inner product above denotes X,(z) - Y(y) = 3, XY™

We will begin by reducing the kinetic term. For this we need the inverse metric and
its clear it will produce terms linear and quadratic in the gauge field B. The following
formulas for integrating spherical harmonics will be useful

/S Zdy\/EYz(fa-a)Yg/:iTadelg, /S Qdy\/ﬁ(ga-a)Yz(&,-é?)Y@:—T“Tbéw, (4.4)

where &, denote the Killing vectors of the sphere and since this is a matrix equation the
T“ are matrices giving the spin ¢ representation of the rotation group. Then we can obtain
the reduction of the kinetic term as

/ d*z\/91(0X)* =" / da\/gx? [(DMXZ)T (D*X,) — WXJ“DX}XZ : (4.5)
¢

where we also used the fact that Og:Y = —¢(¢ + 1)Y, where Og2 is the laplacian on the
two-sphere. We also defined the covariant derivative

D,X = 9,X — iBY(T%) X, (4.6)

where (7T%), are the spin ¢ representation matrices acting on the vector X. Adding the
mass term, we can obtain the full 2d action for the KK reduction of the scalar field as
0(+1)

I =3 [ Eoya 20X P - X, mt =+ LD )
l

To summarize, a single scalar field KK reduces to a tower of massive fields X, of dimension
(2¢+1) with £=10,1,2,... with increasing mass.

This is a complicated action: besides being coupled to the two-dimensional metric, it
is also coupled to the dilaton. The dilaton coupling is not particularly useful in the FAR
region since the dilaton varies with the radius. Of course, in this region, the picture of a
single scalar in the 4d black hole background is more appropriate. In the NHR this becomes
very useful since x &~ xo = r3. Then we end up, after rescaling X, — r, v 2Xg in the NHR
with a tower of KK modes with action
(0+1)

4.8
e (43)

Ix = Z/de\/ﬁODXeIQ —mi|X?), m}=m?+
l
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fixing the KK mode scale Axx ~ 1/79. Naively it seems the correction to the mass is small,
but we will take such low temperatures that SAgk > 1. Then we end up with a tower of
canonically normalized free fields.

We can see what happens when turning on scalar field interactions in the initial 4d
theory. To simplify lets consider self interactions of the scalar field I, = A, [ d%\/ﬁX "
After KK reducing, this produces a term of order A,rg. After rescaling the scalar field by

To 172 to make the 2d action canonically normalized the effective two dimensional coupling
becomes A\24 = )\nr(l)_n/ ®. Therefore even if selfinteractions are large in four dimensions,

the reduction to two dimensions gives A2 — 0 (for large 79) and therefore, in the NHR,
its enough to consider free fields. Moreover, since we will only consider states for which
fluctuations in the gauge field are small B ~ j/r3 we will also neglect its coupling to
2d matter.

4.3 The massive Kaluza-Klein modes in the partition function

As we have summarized in the previous subsection, besides the 2d massless gravitational
and gauge degrees of freedom, all other modes generated by the dimensional reduction
have masses given by the value of the dilaton field at the horizon 1/x?. Furthermore,
as we observed in section 2, the dominating background for the SO(3) gauge fields is
that in which they are turned off, B* = 0. Therefore, we will assume that the massive
modes are decoupled from the SO(3) gauge field. With this set-up in mind, we can now
proceed to compute the contribution to the partition function of the massive KK modes.
To show that such fields do not yield any correction to the log(7") term, we will solely focus
on scalar fields and compute their contribution in the NHR. As discussed in preceding
subsections, in such a region, their mass is constant and given by m? = 1/r. We will also
ignore the fluctuations of the Schwarzian boundary mode because the contribution of these
fluctuations to the massive modes is suppressed by the scale €/rg from (2.37).

Therefore, we will compute the contribution of the massive modes in a circular patch of
the Poincaré disk, where the proper length of the boundary is £ = 5Ls/e and its extrinsic
curvature is constant. We will choose Dirichlet boundary conditions for the scalar field
Xlomyur = 0 at the boundary 0Myyr; this is consistent with the classical solution X for
the field in the FAR when fixing X|y, = 0. The contribution of a KK mode in the NHR
is then abstractly given by Zxk = det(g}fVHRﬁua” + 1"62)_1/2.

To compute the [-dependence of this determinant we will us the Gelfand-Yaglom
method [66], studying the assymptotics of solutions to the Klein-Gordon equation
(Onur +m?)y =0.20 Parametrizing the AdSs coordinates by ds¥yr=L3(dr?+sinh?(r)d¢?),
we find that the boundary is located at rgnur = log (%) + O0(B?/€?) — oo. Expanding
V(r, @) = Yr(r)e*® with k € Z, the Klein-Gordon equation becomes

k‘2

sinh? r

Oy (sinh 70,1y,) — Y + (ML), =0, (4.9)

sinh r

20This strategy was previously used to study the mass-dependence of the determinant [67].
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whose regular solution at the horizon (r = 0) is given by?!

nh r)/l
ey = O 1y 3

O L S S QYA 4.1
(cosh r)A+ ittty gt gty + Ikl, tan > (4.10)

where we define

The Gelfand-Yaglom method requires that we normalize v such that its derivative at
r = 0 is independent of m; this is indeed the case, when expanding (4.10) to first order in
r around the horizon. Asymptotically, for r = rgngr — 00, the solution is given by

T(1+]k|)2/*! 1 (A, —1/2) 1 [(A_—-1/2)
V= {

ves (2coshronmr)2~ T(A4+[k]) — (2coshronnr)®+ D(A_+]k])
(4.12)

The Gelfand-Yaglom theorem states that the determinant with Dirichlet boundary con-
ditions for the scalar field is given by det(Oyur + m?) = N (B, €) [1x ¥x(ronur ), where
N (B, ¢€) is a mass-independent proportionality constant.

The contribution to the free energy coming from the determinant is then given by,

1 D1+ k2% (AL —1/2)
log Zik = —= log N(8, € log 413
B2k = g loa N (e ,2 V(2coshronmr)®- T(A+ + |&]) (4.13)

To determine N(f3,€) we use the result for the partition function of a massless scalar on
a circular patch of the Poincaré disk [34]. Since the massless scalar can be treated as a
2d CFT, the result can be determined by computing the Weyl anomaly when mapping a
unit-disk in flat-space to the circular AdSs patch of interest. The first few orders in the
large B expansion of the free energy obtained from the Weyl-anomaly are given by,

c p 1

log Z,,2—9 = e + - [log (2L2) — 2] +0 (ﬂ) (4.14)

where ¢ = 1 is the central charge of one free boson.??> The term at order O(3/¢) can in
principle be canceled by adding a cosmological constant counter-term to the boundary of
the NHR, Icounter-term, CFT = 05 du c\/hyy/(247). However, since we are solely interested
in reproducing the log 8 dependence of the free energy we will not delve into how this term
is reproduced by studying the coupling of these scalars to the FAR.

At such low temperatures, the Schwarzian mode is strongly coupled, so we might be
worried that it can affect the answer. In [34] it was observed that the boundary Schwarzian
fluctuations lead to correction of O(€) to the partition function (4.14). Since we expect the
same to be true when turning on a mass, the contribution of the Schwarzian fluctuations
to the partition function of the Kaluza-Klein fields can be safely ignored.

21The other solution diverges at the horizon.

22To get this result, we write the metric of the hyperbolic disk at finite cut-off g as g = €2’g where g is
the flat unit disk metric. Then we evaluate the Liouville action for the particular choice of p associated to
the hyperbolic disk and expand for small e.
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Therefore, up to terms proportional to (/e obtained from the counter-term, this fixes

1 (1 + [k])
2 coshronmr )~ T(Ay + |k])

log Zxk = é {log (2L9) — 1} — % Z log [( . (4.15)

2 kEZ

The sum in (4.13) needs to be regularized in order for it to converge; in principle, this
can be done by accounting for the divergent non-universal terms in the massless partition
function (4.14). The S-dependent factor in the sum appears through the relation rgngr =
log (%), consequently, the sum is given by — ;.7 A_log(cosh ronur) which vanishes in
¢-function regularization. Therefore, the contribution of the KK-modes to the partition
function is given by

17 1 (1 + |k
{log (2L5) — 2} -3 ];Zlog F((A:J'Z) : (4.16)

D=

log ZKK =

which, to leading order, is S-independent. In conclusion, to leading order in O(1/®y), the
KK modes only affect the entropy of the black hole and not the shape of the density of
states. Consequently, they also to do not change our prior conclusion about the absence of
near-extremal black hole gap.

Finally, we will quickly go over a more direct (yet less rigurous) method to com-

.23 The starting point is again d312\IHR =

pute the functional determinant following [9]
L3 (er + sinh2(r)d¢>2> with a cutoff at rgnpr (for simplicity we turn off the Schwarzian
mode). We will first take the large cut-off limit for the matter fields and impose
¥ ~ (cosh raNHR)*A+ giving eigenvalues that depend only on Ls. Then the contribution

from the matter field to the partition function is [9]

9] 1 [o© —s
log Zmatter = (coshragnpr — 1) / ds— / dA\(Atanhw)\)e { L3 (4.17)
evv S JO

The whole temperature dependence comes then from the prefactor through sinh(rgngr) =

% and this is true regardless of the mass. Expanding at large rgnyr gives
_ B
cosh(rognpur) — 1 = o~ 14+ O(e). (4.18)
e

From this expression we can easily see the matter contribution is only a shift of the extremal
mass, or a temperature independent (Ly dependent) finite correction to the partition func-
tion which potentially can only correct Sp. Following [9] one could even resum the whole
tower of KK modes and reach the same conclusion. One might wonder whether imposing
boundary conditions for v at a finite cut-off might affect the temperature dependence.
However, we have already checked through the Gelfand-Yaglom theorem that this does
not happen.

23We would like to thank A. Castro for discussions about the relation between the calculation in this
paper and the previously studied log A terms [9-12].
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5 Discussion

In this paper, we have computed the partition function of 4d near-extremal charged and of
slowly-spinning black holes, in the canonical and grand canonical ensembles. By showing
that we can reliably neglect all massive Kaluza-Klein modes and by solving the path integral
for the remaining massless mode in the near-horizon region, we have shown that our result
can be trusted down to low-temperatures, smaller than the scale ~ Mgy ). At this energy
scale, we find a continuum of states, disproving the conjecture that near-extremal black
holes exhibit a mass gap of order Mgy,) above the extremal state. The existence of a
continuum of states suggests that the degeneracy of the extremal state is not given by
the naive extremal entropy, fixed by the horizon area. Instead, the horizon area fixes the
scaling of the density of states and the level spacing of the states. However, as we will
discuss in the following subsection, to make a quantitative statement about the scale of
this extremal degeneracy, we need to discuss possible non-perturbative contributions to the
2d path integral.

The process of solving the path integral for the massless modes in the 2d dimensionally
reduced theory, involved obtaining an equivalent 1d theory which can be thought to live on
a curve at the boundary of the throat, between the near-horizon region and the far-away
region. This equivalent 1d theory is given by the Schwarzian coupled to a particle moving
on a U(1) x SO(3) group manifold. Generally, the potential of the particle moving on the
U(1) x SO(3) is quite complicated. However, when looking at the theory that approximates
the charge and angular momentum fluctuations in the grand canonical ensemble for black
holes in AdSy, the theory is simply given by:

Isenxu(1)xs0@3) = Isen[7] + Tu)l0, 7] + Iso) [h, 7] (5.1)

where we defined the Schwarzian, U(1) and SO(3) contributions of the action as

1 B T
I = h — .
Sch|[T] Mo /0 du Sc (tan 5 ,u) , (5.2)
1 B 27 \?
IU(I) [9, T] = U(l) \/O du <9/ + ZBT,> y (53)
1 g _ H80@3) /)2
Isos)[h, 7] = T /0 du Tr (h Iy + zﬁ”f’) , (5.4)

where 6(u) is a compact scalar and h(u) is an element of SO(3) and the mass scales Mgy (2),
My) and Mgoz) are fixed by thermodynamic relations. Additionally, Mgy,2), Myq)
and Mgo(3) can be viewed as the breaking scales for each of their associated symmetries
(SL(2,R), U(1) and, respectively, SO(3)) for the near-horizon region of an ensemble of
near-extremal black holes.

Beyond the goal of resolving the mass-gap puzzle for near-extremal Reissner-Nordstréom
black holes, the effective 2d dimensionally reduced theory of dilaton gravity (and its equiv-
alent boundary theory) provides a proper framework to resolve several future questions,
some of which we discuss below.
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5.1 Other black holes and different matter contents

While we have successfully analyzed the case of Kerr-Newman black holes with small spin,
for which we could neglect the sourcing of massive Kaluza-Klein modes for some of the
metric components, it would be instructive to compute the partition function of Kerr-
Newman black holes for arbitrary spin. An effective 1d boundary theory capturing the
dynamics of such black holes was recently described in [39, 46, 49]; however, the quantum
fluctuations relevant for understanding the mass-gap puzzle were not analyzed. In the
framework described above, resolving such a puzzle for Kerr-Newman black holes amounts
to studying how the massive Kaluza-Klein modes are sourced and whether their fluctuations
could significantly affect the partition function. If the analysis in section 4 follows even in
when such fields have a non-trivial classical saddle-point, then it is likely that near-extremal
Kerr-Newman black holes do not exhibit a gap for arbitrary angular momenta.

Perhaps an even more intriguing case is that of near-extremal (and, at the same time,
near-BPS) black holes in 4d N/ = 2 supergravity. As mentioned in the introduction, in
such cases, microscopic string theory constructions [5, 6] suggest that the scale Msgy,(2)
should genuinely be identified as the gap scale in the spectrum of near-extremal black
holes masses. While an analysis of the proper effective theory describing such black holes
is underway [8], perhaps some intuition can be gained by looking at a related theory that
has less supersymmetry: the N/ = 2 super-Schwarzian. In such a theory, the partition
function was computed [29, 30] and its resulting spectrum indeed exhibits a gap whose
scale is fixed by the inverse of the super-Schwarzian coupling. Since the inverse of the
super-Schwarzian coupling coincides with the conjectured gap [2, 4, 38], it is tantalizing
to believe that the thermodynamic mass-gap observed in [5, 6] is indeed an artifact of
supersymmetry.24

It would also be interesting to study the contribution of charged scalar or fermionic
fields to the partition function of the near-extremal Reissner-Nordstréom black holes. In
AdS, the presence of such fields has been widely used to study the holographic dual for
several phases of matter [68-71]. For black holes in flat space, it would be nice to compute
the contribution from charged matter with ¢/m > 1 and see its effect at the level of
the microstates.

Finally, it would be interesting to consider black holes in AdSp, which have known CFT
duals. The result of this paper can be interpreted as a universality of their spectrum when
looking at large charges and low temperatures. Those degrees of freedom should be properly
described by the effective theory found in this paper. One approach to this problem can
be to apply the conformal bootstrap at large charge for higher dimensional CFT (this was
done for the case of rotating BTZ in [15]). Another, perhaps more ambitious, approach
is to start directly with the boundary theory and try to derive an equivalent quantum
mechanical system in the extremal limit. Such a theory would be similar to SYK (would
reduce to the Schwarzian and be maximally chaotic) but would be dual to a local bulk (as
opposed to also other higher dimensional versions of SYK [72-74]).

24The exact density of states of the N/ = 2 Schwarzian presents a delta function at extremality with
weight e° which would be consistent with a highly degenerate extremal black hole. This degeneracy is also
consistent with previous microscopic counting and shows that it also relies on supersymmetry to work.
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5.2 Non perturbative effects

It was recently made precise how including non-trivial topologies in the Euclidean path
integral of 2d dilaton gravity can fix certain problems with unitarity [35] (the price to pay
when accounting for such non-trivial topologies is to allow for disorder in the boundary
theory). In the case of JT gravity the non-perturbative completion is given by a random
matrix and one has to sum over all two-dimensional topologies consistent with the boundary
conditions. It would be tempting to trust these corrections in the context of a near-extremal
black hole. Then the spectrum would be random, with an averaged level spacing of order
e~ and a non-degenerate ground state (moreover there is an exponentially suppressed
probability of lying below the extremality bound, but this can be avoided by considering

supersymmetry).

Of course, this is too optimistic in the case of 4d near-extremal black holes. Other
non-perturbative effects can appear from the 4d perspective, which are not captured by JT
gravity. For example, one can consider multi-black hole solutions [3] or topology changes
that involve the whole 4D space.

Even within JT gravity, there can be configurations with conical defects in two di-
mensions, which are smooth when uplifted to the higher dimensional metric. These can
be important and hint into solving problems with pure 3d gravity [60]. For near-extremal
black holes in higher dimensions, one would need to include similar geometries.

5.3 The replica ensemble and the Page curve

A procedure was recently found to reproduce the Page curve from the gravitational Eu-
clidean path integral in JT gravity. In order to reproduce the Page curve [75, 76] computed
the radiation Renyi entropy, including replica wormholes. In those calculations, one cou-
ples JT gravity in AdSy with a bath in flat space, making the evaporation of the black hole
possible. This setup can be directly understood as an approximate description of an evap-
orating near-extremal black hole in four dimensions (we can consider this at temperatures
T > Mgy (9) to simplify the problem so that backreaction around each semiclassical saddle
is suppressed).

To turn the recent calculations into a justified approximation, we have to make the
following changes. First, the gravitational part of the theory should be JT gravity coupled
to the appropriate gauge fields (both KK and the ones sourcing extremality) and coupled
to a matter CFT. This theory should then be glued to the 2d s-wave reduction of the
four-dimensional extremal black hole metric in asymptotically flat space (we assume in
this region gravity is weak). This is justified as long as the dominant evaporation channel
happens through s-waves (if higher angular momenta are exponentially suppressed). Since
this is usually the case, the calculation of [75] can be repeated in the context of 4d near-
extremal black holes. The main complication is to account for the contribution from all
the matter fields in this new geometry, and we hope to address this in more detail in
future work.
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A Gravitational interpretation of the SO(3) gauge fields

A.1 The Kerr-Newman solution

When reducing the Einstein action in four dimensions to two dimensions a SO(3) gauge
field emerges from the symmetries of the transverse sphere S2. We denoted the charges
associated to this field by J. In this appendix we will explicitly check that two dimensional
solutions with charge J can be uplifted to KN solution in four dimensions. In the approx-
imation where all SO(3) charged fields can be neglected, the angular momentum .J on the
black hole is directly related to the value of the SO(3) field strength given by the SO(3)
Casimir [39].
The KN solution in AdSy4 with radius L is given by

2 A . 2
_ A a0 a0

KN\2
(ds™7) 5 A, A~ 252

(d¢ + B: di)?, (A1)

where the mass, angular momentum and charge are parametrized as

a2

. E=1-4, (A.2)

m ma
M=_——, J=F—, Q=
GN: GN:

[11]<=

and the functions appearing in the metric are

2

>—2m77+q2, AéZI—%COSQé,

72
72
E[(a 47 )A~ — Af]

Y = (7 +a*)?A; — a®Arsin? 6, B: =1 = 0 : (A.3)

PP =7 4a%cos?f, Ay = (7 +ad?) (1—1—

For small a the relation between the angular momentum is given (to first order) by J = Ma.
At small a the metric (A.1) can be seen as a deformation of the RN solution from (2.3) in
which one turns on a non-trivial profile for the SO(3) gauge field with

2B:Y
S gy datda” = %&dqm = 2iasin?0(1 — f(7))dpdr, (A.4)
p2E
where f(7) is the function appearing in equation (2.3).
As we will show the deformation in (A.4) does not precisely match with the solution
for the SO(3) gauge fields inserted into the dimensional reduction ansatz (2.15). Neverthe-

less, as we will explain in the next subsection, the perturbed solution for the KN metric
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gff,}\l = g}ﬁ\l + g, will turn to be equivalent, up to diffeomorphisms, with the solution for
the SO(3) gauge fields inserted into the dimensional reduction ansatz.

Thus, to first order at small J (or equivalently in small a), the partition function is
well approximated by considering the quantization of the SO(3) gauge field coupled to
the standard RN metric given in each sector with fixed (). In the next subsections we
further show that this approximation is valid by studying the solutions to the equations
of motion for the SO(3) gauge field. Furthermore, we show that the average value of
angular momentum contributing to the grand canonical partition function does not strongly
backreact on the metric (i.e. its contribution is much smaller than that of the U(1) charge).

A.2 Classical SO(3) gauge field configurations

In order to compare the perturbed RN solution to the ansatz for the dimensional reduc-
tion (2.15) we need to solve the equations of motion for the 2d SO(3) gauge fields whose
contribution to the action is given by (2.22),

I =~ [, VT ). (A.5)
We first start with the case in which we fix the boundary holonomy of the SO(3)
gauge fields (which corresponds to fixing the boundary metric on M) rather than the
overall charge of the system.?® For practical purposes, it proves convenient to choose the
boundary component of the gauge field to be constant with B, = i%T?’dT such that
the holonomy is given by exp(§;,,, B) = exp(ipso(s)o®) with psoes)y € [0,2m) (according
to our conventions T* = %aa with o the Pauli matrices).
We can find the solution in the gauge in which B, = 0 and make the ansatz that

3
B = i%&(r)cﬁ for some function &(r) satisfying &£(rgn,) = 1. Then, the field
3
strength is H = i%&{(r)dr A dr and the equation of motion d*H = 0 implies
that {5’(7“)/\/5)(_5/2], = 0. Using the solution x(r) = r?, this implies that

_ Qo . Hs0(3) 3ag 3
E(r)y=a1 + el H.: = —Ziﬁ 7T
, g a
5959(3)dx“dx = 2r% sm%@)%(g) <a1 + 7"9?) drde . (A.6)

Demanding that the gauge field has unit holonomy around the point with r = ry imposes

that pgoes) (1 + a2/r§) = 27n with n € Z. Furthermore imposing that &(r|oas,) = 1

3( 21mn

implies that a1 = 1, and, consequently, ag = rj ey 1). Consequently, we have that

iT3 s
B, = | Hsoe + 73 (2”” - “30(3))]
y  osin?(0 e
5959(3)d1‘#d1‘ — 2”,2 B( ) MSO(?)) + T—g (271'7’1 — HSO(3))‘| deQb . (A7)

Z5We thank Silviu Pufu and Yifan Wang for sharing notes during a past project about instanton solutions
in 2d SO(3) Yang-Mills theory.
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Gauge field configurations with different n correspond to different instanton configurations
for the SO(3) gauge field and different metric solutions, all obeying the same boundary
condition on 0Ms.

As a consistency check, when adding the metric defomation in (A.6) to the RN metric
as in the ansatz (2.15) Einstein’s field equations are still satisfied to first order in an
expansion in 1/, meaning that the action (2.22) resulting from the dimensional reduction
is correct. The total action (A.6) evaluates to

13r3

3 _ ;220 _
H. = 15 (27m MSO(g)) ;
3 2
SO(3) _ 1 /B /OO 97“8 B 2 _ 2’/“0(271'77, — Iuso(g))
Ipnt e dr . dr62r4 (2mn — pso(s)) GnB (A.8)

in each instanton sector. To make contact with the effective action in each j sector in the

sum over SO(3) representations we can evaluate the sum over j for the contribution of each
representation to the partition function (2.25) for the on-shell solution x(r) = r%:
GNBﬂ GnB
SO(3) . M2i(G+1) e ®' , -y
Z (27 + Dx;(uso@)e ™0 = —go U3 ¢/2e 7O
RN ;) J (3) 4sin pgo(s) 3

QW(MSO(B) - 27‘-”) e szrVS’B (1so(s)—2mn)?
3/2 .
nez (%17%6) sin(pgo(3) — 27n)

; (A.9)

where ¥4 (u, q) is the derivative with respect to u of ¥3(u, q) and where to obtain the final
GNB
T

equation we have used the expansion in terms =%=. Consequently, we find that the sum
over instanton saddle in the partition function (KS) precisely agrees with the sum over
SO(3) representations appearing in the partition function associated to the action (2.25).26

To find the relation between the SO(3) representation j and the angular momentum it
proves convenient to also analyze the classical solutions in the case in which we fix the field
strength at the boundary (or equivalently the Lagrange multiplier zero-form pSOG ) In
this case, we will fix gauge such that H,.dr A d7|or, = i/go3 ?/gNs/zJ‘BMz = 13(3}:43]\ My s
for some constant j. The resulting gauge field, field strength and 4d metric perturbation

is given by

3G No3j
V2t

1 drdg, (A.10)

B, —iT (fGN; 2n_\/§GNg>, Ho

Th g rs
GnJ n 2rn Gnj
verg B Vs

where we have fixed gauge such that B, = 0 and have once again obtained the first

5929(3)d;17“da:” = 4ir? sin?(9) l

r-independent term in B, by requiring unit holonomy around the point with r = 7,
(i.e. nowhere is H singular).

26The prefator in front of the exponent in (A.9) can in fact be obtained by computing the one-loop correc-
tion to each instanton saddle. The fact that the one loop expansion recovers the complete result is related
to the fact that the path integral in 2d Yang-Mills theory can be obtained using localization techniques.
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Next we determine the contribution of the SO(3) gauge field to the action. As for
the U(1) gauge field (2.2), in order for to have a well defined variational principle we need
to add a boundary term to the action: IEI(\)/[@)’N = IES;?/I(:B) + m [ duy/gn,tr H*¥ B,

Accounting for this boundary term we find that the

so@,n 1 [P ©  Gyj? A Gnj  2an\ . GnpBj? .
IEM() :7/0 dr . dr - —/0 dT(?)T% +IB)]N 3 +2mnj.  (A1l)

We need to be careful about the n-dependent term appearing in the final result in (A.11).
If the solutions (A.11) are gauge inequivalent then, in order to obtain the partition func-
tion, we truly have to sum over all different instanton solutions; since the sum over n is
unbounded, the partition function would be ill defined. Consequently, the only possibility
is that the gauge field solutions in (A.10) are in fact all gauge equivalent. This can only
happen if the holonomies around any closed curve on Ms are the same for all solutions.
This, in turn, implies that j € Z and we can fix gauge transformations on the boundary in
such a way that we only get contributions from the solution with n = 0.

Consequently, there is a unique SO(3) gauge field solution for which the action is given
by 1500 — exis?

To

in the sum over j (A.9). Since the r-dependence of the gauge field in (A.10) is the same

. For sufficiently large j > 1, this agrees with terms in the exponent

as that in (A.7) we can once again check that when j is sufficiently small that it does not
backreact on f (r),27 then Einstein’s equations are indeed satisfied for the 4d metric ansatz
when using the solution (A.10).

A.3 Uplift of the SO(3) solution

In this section we will take the solution for the SO(3) gauge field and show that it can be
understood as a solution of the higher dimensional metric for small angular momentum.
The KN solution is the unique solution with fixed U(1) charge and angular momentum that
also has a U(1) spatial isometry [77, 78]. Therefore, by finding the angular momentum for
the solutions analyzed in A.3 in which we either fix the SO(3) holonomy or the SO(3) field
strength we will determine the diffeomorphic equivalent KN solution.

We saw above a solution for the gauge fields appears in the metric as

80930 datdz” = 2ir* sin®(6) <a1 + i‘;) drdg (A.12)

to linear order in the angular momentum (i.e. no backreaction to f(r)), with respect to
the charged black hole solution. The equation of motion for the four dimensional Ein-
stein Maxwell theory is Gap = Rap — %gABR - %QAB = 81GnTap where Typ =
é(FAch — gapF?) is the stress tensor of the U(1) gauge field. Expanding this to
linear order in a; and ag we can check this corrections satisfies the equation of motion to
linear order

L 5 o 22) sin? A
R G7—¢: TTd):W 0‘1"_7473 sin 0, ( 13)

255 +1) < (rn/€p1)* as discussed in section 2.3.
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and all other components for both 6G and 6T vanish. The uniqueness of KN solution

suggests (A.1) is the correct non-linear completion of this correction, written in a differ-

ent gauge.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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