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The nucleus 'Be is investigated by an extended molecular-orbital model and by the 
generator coordinate method in the simple LCAO approximation. The Hartree-Fock calcula
tions show that a-cluster structures are stable in intrinsic states and the degree of clustering 
depends crucially on motions of the valence neutron. The generator coordinate calculations 
give good descriptions of the energy level structures of normal and non-normal parity states 
in terms of rotational bands. Energy spectra of 'B are given as well. A K"=1/2- band is 
also predicted. The ground state properties, that is, r.m.s.-radius, Q-moment and .a-moment 
are reproduced as quite well as electric transitions and charge form factors for the members 
of the ground rotational band. It is concluded that the molecular model admirably succeeds 
in systematic explanation of the low energy properties of 'Be. Comparisons are made with 
the simple shell model and the projected Hartree-Fock calculation by Bouten et al. 

§ I. Introduction 

In the last 15 years, investigations of the cluster structures in light nuclei 

have been developed st'eadily from molecular viewpoints. It is found that a number 

of states in the light 4N-selfconjugate nuclei, which include both normal and 

anomalous states in the shell model versions up to rather high excitation energies, 

can be successfully explained as some modes of cluster motions."a> 

Compared with 4N-nuclei, odd-A and odd-odd nuclei have not been studied so 

well. 2b> Especially as for 4N + 1-nuclei, a problem of the coupling of a valence 

nucleon to the motions of clusters has never been fully discussed in any nuclei_ 

In this and forthcoming papers, 9Be nucleus is taken up as a typical example in 

order to study the probelm, because the a-cluster structure of 8Be is well estab

lished_ The experimental data on this nucleus have been accumulated,3> not only 

about nuclear levels but also form factors for electron scattering which are able 

to give a definite test of model wave functions. 

As shown in the middle column of Fig. 4, this nucleus has a clear ground 

rotational band and the moment of inertia is very close to that of 8Be nucleus 

(h2/2J' =0.49 MeV), which denotes a certain large deformation. Slight et al.4> 

used an extended Nilsson model, which includes major shell mixings up to N + 6, 

to analyze electromagnetic properties_ They obtained a good fit to the ground 

n The preliminary results were reported at the International Conference on Nuclear 
Physics,'' Munich ,Germany, 1973. 
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The Structure of 9Be Nucleus by a Molecular Model. I 867 

state charge form factor at low momentum transfers with a quite large deformation 

( 7J = + 5.3). It was pointed out, however, that higher-order terms other than r 2 Y20 

must "be added to the Nilsson potential to describe the properties of the 5/2- state 

at 2.43 MeV and that the sort of deformation was a dumbbell of two a-particles. 

A projected Hartree-Fock (P.H.F.) calculation with large admixtures of higher 

major shells was made by Bouten et al. 5l They succeeded in reproducing the 

inelastic form factor to the 2.43 MeV level as well as the elastic charge and 

magnetic form factors. The charge distribution of their ground wave function 

has been found to be of a dumbbell type and to be almost the same as that obtained 

by the present investigation in § 5. 

The above investigations from the shell model picture resulted in a simple 

conclusion that the ground rotational band in 9Be was well described by a strong 

coupling of the valence neutron with the rotor of the two a-particles. On the 

basis of the ground state structure, we can expect a variety of excited states 

as results of various couplings of the valence neutron with a-cluster motions, 

even though some of them may be unstable against particle decays. The non

normal parity levels observed in 9Be can be considered to be such states. 

They, especially the 1/2+ state, appear at extremely low excitation energies, which 

are very difficult to understand within the shell model picture. A weak-coupling 

model, where the valence neutron is coupled to the motion of 8Be core, was applied 

by several authors") to the non-normal parity levels, apart from the normal ones. 

They were successful in reproducing the energy spectra, but failed in explaining 

electron scattering data. 

From the molecular viewpoints, Kunzn first carried out a calculation in a 

cluster model consisting of two a-particles plus a neutron with some success. 

He succeeded in reproduction of the normal parity levels, but failed in the quadru

pole moment and the charge form factors. Hiura and Shimodaya8l showed that 

too large a quadrupole moment was reduced by a dynamical treatment of the 

relative motion between the a-particles. Neudatchin et al. 9l extracted the degree 

of cluster separation by analyzing the charge form factors. As shown in a later 

section, the elastic charge form factor is improved by a microscopic treatment. 

The purpose of the present paper is to investigate all the low energy prop

erties of 9Be systematically from the molecular viewpoints, that is, from the various 

couplings of the valence neutron with motions of the two a-clusters. For this 

purpose, a molecular-orbital modeP0l is extended to odd-A nuclei, where the orbitals 

of the valence nucleon are approximated by the simple linear combination of "atom

ic" orbitals (LCAO) and the Pauli principle is exactly taken into account among 

all the nucleons. The molecular-orbital model is recapitulated in § 2. In § 3, 

the stability of a-cluster structures in 9Be is investigated under the presence of 

the odd neutron. In § 4, adiabatic solutions are given at each cluster separation. 

Further, relative motions of a-clusters are solved under the presence of coupled 

neutron motions by the generator coordinate method (GCM), as zero-point oscil-
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868 S. Olwbe, Y. Abe and II. Tanaka 

lations are important in molecule-like structures. The electromagnetic properties 

of the ground rotational band are discussed in § 5. Conclusions are gi1·e;1 in § 6. 

§ 2. Formu1ation 

The molecular-orbital model is extended to odd-A_ systems, which has been 
de1·ised in order to investigate the stability of a-cluster structure in --LV-nuclei. 

In the model single-particle wave functions are expanded in terms o£ "atomic" 
orbitals around cluster centers, for which harmonic oscillator wa1·e functions are 

taken for convenience' sake. They are classified according to the irreducible repre

sentations of the group corresponding to the imposed symmetry. The orthonor
malized orbitals constructed with the t1vo-cenier basis are given in the Appendix. 

The total intrinsic wave functions, (/JK,c, or ([JKc,, where K, ~, and :"z are the 

projection along the symmetry axis of the total angular momentum, the parity 

and the .c::-component of the isospin respectively, are constructed in Slater determi

nants, for example, 

(Op, 0 1/2 -1/2) I' 

(1) 

In the simple LCAO approximation the 1vave function o£ 8Be is the same as that 

of Brink's a-particle modeJlD and an orbital of the valence neutron is represented 

by (0/J) as in Eq. (1). The size parameter of atomic orbitals b = \/ !i/~\J.~o and 

the cluster separation S arc treated as variational parameters. 

In order to investigate the stability o£ a-cluster structure the Hartree-Fock 
(H.F.) calculations are carried out in § 3. In odd-.:1 system the so-called self

consistent symmetry121 does not exist any more, but 1-ve define a single-particle 

Hmnil tonian, hs.p. ( ¢), where the time Te\·ersal symmetry is cons en eel, <1nd take 

it as an H.F. Hamiltonian. 

hs.p.(rj;) =1/2(h(rj;) -'r-h(rV)). (2) 

Here h (0) and h ( rf;T) are the H. F. Hamiltonian usually used, corresponding to 

(/j and T([J respecti1•ely, \Yhere (/j is an intrinsic state and T is the time re,·ersal 

operator and therefore hs.p. ( ¢) does not correspond to a single Slater determinant. 

The <JCtual calculations are made in the truncated space up toP-shells around the 

cluster centers. 

In § 4, relative motions are dealt with by the GCM, 1vhere the waYe functions 

in the simple LCAO approximation are used as basis ones and the cluster separation 

S is taken as a generator coordinate. These wave functions include spurious states 

of the center-of-mass ( c.m.) motion. Such components are remoYed by projection 

onto the ground state, 

I (/jK"'' (S)) =I (Os) c.m.)(( (Os) c.m.l (/J1,c,,(S) ), (3) 

\Yhere :~ and (( represents ir;tegrations with respect to c.m. coordinates. 
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The Structure of 9Be Nucleus by a JJiolecular lviodel. I 869 

The total nuclear wave function ·with good angular momentum J and parity 

P,~K = 2 ~; l_ s dQD~/K (Q) RQ . 

(4) 

Eigenvalues and \Yeight functions f/" (S) are determined by the Hill-\Vheeler 

equation,13) 

:.; w s dS'ff/ (S') <J" J!Kr,(S) I H- Ej J" }VfK' r, (S')) =0, (5) 

where in practical calculations we take a finite linear combination of trial wa\"e 

functions instead of the integral. 

We used the following Hamiltonian: 

(6) 

T is the sum of single-particle kinetic energy operators and Tc.m. is the kinetic 

energy of the c.m. motion and Vc consists of the Coulomb interaction and a central 
two-body force, for which Volkov No. 211) is used, 

where P~f is the Maiorana exchange operator and the depths are in MeV and the 
ranges in fm. This force gives right binding energy for 4He and 160 at m = 0.60. 
As for the spin-orbit interaction F, 0 , we use a one-body type or a two-body type, 

where the depth YLs is inferred to 900 MeV in nuclear matter by Nagata. 15> The 
values of the parameters JJZ, \TLs and the optimum values of b are listed in Table I. 

Set I 

Set II 

Table I. The parameter sets. 

m 

0.60 

0.57 

VLS(MeV) 

800 

620 

b(fm) 

1. 46 

1. 39 

In § 5, the charge form factors to the ground rotational band are discussed. 
They are defined as follo\vs: 16l 

jF(q') 1 '\' [<I ~fjn 1+-r,(j) iq,•·j[J"J)\' 
= z2(2li+1)""'"'fiMt tlv J LJ 2 c J i'v i . 

(9) 

The correction for the c.m. motion is done by multiplying j Fj -vvith the factor, 
e<qzb' 136\ for the c.m. motion remains in the ground state of a harmonic oscillator 

and the correction for the finite proton size is approximately made by multiplying 
jFj with the factor c<-q'bP'i'), where .J3}2bP = 0.813 fm is the proton r.m.s.-radius. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/5

7
/3

/8
6
6
/1

9
4
1
4
6
7
 b

y
 g

u
e
s
t o

n
 2

0
 A

u
g
u
s
t 2

0
2
2



870 S. Okabe, Y .. il.be and H. Tanalw 

§ 3. Stability of a-cluster structure 

Before discussing nuclear spectra, we investigate an average nuclear field \vith 

a-cluster structure in the H.F. approximation. To start with, diagonal energy 

curves are shown in Fig. 1, where total intrinsic wave functions are constructed 

in the simple LCAO approximation as in Eq. (1). It is readily seen that they 

have minima at cluster separations equal to about 2.7 fm and 3.7 fm for the normal 

and non-normal parity states respectively. This indicates that the degree of clus

tering changes correspondingly to the motions of the valence neutron, because 

the total parity is essentially determined by the single-particle orbital of the neu

tron. The total energy at each minimum point is also minimized with respect to 

the size parameter b. The value of b is equal to about 1.46 fm, which is larger 

than that of a free a-particle (b = 1.37 fm, for the same force). Thus a-clusters 

in 9Be polarize in a monopole type. 

For the purpose of examining the stability of average nuclear fields with the 

above a-cluster structures, we carry out the H.F. calculations in the vicinity of 

the minimum points. The results are shown also in Fig. 1. The solutions obtained 

with the starting density of a+ 5He configurations are almost the same as those 

in the truncated space conserving the parity. This shows that a mixing of the 

parity in the single-particle orbitals is not necessary. The energy gains due to 

the H.F. calculations are quite small at the minimum points; L!E-=0.5 MeV and 

LJE+==:2.0 MeV. The overlaps are very large between the H. F. solutions and the 

simple LCAO wave functions. It is noticed here that there is some difference 

between the normal and the non-normal parity states. As is seen in Fig. 1, the 

energy cun·e for the non-normal parity state remains steep at small cluster separa-

I o I 
lb I 

~ SETI lm=0.6) E 
~ SET! lm=0.6) 

IM~V)r (MeV) 

IIllO I 
IIllO) 

H. F. 

LCAO H. F. 

LCAO 

-30 

· 112-1 I) 
.1/2-1 I I 

lvl 
.3/2(1) ! )Iiiii·· I 

ll/2 
-4+/2--401 

/ . 
-R,=0.945 

3/2 
R_=0.971 . -· 

r3/2-

R-=0.974 P,,,-1, ,= 0.982 

sol S(fm) I Slim) 

---+----- •------7 -50 ·-~----7 

0 I 2 3 4 5 6 0 4 5 6 

Fig. 1. Total intrinsic energy curves. (a) H.F. results carried out in the space mixing the 

parity. 1/2+(0) denotes K'(A). R~= (l±<@H.F.IP!(JJH.F.))/2, where Pis a parity operator. 

(b) H. F. results carried out in the truncated space conserving the parity. Px"CA> 

= I<(Jlx"CA>I(JJH.F.)!'. (J)x"CA> is the wave function in the simple LCAO approximation. The 

values of R~ and PK'CA> given in the figure are those at minima. 
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The Structure of 'Be Nucleus by a l'vfolecular l'vfodel. I 871 

£ 
(MeV) 

10 

-10 

-so 

SET! lm=0.6) __ H.F. 

---- LCAO 

Fig. 2. Single-particle energies E vs. cluster 

separation. ¢312- orbital is occupied by 

the last neutron. Emrn denotes the min

imum point of the total energy. 

model, which is given in the limit 

This is consistent vvi th the results 

tions in the H.F. calculations, which IS m 

contrast to the normal parity states. This 

may imply that the truncated space is not 

so enough for the non-normal parity state 

as for the normal parity states, although 

the non-normal parity state has a distinct 

cluster structure. Thus it is well expected 

that the a-cluster structure is not destroyed 

by the presence of the valence neutron and 

that the simple LCAO approximation gives 

good descriptions to this nucleus. 

In the following, we summarize pro

perties of single-particle states obtained. 

Single-particle levels are shown in Fig. 2. 

The energy difference between the lowest 

two occupied levels with the same isospin 

is smaller than that in the simple shell 

Sjb=O. in the simple LCAO approximation. 

of the (p, 2p) reaction.m The reason why 

neutron and proton levels split is that the single-particle Hamiltonian used in the 

present calculations depends on the isospin through the nuclear density, even if 

without the Coulomb interaction. Finally we analyze the single-particle orbitals 

by expanding them in terms of harmonic oscillator bases {lnlm)}. In Table II 

the expansion coefficients are listed, together with those of the other models.')· 5) 

It is found that the present results are very close to those of the P.H.F. calculation 

made by Bouten et al.'l 

Table II. The probabilities of the occupied single-particle orbitals in harmonic oscillator wave func

tions {I nlm)} . For the extended Nilsson model (N + 6), parameters r; = + 5.3, J!. = 0.0 and K = 0.08 

are taken. For P.H.F. the state of L=1 is taken from Ref. 5). For LCAO S=3.34fm is taken. 

OsO OdO other OpO OfO other Op1 Ojl other 

SU(3) 1. 0 ' 0.0 0.0 1.0 0.0 
I 

0.0 1.0 I 0.0 0.0 

Nilsson o. 978 I 0.021 0.001 0.903 0. 0361 0.061 ' 0.973 0.025 0.002 

P.H.F. 0.865 0.1351 0.0 0.942 0.058 0.0 o. 957 1 0.043 0.0 

LCAO 0.819 0.117 0.064 0.932 0.027 0.041 0. 819 ! 0.140 0.041 

§4. Energy spectra 

In this section energy levels of 'Be are calculated m the framework of the 

simple LCAO approximation, which has been found to be quite good in the preced

ing section. In the final nuclear spectra shown m Figs. 4, 5 and 6, we take 

into account the effects of the dynamical motions of center-of-mass of a-clusters, 
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872 S. Okabe, Y. Abe and H. Tanaka 

which are expected to be important in such a weakly bound system as 9Ee. 

First, total energy curves for nuclear states are investigated. K-band mixing 

is taken into account at each cluster separation. The resultant solutions are called 

adiabatic ones. It follows that the model wave functions become the weak-coupling 

configurations of a+ 5He (j"CHe) =1/2-, 3/2-) in the limit of large Sjb. In 

the limit of small Sjb they go naturally to those of the SU(3) model with K

mixmg. Results are shown in Fig. 3. The curve for each nuclear state has 

a minimum up to J"=9/2'", whereas in the SU(3) model the highest spins are 

9/2- for (J.p) = (31) and 13/2+ for (J..p) = (60). These minimum points are ap

parently different for each parity of the nuclear states; S;;;in=3.3fm and s;;;in=4.4fm. 

It is worth while noticing that the degree of clustering in the positive parity 

states is more distinct than in the ground band of sEe. The insufficiency of the 

absolute binding energy and the steepness of the energy curves in comparison 

with the case of sEe are mainly due to the odd-state repulsion of the effective 

force. 

The relative motion between a-clusters is solved by the GCM. In solving 

Eq. (5), we use five and seven mesh points from the point 1.5 fm by the step 

1.0 fm for the normal and non-normal parity states respectively. As for sEe, we 

use the same mesh points as those for 

the normal parity states. Resultant 

E 
(MeV) 

-40 

-50 

2 3 

SET! (m=0.6) 

4 5 

>312-s4' 

:P"-:;;"'~=~3/2-s3-

6 7 S(fm) 

Fig. 3. Total energy curves for each angular mo

mentum J". For 'Be the value of the varia

tional parameter b is 1.37 fm. Rel. stands for 

the relative motion between a and 'He. 

energy levels are compared with ex-

periment in Fig. 4, together with those 

of 9E. It is clear at a glance that 

they are in good agreement with ex

periment, not only in the normal parity 

states but also in the non-normal parity 

states. Furthermore, the present cal

culation reproduces the Coulomb energy 

difference observed between the ground 

states of 9Ee and 9E. 

As shown in Fig. 4, the present 

calculation predicts: (a) a 9/2- mem

ber of the K" = 3/2- ground band at 

about 10 MeV, but no experimental 

candidate observed yet, (b) a 7 /2-mem

ber of the K"=1/T band may corre

spond to the 11.28 MeV state, which is 

considered to be a mirror state of the 

(7/2)-level at 11.75MeV in 9E, (c) 

a 5/2- member of the K" = 1/2- band 

may correspond to the 7.94 MeV state, 

(d) a 3/T member of the K" = 1/2-
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The Structure of 9Be Nucleus by a Jl.1olecular Model. I 873 

11.75 (7/2)-

' ' 
' ' 

~~---'7."-'"/2:::..-- I 1.02 

11.07- __ 7.....;;"/2;_-

9.44- 9/2-

7/2+ 
8.5 I - ----'-'-'=-

11.28 

512------ 7.94 
7.68 ----=:.=... 

6.43, 9/2+ - 6.76 71 
--7/2--

6.30-

' ' ' 
' 

' 
' ' 

4.8 ,.--------

__ 9_;~2- 9.45 

+ 
712 

_ ___..:..:.5/~2-- 8.29 
_ _....::;...:.- 7. 71 

---===:::;,7/52-........-- 6.32 

912+-6.26 

_ ___::3:.:._12:::.,~- 4.99 

_ ___,30:.../::.2 4.40 

3/2+ / 512+ /3.17 
5. 13 - ---=::.:...=~ +' + .--,~:...::... 

3/2- ~ 4.70 13/21' 2.79 (3/2 512)/ __1LL112+...-- 2.72 
4.42----='-"- ~~ 512- , 52_ 2.58 

+ + I 6 / I ---2.07 3.29--..._ 5/2 3 "' ,...:.. ____ ___ 
2 7.,.. ~1/2- + 2 8 ..llli:!.2 ' . "'-- V2 . Yi ' 
2.69- 5/2~ / 
2.0 7- ""2.429 5/2/ ,_..Y0~i!!_31:.£;2~- --~3;.!/2=-- - 0.0 

1.68 112+ 

0.0 - _ __::3:..:../.::.2-_ ___:::0'-".0'--"3:..:..12'=./-

B. E. 51.663 58.167 
(MeV) 

cole. (SETI) exp. 

9Be 

~Ec 1.850 

56.317 

exp. 

1.943 

49.720 

cole. ( SETI) 

Fig. 4. The theoretical and experimental energy spectra of 'Be and 'B. B.E. stands for the 
binding energy and dE, the energy difference between 'Be and 'B. The values of <r'>'l', 
Q and f-1 obtained for 'Be are 2.62 (2.46±0.1l)fm, 5.76(6.5:!:U)fm2 and -1.23 (-1.1776) 
n.m. respectively, where the values in parentheses are experimental ones. 

band in the neighborhood of the 3/2+ level, so precise measurements of magnetic 

transitions to this energy region are strongly desired. 

As for the non-normal parity states, the present results are also shown in 

Fig. 4. The results are very similar to those of the other models. al, 18l The ex

citation energies of the states, however, are well reproduced in the present cal

culations, although the 1/2+ state is predicted to be somewhat higher than experi

ment, which is probably due to the restriction of the model space used. The 

present calculation does not predict stable second 1/2+, 3/2+ and 5/2+ states 

which are predicted by a weak-coupling model. 6l 

Overlaps between the GCM solutions and the adiabatic ones at mmuna are 

listed in Table III, together with the energy gains due to the G.C. calculations. 

As a whole the overlaps with the dominant simple LCAO bases are fairly large. 

There exist some other large ones, but they come mainly from the overlaps between 

the bases themselves. This means that the obtained levels can be classified into 
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874 S. Okabe, Y. Abe and H. Tanaka 

Table III. Comparison of GCM solutions with the wave functions at the energy m1mma. Smin, 

Emin and LiE are an energy minimum point, a minimum energy and a difference, L1E=Emin 

- EaoM, respectively, where EacM is an eigenenergy of Eq. (5). The fifth column is overlapping 

between the GCM solution and the adiabatic one I min). The latter three columns are overlapp

ings between the GCM solution and the simple LCAO basis at a minimum point, where 11/2 (0)) 

denotes a wave function IK(A)) at a minimum point. 

iSmin(fm) Emin(MeV); LiE(MeV) <GCMimin) 
1

<GCMI1/2(0))i<GCMI1/2(1)) <GCMI3/2(1)) 

o+ ('Be) 3.68 -53.27 2.44 -0.8736 I 

--~---- - - --

--------

3 '')-
/~1 3.34 -50.37 1. 29 0.9661 -0.0344 -0.1997 -0.9621 

5 /') -
'~1 3.29 -48.16 1. 43 0.9593 -0.0413 -0.4677 -0.9357 

7/'J -
/"-'1 2.95 -43.13 2.23 I -0.9147 0.0814 0.3249 0.9083 

9 '')-
;~ 2.90 -39.83 2.37 -0.8998 0.0522 0. 7260 0.8705 

I 
----

-- ---

1'0-;~ 3.45 --47.67 1. 26 -0.9665 -0.0550 -0.9602 

3/0-
I -2 3.45 -45.84 1. 40 0.9580 -0.0977 -0.9339 0.0912 

5 /') -
;-2 2.99 -41. so 2.18 -0.9259 -0.0083 -0.7887 0.1963 

7/2,- 3.22 -37.90 2. 70 -0.8732 0.1486 0. 7954 
I 

-0.1583 
-------- -

1/2+ 4.43 -46.74 2.23 0.9152 0.8928 0.2022 

3/2+ 4.58 -44.04 2.49 0.8936 0.8609 -0. 1197 0.3493 

' 
5/2+ 4.33 -46.03 ' 2.34 0.9044 0.8542 0.4120 0.4350 

7/')+ 
;~ 4.99 -39.92 3.24 -0.8471 0. 7444 -0.1544 0.5768 

9/2+ 4.40 -42.27 I 2.96 0.8622 0.8018 0.5374 0.5759 

rotational bands with good K quantum numbers. The reasons why axial sym

metries hold so well are due to strong effects of the spin-orbit force and the Pauli 

principle ·which restricts the motion of the valence neutron. The overlaps with 

the adiabatic solutions at minima are almost the same as in the case of 8Be in 

magnitude, which has some influence on particle decay widths, especially of the 

non-normal parity and higher excited states. Analyses of them will be given m 

the forthcoming paper. 

The dependence of energy levels on the Majorana exchange mixture m IS 

shown in Figs. 5 and 6. The level structure is not strongly affected by m, but 

the energy difference between the normal and non-normal parity states depends 

on m rather strongly. 

As for the spin-orbit force, both one-body and two-body forces give similar 

results. Results with one-body force are given in Fig. 7. The dependence on 

the strength ~ is different in each model. In the shell model, 18) 3/22 -, 5/22 - and 

7/21- levels are predicted very closely and in the P.H.F. calculation5) the order 

of 5/22- and 7/21 - levels is reverse to the present prediction. Thus the differences 

are important in distinguishing the models, which are clearly seen in Fig. 8. But 

unfortunately experimental data are not sufficient for a definite conclusion. 
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ri 
1T=- 1/i ~ 7- 9/2 

----- _____li~ 9/~ '~ / 1!2" - - -,2 912 X ~-
9.12 ~ 10 

s;2 

1/i 

3.12 3/2 

Vi Vi 

5/2 5/z 

Vi 

5.12 5/2 

Vi 

5/i /~ 

'------vi 

Fig. 5. Comparison of the pres-

S ent calculation with the 

other models in the normal 

parity states. For Bouten'J 

the spin-orbit strength ~ is 

0'---~~~2 ______ 3~~~-----~3/2~2 ______ 3~~~----~~~2 ______ 3~~~----~o/:~i~o 

taken to fit to the liz
level. Adler, Barker and 

Norton"J are the shell mo-exp. 

E 
(MeV) 

5 

0 

E 
(MeV) 

SETI SETIT Bouten Adler Barker Norton 
(m"0.6) (m"0.57) !e""3.2) ('"3.5) ('"2.52) (X2-fit) 

10 

5 

v2 v2 

3/i 3.12 3;2 3.12 0 

exp. SET l SET IT Adler 
(m•0.6) (m•0.57) 

Barker Grunbaum 

Ia I PRESENT E' lb I SU(3) 

m•0.6 Vcs=O. b = 1.46 
[MeV) 

* 
Yi 

10 
9/2 

9/2 

'12 

'(MeV) '(MeV) 
2 3 4 5 2 4 5 

del calculations. 

Fig. 6. Comparison of the pres

ent calculation with the oth

er models in the non-nor

mal parity states. Adler"J 

JS the shell model cal

culation. Barker and Griin

baum'J are weak-coupling 

models. 

Fig. 7. The normal parity ener-

gy level scheme as a func-

tion of the spin-orbit streng-

th ~- (a) is the present 

result and (b) is the SU(3) 

model, where the ordinate 

E' is the eigenvalue of the 

perturbation Hamiltonian 

H' =0.5L'-~~,Z,s,. 1 'J 
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; (lvleV} 
SET I (m:061 

-10 Krr:'/z ,' , 

/ 
1 ' Exp, 

y -PRESENT 

ll // Bouten 
- - Adler 

I Exp. - - Norton 

5 

/ 
__ / __ c ____ , 

?Jz 5/z Y'z 

~~ 
J 

Exp. : 

J(Jtl} 

?!z (J) 

Fig. S. The normal parity energy 

levels as {unctions of J (J -i-1). 

§ 5. Electromagnetic properties of the ground rotational hand 

As is well known, electromagnetic properties are useful in testing model \Y<n-e 

functions. In this paper we restrict ourseh-es to analyses of the ground rotational 

band. Recently many interesting experiments 11
' 191 haYe been carried out for the 

JJO'l-normal parity states. They will be dealt with in a forthcoming p;1per. 

The r.m.s.-radius (r2 / 12 of the ground state is determined by the elastic charge 

form factor. The value recently deduced by Bergstrom et al. 201 is ~.46 ± 0.11 fm 

and the other data31 are within the abcn-e experimental errors. The quadrupole 

moment Q is determined by seyeral experimental methods31 and Yalues deduced 

are Let\vecn :3.0 and 6.5 fm'. From the atomic beam h.f.s., Blachman and Luriow 

have deduced Q = 5.26 fm_' with the Sternheimer correction. Contrary to the quad

rupole moment, the magnetic moment f! has been measured with high accuracy, 

,ll =] .1//6 n.m. 31 

Ia I I b I 
0 (!2;2 0 

----,f-1-(fm'l; I Oexp 1 

--~-~~-

lfml lfm'li-~-
---,-----, --

1 in.m.) 

7.0f ·2.9 7.0 ~ Oexp.l 
m:06 VLs""O b~IA6 

j 

Gol ·28 60· ! 0 

jOe~ 
I l OexpZ 

50- jz? 50-

I 

4.0~ 
y, 

<r2> -2.6 40-

3.oi t 301 // 
<r2> 

exp ~ 2.5 

'-1.5 

zoe 2A zo/ 

057 058 0.59 0.60 rn 0 3 4 

ISETlll ISETII t livieV} 

Fig. 9, (a) Lm.s.-radius <r') 112 and electric quadrupole moment Q as a function of the 

Majorana exchange mixture m. <r2)'i'esp .. Qexp.l and Qexp.2 are taken from Refs. 20), 

3) and 21) respectively. (b) Electric quadrupole moment Q and magnetic moment /1 

as a function of the spin-orbit strength ~. !lexp. is taken from Ref. 3). 
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The Structure of 9Be Nucleus by a 1\iolecular lvfodel. I 877 

The dependence of (r2)u2 and Q on the 1:1ajorana exchange mixture m 1s 

sho\YI1 in Fig. 9, where the depth VLs is taken to reproduce the spin-orbit energy 

splitting. The values of (r')v' and Q are monotonically increasing functions of m 
and agree with experimental data in the range between 0.57 and 0.60. Bergstrom's 

Yalue of is reproduced with m = 0.57. As for Q, the present model predicts 

5.0 to 6.0 fm 2 \\'ith the abcn-e ,-alues of m, \vhereas the SU(3) model gives 3.3 fm 2 

at most \vithin the consistency with (r')v2• 

The dependence of ,1! and Q on the strength ,; of one-body ls force is shown 

m Fig. 9, \Yhere m is fixed at 0.60. A calculated value of p agrees \vith exper

imental data consisten1ly with the spin-orbit splitting, if ~ is chosen bet\veen 2. 
and 4. MeV. Tn the same range of ,;, the calculated values of Q are almost 

stationary. 

SU(3) '.Code', 

_f, -3 -2 -1 0 I 2 3 4 -4 -3 -2 -1 0 I 2 3 4 
~·----~~·-,--~~------e-n ~------<----+-------+-----~-·--------~,; 

Nilsson Medel LCAO Model 

-1, -3 -2 -1 0 2 L, -4 -3 -2 -1 

fm 

0 I 3 I, 
----·---- ·-

fm 

Fig. JO. The density distributions of the intrinsic states. The values of parameter b are 
1.717 fm and 1.606 fm for the SU(3) model and the Nilsson model, respectively. For 
the SU(3) model (r 2) 1i' is fitted to ~.4() fm, and then Q is 3.3 fm 2 • 5=3.34 fm is taken 
in the present calcubtion. 

Bernheim et al. 22l h2ve measured the elastic charge form factor up to q2 =9. 

fm- 2 • As sho,\·n in Fig. 11, the present calculation achieves an O\Terall fit to 

the experimental data as well as that of the SU(3) model and th.e P.H.F. calcula

tion by Bouten et al., 5l whereas the extended Nilsson model by Slight et al. 4l 

has discrep0ncy at high momentum transfers. A failure of Kunz's classical a
particle modeln is found to be due to 011 assumption of too large a deformation 

0nd due to a disregard of an overall antisymmetrization, as is clearly seen in Fig. 

11. The differences among the moclels are intuitively understood by inspecting 

charge densities of the intrinsic states, for in strongly deformed nuclei, the concept 

of intrinsic state is good. Comparisons of the charge densities are made in Fig. 

10. The pres'='nt result is quite similar to Bouten's. Higher order deformations 
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878 S. Okabe, Y. Abe and H. Tanaka 

should be added to the Nilsson potential. 

As shown in Fig. 12, the present calculation reproduces experimental data 

on the inelastic form factor to the 5/2- level at 2.43 MeV,''· 24'' 25' and also the 

experimental transition probability B(E2). 19'' 25' Inelastic scattering to the 7/2-

level at 6.76MeV has hardly been measured since Nguyen Ngoc et al!5l The calcu

lated form factor is in good agreement with experiment. In the SU(3) model 

the form factors and B(E2) 's cannot be explained at the same time, even if with 

effective charges. The present model predicts fairly strong inelastic scattering 

to the 9/2- level, which is forbidden in the usual shell model. The calculated 

form factor is also shown in Fig. 12. Unfortunately experimental data are not 

available yet. 

J' EX EXP. PRESENT SU(3) 

Meyer-Berkhouf ef of. 
Bernheim ef ol. ('671 

Bernhe1m ef of. ( '691 

12 

I 

IF~~ 

10 
I SJ2 (s.) 

,, 
34.8(31.0wl 281 8.8 •• 1 

b) (25.0wl ( 7.9wl 

-- PRESENT(GCMI 

-4 
10 

I 
a-Porficle Model !S~Sm1nl 

a-Particle Model (S~4.6fml 

IQ•L---~~~~~--~~~-~~~~--~~ 
0 2 3 4 56 7 89 

q'(fm21 

Fig. 11. In the upper part, elastic charge form 

factors are compared among several micro

scopic models, and in the lower the classical 

a-particle model'' is compared with the pres

ent calculations. The solutions with param

eters SETI are used in the present calcula

tions. PRESENT (Sm1n) is the adiabatic 

solution at an energy minimum point. The 

value S=4.6 fm is determined by fitting the 

moment of inertia in the classical a-particle 

model. 

3/z .... s;z 27.7!24.8wl ,, 
128(114wl 13.5 2.9 r.,.. . .,.r. 7!2 (!;~) bl *I 

2 • 'I~ . E
4 

9.618.6wl 

(12.0wl (2.6wl 

10 
597. i ~ j Sj,[fm~ - (27.1w) 

0. 

3 t 'l 
3/z-. 'l'z ~-

2 ±.r·li; f 1' . j 

16 

Lt 

l 
Nguyen Ngoc ef ol. ~~T 

'- --~~--B~ern~h-elm~el-ol.-(~'67~1--~ Slight el ol. 

--- PRESENT (SET!) 

.. SU (31 Model 

2 3 4 5 6 7 Bq2 

11m2 I 

Fig. 1~. Inelastic charge form factors and electric 

transition probabilities. W denotes the Weis

skopf unit. a) Ref. 25). b) Ref. 19). 

*' Data deduced from T,=0.082eV, Ex=6.4 

MeV in Ref. 29). 
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The Structure of 'Be Nucleus by a ~~1olecular i11odel. I 819 

§ 6. Conclusions 

The molecular-orbital model has been extended to the odd-A system 9Be. 

The motion of the valence neutron is described in terms of the LCAO and the 

relative motion of two a-clusters is dealt with by the GCM. The H.F. calculations 

have shown that both normal and non-normal parity states have stable a-cluster 

structures and that the latter has larger cluster separation than the former, which 

means the degree of clustering in 'Be depends crucially on motions of the valence 

neutron. 

Corresponding to motions of the Yalence neutron, seyeral bands haYe been 

obtained "With quite good K quantum numbers. The present investigation has pre

dicted a stable 9/2- member of the K" = 3/2- ground rotational band, which has 

not yet been observed experimentally. A K" = 1/2- band has been also predicted 

in a good rotational sequence, "Which is a different situation from the shell model 

prediction. Only the 1/2- member has a corresponding level established experi

mentally at 2.78 MeV. 5/2- and 7/2- members have candidates in 'Be or in 

'B, but a 3/2- member has no evidence except strong magnetic transitions to 

5 MeV region. The present calculation has predicted a reverse order o£ 5/2-

and 7/2- le,·els to the prediction of the P.H.F. As for the non-normal parity 

states, experimentally observed 1/2 1
, 5/2 1

, (3/2) ~ levels have been reproduced 

at fairly good positions and will be improved by using a wider model space. 

The present calculations have quite well reproduced the static properties o£ 

the ground state, that is, the r.m.s.-radius, the quadrupole and the magnetic mo

ments. The enhanced electric transitions and the charge form factors for the 

members of the ground rotational band have been reproduced very well, whereas 

they cannot be explained by the SU(3) model consistently. 

It is concluded that the molecular model is quite successful in explaining not 

only the ground rotational band but also all the observed levels up to about 

11. MeV of 9Be systematically, on the basis of a simple and intuitive picture. 

Analyses of the other electromagnetic properties and particle decay \viclths will be 

given in a forthcoming paper. 
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Appendix 

The basis ~wave functions in the present calculations arc linear combinaticms 

of atomic orbitals, which are expressed, for example, as I nlm, A), a harmonic 

oscillator ~wa\·e function around the point A. The axial symmetry is conserved, 

but the parity is not neccessarily conserved in the intrinsic states of 9Be and 

therefore the bases are labelled as rPn!C(nl, AS;:,) or (nl, Al';:z) corresponding 

to the parity conserved case, C~" groups, or the parity non-consen·ed case, C,~ 

group, respectiYely, where A, S, Q and r arc the projection along the symmetry 

axis of the orbital angular momentum, o£ the spin, of the total angular momentum 

and a suffix to distinguish the states Ylith the same quantum numbers respectively. 

In a parity conserved case, ~we obtain 

(Os, 0 1/21/2) =N1(10s0, A)+ IOsO, B)) 12'=1/2 ;:,=1/2). 

(Op, 0 1/21/2) =N,( (IOpO, A)~ [OpO, B)) [1/21/2) 

~ X,1l ¢u,. (Os, 0 1/2 1/2))) 

cp112 - (Os, 0 1/2 1/2) = N, (I OsO, ~il) ~I OsO, B)) I 1/2 1/2), 

¢'112- (Op, 0 1/2 1/2) = N5 ( (I OpO, 11) + I OpO, B)) I 1/2 1/2) 

(Os, 0 1/2 1/2))), 

0S312 (0}', 1 1/2 ~ 1/2) = N 8 ( i OjJl, ~1) +I 0},1, B))] 1/2 ~ 1 etc. 

In a parity non-conserved case, \Ve obtain 

¢11,, (Os, 0 l/2 1/2) = N 11 OsO, ~1) I 1/2), 

(Os, 0 1/21/2) =~V'(IOsO, D)ll/21/2)--l"l 

rP312 , (OjJ, 1 1/2 ~ 1/2) = l'vT'[ Op1, "-1) 11/2 ~ 1/2), 

(A·1) 

(Os, 0 1 12) )) , 

(OjJ, 11/2 ~1/2) =N 8 (I0JJ0, B\l1/2~1/2)~t'j (0;', 11/2 ~1/2))), 

etc. 

The .LV/s and Ni's are normalization cmstcmls and the 'sand 

cients in the Gram-Schmidt orthononnalization pPJcedure. 
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