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THE SUM OF THE RECIPROCALS
OF A SET OF INTEGERS WITH
NO ARITHMETIC PROGRESSION OF k TERMS!

JOSEPH L. GERVER

ABSTRACT. It is shown that for each integer k > 3, there exists a set S, of
positive integers containing no arithmetic progression of k terms, such that
2Z,es, 1/n > (1 — e)k log k, with a finite number of exceptional k for each
real ¢ > 0. This result is shown to be superior to that attainable with other
sets in the literature, in particular Rankin’s sets @ (k), which have the highest
known asymptotic density for sets of positive integers containing no
arithmetic progression of k terms.

Let S, be any set of positive integers which contains no arithmetic progres-
sion of k terms. Erdés and Davenport [1] proved that for any such S,

ll;llglf | Sk n[l,n]l/n =0,

where | X | denotes the cardinality of X, and [, n] the set of integers from 1 to
n inclusive. More recently, Szemerédi [2] proved that

"lgngk Nn[1,n]|/n=0.

On the other hand, it has been shown by Behrend [3] and Moser [4] in the
case kK = 3, and by Rankin [5] for all kK > 3, that there exist sets S,, with no
arithmetic progression of k terms, such that, for all positive integers n,

S« n[1,n]| >n exp[ —c(log n)b]

where b and ¢ are positive numbers which depend on k& but not on n.

These results have led Erdos [6] to conjecture that X, s, 1/n must
converge. If this conjecture is true, then for each k > 3, there exists

A, =sup > 1/n.
all S, nes,

For suppose A, did not exist for some k. Let S, (1) be any set of positive
integers containing no arithmetic progression of k terms, and, for each integer
m > 1, let g, (m) be the least integer such that
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> I/n> 2 (1/m)-1
ne S, (m)nl1, a,(m)] n€ S (m)
and let S, (m + l) be any set of positive integers with no arithmetic progres-
sion of k terms such that

>  1/n>loga(m)+log2+ vy +2.
neS; (m+1)
Then U,,, = Ug.S:(m) N [l, a(m)] has no arithmetic progression of
k + 1 terms, yet 2, 1/n diverges.

When Erdos made this conjecture, the best lower bound known to him for
A, was 1k log 2, based on the theorem that 2* consecutive integers can be
partitioned into two sets, neither of which contains an arithmetic progression
of k terms [7]. We will prove here that 4, > (1 — €)k log k, for every ¢ > 0,
with a finite number of exceptional k for each e.

THEOREM. For every ¢ > 0, there exist, for all but a finite number of integers
k > 3, sets S, of positive integers, containing no arithmetic progression of k
terms, such that 3,5 1/n > (1 — e)k log k.

PROOF. Let Z * be the set of positive integers. For any prime p, let

S,=2Z*—{(m3i,jeZ%jp'-p~'+1<n< jp'}.

Then S, contains no integers divisible by p, so by the Chinese remainder
theorem, it contains no arithmetic progression with p terms, provided the
intervals between the terms are not divisible by p. For any positive integers i
and m, such that m < p’, we have S, N {n: n=m mod p'} equal to
{p'(n — 1) + m: n € S,} if mis an element of S, and equal to the null set if
m is not an element of S,. Therefore, one can prove, by induction on i, that S,

contains no arithmetic progression with p terms even if the intervals are
divisible by p. Now

llﬁ 0 p _ 1 ipi+l_p1 1
» >1+2( - ) s L

nes, i=0 n=pi+1
But
pi+l_pl p"”—l p—1
n=p'+1 n n=p’ n p n=pi*l_pit1 4 P
so _ A
1 (p-1Y\ 1 (p—-1\ &(p-1 ‘
S LorrosS (L) - A5 E(57) -2
nes, i=o\ P P15\ » i=o\ p’
p—1 2
— 14 plogp — - > plogp — ——.
plogp 7 —1 P —p 1 plogp p—

By a theorem of Huxley [8], there always exists a prime between k and
k — k*/%. Therefore, if p is the greatest prime less than k then X, 51 /n >
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(1 — e)k log k, with only a finite number of exceptional k for each ¢ > 0.
Q.E.D.

One might think that this result could be improved by using Rankin’s sets.
However, that is not the case, because Rankin’s constant ¢ depends so
strongly on k. Indeed ¢ > %\/E log k, and b > log 2/(log k + log 2). It is
not difficult to show that if R, is a set of positive integers, and

|Re N [1, n:H <n exp[ - %\/% log k(log n)'°32/('°‘k+l°‘2)]

for all n, then ¥, 1/n is bounded from above by a constant which does
not depend on k. For

2 1/n<1 +fwx'l exp[ - %\/? log k (log x)'°82/(|ogk+logz)] b
1

nERk

1+ f K CXP[— %\/? (log k) ul°82/(logk+l°82)] du
0

—(log k +1og 2) /log 2 .

1+ (% Vk log k) A exp| — u'os/Uesk+log D] gy,

But [} exp[ — uloe2/ogk+loe D] gy < |, and
P exp[ — ulos2/togk+108D1 gy < [Zexp[ —2logu + a] du= e°,
P 1

where a is a constant, depending only on k. We can solve for a by finding the
maximum value of 2 log u — u'°82/Uogk+log2) [t tyrns out that

2(log k + log 2 log k + log 2
o= 2o 2% OBX T OBZ ) tlog2— 1.
log 2

log 2

Therefore,

—(log k +log 2) /log 2
S /n< i+ (3VE logk)

ne€ R,

29~ (log k +log 2)/log2

+

le—\/E(logk)ez( log 2 )

log k + log 2

If one considers this expression as a function of a real variable &, then it is
continuous for k > 3, and tends to 1 for large k, so it is bounded from above.

It is evident that the problem of maximizing X, 1/n (or, since it is not
known that this sum always converges, maximizing 3, ¢, 1, 1/ 7 for large
m) is by no means equivalent to that of maximizing the asymptotic density of
S, which is to say, maximizing Z,c, 1., | for large m. It might turn out
that it is easier to find an upper bound on X, c5 . 1/n than on
2, es.nnml directly; that is, the best way to prove that 3,5, 1/n converges
might be to prove that it is less than a specific value. A possible approach
might be as follows: The set S, = Z* — {n: 3i, j, jp' = p'~'+1<n<
Jp'} can be constructed inductively; n € S, if and only if the union of {n}
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with §, N [1, n — 1] contains no arithmetic progression of p terms. This is a
poor way to construct sets with high asymptotic density, since no account is
taken of the possibility that by omitting an element at some point, it might be
possible to include two extra elements later. In the case of sets S, with high
2,es, 1/n, however, there is a heavy penalty for postponing the inclusion of
an element, so the set S, defined above may indeed be maximal when k is
prime. Indeed, I have been unable to improve on it even marginally. Clearly
this set does maximize X, 1/2", over all S, and it might be possible to
extend this result to 3, o s, f(n) for other f(n), evenif not to 3, s /n. If one
could prove that 3,5 1/n log log n always converges, then this would
suffice to show that the primes contain arithmetic progressions with an
arbitrary number of terms.
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