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THE SUPPORT OF MIKUSINSKI OPERATORS
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ABSTRACT. A class of Mikusifski operators, called regular operators, is
studied. The class of regular operators is strictly smaller than the class of all
operators, and strictly larger than the class of all distributions with left bounded
support. Regular operators have local properties. Lions’ theorem of supports holds
for regular operators with compact support. The fundamental solution to the Cauchy-
Riemann equations is not regular, but the fundamental solution to the heat equation

in two dimensions is regular and has support on a half-ray.

1. Introduction. One of the difficulties in working with Mikusiriski operators
is that they are defined globally, and except for those operators which can be
identified as functions, measures, or distributioﬁs, their local properties are not
known. There are some Mikusidski operators which are not distributions but whose

local properties are rather intuitive. For example the series

1 @ = S

is convergent in the field of operators and it seems reasonable that since each of
the operators s” is a distribution which is zero on the complement of the origin,
the operator @ should have zero for its support.

For other operators the local properties are not at all intuitive, for example

the fundamental solution for the Laplacian

(2) VA =1/(s] +s2)
or the fundamental solution for the heat operator
(3) 1/0 = 1/(5% —52)‘

In this paper we define a subalgebra of the field of operators which is called
the algebra of regular operators. Regular operators have local properties. For
example each regular operator has a well-defined support. Every function or dis-
tribution with support in a region RIZ = {x] x;>a., i=1,-00, N} for some a € RV
is a regular operator. There are other regular operators; (1) and (3) above are

regular but (2) is not.
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320 T. K. BOEHME [February

A sequence of continuous functions with compact support is said to be an
approximate identity if it tends to the 8 function in ‘‘nice’’ manner (Definition

2.6). An operator a is regular if for some approximate identity ¢, n=1,2,..-,
w=f1/by =/ by = =] P =

where the / are continuous and have support in some fixed RIZ.
In §2 the Mikusidski operator calculus is developed for RN, This is carried
out in detail since the notation for the N-dimensional calculus is not standardized.
§3 contains the explicit statements of what is meant by statements such as

“‘the distribution T is in the field of operators’” or ‘‘the operator s is the deriva-
tive of the & function.”’ This is also done in rather great detail since although
the terminology has standardized for N =1, following Wloka [6], it has not stan-
dardized for N > 1.

$4 contains the basic theorems on regular operators. It is shown that the

operator
{(1/4/1) sin (l/t)}-1

and the fundamental solution for the Cauchy-Riemann operator s, + is, are not
regular operators.

In §5 we discuss the restriction of operators to open sets.

In §6 the support of regular operators is discussed. Lions’ theorem on the
support of convolution products for distributions with compact support ([3] and
[4]) is extended to regular operators with compact support.

The last section contains some examples. The operator in (1) above is shown
to be regular and to have the origin for its support. It is shown that ie™S isa

regular operator and that its restriction to >0 is
61/41/2\/771’3.

It is shown that the fundamental solution for the heat operator in two dimensions
, = 0.

Acknowledgement. I would like to thank Professor Melvin Rosenfeld for many

((3) above) is a regular operator and its support is the half-line x, >0, x

helpful discussions while this paper was being propared.

2. Notation. We shall construct the field of Mikusidski operators on RN. For
any n-tuple a =(a,, .-, aN)eRN lee RN —{x| xRN, x = Geppeeey g, >a;
for each i =1,---, N}. C(RN) is the space of continuous functions on RN. The

support of f € c(RM), supp f, is the closure of the set on which [ is not zero. The

space of operators is constructed -using the convolution algebra C(RM) = C where

C(RrN) = {/: /e C(RN) and supp [ € RIZ for some al.
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1973] THE SUPPORT OF MIKUSIIQSKI OPERATORS 321
The convolution of { and g in C(RN) is denoted by juxtaposition; thus the func-
tion 7 = fg is given by

rx) = (fg) (x) = fiol(x — Dglt)dt

=f°° ...f:o/(xl R N 7 ) {CTREEI ST /NN
for each x € RY. For each [ €C the support number of f, alf) = (o) (), -y ay(f)

eRN is an n-tuple with the ith component of a(f) being the number

ai(/)=Sup{ti:xi§zi, xz(xl"'"xi"“’xN):/(X):O}-

Alternatively a is the unique n-tuple such that supp / C RIZ(/), but if B is
greater than a in some component then supp / is not contained in R%.

The support vector of € C is such that —oeo < ai(/) Kooy i=1,---, N if f
is not the zero function and a,(0) = for i=1,---, N. Let [s] denote the con-
vex hull of the set §. If § is a closed subset of RIZ for some a, the convex cap

of §, C(S), is defined by
C(S) = ix: Ix, € [S] such that (x —xo)i >0 forevery i=1,.--, N}

For example if § is the unit circle with center at the origin then

\\ \
NN

QDAY

where C(S) is the region.
A theorem of Mikusidski [4] states

Theorem 2.1. If [ and g are in C then Clsupp fg) = C(supp f) + C(supp g).

Here the + means the algebraic sum of the two sets in RN, Two corollaries

are
Corollary 2.2. a(fg) = alf) + alg).
Corollary 2.3. C has no divisors of zero.

The field of operators MRN) =M is the quotient field of C. The support
number & can be extended from a homomorphism on the multiplicative semigroup
of C to the reals to become a homomorphism on the multiplicative group of M o

the reals by the following definition.
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322 T. K. BOEHME [February

Definition 2.4. Let a be an operator and suppose a = [/g where f¢C, geC,
and g #0. Then ala) = a(f) - alg).

Let /l/g1 be another representation of the equivalence class a. Then
/1/31 = {/g implies {18 = /g, and, by Corollary 2.2,

alf,) + alg) = alf) + alg,) or ~alf,) - alg,) = alf) - alg).

Thus Definition 2.4 is independent of which equivalence class is used to repre-
sent a.

If N=1, b is the function which is equal to 1 for x >0 and hlx) = 0 for
x<0. Then b is not in C but b convolution with itself twice and three times is
in Cand b =h>/b? is in M. The operator § = b= is the differentiation operator,

-as

and e is the translation operator

e~ % ={f(t - a)} for a € R'.

For a =0 the translation operator is the identity operator which will be written
either as 1, 1(x), 8, or 8(x); 1 = [/f=8.

Definition 2.5. Let a € T(R¥) and & € M(RY). The tensor product c =a ® b €
M(R**Y) is the operator

0y, o, X )y s oo ey xk+l)}

ggl(xl’”"xk)gz(xk+1""’xk+l)}

where a = [,/g, and b={,/g,.

This definition is again independent of the particular representations f,, g,
and f,. g, used for a and b.

In particular, we shall use the notations x = (xl, Xosrron X, q2 X pqe e ’xk)’

(x) = hlx ) ®5(x') and s, (x) = s(x ) ® 6(x! ) Thus for f¢€ G(RN) we have
b = [T )
and, for { such that 9f/dx, € C(RN),
sl./'(x) = a/(x)/axi.

If for example [ is a continuously differentiable function in RSJ and [ is zero

outside Rg] then

5. =101/3x} + 1/(0, x)} ®3(x).

By S(e), € > 0, we mean the e-ball about the origin in RN,

S(():{x:x%J, -'~+X12V<(2§.
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1973] THE SUPPORT OF MIKUSINSKI OPERATORS 323

Definition 2.6, By an approximate identity we shall mean a sequence ¢ _,
n=1,2,..., such that all the following are satisfied:

D¢ € CRY), n=1,2,..;

(2) for each €> 0 there is an no(e) such that n > n; implies supp an C Sle);

(3) ¢ _(x)>0 for all x € RN and forall n> 1;

(4) fRN ¢n(x)dx =1 for all n

This is an approximate identity in the sense that for any f € C(RN) the con-
volution products ¢"/ — [ uniformly on the set S = {x: x; < ai§ for each a € RN,

3

Professor Mikusidski calls such a sequence a ‘‘delta sequence’’.

3. Embeddings in J. There is a natural embedding of CRM) into MRM)
given by
g1 C(RN) - MRrM), i = a where a,= [D/b.

Here ¢ € CRN) is an arbitrary but fixed nonzero function. We will make the iden-
tification complete and ordinarily write f € M.

Besides C, ) also contains subalgebras which may be identified with alge-
bras of locally integrable functions, Baire measures and distributions.

A. Locally integrable functions. A function [ is said to be locally integrable
in RN (functions which are equal up to a set of measure zero are identified with
each other) if [ is integrable on each compact subset of RN. For each b e e

which has compact support and each locally integrable /,
[ * dlx) = f N/(x — D(t)de

is a continuous function in RN, If fe€ L1 (RN) we will say € M if there exists
an a € M such that, for each ¢ € C(RN) W1th compact support, ac € C(RN) and
[*¢=ap.

A necessary and sufficient condition that a locally integrable function [ be
in W is that, for some a € RN, {(x) =0 a.e. in the complement of R’Z. The con-
volution algebra of such functions is called £(RN). For any ¢ £0, ¢ e CRN),
the mapping f—(f * $)/¢ is an algebraic isomorphism of LRN) into MRN). The
mapping is independent of .

In fact the quotient algebra of £ is the same as that of C. The only thing in
the above which we shall prove is the statement that [ ¢ m implies f¢€ £. The
rest of the statement is very well known.

Let ¢ be an approximate 1dent1ty and suppose f €M then [ * qS an €
C(RM) and the support vector of a¢_

alag ) = ala) + alg ) — ala) + (0, 0,---, 0) = ala)

as 7 tends to infinity. Thus for any € >0, ap_ (x) = 0 outside RY But

a(a)-€g*
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324 T. K. BOEHME [February

since ¢_ is an approximate identity for each compact set K, [ * gbn — [ in L(K)
as n — o, Thus on any compact subset of RN disjoint from Rg(a)—eo’ [ must
equal zero except on a set of measure zero. Since this is true for each ¢; > 0 and
for each compact K, { must equal zero almost everywhere outside RIZ(Q). Thus

f € £RM).

B. Locally finite measures. If p is a locally finite Baire measure on RV,
then, for each ¢ € C(RN) with compact support, ¢ * pulx) = fRN Hx — 1) dplx) is a
continuous function on RN, We say p=4ae€ M if, for each ¢ € C(RM) with compact
support, ¢ * p = ach. Again we have

A necessary and sufficient condition that a locally finite Baire measure p be
in M is that p have support in R’; for some a € RN. The convolution algebra of
such measures is denoted BRN). For any nonzero ¢ € C(RN) the mapping p —
(u * #)/& is an algebraic isomorphism of B into M which takes C onto C and
£ onto £

Again the only part which needs proof is the statement that p € m = supp
is contained in RI;’ for some a. Since the proof is identical to the proof of the
analogous statement for distributions we shall postpone the proof to the discussion
of distributions. We shall instead give an example.

Let I be a smooth rectifiable arc in RN which is contained in RIZ for some

a. By by we mean the measure of arc length on I, i.e., for f€ C,
b/ () = fr [ (x - t(s))ds.

Example. Suppose y, >0 for i =1,---, N and that 211 yf =1. Let T" be
the half-ray

I'=ix|x,=y,t,t>0,i=1,2,---, N}

We shall show that
bp=1/(y;s;+---+ YNSN):

Let H be the characteristic function of the set RSJ; then He &, hpH € ® and
boH&) = [[ HG - ds)ds

Min, _ . [x/'}'.]
I<i<N
=f i vt ds, «x¢€ RN,
0 0
Thus

j{ 1 N
brllr\x)z lM}nN[Xi/yi]y x € Ry,
<i<

and

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1973) THE SUPPORT OF MIKUSINSKI OPERATORS 325
bpH(x) =0,  x ¢ RY.

Thus for 1 <j<N, y].s].er(x) =1 in the set S, = {x| x]./y]. =Min, _,y [xl./yl.]}
ﬁRg’ and y].s].er(x) =0 in the complement of S].. Thus

N
Z yisibr H(x) = H(x)

i=1

for all x and thus

which is the desired result.

C. Distributions. If T ¢ D'(RN) is a distribution, ¢ is infinitely differenti-
able and has compact support, then T * ¢ is an infinitely differentiable function
on RN, We say T =a e M, if, for each such ¢, T * ¢ =app. T e D'(RN) is in
MRNY if and only if supp T C RIZ for some a. This set of distributions will be
denoted by .(Dl (RM). It is a convolution algebra and for any fixed nonzero infinite-
ly differentiable ¢ in C(RN) the mapping T — (T * §)/¢ is an algebraic isomor-
phism of .(D'+ into M which sends C onto C, £ onto & and B onto B.

Again ED; (RN) has no divisors of zero and its quotient field is MRM).

We shall prove that if T € MRN) then supp T C RIZ for some a. Let an be
an approximate identity which consists of infinitely differentiable functions. If
T=ael then T * <;bn =a¢", n=1,2,--., and support vector of T * gbn is
ala) + alp ) which tends to ala) as.n — c. Thus for each fixed m, n>m im-
plies supp T * ¢ C Rg(a) +S(e ). Since T+¢_ — T in D'(RN) as 7 — o,

T must be zero in the complement of R[:(a) + S(em) for every n. This means T
is zero in the complement of Rlz(a). Thus supp T C RIZ(“) which proves the

statement,

4. Regular operators. We will say that an operator @ € M(RN) is regular if it
can be expressed in terms of convolution quotients where the denominator is a
*‘delta sequence’’ or an approximate identity.

Definition 4.1. An operator a € M(RN) is regular if for each € > 0 there exists
a ¢ € C(RN) with supp ¢ C S(e), plx) > 0 forall x € RN and fRN é(x)dx = 1 such
that for some [ € C(rM) (f depends on ¢) we have a = f/¢. Thus there is an ap-

proximate identity ¢  such that
a=fy/by=1y/by=- =1/, =

Example 4.2. The algebras C, £, 8, and ‘D',r consist of regular operators,
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since, for any infinitely differentiable approximate identity an and any distribu-
tion T €Dy (RN), T=(Tx¢ )¢ ,all n=1,2,--.

Theorem 4.3. The regular operators form a subalgebra of M which is properly
larger than the algebra fD'+ and properly smaller than n

Proof. Let @ and b be regular operators and let @ and 8 be real numbers.

Ifa=f/p, and b=g /I wehave

ad+Bb:afn/¢n+Bgn/¢ln, n:1:2""5
= a/n¢’n +Bgn¢n/¢n¢,n’ n =17 27 )
and

ab:/ngn/(ﬁn(/[n’ n:l, 2)"'

Thus it is only necessary to show that if q’)n and l/ln are approximate identities
the convolution products (f)nl/I" form an approximate identity.

Properties (1) and (3) of Definition 2.6 are obvious and property (2) follows
from Lions’ theorem. To verify property (4) we can use the fact that fRN Plx)dx = 1

if and only if the Fourier transform (,?5 of ¢ is 1 at the origin. Since

B0 =3 (04 (0) =1,

n n
property (4) is satisfied also.

To show that the algebra of regular operators is strictly between fD'Jf and MM
we will give several examples of operators which are not regular and in $7 we
give three examples of regular operators which are not in fD:L(RN).

Example 4.4, Suppose f{t) = t~"sin(1/t) for t>0 and [(t) =0 for ¢< 0.
Then 1/f is not regular. It was shown in [2] that this function cannot be made
positive by convolution, i.e., there is no nonzero g such that fg is nonnegative.
Thus 1/f # g/¢ for any nonnegative ¢, and 1// cannot be a regular operator.

Example 4.5. Let A = s, + is, be the Cauchy-Riemann operator. If 1/A =
{/bs ¢, f€ C(RY), & # 0, we can assume without loss of generality that f and ¢

are continuously differentiable; thus
af (x, y)/9x + idf (x, y)/dy = plx, y)

for all (x, y) € R%. If supp ¢ C S(¢), then, in the complement of S(¢), / satisfies

the Cauchy-Riemann equation
3f/dx = —idf/dy in x%+y? > ¢

and is an analytic function of z = x + iy. Since f € C(r?), [ vanishes when x
and y are sufficiently negative and thus f(z) =0 in {|z| > €}. Thus the Fourier

transform of ¢ is

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1973] THE SUPPORT OF MIKUSINSKI OPERATORS 327

(1) ) =GE+ &, 7)

where [ is the Fourier transform of /. ¢ and [ are continuous (in fact, they are
entire functions of ¢ and 7), since they are Fourier transforms of functions with

compact support. By (1), #1(0, 0) = 0 and thus
j d(x, y)dxdy = (0, 0)
RN
is zero. It follows that ¢ cannot be a positive nontrivial function. In particular
1/A is not a regular operator.

5. Operators on open sets. We shall use the following two well-known prop-

erties of approximate identities.

Theorem 5.1. Let Q be an open set in RN, let K be a compact subset of Q
ind let | be continuous on . Let ¢n be an approximate identity. For suffi-

ciently large values of n the functions
fé,(x) = fRNf(t)¢>n(x - t)dt

are continuous functions on K and the sequence /¢n converges uniformly to f

on K as n — oo.
Theorem 5.2. Let [ be continuous on RN and suppose supp ¢ C S(e); then
supp f$C supp [ + S(e).
We will now prove the following theorem.

Theorem 5.3. Let a €M, Q C RN open, f e CQ). The following three state-
ments concerning a are equivalent.

(i) There exists an approximate <;bn such that
a=/1/¢1=/2/¢2="' =/n/¢n="" /née(RN)’ n=1,2,.--,

and the functions {,, converge uniformly to [ on every compact subset of ().

(ii) @ is a regular operator and for every approximate identity l/ln such that
a2g1/¢l =g2/l/,2 = =gn/(/,n= Tt gnee(RN)’ n= 1’2,"')

the sequence 8, converges to [ uniformly on every compact subset of (1.

(iii) a is a regular operator with the property that given any compact subset
K of Q and any 8> 0 there is an €, = €,(K, 8) > 0 such that if ¢ € C, supp & C
S(eg), [dpdx =1, ¢(x) >0 forall x and a = {o/ b+ then

Sup |f,0x) - f(x)] < &.
K
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Proof. (ii) and (iii) are clearly equivalent and (ii) trivially implies (i). Thus
it is only necessary to show (i) implies (iii). Take ¢, < (distance(K, oM))/2;
then / is uniformly continuous on the neighborhood K, = K + S(el) of K. Let
8 > 0. There is an €, < ¢

If (x) - /()] < 8. Thus

, such that x, y € Ky and |x —y| <¢, implies

Sup Sup /() -f(y)] <8.

x€K |y-x|<e,
Take eO(K, ) = ¢, and suppose (i) in the theorem is true. Let ¢ be as in (iii)
and let ¢_ be the approximate identity given in (i). Then é /o = #f, and, by
Theorem 5.1, ¢>n/0 tends uniformly on K, to f,. Since [/ tends uniformly on K,
to [ and ¢ has its support in S(¢) we have, on K lim ¢ [, =/, = lim ¢f =/,

fole) = [1 = D0y
for every x € K. Thus

fo0) =[G = [ =0 - [ Geras

and
Sup |/o(x) - f(x)] < Sup  Sup V&) -] <8
x€K x €K lx_y!<3(€)
which proves the theorem.
Definition 5.4. Let [ be a continuous function on an open set {1 C RN, and
let @ be a regular operator. We will say that a(x) equals f(x) on Q, alx) = f(x)

on £, if one of the three equivalent conditions (i), (ii), (iii), of Theorem 5.3 holds.

Theorem 5.5. Let Q be open for each a € A and suppose that g, € C(Q) for
each a € A. Let a be a regular operator such that a(x) = g (x) on Q for each
a €A. Then there is a continuous function g € C(Q), Q@ = U, Q, and for each
aed, glx) =g (x) VxeQ, and alx) = glx) on Q.

Proof. Let ¢ be an approximate identity and suppose that a = f /¢ .
n=1,2,..-. Take a and B in A. We will first show that the restrictions of
g, and gg to Qaﬁ = QaﬂQﬁ are equal. Let K 5 be a compact subset of Q’a,@'

Since

alx) = g (x) on Q. alx)= gﬁ(x) on Q',j,

{, converges uniformly on Ka,B to g, and to gs. Since this is true for every
compact subset of {1, N Qﬁ we have

8alg - .

a Qa[j, gB'“a,B

It follows that the g fit together correctly and there isa g€ C(2) such that
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g|9a= ga Va €A.

Given a compact K C ) we have

and since the sequence / converges uniformly on each K, 1 <i<n, it follows
that / converges uniformly on each compact subset K of Q to g which com-

pletes the proof of the theorem.

Corollary 5.6. If a is a regular operator, Q is open, [ € C(Q), g eC(Q),
ax) = {(x) on Q, and alx) = glx) on Q,

then

fx) = glx) Vxe.

Proof. Take A =11, 2}, @, =Q=Q,, g, = and g, = g in the theorem.

Corollary 5.7. For each regular operator a there is a unique largest open set
(i) on which a is a continuous [unction;
(11) on which a is an infinitely differentiable function;

(ii1) on which a is equal to zero.

Proof. These are all local properties and thus the corollary follows from the

theorem.

Theorem 5.8. Let a be regular and [ € C(RN); then alx) = f(x) on RN if
and only if [ € CRNY and a - /.

Proof. The if part of the theorem follows from Theorem 5.1. We will prove
the only if part. If a = /"/qﬁn for an approximate identity qﬁn, then ¢>na —a in
C(RM) since the ¢>na converge uniformly on compact sets in RN and the support
vectors al a) = al$ ) + ala) — ala) are bounded below which completes the

proof.

Theorem 5.9. If a and b are regular and Q= RN is open, then alx) = f(x)
on Q, blx) = glx) on Q implies (a + b)x) = [(x) + glx) on Q.

The proof is similar to the proof of Theorem 5.3.

6. The support of regular operators. We make the following definition of the

support of regular operators.
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Definition 6.1. If @ is a regular operator then the support of @, supp 4, is the

complement of the largest open set on which a is zero.

Theorem 6.2. An operator bas compact support if and only if there is an ap-
proximate identity such that, for every n=1,2,... a= /n/an and the functions

/n all bave support in some fixed compact set K.

Proof. Certainly such an operator vanishes outside K and thus @ has com-
pact support.
K. i i
Conversely, suppose a has compact support If d)n is an approximate

identity such that
a=f/$ =] /$ , n=1,2, m=12.-,
we have
¢ [ =b [, n=12,-, m=12---,

and if ¢n has support in S(éﬂ), then in the complement of K + S(en) we have
1,6) = lim [, () = lim ¢,/ (x) = 0.

Thus supp f, C K+ S(fn) which proves the theorem.

In fact we have shown that
(2) supp @ + S(en) 2 supp /n

for each ¢n and f , n=1,2,---. Conversely if a has compact support and ¢>0

is any fixed positive number there is an ny = no(e) such that for all n > no(f)
(3) supp f, + S(e) D supp a

since, for any fixed point x € supp 4, there is an n(x;) such that n > n(x;) im-
plies supp f + S(e) contains x,. The compactness of supp a then implies that
there is a single n; = no(e) such that (3) holds for n > n.

We can now extend the theorem of Lions on compact supports to regular oper-

ators.

Theorem 6.3. If a and b are regular operators with compact support then ab

bas compact support and
[supp ab] = [supp al + [supp 5]
where [ ] denotes the convex bull and + denotes the vector sum of the two sets.

Proof. Let a be an operator with compact support. Suppose that ¢n is an
approximate identity and @ = f /¢ _ with supp ¢ C S(fn) then taking convex hulls

in (2) we have

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1973] THE SUPPORT OF MIKUSINSKI OPERATORS 331

(2" [supp al + S ) D [supp /n]
and taking convex hulls in (3) gives
(3" [supp 7,1 + S(e) D Lsupp al

if n is sufficiently large.
Let a={ /¢ and b=g /¥ where ¢ and ¢  are approximate identities.
By (3") we have

[supp ab] C [supp /ngn] + S(e),
C [supp fn] + [supp gn] + S(¢) by Lions’ theorem,
C [supp al + [supp 8] + S(e) + 25(e, ) by 29
for every € >0 when n is sufficiently large. Taking the intersection for all ¢ >0
gives
2" Lsupp ab] C [supp al + [supp &1

A similar application of first (2'), then Lions’s theorem, then (3") and finally

letting € tend to zero yields
(3" [supp al + [supp 4] C [supp abdl.
Inclusions (2”) and (3") yield Theorem 6.3.

7. Examples. Since every distribution with support in RIZ for some a is a
regular operator we shall only give examples of operators which are not distribu-
tions.

Example 7.1. Let a be the operator

g
a = o
k=0 (2k)'

Since the sequence (2k)! defines a class of infinitely differentiable functions
which is not quasi-analytic in the sense of Denjoy [5, Chapter 19, $19.5] there is
an approximate identity <;bn such that, for each =,
(i) ¢, is infinitely differentiable;
(ii) supp ¢ C S(1/n);
(iii) Ezo:l ¢£,k)/(2k)! is uniformly convergent on R

Thus a is a regular operator

o qsilk)(t)
< \E Tl e

and, for each n, a¢vn vanishes outside $(1/n). Thus supp a = {0}.
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Before going to the next example we will make some observations on the con-
vergence of regular operators.
Definition 7.2. Let ays k=1,2,... be a sequence of regular operators. We

will say that a, tends to a (MR) as k — o if there is an approximate identity
¢n, n=1,2,..., such that

ak:/n,k/¢n’ /n'kée,ﬂzl,zy---,k=1,2,"-,

and for each fixed n the sequence fn | converges in € to0 an {, where a _/' /qS

n=1,2,.-- (a sequence g, € G(RN) converges in C if there is a a € RN such

that a(g,) > a forall k and g, converges uniformly on compact sets to g).
Ifa, —»a (MR) then @ is also regular. The following theorem on regular

convergence of operators is an easy consequence of the definition.

Theorem 7.3. Let a, be regular operators which converge to a MR) as
k — . Suppose that for some fixed open set () there are functions g, € c()
such that ak(x) = gk(x) on Q. If the sequence g, converges uniformly on compact

subsets of Q to g then alx) = g(x) on Q.

Vs

In [1] the operator ie’”® is used as a finite part.

FPel/ 4t/ Jusd - zf

Example 7.4. We will show that the operator ie'Vs is regular, that its singu-
lar support (the complement of the set on which it is an infinitely differentiable

function) is the origin, and that
iei‘/;(x) = 6’1/4"/2\/77963 on x>0,

The series expansions

iei‘/.s_— (l-)n+1sn/2 f l)k k . E - 1)k+1$k+‘/z
0 n! 220 (Zk)' T2 —k=0 k1)

are convergent in M and iei/; =a, + a,. The operator a, is essentially the oper-
ator which appears in Example 7.1 and the method used there shows that 4, has
{0} for its support. However, we will use Theorem 7.3 here to determine the re-
striction of @, and a, to Q={x: x £0}.

We will use the fact that, for each &, £=0,1, 2, ...,

sk(x)=0 for x £0,
s/ 200y 1R +3/DPC (R £1/2)) for x >0,

sk+1/2(x)= 0 for x <0.

(These results can be proved directly from the definition; they are proved in [1,
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p- 359, Table of Finite Parts, entry 7, and Theorem 7], since the operators in-
volved are distributions.)

It follows immediately from Theorem 7.3 that
a,(x)=0 for x £0,

az(x) =0 for x <0,

az(x) = E: Dt 1 for x > 0,
k=0 Qk+ 1) xk+3/2F(— (k+1/2))
1 =1 1
= ——— — for x>0,
T 2

el/4x

2\Jmx3

S

for x >0,

az(x) =

Thus the support of ie'VS is the half-line x > 0, and the restriction to x > 0 is

ie“/s_(x) = e 4% /0 [ax3, x> 0.

Example 7.5, Let a = (si - sz)'l be the fundamental solution to the heat
equation in R%. The support of a is the half-line

%3

a=0

> x; 20, x, = 0.
supp 4 x

Since a = bf/(l - szbf) = bi 2;:0 s’z"'bfk, we will take an approximate identity
¢n(x1, xz) = 'I/n(xl)!/ln(xz) where l/ln is an approximate identity in one variable.
By the Denjoy-Carlemann theorem [5, p.376] we can pick x/ln such that

(1) ¥ has support in (-1/2, 1/n),

(2) ¢ is infinitely differentiable,

(3) For each n, [(Max Il/l;k)(x)[)/(Zk)!]l/k — 0 as k — oo,
Then

a¢n _ E l,[l;k) ®b2k+2l/ln
n:o

is uniformly convergent on R? to a continuous function with support in
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x|x, > 1/n, |x,| <1/n}. Thus
supp a C {x| x,20, x, = o}.

Since given any neighborhood of a point on the positive x;-axis there is a suffi-

ciently large n such that ad)n fails to vanish in that neighborhood we have

supp @ = {x| x, >0, x, = 0}.

Added in proof. In On power series in the differentiation operator, Studia
Math. (to appear), it is shown that every power series x = 2 Ans" which converges

in the usual convergence in Mikusinski operators represents a regular operator

and supp a = {0}.
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