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ABSTRACT. This paper investigates the 3j; complex of Kohn and Rossi on
the unit sphere in complex n-space (considered as the boundary of the unit ball).
The methods are Fourier-analytic, exploiting the fact that the unitary group U(n)
acts homogeneously on the complex. We decompose the spaces of sections into
irreducible components under the action of U(n) and compute the action of 35 on
each irreducible piece. We then display the connection between the 35, complex
and the Dolbeault complexes of certain_line bundles on complex projective space.
Precise global regularity theorems for 8, are proved, including a Sobolev-type
estimate for norms related to 3. Finally, we solve the 3-Neumann problem on
the unit ball and obtain a proof by explicit calculations of the noncoercive nature
of this problem.

I. INTRODUCTION

The tangential Cauchy-Riemann complex, or -éb complex, is a complex of dif-
ferential operators living on the boundary of a complex manifold which arises as
follows. Let M be a complex manifold of (complex) dimension n with smooth
boundary bM, embedded in a slightly larger open manifold M'; we assume bM is
defined by the equation R = 0 where R is a ™ real-valued function on a neigh-
borhood of &M with R < 0 inside M, R > 0 outside M, and dR £ 0 on bM. Let
A" be the vector bundle of differential forms of type (i, j) on M', and let Aij be
the sheaf of germs of sections of AY over M which are smooth up to the boundary,
i.e. which are restrictions of smooth sections over M'. Since gR £ 0 on bM, the
set of all £ ¢ GBi].Aij}bM of the form &= 6 A JR is a subbundle of ‘@i].Aiqu
which we denote by I(JR) (for “‘the ideal generated by JR’’). Let B/ be the
quotient of A¥7|6M by (A"|bM) N I(R), and let BY be its sheaf of germs of sec-
tions. Then if gif denotes the subsheaf of 4’7 consisting of germs of sections
whose restriction to bM lies in I(JR) (so in particular C?% consists of germs of

sections of A%° vanishing on bM), we have the exact sequence
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(1) 0— C— Al , BT, 0,

The sheaves Aij form a complex via the Cauchy-Riemann operator 9:

(2) O—béio—f—-»z_‘l“—a»---a—»éin—»o.
Since d(u A AR) = du A R, HC') C C*U* 1), Therefore, by the usual diagram
chase, there is induced from (1) and (2) a complex

9% 1 % %% i(n—1)

(3) 0— B, B —— s — B — 0,

the ab complex. It is easily seen that the 8 complex is independent of the
choice of R, up to isomorphism. Although the F} complex is elliptic, the 6 com-
plex is not; in fact, the cotangent vectors i3 - IR are characteristic at each
point.

We assume from now on that M’ carries a hermitian metric. We denote the
pointwise scalar products with respect to this metric by pointing brackets ()
and the global (integrated) scalar products by round brackets (, ); thus (z, v) =
[(u, v). We further denote the L2 norms with respect to (, ) by || | and the
Sobolev s-norms by || || .

B may now be identified with the (pointwise) orthogonal complement of
I1(3R) in A")bM, and the operator ab is defined as follows. If « € ['(BY) (" will
always denote spaces of global sections), let #' extend u smoothly to M'. Then

’(JH), and this definition is

6bu is the orthogonal projection of du/|bM onto B
independent of the extension u'. We may also define the formal adjoint bb of d,
by (b, 4, v) = (%, 3, v), which yields the adjoint complex

L
and the Laplacian Db = gb bb + bb 5&;'

The tangential Cauchy-Riemann operators were studied by H. Lewy [10] in
the case 7 = 2 in connection with the problem of finding a holomorphic function
in a region of C? with given boundary values. This work was later extended by
Kohn and Rossi [9], who formalized the notion of "5b complex.” Meanwhile,
however, Lewy had been led by his work to the discovery of a smooth differential
equation which is not locally solvable [11], which has had vast repercussions in
the theory of partial differential equations (cf. Tréves [16]). In fact, Lewy’s
example is the é_b operator for a certain strongly pseudoconvex domain in C?,
and it can be shown from Hormander’s criterion [16] that the 9, operator for any
strongly pseudoconvex 2-manifold is not locally solvable.

If M is compact, the E?; complex on &M is intimately connected with the

9-Neumann problem on M. A form u € T'(A") is said to satisfy the 3-Neumann
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boundary conditions if ulbM € T(B*) and 5u|bM e (BIU*1), A simple argument
by Stokes’ theorem shows that these conditions are equivalent to the requirement
that (z, v) = (Bu, v) for all v e AU -Dy and (Qu, dv) = (59w, v) for all

v € T(A%), where b is the formal adjoint of 9. If we form the Laplacian [ ]=

9% + 99, the 9-Neumann problem can be roughly stated as the problem of solving
the equation [ Ju = v where u satisfies the 9-Neumann conditions. More precisely,
the restriction of [_] to the space of forms satisfying the 9-Neumann conditions
is a positive hermitian operator which has a natural extension (the Friedrichs
extension) to a selfadjoint operator; the 9-Neumann problem is the analysis of
this operator.

The 9-Neumann problem is a noncoercive boundary value problem; that is,
one does not have the estimate “u“§+2 < c("Dqu + ||u||§). However, Kohn [6]
(cf. also Kohn and Nirenberg [8]) has shown that under suitable pseudoconvexity
conditions, the estimate ||u||§+1 < (|| z + |l z) holds, and that in this case one
obtains existence and regularity up to the boundary, hypo-ellipticity, finite-dimen-
sionality of the harmonic space, and other nice properties. In particular, this
leads to a Hodge decomposition for the E) complex, which has important applica-
tions to the theory of several complex variables.

The gb complex is the boundary complex associated to the d-Neumann prob-
lem in accordance with Spencer’s general theory of Neumann problems for over-
determined elliptic systems (cf. Sweeney [15], also Kohn and Rossi [9]).

The 56 complex is important for another reason. Under suitable pseudocon-
vexity conditions, the Laplacian E'b has been shown by Kohn {7] to satisfy the
I/ estimate’’ Hu“; < C((Db u, u) + flu 9, Operators satisfying such ‘‘subelliptic”’
estimates have many of the qualitative properties of elliptic operators, such as
regularity of weak solutions and compactness of the Green’s operator (cf. Kohn and
Nirenber g [8]), and they have recently attracted considerable attention from
Hérmander, Egorov, and others. Db is the best-known example of these opera-
tors and is thus a good starting point for work in this area.

It is our purpose here to investigate in detail the case M =B, =
tz € C™:|z| <1}, bM =S =1z € C":|2z| = 1}. In this situation the d, complex
has an added significance: it is the prototype example of the *‘transversally

elliptic’’ operators currently being studied by Atiyah and his coworkers. An op-
erator on the manifold X is said to be transversally elliptic with respect to a
group action on X if it commutes with the action, and the cotangent vectors
orthogonal to the orbits of the group are noncharacteristic. In our case, the circle
group S, acts (as a subset of C) by scalar multiplication on §,» and the charac-
teristics are precisely the cotangent vectors to the orbits of this action.

We shall restrict our attention to forms of purely antiholomorphic type, i.e.
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86 G. B. FOLLAND [September

i = 0. All the essential features of the sitation are present in this special case,
so we will lose no interesting information while gaining considerably in notational
simplicity~a boon for which the reader will soon have cause to be grateful. In any
event, it will be clear how to modify our procedure to obtain analogous results for
> 0.

Let us take a closer look at the operator 517 on § . We take R =r~1, where
r=Q2%z, Ea)% is the distance from the origin. Let [ € I{B?®) be a function on
§,» and let /' extend f to C”. Then d,f is the restriction to S_ of

5/' - ((5/ ' 9r)/(dr, r)) ar
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since (dz, dz,) = 28 ,,. When we restrict to S _, of course, we may neglect the

factor of rZ.

In particular,

R

8bzi=dzi—zi zadzazdzi—Zzlar.
a=1

The forms 5 Z,; will be of fundamental importance, and we denote them by Ci'
Since {dz,,-l Ao A dz; ; i;<eee< i} is a basis for A% at each point,
{{ Ao A C . --< z]} spans B 07 at each point. It is not a basis, of

course the ¢ 5 sausfy 37z ;6 =0.
We can now write down the general formula for (9 For functions, with f, /'

as above,

d - -
b/Z/d Zzzaa—z/a- i

,4a

Do/ SR

i,a

=238_sz (dz-i - zi;za d5a> Z a/ 4

ab now extends as a derivation in the usual way:
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where /| extends |,

Ourl;ro;ram will beztlo rr:ake a detailed study of the ab complex by exploiting
its symmetry with respect to the unitary group U(n). The sphere S, is a homo-
geneous space, S = U(n)/U(n - 1), and all the vector bundles B% are homoge-
neous bundles since U(n) commutes with d and preserves the radial function r.
For the same reason, U(n) commutes with 6 We will therefore obtain information
about 8 by decomposing the spaces of sections under the group action. This
decompos1t1on is accomplished and a formula is obtained for the eigenvalues of
the 5_1, complex in Chapter II. In Chapter III we show how the decomposition
under the circle action relates the J, complex to the Dolbeault complexes of line
bundles over CP*~ ! We then derive in Chapter IV the global regularity results
for gb in a more precise form than can be obtained from the general estimates,
and we prove a Sobolev-type theorem for norms related to Db' Finally, in Chap-
ter V we combine these methods with the theory of Bessel functions to solve the
9-Neumann problem on the ball B, by eigenform expansions and obtain a rather
striking demonstration by explicit calculations of the noncoercive nature of this
problem.

The author wishes to express his gratitude to J. J. Kohn, E. M. Stein, and
D. C. Spencer for their invaluable advice and encouragement while this work was

in preparation.

II. GROUP REPRESENTATIONS
(DECOMPOSITION OF THE ab COMPLEX)

1. Preliminaries. We shall assume the basic theory of unitary representations
of compact groups as presented in Stein [14] or Weil [18]. In addition, we need
the notion of induced representations. If G is a compact Lie group and H a
closed subgroup, and p is a unitary representation of H on a Hilbert space V,
we may form the homogeneous vector bundle Vv xy G on G/H with fiber V;
then there is a natural representation of G on sections of V given by (gs)(x) =
gls(g™ 1], Let p be a G-invariant measure on G/H (which always exists for
compact G), and let L 2(’1\/1, 1) be the completion of (V) with respect to the

scalar product induced by p. Then the representation of G on l_‘("\/') extends to a
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unitary representation of G on L 2(r\\/', @) which is called the induced representa-
tion of p and is denoted by i(p). The fundamental fact about induced representa-

tions is the following:

Frobenius Reciprocity Theorem. Let G be a compact group, H a closed sub-
group, g an irreducible representation of G, and p an irreducible representation

of H. Then o occurs in i(p) with the same multiplicity as p occurs in o|H.

Proof. See Weil [18, $23]. (Note. Here, as in other places, we identify the
notions of ‘‘representation’’ and ‘‘equivalence class of representations’’ par abus
de langage.)

Now § = U(n)/U(n ~ 1) where we think of U(z - 1) as the isotropy group of
the base point z,=(0, 0,.-+, 0,1), that is, we embed U(n — 1) in U(n) by
A ("3 (l)), and we take as invariant measure the natural measure on Sn induced
from C”. Since U(n) preserves the form dr, the bundles B are homogeneous
bundles. Moreover, since 237[20 = dz_nlzo, the fiber Bojlzo is just the span of
{d;il Ao A dz—ij[zoz iy <eee<ii<n- 1}. Therefore the representation of
Uz - 1) on Bojlz0 is just the jth exterior power of the representation on the
antiholomorphic covectors on C*~!. This representation, however, is the conju-
gate of the representation on the holomorphic covectors, which in turn is the con-
tragradient of the standard representation on C”~!. Since contragradient is the

same as conjugate for unitary representations, we have the following proposition:

Theorem 1. Let B7 be the Hilbert space completion of T(B%Y), Then the
representation of Uln) on B’ is the induced representation of the jth exterior

power of the standard representation of Uln — 1) on C?~1.

In order to analyze the spaces B7, we need more specific information about
y ,

representations of the unitary groups.

2. Representations of U(n). We present here a brief outline of the representa-
tion theory of U(n) as developed in Boerner [1] and‘Weyl [19]. For details and
proofs the reader is referred to these treatises, especially to Boerner.

The irreducible representations of U(n) are classified by n-tuples of integers
(ml, ceey mn) with m >m,> .-« >m_; the representation corresponding to
(my,+++, m) will be denoted by p(m, -+, m ). These representations may be
described in the following way.

First assume m_> 0. We may then form the Young diagram of the n-tuple
(myyeee, m ), which is a semirectangular array of boxes with m | boxes in the
first row, m., boxes in the second row, « -, m; boxes in the ith row. For example,

the Young diagram of (6, 5, 3, 1) is
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The standard tableau is obtained by putting the numbers from 1 to E'lzmz. in the

boxes in order along the columns, for example

1 5 8 11 13 15

The standard tableau defines an element T of the group ring of the symmetric
group on Xm_ letters as follows. Let o denote any permutation of (1,+-+, Zm)
which leaves the rows of the tableau invariant, i.e. which interchanges only num-
bers occurring in the same row. Likewise, let 7 denote any permutation which
leaves the columns invariant. Then T = 2 X _(sgn 7)70. It can be shown that T
is idempotent up to a constant factor.

Now U(n) acts on the tensor space ®2miC" by the Emz.th tensor power of
the standard representation on C”. On the other hand, the symmetric group, and
hence its group ring, acts on Rrmicn by permutation of indices. The element T
thus defines a projection (up to a constant factor) on ®2™iC" whose range
Vim e, mn) is an irreducible invariant subspace under the action of U(n).
The representation of U(n) on V(m .-, m,) is plm,eee, m,)e

Several remarks are in order at this point. The effect of the ‘"Young sym-
metrizer’” T on a tensor is first to symmetrize it with respect to the indices
occurring in the same rows of the standard tableau, then to skew-symmetrize it
with respect to the indices occuring in the same columns. (Note that the latter
operation partially undoes the symmetry achieved by the former.) The space

V(m,,+++, m ) may therefore be regarded as a subspace of
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RN €M ® [@™n=1""»(A""ICM]® ... ® [®"!172C"].

In particular, if m) =«cc=m;=1, m; ;= c=m =0, Vim yeee,m )= Nicn,

1 i
Hence the jth exterior power of the standard representation on C” is
p(1,1,.4+,1,0,0,--+,0) {j ones).

It is now easy to see that

0).

p(ml, s, m )= (del:)m"p(m1 —myeeeym _ —m,
We therefore take this equation as the definition of p(m,+-+, m ) in the general
case. It can then be shown that {p(m,, -, m ):m, €Z, m > - >m} forms a
complete set of inequivalent irreducible representations of U(n).

The contragradient or conjugate representation to p(m Pt mn) is

p(— Moyeee,—m P+ In particular, the contragradient to p(1, 0,+++, 0) is
p(0,«-+, 0,-1) = (det)” 1o(1,.-+, 1, 0); the reader will recognize this fact as
nothing more than the relation between the (z — 1) x (» — 1) minors of a matrix
and its inverse transpose. Now consider a representation p(m, .-, mn) with
m,<0, m_ _,>0. This may be regarded as acting on a subspace V(ml, cen, mn)
of

(@717 (A" len)] @ ... @ [®7!™™2Cn)

via (det)”” times the standard representation on this space. But by the preceding
remarks, A7=1C" with the action (det)'lp(l,-- «, 1, 0) is isomorphic as a

*
U(n)-module to C” , the dual space of C". Therefore we may regard V(m,,---, mn)

as a subspace of
[®@ "1 @ (@™ (A" 'cm)]
®[®mn—2—mn—1(/\n—2cn)] ®...0 [®ml—”’2Cn],

and the representation p(ml, cee, mn) is given by the standard action of U(n) on
this space.
Let e,---, e, be the canonical basis for C®. Then it is readily verified

that for m > 0 the tensor

P(ml,.o., mn)
= [®m"(e1 Ao A en)]

8 [®" 1" e Ache, @ B[R T" 2]
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lies in V(ml, cee, mn). (One need only check that the Young symmetrizer leaves

it fixed.) Likewise for m <0, m >0, the tensor
Plmyeee, m)
= [@ "1 @@ e, A it Ne, N® .- @IQT1T2e

lies in V(m,+-+, m ) since e’; corresponds to e; A ... A e under the iden-
tification of C*" with A"~1C” P(m,,-., m ) will be called the primitive
vector for P(ml’ ven, mn). (This terminology comes from the theory of semisimple
Lie algebras, which applies if we restrict our representations to the simple group
SU(n).)

Finally, we need to know how p(m,,«+., m ) decomposes when it is restricted
to U{n ~ 1). This question is answered by the Branching Theorem:

plmyeee, m N UR~1)= &b plupyeesp, )
MIZRI2M 2 2y 127y

3. Decomposition of the spaces B'. We are now ready to decompose the Gb
complex under the action of U(n). The first step is to identify the irreducible
representations occurring in R,

We introduce the following notation: if a, b, --- € Z and &, Ryyeoo € yAR
(e, k »+++) denotes the (k  + k, + - )-tuple whose first k, entries are a,
whose next /e entries are b, etc. For example, (1 3 -1, - ;2) =
(1,1,1,-1, - 1, — 2, - 2). Naturally we still write @ instead of @, and @ is a zero-

tuple, so (a, byse ) =(-b-k" .Y

Theorem 2.
B> @D pgo,_,-p; Bl D ol 1 =0
£>0,4>0 > 1,421

and for 1 <j<n-2,

%ig[ D plg,1,0,_, »- p)] ® [>0®>1 pla, 11,0, ; 1o~ p)]_
20,921 20,492

Proof. This is just a matter of combining Theorem 1, the Frobenius Reci-
procity Theorem, the Branching Theorem, and the observation that the jth exterior
—j- 1)
Thus p(m prrram ) occurs in B° (and with multiplicity one) if and only if m; >
02---202mn,1toccursm Br- 1fandonly1f my>1>.- ZIZmn,andxt
occurs in ﬁf(lgjgn—Z) if and only if mlzlz---ZIij+1202---20
>m . Setting m =g, m =-—p, we obtain the theorem. Q.E.D.

power of the standard representation of U(n — 1) on C"~! s p(l
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We shall denote by (I)qu (respectively ‘I‘pqi) the subspace of B corresponding
to the representation p(g, 1 ., 0 ,» — D) (respectively plg, 1 0 )

= n—j— Sf-1 =n—j-1

0_ -1 _ i_
Thus B° = B>0,020%pq00 7 = B2 1,021 ¥pq(n-1y 20d B =
®p2 0 q>1[(bqu ® ‘I’pqi] for 1 <j<n— 2. Our next task will be to identify these
subspaces explicity.

Recall that the space V(g,1,,0 _, ,,—p) (g>1,p>0,0<k<n-2) on

which p(g, 1,, 0 - p) acts is a subspace of

—n—k-2’
Cpqie = (B C 1@ A e @ (@77,

likewise V(0 |, p) is a subspace of C =®?C"" and V(g, 1, ) is a sub-

»00
space of

Cetratn-2y = IN'C" 1 ® (@ "7,

. j . j
vai’ Cpq]. — B’ and qu].. Cpq(j—l) — B7 as follows. If

{ei: 1 <i<n} is the canonical basis for C?, then

We define linear maps F

{e:1®...®e2p®(eb1/\ ---/\ebkﬂ)@e ® ...®ecq_l:

1<a,<n, 1<b,<++-<b

i= =0 ka1 S 1<c;<nj

is a basis for C_, (p>0,4>1), and

{ezl®...®e* :1<a.<n},

:1<c.<n}
Cq___l b f Bhaad

ey Neeehe)®e, ®:--®e

are bases for C and C( respectively. F @i and qu]. are defined

00
on these bases by

- 1)g(n-2) b

quj(ezl®---®e;p®(eb1/\--'/\eb. )Re @+ ®e )

j+1 c1 Cg-1
i+l .
— - e 1=
=Z L. Z. T e — 1) e cen
al apZc) ch—lz+:l( 1) zbiéblA Cbi Aéb]'+]_’
i

qu].(e;l®---Q9ezp®_(e51/\---/\ebj)®ecl®---®e )

=zal...zapo1-.. ch_lél/\.../\é]_

for g > 1, p>0, and
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pOO(e* R Q® ezp) = zal “e zap‘
Ganotfler A Ne)@e @ r@e., )

=% Z( D*"E. LA ---./;1. N W

Cl

Theorem 3. F, |V(q, 1,0, i - p) and G, |V(q, L 0, i1 - p) are
nonzero and commute with tbe actzon of Uln). There/ore (by Schur's lemma) their
ranges are (I)qu and ‘quj’ respectively, and they are isomorphisms of irreducible

U(n)-modules.

Proof: We see that F, |V(q, 1,0, i »- p) and quJIV(q, L 0, iy ~-p)
are nonzero by observing that the primitive vectors P{q, 1 L, 0, ;i 2~ p) and
P(q, 1 L 10, ;i p- p) are among the basis elements for Cpgi 2nd Cooi 1y

and theu' 1mages are clearly nonzero. Showing that qu]. and qu]. commute with
the action of U(n) is just a matter of unraveling the definitions. We observe that
the action of U(n) on the coordinate functions z; is the contragradient of the
standard action on C” and the action on the conjugate functions ;1. and their
differentials dz—i is therefore the standard action on C". Moreover, the action on
the (/s is the standard action on C” since {,=dz, - ZEigr and gr is invariant.

Finally, the mappings taking €y, A Ney 1o ébl Aeee A éb~ or
i 7

/ A
S, -
iE_l(—l) zbigbl/\ gbi... Aéb]-

preserve the skew-symmetry, as is easily verified. The theorem follows by putting
these facts together with the definition of tensor product representation; details
are left to the reader. Q.E.D.

We define the forms ¢qu and zllpq]. to be the images under qu’. and qu]

of the primitive vectors P(g, 1,0 ,» —.b) and P(q, 1, O_n_]._l, -9);

n—j—
thus
i+l R
_za-1,p im12
Poai =21 Ty 2 CDTIEL AL AN (g>1,p>0),
i=1

Upgj =Z1 1200 Nees AL (g21,p20),

¢p00= zfl (p> 0),

n
_z4q-1 i+n— 2
‘/’(—Uq(n—n‘zl E(‘l)l nziéll\”'éi'“/\én g>1).
i=1
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These forms will play a crucial role in our analysis. The rather peculiar definition

of ¢(-1)q(n—1) is explained by the easily verified fact that

SN A, =2, 3 DR A - 4: A

i=1

Thus we could also write

_=aq—1_-1
(/I(-l)q(n—l)_zl 2 N NG, s

which is consistent with the definition of the other l//pq].'s.
4. Furth k ke a closer look at th B0 i
. Further remarks. Let us take a closer look at the space 5" of functions

on Sn. The primitive vectors quqo = ?qzz are the restrictions to Sn of harmonic

1
polynomials on C”, as the Euclidean Laplace operator is

(92
19297,

n

Since this operator commutes with the action of U(n), and this action preserves
homogeneity, it is clear that (quo consists entirely of harmonic polynomials of
degree p in the z'’s and the degree g in the z/’s. Moreover, since the space
H?9 of all such polynomials transforms under U(n) via the representation

plq, 0, _»~ p) and this representation occurs with multiplicity one in RO, we
see that (quo = H?9, Therefore we have obtained a refinement of the usual de-
composition of functions on the sphere into spherical hamonics (cf. Miller [13]):
we have bigraded the spherical harmonics according to their holomorphic and anti-
holomorphic degrees.

We may make some more interesting observations by considering the special
unitary group SU(n). Since S =2 SU(n)/SU(n - 1), we could have carried through
all the preceding discussion in the context of SU(n) and obtained the decomposi-
tion of B’ by the representations of this group. Since the irreducible representa-
tions of SU(n) are the same as those of U(n) modulo powers of the determinant,
the results are essentially the same. However, two points deserve mention.

First, the spaces B9 and B! are isomorphic as SU(n)-modules. Indeed,
Plg, 0, » P =(de) " plg+ 1,1, _,,—(p-1)so ® (=¥ _ o 1)
and this isomorphism is displayed on the primitive vectors by the correspondence

E?zi«—»}?zi'lél/\... /\é‘n_l
n ~
— i+ —
=z‘fzz2(—l)z "zié’l/\...gi.../\én,
i=1

The form
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n
Z(_l)l’f"zigl ANewelioee N,
i=1
is invariant under SU(n) and plays the role of a constant function.

Second, in the case n = 2, we have § = SU(2)/SU(1) = SU(2); the represen-
tations p(g, — p)|SU(2) exhaust the irreducible representations of SU(2) with
plg, - p)|SU2) = p(q’, -~ p")|SU(2) if and only if p + g = p'+ q'; and dimp(g, — p)
=p + g + 1 (as is easily verified). Therefore we have recovered the Peter-Weyl
theorem for SU(2): each irreducible representation occurs in the left regular repre-

sentation with multiplicity equal to its dimension.

5. The 5b operator. The decomposition of the spaces B’ allows us to calcu-
late the action of a_b explicitly. By Schur’s lemma, since 5,) commutes with the
action of U(n), on each irreducible subspace it must either be zero or an isomor-
phism onto an irreducible subspace of the same type. In fact, we shall have no
trouble in seeing that gb is an isomorphism whenever it can be and is zero pre-

cisely when there is no isomorphic subspace for it to map into.
Theorem 4. 9,(®@,50 =0, ab(‘l’qu) =0,and for p>0, g>1, 31,(‘1’”,3 =

lpt>q(1'+ Ly

Proof. By Schur’s lemma, to prove the last statement it suffices to show that

d, is nonzero on (I)qu. We check it on the primitive vector:

jt1 R
£y _ 1 f{za-1 1=
al:‘7£‘t>qj_ab %1 2’; Z CDTIEL A G A 4;'*1
i=1 ]+1 R
=q§'f'lzfl(:l Aee A é}.ﬂ +E'{_lziz (—1)"'14'1. AL A Leee A Cj+1
i=2

=(g+ DE{ 1AL A Ay
=(g+ f)lﬁpq(j,,l)r'é 0 since g+ 7> 0,

Schur’s lemma also forces the first two statements to be true, but we can now
also see this directly. 6b((1)p00) = 0 because @, consists of holomorphic poly-
gomials; 8b(‘l’(_l)q(n_-l%) = 0 because ab_= 0 on B~ and for £>0, g>1,
ab(\qui) = 0 because dy=0 and ¥ .= 9,(® ). Q.E.D.

Corollary. The complex
F] F] ]
0— B0, g1t L b gn-1_

is exact at B’ for 1 <j<n~ 2, and the cobomology is P
n-1
@q?_lw(-—l)q(n-l) at B

pZO(I)pOO at BC and
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6. Computanon of the eigenvalues. We have seen that d (‘P ) =0
gb((bpoo) =0, and 8 D, —)‘I’pq(]”) is a constant multlple of a unitary map
for p>0, g > 1. Thxs constant is determined up to a complex factor of modulus
one and so can be taken to be real and positive; when so determined, it will be
called the eigenvalue of 5b on (I)qu. The proof of Theorem 4 shows that this
eigenvalue is (g + j)[|¢pq(].+l)|| / "¢qu . We are therefore faced with the task of
computing the norms of the primitive vectors.

We cannot simply take the norms of the coefficients, for the C Ao A C
are not a basis, much less an orthonormal one. However, the bundle B% is a sub-
bundle of A 07|S A’T*C"{S , and this bundle has a nice pointwise-orthonormal
basis for its sections (as a module over the functions), namely {2~ k/2dz A

oo Ndz,:1<i, <000 < i;< n}. We therefore express the ¢’s and ¢’s in terms
i
of this basis.

For 2<j<n, 1_<_z'1,--~,i]._<_n, set

TR Z( 1) it i AF Mo dzy e NdE
a=1

Lemma 1. ®; e is alternating in the indices i+, P
i

The verification is left to the reader.

Lemma 2. Cz.l Neeo N = 27 12,0
f =

il"'i]'a'

Proof. Let p = 20r = 2%z dz . Then, using the fact that 27z =1,

a a
éil Aeee /\Qj:(ale.1 —Eilp) A (dzi2 —Eizp) Ao A (dEl.j——z"l.]p)
=dz; A-- AdE._—(E. p)/\dEi /\---/\dzij—---— “’Eil Aeee /\,;lzl.]__1 /\(Eijp)

A
dZ, A-eNdZE o+ Z( 17—tz b d%; Neoe dZy oo NdZ I Ap
b=1

n
=3 2z d% A---AdE

a a 13
a-1 'l !
" )
A\
b+lz 2 = =
+a 1 bzl( DIz, 47, A e d7 e NdZ NdE
n b A
- b+l g3 z .e z. 1.
- lea bZ( 1’ 2, d%, Neo-dz; /\dzlj/\dz +ZdZ; A z,
a= =1
= szwil' Zjd QE D
a=1
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As a corollary, we have

n

41/\ tee /\C],: Zzawl"'ja

a=1

n

= Z Za01.ig (by Lemma 1)

a=j+1

n j b+ A
= 2z > - "2, dZ Ao dE, o A dE A AZ,
a=j+1 b:l

+'2':aafE1 Acer A a’E].

n
= D 27, dF A AdE,

a=j+1

n 7
; - = A - .
+ 3 bZ (~17=0*1%, 2 dF A...dZ, ... NdE A dE,
a=j+1 b=1

Lemma 3.

i j

P -~ ) o /\
Zl(—l)’ lzigl Aoenlpne A§j=2(_1)l—lzidzl AveedZ eee NdZ,
1= i:l

Proof. Using Lemmas 1 and 2, we find that
i ~
1=
3 COFIBE A b AL
i=1

n

i i
— 1= <> j—1
=Z n? ZiZaq®1eefeja t z 22 -1y @y..eje
j:l a-j+1 i=1
The formula is then proved by expanding the @’s in terms of the d'z_l.’s, collecting
terms, and using the fact that 27z z =1. Q. E.D.
There now follows immediately:
Theorem 5.
i+l A
_z4~1,0 j—1 3= = —
¢>qu_21 znZ(_l)l ldzlA"'dzi"’Adzjﬂ'

i=1

n i ) A
£ 3 3Dt Ez dE A dE, - AdE AdE,
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Thus

7+l it

2 gyl X IR = X f1

+ n 2 n jtl
-G l)l|¢pq(i+1)“2 =f E'{"lzg Z 2z + flzq Z,z,|2
a=j+2 a= ]+2 b 1
n
Z f]z‘f'lzzzﬂz +2 Z f|z'{"1zflzazb|2
a=j+2 ]+2$b<d§ﬂ
n i+l
+ Z Z flzq lzpz Z ‘2
a=j+2 b=1

We are therefore reduced to computing integrals of the type [|z%| 2 where a
is a multi-index. This may most easily be accomplished by the following bit of
trickery, which was pointed out to me by V. Bargmann and E. Nelson. Consider

I= fcn|2a| 2exp(-—lzi 2). In rectangular coordinates,

n n
_ Qi 2 27 oo 2y 2a;tl
I-I;IJ;: |z1. | exp(—!zi| )—IIIJ; fo exp(=r8)r"""" drdf.
In spherical coordinates,
I e 2 Zla|+2n—1 a2
1 fo exp(~r9)r drfsnlz |2,
Since [T exp(—r2) r?™*1dr = Y m!, we therefore have

I !za 2 =ﬂ'1'[277%ai 1 _ 27 al -
Sn Y(al+n-1! (la]+n-1!

Thus
i+l
g7 = [f|zqu’|2+z;f|zq-l s
. Npigt 27"p g — 1)! 2 1(g - 1)
=2,(2n'p.q. +7.77P q p!iq (g+ 7.
p+gq+n—-D! (p+qg+n-1! (p+q+n—1)!

Likewise, keeping in mind that the terms with @ =7 or b =1 in the expres-
sion for i .. .|| are of a different form than the others, we find after some
pa(i+1)

simple calculations that
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2727 1(g - 1)!
(p+g+n-1)

||¢’pq(j+1)|lz= (P+n—]'— 1).

We have now proved the main theorem.

Theorem 6. The eigenvalue of é—b on @,
Vpai = (g + j)ll¢pq(j+1)"/ "‘ﬁp,ﬁ” = [Z(q + ]) (p +n-j- Bl 14

Notice that Ypai = Thus in some sense the d, complex is sym-

Ypq(n—j-1y
metric with respect to holomorphicity and antiholomorphicity.

d, is a weighted shift operator on @D B7; therefore its adjoint bb is also a
weighted shift operator with the same weights but shifting in the other direction.

Thus bb((I)pq].) =0, bb(‘y(—l)q(n—l)) = 0, and b, maps Yo (¢ > 0) onto

®,, ;1) With eigenvalue y, ;) From this it follows that the ®,,’s and
pq].’s are eigenspaces of Db’ and the eigenvalues of Db are zero on (DPOO and

2 ) s

‘P(_l)q(n_l) and y, . on (quj and ‘qu(].+1) (p>0,g>1). The ®’s and ¥’s

are also eigenspaces of G, the Green’s operator defined by G, = 0 on the null
space of Db and G, = D;l on the orthogonal complement, and the eigenvalues
of G, are zero on @, and v
(0>0,9>1).

and y;qzj on ‘qu]. and ¥

(~1)g{n-1) pali+1)

Theorem 7. 517’ bb’ and [ ], have closed ranges, and G, is compact.

Proof. The first assertion follows from the fact that the nonzero eigenvalues
are bounded away from zero. Also, only finitely many of the )’;qz,' are greater
than any fixed constant, and each of them is the eigenvalue for a finite-dimensional
eigenspace. Therefore G, is the norm limit of operators of finite rank and hence
is compact. Q.E.D.

It should be noted that the closed range property is strictly a global one. If
one restricts to a small open set in Sn, the situation may be quite different, as is
shown by the Lewy example (cf. Chapter I).

Let us now form a complete orthonormal basis for DB set qS

pai ~
Bpgi /Hqﬁpq] II, and extend this to an orthonormal basis ¢p :1<a< dim q)qu}
for (D ; likewise let {l/l( Dan =1 :1<a<dimV¥ —l)q(n—l)} be an orthonormal
basis for ‘I’ l)q(n y With ¢( Dan—1)= lﬁ(-l)q(n—l)/||¢(—l)q(n_1) « Set

a
vai ypq(]—l) b¢pq(] 1 for p>0, g>1; in partxcular, l,llqu qu/”l/lqu .

Then {¢¢ q]. is an orthonormal basis for ‘I’pq We have 9 ¢pq] ypq]¢pq(]+1),

a
9, l/lqu_o bbqﬁ'pq =0, b ll'qu ypq(z-—1)¢pq(1—1)’ Db raj ypq1¢pq1’ and
Db baj_ ypq(]-l)ll'pqz hus {‘/’pqy bgja qu: pqja forms a canonical basis
for the ab complex in the sense of Kodaira (cf. Kodaira and Spencer [5]).
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III. FIBER BUNDLES
(CONNECTION WITH DOLBEAULT COMPLEXES ON CP"~1)

If we consider the circle group S1 embedded in U(n) as its center, i.e. as
multiples of the identity, the quotient of § by the § action is the complex mani-
fold CP"~1. Since the line subbundle of T*C"]Sﬂ spanned by dr is the part of
—f*C"|Sn which is left out of the 517 complex, and this is also the cokernel of the
pullback of T*CP"~! via the projection, it is strongly suggested that there should
be an intimate connection between the 5!) complex on S and the F) complex on
CP"~!. This is indeed the case.

That there should be such a relationship was first pointed out to me by
H. Pittie, and it was M. F. Atiyah who showed me how to express it in terms of
line bundles on CP”~ 1,

In order to study the behavior of the 5;’ complex under the action of § |, we
need to know how the representations p(m P mn) decompose when restricted
to S,. Recall that the irreducible representations of §, = U(1) are {p(m): m € Z}

im6

where p(m) (') acts on C by multiplication by e
Lemma 1. p(m,--., mn)lS1 = (dim p(ml, cee, mn))p(Z'l'mi).

Proof. Since §, is the center of U(n), by Schur’s lemma it acts as multiples
of the identity on the representation space of p(ml, cen, mn), so p(ml, cee, mn)|Sl
is the sum of dim p(m,«--, mn) copies of some p(M). Now plm ,---, mn) =

m
(det) "p(m1 —moeee,m

subrepresentation of the standard representation of U(n) on @K C” K =

- m_, 0), and plm — Mypeeeym, =m, 0) is a

Eﬁ'l(mi ~-m,) =2%7m,—nm . By construction of this representation, S acts on
XK " via p(K). On the other hand, det|S; = p(n), so finally we see that M =
K+nm =3Tm. Q.E.D.

From this lemma and the results of Chapter II, $3 and §5, we can immedia-

tely read off the action of §, on the 5!7 complex.

0 _ n-1 _
Theorem 1. For each m € Z, set.,(B (m) = ®jq——p=mq)pq0’ B~ L(m) =
®q—-p+n—2=m lptrq(n-—l)’ and for 1<j<n =12, B7(m) = [®q—p+i=m¢pqi] ®

[®q—p+i—l=m ‘qu].]. Then for each j, Ri =@:=_253j(¢), and S.l acts on
Ri(m) via the representation p{m), Moreover, since ab(%7(m)) C .(B”l(m), for each

m we have a subcomplex

0— %O(m)f—b-» Blm) —if—» ﬁ» B (m) — 0.

We now investigate the ) complex on certain holomorphic line bundles on
CP"~!. The projection 5, CP"-1 exhibits §,, as a principal bundle over

CP™~! with structure group S ;- (In principal bundles the group action is on the
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right, but since §, is commutative, we can think of the left action of §, on
§, as arightaction.) Let #™ be the line bundle on CP”~1 associated to the
principal bundle § — CP”~1 by the action p(m) of §, on C. (Note that ™
the mth tensor power of 7= 7;1.) There are two simple geometrical interpretations
of 7 (cf. Hirzebruch [4, $4.21). On the one hand, if we think of CP™~! as the set
of lines in C”, then 7 is the line bundle whose fiber over p is the line which p-
is. On the other hand, from the point of view of algebraic geometry, 7;_1 is the
hyperplane section bundle on CP"~1,

Let M = A7T*CP"~ !, Then for each m we have the Dolbeault complex

0— F(ﬂm)ir(nm®A1)L _..a_)r(nm®)\n—1)_) 0

whose cohomology group at the jth point may be identified with HI(CP™~1, @(7,"‘))
(cf. Hirzebruch [4, $15.3]). To relate these complexes on CP"~! ywith the E)b

complex on §  we use the following general theorem:

Theorem 2. Let P M be a principal bundle over the manifold M with struc-
ture group G. Let V be a vector space on which G acts on the left by the repre-
sentation R, E = P x .V the associated vector bundle over M, and V=PxV
the trivial bundle over P with fiber V. If F is any vector bundle over M (not
necessarily associated to P), then 7*F is a vector bundle over P on which G
acts to the right, say by R, ' ; we denote the corresponding left action by R oy L€
R (g) =R(g~ Y. There is a natural one-to-one correspondence between sections

of E ® F over M and sections ¢ of v ® 7*F over P satisfying

(1 a(xg)=(R1®R2)(g’1)[a(x)].

Proof. This is merely a matter of disentangling the definitions. First we
note that V is naturally isomorphic to #*E, so V ® 7*F = 7*(E ® F). The right
action of G on PE 2V is given by (x, v)g = (xg, R (g~ D), so the left action
of GonV ®n*F X *E ®F) is R, ® R,. Next, there is a natural surjection
7 ™(E ® F) - E ® F which is an 1somorph1sm on fibers and satisfies Tixg) =
o(R; ®R )(g) Thus if s € T'(E ® F), the corresponding o € ['(#NE @ F))

)s(ﬂ(x)), and we have

*(x)
is given by olx) = ”*(x

olxg =T e S(n(xg))—(R ® R) (g7 Dry sm(x) = (R, ® R ) (g™ No(x),

*(x)

so ¢ satisfies (1). Conversely, given o satisfying (1), define s by s(m{x)) =

n*(x)a(x); this is well defined since

olxg) = (R1 ® Rz)(g)(R1 ® Rz)(g_l)a(x) =

T (x)

Tx(xef T,xf (*).  Q.E.D.

In our case, we take M = CP"~1 G=S, P=S5, V=C, R1=p(m), E =

7™, and F = M. As we noted above, n*A’ can be naturally identified with the
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bundle B%. Thus the correspondence of Lemma 2 gives an injection of
T'(n™ ® M) into T(B%) which extends to an injection of its completion
L%n™ ® M) with respect to the naturally induced hermitian metric into B’. We

denote this injection by T;".

Theorem 2. The range of TT" is Bi(m). The diagram

0 — BUm) —2t B L Qi

T'gl T'I"‘ T, .
0 —> Lz(r]”‘)L» LZ(nm® Al 9. ... 2. Lz(nm®)\"_l) 0

commutes, yielding an isomorpbism between the Dolbeault complex of 7™ and the

mth piece of the d, complex on S .

Proof. The only difficulty in proving the first assertion is in keeping the
left and right actions straight. If the circle acts to the left on S , there is an
induced left action on the antiholomorphic j-covectors which we denote by R
This is the natural action we use when considering the (9b complex. But we are
considering the action on S as a right action. Therefore R]. becomes a right
action, and the corresponding left action required by Lemma 2 is given by
g ™R (g™ b,

According to these remarks, then, the equivariance conditions for forms in
the range of T7 are olxg)=p (g~ Hr (g)a(x) which can be written R (g)a(g lx) =

“lx ~xg 1) But the LHS just defines the action of A\

p,, (&) (x) (smce g
forms induced by R j SO Range (T ) is that subspace of B’ on which S, acts
via p(m), i.e. Range (T'”) = %’(m)

To prove the second assertion, it suffices to prove the commutativity of the
diagram for smooth sections; it then follows easily that T;”(Dom d) = Dom -c';b and

that the diagram commutes in general. Consider the diagram

" - {0}
77 n

cpr-t
where the maps are the natural injections and projections. Now C” - {0} is a
principal bundle over CP”~! with structure group C*= C - {0}, and S, is the
corresponding principal bundle with reduced structure group. Thus the conse-
quences of Lemma 2 hold for €" - {0} & CP™ ! in a way compatible with

those for S — 2cpr L articular, to each section s € I'(n™ x M) corresponds
P n
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the equivariant j-form m, ,°s on(:) on C” - {0}, and T;."(s) =Ty 05 0w, (4)

= i*(ﬂ*(') os on{-)). Replacing s by ds,

) LI odso 172(-) = i*(ﬂ*(.) ods o w7 (-)).

Moreover, if I(gr) is the ideal generated by ar (cf. Chapter I), we have
(3) 772*7(.)05-9 Oﬂz(-)_L 197)
by the remarks at the beginning of this chapter.

Next, since 7 is a holomorphic map, =, , )°c_9_s onm(.) = 5(ﬂ*( y°s oa(-)). But
since 7,y °s °on(:) extends 7, y°s om,(-), it follows from the definition
of 0b that ab(NZ*( gosomyll) is determmed by the two conditions
9, pToxyosom( =i 6(17*( y©S o 7{(+)) mod I(ar) and 0, (772*( yoson(.) 1 16n).
Eompanng thesE with (2) a_xld (3), we see that d (772*( )Os °m, ()= Tox(ey®
ds o 772(-), ie. c?bT;."s = T;."as. QE.D.

From our knowledge of the d, complex we can now read off a complete
description of the eigenspaces and eigenvalues of the d complexes on the line

bundles »™. In particular, we have

Theorem 3. If m <0,

" G=o,

0 (j> 0.

dim H(CP"~1, @ (™) =

If m>0,

. 0 (j<n-1),
dim H/(CP"—1, O(nm)) =

”‘_1) (j=n-1
where ('r’::i) =0 if m<n

Proof. The Dolbeault cohomology of 7™ is isomorphic to the mth piece of
the d, cohomology. In particular, it is zero in degrees 1 <j<n - 2. For j =0,
the cohomology is

BO @ = o ®
0 [p@o poo] [q ga-m pa0 nt?o ]

(I)(—m)OO (ms 0)1

| o (m> 0).

But (I)(_m)oo is the space of homogeneous holomorphic polynomials of degree —m

in n variables, whose dimension is (";.1__1"'). For j=n - 1, the cohomology is
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-

B 1(m) A [@ W"”‘”"‘”J

a>1
= & Y |In|DY
bvqj (~1)g(n—1)
[‘I—P*‘n—2=m >l
‘P(—l)(m—-rH'l)(n—l) (m > n),
0 (m < n).

But ‘P(_l)(m_n+l)(n_1) is isomorphic (cf. Chapter II, $4) to the space of homo-
geneous antiholomorphic polynomials of degree m —n in n variables, and this
has dimension (:’:i). Q.E.D.

Of course, this theorem can also be proved directly by the methods of complex
analytic geometry. (The reader is invited to perform this computation as a check
to our present results.) In fact, if we define B’(m) abstractly as the subspace of
B transforming under the §, action via p(m), Theorem 2 goes through without
change; knowing the result of Theorem 3 then enables us to state that the coho-
mology of the gb complex is infinite in degrees 0 and n — 1 and zero elsewhere

without knowing the decomposition of the spaces B’ under the action of U(n).
IV. FOURIER ANALYSIS (REGULARITY OF THE 517 COMPLEX)

First some definitions and notations:

g
(2n-1) —

(1) S(N) denotes the unit sphere in R"*! so that §
the notation S™ for the N-sphere considered abstractly.)

S, (We reserve

(2) Hk denotes the space of spherical harmonics of degree & on S(N)’ i.e.
the space of homogeneous harmonic polynomials of degree & on RN*! restricted
to S(N).
(3) A* denotes the Laplace-de Rham operator on § ).

(4) | || denotes the L? norm, | I (s € R) denotes the Sobolev s-norm, and
| ||, denotes the uniform norm.

(5) If A and B are nonnegative functions of x, A(x) ~ B(x) means that
A(x) = O(B(x)) and B(x) = O(A(x)); that is, there exist positive constants cp <,
such that ¢ . Alx) < Blx) < czA(x) for all x.

(6) A(x) £ B(x) means that A(x) < cB(x) for some c > 0 independent of x,

i.e. Ax) = O(B(x)).

1. Distribution theory on spheres. One can do distribution theory on S
by letting spherical harmonic expansions play the role of Fourier transforms.
This is a well-known part of the folk literature of Fourier analysis, but we repro-
duce the proofs as there seems to be no convenient reference. We will need the

following facts (cf., e.g., Miiller {13} for proofs);
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2 L)
(1) }(kll}(kz for kl # /ez, and L (S(N)) = ®0Hk'
(2) dim K, = 2k + N = D)((k + N = 2)1 /(N= 1)1k,
3) }(k is an eigenspace of A* with eigenvalue k(k + N - 1).
We can define global Sobolev norms for functions by || /||, = [|[(A*+ ns’2|
since A* is elliptic and Sy, is compact. Hence if = STk, by € }(k’ then

n/"g:Z [(k+ N=1 + 11511512~ D (k+ D2 b, 112
0 0

For forms, we may either define [u = [|(A*+ ®/%4|| as above, or we may take
the sum of the s-norms of its coefficients with respect to some basis. We shall
only be interested in forms coming from the 5&; complex (N = 2n — 1), and for these
we can compute the s-norms as follows. Since A* commutes with U(zn), the
spaces @ . and ‘I’pq]. are eigenspaces of (A*+ )S/2; hence from the first defini-
tion, if u = qua (bpqa qS;q]. + € paa x//qu) (in terms of the canonical basis of
Chapter IV),

2 2 2
12~ S (o, 206207 + Loyl 2 165, 1D,
pga
To compute H¢§qj“s and "(/fgans, in turn, we use the second definition with
the basis {d?l.l Aot A dz?i}. By Theorem 1, Chapter IV, each coefficient of
i
¢qu is a spherical harmonic of type (p, g); hence ||¢)qu“ ~((p+g+1D° The

Y’s are a bit more complicated. Each coefficient of lﬁpq]. except that of

S

dz;  Nevo A d'Z_]. is a spherical harmonic of type (p + 1, q) and the coefficient of
dz | Ao Ndz is

n
z9-1z0 Zz z
1 n a a

jtl
R B R e N L ey B
S e T & ST ST A e
p+q+n—1].+1 p+g+n~-1%59
s EEPTT e
p+g+n-1 1 7

since X7z _z_=1. This is the sum of a spherical harmonic of type p+1,9
and one of type (p, ¢ = 1), Thus the coefficients of % j are sums of spherical
harmonics of types {p + 1, q) and (p, g — 1) so l|tﬁ;qj|l§ ~@p+qg+?y
(p+q)2° ~ (p+ g+ 1)%. We have proved

j _ a a
Theorem 1. If u € B/, u = qua(bpqact)qu + cpqat//qu), then

Nl 2 3 [, gl Mo+ g+ D2 4 |e, o Ao+ g + D21,
vqa
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Next we prove the Sobolev lemma for functions on S(N y We state and prove

the crucial estimate in a general form which will also be useful later.

Proposition 1. Let G be a compact group, H a closed subgroup, V an irreduc-
ible invariant subspace of LAG/H) under the action of G, p: G — Aut (V) the
representation of G on V, and D = dim V. Suppose there is no other subspace of
L%(G/H) on which the action of G is equivalent to p. Then if the measures of G
and G/H are normalized to be 1, sup {||f||_:/ €V, ||| =11= D",

Proof. Let m: G — G/H be the projection, n*V={s*f{=fon: [ €V}, Then
7*V is an irreducible invariant subspace of LZ(G) with representation equivalent
to p, consisting of functions which are constant on cosets of H, and 7* is a uni-
tary equivalence of V and #*V. Since p occurs with multiplicity one in the rep-
resentation of G on L%(G/H), which is the induced representation of the trivial
representation of H on C, Frobenius Reciprocity tells us that the trivial represen-
tation occurs with multiplicity one in p|H, i.e. there is a unique f, €V (up to
constant multiples) which is invariant under the action of H. Take {/,|| =1 and
complete f; to an orthonormal basis f,+--, fp of V. With respect to this basis

we form the matrix of entry functions of p,
b = fo u D@ 1 dx = (1, plg) /).

By the Peter-Weyl theorem (cf. Stein [14]), p occurs with multiplicity D in
L*G), namely on the spaces W, (i=1,.+., D) spanned by the columns {Pki};::l
of the matrix (pz.].). Next, observe that for g € G, b € H,

pll(gb) = (/19 P(gb)fl) = (/1’ P(g)P(b)fl) = (fl’ P(g) /1) = pll(g)’
p,,(be) =(f; p(be) [)) = (f, p(B)p(Q f) = (=11, p(f)
=(f1’ p(g)/1)=P“(g)

by the invariance of f,. Since p,,(gh) = p,(g) and p occurs with multiplicity

one in LZ(G/H), we must have € 7*V; then since (hg) = (g), we must
Pu P11\78) =P 118

have p,;, = c7*f, for some constant c. In fact, by the Schur orthogonality rela-

-%

tions, |lp,ll =D and hence ¢ = D™%. Since an irreducible subspace is spec-

ified by giving one vector in it, it follows that »*V = W,

Lemma 1. Dp,, is areproducing kernel for W, i.e. forany [e€W,, [=

Dp,, *f where * denotes convolution.

Proof. It suffices to prove the assertion for the basis {p, 1.
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PP =fG Py~ N, (N dy

=2 fc"i;‘(") Py ey (N dy
7

=2 P Jo e, )y
7

= D—lzpi;’("mu =D lp (%)
7

by Schur orthogonality.

Now by Young’s inequality, for any f € W, [If|l, <Dlf |l eyl = D*||fll, so
sup i/l :f eV, Il = =supl|ff:few, If=1}< D%. The supremum D*
is actually achieved, since |7*f (e)| = Dl/’pu(e) = D" where e is the identity of
G. Q.E.D. ,

We apply Proposition 1 in the case G = SO(N + 1), H = SO(N), G/H = SNy
V= }(k’ D ~ (k + )N 1. That the spaces }(k are irreducible and inequivalent for
N > 1 follows from the representation theory of SO(N) (cf. Boerner [1D. (In this
case, Lemma 1 is equivalent to the classical Funk-Hecke formula for spherical
harmonics.) If N =1, }(k (£ > 0) splits into two one-dimensional representations
k0 _ike; since these have absolute value 1, the conclusion

spanned by e and e

of Proposition 1 remains valid.
Lemma 2. If s> N/2 then |f|_ < ||, forall [ €C=.

Proof. Let /= Zz’b h, € Hk' Then

Y
1l < DUk, s Wbyl (R + HWN-1Y/2
0 0

%

- % [ oo
< <Z nbkllz(k+ 1)25> <Z kN—l—Zs>
0 0

0 Y%
anns(Zk”-l-“) ,
0

and the sum on the right converges provided s > N/2. (Note: This calculation is
entirely analogous to the integration in polar coordinates which proves this lemma
in R, since the “‘eigenfunctions’’ for the Laplacian on R" are distributions

whose Fourier transforms are supported on a spherical shell.)

Theorem 2 (Sobolev). H_CC” if s> 7+ N/2.
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Proof. If D is a differential operator of order at most 7, |Df|| < ||Df||,_, <
I/l for s >7+ N/2, so sequences of C* functions which converge in the s-norm
converge in the C7 topology. Since H_ is the completion of C® with respect to
I I, H, is continuously embedded in C". Q.E.D.

Thus we see that C* = an, and the C topology is the same as the topol-

ogy given by the family of norms {|| [|,: & € Z*l. Since S, is compact, the dis-

tributions are just the continuous linear functionals on eéfv;nd hence the space
of distributions is UHS. Every distribution can thus be expanded in spherical
harmonics with coefficients that grow at most polynomially.

The Rellich lemma is trivial in this setup. If s <s’, the isometry
(A* + I)(s'sl)/zz H_ — H_,, when considered as an operator on H_, has eigenvalue
~(k+ 1 on }(k.‘ Hence it is the norm limit of operators of finite rank and
therefore compact.

Finally, we state a criterion for real analyticity.

Theorem 3. =336, b, (b, €N, ||b,|| = 1) is real analytic if and only if for

some a <1, b, = O(ab).

Proof. Let D 1" +s Dy be a set of vector fields which spans the tangent
space to § ,, at each point. Since Sy, is compact, it follows from the Hadamard
radius-of-convergence formula that global real analyticity is equivalent to the
existence of & > 0 such that HD;"/”M < ml/8 for m=0,1,+++, and j=1,
«++, M. In particular, |A*"f|| < (2m)1/8°™. Now

A*mf= [k(k+ N-DI"byh,
0

where

(k(k+ N = D178y = [ (A*™/)h,,

N)

SO

b, <Tk(k+ N = D177 [ 1(A*"/)B|
<[k(k+ N - 1)]—’"||A*m/||ook(N—1)/z
<((2m) !/(k3)2m)k(N_”/2 S(Zm/k3)2'”k(N—l)/2,

For %k sufficiently large we may choose m approximately equal to k8/4, whence

b, S (1/2)83/2kN=-1/2 Setting a = (1/2)°/4< 1, we have |b,| S
p(N=1)/2,2k S ak, since k(N"”/2=®(a_k).

Conversely, if b, = O(a*) with <1, this implies |b,| S k(1=3NY/25k/2,

Therefore
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(A 27 37 km Vbl
0

oo o0
< Z km+n+(l—3N)/2+(N—1)/2ak/2=Z: gra*/ 2,
0 0

Let the largest term in the last sum occur at % = k. By comparing the graphs of

x™a*/? and the step function whose value is &"2%/% on [k, & + 1] when & < kg

and k™a*/? on [k~ 1, k] when k> k_, we see that

07
> Ema*/ 2 ¢ f°° xma* 245 4 kmagt 0/
0 -0 0

< fow x"a*/ 2dx + max x™a*/ 2,
Lowe)

Now log (1/a) > 0, so if we set 8 = (1/2)log (1/a) and make the change of vari-

ables x' = 6x, we obtain

fooxma"/zdx=f°° ﬂ me"""d i =l_m_'_
0 0\ ) 8 gm

On the other hand,
max x™a*/? = <——27—"——>m = (1”>m A <1”_! .
[0,00) elog(1/4) e/ ™= 5™
Thus we have shown
||(A*)(m+N)/2/“ws ;’% )
Finally, by Theorem 2,

m
107/l 5 1714 ~HAD Y27 g AN NV 2 =,

which shows [ is real analytic. Q.E.D.

Corollary. If N=2n-1, u € Rl ou= Z(bkqsk + ckl//k) where ¢k €

®p+q=k¢qu’ Y, € ®P+q=k‘pqu’ épll =1 and ||l = 1, then u is real ana-
Iytic if and only if, for some a <1, b, and c, are Oa*).

Proof. As in Theorem 1, write l/lk = fk + 7, where the coefficients of rfk
(respectively 7,) are spherical harmonics of degree & + 1 (respectively & - 1).
Then apply Theorem 3 to the coefficient of each d?il A--«Adz, in the sums
Ebkqﬁk, 2c, ‘fk’ Ecknk. (Details are left to the reader.)
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2. The index of 51’. As an application of these methods for N = 1, we com-
pute the index of 5b (considered as an operator on @g_lfﬁj). The kernel and
cokernel of an operator which is transversally elliptic with respect to a group G
are representation spaces of G and hence have characters which are defined as
distributions on G. The index is the difference of these characters.

Let z=el be the standard coordinate on §, = S(l),so the character of Pr

. Then by the results of Chapter III,

index(é—b) = Z <n “le k)zk - i <k - 1>z‘k.

0 n-1 n+1 n-1

The remarks of $1 show that this is indeed a distribution on §, and in fact be-
longs to H_ for s <-n since (”;_1 ;k) and (:_‘_i) are Ok”~1).
Moreover,

n—

i -1+k
Z <n >zl"'=(1—z)"z for |z| < 1,
0

o0 k—l )
Z< 1>z"1a =(1-27" for|z] > 1.

n+l -

Thus index (517) is the Sato hyperfunction associated with the analytic function

(1-2z)""on C-5 1» in accordance with a general formula of Atiyah (not yet
published).

3. Global regularity of Jb. The global regularity properties of the 5,, com-
plex can be easily read off by looking at the eigenvalues of d, vis-a-vis the
results of $1. Kohn and Nirenberg [8] have shown that corresponding local reg-
ularity properties hold on B/ for 1 <j<n -2, but these results seem to be
inaccessible by our present methods.

Combining Theorem 1 with the fact that y, . ~ ((p + 1)9)” and the inequal-
ity p+q+1<2p+1)g<(p+q+1)? (exceptwhen p=-1 or g =0) which is
the sharpest possible inequality relating (p + 1)g with powers of p + g + 1, we

obtain the following results, which we state as a theorem:

Theorem 4. (1) For 1<j <n~ 2, the equation Dbu =v bas a unique solution
for every distribution-valued form v. The estimate |u| _, < | [:]Zuns 5 Slull
holds whenever u € H_ and t > 0, and this inequality is the sharpest possible.
In particular, taking t =1, we see that the application of Db results in the loss
of between one and two derivatives, the exact amount depending on the'‘spectrum’’
of the form in question. For forms u € @“’ 1((1) qu) (p = const.) or
u€ @ (quq] @‘qu]) (g = const.), || Db"“s ||u||s+1; for forms u €
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$p—q=const.(®qu ® \qu].), I, ully ~ ||u||s+2. (Similar remarks apply in the
following cases.)

(2) On B° and B"~! the barmonic space N is infinite-dimensional, so we
cannot hope to obtain any regularity [or arbitrary solutions of Dbu = v. However,
if v LY, then there is a unique solution u 4.} of [Jyz = v, and lells,1 < ol ¢
~ ||u”5+2

(3) If v eH, B (0<j<n-1), 6 v =0 and v is orthogonal to the harmonic
space (if any), tben there is a unique solutzon u of 6bu = v which is orthogonal

to the null space of d p and |u] < ||u||s+1. Likewise for b,.

sers2 Slols
(4) In all of the above cases, if v is real analytic, then the solution u will
also be real analytic, since exponential decrease of the coefficients is not

affected by factors like ((p + 1)9)% or (p + 1)q.

Details of the proofs are left as a (trivial) exercise.

4. The b-norms. In this section we introduce Sobolev-type norms for Db‘ We
shall work exclusively with functions; analogous results for forms are obtained by
taking norms componentwise. We could define a norm by ||/ || = {|(C, + Df ||, but
this is not very satisfactory because Db is lopsided: it has a large null space
for which this norm provides no information. We proceed to remedy the defect.

Let Db be the conjugate operator to Db’ defined by D f= (Db/)) Then
the CIJP ’s are eigenspaces for Db with eigenvalue y . Thus Db Db is
symmetric with respect to p and g and annihilates only constants; the eigenvalue
of Db ib +1 on (I)pqo is y[Z)qO + yquo +1 ~(p+1)g + 1). We therefore
define the family of Sobolev-type norms {||| g o5 € R} by |H/|||S 0=
1], + Db +DS/?f||. (The subscript zero is included to facilitate a later gener-

alization.) The results of §3 show that || ls,2 s g0 S Il for s >0 and
s s llso sl g/, for s <0; more precisely, || ||, o ~1II ll5,, on
®p=const.®pq0 and ®q=const.¢pq0 and m ms,O ~" Hs on p—q:const.(bpq()'
We denote the completion of C® with respect to || I, o by B, 4 The distribu-
tion theory of $1 can then be reformulated in terms of the spaces B, o Specifi-

cally, we have C = nBs o every distribution belongs to some Bs o lls o
is compact with respect to || ||, , whenever s >s'; and Bg o C C" whenever
s>@2n-1) + 2r.

Db and ib are only half as strong in the direction tangent to the circle
orbits as in the other directions (cf. Chapter I), and we can therefore obtain
sharper estimates if we can control differentiation in the ‘‘bad’’ direction directly.
Fortunately, the unit vector field X tangent to the circle orbits is just the infini-
tesimal generator of the circle action. Since Sl is the cernter of U(n), X com-

mutes with the action of U(n), and so the (quo,s are eigenspaces of X.
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Proposition 2. The eigenvalue of X on CI)pqo is ip - q)
Proof. According to Theorem 1, Chapter III, every [ € ® o satisfies

f(e_iex) = ei(q_p)ef(x). Therefore Xf(x) = d/d@[/(eiex)]ez(): i(p-g)f(x). Q.E.D.
Letting |X] = (- X?)*% be the operator whose eigenvalue on ®, .0 is o - ql,

we define the norms f| || , (s, o €R) by
il o = M3, + 5, + D/20x] + D71,
and we let B be the completion of C® with respect to || s o

Propesition 3. For ¢ > 0,
NP Py T

Proof. The first inequality is obvious. On the other hand, let [ =3f

b
vq vq
where /pq e, bpq ed ||bpq|| = 1. Then

pq 0’

N2 o~ D o Dg+ Dp - gl + DI/, |2
5 2 o+ D+ DI*29Yf, 12 ~ A1 2 40 o0

Moreover, these inequalities are the sharpest possible: || || o ~ I [l on
@p—q:const.q)pqo and m ”|S+20',0 ~ m ”ls,U on P=C0nst.q)pq0 and
®q=const.®pqo' Q.E.D.

Theorem 5. If s, 0> 0,then || |4 sl 5o s | 5,0 where s’ =

min (s,(s/2) + ¢). These inequalities are sharp.

Proof. Ler f=3Xf
the form Ep,qZO

rewrite this as

L A(P:P+m)+zA(P, b+ E A(q+m, 9.
m>0, p>0 p>0 m>0,q>0

qupq as above. Our method will be to break up sums of

A(p, q) into 2p<q + 2p=q + 2p>q and then, setting m = |p — ¢ql,

The idea behind this is to change from the coordinates (p, g) in *‘Fourier trans-

form space’’ to the coordinates (p + g, p - q), in which the directions parallel to

the axes are the directions of greatest strength of [:'b + Db and X, respectively.
First, suppose ¢ > s/2, so min (s,(s /2) + ¢) = (s/2) + 6. Then

112, 000~ 2 (o g+ D520, |2

b, 420
~ > Qprm+ D2 iy 2 p+ D2y, |
m>0, >0 >0

st20 2
+ E (2g+ m+ 1) Vigemyal
m>0,q>0
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Now

2
Z (2p+m+ 1)S+20|/p(p+m)|

m>0,p2>0

< Z (p+m+l)s(p+m+2)2c'|/p(p+m)|2
m>0, p>0

< X (em+ D@+ D2 m+ DU, )l
m>0, p>0

< 2 Gem+ D+ Dm+ DU, il
m>0, p>0

= >+ D%+ DUp - gl + DU, 1%
p<q

and likewise

> Qe+ me N gt s 3 (0 D+ D(p - gl + D27f,,1%
m>0,q>0 p>q
Also,

> o+ D520, 125 3 (p+ DS20U, R 5 3 (04 DI,

p>0 b0 >0

Therefore

112 o5 2 (24 Dg+ Do~ gl + D217, 12 ~NFI12. ..
b, >0

An examination of this calculation shows that || ||(s/2)+¢7 ~l Mg o on

@p'—‘const.q)pqo and ®q=const.®pq0'
Next, suppose ¢ > s/2, so min (s, (s/2) + ) = s. Then essentially the same

calculation with the roles of s and 20 reversed shows that || ||_ < || Il o

and || ”s ~ “IS'U on @p_q%Qnst‘(quo. Finally,

IHZ o~ 3 (4 D*(g+ D*(p- gl + D27, )2

b, @0

$ 3 (prq+ D2 1)

Sto?
b, 0
and ||| ”ls,O' ~ | llg4o on (for example) eapZOq)p(Zp)O' Q.E.D.

Corollaries. (1) For s, 0> 0 we bhave B
B CH
5,0

compact.

s+20,0 C Bs,O’ C Bs,O and Hs+¢7c

min (s.(s/2)+0) These inclusions are sharp and are continuous but not
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(2) B is naturally dual to B _ so the the inclusion relations for s, 0

s, 0 ,—0’
< 0 are obtained by dualizing those in (1).
(3) Ce = nB 5,0 and every distribution lies in some B,
4 || ms o 1S compact with respect to || || o1 if and only if s>s' and
g>0o'.

Thus we can do distribution theory with the spaces B_ ,, and we get more

o' ’
efficient relations with the H_ spaces than with the spaces B_ ,. The analogue
of the Sobolev theorem is that B, ,CCifs>r+n-Yand o > (r+n-%)/2;
we can also take o to be smaller 1f we let s be larger. However, we can obtain a

much sharper result for 7 = 0 by a direct argument.
Lemma 1. If bpg € Ppgo 974 16,4l = 1, then

"bpq"oo S (p+ 1)("-2)/2(q+ 1)(n—2)/2(p +q+ 1)‘/2.
Proof. By the general formula for the dimensions of representations of U(n)

(Boerner [1, p. 201]), we have

- !
sima,, (p+n g +n-D(p+qg+n— 1>~(p+ D 2g+ D" p+q+ 1)
plgln— Dl n-2)!

The lemma now follows from Proposition 1, taking G = U(n), H= Uz ~1). Q.E.D.

Theorem 6. B _ UCGO if for some ¢>0,s>n—-1+¢ and 0> (1 -¢€)/2, and
the inclusion is continuous.

Proof. Let / =3/, b,
e <31, 15y e
szlqul(m D=2V 2(g 4 =2V2(p 4 g4 D%
@+ D Ag+ D 2(p - gl + DT o+ D 2+ D 2(p—of + DT
< [Z(p+ D*(g+ D (lp~ql + D27, | 2] ki
[Zr v2rtq e 02 2oe g+ DUp- 1+ 1>-2°]%

as above. By Lemma 1,

by the Schwarz inequality. The first factor in the last expression is NlH/HIS,U; it
remains to show that the second factor converges. Using the same trick as in
Theorem 5,

T [+ Dlg+ DI™2 (ot g+ Dp—gl + D72
p, a0

= Z [(p+D(p+m+ l)]"_2_5(2p+ m+ Dlm+ D=2+ Z(p+ D20=2=5)2p + 1)

>0, p>0 20
+ Z [(g+m+D(g+ D™ 272+ m+ 1)(m+ 1)=2°.
m>0,q>0
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The second term is less than 2% 5 (p + 1) 2n-25-3 ghich converges provided
2n—2s -3 <-1, i.e. provided s >n ~ 1. The first and third terms are equal, and

we have, assuming s >n -1,

> e+ D@+ me DI™ 2p+m+ Dims D=2
m>0, p>0

£ s D72 (o4 D25 (p 4 me D15
m>0 >0

= Y (s DP1=520 3 (o P25 (/4 1) 4 D1
m>0 >0

<D (my Pro1=s=20 37 (py yn=2-s
m>0

>0

since (p/(m + 1) + 1)?~ 1= < 1. Convergence of the second factor again requires
s >n - 1. Canvergence of the first factor requires n— 1 -5 -20<-1,i.e. o>
(1 +(m—-1=~5))/2. Taking € = (s —n + 1)/2, we see that under the hypotheses of

the theorem, || || < |l HIS »» and the conclusion follows immediately. Q.E.D.
Corollary. B C C% ifs>n

This follows directly from Theorem 6 and Proposition 3.

We conclude with some heuristic remarks. Theorem 6 says (except for the
factor of ¢€) that B, ,C C% if s>n -1 and 6> %. The results of Chapter III
show that Db is essentially the pullback of the Laplacian on CP"~ ! and X2
restricted to an orbit is just the Laplacian on §,. The ordinary Sobolev theorem
says that H_(CP"~1) CCUCP™ ™)) if s>n -1 and H(S)) CCUS) if 0> 4.
Thus, in some sense, these two phenomena are combined by the fibration
§,—-8,— CP"~! to yield our result.

It seems likely that the following generalization of Theorem 6 should be true:

Conjecture. BS,U CCT if for some €>0,s>r+n—1+¢ and 0>+ 1-¢/2.

The estimate needed to establish this assertion is [|Df]|, , < |||/|||s+"o+’/2

where D is any differential operator of order at most r. Indeed, we have
X7l o~ (e + D + D<o = gl + D27 o gl 2], 12
i . .
<D o+ D% (g+ DT(|p - q| + D2H7, |

~M 45, oai/ 5

Hence it suffices to prove the estimate for D involving only differentiations in
directions orthogonal to X. But Db is “‘elliptic’’ in these directions, in a sense
made precise by Theorem 2 of Chapter III, so there should be good control over

such D’s. However, we have not yet found a satisfyingly rigorous proof.
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V. BESSEL FUNCTIONS
(THE J-NEUMANN PROBLEM ON THE UNIT BALL)

Let @7 denote the Hilbert space of square-integrable (0, j) forms on the unit
ball B, CC”, so that @7 is the completion of (A %) in the notation of Chapter L
Recall that u e T(AY) is said to satisfy the 9-Neumann conditions if u|S e B
and 8u|S € B'*!. The restriction of 39 + 59 to forms satisfying the d-Neumann
conditions is a positive hermitian operator; we denote its Friedrichs extension
by [] (and use the symbol [ ] only for this purpose). In this chapter we will
solve the following strong form of the 9-Neumann problem on B _: determine the
spectral decomposition of (7 under [}, that is, find the eigenvectors and eigen-
values for [ . Actually, in order not to clutter up the notation with factors of 2,
we will deal with the operator 2[ |, which as a differential operator is just the

Laplace-de Rham operator.

1. The 9-Neumann problem for functions. For functions we have the well-

known formula

(cf. Miiller [13, p. 38]) where A* is the Laplacian on S . Since the radial and
tangential differentiations are not mixed, the trick of ‘‘separation of variables”’
works, and the eigenfunctions will be of the form [(r)g(f), where 0 denotes a
coordinate on § . But we already know that functions on §  decompose under A*
into spherical harmonics; therefore, adjusting a factor of P74 we seek eigenfunc-
tions of the form /(r)bpq where bpq is a harmonic polynomial of type (p, g).
First let us see what the d-Neumann conditions mean for such functions. The

first condition is vacuous, and the second says (5(f(r)bpq), 9r) |r=1 = 0. Therefore

Z (/(»b )

r=1

n z db
Z %a N ba 1 | (r)
T 2" /'@ 2r Ppa* () 9z

2r " qf(r) hpq r=1

r=1

by the Euler homogeneity formula. Thus the boundary condition is

(1) ') + qf(1) = 0.

With this we quickly dispose of the eigenvalue 0. Since bpq is already
harmonic, by uniqueness for the Dirichlet problem, we must have f(r) = const.
(1) then becomes g = 0, so the null space of 2[ | consists precisely of the holo-

morphic functions.
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The nonzero eigenvalues are all positive, so we may write them as A%, 0 <
A <oa, To solve the equation (2[ |- A 2)(/'(r)bpq) = 0, we use the formula

GF G

(NFe)=(1PG+ F(Jo) - ™ a

(where x 1p***» X, are real Cartesian coordinates on C”) and the Euler homo-

2n
geneity rule, which yield

200/ by ==l () +((2n+2p+ 29 - 1)/7)/'(r)]bpq
The equation

"D+ (@r+2p+29=1)/9 D+ A% (D=0

becomes Bessel’s equation of-order p + g + n — 1 after the changes of variables
R =M, F(R)=R?*9*n-1/(R), and hence the solutions which are regular at the
origin are constant multiples of rl_""p”q]p”m_l()v).

A short computation shows that the boundary condition (1) is equivalent to
(2) )\];+q+n_l()\)+(q— p=n+1]yig4n (W) =0.

It is known from the theory of Bessel functions ([17, Chapter XVIII]) that the
positive A’s satisfying this equation form a countable discrete set and that the

corresponding functions [ (A7) form a complete orthogonal system with

n-1
respect to the weight funcfiﬁtii on (0, 1). (The case g =0 is exceptional: here
one must add the function r2*?~! to make the system complete, which accounts
for the eigenvalue 0.) The expansion of a function on (0, 1) with respect to such
a system is called a Dini series.

01 01
Let qul, ’\pq 2

merated in increasing order. (The superscript 01, superfluous at present, will

««+ be the countable set of positive A’s satisfying (2) enu-

become significant in the next section.) Let

(r) = Cpqu—n—p—q]

)01
[pqm b+q +n—1( pgm )

qu
2 1 2 ..
wherever bquSn has L“-norm 1 on §_. Moreover, let bpq, bpq, be a complete

where the constant €pa is determined so that (r)b has LZ-norm 1
set of harmonic polynomials of type (p, g) which are orthonommal on § . (For exam-
ple, we could take b to be the harmonic extension to B, of ¢p oon S, .) We
then have the solunon to the d-Neumann problem for funcuons
Theorem 1. The set {b‘;o pa Y {/pqm (r)b“ } ma
®° consisting o/ eigenfunctions for 2[_] Tbe ezgenvalue of b is 0, and the

eigenvalue of/ (r)b; is (Ag;m)z

is an orthonormal basis for

Proof. The orthogonality and completeness follow in the usual way from the
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orthogonality and completeness of spherical harmonics and Bessel functions on
§, and (0, 1), respectively. Q.E.D.

2. The 9-Neumann problem for forms. Here again the method will be to expand
forms as in Chapter II on each spherical shell with coefficients depending on r
and then to obtain a Bessel equation for these coefficients. The first step, there-
fore, is to define extensions of ¢qu and l/lqu to the interior of the ball, which
we will still denote by ¢pq7’ and ‘/’qu'

We use the analytical expression

i+l
, N
_za-1,p 1z = > -
Ppgi = Z Y (1712 dE AL dE e NdE

1
i=1

to define ¢pqi on all of B . Further we define

— (dzi’ 5’> Ky = 2a 257
¢;=dz, - _—-—(?f:dzl.—ziz—r— dz,=dz - %, —

(a7, or) i

on B, - {0} and then define
y _ ,pa-1_0
l/Jpq].—rzl zné’lA-o-/\Z_,']..

The factor of r is inserted to make l/lpq]. homogeneous of degree p + g, as ¢qu
is; it also has the effect of making every ‘/'qu except l/l(_l)l(n_l) continuous at

0. It is clear that these extensions of ¢p . and Ypq; preserve the property of

q7 =8
being pointwise orthogonal to forms of the type & A Jr. It is also easy to check
that

= 391007 A ... 2.+ (=17 I
Ypai = 7% zPdz A A dz].+( D 2¢ 401y N o7

for p > 0, and

z9-1 = ~
1 itn— — - —
Vi tyameny= 5= 2o CDTEAZ A dE e N dE
i=1

Now let ¢‘;q7., l[l:qj be the canonical basis forms of Chapter IV. We extend
these forms to the interior just as above by requiring their coefficients to be homo-
geneous of degree p + g.

Except at the origin, every (0, j)-form 0 can be expressed as 0 =6, + 02/\57
where 0, and 0, are pointwise orthogonal to the ideal generated by ar. 6, and
0, can then be expanded in terms of the ¢’s and ¥’s with coefficients depending
on r. We therefore look for eigenvectors of 2[ ] of the form /(r)qS‘;q]., /(r)(ﬁzq].,
/(r)qS;q]. Adr, /(r)x,b‘;qj A 9r where in the last two cases the boundary condition
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/(1) = 0 must be satisfied. The thing that will make this easy is the fact that [ ]
acts componentwise with respect to the natural basis in C™:
D(Z“il---i,-dzil ALES ) Z(D“ g A A dzi]..
(This follows from the Weitzenbdck formula, or by direct calculation.)
First let us consider forms of the type

jtl /\
(Vb= 1NZI712E 3 (- DI~12dZ Aeevdz oo A dZ

i=1
Since ¢ > 1 and j <7 ~ 2, each coefficient of ¢qu is a harmonic monomial of
type (p, q). Therefore, applying the arguments of $1 to each coefficient, we see
thae (2C]= A/ ()¢, ) = 0 if and only if f(r) = cr!=""P=4) (M), or f()

= c in case A= 0. Moreover,

p+g+n-—1

8(/'(r)¢»

PQJ

AL A -
= DF12 Y D)TIEdE A dE s AdE | A D 0r
i=1

+(g+ P f(DNZI12dE A el A dZz 4

r -1y | 7' (s -
—(q+])f()¢pq(j+l)+u[-’—25—)+(q+j)/(r)]¢m/\ar.

r

Therefore the d-Neumann condition requires
3) Y1) + (g + /) =o0.

Thus the eigenvalue 0 does not occur. As in 81, (3) is equivalent to

(4) A ()t)+(q-—p+2j—n+1)]p+q+n_l()\)=0,

ptgtn~

and there is a countable sequence M1l - of positive numbers satisfying

pal’ “pq2 "’
this equation, yielding an orthogonal sequence of Bessel functions. Setting

Wl p

= l-n—p-gq
(N=c,.r ]p+q+n-1 vam

qum baqj
with the norrnalizing constant ¢, . as before, and then letting the unitary group

act, we see that {f7! is an orthonormal basis for the subspace of

bgm (r)¢Ptn bgma
({7 whose elements are in the span of the ¢’s on each sphere.

Furthermore, since 2[ ] commutes with d, the forms 8(/72 ()¢:q1) are an
orthogonal set of eigenforms with the same eigenvalues ()\7l )2 (They auto-
matically satisfy the second boundary condition since they are d-closed.) A

straightforward computation shows that b(/pqm(r)¢;qj) =0, so
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(A;lqm)zfgm(r)gégqj = 200(¢/3 (g2, ) =293(/]1 (e ).

pgm

It follows then from the fact that d is a weighted shift operator that
Yixil y=T177471 a

2 (qum) . oA pqm(r)qquinpqma

space of @7+!, orthogonal to the one constructed above.

is an orthonormal basis for another large sub-

We cannot play the same game with the J’s or ¢ A dr’s, because their coef-

ficients with respect to the natural basis are not harmonic. However,

‘/Ipqi/\é—r
—[Z9-1280% A ... A dZ -1y 9r1 A 91
= [z9~1z2dz A ANdZ + 21, . 1 AIr]AIr

) n
1 -
- 3a-1,04% 2 a2 24z,
_rZ‘f zndzll\..-/\dzj/\<2’ 1 zldzz>

N

n
=q-1_b - - -
z‘{ znz zidzll\---/\dz]./\dzl.
itl
for p > 0, and

Y-y N7

n ] N
=%E‘{‘l <Z (_l)t‘mgl_d;l AeevdZ ooe A dEn> /\(

i=1

V-
-[M=
.-N

_,
L
SN—

n

1 —g—1 -— = —

=——2r2 z] z zizldzll\---/\dzn
1

= %z‘f—ldzl/\ e NdZ

Since j> 1, the coefficients of these forms are harmonic monomials of type

(p + 1, g — 1). Thus we obtain eigenforms of 2[_] with eigenvalue A2 of the type
EY . _ pl—n—p—gq

/(r)ljqu]. A dr by taking f(r) = cr Jprasm-1

condition is f(1) = 0. (Hence A= 0, which would require f(r) = c, is impossible.)

(M), and the first boundary

The second boundary condition is vacuous, for
A, A 7
=" (NI N, Nar+ [DO,, . A I

= 0+ f(DBBEI~128d% A -er AdZE A I(D) = 0.

As before, there is a countable sequence )\;:1, )\;;2, «++ of A's for which the
boundary condition is satisfied, and the corresponding /;;m (r) = cpq].rl—"_p_q
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']pwm—l(A;;m r) form a complete orthogonal set on (0, 1) with respect to the
weight function 7. (The expansion of a function with respect to this basis is a
Fourier-Bessel series, but the same theory applies as with the Dini series (cf.
Watson [17, Chapter XVIII]).) Therefore, letting the unitary group act, we see that
{/qu
ments are in the span of the ¥ A dr’s on each sphere

(r)zjqu] A dr} is an orthonormal basis for the subspace of ({7*! whose ele-

Just as we obtained another subspace by applying 3 to the f(r) ¢'s, we obtain yet an-
other one by applying b to the f(r)yy A dr’s, and {2 l/’()\;ngm)" 5(/ 7p§m (r)z,b‘;q]. A on} pgma
is an orthonormal basis for this subspace. An explicit formula for these forms will

be useful. Since

D(Zbilmijdzil Aeee A dEl.]_>

=20 (- Db, .., /3, )d%; Ao dF, ee NdE
we have
b(/(r)l,b .Aé—r)
Z Z( 1)"63 (f(AzI-12Pz )dz A - fz\b oo AdZ ANdZ

a-j4l b=1
— 4
_q)itl 9 =a=1,0. V% Aev. A J%
+(=1) a§1 . (f(NZ9=12Pz )dZ A-.. A d3,
/()__ _ _ AN - -
Z E( 1 bz’f'lzZzadzlA---dzb---/\dz]./\dza
—]+1 =1

; - '@ =
FCOT = PO S BT D 2 AR A,

a=j+1

+(p+n- ])/(f) l/lqu +% (p+n- f)/(7)¢pq(j_1) Aor.

4

(-t [r/'(r)

Note that this automatically satisfies the right boundary condition: f(1) = 0.
We have now obtained the complete decomposition of the spaces ®’. To show

this, we need some lemmas.

Lemma 1. If u = gl(r)(ﬁqu + gz(r)quq(]._ nA or (p>0) then
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- 1) -
= [(_1)7 ()+(”_+£_1_)_ g2(7)+( 71) (2 + 2 - l)gl(r):l Ypa; N O

by m [(—1)7 20p+n—7)

(-1 .
> () + ———— g, () + - 2p+2m- 27+ Dg, D bppi1y

Also, if u =g(r)¢(_1)q("_l), then

n—1

= [(—- D"l () + e lr)

(2q + 2n — 3)3(7)] d’(_l)q(n—l) Aor

and Yu=0
Proof. Brute force computation.
Lemma 2. The formulas of Lemma 1 are true with 1/;qu, ¢pq(j—l) replaced by

Ptn’ ¢pq(1—1)
Proof. The action of the unitary group taking ¢Pq(1 quq(] D is the

same as the one taking i by construction of l/l . Since 9 and b

a
. to
vqj ¢Pq
commute with U(n), we are done.

Lemma 3. ] annibilates no form of the type

u= 3 (851N Vpa; * 852N Ppq(i—1y A N  (p20.

pqa

Proof. By Schur’s lemma it suffices to consider a fixed (p, ¢), i.e. u =3¢ u®
where «% = gl(f)l/lpq] + gz(r)qqu( 1y A dr. The formula ((Ju, ) = (Ju, du) +
(bu, bu) shows that { Ju = 0 if and only if dz = 0 and bu = 0. Since l/l
(respectively ¢pq(] )) is orthogonal to l/qul (respectxvely quq(] 1)) for ata,
Lemma 2 shows that du = 0 and bz = 0 if and only if 9u” = 0 and Hu® = 0 for
each a. Thus it suffices to consider a fixed 2 and (after a unitary transformation)
we may take a = 1.

Therefore we must show that there is no form u = g l(r)t//pq] + gz(r)qqu G-
9r which is harmonic and satisfies the J-Neumann conditions. After some compu-

tation we find that

—q- prn—j 1 ; g+j-1
u=Fa- 1P rrml el Attt
o z"[<rgp+q+n—1glr+2 P

_pi-t .
+ (——lr)—— g(— 17g (1) +§ gz(r)i
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( p+n-j W _ q+7-1
'3——————— E Zl.Zl.
1 p+g+n—-1

n

zz ‘)dZ_IA"'AdEj

i+l

1 .
+- {(— Vg (0 + % gz(’)}

j n
o P
> > CDFEzdE A.dz) /\dE]./\dEa].
izl a=j+1
The coefficient of each d;il AcocA d;i- is a sum of homogeneous harmonic poly-
j
nomials multiplied by functions of 7. Since u is harmonic if and only if each coef-
ficient is harmonic, and a harmonic function on B is determined by its values on

any sphere about the origin, it follows that these functions of 7 are constant. Thus

=D D+ % gD =cp

r[————"” g+ o L (r]
prq+n+1 p+q+n-1

Solving for g, and g,, we find
g, (N =c,/r+(- Dlg+i-1/(p+q+n-Dler
g,(n = 2(~ 1)1 c/r+2Wp+n-D/Np+q+n- Dle,r
The first boundary condition says g,(1) =0, i.e.
(—Dﬁdc2+ﬂp+n—ﬂﬂp+q+n—1ﬂc1=
By Lemma 1, the second boundary condition says
(~17g(D + (g + - Dg,(D + (- 1D(29+ 2j - D g,(1) = 0,

i.e.

. g+j-1 , +n—7 ‘
- 1)~ te, + ! c;+(g+j-1 l:z(—l)"lc2 + 2—p‘—‘]_c1:l

ptg+n-1 p+g+n-1

. R + '_1
+(=1)(2g+2j-1) [c2 P A A Al C1]= 0.
p+q+n-1

The LHS reduces to [2(p + ¢ + n)(g + j ~ 1)/(p + g + n~ D)lc|. Therefore ¢ =0,

whence ¢, = 0, which implies g, =g,=0. Q.E.D.

Lemma 4. [ ] annibilates no form of the type u = ang:(f)lll‘(z_ Dgln-1y
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Proof. The same reasoning as in Lemma 3 shows that it suffices to consider

&g _, _ N -
u=g(r)¢’(—1)q(n—1) —Z] Z( 1)’+"zdz ANeeodZ oo NdZ .
i=]
Since :z—'{_l?l. is harmonic, if [ Ju = 0 we would have g(r)/r = c. The boundary
condition, by Lemma 1, is (<1)?~1c + (<1)""Y2g + 22 - 3)c =0, i.e. ¢=0. Q.E.D.

Lemma 5. [ ] is injective on @7 for j > 0.

Proof. We have already noted that [ ] annihilates no forms of the type g(r)¢
or g{r)¥ A Jr, and Lemmas 3 and 4 show that [ | annihilates no forms in the
orthogonal complement.

We are now ready to state the solution of the d-Neumann problem:

Theorem 2.

{17t (

a (G-1)2 a -,
bqm r)d)pqz‘}pqma v qum () l/'pq(f I)A ol

B(\U=DIy=13(7G=D1()pa
v 220 PNl s 1 ) ama

u {24z )=t b(/pqm(r)l,b;q]. A 97}

vam pgma

is a complete orthonormal basis for (7 consisting of eigenforms for 2[ ] with
eigenvalues (/\71 )2 ()\(7 - 1)2)2 (AU =Dy ()\12 )2 respectively. (In @t

pqm
(respectively C{ -1 /orms o/ the type i A or (respectzvely @) do not occur, and
in @" only forms of the type ¢ A dr occur.)

Proof. We need only show completeness; everything else follows from the
foregoing discussion together with the remark that the ranges of d and b are
orthogonal.

Let &j @', and (‘f’ denote the spaces of forms of types ¢, ¢y A dr, and
g¥+g,0 /\ I respectlvely Then @7 @ ('f’ are mutually orthogonal and
invariant‘under D., and @3 @i @, We have already seen that {f;zm( )¢pq; pama
spans @71 and {/;;;l)z(r)lﬁpq] /\Gr}pq o Spans @7 It remains to be shown that
the other basis elements span (], which amounts to showing that 8(@’ =1 A Dom d)
+ b(@’ *1A Dom ) is dense in @’ Since [ ] is injective (Lemma 5) and self-
ad)omt its range is dense. Therefore given u € &3, we can find L vy, vy vy,
in @73 (because @]3 is mvauant) such that u = lim ([ p_) = hm(ab'u + bov )
By Lemma 2, bvm € @71 and av € @7 *1. by construction, bv e Dom F} and
dv,, € Dom p, and this is what we needed. Q.E.D.

Corollary. The basis elements of Theorems 1 and 2 (if we take b;q = ¢;q0
in Theorem 1) form a canonical basis for @’é@i in the sense of Kodaira and

Spencer [5].
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The reader may find it reassuring to see the forms a(/pqm(r)¢pq]) and
b(/pqm(r)(/rpq] A 07) expressed as 2a,; i - Z]zalzl.l/\ - Adz, where the a, i1 ee
are sums of homogeneous harmonic polynomxals multiplied by appropriate Bessel
functions, so that it is directly obvious that these forms are eigenvectors for 2[_].
To accomplish this we use two well-known recursion formulas for Bessel functions,

namely

(d/de)(x=H] () = = x7#] (2,
o l(x) + ]u+1(x) = (2u/x) ]y'(x) (cf. Watson [17, p. 17]).

Applying these to the expressions for (?(/pqm(r)qqu]) and b(/pqm(r)'r/’qu Adr) in

terms of the dzi s, we obtain (modulo a normalizing constant)

a(/t:qm(r)¢’pqi)
g+i \ Moo
— bam 2ep—g—mn F a—1.0 _
= prqrn—-1) 2 r ]p+q+n Z(qumr)z z5 dz Aees A dz.j+1
)\17
bam _n_p —g—1.p
7 i q]p+q+n()‘p;m’) Z‘f z,
+n- itl v
prn-j-1 Zz ; g+ ] Zzz dE A e NdE,,
prg+n=17 Cprgtn- T i
i+2
itl n A
+Z Z (- 1)l+7_lZZ dz N oo E Ad;]’/\dza
izl a=j+2
and

b(f12 (N, .. A a7

pam

. p+n-—j . .
= (1) __ j2 2-p-q-n i2 N34—1,0 g% A ...
=(-1) <P+ P 1> qum' ]p+q,m_z(/\pqmr)z1 z> dwll\ /\dEj

2 ,—n—p—q 72 q— 111
qum 7 ]p+q+n(>‘pqm')z

n

e prn—j & g+j-1 -
+1 = -
-1y < E Z, ~ 3 E zizi> dzll\-o-l\dz].
1 i+l

p+qg+n-1 P+qg+n

+Z Z(— D 1zz dz A dz /\dE]./\dEa

i=1 a=j+1
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Thus each of these is the sum of a term of harmonic type (p, g~ 1) and one of
harmonic type (p + 1, q). Note also that a factor of A appears in each term, as
we expect from the canonical basis property.

In particular,

n—1)2 3,
iD(fg-1)1q)m(’)'*"(—1)q<n—1) A ar)

= 2\(n=1)2 —n—g+l

n
) AN
—1)2 33 -12 -1z =
(-1)gm ]q+n—I(AEn ) r)z‘f -1 zidzlA"'dEi'"AdE

~1)gm n

i=]

- Agn—l)z Fmm=atly

(n—1)2 _1\n-—-1
-1)am (A DD gty

qtn— (-1)gm

Indeed, we could have derived this expansion for the forms g(r)(//(_l)q (n—1) BY
observing that the coefficients of rt,b(_ )g(n—1) 3¢ harmonic of type (0,g) and
using the boundary condition Yf/(1)+ (g + n — 1)f(1) = 0 where f(r) = (1/7)g(r).
The recursion formula x];L(x) + p.]#(x) =xJ,_ (x) shows that this boundary con-
dition is equivalent to the boundary condition f(1)= 0 for /(r)¢(_1)q(n_ 1 Adr.

3. Distribution of the eigenvalues. The estimates for the eigenvalues of [ ]
are obtained from facts about the zeros of Bessel functions (Wa;son {17, Chapter

XV]). We summarize the main results in a theorem:

Theorem 3. (1) For some constant ¢ = c(p, q, ), )\;;m =c +mr+1/m),
and for some constant ¢ = c(p + q), )\;;m = c + mn + O(1/m).
2 Let v=p+q+n-1, H=q-p+2j-n+1. Then

(W +2))% <A£2ql <@+ D+ 2%,
(v + 2% <)\;’;1 <Qw+DWw+3)ifH> 0,
((v+ 2w+ H)% <AL

pql

(+ D+ 3 <Al <+ D+ Y (for which H=-v).

<Q+ D+ H)Y f-v<H<O,

Proof. With v, H as above, )\;Lm is the mth positive zero of )\];()\) + HJ (N,
and )\Zm is the mth positive zero of ]V()\). The asymptotic formulas of (1) for
these zeros were derived by C. N. Moore [12].

D
;qu =Ty
and since ] (A), ];L()\) are positive for small A and their zeros are intertwined,

Denote by 7, (j;;) the smallest positive zero of J (];L). Then A

we have jl'/ < )\;;1 <7j, provided H > 0. Also, for H = — v, the recursion formula
)\];()\) -v] N =~ )\]V+1()\) shows that )\2(1)1 =7]y,1- The estimates for )\;;1, )\;;1

(H > 0), and Ag(l)l then follow from the estimates for j,u’ ]L in Watson [17, p. 486].
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For the case — v < H < 0, we use higher recursion formulas. First
ALY+ HI ) = (+ DA = AJ, W),

Since v+ H> 0 and ], (A = M¥[1 + O?)], it follows that AJ/(A) + H] (M) > 0
for small A, whence )‘zlql < j;. Next,

2+ DA + HI, W1 =-2%] o) + [2(v + D + H) = A2]_ (N,

Setting A = )\7‘;;11, the LHS vanis!'les; however, since )\;;1 < ]'1', < jvijy+2, it fol-
lows that ]V(}‘]pq 1) >0, ]V+2()Up}] ) > 0. Therefore we must have /\Jqu <

(2(v + D(v + H))*. Finally,

Myp® =120+ D+ H=20+ D+ D+ B/A1],0)

=[1-20+ D@+ /A2 Q) + H] (W]

Setting A = )\;L 1» the second term on the RHS vanishes. If A;’Ll <v+ v+ H)%,

the RHS would be < H]V()\;LI) <O;but (W+ D+ % <v+2< j;+2, so the
LHS would be positive; contradiction. Q.E.D.

Corollary. D has closed range; and if j > 0, [ ] is surjective on (7. More-
over, the Neumann operator N (defined by N = 0 on the null space of [ ] and

N =[]""! on the orthogonal complement) is compact.

Proof. (2) implies that all nonzero eigenvalues of 2[ | are > n, so the restric-
tion of [_] to the orthogonal complement of the null space is bounded below and
hence has closed range. [ | is therefore surjective for j > 0 by Lemma 5, §2.
Moreover, (2) implies that the inequalities )\;Lm <c or )t’;]m < ¢ can hold only when
2(p + q))% < ¢ (the worst case being )\;;11 1), and (1) then implies that there are
only finitely many eigenvalues less than any fixed ¢. The eigenvalues of N being
the reciprocals of the eigenvalues of [ ], the spectrum of N is discrete with only zero
as a limit point. Since each A;lqm, )\;zm is the eigenvalue for a finite-dimensional
space (namely an irreducible representation space of U(n)), it follows that N is

the norm-limit of operators of finite rank and hence compact. Q.E.D.

4. The 9-Neumann problem on an annulus. The theory of §1 and $2 can be
easily adapted to give the solution of the d-Neumann problem on the annulus Ap
={z € C": p<|z| <1}, 0<p< 1. The functions f(r) will now be general cylinder

functions,

() = rl'”“’_q[clj 1(/\r) +c,Y 1()\r)],

prgtn— prqgtn-
and we will have to impose an additional boundary condition at r = p:

pf"(p)/2+(g+ () =0
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for forms of type ¢ and f(p) = O for form of type ¥ A dr. The operator
d?/dr? + [(2n+ 2p+ 29— 1)/r1d/dr

is nonsingular on the interval [p, 1], so the ordinary Sturm-Liouville theory (cf.
Coddington and Levinson [2, Chapter 7]) guarantees the existence of complete
eigenfunction expansions for the [(r)'s. Thus we obtain numbers )\ (p),
)\szm(p) and corresponding functions f’ qm(p’ n, /pqm(p’ r) which y1eld a complete
orthogonal decomposition of the spaces (1/(4 ) just as in Theorems 1 and 2.

The main difference is in the harmonic spaces. If b a is a harmonic poly-
2l-n—p—q)y

nomial of type (p, gq), then b . and r
2(1-n—p~q)

are both harmonic on Ap, so
for A = 0 we must take f(r) =c | +c,r It is easy to see that no such

/() can satisfy the boundary condxtxons

' /2+@+ D=0 (G<n-2)

or f(r}=0 atboth r=1 and r = p, except for the case g =j =0 when () = c,
works; thus there are no harmonic forms of the types ¢ or ¢y A dr except for the
harmonic space of functions which we have already found for p = 0. Lemma 3 of
§2 also remains valid, although the linear algebra in the proof becomes rather
more formidable. Lemma 4, however, breaks down: g(r) = 327~ 29 satisfies the
boundary conditions given by Lemma 1, so we obtain an infinite-dimensional har-
monic space in @”_I(Ap) spanned by {r?>~27~ qu/r(_l)q(n_l)}qa This comes as
no surprise, considering the behavior of the 8 complex. It is also indicated by
the general theory of the 9-Neumann problem since the basic estimate of Kohn [6]
for Ap fails to hold for j =0 and j=n— 1.

We do not have precise results about the eigenvalues corresponding to Theo-
rem 3, since the equations defining the A(p)’s are considerably more complicated.
In fact, in the notation of Theorem 3, if F (A, 7) = Ar] (A7) + H] (A7) (respective-
ly Fi(A, 7) =] (M) and F (A, r) = XY (A7) + HY ()\r) (respectively F (A, 7)=
(p) is

Y ()\r)) then the equation for M1 (p) (respectively A2

pgm pam

F O, DF,(, p) = F (A p) F,(\, 1) =0
We can state the following proposition:

Theorem 4. The functions )\;Lm(p) and )\zlm(p) are continuous on the balf-
open interval [0, 1).

Proof. Continuity at 0 follows from Theorem 3.1 of Coddington and Levinson

[2, Chapter 91, since the operator
d2/dr? 4 [on+2p+29-1)/r1d/dr

is of limit-point type at 0. Continuity on (0,1) follows from Theorem 4.1 (ibid.),
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as this theorem works equally well when the equation is nonsingular at the end-
points. Q.E.D.

Unfortunately, to obtain the qualitative results of $3 a stronger result such
as equicontinuity of the Mp)’s is necessary. However, indications are quite
strong that the qualitative behavior of the 9-Neumann problem for p > 0 is the

same as for p = 0 except for the existence of the extra harmonic space.

5. Sobolev estimates for [ |. We now return to the complete unit ball. From
the general theory. of the- d-Neumann problem it is known that ||l4ﬂs+l < Hl_ju”S <
lul,,, for ue€ @ NnDom([]), > 0. Our investigation of the 9, complex, in
which the Laplacian Db satisfied the same estimate, showed that the strength of
Db on u depends on the spherical harmonic decomposition of u : Db is strongest
on forms with p — g = const. and weakest on forms with p = const. or g = const.
We are therefore led to expect that [ | may exhibit a similar behavior, except that
it is likely to be less symmetric in p and q. Indeed, this seems to be the case.

The search for a precise relationship between [ ] and the Sobolev norms is
unfortunately beset by a series of technical difficulties which will become appar-
ent, so our results are rather incomplete. However, we are able to shed some
light on the most essential features of the situation. We can display infinite-
dimensional subspaces of @ (0 <j <7 - 1) on which | J¢|| < ||«| | (whence
I Jull ~ |||l for j> 1 by general theory), and these spaces occur with g = const.
(On (" the J-Neumann conditions coincide with the Dirichlet conditions, which
are coercive; cf. Dunford and Schwartz [3, §XIV.6]. Hence||[Ju|| ~ |, on
@".) Moreover, we show that || Ju|| ~ {|, on the subspace of @ with p =
q + 2j.

First we consider functions, where we naturally restrict our attention to the
orthogonal complement of the harmonic space. The technique is to compare the
9-Neumann problem with the coercive d-Neumann problem. Thus let A denote the
selfadjoint extension of the Laplace-de Rham operator — 42(62/8zi82i) deter-
mined by the boundary condition (du, dr) | _, =0. For u € Dom(A) we have

(A%u, A% ) = (A, w) = (du, du)~|ull

(provided  is orthogonal to the constants), so by continuity ||A%u|| ~ lleefl | for
u € Dom(A"), More generally one can show that Dom(A5/2) is a closed sub-
space of H_, and A®/2: Dom (AS/?)C H, — L? is a topological isomorphism.
However, we will see from the proof of Lemma 2 that, for s > 3/2, H_ N Dom ()
¢ Dom (AS’?), so this method will not yield higher s-norm estimates for [ .

The eigenfunction decomposition of @° for A proceeds just as in $1. The
d-Neumann problem does not respect the complex structure, so only the total de-

gree k= p + g of the spherical harmonics is relevant. If we look for a solution of
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A — u? = 0 of the form {(r)b, where b, is a harmonic polynomial of degree &, we
n+k_1(ur).
The boundary condition is f'(1) + k(1) = 0; equivalently p]"Hk_ ) +

(- n)]n +k —
and the corresponding f’s (normalized as usual) by f,, f,,,++. Theorem 3

get the modified Bessel equation as before and hence f(r) = cr!="~%]

1(y) = 0. We denote the positive roots of this equation by 1, ;, pp 5+,

gives the behavior of the p;,’s, taking H=1-1n.
The first thing we notice is that for p = ¢ the J-Neumann and J-Neumann

conditions coincide. Hence
. 0 )
Lemma 1. If u is in the span of the /plpmbpp s, 2Ll = |A%] ~ |laf,.
The next step is to compute the change-of-basis matrix from the [ J-eigen-

. o . . . ) or  _
basis to the A-eigenbasis. For brevity we shall write qum =Npam Toam =T pqm

v=p+g+n—-1, H=g-p-n+1, K=1-n Then if bpq is a harmonic poly-
nomial of type (p, ¢) with [ |bpq|2 =1, we have
n

AP‘IWII = (qum(r) bpq’ fkl(r) bpq)
f(} ]v(qumf) ]y(l‘“’)fdf

) s ]u()‘pqm’)z’d’-f&fu(ﬂkz’)z’d’]%.

Using formulas from Watson {17, pp. 134-135] together with the boundary condi-

tions, we find

(g- D10, )T )

1 ,
IO ]V(qumr)]v(”klr) rdr = 2V pqu (q # P),
A -
pam ~ Mkl
1 1 H? -2
J.O ]v()\pqmr)zrdr=5 ]V(qum)z 1+T ’
pam
1 1 K2-p?2
fo ]v(l‘klr)z" dr = 5 ]v(l‘lel)z 1+ ——-Z—K— ’
Fri
and so
2|9 - p]
N P 71 (N LT V2 VN L PR R, VP
Appml = 8m1.

Lemma 2. /pqm(r)bpq € Dom(A%).

Proof. We have
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qum r)b Z quml/kl(’)bpq

SO

%
AR (f Db, ) = IZ; i pamt [fDB g

and it suffices to show that the latter sum converges in L2, i.e.

o0

2
2 kA gy P <o,
=1

Since K2 <v?, the term 1 + (K? - vz)/uil is less than one and increases as

! — oo, Therefore

o0

2 2
Z By |Atzqml|
=1

2_ 27~ 2 _ 2=l pl
$2|q—pl 1+H v 1+K v Z kl

2 2 A2 |2

bam Hrei k=1 1% gm = il

But “k =c,+Im+ O(1/D by Theorem 3, so for sufficiently large 1/,

I‘kz/l)\pqm #ill 2 < (217) 2/(14Im)4, and thus

s “kz — 1
z 2<cZ——;<m. Q.E.D.
I=1 pqm #kl‘ =1 (lﬂ)

The following lemma provides the crucial step:

Lemma 3. If u is in the span of {f
1k <l ;-

Proof. By Lemma 2, it suffices to show that [|2[_](f

pql

pql

Parseval theorem, so

1200¢1, 5, (Db, IN2

Ml hd
= A4 2 _ 2 2
)‘Ml q1 Z' pqlll l‘l'kllqu]_II
kl l=1
A“ )\4
pal
Z“Ielmpqll'z:_—_‘l'A%(/ b, I
#kl I=1 #kl
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But by Theorem 3,

M <2+ B+ D12 =[4g(p+ g+ n))?

for p sufficiently large so that H <0, and

PR+ =G+ prgrnt D).

From this it is clear that A:ql/p‘lzl < const. as p = ~., Q.E.D.

It is essential to take m = 1 in this lemma. One can easily see that qul <
B < )‘pqz <y, <+-+, so that all the )\pqm' m > 1, are reasonably large. The
bad behavior is caused by the smallness of the first eigenvalue when g — p < 0.
(When g = 0, of course, the first eigenvalue is actually zero.)

A more thorough investigation of the coefficients quml should yield more
precise estimates for [ |. However, this seems to depend on some rather delicate
and abstruse e.stimates for qum and p,;, which are beyond the range of the pre-
sent author’s expertise.

We now apply the above results to forms of the type /(r)qSqu with 7> 0.
Each coefficient in ¢‘qu is a homogeneous harmonic polynomial of type (p, g).
Since we may define the 1l-norm of a form to be the square root of the sum of the
squares of the 1-norms of its coefficients, Lemma 2 provides the method for cal-
culating the 1-norm of [(r)qﬁpq]' The numbers )\’ , satisfy the same estimates
as )\pll (with v + H = 2q + 2j); therefore Lemma 3 has an exact analogue:
”D(qul ’)¢pq,)|| <c ”/pql(r)qqu]H , with ¢ independent of p when g = const. We

have

Theorem 5. Suppose u € @ A Dom (), j> 0. Then || Ju|| ~ luff ; when u
is in the span of {/pql(r)q’)pq] pa (g = const.), and || _Ju| ~ |u|, when u is in

the span of {/(q+2])qm or in the span of {qum(r)x/l‘;q(i_” /\(—9—r}pqma.

(q+27)q7}qma

Proof. The first assertion follows from the preceding observations and the
fact that |||, < [ J| for j> 0. The 9-Neumann conditions for forms of the
type /pqm (r)qqu] with p = ¢ + 2j coincide with the d-Neumann conditions for

their coefficients, and for forms of the type f12 A dr they coincide

bqm (r)lppq(J—l)
with the Dirichlet conditions for their coefficients. Since, as we have remarked,
both of these are coercive, the theorem is proved. Q.E.D.

It should be true more generally that ||[_Ju|| ~ [|z||, for u of the type
f(ﬂ(ﬁij, p — q = const. A possible approach would be to show that the boundary
conditions ['(1) + (p + g + c)/(1) = O for functions of the type /(r)bpq, where ¢
is independent of p and g, define a coercive problem, but we have not worked
out the details. It is also probable that the estimates which hold for forms of the
type [(r}¢ and [(r)¢Y A Jr also hold for those of the types 5(/(r)¢) and

/(N A ), respectively. However, the latter forms are not directly amenable to our
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methods, since their coefficients are not homogeneous harmonic polynomials. We

therefore leave these assertions in the realm of conjecture.
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