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Tite Tensor Product of Triples as
Multilinear Product*

JOSE L. FREIRE NISTAL ANO MIGUEL A. LOPEZ LOPEz

ABSTRACT. In this paper we introduce a notion of multilinear product ¡br triples in Set,

which if it is given by a distributive law Ihen coincides with the one given by Hunge. Wc also

demonstrate that the tensor product of two triples, if there exist, is an initial object jo a
suitable category of multilinear products.

INTRODUCTION

In “Producto de triples” ([8]) the definition that is given of the
product of triples generalizes the notion of distributive law, according to
Beck ([2]). The tensor product is studied by E. Manes in various articles
([10], [11], [12]), for triples in the caíegory Set, of sets and maps.

M. Bunge, in ([3]), studies the relationship between composition
triple and tensor product of triples, for triples in Set. In this paper, it is
given tIxe definition of distributive multilinear law, which is the
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distributive law in which each algebra over the compositiori triple is also
a bialgebra.

The aim of the present paper is to introduce a notion of multilinear
product for triples in Set, which if it is given by a distributive law then
coincides with the one given by Bunge, ami to demonstrate that the tensor
product of two triples T and 5, if there exist, is an initial object in the
category whose objects are multilinear products R = (TS)r, and whose
morphisms a: R —4 R’ are morphisms of triples that make the following
diagram commutative

RT .4— 5

‘~~T

4~ ami 4~ being the morphisms of triples asociated to every product ([8]).

1. PRODUCT OF TRIPLES AND DISTRIBUTIVE LAWS

(T, iT’ Ñ and 5 = (5, ~ p5) are triples in a category A, a
= (TS)r is a triple R = (R, ‘~, m), where 11 = r o 0w * rb) and
natural traxeformation r: TS ~ R veriftes tbe following

1

T T 5

r
r

r

R R
m

R

1.1 íf T =
produCt R
where the
axioms:

P.1)

T T 5

R
í.e.: r o O~T * 5) = m o (r * r) o (T * * TS)
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1

T 5 5

R

T 5 5

r r

R R
m

R

í.e.: r o (T * ~) = m o (r * r) o (TS * iT * 5) ([8]. 1.1).

1.2 If R = (TS)r is a product, then 4y=r o (T
o 0w * 5): 5 * R are morphisms of triples.

* lis): T ~ R and <1>~:

Converse¡y, if ~: T ~ R ami ~ 5 > R are morphisms of triples,
with R = (R, iR’ m) then R = (TS)r with r:= m o (@T * @~): TS =~ R.

Moreover, if R = (TS)r is a product, then R = (ST)r~ is also a
product, where r’ = ni o ~ * 4’~) ([8], 1.2, 1.3. 1.5).

1.3 If T = (T, iT’ MT) and 5 = (5, lis’ Mg) are triples lii A, a distributive
law of T over 5 is a natural transformation t: TS zt ST which verifies:

Di. 1)
D.L. 2)
D.L. 3)
D.L. 4)

t o (~ * 5) = * IT

t (T * is) lis * T
(5 * MT) O (t * T) o (T * t) = ~ O (MT * 5)
(p~ * T) o (5 * t) o (t * 5) = t o (T *

([2], 1).

1.4 A distributive Jaw r of T over 5 makes a product R = (TS>r with r =
t, R = (ST, 11s * lir (~ * MT) (5 * t * T) and r’ = 15T (‘half unitary
law”) ([8], 2.2).

P.2)

15

‘LS

r 5
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1.5 Conversely if R = (TS)r is a product with R = ST and verifies the
half unitary law, r’ = ‘ST’ then r is a distributive law of T over 5 ([8],
2.3).

1.6 Taking one of the examples given in [2]. we obtain a product (TS)r,
in which r is not a distributive Iaw. In fact, if T and 5 are graduated
rings, R = S®T is a ring with the product operation:

(s1®t1)(s2®r2) =(— 1)&1&lsís2®tít2

(8 indicates the degree), being 101 the unity element. Moreover, the maps

4½T -4 TOS,
4)T(t) = lOt

•~: 5 —> SOT, 4)~(s) sOl
are homomorphisms of rings.

The rings T, 5 and R give the triples T = (-®T, IT’ Mr), 5 =

rv ji) and R = (-OR, iR’ MR) ~uitbe category A of abelians groups (the
natural transformations r~ and ji are the ones induced by the unities and
the multiplications of the rings). The homornorphisms 4½and 4~ induce
morphisms of triples

@T T ~ R ami 4~~: 5 z4 R

R = (TS)r, being r = MR 0 (4½* 4)) (1.2). However. in thís case r is not
a distributive law, because the half unitary law is not verified, that is,
r’!=l.

2. TENSOR PRODUCT OF TRIPLES

2.1 Let n e Sed and (-f: Set —4 Set be the functor Hom(n,-). íf
T = (T, iT’ MT) IS a triple in Set, a n-ary operation over T is a natural
trausformation (-Y t 1.

II’ (X,~) is a T-algebra, each n-ary operation g over T induces an
operation, ~ = ~ (g X): X” —4 X, over the set X
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(~)fl x

x

Moreover, a T-morphism f: (X,~) -4 (YA) is a map f: X —> Y
which is a morphism in the classic sense, commuting wíÉh each operation,
that is, for each g: (-Y’ ~ T

i.e.: f o

([3], 1).

(~)fl (~)fl

= f o o (g X) = O o (g * 1) = 6 o (g Y) o = 0g o

2.2 lf T and 5 are triples lii Set, a S-T-bialgehra is a 3-triple (X,a,~>,
with (X,a) and 5-algebra and (X,~) a T-algebra such that for alí n,m e
Sed, g: (-Y’ ~ T and h: (-y” ~ 5 tIte following holds true:

g

T

x x

Y

Y
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n(~) r x

x

a (S4) ((h~g) X) o (y~ X) = o (T~a) o ((g~h) X), where

is the canonical isomorphism.

This is equivalent to, for every g: (-Y’ ~ T,~ is an S-morphism, or
equivalently, for every ir (~)m ~ 5, d’ is a T-morphism ([3], 1).

This defines the category SetíSTí of S-T-bialgebras as a fulí
subcategory of the category Set<S~Tí whose objects are triples (X,a,~) with
(X,a) an 5-algebra and (X,k) a T-algebra, and whose rnorphisms
f: (X, a, ~)—* (Y, z, O) are maps f: X —* Y, being f an S-morphism and
T-morphism.

If the forgetful funetor Uís~Tí: SetIS~~> —> Set is tripleable, it makes a
triple S®T that is called tensor product (symmetrically, T®S) ([3], [10],
[11], [12]).

me existenee of tensor .product of triples is, in general, an open
questíon.

3. MULTíLíNEAR PRODUCTS

3.1 Let T = (T, iT’ MT) and 5 = (Y, ~, M5)
(TS)r a product, R = (R, r o (WT*ís), ni).

be triples in Set and R =

g h

Y a

x

x
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We will say that R is a multilinear produCr if for whatever g:(-Y’ z~
T and h:(-Y” ~ 5 it are verif’ied

i.e.: r’ (h~g) = r (g~h) o

3.2 lf R = (TS)r is a product, the morphisms of triples ~ 5 4 R and
4½:T ~ R (1.2) give functors (change of triple) Set: SetR ~ Seta and
Set’: SetR ~ SetT, respectively, that commute with the forgetful functors
to Set. As a result, each R-algebra (X,t) gives an 5-algebra (X,a~) =
(X.t o (4)3X)) and a T-algebra (X,~) = (X,t o (4½X)).Moreover, it is
verified

T 5 Xa

-r

x
x

T 5 X
r

R

o (tu) = t * (r X), and

5 T X

t

x

5 T X

r
R t

x

R

x
i.e.: a~o (5~~) = t o (r’ X) [12], proposition 2.9, page 210).
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We will say that an R-algebra (X,’r) is a bialgebra if the 5-algebra
(X,a~) and the T-algebra (X4) make an S-T-bialgebra (X, a~, ~). i.e.:

í.e.: o (54,) o ((h~g)X)
operations g: (-f ~ T and

o (j’, X) = 4, 0

h: (-f’ ~‘ 5.
o ((g~h) X), for alí

it is immediately proved that the last equality is equivalent te:

(~)fl orn x

()m (9’
h g

t

5 T
T

R

x
i.e.: t o (r’ X) o ((h~g) 5<) o (‘y~ X) = t o (r X) o ((g~h) X).

3.3 From foriner definitions we can conclude, trivially, that for a
multilinear product R, every R-algebra is a bialgebra. Its reciprocal result
is also true. If R is a product and every R-algebra is a bialgebra, ¡ten R
is multilinear as a consequence of the following result:

íf T is a triple in Set and a,13: (-)“ ~ T are k-ary operations over
then a = 13 if and only if t — t~ for every T-algebra (Xsr) ([3], lemma
2.5, page 145).

x
x

x
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To obtain our result. it is enough to take

n m
(—) and ¡3=

n
(—) (—)

m

R

í.e.: a = r’ o (h~g) o ‘y~, and 13 = r (g~h).

4. THE TENSOR PRODUCT AS MULTILINEAR PRODUCT

4.1 Let T = (1, flT’ MT) and 5
suppose that the tensor product
following diagram

[S,T]
Set

U

= (T, 1ls~ Ms) be triples in Set. Let us

S®T = R = (R, iR. m) exist, i.e., the

R
Set

[S,T] uR

Set

is commutative, 4) being an isomorphism.
For the inclusion functor i: SetlS~Tí —> SetS,

i(f: (X, t, 5) —> (X’, E’, 5’)) = f: (X,t) —4 (X’,t’))
the following diagram of functors is commutative:

g h

T Sr

R
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R [S,T] s
Set > Set Set

R jIS~T] ~

Set

Since i o 41’ commutes with Ihe forgetful functors, a natural
transformation exists a: SR z~ R such that ~ = a o (S*rIR): 5 ~ R is
a morphism of triples (i o 4)-l — Set is the change of triple funetor). For
5< e ¡Sed, and (RX,mX) being the free R-algebra over X,
(i o 41’) (RX,mX) = (RX,aX). For any R-algebra (X,t),
(i o 4>1) (Xt) = (X,’r o (4>~ 5<)),

Iii the same way, for the triple T, a natural transformation exists
~: TR ~> R. such that 4½= o (T~nR): T ~ R is a morphism of
triples.

If (X,t) is mi R-algebra, •1(Xvr) = (X,r o (4~ 5<), ‘r (4½X)). In
particular, 411(RX, mX) = (RX, oX, ~X).

4.2 From alí this and from (1.2) it follows that R is a product, R=(TS)r
with r = ni o (4½~4>~)= o (La) o (TS*UR) (this last equality is true
since mx: (RRX, aRX, ~RX) —> (RX. oX, ~,X)is a morphism of 5-
algebras and of T-algebras).

If (X,t) is an R-algebra, 41’(X,’r) = (X,t o ($~ 5<), ‘r o (4½5<)) = (5<,
G~, ~) is an S-T-algebra and, by (3.2) and (3.3), R is a multilinear
product.
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5. THE CATEGORY OF MULTíLíNEAR PRODUCTS

5.1 Let T and 5 be triples in Set. Taking as objects the multilinear
products R = (TS)r and as morphisms, a: R = (TS)r —> R’ = (TS)r~~
those morphisms of triples a: R —4 R’ that make the diagram
comniutative

T 5

uf

we obtain the category of multilinear products of T and 5.

5.2 In the category of multilinear products of T aid 5, S®T is ml initial
object. Let us write S®T = R = (R, 1lR’ m) = (TS)r.

Let R’ = (R’, iR” m’) = (TS)r~ be mi arbitrary multilinear product
and 4í~: 5 ~ R’, 41T: T ~ R’ the corresponding rnorphisms of triples.
Jf (X,’r’) is an R’-algebra, (5<. <~., ~<) = (5<, t’ o (4>’~ 5<), t’ o (4>’~ 5<))
is mi S-T-bialgebra.

íf j is the funetor j: SetR’ ~ SetíSTí such that j(X,t’) =
then the following diagram of functors is commutative:
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(S,T] ~, R
Set Y Set Y Set

R j [S,T] R
U

Set

Thus, a natural transfornxation exists %: RR’ ~ R’, so ¡bat
a = X o (R~nR.): R ~ R’ is a morphism of triples, being4> 01 = Seta
the change of triple funetor. Moreover, (4> o j)(X,t’) = (X,t o (a X))
and, in panicular, (4> j)(R’X, m’X) = (R’X, XX) = (R’X,(m’X) o
(aR’X)). Then,

(R’X,(rn’X) o (4>’~ R’X>,(m’X) o (4)’T R’X)) = 4>4 ((4> o j)(R’X,m’X) =

= 41’(R’X,(m’X) o (a R’X)) = (R’5<, (m’X) o (a R’X) o(4>~ R’X), (m’5<)

o (a R’X) o (4½R’X» from which we can obtain
m’ e(4>’

5*R’)=m’o«a0@5)~R’)~4@’5=ao4>s
o (4>’T*R’) = m’ o ((a o 4>T)*R’) ~ = a o 4½

¡bat is, there is a morphism in ¡te category of multílinear products

5.3 Let us see the uniqueness of a. Let ¡3: R —* R’ be a morphism of
triples sud> that 13 o

4>T = 4>’T and 13 o 4>~ = 4)’~. Set~: SetR’ —> SaR is the
<tange of triple functor corresponding to ¡3 (note ¡bat $oj—Set”). Then

a = 13 ~* Set” = Set~ 4~’ Set” (R’X, m’X) — Set~ (R’X, m’5<) for
every free R’-algebra (R’X, m’X) ([12], prop. 2.9, page 210). Also
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1304½ = @T = ac4½<> m’o«3*R’)o(4½*R’)= m’o(a~R’)o(4½~R’)

= = a04~ ~ m’o(IitR’)o(4,5.R’) = m’o(a~R’)o<4>8~R’)

Rut, j(R’X, m’X) = (R’X, (m’X) o (Q R’X) o (4>~ R’X), (mn’X) o (aR’X)
o (4½R’X))= 4Í

1Set~(R’X,m’X), so Set”(R’X,m’X) = Set0(R’X,m’X),
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