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The Tensor Product of Triples as
Multilinear Product-

JOSE L. FREIRE NISTAL AND MIGUEL A. LOPEZ LOPEZ

ABSTRACT. In this paper we introduce a notion of multilinear product for triples in Set,
which if it is given by a distributive law then coincides with the one given by Bunge. We also
demonstrate that the tensor product of two triples, if there exist, is an initial object in a

suitable category of multilinear products.

INTRODUCTION

In "Producto de triples" ([8]) the definition that is given of the
product of triples generalizes the notion of distributive law, according to
Beck ([2]). The tensor product is studied by E. Manes in various articles
([101, [11], [12]), for triples in the category Set, of sets and maps.

M. Bunge, in ([3]), studies the relationship between composition
triple and tensor product of triples, for triples in Set. In this paper, it is
given the definition of distributive multilinear law, which is the
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distributive law in which each algebra over the composition triple is also
a bialgebra.

The aim of the present paper is to introduce a notion of muitilinear
product for triples in Set, which if it is given by a distributive law then
coincides with the one given by Bunge, and to demonstrate that the tensor
product of two triples T and S, if there exist, is an initial object in the
category whose objects are multilinear products R = (TS),, and whose
morphisms o: R — R’ are morphisms of triples that make the following
diagram commutative

o ¢
T—— R 2
q)'T Otl q).S

& and ¢, being the morphisms of triples asociated to every product ([8]).

1. PRODUCT OF TRIPLES AND DISTRIBUTIVE LAWS

L1 T = (T, 0y, py) and S = (8, Mg, us) are triples in a category A, a
product R = (TS), is a triple R = (R, 1, m), where 1| = r ° (T} . M) and
where the natural tramformation r: TS = R verifies the following
axioms:

P.1) .
q n
T T S T| 3 T 8
B ——— - —l———
S
Hr r r
T T - R m: R
- R - R

lecro(raS)=mo(ran)o(T.ng.TS)
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P.2) 1
T S S
Hg
9———
r S

ie.reo (T, l-ls) =mo(r,roe (TS . Nt « S) ([8]» 11)

1.2 If R = (TS), is a product, then ¢:=r ¢ (T ., Ng): T = R and ¢5:=
r° (M « $): S = R are morphisms of triples.

Conversely, if ¢;: T = R and ¢5: S = R are morphisms of triples,
with R = (R, N, m} then R = (TS), with r'=m ° (¢, . ¢5): TS = R.

Moreover, if R = (TS), is a product, then R = (8T), is also a
product, where 1’ = m < (g . ¢ (J8], 1.2, 1.3, 1.5).

13T = (T, 1, pp) and S = (S, Mg, Py are triples in A, a distributive
law of T over S is a natural transformation 1: TS = ST which verifies:

DL 1)Te(;.S) =S .0

DL 2)to(T.ng)=ng.T

DL.3)S . p)e(@T.De(T.D=1T°@;.9)

DL )@ .Te@SDe(t,.S)=1(T . png
(21, D).

1.4 A distributive law 1T of T over S makes a product R = (TS), withr =
T, R = (ST, Mg « N1 (s « Bp) © (S « T. T)and r” = I ("half unitary
law") (8], 2.2).
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1.5 Conversely if R = (TS), is a product with R = ST and verifies the
half unitary law, 1’ = lg, then r is a distributive law of T over S (8],
2.3).

1.6 Taking one of the examples given in [2], we obtain a product (TS),,
in which r is npot a distributive law. In fact, if T and S are graduated
rings, R = S®T is a ring with the product operation:

(s,8t,)(5,8,) =(-1)* %5 5,011,
(0 indicates the degree), being 1®1 the unity element. Moreover, the maps

O T —> T®S, ¢(t) = 1St
ds: S — SOT, ¢g(s) = s®1
are homomorphisms of rings.

The rings T, S and R give the triples T = (-®T, M, py), S = (-®S,
Ns, Pg) and R = (-@R, 1, pg) in the category A of abelians groups (the
natural transformations 1 and p are the ones induced by the unities and
the multiplications of the rings). The homomorphisms ¢; and ¢ induce
morphisms of triples

$:T=Rand s S=R

R = (TS),, being r = pp © (¢ . ¢} (1.2). However, in this case r is not
a distributive law, because the half unitary law is not verified, that is,
r#l.

2. TENSOR PRODUCT OF TRIPLES
2.1 Let ne ISedand (-)": Set —> Set be the functor Hom(n,-). If
T = (T, Ny pg) is a triple in Set, a n-ary operation over T is a natural

transformation (-)" => T.

If (X,£) is a T-algebra, each n-ary operation g over T induces an
operation, £8 = § o (g X): X" —> X, over the set X
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" X

Moreover, a T-morphism f: (X,§) —> (YB@) isamap f: X = Y
which is a morphism in the classic sense, commuting with each operation,
that is, foreach g: (- = T

)" X )" X
< - — [
g ( g f
T £ L T Y
f X Y
) Y i

iesfollf=folo(gX)=0o(g,.N=0c(gY)ecfM=0of
([31, b).

22 If T and § are triples in Set, a S-T-bialgebra is a 3-triple (X,0,£),
with (X,0) and S-algebra and (X,£) a T-algebra such that for all nm e
ISed, g: (-)* = T and h: (-)™ = S the following holds true:
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O ot x o o of X
Y g h

L, m € o

m I T S

R I : c
S] T & X
o X ) X

) X

i€ G © (S.8) o (hg) X) o (¥ X) = £ © (T.0) © ((g.h) X), where
Yo! (" =2 (7C)
is the canonical isomorphism.

This is equivalent to, for every g: (-)" = T.E? is an S-morphism, or
equivalently, for every h: (-)™ = §, ¢" is a T-morphism ([3], 1).

This defines the category Set™™ of S-T-bialgebras as a full
subcategory of the category Set™" whose objects are triples (X,0,%) with
(X,0) an S-algebra and (X,£) a T-algebra, and whose morphisms
f: (X, 6,E) = (Y, 1, 0) are maps f: X — Y, being f an S-morphism and
T-morphism.

If the forgetful functor US™; Set™>™ —> Set is tripleable, it makes a
triple S®T that is called tensor product (symmetrically, T®S) ([3], [10],

(111, [12D.

The existence of tensor product of triples is, in general, an open
question.

3. MULTILINEAR PRODUCTS

3.1 Let T=(T, N, py) and S = (T, ng, pg) be triples in Set and R =
(TS), a product, R = (R, r ° (T1,%), m).
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We will say that R is a multilinear product if for whatever g:(-)" =
T and h:(-)" = S it are verified

ST A © P @
h g 7‘:
g S i T =__H < _m
B y ‘ O" ‘() N
N R ST - S
P T
) R

ie:r o(h.g)=re°(g.h)eov,.

3.2 If R = (TS), is a product, the morphisms of triples ¢s: § = R and
dr: T => R (1.2) give functors (change of triple) Set*: Set* — Set® and
Set*: Set® —> Set”, respectively, that commute with the forgetful functors
to Set. As a result, each R-algebra (X,1) gives an S-algebra (X,0,) =
(X,T ° (¢sX)) and a T-algebra (X.,§) = (X,T ° (¢:X)). Moreover, it is
verified

T, s . x _ T S8 X
GT r

& X R T

X . X

S T X S T X
E»t r
hl R
o, X T
h X B X

ie.: o0, °(8.&) =1 o(r X) [12], proposition 2.9, page 210}.
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We will say that an R-algebra (X,1) is a bialgebra if the S-algebra
(X,5,) and the T-algebra (X.£) make an S-T-bialgebra (X, o, &), i.e.

O OM™ X O om X
W || |e_l o
O" g " g T S S
S T & &, X
) X X
X

fe: 0, 0 (S.E) © (hg)X) o (Y° X) = &, © (T.0) © ((g.h) X), for all
operations g: (-)" = T and h: (-)" = S.

It is immediately proved that the last equality is equivalent to:

PO AN © P SN © & om X
fﬂ g h
) om ) (-)“g T s
T
S T <
- r‘
R T X
) X

lerteo(@ X)eo(th,g) X) o (Y2 X) =1 o (r X) © ((g.h) X).

3.3 From former definitions we can conclude, trivially, that for a
multilinear product R, every R-algebra is a bialgebra. Its reciprocal result
is also true. If R is a product and every R-algebra is a bialgebra, then R
is multilinear as a consequence of the following result:

If T is a triple in Set and a.B: (-)* = T are k-ary operations over T,
then o0 = B if and only if ©* = 1 for every T-algebra (X,7) ([3], lemma
2.5, page 145).
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To obtain our result, it is enough to take

n ( )m n ( )m

PTG ond PO

. Y“.‘ . 5 . "

@ ok T S

) h | g o

S8 - T R

- r' —

) R

ie:o=r o(h,g)eyhand P =rc (g.h).

4. THE TENSOR PRODUCT AS MULTILINEAR PRODUCT

41 Let T = (T, ng, py) and S = (T, N, ps) be triples in Set. Let us
suppose that the tensor product S®T = R = (R, 1z, m) exist, i.e., the
following diagram

[S,T] ¢ R
Set > Set
[S,T] uR
U
Set

is commutative, ¢ being an isomorphism.
For the inclusion functor i: Set'S" — Set®,

iff: (X, e,0) = (X, e,8)) =1 (X,e) > (X",e")
the following diagram of functors is commutative:
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Since i © ¢' commutes with the forgetful functors, a natural
transformation exists 6: SR = R such that ¢ =0 ¢ (S, zx: S = R is
a morphism of triples (i © ¢! = Set®™ is the change of triple functor). For
X € ISed, and (RX,mX) being the free R-algebra over X,

(i = ¢") (RX,mX) = (RX,6X). For any R-algebra (X,1),
(i°¢") X1 = (X1 e (95 X))

In the same way, for the triple T, a natural transformation exists
& TR = R, such that ¢; = £ o (T.ng): T = R is a morphism of
triples.

If (X,7) is an R-algebra, ¢"(X,1) = (X.T o (¢ X), T © (& X)). In
particular, ¢ (RX, mX) = (RX, oX, £X).

4.2 From all this and from (1.2) it follows that R is a product, R=(TS),
with r = m © (¢r.ds) = & © (T.0) = (TS.ng) (this last equality is true
since mX: (RRX, oRX, ERX) — (RX, oX, £X) is a morphism of §-
algebras and of T-algebras).

If (X,7) is an R-algebra, ¢'(X,1) = (X,1 ° (¢5 X), T © (¢, X)) = (X,
G, &) is an S-T-algebra and, by (3.2) and (3.3), R is a multilinear
product.
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5. THE CATEGORY OF MULTILINEAR PRODUCTS

5.1 Let T and S be triples in Set. Taking as objects the multilinear
products R = (TS), and as morphisms, o: R = (TS), — R’ = (TS),.,
those morphisms of triples o: R —> R’ that make the diagram
commutative

—
4
=~
A
w

=

we obtain the category of multilinear products of T and S.

5.2 In the category of multilinear products of T and S, S®T is an initial
object. Let us write S®T = R = (R, ng, m) = (TS),.

Let R’ = (R’, g, m’) = (T'S),. be an arbitrary multilinear product
and ¢’;: § = R’, ¢’1: T = R’ the corresponding morphisms of triples.
If (X,1’) is an R’-algebra, (X, 0., E.) = (X, T ° (¢’s XD, T ° (¢’ X))
is an S-T-bialgebra.

If j is the functor j: Set® —> Set™" such that j(X,7") = (X,0..&,)
then the following diagram of functors is commutative:
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R 5.T1 ¢ R
Set > Set > Set

Set

Thus, a natural transformation exists A: RR’ = R’, so that
o =A° (R, Ng): R = R’ is a morphism of triples, being ¢ © j = Set®
the change of triple functor. Moteover, (¢ o X, T) = (X, T ° (o X))
and, in particular, (¢ ¢ HR’X, m’X) = (R’X, AX) = R’X,(m’X) °
(aR’X)). Then,

R’X,(m’X) ° (¢’s R'X),(m’X) ° (¢’r R'X)) = ¢ (¢ ° HR'X,m’X) =

=¢'R’X,(mX) o (x R’X)) = (R’X, m’X) ° (&t R’X) = (¢5 R’X), (m’X)
o (o R’X) = (§; R’X)) from which we can obtain

m’ o (q)’S*R,) =m’ ° ((OL ° ¢5)*R’) = ‘b,s =0Q-° ¢s
m’ o (0", R) =m’ ¢ (00 ° ¢;).R) & ¢'7 = o o ¢,

that is, there is a morphism in the category of multilinear products
a: R — R’

5.3 Let us see the unigueness of o. Let §: R — R’ be a morphism of
triples such that B = ¢, = ¢’ and B o ¢ = ¢’5. SetP: Set® —> Set® is the
change of triple functor corresponding to B (note that ¢oj=Set*). Then

o =P < Set® = SetP & Set® (R’X, m’X) = Set® (R’X, m’X) for
every free R’-algebra (R’X, m’X) ([12], prop. 2.9, page 210). Also
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-~

Botr = ¢’y = oodr < m’o(B.R")o(¢1.R") = m’o(ct.R*)(¢;.R")
Bods = ¢°5 = aods = m’o(B.R")o(¢5.R’) = m’ (0. R")o(¢s.R)

But, j(R’X, m’X) = R’X, (m’X) © (@ R’X) ° (¢ R’X), (m’X) ° (0R’X)
o (p;R’X)) = ¢"'SetP(R’X,m’X), 50 Set*(R’X,m’X) = Set’(R’X,m’X),
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