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ABSTRACT
The origin of radio emission from plerions is considered. Recent observations suggest that
radio-emitting electrons are presently accelerated rather than having been injected at early
stages of the plerion evolution. The observed flat spectra without a low-frequency cut-off imply
an acceleration mechanism that raises the average particle energy by orders of magnitude but
leaves most of the particles at an energy of less than approximately a few hundred MeV. It
is suggested that annihilation of the alternating magnetic field at the pulsar wind termination
shock provides the necessary mechanism. Toroidal stripes of opposite magnetic polarity are
formed in the wind emanating from an obliquely rotating pulsar magnetosphere (the striped
wind). At the termination shock, the flow compresses and the magnetic field annihilates by
driven reconnection. Jump conditions are obtained for the shock in a striped wind. It is shown
that the post-shock magnetohydrodynamic parameters of the flow are the same as if the energy
of the alternating field had already been converted into plasma energy upstream of the shock.
Therefore, the available estimates of the ratio of the Poynting flux to the matter energy flux,
σ , should be attributed not to the total upstream Poynting flux but only to that associated with
the average magnetic field. A simple model for the particle acceleration in the shocked striped
wind is presented.

Key words: acceleration of particles – magnetic fields – MHD – shock waves – pulsars: general
– supernova remnants.

1 I N T RO D U C T I O N

Most of the pulsar spin-down power is carried away by a relativistic,
magnetized wind. The pulsar wind injects this energy into the sur-
rounding nebula in the form of relativistic electron–positron pairs
and magnetic fields, therefore such nebulae, or plerions, emit syn-
chrotron radiation from the radio to the gamma-ray band. The most
famous and well-studied example of the plerion is the Crab Neb-
ula; the spectrum of this source is measured from approximately 10
MHz to dozens of TeV. According to magnetohydrodynamic (MHD)
models (Rees & Gunn 1974; Kennel & Coroniti 1984; Emmering &
Chevalier 1987; Begelman & Li 1992), the pulsar wind terminates
in a standing shock at a radius defined by the condition that the
confining pressure balances the momentum flux of the wind. In the
case of the Crab, the shock radius was estimated to be 3 × 1017 cm
in excellent agreement with observations; according to results from
Chandra (Weisskopf et al. 2000), the radius of the shock in the equa-
torial plane is 4 × 1017 cm. The observed brightness and the spectral
index distributions are generally consistent with the assumption that
the relativistic particles are accelerated at the termination shock and
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then fill in the nebula, spending the acquired energy on synchrotron
emission and p dV work.

The generic observational feature of plerions is a flat radio spec-
trum; the spectral flux may be presented as a power-law function of
the frequency, F ν ∝ ν−α , with spectral index α = 0–0.3. At high
frequencies the spectrum steepens and the typical spectral slope in
the X-ray band is α � 1. The overall spectrum of the Crab may be de-
scribed as a broken power law with spectral breaks around 1013 Hz,
a few ×1015 Hz and around 100 keV. The synchrotron lifetime of
the radio-emitting electrons (and positrons – below by electrons I
mean both electrons and positrons) significantly exceeds the plerion
age, therefore one cannot exclude a priori the possibility that they
were injected at a very early stage of the plerion evolution (Kennel
& Coroniti 1984; Atoyan 1999). In this case the overall spectrum
depends on the history of the nebula. However, the spectral break at
1013 Hz may be simply accounted for by the synchrotron burn-off
effect, assuming that particles emitting from the radio to the op-
tical bands are injected more or less homogeneously in time with
a single power-law energy distribution. This view is strongly sup-
ported by Gallant & Tuffs (1999, 2002), who found that the infrared
spectral index in the central parts of the Crab is close to that in the
radio band, and gradually steepens outwards. Recent observations of
wisps in the radio band (Bietenholtz & Kronberg 1992; Bietenholtz,
Frail & Hester 2001) suggest unambiguously that the radio-emitting
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electrons are accelerated now in the same region as those responsible
for the optical to X-ray emission.

If the radio-emitting electrons have been injected into the Crab
Nebula up to the present time, the injection rate of electrons should
be approximately 1040–1041 s−1. It is interesting that the observed
pulsed optical emission from the Crab pulsar suggests that approx-
imately the same number of electrons are ejected from the pulsar
magnetosphere (Shklovsky 1970) so the pulsar does supply the nec-
essary number of particles. The observed spectral slope in the radio
band, α = 0.26, implies an energy distribution for the injected elec-
trons of the form N (E) ∝ E−3/2. In this case, most of the particles
find themselves at the low-energy end of the distribution, whereas
particles at the upper end of the distribution dominate the energy
density of the plasma. Taking into account the fact that no sign of
a low-frequency cut-off is observed in the Crab spectrum down to
approximately 10 MHz, whereas the high-frequency break lies in
the ultraviolet band (recall that the break at approximately 1013 Hz
is attributed to synchrotron cooling but not to the injected energy
distribution), one concludes that the above distribution extends from
Emin � 100 MeV to Emax ∼ 106 MeV. At E > Emax the distribu-
tion becomes steeper; the spectral slope in the X-ray band, α =
1.1, corresponds, accounting for the synchrotron burn-off effect, to
N (E) ∝ E−2.2. The distribution further steepens at E ∼ 109 MeV as
it follows from the gamma-ray spectrum of the Crab Nebula. Thus
the injected electrons have a very wide energy distribution, their
number density being dominated by low-energy electrons, whereas
the plasma energy density is dominated by TeV electrons.

The above considerations place severe limits on the pulsar wind
parameters and possible mechanisms for particle acceleration at
the termination shock. According to the widespread view, the pul-
sars emit Poynting-dominated winds, however, the electromagnetic
energy is efficiently transferred to the plasma flow such that the
magnetization parameter σ , defined as the ratio of the Poynting
flux to the kinetic energy flux, is already very small when the flow
enters the termination shock. The mechanisms of such an energy
transfer still remain unclear (the so-called σ -problem) however, the
dynamics of the flow in the Crab Nebula suggests that the magnetic
pressure is small just beyond the termination shock, which implies
that the Poynting flux just upstream of the shock is very small (Rees
& Gunn 1974; Kundt & Krotscheck 1980; Kennel & Coroniti 1984;
Emmering & Chevalier 1987; Begelman & Li 1992). In this case it
is the kinetic energy of the upstream flow that converts into the en-
ergy of accelerated particles when the plasma flow is randomized at
the shock. Then the characteristic downstream ‘temperature’ is ap-
proximately the upstream particle kinetic energy, T ∼ mc2	w, so the
average particle energy does not vary considerably across the shock.
A high-energy tail may be formed in the particle energy distribution
(the particle acceleration at the relativistic shocks is considered by
Hoshino et al. 1992; Gallant & Arons 1994; Bednarz & Ostrowski
1998; Gallant & Achterberg 1999; Kirk et al. 2000; Achterberg et al.
2001), however, this tail merges, at its low-energy end, with the
quasi-thermal distribution at E ∼ T ∼ mc2	w. Therefore, if the
pulsar spin-down power, L sd, is converted into kinetic energy of
the wind, the available upper limit on the low-frequency break in
the Crab spectrum suggests that the wind Lorentz factor, 	w, does
not exceed a few hundred.

On the other hand, the observed flat spectrum may be formed
only if the energy per electron in the wind is much larger than
mec2	w. Gallant et al. (2002), modifying the original idea of
Hoshino et al. (1992) and Gallant & Arons (1994), suggested that
the wind is loaded by ions; in this case the radio-emitting electrons
are accelerated by resonant absorption of ion cyclotron waves col-

lectively emitted at the shock front. The necessary ion injection rate,
∼L sd/(mpc2	w) ∼ 1039 s−1, vastly exceeds the fiducial Goldreich–
Julian elementary charge loss rate, ∼3 × 1034 s−1. Although one
cannot exclude by observation the possibility that pulsars emit the
required number of ions, the available pulsar models do not assume
an ion outflow with a rate exceeding the Goldreich–Julian charge
loss rate (Cheng & Ruderman 1980; Arons 1983).

Here I consider an alternative possibility, which does not imply a
radical modification of the basic pulsar model. In the equatorial belt
of the wind from an obliquely rotating pulsar magnetosphere, the
sign of the magnetic field alternates with the pulsar period, forming
stripes of opposite magnetic polarity (Michel 1971, 1982; Coroniti
1990; Bogovalov 1999). Observations of X-ray tori around pul-
sars (Weisskopf et al. 2000; Gaensler, Pivovaroff & Garmire 2001;
Helfand, Gotthelf & Halpern 2001; Pavlov et al. 2001; Gaensler et al.
2002; Lu et al. 2002) suggest that it is in the equatorial belt where
most of the wind energy is transported; theoretical models (e.g.
Bogovalov’s 1999, solution for the oblique split monopole magne-
tosphere) support this conclusion. Therefore, the fate of the striped
wind is of special interest. In the striped wind, the Poynting flux
converts into the particle energy flux when the oppositely directed
magnetic fields annihilate (Coroniti 1990; Lyubarsky & Kirk 2001,
henceforth LK; Lyutikov 2002; Kirk & Skjæraasen 2003). Until now
this dissipation mechanism was considered only in the unshocked
wind. It was found that the flow acceleration in the course of the en-
ergy release dilates the dissipation time-scale so that the wind may
enter the termination shock before the alternating field annihilates
completely. In this case driven annihilation of the magnetic field at
the shock may provide the energy necessary to form the flat particle
distribution. On the other hand, the formed distribution may extend
down to low enough energy because the kinetic energy of the flow
in the striped wind is lower than the total energy. The aim of this
research is to consider properties of the termination shock in the
striped wind.

It will be shown that the alternating field completely annihilates
at the shock so that the downstream parameters of the flow are the
same as if the field has already annihilated upstream of the shock.
Therefore, the available limits on the upstream magnetization pa-
rameter, σ , should be attributed not to the total Poynting flux but to
the Poynting flux associated with the averaged magnetic field (see
also Rees & Gunn 1974; Kundt & Krotscheck 1980). The upstream
flow may be Poynting-dominated provided most of the Poynting flux
is transferred by an alternating magnetic field. On the other hand,
driven reconnection of the magnetic field within the shock radically
alters the particle acceleration process. It follows from both analyti-
cal and numerical studies that particles are readily accelerated in the
course of the magnetic field reconnection to form an energy distribu-
tion with the power-law index β ∼ 1 (Romanova & Lovelace 1992;
Zenitani & Hoshino 2001; Larrabee, Lovelace & Romanova 2003).
Electrons with such a distribution emit synchrotron radiation with
a flat spectrum therefore Romanova & Lovelace (1992) and Birk,
Crusius-Wätzel & Lesch (2001) suggested that reconnection plays
a crucial role in flat spectrum extragalactic radio sources. One can
naturally assume that radio emission of plerions is generated by
electrons accelerated in the course of reconnection of the alternat-
ing magnetic field at the pulsar wind termination shock. Then the
steeper high-energy spectrum may be attributed to the Fermi accel-
eration of particles preaccelerated in the reconnection process. A
simple model for particle acceleration in the shocked striped wind
is presented here. It will be shown that the minimal energy of the
power-law energy distribution may be low in this case, even less
then the upstream kinetic energy, whereas the energy density of the
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plasma will be dominated by high-energy electrons in agreement
with the observed spectra of plerions.

The article is organized as follows. Jump conditions for a shock in
the striped wind are obtained in Section 2. Making use of these jump
conditions, in Section 3 I demonstrate that the alternating magnetic
field dissipates completely at the pulsar wind termination shock.
In Section 4 I discuss particle acceleration by driven reconnection.
Particle acceleration at the shock in the striped wind is analysed in
Section 5. The results obtained are summarized in Section 6.

2 J U M P C O N D I T I O N S F O R T H E S H O C K
I N A S T R I P E D W I N D

Let us find jump conditions for a shock in a flow with an alternating
magnetic field (see also Levinson & van Putten 1997, who con-
sidered the relativistic MHD shock with dissipation). The plasma
upstream of the shock is assumed to be cold everywhere with the
exception of narrow current sheets separating stripes of opposite
magnetic polarity. The pressure balance implies that the magnetic
field strength in adjacent stripes differs only in sign, but not in ab-
solute value; on the other hand, the width of stripes with opposite
polarity may not be the same so that the average magnetic field
may be non-zero (Fig. 1). One generally finds jump conditions from
the conservation laws and some prescription for the magnetic flux
passing the shock. In the standard MHD shock, the magnetic flux
is conserved; in the case under consideration one should choose a
more general prescription to take into account possible annihilation
of the magnetic field at the shock.

Outside the shock, the magnetic field is frozen into the plasma,
E + (1/c) v× B = 0. In the case of interest the magnetic field lies
in the plane of the shock. In the frame where the flow velocity is
perpendicular to the shock plane E = (v/c)B. Then the Faraday law
may be written as

∂B

∂t
+ 1

c

∂

∂x
vB = 0.

Together with the continuity equation

∂

∂t
	n + ∂

∂x
	nv = 0,

this implies

B

n	
= b, (1)

where 	 and n are the Lorentz factor and the proper plasma density,
respectively, and b is a constant for each fluid element. The energy
and momentum fluxes are

S = w	2v + E B

4π
c,

x
0

B

B

Figure 1. The magnetic field in the striped wind. The average field is shown
as a dashed line.

F = w	2(v/c)2 + p + E2 + B2

8π
,

where p and w are the gas pressure and specific enthalpy, respec-
tively. Taking into account the above considerations, one can write

S = Wv	2, F = W	2(v/c)2 + P, (2)

where the effective pressure and enthalpy are

P = p + b2n2

8π
, W = w + b2n2

4π
, (3)

so the flow may be described by the hydrodynamical equations.
In the standard MHD theory, the magnetic flux is conserved and

the flow is considered to be homogeneous both upstream and down-
stream of the shock so that b is a global constant. In our case b is an
alternating function of the Lagrangian coordinate, however, only b2

enters the conservation laws therefore the only essential difference
from the standard MHD theory is that the modulus b may decrease
in the shock because of the field annihilation. Let us introduce a
parameter

η = b2
2

b2
1

(4)

to measure the decrease of magnetic flux across the shock. The
indices 1 and 2 are referred to quantities upstream and downstream
of the shock, correspondingly.

One can express the downstream parameters via the upstream
ones by making use of the conservation of the particle, energy and
momentum fluxes across the shock. Radiation losses may be safely
neglected at the shock width scale. In the striped wind, one should
take the fluxes averaged over the wave period. Let us assume, for
the sake of simplicity, that the current sheets between the stripes are
so narrow that one can neglect the contribution of the plasma within
the sheets into the conserving fluxes. Outside the sheets, the mag-
netic field and plasma density are constant across a stripe and the
adjacent stripes differ only in the sign of the magnetic field and the
width. Taking into account that the energy and momentum fluxes are
proportional to the magnetic field squared, one can write the con-
servation laws such as in the case of homogeneous magnetic field:

v1	1n1 = v2	2n2, (5)

W1v1	
2
1 = W2v2	

2
2, (6)

W1	
2
1(v1/c)2 + P1 = W2	

2
2(v2/c)2 + P2. (7)

The only formal difference from the case of the standard MHD shock
is in the additional parameter η � 1 (in the standard shock η = 1).

One can resolve the above equations as follows. The plasma
downstream of the shock is relativistically hot, w2 = 4p2, there-
fore one can easily eliminate w and p from equation (3) and express
P2 via W2 and n2. Substituting the relation obtained into equa-
tion (7), one then eliminates W2, making use of equation (6) and
eliminates n2, making use of equation (5). Taking into account that
the plasma upstream of the shock is cold, p1 = 0 and w1 = nmec2,
one obtains the resulting equation for the downstream velocity in
the form(

1 + 1

σ

)(
v1 − v2 − c2

4v2	
2
2

)
	2

1v1

c2
+ 1

2
= η

4

v2
1	

2
1

v2
2	

2
2

− v1	1

4σv2	2
,

(8)

where

σ = b2
1n1

4πmec2
(9)

C© 2003 RAS, MNRAS 345, 153–160

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/345/1/153/984396 by guest on 16 August 2022



156 Y. E. Lyubarsky

is the magnetization parameter. This equation is exact. In the case
where 	2

1 	 Max (σ , 1) one can take v1 = c. Then equation (8)
reduces to

(3v2 − c)

(
1 + 1

σ

)
= ηc

v2
(c + v2).

Now the downstream parameters may be found explicitly:

v2 = c

6
(1 + χ +

√
1 + 14χ + χ 2), (10)

n2 = n1	1

√
2[17 − 8χ − χ 2 − (1 + χ )

√
1 + 14χ + χ 2]

1 + χ +
√

1 + 14χ + χ 2
, (11)

T2

mec2
= 	1(1 + σ )

12
√

2

√
17 − 8χ − χ 2 − (1 + χ )

√
1 + 14χ + χ 2

×
(

1 − 6χ

1 + χ +
√

1 + 14χ + χ 2

)
,

(12)

where

χ = ησ

1 + σ
. (13)

At η = 1 one recovers the downstream parameters for the relativis-
tic MHD shock in the homogeneous medium (Kennel & Coroniti
1984; Appl & Camenzind 1988). In this case the quantity χ is the ra-
tio of the upstream Poynting flux to the total energy flux. In a striped
wind, χ is determined by the Poynting flux corresponding to the
magnetic flux passing the shock. It will be shown in the next section
that the alternating magnetic field annihilates completely at the pul-
sar wind termination shock; then χ is simply the ratio of the Poynting
flux associated with the average magnetic field, 〈B1〉2v/4π, to the
total energy flux. At the equator of the flow the average field is zero,
α = 0, therefore one obtains v2 = c/3, such as at the non-magnetized
relativistic shock. When the average magnetic flux is large, σ 	 1,
η → 1, the downstream flow is relativistic with the Lorentz factor

	2 =
√

σ

1 + (1 − η)σ
. (14)

3 T H E T E R M I NAT I O N S H O C K I N
A S T R I P E D P U L S A R W I N D

In a striped wind, the magnetic field forms toroidal stripes of op-
posite polarity, separated by current sheets (Michel 1971, 1982;
Bogovalov 1999). Such a structure arises in the equatorial belt of
the pulsar wind and may be considered as an entropy wave propagat-
ing through the wind. Usov (1975) and Michel (1982) noticed that
the waves must decay at large distances, since the current required to
sustain them falls off as r−1, whereas the density of available charge
carriers in the wind decreases as r−2. Hence the alternating mag-
netic fields should eventually annihilate. It was shown in LK that
the distance beyond which the available charge carriers are unable
to maintain the necessary current exceeds the radius of the standing
shock where the wind terminates so that only some fraction of the
magnetic energy is converted into particle energy before the plasma
reaches this shock front. This fraction depends on the magnetic field
reconnection rate. A lower limit may be obtained by assuming that
the dissipation keeps the width of the current sheet equal to the
particle Larmor radius, which is roughly the same condition as the
current velocity being equal to the speed of light (Coroniti 1990;

Michel 1994; LK). Then approximately 10 per cent of the Poynt-
ing flux dissipates before the wind reaches the termination shock.
At a higher reconnection rate the fraction of the dissipated energy
is larger; assuming that the reconnection velocity is as high as the
sound velocity one can find that the alternating field annihilates
completely before the flow enters the termination shock (Kirk &
Skjæraasen 2003). Here I adopt the slow reconnection model by
LK to estimate the flow parameters just upstream of the termination
shock.

Neglecting the dependence of the wind parameters on latitude,
one can express them only via the pulsar spin-down power, L sd, and
the total number of the ejected electrons, Ṅ . LK used instead the ratio
of the gyro-frequency at the light cylinder to the angular velocity of
the neutron star and the so-called multiplicity coefficient arising in
the models of the pair production in pulsar magnetospheres. These
parameters may be expressed via L sd and Ṅ taking into account
that the magnetic field at the light cylinder is estimated as BL =√

L sd/(cRl), where Rl = cP/2π is the light cylinder radius and P
is the pulsar period.

The characteristic distance beyond which the available charge
carriers are unable to maintain the necessary current (equation 14
in LK) may be written as

Rmax = π

2

√
e2 L sd

m2
ec5

Rl, (15)

where e is the electron charge. For the Crab Nebula Rmax = 1.9 ×
1019 cm. Note that the dimensionless parameter L̂ used by Kirk &
Skjæraasen (2003) is proportional to (Rmax/Rl)2. In the Poynting-
dominated flows, dissipation of even a small fraction of the Poynting
flux implies significant acceleration of the flow. While the dissipated
energy is small, the Lorentz factor of the wind (equation 30 in LK)
may be estimated as

	w = 1

2
	max

√
R

Rmax
, (16)

where

	max = L sd

mec2 Ṅ
(17)

is the Lorentz factor attained by the wind if all the spin-down
power is converted into the kinetic energy of the plasma. Note that
	w/	max is the fraction of the spin-down power transferred to the
plasma, therefore the magnetization parameter of the wind may be
written as

σ = 	max

	w
− 1. (18)

The current sheet width is conveniently measured by a fraction �

of a wavelength 2π Rl occupied by the two current sheets; equa-
tion (31) in LK may be written as

� = 1

6

√
R

Rmax
. (19)

In the Crab Nebula, the termination shock is observed at the distance
4 × 1017 cm (Weisskopf et al. 2000), therefore just upstream of the
shock σ = 13, � = 0.024, 	w = 4.4 × 103/Ṅ40, where Ṅ40 =
Ṅ/(1040 s−1).

At the termination shock, the flow decelerates sharply so the
plasma is compressed. The proper density grows 	1/	2 times. Ac-
cording to equations (10) and (13), the smaller η (i.e. the larger the
fraction of the magnetic flux dissipated at the shock) the smaller
the downstream velocity is, so one can place a lower limit on the
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compression factor assuming η = 1. In this case 	2 = √
σ ; substi-

tuting the estimated above parameters of the Crab wind, one obtains
	1/	2 = 	w/

√
σ ∼ 1000. Such a huge compression factor im-

plies significant heating of the plasma, especially within the current
sheets. Let us show that after such a compression the particle Larmor
radius should exceed the wavelength so that the alternating magnetic
field dissipates completely within the shock.

The downstream temperature, which determines the Larmor ra-
dius, depends on the fraction of the alternating magnetic field annihi-
lated at the shock. Let us first assume that this fraction remains small
so that the structure sketched in Fig. 1 is preserved downstream of
the shock. The width of the current sheet in the wind frame cannot
be less than the particle Larmor radius,

δ = T/eB ′, (20)

where T is the plasma temperature within the sheet and B ′ is the
magnetic field in the wind frame of reference. The wavelength in
the wind frame is 2π Rl 	, therefore the minimum fraction of the
wavelength occupied by the two current sheets is

� = T/(πRl	eB ′).

The temperature obeys the condition of hydrostatic equilibrium of
the plasma in the sheet, nhT = B ′2/8π, where nh is the number
density of the plasma in the sheet. The magnetic field is frozen into
the plasma outside the sheet, therefore B ′ ∝ nc, where nc is the
plasma number density outside the sheet. Now one can write (see
equation 17 in LK)

�
nh

nc
∝ 1

	
.

The left-hand side of this relation is the fraction of the particles
carried in the sheet; of course this fraction should be less than unity.
In the unshocked wind nh/nc = 3 (LK); with the above estimate for
the upstream �, one obtains that upstream of the shock this fraction
is approximately 0.1. It was demonstrated above that 	 decreases
approximately 1000 times when the flow passes the shock, therefore
downstream of the shock � nh/nc ∼ 100, which is impossible. This
means that contrary to the initial assumption, the fraction of the
magnetic field dissipated within the shock is not small and η defined
by equation (4) is not close to unity.

In this case χ (equation 13) is also not close to unity and then,
according to equations (10) and (12), the downstream flow is non-
or mildly relativistic, 	2 ∼ 1, whereas the downstream tempera-
ture is approximately the particle kinetic energy upstream of the
shock, T 2 ∼ 	wσmec2. With the above estimates for the upstream
Lorentz factor and magnetization parameter, one can easily see
that the Larmor radius downstream of the shock, rL = T/eB ∼
1012/(B−4 Ṅ40) cm, vastly exceeds the wavelength, λ = 2πRl =
109 cm, therefore the alternating magnetic field should completely
annihilate at the shock.

This means that the parameter χ should be determined as the ra-
tio of the Poynting flux associated with the average magnetic field,
c〈B〉2/4π, to the total energy flux. Therefore, the downstream pa-
rameters are independent of whether the alternating magnetic field
dissipated upstream of the shock or just at the shock. The avail-
able upper limits on the magnetization parameter in the pulsar wind
(Kennel & Coroniti 1984; Emmering & Chevalier 1987; Begelman
& Li 1992) was found from the standard MHD shock conditions
applied to the downstream parameters estimated from the analysis
of the plasma dynamics in the nebula downstream of the shock. In
the case of the striped wind these upper limits should be attributed
not to the total Poynting flux but to the Poynting flux associated with

the average magnetic field (see also Rees & Gunn 1974; Kundt &
Krotscheck 1980). The upstream flow may be Poynting-dominated
provided most of the electromagnetic energy is carried by the alter-
nating magnetic field, which annihilates at the termination shock.

4 PA RT I C L E AC C E L E R AT I O N
B Y D R I V E N R E C O N N E C T I O N

The particle acceleration by driven reconnection may be described
qualitatively as follows. Let us consider a box with two stripes of
oppositely directed magnetic field and a current sheet between them
(Fig. 2). When the box is compressed, an electric field E = −(1/c)
v × B arises, which has the same sign in the domains of opposite
magnetic polarity. Close enough to the zero line of the magnetic
field, particles may move freely along this line and gain energy
from the electric field. Of course the real picture should be much
more complicated than the one-dimensional sketch presented. The
magnetic reconnection might proceed in separate X-points but on
average the process remains one dimensional because the released
energy is confined to a layer around the field reversal.

Acceleration of relativistic electrons close to an X-point was
considered by Romanova & Lovelace (1992), Zenitani & Hoshino
(2001) and Larrabee et al. (2003), who found a power-law particle
distribution with a slope of β ∼ 1. Reconnection in a long current
sheet at a time-scale large enough that particles pass many X-points
has not been considered yet. Let us assume that a power-law distri-
bution is also formed in this case and estimate the maximal energy
particles attain when the magnetic field annihilates completely.

Figure 2. A compressing box with oppositely directed magnetic fields. The
distribution of the magnetic field is shown at the bottom. The current sheet
is shaded. The magnetic field is directed perpendicular to the plane of the
figure. Directions of the velocities and the electric fields are shown by thick
arrows. An unbounded particle trajectory near the field reversal is shown by
dashed arrows.
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158 Y. E. Lyubarsky

Let the particle energy distribution within the current sheet be
N (γ ) = Kγ −β at 1 � γ � γ m with β ∼ 1 − 2. At such a distribution
function, the particle density is dominated by low-energy electrons,

nh = K

β − 1
, (21)

whereas the energy density is dominated by high-energy electrons,

ε = mec2 K

2 − β
γ 2−β

m . (22)

Let us assume that the power-law index β remains fixed in the
course of compression and only K and γ m vary. One can find these
variations by considering particle and energy balance within the
box.

The particle balance is written as

nhδ + nc(l − δ) = nh0δ0 + nc0(l0 − δ0), (23)

where δ is the sheet width, l the box width, nh and nc are the particle
number densities in the sheet and outside it, respectively, and the
index 0 refers to the initial state. The energy balance implies that
the variation of the total energy within the box is equal to the work
performed on the box by the outer pressure (=B2/8π):

d

[
εδ + (l − δ)

B2

8π

]
= − B2

8π
dl,

where ε is the plasma energy density in the sheet. Taking into account
that the magnetic field is frozen into the cold plasma,

B = bnc, (24)

and that the plasma pressure in the sheet, p = ε/3, is counterbalanced
by the magnetic pressure,

ε

3
= B2

8π
, (25)

one can write the energy balance equation in the form

(l + 2δ)
dnc

dl
+ nc

dδ

dl
+ nc = 0. (26)

Let us assume that the sheet width is equal to the maximal Larmor
radius

δ = mec2γm

eB
.

The maximal Lorentz factor, γ m, is found from equations (21), (22),
(24) and (25) as

γm =
[

3(2 − β)

8π(β − 1)

b2n2
c

mec2nh

]1/(2−β)

. (27)

Now one can write

δ = δ0

(
nc

nc0

)β/(2−β)(
nh0

nh

)1/(2−β)

. (28)

In order to find the plasma parameters in the course of compression
one should solve equations (23), (26) and (28) for δ(l), nc(l), nh(l)
from l = l0 to smaller l. The magnetic field dissipates completely
when the sheet width becomes comparable to the box width, δ ∼ l.
At the final stage, one is unable to separate unambiguously the total
plasma volume on to a hot current sheet and a cold magnetized
plasma, therefore the presented equations may only be used to gain
a rough estimate of the final plasma parameters. Taking this into
account, one can simplify the problem even more and solve these
equations in the limit δ � l, when they are formally applicable, and
take the limit δ = l in the obtained solutions.

Let us introduce the dimensionless variable � ≡ δ/l. In the zeroth
order in small �, both equations (23) and (26) reduce to the same
equation,

ncl = nc0l0, (29)

so the system is nearly degenerate. In order to find the second equa-
tion, one should expand equations (23) and (26) to the first order
in � and eliminate the zeroth-order term. Introducing one more
dimensionless variable Y ≡ nh/nc, one obtains

�l
dY

dl
+ (Y − 2)l

d�

dl
+ � = 0. (30)

Transforming equation (28) to the dimensionless variables � and Y
and substituting nc from equation (29), one obtains

�

�0
=

(
Y0l0

Yl

)1/(2−β)

. (31)

Now one can eliminate l from equations (30) and (31) to finally
obtain

(Y − 1)
�

Y

dY

d�
+ Y + β − 4 = 0. (32)

The solution to this equation is(
�

�0

)4−β

= Y0

Y

(
Y0 + β − 4

Y + β − 4

)3−β

.

At � 	 �0 (but still � � 1) Y goes to a constant, Y = 4 − β,
independent of the initial conditions. Taking into account that in the
pulsar wind Y = 3 (LK), one can take for estimates Y = Y 0 = 3.

Now one can estimate the compression factor, k ≡ l0/l, necessary
for the magnetic field to dissipate completely. Substituting � = 1
into equation (31), one obtains

k = �
β−2
0 . (33)

Substituting nc = knc0 into equation (27) yields an estimate for the
maximal Lorentz factor attained when the magnetic field dissipates
completely,

γm = 1

�0

[
(2 − β)

2(β − 1)
σ

]1/(2−β)

, (34)

where σ = b2nc0/(4π mec2) is the initial magnetization parameter. It
follows from equations (16), (18) and (19) that in the wind upstream
of the shock � ∼ 1/σ , therefore the particles may be accelerated
up to large energies, γ m 	 1, even at a moderately large σ .

5 PA RT I C L E AC C E L E R AT I O N AT T H E
T E R M I NAT I O N S H O C K I N A S T R I P E D W I N D

At the termination shock, the flow is compressed and the energy of
the alternating magnetic field is released. Close to the equator of the
flow, the average magnetic field is small and nearly all the Poynting
flux is transferred to the particles. It was shown in Section 2 that
the downstream velocity is non-relativistic in this case, therefore the
proper density of the plasma increases by ∼	w times, where 	w is
the wind Lorentz factor upstream of the shock. For typical param-
eters (see Section 3) this compression factor significantly exceeds
that given by equation (33); this confirms the conclusion that the
alternating magnetic field annihilates completely at the termination
shock.

The flow is decelerated in the shock by the pressure of the hot
downstream plasma and magnetic field. In the collisionless shock
the deceleration scale is approximately the Larmor radius of those
particles that make a major contribution to the downstream pressure.
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These particles penetrate upstream by their Larmour radius and ex-
ert, via the magnetic field, a decelerating force on the upstream flow.
In the standard MHD shock, the downstream temperature is approx-
imately the particle kinetic energy in the upstream flow, therefore
the upstream particles penetrate approximately all the shock width
immediately after they enter the shock. So there is only one charac-
teristic spatial scale in this case, namely that of the Larmor radius
corresponding to the upstream kinetic energy. In the shock in the
striped wind, the particles gain energy from the annihilating mag-
netic field so that the downstream pressure is determined by particles
with energy significantly exceeding the upstream kinetic energy. The
Larmor radius of these particles significantly exceeds not only the
Larmor radius corresponding to the kinetic energy in the upstream
flow but even the strip width. Therefore, the width of such a shock, or
the deceleration scale, exceeds all ‘internal’ scales in the upstream
flow and hence the field annihilation proceeds locally in the proper
frame such as in the plasma smoothly compressed by an external
force. Only when the alternating field dissipates completely does
the particle Larmor radius (calculated taking into account both ther-
mal and kinetic energy) become comparable to the shock width and
the flow decelerate further on as in the standard shock. So one can
roughly separate the shock into two zones. In the first zone, the flow
is decelerated and compressed by the pressure of high-energy par-
ticles entering from the second zone. The magnetic field dissipates
in the first zone roughly according to the simple picture outlined in
Section 4. The plasma heated by the field annihilation in the first
zone enters the second one, therefore the second zone resembles the
standard shock with a hot upstream plasma.

The compression factor, k, necessary for the magnetic field to
dissipate completely was estimated in the previous section. The
continuity equation in the relativistic flow, n	 = constant, implies
that the flow Lorentz factor at the end of the field dissipation stage
is 	d ∼ 	w/k. Adopting the picture of the particle acceleration by
driven reconnection outlined in the previous section, one concludes
that a power-law particle distribution is formed at this stage. In the
proper plasma frame moving with the Lorentz factor 	d, this dis-
tribution extends from γ ∼ 1 up to γ ∼ γ m. Now the alternating
field is already dissipated and the flow decelerates further on, from
	 ∼ 	d down to 	 ∼ 1, such as in the standard MHD shock. Apply-
ing the particle and energy flux conservation, n	 v = constant and
ε	2v = constant, one finds the maximal energy in the particle dis-
tribution downstream of the shock, γ max ∼ 	dγ m. The upper limit
on the minimal energy may be estimated from the condition that the
energy of most of the particles is simply randomized but does not
change considerably; then γ min ∼ 	d. Making use of equations (33)
and (34), one obtains

γmin ∼ �2−β	w, (35)

γmax ∼ 	w

�β−1

[
2 − β

2(β − 1)
σ

]1/(2−β)

. (36)

Substituting β = 1.5 and parameters for the Crab pulsar wind up-
stream of the termination shock (see Section 3), one obtains γ min ∼
600, γ max ∼ 106, which is roughly compatible with the parameters
inferred from the observed spectrum.

These simple estimates show that particle acceleration at the
shock in a striped wind may form such a particle distribution that
the energy of most of the particles is significantly less than the up-
stream particle kinetic energy, whereas the plasma energy density
is dominated by a relatively small number of high-energy parti-
cles. These high-energy particles may be accelerated further on by
the first-order Fermi mechanism, thus forming a high-energy tail

at γ > γ max. Recent investigations (Bednarz & Ostrowski 1998;
Gallant & Achterberg 1999; Kirk et al. 2000; Achterberg et al.
2001) have shown that in ultrarelativistic shocks, the tail is formed
with a power-law index β = 2.2–2.3, compatible with the observed
X-ray spectra of the Crab Nebula and other plerions. So the observed
broken power-law spectrum with a flat low-frequency part may be
attributed to the particle acceleration at the termination shock in a
striped pulsar wind.

6 C O N C L U S I O N S

The observed spectra of plerions from the radio to the gamma-ray
band imply a very wide electron energy distribution, from less than
a few hundred MeV to ∼1016 eV. Most of electrons are accumulated
at the low-energy end of this distribution. Although the synchrotron
lifetime of these electrons exceeds the plerion age, there is strong
evidence to suggest that they are accelerated now together with high-
energy electrons responsible for the hard radiation from the nebula
(Bietenholtz & Kronberg 1992; Gallant & Tuffs 1999; Gallant &
Tuffs 2002; Bietenholtz et al. 2001). The observed flat radio spec-
trum implies that the acceleration mechanism transfers most of the
available energy to a small fraction of particles and retains most of
particles at relatively low energy.

It is proposed in this article that the flat energy distribution is
formed in the course of the particle acceleration by driven reconnec-
tion of the alternating magnetic field at the pulsar wind termination
shock. It is widely believed that just upstream of the termination
shock the magnetic energy is negligible compared with the plasma
kinetic energy because plasma dynamics in the nebula implies
small magnetization downstream of the shock (Rees & Gunn 1974;
Kennel & Coroniti 1984; Emmering & Chevalier 1987; Begelman
& Li 1992). However, the plasma magnetization and dynamics de-
pend only on the average upstream magnetic field so the upstream
flow may be Poynting-dominated provided most of the magnetic
energy is associated with the alternating magnetic field. In this case
the average particle energy grows significantly at the shock where
the magnetic field annihilates. Therefore, a particle distribution with
power-law index β < 2 is formed readily.

The proposed mechanism may also explain why no low-frequency
cut-off is observed in the Crab radio spectrum. At the kinetic-
energy-dominated shocks, the power-law tail is formed only at
energies exceeding the downstream temperature, which is approx-
imately the particle kinetic energy upstream of the shock. There-
fore, if the Crab pulsar wind were kinetic-energy-dominated, only
a rather low Lorentz factor for the wind would be compatible
with the radio data, which would imply an extremely highly mass
loaded wind. In the striped wind, most of the energy is contained
in the magnetic field, therefore the wind Lorentz factor is lower
than in the kinetic-energy-dominated wind. Moreover, the simple
model of the shock in a striped wind presented here predicts that
in this case the downstream temperature may be considerably less
than the upstream particle kinetic energy. Therefore, the lack of
a low-frequency turnover in the observed plerion spectra may be
naturally explained within the scope of the proposed model. Of
course the qualitative picture of the particle acceleration in pleri-
ons outlined here may be considered only as preliminary; it may
be justified only by numerical simulations of the shock in a striped
wind.
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