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SUMMARY 

The two-dimensional flow of a frtctionless, adiabatfc, 
perfect gas inside of a two-dimensional hyperboltc nozzle 
has been studied by numerical methods described in bfACA 
Technical Hote No. 932. A series of solutions are presented 
which show an almost continuous transformatfon of known sub- 
sonic solutions to the known subsonfc-supersonic solutiOn. 
The words "almost continuous" are used because difficultfes 
at the point where the shock waves touch the wall seem to 
prohibit continuous transformation from one type of solution 
to the next. 

Solutions with partial shocks, that is, shock waves 
that do not extend all the way across the nozzle, are very 
hard to obtain. Residuals of one part in one thousand can 
sometimes be eliminated only by introducing a shock. The 
type of solution obtafned is, thus, very sensitive to small . 
changes in nozzle fornt. 

The solutions are not single-valued, in general, fn the 
relation of flow through the nozzle to pressure at a given 
point in the nozzle. In experiments, the flow might make 
small jumps as the type of flow pattern passes through un- 
stable regions. 

A few schlieren photographs show that the actual flow 
through this nozzle differs considerably from the computed 
solutions. All the differences can be ascribed to the ef- 
fects of friction, Since the flow pattern in the nozzle is 
very crdtical in the slightly supersonic regions, the phenom- 
ena would be greatly altered if a boundary layer were included 
in the computation. 
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It has been known for some years that the perfect flufd 

theory, p = f(P), was not adequate tn describe any nf the 
phenomena during transition from wholly subsonic to subsonic- 
supersonic flow in a nozzle. For a one-dimensional theory, 
shock waves together vith an otherwise perfect fluid are 
enough, IFron! this report it can be concluded that for the 
corresponding two-dimensional problem a perfect fluid theory 
supplemented with shock wavea is still not enough. For ade- 
quate check with experiment, a theory must be based uoon a 
fluid with friction (at least in regions near the walls; in 
other regions friction would have no effect). Snlutinns with 
this imperfect fluid involve a orohibitive amount of labor 
with present computing technfuues. 

INTRODUCTIOB 

The flow of compressible flufds through nozzles has 
been the subject of investigation, both exuerimental and 
theoretical, for more than a century. Pearly all the theo- 
retical work has been cohffned to considerations of the flow 
of perfect gases, generally neglecting friction and heat 
transfer, although some work covering these latter effects 
has been attempted. Many of the early results are summed up 
in reference 1. Like all complicated physical Problems, the 
first theoretical attacks are made vith an oversimrtliffed 
physical picture. In the case of flow through nozzles thfs 
simplification of fluid properties is used together with a 
simplified geometry. This assumes a one-dimensional treat- 
ment of the flow in the sense that velocity and fluid prop- 
erties are assumed to be unicue functions of a single vari- 
able which represents distance along the nozzle axis, the 
variation in nozzle cross section being taken normal to this 
axis or in aome other but equally arbitrary manner. The 
one-dimensional theory shows that a sfmole convzrging- 
diverging nozzle acts for low velocities like a conventional 
venturi meter; that is, the velocity frrcreases and the pres- 
sure decreases to the minimum sectfon, following which the 
reverse occurs. As the exit pressure of the nozzle is lov- 
Bred, tha velocity at the minimum section continues to in- 
crease until a velocity eaual to the local speed of sound 
appears. 

P 
In figure 1 the pressure variation along an arbitrary 

nozzle is plotted, shoving the region for which the flow is 
similar to a conventfonsl venturi meter. With further drop I 
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fn IlOZZle 8~5% pressure the velocity at the diverging portion 
of the nozzle immediately following the throat increases 
above that of the speed of sound and continues thus t0 in- 
crease until interrupted by a shock wave* The standing shock . 
wave adjusts its position in such a way that the fluid after 
the shock wave can continue through the nozzle to come out at 
the specified exit pressure, If the exit of the nozzle is 
considered infinitely far away, the shock wave can be moved 
as far from the minimum section as desired. If the nozzle 
is short, the shock wave eventually arrives at its end, then 
passes out of the nozzle in a complex manner. The phenomena 
occurring outside of the nozzle will not be considered in 
this report. Consider what happens inside of the nozzle when 
a better geometric approximation to its form is assumed. 

The simplest improvement in assumption about the geom- 
etry of a nozzle is to consider a two-dimensional passage, 
that is, a passage like that drawn in figure 1, except that 
it will not be assumed that velocity and fluid properties 
are constant across some arbitrarily drawn cross section. 
In a recent work (reference 2) a refinement of the one- 
dimensional treatment which is good in the neighborhood of 
the nozzle axis was studied. No attempt was made to inves- 
tigate solutions when shock waves were present, and no dis- 
cussion is given of the transition from subsonic to subsonic- 
supersonic type of flow, Some work in this direction has 
been attempted. (See references 3, 4, and 5.1 In each case 
the differential equations describing the two-dimensional 
motion of a frictionless, adiabatic, irrotational perfect 
gas are written for the region where the Mach number equals 
1 and solutions are sought in the form of power series. 
Very considerable labor is required to evaluate the coeffi- 
cients of the power series and, consequently, the power se- 
ries were terminated at approximately the eighth power term, 
0. I. Taylor (reference 3) has studied in this way the sym- 
metrical flow through a symmetrical passage. Thus, his so- 
lutions either are completely subsonic, that is, like the 
conventional venturi meter, or contain symmetrical super- 
sonic regions located in the minimum section at the wall. 
As a result of this work it was shown that this type of SO- 
lution was limited in a wag which depended upon the curvature 
of the wall, T. Meyer (reference 4) has studied the nonsym- 
metrical flow through a nozzle which passed through the speed 
of sound from subsonic to supersonic. The solutions of Taylor 
and Meyer are sketched in figure 2a and 28, respectively. 
Neither of these workers gave any indication of how the flow 
could change from the one form to the other. The generaliza- 
tion of the results of the one-dimensional theory is not 
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immediate since a shock wave at subsonic velocity is impos- 
sible and the solutions of Taylor do not include supersonic 
regions that extend completely across the oassape. It is, 
therefore, impossible to assume with the one-dimensfonal 
theory that a minute shock appears at K = 1 (at minimum 
section) and then grows as the exit pressure is dropned. An 

. attemot to fill the gaB by the same 
7 

ot'er series method has 
been made by H. Ggrtler (reference 5 who used power series 
which permitted nonsymmetrical solutiins and shoved that so- . 
lutions could be obtained which satisfied the differential 
eaustion up to the efghth degree terms used. G!rtler does 
not show, however, that solutions of this form have any df- 
rect hearing upon rhat actually happens sfnce he does not 
show that his series, even if contfnued to infinity, could 
actually represent solut5ons to the differential eoustion. 
It is new to be expected on the basis of results of other in- 
vestigations, such as those of Bingleb (reference 61, that 
beyond the limit solution of Taylor there only exist solu- 
tions t=ith cusps and overlapping streamlines vhichlt of course, 
are of no physic=1 slgnificsnce. The results of Gortlerfs 
work, however, are suggestive in that the form of the constant 
velocity lfnes obtained by him Indicates that the eighth de- 
gree equations are attempting to gfve a compression shock, 
but, of course, are unable to do so. It is easily conjec- 
tured, therefore, that the transition from the symmetrical 
type of flow of Taylor to the nonsymmetrical flow of Meyer 
takes place somewhat as indicated in figures 2b, 2c, and 2d. 
A small comDression shock would be imagined as starting at 
the wall in Taylor's solution at the down stream point where 
the constant velocity M = 1 line arrives at the wall. It 
then grows in magnitude and extends toward the center of the 
passage. Eventually the shocks from oooosite walls arrfve 
at the center cf the passage, combine and move as a single 
shock en downstream similar to the one-dimensional theory. 
This picture, as it turns out, is aporoximstely correct, al- 
though certain modLficatfons have still to be considered in 
future work, 

This investigation, conducted at Harvard University, 
was SDonsored by and conducted vith the financial assistance 
of the National Advisory Committee for Aeronautics. 

The author wishes to acknowledge indebtedness to Dr. 
Andrew Vazsonyi who carried out all the detailed computstions 
and supplied many ideas during the hours of discussion of * 
various fine points of the commutations and the fluid mechen- 
its. 



l 

BBGA TPET Bo. 1003 

SYMBOLS 

5 

. 

. 

a 

D 

M 

P 

PI? 

9 

Q 

R,r 

W 

X,Y 

cp 

accustic velocity 

half nozzle throat dimension 

Mach number 

pressure 

Prandtl number 

velocity (components u, v) 

residual 

radius of curvature of streamline 

complex-velocity potential 

coordinates in physical p?.ane 

complex coordinate in -physical plane 

angle between $ and 11 lines 

isentropio exponent 

lattice spaaing in computation 

fraction of lattfce spacing from net point to sh.--zk 
wave 

deflection angle of streamline produced by an oblique 
shock 

stream function 

stream functfon for incompressible fluid 

velocity potential for incompressible fluid 

oblique shock angle 

mass density 
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rate of rotation 

dimensionlees rotation 

Subscripts 

a condition after a shock wave 

b condition before a shock wave 

cr critical condition 

i 

Lq 

incompressible 

denote dffferentiation in the corresponding 
directfon 

09ba939436 lattice points 

0 stagnation condition 

RESULTS OF RELAXATIOK SOLUTIOR OF TEE FLOW 

THROUGH A HYPERROLIC NOZZLE 

Reference 7 show8 how to apply the relaxation method t0 
the solution of compressfble fluid flow problems in two di- 
mensions. A simple channel was chosen for first fnvestfga- 
tion, so that attention could be concentrated on the diffi- 
culties of the compresafble fluids part of the problem with- 
out being bothered by difficult geometry. Ae a consequence, 
the channel formed by two hyperbolas was chosen. The complex 
potential function for this nozzle is 

w = sinh'l z (1) 

where 

a = x+iy 

W=cbitl 

I velooity potential 

51 stream function 



The physical shape of this nozzle in the x,y plane is easily 
computed from 

x = einh t cos 51 

1 

(2) 
Y = cash g sin r) 

while the velocity qi of an fncompresslble flufd flowing 
through this passage is given by 

1 cash 2% + cos 271 -Z 
qia 2 

(3) 

Figure 3 shows the b and q lines in this nozzle. These 
lines are the coordinate system used in the compressible 
flow solutions, Figure 4 shows the flow of an incompressi- 
ble fluid through this passage. This solution is to be com- 
pared with later solutions for the flow of compressible 
fluid at high velocfty. A11 the remaining figures (5 
through 30) show various facts about the flow of a gas 
through this nozzle while table I summarizes various numer- 
ical details. It should be observed that the flow is essen- 
tially that of a conventional venturi meter for al) oases in 
which the Mach number at the center of the minimum section 
fS M 5 0,812, This is the limiting case essentially as 
would have been described by the solutions Of Taylor, By 
graphical 5nterpolation (fig. 9) it was found that H = 1 
first appears at the wall for a oenter Mach number of 0,772. 
The appearance of II = 1 at the nozzle wall is in no way 
critfcal for the flow through the nozzle. It is of interest 
only because ft formerly was, and oocasionally still is, er- 
roneously associated with some critical aspect of the flow, 
Shock waves do not, and indeed could not, occur when only 
one point has reached the local sonic velocity. 

The essentially subsonic flows of figures 4 through 8 
are equivalent to the results recently published by Southwell, 
Greene, and Fox (references 8 and 9) except for a dffferent 
nozzle shape, The work of these two papers and the present 
report were carried out entirely independently and the extent 
to which the results agree is gratifying, 

Before the solutions with shocks are discussed, it 
should be observed that the computer has a choice Of the 
type of shook wave he wishes to consider. Should shock 
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-I 
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1.187 
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1.63 

CD 
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By interpolation 

Symmetrical 

Subsonic-supersonic 

-I---- 
Partial shocks 

\/ 
A 

I 

Godlete shocks 



NAGA TN No. 1003 9 

waves be normal or oblique? At the wall the fmmediate thought 
is to use only normal shocks since, then, the direction Of 
the stream is unaltered on orossing the shock and hence the 
stream continues along the wall. AS will be dfscussed later, 
a streamline curvature jump occurs across the shock which re- 
quires a curvature singularity in the subsonic flow follow- 
ing the shock. This singularity arises naturally during the 
course of the relaxation solution. If an oblique shock had 
been used, solutions could have been obtained which would 
have included a singularity, in some cases a stagnation point, 
downstream from the shock wave, In this report it was de- 
cided to use only normal shocks at the wall. In an aotual 
nozele, the boundary layer would alter the shock boundary 
condition considerably. 

Figures 10 through 12 show solutions w;tth partfal shocks, 
that is, shocks that do not extend all the way across the 
nozzle. Figure 12 is included in this oategory in Spit8 Of 
the fact that the shock is drawn to extend completely aoross 
the nozzle, This case is a solution for which the shock 
waves from Opposite Walls have just combined. The shock 
waves are here tangent to the M = 1 line at the center 
line of the channel. Thus, the shock waves become infint- 
tesimal in magnitude. In the numarfcal work from which this 
solution was drawn, much higher accuracy vould have been 
needed to distinguish between the solution as drawn and the 
solutions obtained, by merely erasing a small section Of the 
shock and M = 1 line at the oenter of the noaxle. In 
other words, with a stream funation of the order of 20,000 
at the vail compared to sero at the center lfne there fs not 
suffioient aoouracy to distingufsh precisely when the shock 
waves first combine. In figures 12 through 16 the shock 
wave is gradually moving down the nozzle essentially as pre- 
dicted by the one-dimensional theory. 

The first fact to be observed about these solutions 
with shock vaves is the fact that they are not normal but 
ourve upstream toward the center of the passage0 In the 
course of obtaining solutions normal shock waves were in- 
serted in the passage in whatwas considered the proper loca- 
tion. During the course of solution these shock waves had 
to be moved and made oblique by the processes described in 
appendix I in order to eliminate the residuals. As a first 
approximation it might be observed that the shock w%ves must . 
curve SO that the rate of change of entropy normal to the 
streamlines gives rise to a sufficient magnitude of rotation 
term Of the differential equation to replace the density 
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term8 Of the dffferentfal equation which decrease discontin- 
uously across the ahock wave. The photograph (fig. 17) 
taken in a high-speed wind,tunnel at Barvard University fl- 
lustrates such a shock. - 

In figure 17 there is also shown another photograph at 
the "samerr aondition on a different day taken in 4 micro- 
seconds with a schlieren system. The phenomenon of many 
shocks is a nonstsady one probably associated with the turbu- 
lence of the air stream. Small "turbulences pressure waves 
unable to pass through the throat accumulate there until 
they become a ehock wave of sufficient magnitude t0 pass 
through. St should not be inferred that the partial shocks 
of the solutions are of no importance because they were not 
found in these nozzle experiments. For an airfoil in free 
flight only partial shocks are possirble, After complete 
shocks are formed, agreement betwesn wind-tunnel and free- 
flight conditfons Gould not be expected. 

lverything in these solutions appears to follow essen- 
tially the conjectured progress of development and growth Of 
the shock waves. (See fig. 2,) That this is not quite cor- 
rect can be seen by examining figures 8 and 10 more closely. 
It will be observed that the shock wave tieemS to arPse (fig. 
10) not at th e point where the M = 1 lir:e touches the wall 
(figa 8) but somewhat upstream of this point, and, in fast, 
makes a sudden appearanae (not starting with zero length 
near the wall). This can also be seen from the dotted line 
in figures 20 and 21. The changes that take place as the 
flow conditions are changed are shown again in figures 18 
through 21, where the variation of Mach number and preaeure 
along the oenter lfne and along the wall are shown. The 
variation in Mach number near the wall ia shown in figure 10. 
It will be observed that the Mach number and pressure dis- 
tributions along the wall proceed s.moothly up to a shock 
wave. They then, of course, must change abruptly to the sub- 
sonic value appropriate to a shook wave at the correct angle 
(in this case normal) for the Mach number existing ahead Of 
the shock. The pressure and Mach number do not vary sncothly 
from this value, however, but are Shown with a disconti?iUous 
change on the subsonic side of the shock. For the solutions 
presented in this report, the Kach numbers at all net points 
along the vall on the subsonic side of the shook wave fell 
on a smooth curve which when extrapolated gave the disconti- 
nufties shown. For the row of net points adjacent to the 
Wall RO peculiar phenomena were required t0 get a SOlUtiOn. 
Later work, not reported here, has produced cases in which 
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the Mach number rises very steeply from the Value after the 
shock and then turns smoothly into the descending Hach num- 
ber curve. Thus it appears that the curves of this report 
should show a steep rise rather than the discontinuities. 

Although the precise nature of the singularity at the 
wall in the subsonic flow following a shock has not been de- 
termined, there is no difficulty in finding the qualitative 
explanation of this phenomenon, Consider the supersonic 
flov of a compressible fluid along the convex side Of a vail 
of given radius of curvature. In order that the fluid fol- 
low the wall there must be adjacent to the wall a normal 
component of pressure gradient such that the pressure in- 
creases away from the v%ll. This pressure gradient is re- 
quired to turn the velocity veotor as the fluid moves along 
the curved wall. If, now, a shock wave stands across this 
flow and reaches the ourVed wall, the stream ahead of the 
shock is left unaltered, The stream imm8diately behind the 
vave is determined by the ehock wave conditions, The perti- 
nent condition for the present considerations is the faot 
that, exoept for modifioations caused by the entropy change, 
the lower the pressure(the higher the velocity) before a 
normal shock the higher the pressure immediately following 
the shock. Sfnce the pressure before the shock inofeases 
avay from the wall, the pressure after the shock will de- 
crease away from the wall. Hence the streamlines immediatels 
behind the shock must be curved away from the wall. 

For the solutions presented in this report, the fluid 
vas required to follow the wall. The streamlines behind the 
shock must, therefore, reverse their curvature in such a way 
that the inflection point approaches the shook wave as one 
moves aloser to the noscle wall; while at the wall, the in- 
flection point coincides with the shock wave. In a qualits- 
tiV8 sense, therefore, the subsonic flow behind the shock 
wave is similar to the isentropio flow of a fluid along a 
wall with % discontinuity of radius of curvature. The flow 
of an inoompresaible perfeot. fluid along a wall with a dis- 
continuity of radfus of curvature has been studied (reference 
10) and leads to an infinite rate of change of velocity along 
the wall. Thus there is a singularity in the flow of an in- 
compressible fluid along a wall with a jump in curvature of 
the same type as that found ;Ln the subsonic flow following a 
shook wave, 

In the explanation of the wall singularity in the sub- 
sonic flow following a shock wave, it was noted that the 
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entropy jump through a shock would cause some modification 
of the explanation. On figure 22 the ratio of the radius of 
curvature of a streamline before and after a normal shock is 
shown as a function of the Mach number before the shock, 
taking into account the changes of entropy as they actually 
occur. Only at one Mach number is it passiible for the stream 
to continue along a wall (with continuous curvature) without 
a singularity, 
(221, 

and that is at a ECach number giiven by esuatfon 
which for air with Y = 1.40 is at M = 1.66. 

An infinite rate of rise of pressure along any stream- 
line adjacent to the wall is not possible because of the 
second'law of thermodynamics which prevents an expansion 
shock. By writing the equation of continuity, momentum, and 
energy for a stream tube element enclosing a standing wave, 
there is found to be on8 and only one permissible subsonic 
state for each initial state, provided it is permissible to 
use an element the length of which in the direction of the 
streamlines is of higher order than its width. TO find out 
what can happen at the wall, it is necessary to use a stream 
tube element withthe wall as one side and with a width of 
the same (or higher) order as the length. If such an element 
is used, the effects on its sides are of the same order as 
the effects on its ends, and, conseq.uently, the conclusions 
about unique state after the wave do not follow. 

The rapid rfse in Mach number along the wall after a 
shock wave varies in severity with both the wall curvature 
and the initial Mach number. In figure 23 the ratio of the 
Mach numbers before and after this rapid rise is plotted 
against the Mach number before the shock. 'There is also 
plotted the ratio of Mach numbers across a normal shock. It 
appears that for the Fresent nozzle the rapfd rise of Mach 
number following a shock caused by the curvature singularity 
would just compensate for the Mach number drop through the 
shock itself at M = 1.075. Thus, it appears that if a shock 
solution had been sought at a lower Mach number than 1.075, 
there would have been a rapid rise in speed along the wall 
which would have left a supersonic stream moving faster than 
the original stream. The present investigation needs exten- 
sion at this point if questions concerning th8 first appear- 
ance of a shock wave are to be answered. 

It thus appears that this report takes a step in the 
direction of clarifying the so-called critical conditions 
associated with the first appearance of shock waves but falls 
far short of an adequate explanation. 
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It appears that not only is the perfect fluid without 
shocks an insufffcfent mathematical theory to cover the prac- 
tical phenomena arieing in connection with the flow of com- 
pressible flufds but that ev8n the extended theory which in- 
cludes compression shock discontinuities, as in this report, 
is not adequate to desoribe the facts properly. It is prob- 
able that a sufficiently general mathematical theory (and 
presumably a fluid utth friction would provide suoh) could 
giv8 smooth transitions from one type of solution to another. 
Thsre is, however, no reason to assume thatsuch solutions 
would be sither unique or stable, 

It may be argued that the sudden jump from on8 type Of 
solution to another, as required by the present theory, doe8 
not contradict experimental observations. True. However, 
consider the case fn which Taylor's limfting solution occurs 
for a passage in whioh the velocity at no point has yet risen 
to as high a value as M = 1.07. In this case no shock waves 
can arise at all if a dfscontinuous increase of velocity at 
the wall is considered objectionable. The present theory 
(perfect fluid with shocks) fs not adequate to cover all 
cases but must be extended. 

Figures 19 and 21 should be compared with figure 1. It 
is seen that the one-dimensional theory has been modified con- 
siderably and has been modified in different ways for the 
nozzle axis and for the nozzle wall. 

The flow through the nozzle fs plotted against pressure 
at various points in figures 24, 25, and 26. The reason for 
the differences in appearanoe of these figures can be under- 
stood by comparison with figures 4 through 16, 19, and 21. 
The importanoe of these differences follows if it is oon- 
aidered that nozzle experiments are usually performed by rag- 
ulattng the pressure in a large tank into which ths gas dis- 
charges or by regulating the pressure at a small hole located 
8Om8Wher8 in the nozzle wall. It is quite obvious that there 
iS no guarantee that a sfngle-Palued relation exfsts between 
the pressure at a gfven point and the flow through the nozzle. 
It fa quite possible for a decrease in pressure to correspond 
to a decrease in flow rather than the usual increase in flow. 
In particular, a pressure hole drilled at oertatn points in a 
nozzle may read a gfven value for as many as three different 
flows. It may well be that som8 of these are more stable 
than Others, and therefore experimental diffiCUlti and 
anomalfes might well arise in nozzle experiments, A few ad- 
ditional results of interest are shown in figures 27 and 28. 
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In figure 27 the distribution of rotation in the nozzle is 
shown for the solution of figure 13. This rotation is far 
from negligible, particularly as the shock wave moves down- 
stream and becomes stronger. This rotation is such that it 
will require the stream to separate from the wall sufficient- 
ly far downstream from the nozzle throat. For the perfect 
fluid considered here, the rotation once produced cannot be 
destroyed. Thus far downstream from the nozzle throat where 
the velocity (without rotation) would approach zero, it can- 
not now do so since the rotation does not decrease. The stream 
function is to be considered as a surface plotted over the 
region of space through which the fluid flows. Thfs surface 
will have the same shape as a soap film stretched over a 
hole the shape of the domain and loaded with a -pressure pro- 
portional to the fluid rotation at the corresponding point. 
If such A film were made for the present nozzle, the soap 
film would be steepest at the throat and become flatter and 
flatter on receding from the throat either unstream or down- 
stream. Thus the flufd velocity would be greatest at the 
throat and apuroach zero at infinity. If there is rotation, 
however, the SORD film would be loaded. Since the rotation 
cannot decrease, the loading does not decrease avay from the 
throat and hence the soap film, instead of becoming flatter 
and flatter, is bulged by the load. If the slo-ne of the 
soap film is again interureted as fluPd velocity, the fluid 
will be moving away from the throat on one side of the bulge 
and toward the throat on the other. Where the bulge first 
starts, there would be the separation point in the nozzle. 
The consequences of thfs separation were not investigated. 
While this analogy is strictly correct for incompressible 
fluids only, it shows clearly the problem involved. 

In fegure 28 the variation in entropy behind the shock 
waves is shown for all of the solutions with shocks, Since 
entropy is a function of the stream function only for a par- 
ticular solution, such a composite figure is possfble (such 
a figure is not possible for the rotation which fs a func- 
tion of pressure as veil as entropy gradient). By a refer- 
ence to the computation curves of the earlier report (refer- 
ence 7), it is obvious that this change in entropy causes a 
very considerable alteration of the properttes of the fluid. 
It is for this reason that the pairs of figures, 18, 19, and 
20, 21, show considerable differences. (For constant entropy, 
P = f(M), and these figures would differ only by an ordinate 
scale change.) 

In figure 29 the shock vaves for ~111 the solutions are 
assembled for comparison. It is clear how the shock waves 
wise near the *tall, grow and move dovnstresn. 
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EFFECTS OF FRICTION 
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Figure 30 shows a series of photographs of the flow 
through a hyperbolic nozzle taken in a high-speed wind tun- 
nel at Harvard University. It is not surprising that this 
flow in no case looks like the predicted flow. The rela- 
tively small radius of curvature at the throat of the noz- 
zle investigated makes it impossible for. a real gas with 
friction to follow the walls. Since for low velocity a jet 
separating from both walls is not very stable, the stream 
usually separated from one wall and passed along the other 
(flow nonsymmetrical about axis of nozzle). As soon as 
shock waves of reasonable magnitude appeared, the stream 
separated from both aides and passed out as a free jet. 
Thus, there will have to be included in any complete inves- 
tigation the effects of friction on the modification of the 
effective boundary shape by the boundary layer, which modi- 
fication will eventually have to include flow separation 
which at the present oanaot be satisfactorily predicted; and 
also the boundary layer will introduce very considerable 
changes in the partial shock waves which appear and conse- 
quently will greatly affect the pressure and velocity dis- 
tributions along the wall near the throat of the nozzle. 
Such friction effects will, it is reasonably certain, always 
lead to flow separation at least locally between the end Of 
a shock wave and the wall. Two other effects which might be 
worthy of note, although not coming directly under the head- 
ing of friction, are (1) moisture in the air and (2) heat 
transfer. It is quite-probable that the first shock wave 
encountered by the stream in the photographs of figure 30 is 
closely conneoted with the moisture in the atmosphere as 
changes in form of this "throat shock" occur with changes of 
atmospheric moisture. 

The consideration that the nozzle is not thermally con- 
nected to any source or sink of heat (geqerally not true) is 
not a guarantee that no heat transfer to the air stream 
takes place. Since the temperature in the boundary layer of 
a gas with Prandtl number other than Pr = 1 would not be 
constant, the nozzle to be in equilibrium with the gas would 
have a varying wall temperature along the nozcle length. 
Par a metal nozzle this would necessitate a considerable 
flow of heat from one portion of the nozzle to another and 
hence from one portion of the gas stream to another. It is 
not likely that this effect is ever very large but it should 
not be forgotten completely since, in some cases, it might 
be significant. 
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The two-dimensional flow of a frictionless, adiabatic, 
perfect gas through a hyperbolic nozzle follows very closely 
that to be expected from the investigations of Taylor (ref- 
erenoe 3) as long as no shock waves appear. A symmetrical 
supersonic region appears near the wall at the throat for a 
sufficiently high flow through the nozzle. There is a great- 
est flow above which this type of flow no longer exists. 

In spite of attempts to determine exactly what it was 
that caused the symmetrical solutions to cease existing it 
could only be noted that as the maximum velocity got higher, 
the residuals (local fluid rotation) became more and more 
difficult to dispose of. When it became absolutely imp~ssi- 
ble to dispose of the rotation (a state of affairs that is 
sure to remain uncertain in a finite computation effort), 
shock waves arise which greatly alter conditions and inci- 
dently produce some rotation, thus permitting a solution to 
be found. 

The solutions presented in this report constitute a 
story of the growth of the flow pattern inside of a nozzle 
from zero velocity to the highest attainable velocity. This 
flow picture is a good first approximation to what really 
happens in a two-dimeqsional nozzle as long as the real flow 
through the nozzle is free from flow separation, Further 
acouraoy of prediction of what happens in a nozzle can be 
attained only by using a more complicated fluid continuum 
whioh at least has the additional property of friction. 

Critical (greatest) flow through a nozzle is not reached 
until the shock wave first extends all the way across the 
nozzle passage. During the growth of the partial shooks, 
however, the flow changes only 1 percent. The greatest flow 
is 0.7 percent less than the theoretioal maximm that would 
be obtained if the M = 1 line exttnded across the nozzle 
at the throat. 

Harvard University, 
Cambridge, Mass., February 10, 1943* 
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SOLUTIOHS WITH COMPRESSION SHOCKS 

In a previous report (reference 7) a brief description 
was given of the method of fitting compression shocks into 
the numerical solution. This method has been further per- 
feoted and is presented here. 

In the transformed (I,S) plane, the streamlines, $ = 
constant, almost ooinoide with the 9 constant lines when 
the shook wave8 are nearly normal. This sircumstance greatly 
simplifies the resulting formulas, so that the derivation 
will be carried out with these assumptions. Figure 31 shows 
a streamline orossing a shock wave from the supersonic, b, 
region to the subsonic, a, region. The obliquity, 8,, of a 
shock is given by oomputation curve 6 of reference 7 in terms 
of the Mach number of the approaohing stream and the deflec- 
tion angle cp. This deflection angle can be computed from 
the residuals at points 1 and 2 as follows. The streamline 
makes an angle cc with the t axis given by 

tan cc = ( > 2. 
%q=-JI, 

(4) 

Thus 

where the last form is obtained by neglecting the very small 
difference between 

"b 
and $, . 

8 

Now, observe that if the shock wave had not been present 
there would have been a "supersonic" value of \Ir,, at point 

2 which would have made the residual at point 1 equal t0 
eero. If, however, the value of J'ea from the subsonic so- 

lution is used in oomputing the residual Q1, it will have 
the value 
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(71 

Similarly 

*2 - \Irl + Q 

@Ia = 

a 

8 

Substitute these into equation (5) 

(81 

Ql + Qa = W2 51 + Q2 
cp=- fj$ 

Q* - %3 
(9) 

r) 

Another relation to be satisfied by the shock wave is 
obtained by observing that the value of @ does not change 
across the shock. Thus 

from which 

Again using the relations (7) and (8) 

e2 

’ =I Ql’+ Q, 

(11) 

(12) 

The shook wave divides the distance between net points 
inversely as the residuals. 

Binally, a shock wave as treated inthis report, is as- 
sumed to be continuous, not branched, and ending either at 
the wall or where M = 1. 

The technique of solution, then, is to attempt to elim- 
inate all residuals. Failing this, an attempt is made to ac- 
cumulate all residuals along some line among the points. In 
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the present work it was always fairly obvious where the shock 
would be by observing the trend of solutions. B'urthermore, 
by observing the sign of the rotation term that is needed 
after the shock to balance the decrease of the density term, 
it was fairly obvious which way to bend the shock. Hence, 
early in the course of solution, it was possible to sketch in 
a likely shock wave and with equations (9) and (12) to com- 
pute the required residuals at points on both sides. 

Now as the solution progresses, and residuals are moved 
to the tentative shock position, the shock wave angle and 
position (by continuity of shock line these are not indapend- 
ent) are gradually altered. Speoific instructions at this 
point cannot be given but it is worth observing that for any 
initial Mach number there is a maximum possible deflection 
angle and that for shock waves in a stream near M = 1, the 
maximum permissible deflection is very small. Hence care 
must be exercised during solution to avoid exceeding the max- 
imum permissible sum of residues as given by equation (9) 
with the maximum to. 

The formulas of this appendix were derived after making 
assumptions about the streamlinea and shock waves (tan a, %a,, 

tan ab s ab). As a solution nears completion, these assump- 
tions can be checked, If they are not met with sufficient 
accuracy, more elaborate formulas must be derived using es- 
sentially the same methods as the above-mentioned, 

APPENDIX II 

THE STREAMLINE CURVATURE JUMP ACROSS NORMAL SHOCK #AVES 

Let a streamline pass through a shock wave as in figure 
32, and suffer a Jump in radius of curvaturs from Rb to 
R a* Assume the stream approaching the shock wave is a per- 
fect gas with uniform stagnation state. The approach flow 
will then be irrotational, 

The momentum condition applied normal to the streamlines 
gives 

bP W2 
br=-r 

(131 
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for each side of the shock wave. Hence, by division, 

(14) 

where the subscript s denotes that the derivative is to be 
evaluated along the shock wave. 

The change in pressure across the shock is gfven by the 
momentum equation as 

Pa = pb + Pbqba - Paqaa = 'Pb + pb(qba - qaqb) (15) 

in view of the continuity condition 'b'b = Paqa' 

Before eliminating pa between equations (14) and (15), 

it fs well to note Prandtl's relation 

2 
qaqb = q,ra * y I 1 &ha + (16) 

where qcra is a constant because of the assumed constant 

stagnation state of the approach stream, 

Now by equation (14) 

Rbpqba 
'a qCr 

a 

aPb(qba - qcra) 
apb > 

(173 

where the subscript s is dropped, as the derivatfve now de- 
pends only upon the approaoh Mach number. In fact Rb/R a 
depends only upon the approach Mach number. 

Carry out the differentiation indicated in equatton (19) 

and note that aa = - ap 9 
bP 

and M=-. There results 
a 
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3, qba + qbe - qcr2 'qba 

'a 
a (18) 
qcr ab' + Pb bp, 

J 

The remaining derivatfve term is found to have the value -2 
by using the momentum equation along the streamlines 

dp qdq+-=O 
P 

(19) 

Thus 

'b - qb' 

Ra 
s,,a (MB - 1) - Ifa (20) 

By eliminating qcr 
a from equations (16) and (2O), there is 

obtained finally 

Ma - Y+3 

2 3 
(21) 

The ratio Of curvature radii varies from -1 at M = 1, 

through 0 at M m/T ( = 1.482 for Y = 1.40), through 

+lat M = 1.66 for Y = 1,40, and +o~ as E4+CD, The 
curve fs shown as computation curve (fig. 22). The Haoh 
number at which no change in curvature ocours across a shock 
wave is given by 
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ADDITIONAL REMARKS ON THE NUMERICAL SOLUTION 

. 

OS' SUPERSONIC REGIONS 

There was no definite procedure specified in the previ- 
ous report (reference 7) by which solutione in supersonic 
regions could be obtained. It Is still impossible to write 
any rigid instructions that are sure to work. This is a 
general diffiuulty as pox and Southwell (reference 9) state 
that their iteration method diverged after reaching a minimum 

value. 

The residuals in the solutions could be reduced consid- 
erably by the following procedure: 

1. Obtain a rough solution using q* constant as ex- 
plained in reference 7. 

2. Move residuals around somewhat in an attempt to im- 
prove the solution. During this process, draw q* versus 
rl ourves to see that they are ,smooth. This is especially 
important for the evaluation of the properties at the nozsle 
wall. 

3. Use a finer net making a first estimate of net val- 
ues by using a q* variation as already found for the coarse 
net. 

Some trouble may be experienced in interpolating to a 
finer net in regions were H E 1. The variation of qi from 
point to point may be such that, on interpolating, the \1, 
gradient exceeds the maximum possible value; or if the gradi- 
ent is held down to its maximum permissible value, then the 
resulting streamline with the fine net may differ coneidera- 
bly from the corresponding streamline on the coarse net. 
This difficulty could be avoided by using at eaoh net point 
not the qi for that point, but an average qi for that 

point and two points on each side of it on the next finer 
net. Using an average from a still finer net was found to 
offer no additional advantage, The five qi values (one at 

desired point and two on each side on finer net) wereweighted 
1, 2, 2, 2, 1 which gives approximately the area in the 
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region f8 on each side of the desired point. A few other 
averages were tried without noticeable benefit. In partic- 
ular, since the mass flow is almost constant near M = 1, 
it can be shown that a harmonic mean should be taken but the 
resulting "leffective" qi was not appreciably different 
from the average as above-mentioned. 
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(a) Shuck vxave at nozzle thmst. Erplsure Ho seond. 

On attempting to repcrbt the sbova espcriment tht? following photdgraph R~LS obtnincd. 

Fiire l’i.-Schlieren photographs of air flow through a nozzle. 
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Figure 30.--Schlieren photographs of air flow through hyperbolic channel, flow left to right 
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