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The T idal Oscillations in  an E llip tic  B asin  o f  Variable Depth.

B y  G. K . Go l d s b r o u g h , F .R .S .

(R eceived  O c tobe r 2, 1930.)

§ 1. Introduction .

T h e  p ro b lem  of th e  “  lo ng  ”  w av es  in  a  c irc u la r  b a s in  of u n ifo rm  d e p th  

in v o lv es  in  i ts  s o lu tio n  a  t r a n s c e n d e n ta l  fu n c tio n *— th e  B esse l fu n c tio n , a n d  

th e  d e te rm in a t io n  of th e  free  p e rio d s  re q u ire s  a  k now ledg e  of th e  ze ros  of th is  

fu n c tio n  o r  a n  a llie d  fu n c tio n . O n  th e  o th e r  h a n d , w h en  th e  b a s in , s til l c irc u la r ,  

h a s  a  c e r ta in  v a r ia b le  d e p th , f  i t  w as  show n  b y  L am b  t h a t  th e  so lu tio n  is 

ex p re ss ed  in  te rm s  of s im p le  a lg eb ra ic  p o ly n om ia ls  a n d  th e  free  p e rio d s  of 

o sc illa tio n  a re  e xp re ss ed  b y  a n  e x trem e ly  s im p le  fo rm u la .

I n  s im ila r fa sh io n , th e  s o lu tio n  of th e  p ro b lem  of th e  “  lo ng  ”  w aves  in  a n  

e llip tic  b a s in  of u n ifo rm  d e p th  in v o lv e s  th e  u se  of e llip tic  c y lin d e r  fu n c tio n s , 

a n d  th e  free  p e rio d s  a re  o n ly  o b ta in e d  a s  th e  r e s u l t  of le n g th y  n um e ric a l 

a p p ro x im a tio n s . {

T h e  p re s e n t  p a p e r  e x am in es  th e  o sc il la tio n s  in  a n  e llip tic  b a s in  h a v in g  a  

p a ra b o lo id a l law  of d e p th  su ch  t h a t ,  w h en  th e  e c c e n tr ic i ty  v a n ish e s , th e  b a s in  

h a s  th e  sam e  fo rm  a s  t h a t  d iscu ssed  b y  L am b . I t  is fo u n d  in  th is  case  t h a t  th e  

p ro b lem  is a g a in  so lub le  in  te rm s  of p o ly n om ia ls  a n d  th e  free  p e rio d s  of a n y  

ty p e  of m o tio n  c an  b e  fo u n d  w ith  c om p a ra tiv e  ease . T he  s im p le  fo rm  of th e  

re su lts  m ake s  i t  p o ss ib le  to  ex am in e  th e  g e n e ra l c h a r a c te r  of th e  o scilla tio ns  

w ith o u t g re a t  com p lic a tio n .

T he  an a ly s is  is a lso  in te re s t in g  in  t h a t  i t  a ffo rd s  a  p h y s ic a l in te rp re ta t io n  

of c e r ta in  th eo rem s  conce rn in g  th e  n a tu r e  of th e  so lu tio n s  of d iffe ren tia l 

e q u a tio n s .

T he  re su lts  o b ta in e d  sho u ld  h a v e  a n  a p p lic a tio n  in  th e  th e o ry  of seiches in  

la k es  w he re  th e  m o tio n  c a n n o t b e  a c c u ra te ly  ta k e n  a s  lo ng itu d in a l.

* L a m b , “  H y d r o d y n a m ic s,” 4 th  e d ., p . 2 77 .

t  Ibid ., p . 2 83 .

J J e ffrey s, ‘ P ro c . L o n d . M ath. S o c .,’ v o l . 2 3 , p. 4 5 5  (1 9 2 3 );  G o ld ste in , ibid., v o l. 2 8 , 

p . 91  (1 9 28 ).
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1 5 8 G . R .  G o l d s b r o u g h .

§ 2. Statement of the Equation .

Consider th e  long  w aves in  a n  e llip tic  b a s in  of v a r ia b le  d e p th  h. W e  fo rm  

th e  eq u a tio n s  in  e llip tic  c o -o rd in a te s  t j, b y  m ean s  o f th e  t ra n s fo rm a tio n

x  =  c co sh  £ COS Y],

y  — cs in h  \  s in  rr

T hen , if u, v a re  th e  v e lo c ity  com pon en ts  in  th e  new  sy s tem , w e m a y  w rite  

fo r s im p le -ha rm on ic  v ib ra tio n s  of p e rio d  2 t z / X,

H “ = ? i

( l )

where  £ is th e  d isp la cem en t of th e  free  su rfa ce  a t  th e  p o in t  (£, t j) a n d  

H 2 =  c2 (cosh2 £ — cos2 7j). T h e  co rre sp o n d in g  e q u a tio n  of c o n t in u i ty  is

I -  (KH. u) +  A  ( f f l )  +  m i K  =  0 . (
at, or}

On e lim in a tin g  u  a n d  v from  (1) a n d  (2) w e h a v e  th e  e q u a tio n

■ U h n) + ! ( * f ) + H v ^ = ° -  <s)

W e sh all choose a s th e  law  of d e p th

h =  h0 (a — cosh2 £) (a — cos2 t j), (4)

where  a =  cosh2 a n d  £ < ;  £0.

T he su rface  of th e  lak e  is th e n  b o u n d ed  b y  th e  e llip se  \  w h ich  h a s  

ax es  2c cosh  £0, 2c s in h  £0. F u r th e r ,  th e  law  of d e p th  (4) re d u c ed  to  re c ta n g u la r  

co -o rd in a te s  gives

h/hQ =  a2 - a - ^ ( a - l ) - y 2\ .  (5)
c c

H ence  th e  co n to u r of th e  la k e  is p a ra b o lo id a l in  fo rm  a n d  th e  g re a te s t  d e p th  is 

K (a2 — a), o r h0 cosh2 i;0 s in h2 £0.

O n  s u b s ti tu t in g  (4) in  (3) w e h a v e  th e  re su lt in g  e q u a tio n

{a -  cos2 t j) A  (a  — cosh2 5) | |  +  (a — cosh2 ~ ( a  — cos2-/)) | £

)i2rt2
+  t  (cosh2 £ — cos2 7]) £ =  0. (6)
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Tided Oscillations in  an  E llip tic  B asin  o f  Variable Depth. 1 5 9

T h e n , if C m a y  b e  e x p re s s e d  in  th e  fo rm  X Y , w h e re  X  is in d e p e n d e n t  of 

a n d  Y  is in d e p e n d e n t  of e q u a t io n  (6) b re a k s  u p  in  th e  u s u a l w ay  in to  th e  tw o  

o r d in a r y  e q u a tio n s

! < » — c o ^ a f + ^ x a k2 (a — co sh 2 £)} =  0,

(a — cos2 7)) 4 — +  i * 2Y  {— 1 +  k2 (a  — cos2 t j)} =  0, I 
dr] dr\ J

(7)

w h e re  k2 is a n  u n d e te rm in e d  c o n s ta n t  a n d  /c2 is w r i t te n  fo r  \ 2c2/gh0.

I f  in  th e  f ir s t  e q u a t io n  of (7) w e p u t  £ =  iyj i t  re d u c es  to  th e  seco nd . H en ce  

fro m  th e  so lu tio n  of o n e e q u a t io n  w e m a y  e as ily  in fe r t h a t  of th e  o th e r .

T h e  o n ly  o th e r  c o n d it io n s  to  b e  fu lfilled  a re  t h a t  hu , hv -> 0 a t  th e  edg e  of th e  

la k e  £ =  £0. S ince co sh  >  1, H  d o es n o t  v a n is h  a n y w h e re  a t  th e  b o u n d a ry . 

T h ese  c o n d it io n s  a re  th e n  sa tis fied  if £ h a s  i ts  f i r s t  d e r iv a t iv e s  f in ite  a t  £ =  £ 0, 

fo r a ll v a lu e s  of t j. T h e  fo rm s o f th e  s o lu tio n s  a d o p te d  in  th e  su cc eed in g  sec tio n s  

a re  in  a c c o rd a n c e  w ith  th is  re q u ire m e n t .

§ 3. Discussion o f Equation  (7).

I n  th e  seco n d  of e q u a tio n s  (7) p u t  z — c o s 2 y), Y  =  w, \ k 2{ 1 — k2a) =  ct t q 

a n d  \K2k2 =  — <t t . T h e  e q u a t io n  th e n  b eco m es

d2w . dw l \  , 

dz2 dz \z  z — 1

1
2

+  ■ — ) +  y g g f e f =  0.
— a ' zyz  — 1) (z — a)

T h is  e q u a t io n  h a s  fo u r  re g u la r  s in g u la ri tie s  w h ich  w ith  th e i r  c o rre sp o n d in g  

e x p o n e n ts  a re  g iv e n  b y  th e  fo llow ing  sch em e  :

Y) 1 a oo

1 0

u

o

1
2

0

0

A nd  s ince th e  sum  of th e  e x p o n en ts  fo r  th is  e q u a t io n  is 2 w e h a v e  t  =  1 — a.

E q u a t io n  (8) is a  p a r t ic u la r  case  of th e  e q u a t io n  d iscu ssed  b y  H eu n .*  I t  is 

o b ta in a b le  fro m  th e  g e n e ra l e q u a t io n  of th e  seco nd  o rd e r  w ith  five s ingu la rit ie s  

(one a t  in fin ity ) b y  th e  co n fluence  of one  of th e  fin ite  s in g u la rit ie s  w ith  t h a t  a t  

in fin ity . F o r  in s ta n c e , th e  g en e ra l e q u a t io n  of th e  secon d  o rd e r w ith  five 

re g u la r s in g u la rit ie s  a t  av  a 2, a 3, a 4 a n d  oo re s p e c tiv e ly  m a y  b e  w r i t t e n f

2  1 ~  a r ~~ M  dw j 2  ...^rPr---- ^  +  ^Bz  + .p |  W — 0. (9)

’ - 1 j dz| r  = l ( 2 - « r)2 n  |
V r = 1

d2w 

<h2 +

* ‘ M a th . A n n a le n ,’ v o l . 33 , p. 1G1 (1 889). 

t  W h itta k e r  a n d  W a tso n , “  M o d ern  A n a ly s is ,” 3rd  ed ., p . 203.
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I n  th is  eq u a t io n , th e  e x p o n e n ts  a t  aT a re  a r , (3r a n d  A, B , C a re  

co n sta n ts .

I f  now  in  e q u a tio n  (9) w e p u t

oq —• 0, “  l j  ^3

oq =  a 2 =  J ,  a 3 =  0, =  0 (r  =  1, 2, 3, 4)

A  =  e r r , 2 B  =  — arr (7 — a 4). C =  — a 4gwT,

a n d  le t o4 00 , e q u a tio n  (9) re d u ces  a t  once to  e q u a tio n  (7).

E q u a t io n  (8) is s im ila r to  L a m e ’s e q u a tio n . T h e  o n ly  d iffe rence  lies in  th e  

fa c t t h a t  (8) h a s  a  d oub le  zero  e x p o n en t a t  th e  s in g u la r i ty  a. T h e  m e th o d  of 

p ro ced u re  u sed  in  d ea lin g  w ith  L a m e ’s e q u a tio n  in  i ts  a lg eb ra ic  fo rm  m a y  b e  

ap p lied  a t  once to  (8).

I f  th e  so lu tio n  of (8) v a lid  in  th e  v ic in ity  of =  0 b e  ex p re sse d  a s

K =  F  (« , q5 <r, 1 — cr; 

th e n  i t  is re a d ily  show n  in  th e  u su a l w ay  t h a t

K — (a> S> v  — cr; ■§> i> 0  ; z), (11)

 ̂— zi (z — l ) 4 ¥  (a, q ; <j +  1, 2 -  a  ; f ,  f , 0  ; J » ,  (12)

a n d  _

Z> =  (z — 1)* F (a , q; <j +  i ,  #  — <r; i  J , 0

a re  also  so lu tio n s .

T hese fo rm s g ive th e  d iffe ren t ty p e s  of m o tio n .

§ 4. Solution of Equation (8).

I t  is know n  t h a t  a n  e q u a tio n  of ty p e  (8) h a s  a  s o lu tio n  in  th e  fo rm  of a  p o ly - 

n o m in a l fo r a p p ro p r ia te  v a lu es  of or a n d  q. T o  d e te rm in e  th e se , assum e  a  

so lu tio n  in  th e  v ic in ity  of th e  p o in t  z =  0 in  th e  fo rm

w =  S C  nz*+\

w here  th e  e x p o n en t p  =  0 o r O n su b s t i tu t in g  in  e q u a tio n  (8), we h av e  th e  

fo llow ing re la tio n  b e tw een  th e  c o n s ta n ts  C w here  n  is a n y  in teg e r.

Cn+ { ( p  +  n - f  1 )(P +  n +  ±)

+  { a ( l  CT)? (p +  ^ )2 (1 +  a) — \  (p -f- n)}

+  {(p +  n) (p +  n — 1) +  cr (1 — g )} =  0.

1 6 0  G . R .  G o l d s b r o u g h .

(14)
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Tidal Oscillations in  an E llip tic  B a sin  o f  Variable Depth.

I f  w e ch o o se  a =  p  +  m,m b e in g  a n  in te g e r , i t  m a y  b e

th e n  th e  r o o t  o f a n  a lg e b ra ic  e q u a t io n  o f d e g re e  m  a n d  a lso  t h a t  th e  c o rre 

s p o n d in g  p o ly n o m in a l  s o lu tio n  is  o f o rd e r  (m  — 1). F u r th e r ,  w i th  th e  c o n 

d i t io n s  a s  in  th e  p r e s e n t  p ro b le m , th e  ro o ts  q a re  a ll r e a l  a n d  d is t in c t .

B y  ta k in g  p  — 0, |  w e a r r iv e  a t  p o ly n o m ia l  s o lu tio n s  co rre sp o n d in g  to  (10

a n d  (11).

S in ce  th e  s o lu tio n s  h a v e  th i s  fo rm , t h e  b o u n d a ry  c o n d it io n  is  a t  o n ce  fu lfilled .

F o r  th e  fo rm s  (12) a n d  (13) th e  s e q u e n c e -re la t io n  b e tw e e n  th e  c o n s ta n ts  C 

is  g iv e n  b y  p u t t in g  p == 0, \in t h e  e q u a t io n

<V i{(i> +  » -  1) (p +  n +  1) +  <7 (1 -  a) +  |}

+  CB { — {a +  1) (p  +  n)2 — {a +  J )  (p  +  (a

+  Cn+1 a {(p +  +  1 +  n  +  J)}  — 0. (15)

T h e  p o ly n o m ia l s o lu t io n  in  th i s  ca se  is  o b ta in e d  b y  p u t t in g  g  =  p  +  m  +  

m  b e in g  in te g ra l .

T h e  sec o n d  s o lu tio n  a s s o c ia te d  w ith  a n y  o n e  of th e  ab o v e  p o ly n o m ia l so lu t io n s  

is, in  g en e ra l, a  t r a n s c e n d e n ta l  fu n c t io n  in v o lv in g  a  lo g a r i th m .

I t  h a s  b e e n  sh o w n  b y  S t i e l t j e s f  t h a t  if th e  e q u a t io n

d2w v  ar _|_

dz2 dz r = i x  —• er
-w =  0,

I I  (x —* er)
r — 1

( 16 )

w h ere  ^  (z) is  a  p o ly n o m ia l of su i ta b le  fo rm , th e  c o n s ta n ts  er a re  re a l a n d  d is 

t in c t  fro m  o ne  a n o th e r  a n d  th e  c o n s ta n ts  ar a re  re a l a n d  p o s itiv e , h a s  a  p o ly 

n o m ia l so lu tio n  (f> (z), th e n  a ll th e  ro o ts  of </> (z) =  0, co n s id e re d  a s  a  fu n c tio n  

of z, a re  re a l a n d  lie  b e tw e e n  th e  g re a te s t  a n d  le a s t  of th e  q u a n t i t ie s  er. I n  

th e  case  of e q u a t io n  (8), th e s e  n e ce s sa ry  co n d itio n s  a re  fu lfilled . If , th e re fo re , 

wm_1 is a  p o ly n o m ia l so lu tio n  of (8) of o rd e r  (m — 1) th e n  wm_ 1 v an ish es  fo r 

(m  — 1) v a lu e s  of z ly in g  b e tw e e n  0 a n d  a, a n d  w e m a y  w rite

wm_x =  (z —  z0)(z —  Zi) . .  (z  —  Zm_ j ) .

T h e  co m p le te  so lu t io n  of (6) c o rre sp o n d in g  to  th is  w ill b e

S =  (cosh2 H, — z0) (cosh2 \  — zx) . . .  (cosh2 \  — zm_ ,)

X (cos 2r. — z0) (cos27) — zx) . . .  (c
I f

zr >  1, X, — 0  fo r co sh 2 £ =  zr ;

a n d  if

zr < ;  1, X =  0  fo r cos2 7] =  zr .

* Cf. W h itta k e r  a n d  W a tso n , “ M o d e m  A n a ly s is ,” p . 556. 

t  4 A c ta  M a th .,’ v o l. 6 , p . 121 (188 5).

V O L . C X X X .—  A M
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1 6 2 G . R  G o l d s b r o u g h .

The fo rm er case co rre sp o n d s  to  a  n o d a l ellipse  a n d  th e  l a t t e r  to  a  p a ir  of 

n o d a l h y p e rb o la s . T h e  p o ly n o m ia l so lu tio n  of o rd e r  (m — 1) th e re fo re  gives 

(m — 1) n o d a l lines of one k in d  o r th e  o th e r , a  p a ir  of h y p e rb o la s  b e in g  c o u n te d  

as one n od a l line.

S tie lt je s  h a s  fu r th e r  show n  t h a t  each  d is tr ib u t io n  of th e  q u a n t i t ie s  zr in  th e  

in te rv a ls  0 to  1 a n d  1 to  a  co rre sp o n d s  to  a  u n iq u e  s e t  of coeffic ien ts in  th e  

p o lyn o m ia l <J/(z), o r in  th e  case of (8) to  a  un iq u e  d e te rm in a tio n  of q. N ow  i t  

h a s  ju s t  b een  show n  t h a t  th e re  a re  m  in d e p e n d e n t v a lues  of q w h ich  g ive  a 

p o ly n o m ia l so lu tio n  of o rd e r  (m  — 1). T o each  of th e se  v a lu e s  of q th e re  is a  

d ifferen t d is tr ib u tio n  of th e  zeros of wm^ v  a n d  i t  is c lea r t h a t  th e re  a re  m  

d iffe ren t d is tr ib u tio n s  of th e m  co rre sp o n d in g  to  th e  m  d iffe ren t v a lu e s  of q. 

I t  follows t h a t  each  m o d e of v ib ra tio n  in v o lv in g  a  p o ly n o m ia l s o lu tio n  of a  

c e r ta in  o rd e r h a s  th e  sam e  n um b e r of n o d a l lines, b u t  t h a t  th e  d is tr ib u t io n  

of th e  lines b e tw een  th e  ellipses a n d  h y p e rb o la s  is d iffe ren t fo r each  s e p a ra te  

frequ ency  of t h a t  ty p e .

This re su lt  is i l lu s tra te d  in  th e  next- sec tion .

§ 5. The Modes of Oscillation.

I t  is of som e in te re s t  to  ex am in e  in  d e ta i l th e  e a r lie r  m odes  of v ib ra tio n  of 

th e  v a r io u s  ty p e s .

(i) I n  (14) p u t - p  =  0. T he  re la t io n  th e n  b ecom es

Cn+i a (n +  1) (n +  J )  +  Cn {a (cr — 1) q — n2 (1 +  a) — \n )

+  Cn_ x {n(n  — 1) — a  (cr — 1)} =  0. (17)

F o r  th e  low est m ode of th is  ty p e  ta k e  a =  2 a n d  C2 =  C3 =  . . .  =  0.

The eq ua tio n s  th e n  becom e

Ĉ o • 2 . 1  . q +  Cxa . J  =  0,

C0 . 2  +  C1 ( 2 . 1  . q — a — f ) — 0.
F rom  th ese

q — a \4 +  f  ±  i  \ / ( a 2 — a +  f ) ,  (18)
a n d  th e re fo re

k 2 =  4c  (<7 — 1) (a — q)

=  6a — 3 T  2 y \ a 2 — a +  f ) .  (19)

T he  su rface  level fo r  th is  ty p e  is g iv en  b y

cosh2 5 ) (£0 +  COS2 7)J .

T he  m ode  of low er fr equ en cy  ex h ib its  a  p a ir  of n o d a l h y p e rb o la s  a n d  th e  

h igh e r fr equ en cy  a  n od a l ellipse.
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Tidal Oscillations in  an E llip tic  B asin  o f  Variable Depth. 1 6 3

(ii) N e x t  p u t  p — J  in  (14). T h e  e q u a t io n  t h e n  b eco m es

Cn+i a (n +  f  (n +  1) +  {— a (1 — — +  i ) 2 (1 +  «) — +  i)}

+  C „_ ! |  -  a  (a  -  1)} =  0. (20)

T h e  lo w e st m o d e  o f th i s  ty p e  is g iv e n  b y

m =  1, o r a =  3 /2  a n d  Cx — C 2 — . . .  =  0 .

T h e  s o lu tio n  is th e n

2 =  i  +
o r

*2 - 2  ( a -  1), 1

a n d  t  (21)

£oC COSh £ COST]. J

T he  su rfa ce  re m a in s  p la n e  a n d  o sc illa te s  a b o u t  th e  m in o r  ax is .

(iii) T h e  n e x t  h ig h e r  m o d e  of th e  sam e  ty p e  is o b ta in e d  b y  p u t t in g  o  =  5 /2 ,

c 2 =  C3 =  . . .  =  0 .

T h e n

* 2  =  10a -  7 ±  4 V ( ^ 2 - 2 a +  f f ) ,  ^

£cc cosh  5 COS 7] ( ^  +  co sh 2 +  C O S2 f i j  . J

( 2 2 )

I n  th is  m o d e , th e  m in o r ax is  is a lw ay s  a  n o d a l line . W i th  th e  lo w er fre q u en c y  

th e re  is a lso  a  p a ir  of n o d a l h y p e rb o la s ,  w hile  w ith  th e  h ig h e r  f re q u en c y  th e re  

is a  n o d a l e llipse .

(iv) F o r  m o des  in v o lv in g  s y m m e try  a b o u t  th e  m a jo r  a x is  p u t  p  ~ 0  in  (15). 

W e h av e  th e n

^ n - i  {n2 — i  +  cr (1 — a)}

+  {— n2 (a  +  1) — n  (a  +  i )  — W 4 )  — c  (1 — cr) q}

+  Cn+1 a (n (n =  0 . (23)

F o r  th e  lo w est m od e  of th is  ty p e  ta k e  g  =  3 /2 , Cx =  C2 

T he n

o r

a n d

a  (a  — 1) q — a /4 ,

k 2 =  2a,

£cc s in h  £ s in  7). f

. =  0 .

( 24 )

T h e  su rface  is p lan e  a n d  osc illa te s  a b o u t  th e  m a jo r  ax is .
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(v) T h e  n e x t  m o de  of th e  sam e  ty p e  is o b ta in e d  fro m  (23) b y  p u t t in g  a  =  5 /2 , 

C2 =  C3 =  . . .  =  0.

T he su rface  is

£oc s in h  £ s in  ^  [ 7  +  cosh2 E,) ( ~  +  cos2 73 j .

F o r  th e  low er freq u en cy  th e  n o d a l lin e s a re  th e  m a jo r  ax is  a n d  a  p a ir  of 

h y p e rb o la s , w hile  fo r th e  h ig h e r freq u en cy  th e  n o d a l lin es  a re  th e  m a jo r  ax is  

a n d  a n  ellipse.

(vi) F o r  m o des in v o lv in g  s y m m e try  a b o u t  b o th  a x es  w e p u t  p  =  |  in  (15). 

We hav e  th e n

1 6 4  G . R .  G o l d s b r o u g h .

Cn_ !  {(n — J )  (n +  | )  +  a  (1 — g ) +  | }

+  Cn {— (a +  1) (n +  J ) 2 — (0  +  i )  ( i  +  n ) — (a l^) a  (1 a ) S'}

+  Cn+1 a (n +  -|) (w +  1) =  0. (25)

T h e  low est m o d e of th is  ty p e  is o b ta in e d  b y  ta k in g  cr =  2, c± =  c2 =  . . .  =  0. 

W hence

co sh  E, s in h  E, cos yj sinv],

k 2 =  4 a  —  2 .

( 2 6 )

T h e n o d a l lines of th is  ty p e  a re  th e  m a jo r  a n d  m in o r  axes .

(vii) T h e  n e x t  h ig h e r  m o de  of th is  ty p e  w ill h a v e  th e  fo rm

cosh  \  s in h  E, cos yj s in 7] (— +  co sh 2 — +  cos2 7 ]),

in v o lv in g  as n o d a l lines  th e  tw o  ax es  a n d  e i th e r  a  p a ir  of h y p e rb o la s  o r a n  

ellipse acco rd in g  to  th e  frequency .

§ 7. Comparison with the Case of a Circular Basin .

I n  th e  lim it in g  case, w hen  -> 00 a n d  c -> 0 in  su ch  a  w^ay t h a t  c cosh  E0 

rem a in s  fin ite , th e  re su lts  ju s t  o b ta in e d  sho u ld  c o rre sp o n d  to  th o se  fo r a  c irc u la r 

b a sin . L am b  h a s  shown* t h a t  th e  n a tu r a l  frequ enc ie s  fo r a  b a s in  of ra d iu s  r 0 

a n d  g re a te s t d e p th  h0\  th e  law  of d e p th  b e ing  h =  h f  (1 — r 2/ r 02), a re  g iven  

b y  th e  fo rm u la
7.2̂  2

- ^ ~ s ( t j - 2 )  +  2 j ( 2 j - 2 ),(27)

s be ing  th e  n um b e r of n od a l d iam e te rs  a n d  — 1) th e  n um b e r  of n oda l c irc les 

in  th e  m ode.

* “ H y d r o d y n a m ic s,”  4 th  ed ., p . 283 .
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T ida l Oscillations in  an E llip tic  B asin  o f  Variable Depth. 1 6 5

F o r  th e  lim it in g  fo rm  of th e  e l l ip t ic a l  c a se  w e h a v e

=  i  a  =  J  e2f%

a n d  th e re fo re  f rom  (5)

16
e4«

sh o w in g  t h a t  th e  law  o f d e p th  re d u c e s  to  L a m b ’s fo rm , p ro v id e d  w e ta k e

F ro m  th e se

X2 r 02

fl*o'

=  K2ja.

T ak in g  la rg e  v a lu e s  o f a, w e h a v e  f ro m  (19) fo r  ca se  (i),

=  4 o r  8 . (28)
ffh o

T h e  lo w er f re q u e n c y  c o rre sp o n d s  to  j  =  1, s =  2— a  p a i r  of n o d a l d ia m e te rs  

in  p la ce  of a  p a ir  of n o d a l h y p e rb o la s . T h e  h ig h e r  f re q u e n c y  c o rre sp o n d s  to  

s =  0, j  =  2— a n o d a l c irc le  in  p la ce  of a  n o d a l e llip se.

Cases (ii) a n d  (iv) a re  in d is tin g u is h a b le  fro m  o n e  a n o th e r  in  th e  lim it , g iv ing  

X2r 02/^A0' — 2. T h is  is  th e  m o d e  s =  1, j  =  1, w ith  a  s in g le  n o d a l  d ia m e te r .

Case (iii) g ives A2r 02/#A0' =  6 o r 14. I n  th e  c ircu la r  case , th e s e  a ris e  fro m  

j  — 1, 5 =  3 a n d  j  =  2, s =  1 re sp ec tiv e ly .

Case (vi) is in te re s t in g . F ro m  (26) w e fin d  in  th e  l im it  t h a t  k 2 =  4a, o r  

X2^o2/flr̂ o/ — 4. T h is  case  d e g e n e ra te s  to  th e  sam e  fo rm  a s  th e  low er fr eq u en c y  

of (28) w ith  a  p a ir  of n o d a l d ia m e te rs . T h ese  d ia m e te rs  a re  th e  lim it in g  fo rm s 

o n  th e  one h a n d  of a  p a ir  of h y p e rb o la s  a n d  o n  th e  o th e r  h a n d  of th e  m a jo r  

a n d  m in o r axes .

§ 8. Comparison with Longitudinal Oscillations.

T h e  th e o r ie s  of seiche m o tio n s  in  lak es  w o rk ed  o u t  b y  C h ry s ta l*  a n d  P ro u d - 

man*j* d ep en d  up o n  th e  a s sum p tio n  t h a t  th e  o scilla tio n s  a re  p u re ly  lo n g i tu d in a l. 

I t  is of som e in te re s t , th e re fo re , to  w o rk  o u t  th e  e a r lie r  f requ en cie s  fo r th e  b as in  

of th is  p a p e r  o n  th e  lo n g itu d in a l th e o ry  a n d  to  co m p are  th e  re su lts .

* c T ra ns. R o y . S o c . E d in .,’ v o l. 4 1 , P a r t  3 , p . 599  (1905 ). 

t  4 E roc . L o n d . M a th . S o c .,’ v o l. 14, p . 2 4 0  (1 9 15 ).
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I f  S b e tb e  a re a  of tb e  sec tio n  of th e  lake  n o rm a l to  th e  le n g th  a t  a  d is ta n ce  

x  fro m  th e  o rig in  a n d  b b e  th e  b re a d th  of th e  free  su rfa ce  th e re , th e  e qu a tio n  

of th e  o sc illa tion s  is*

=  (29)

b dx.\ dx!

1 6 6  Tidal Oscillations in an E lliptic Basin o f

F ro m  (5) w e find

I f  w e w rite

P =  a 2 — a ,

Y =  ( a - l ) / c 2,

e q u a tio n  (29) becom es

„.d% o dX. , 3X2'C A
(30)

A ssum ing  a  so lu tio n  S A na?n in  th e  v ic in ity  of x  =  0 , w e find  th e  ind ice s a re  

0, 1 a n d  th e  re la tio n  is

An+2 ${n +  l){n +  2) =  jyw  (n +  2) — ^ (31)

T h e series is n o t  co n v e rg en t a t  th e  p o in t  (3/y, o r th e  e x tr e m ity  of th e  lake , 

unless i t  te rm in a te . H en ce  w e m u s t  h av e

3 A2 

2gh0
=  yn (n +  2)

(32)=  n (n +  2) (a — l ) /c 2,

fo r som e in te g ra l v a lue  of n.

T he  low est m ode  is o b ta in e d  b y  p u t t in g  n =  1.

T h e n  X2c2/gh0 =  2 (a —• 1), e x a c tly  a s in  (21). T h is  re su lt  m ig h t h a v e  b een  

a n tic ip a te d  as, since

^OC COSh 2, COS 7] 

oc X,

th e  tra n s v e rse  v e lo c ity , w h ich  is p ro p o r tio n a l to  d^/dy,  is zero .

F o r  n  =  2, a  tw o -n o d e d  v ib ra tio n , (32) g ives

=  V - (« — !)•

* L a m b , “  H y d r o d y n a m ic s,”  p . 267.

(33)
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M agnetisation o f  Single Ferromagnetic Crystals. 1 6 7

T h e  c o rre sp o n d in g  r e su lt  is  th e  s m a lle r  v a lu e  in  (19). I f  w e a s sum e  a _ 1 =  8

=  a  sm a ll q u a n t i ty ,  (19) g ives

■> 2,,2
- j— =  6 a  — 3 — 2 V ( « 2 -  o  +  |  )

g K

=  -V-S +  0  (82).

T h is  e x h ib i ts  th e  e ffec t o f th e  d e p a r tu re  f rom  p u re ly  lo n g i tu d in a l  m o tio n  in  a  

n a r ro w  lak e  o f th i s  ty p e .

S im ila r ly , t a k in g  th e  th re e -n o d e d  v ib r a t io n  w e h a v e  f ro m  (32)

X V

g K
=  10 (a  — 1) =  108.

T h e  co rre sp o n d in g  r e s u l t  (22) g ives

- j -  -  10a -  7 -  4  V ( a 2 -  2 a  +  f f )  
9'1 o

=  108 +  0  (S2).

The Direction o f  M agnetisation o f  Single Ferromagnetic

Crystals. .

B y  F . C. P o w e l l , U n iv e r s i ty  College of H u ll .

(Commun icated  by  R . H . F ow ler, F .R .S .— Received  A ugu st 15, 1930.)

§ 1. Introduction .

T h e  s tu d y  of th e  m a g n e t is a t io n  of s ing le  c ry s ta ls  of fe rro m a g n e tic  su b sta n c es  

h a s  sh o w n  t h a t  th e re  a re  d e fin ite  re la t io n s  b e tw e e n  m a g n e tic  p ro p e r tie s  a n d  

c ry s ta ll in e  s t ru c tu re . O ne  of th e  m o s t im p o r ta n t ,  th e  re la t io n  b e tw ee n  

th e  c ry s ta ll in e  s t ru c tu re  a n d  th e  d i re c tio n  of m a g n e t is a tio n , w ill be  s tu d ie d  

in  th is  p a p e r . I t  is w ell k n ow n  t h a t  o n  a p p ly in g  a  m a g n e tic  field  to  a  

c ry s ta l  th e  d ire c tio n  of th e  m a g n e t is a t io n  p ro d u c e d  does n o t,  in  g enera l, 

co in cide  w ith  t h a t  of th e  fie ld  (h e re  a n d  e lsew here , un le ss  th e  e x te rn a l  field 

is specifica lly  m e n tio n ed , th e  e ffec tive  fie ld  is to  b e  u n d e rs to od ). T he  

ph en om en o n  h a s  b een  e x te n s iv e ly  s tu d ie d  e x p e r im e n ta lly , b u t  h i th e r to  th e re  

h a s  b e en  n o  e n ti re ly  s a t is fa c to ry  th e o ry .

A th eo ry , a t  le a s t  p a r t ia l ly  successfu l, w as  p ro p o se d  b y  M aha jan i,*  who 

a ssum ed  t h a t  th e  e lem en ta ry  m ag n e ts  a re  e le c tro n  o rb its . O w ing to  th e ir  

* G. S. M ah a ja n i, 4 P h il . T r a n s.,’ A , v o l. 22 8 , p . 63  (1929).
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