
Fig. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4. Correlation  peaks  in the self-pulsing regime. Total delay zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 ns indicating a pulse  length of -100 ps and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa repetition 
rate of .-4 GHz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( I / I T H  - 2.7). 

Paoli  and  Ripper [l] have  suggested that  the self- 

pulsing of GaAs  lasers is  due  to  a higher  order  mode lock- 

ing  in which  components of the nonlinear  polarization 

occurring at the second-order  difference  frequency zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS ( z )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( v )  
,excite the spiking  resonance [SI of the laser. The same 

laser  used in  the above  experiment  was made  to self- 

pulse  with nearly 100-percent  modulation a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI/ITx -. 2.7 
and the resulting  correlation  pattern is shown in  Fig. 4. 
It should be noted that  an  intensity  interferometer [2] 
was  also  used  with the diode  in this mode of operation to  
verify  that  the modulations seen in  Fig. 4 do correspond 

t,o intensity  pulsations. The  total delay of Fig. 4 is 1 ns 

from which a self-pulsing  frequency of -.4 GHz  and 

pulse  length of -.lo0 ps  are  calculated.  Therefore,  in  this 

experiment the self-pulsing  frequency is 40 to 50 times 

and it seems  unlikely that  there is any significant con- 

nection  between  them. 

Finally,  the  value (Y) = 84 MHz is small  enough 

t,hat  ordinary mode locking  in  longer GaAs lasers.  should 

be possible and  has indeed been achieved  by  Bogdanke- 
vich [lo]. 
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The Time  Behavior and Spectra of Relaxation 
Oscillations in a High-Gain Laser 
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Abstract-It is found that  under appropriate  conditions the high- 
gain 3.51-p xenon  laser  may  exhibit  relaxation  oscillations in  the 

frequency range of 1 to 10 MHz. Experimental  investigations  have 
been conducted  in  both the  time and frequency  domains.  Most of 
the observed features of these fluctuations are in good agreement 
with theoretical  considerations. 

by  the Air Force Office  of Scientific  Research. 
Manuscript received July 22,  1971. This work was supported 

nology, Pasadena,  Calif. He is now with the School of Engineer- 
L. W. Casperson was with the California Institute of Tech- 

ing and Applied Science, University of California, Los Angeles, 
Calif. 90024. 

Pasadena,  Calif. 91109. 
A. Yariv  is  with the California Institute of Technology, 

INTRODUCTION 

HERE are  basically  two  types of transient effects 
that can  occur  in laser oscillators. The first of 

these are  the relaxation  oscillations.  Relaxation 

oscillations may be considered to include all  transients 

having  characteristic  times  which  are  long  compared to  

the  laser-cavity loop time. The other  transients  are  the 

ultrashort  pulsations,  which  are fast compared to  the 

cavity  loop  time.  Both  types of transients  may be ob- 

tained  in high-gain infrared  lasers.  Ultrashort pulses 

have recently been observed  in  lasers  employing the high 
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gain zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.51-p transition  in xenon [I] ,  [2]. We  report here 

the observation of spontaneous  undamped  relaxation 

oscillations in  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.51-JA xenon laser. The  laser  output con- 

sists of regular  pulsations  with  repetition  rat'es  ranging 

from  about 1-10 MHz.  The  rate  and  stability of these 

pulsations  depend on the gain of the laser  medium and 

on the  cavity losses. 

It has proved to be  extremely  useful  in  our study of 

these  transients  to  make  measurements  in  both  the  time 

and  frequency  domains. In  the case of ultrashort pulses 

the frequency  measurements  show  most effectively the 

mode pulling  and  frequency composition of t'he  pulses, 

while the time-domain  measurements  indicate the  actual 

structure of the pulse train.  These  same  measurement 

techniques  can  also  be used to  advantage  in  the  study of 

relaxation  oscillations. The time-domain  results  then  are 

most  useful  for  weakly  damped  oscillations, but  the  fre- 

quency  measurements are essential  for studying  the 

strongly  damped  fluctuations. 

SUMM.4RY O F  THEORY 

The  basic  features of relaxation  oscillations in  lasers 

are well known zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 3 ] ,  [4] and  relaxation  phenomena  have 

been observed in  many  kinds of lasers.  Conventional 

theoretical  treatments begin with a pair of coupled rate 

equations  for the population  inversion  density  and the 

photon  density,  The  equations  may be  linearized and 

solved  for the oscillation  period zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATo and  the  damping  time 

constant Td. Such a perturbation solution  predicts that 

the  photon  density will have a time dependence that,  may 

be written  in complex form as 

where To and Td are given approximately  by 

Here g is  the  incremental  unsaturated  intensity gain con- 

stant, 7 is the inversion  lifetime, t, is the photon  cavity 

lifetime, and c, is  t,he speed of light  in  the  amplifying 

medium. The operating  point  is  conveniently  indicated  by 

the  parameter a = gc,t,, which is  equal  to the  ratio of g 

to it,s  threshold  value.  At  threshold a = 1. 

These  rate  equation  treatments generally  assume that, 

the gain  per  pass  is  small and  that  the medium  is  homo- 

geneously broadened. The  validity of these  assumptions 

is not obvious  in the case of xenon  where the gain may 

exceed 50 dB/m  and  the  Doppler line  width  is  about, 30 

times as large as the homogeneous line width. A detailed 

derivation of the period and  damping of the relaxation 

oscillations  including inhomogeneous broadening is given 
in  the Appendix. As long as  the hole burned  in the in- 
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(b) 

Fig. 1. Time-domain measurements. (a)  Relaxation oscillations 
at 40 mA with 0.2 ps/div. (b) Relaxation  oscillations and 
ultrashort pulses a t  61 mA with 0.2 ,us/div. 

homogeneous spectrum is not  too  large,  the  relaxation 

behavior  is  found  to  be  governed to a good approximation 

by  the homogeneous limit given in (1)-(3). Our experi- 

ments  have been conduct'ed a t  sufficiently low intensities 

for  the homogeneous results to be  expected valid. 

Under  some  circumstanc,es  in a xenon laser the  damp- 

ing  indicated  by ( 3 )  may be quite  weak. In  this case any 

broadband  pump  fluctuations or quantum  fluctuations 

[5] may  drive  the  relaxation oscillations a t  a rate given 

by (2) with  no  apparent  damping. In practice the modu- 

lation  may  approach 100 percent  and the  linear  approxi- 

mation  breaks down. The damping  then  manifests itself 

as a slight  frequency  instability of the pulsing. 

A useful way  to  study  the  relaxation oscillat'ions  is in 

terms of the spectrum zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAP(w)  of the laser  output, power 

fluctuations, which has  the  approximate  form 

1 

This  result  is  obtained from  a Fourier  transform solution 

of the  rate equations  with a broadband  driving  term. 

From (4) the spectral  width  for  weak  damping  is 

Am - - a 

7 

thus  varying  with  the  gain. 

EXFERIMENT 

The laser  cavity used in  our  experiments has  two flat 

mirrors  with a spacing of 1.36 m. One of the mirrors 

could  be translated  longitudinally to vary  the mode fre- 

quency.  For low values of the gain  only  one  longitudinal 

mode was  above  threshold  and by adjusting  the  mirror 

position the mode  could  be kept  near  the  gain  maximum. 

The  dc xenon discharge was 5.5 mm in diameter  and 

1.1 m in  length. The pressure  was  maintained a t  about 

5 p by  means of a  liquid  nitrogen trap [6]. The  cavity 
losses were varied  by  introducing  attenuators. 

An example of a pulsating  output  with a period of 0.4 

ps is  shown in Fig. 1 (a).  Many sweeps are recorded  in 
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the photograph to give an indication of the degree of 
stability of the pulsing. Blurring at   the left of the picture 

represents  primarily  amplifier noise, while the increasing 

fuzziness to  the  right of the  picture shows that  the pulsa- 

tion period  is not  strictly  constant  in  this example.  E,ven 

though the modulation  is  near  100  percent, the pulse pe- 

riod  was  found to always be in  fairly good agreement 
with the solution of the linearized  equations given by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(2). A slight slowing of the pulsing  was  observed when 

the modulation  was  strongest in agreement  with the non- 

linear  equations  [3].  The lifetime zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT has been calculated 

to  be 1.35 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAps 171 and  measured  values of the gain g and 

time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto were  used. The  gain  was  measured  by increasing 

the known losses until  threshold  was  reached  for  various 

values of discharge  current.  The effective cavity lifetime 

t, was  typically  about 1 ns  and could be  inferred  from 

the  mirror  and  attenuator losses. By  varying g and t,, 
regular  pulsations in  the frequency  range of 1-10 MHz 

were obtained. The secondary  pulses  shown  in  Fig. 1 (a) 

were usually  present to some extent  but  are  not well 

understood.  They  may be due to coupling to  another 

la,ser  level or to some  nonlinearity that  has been  ne- 

glected. 

In Fig. 1 (b).  is shown the simultaneous  occurrence of 

spontaneous  relaxation  oscillations  and  ultrashort  pulses. 
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attenuators zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I I I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 I 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 4 5 

Fig. 2. Pulsation period versus  attenuation  with a 70-mA 
discharge. 4 typical  error bracket. i s  shown. 

movable 
mirrnr 

Fig. 3. Experimental  setup for frequency-domain measurements. 

The  output consists of a train of ultrashort pulses a t  

26 MHz, which is  amplitude  modulated a t  2.2 MHz  by 

the relaxation  oscillations. To obtain  this  result  the 

cavity  length  was  extended to  about 6 m. 

Some typical  data  are shown in  Fig. 2. These  results 

were  obtained  from oscilloscope displays of the  sort 

shown  in  Fig. 1 (a).   The pulse  period  is  plotted as a  func- 

tion of the  number of 50-percent  transmission  attenua- 

tors placed in  the  cavity  with  the  discharge level held 

constant.  The solid line  is  a  theoretical  curve  obtained by 
rewriting (2) as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2a 
To = (6) 

(b ) 
where g, is the threshold  value of the gain for n attenua- 

tors, 9 = 10.6 m--' is the  actual  unsaturated  gain  and  the weakly damped pulsations. (b) Strongly  damped  pulsation with 
Fig. 4. Frequency-domain measurements. ( a )  Beat  spectrum of 

lifetime  is  taken  to be T = 1.1 ,ps. 5 MHz/div dispersion. 

These  time-domain  measurements  provide  a  satisfac- 

tory  means of shdying relaxation  oscillations if 'the 

damping  is  very  weak.  Considerable  additional  informa- 
tion  can be obtained  from an examination of the fre- 

quency  spectrum of the  intensity.  The  frequency-domain 

measurements are especially  useful for strongly  damped 
fluct.uations. In this case the  spread  in frequencies  is 

comparable to  the oscillat,ion  frequency and t.he behavior 

in  time  is difficult to  interpret.  The  frequency  spectrum, 

however,  shows  a distinct  maximum at  the oscillation 

frequency. The width of this resonance  is  a  measure of 

the damping. 

The  apparatus used in  the frequency  measurements  is 

shown schematically  in  Fig. 3. The light  beam  was 

chopped and  synchronous  detection  was  used. The power 

spectrum  corresponding to  the oscillations of Fig. 1 (a) 

is shown in  Fig. 4 (a) .  Zero frequency  is at the center of 

the  display.  The  harmonics  apparent  in  the figure are 

not  predicted  by (4) a,nd are  an indication that because 

of the strong  modulation the linearization  has ceased to 

be valid.  At  higher  values of the gain the damping  in- 

creases and  the  harmonics  disappear. Such  a  spectrum 

is  shown  in Fig. 4(b).  The  shift of the  peak t'o  higher 

frequencies as well as  the broadening of the spectrum as 
the gain  increases are  in  agreement  with (4). The  maxi- 

mum  average power output  that could be  obtained in  the 

strongly  pulsing regime was  about 100 pW as determined 
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with an Eppley  thermopile. The  peak power  was of the 

order of 1 mM7. Pulsewidths as  short  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA20 ns could be 

obtained at   the higher  currents. 

CONCLUSION 

In  summary, we have observed  relaxation  oscillations 

in  a  high-gain zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3.51-p xenon  laser. The  behavior of the 

pulsations  has been investigated  in  both the  time  and 

frequency  domains  and  was  found to be in  agreement 

with B general rate-equation  theory.  The  time  domain 

measurements were most  useful in  the  limit of weak 

damping  and  in  this regime highly  stable  pulsations  have 

been observed. The complementary  frequency-domain 

measurements are a  more  convenient  method  for obtain- 

ing  information on the gain-dependence of the damping. 
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APPENDIX 

RELAXATION  OSCILLATIONS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIR' INROMOGENEOUSLY 
BROADEKED LASERS 

The purpose of this Appendix  is to  investigate briefly 

the effects of inhomogeneous broadening  on  relaxation 

phenomena in  laser  oscillators.  Inhomogeneous  broaden- 

ing  is common to  many  lasers,  several of which are 

known to exhibit  relaxation  oscillations.  We  obtain  here 

an algebraic  equation  governing the complex frequency 

of  small-amplitude  relaxation  oscillations  in  inhomo- 

geneously  broadened  lasers. 

The  starting  point for this  derivation is t,he pair of 

rate equations zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
dnO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= P(v) - qB(v, v2)n(v) - n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 ( 4  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
dt 

= q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAlm B(v, v2)n(v) dv - - *  4 
dt t ,  

The  pumping  rate is P ( v )  , n ( v )  is the population  inver- 

sion density  in the frequency  range  between v and v + 
dv,  q is  the  photon  density, vZ is  the  laser  frequency, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT is 

the inversion  lifetime, t ,  is the average  photon  cavity  life- 

time,  and B(v ,  v ~ )  is the  frequency  dependent  Einstein B 
coefficient. It is  assumed in  writing the equations  in  this 

form  that  spontaneous emission  does not  contribute sig- 

nificantly to  the photon  density, that coupling to other 

atomic  energy  levels is unimportant,  that  spatial  varia- 

tions of the electromagnetic fields-which are  substantial 

in  a high gain laser-do not affect the  transient  behavior 

of the laser  and that coherence effects may be  neglected. 

This  treatment  is based on  one  given  elsewhere [8]. 

The  behavior of the solutions in  the  vicinity of the 
equilibrium  point  is of greatest  interest, so equations (7) 
and (8) are linearized by t,he substitutions q ( t )  =. qo + 
q'( t ) ,  n ( v ,  t )  = no zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(v) + n' (v, t )  . The  primed  quantities 
are regarded as  small  perturbations.  The  first-order re- 

sults  are 

dt  
n' - Bn,q' + ( P  - Bnoqo - :) (9) 

dql dt = q o  / Bn' dv + (/ Bn, dv - t)q' 
+ (q ,  / Bn, dv - 

This  pair of linear  first-order  equations  is  expected to, 
have  two  independent  solutions. The equilibrium point 

is described by the  st,eady-state  solutions 

Equations (11) and (12) may be  combined t o  

If the pumping  spectrum  is  a  Gaussian given by 

P(v) = Po exp [ - ~ ' v ~ D V o ) ~  In 2 1  (14) 

where AvD is  the  Doppler line  width  and  the homogeneous 

line shape  is a  Lorentzian given by 

where Avh is the homogeneous line  width,  then (13) may 

be rewritten  as 

If the  saturated homogeneous line  width is much less 

than  the  Doppler  line  width, 

(1 + %)I" A v ~  << A v D  

then  the  pumping  spectrum  may be  replaced by  its  value 

at   the laser  frequency, 

P,  = Po exp [ -("v' - V O ) ~  In 21  
AVD 

and  (16) simplifies to 

1 PzB07 dz 
- t, - y- La 2qoB,7 
- 

1 + - - + x "  
T A v ~  

where z = 2 ( V  - vL) / A v ~  is  a  normalized  frequency. This 

result  determines the  steady  state  value of the photon 

density go. 



CASPERSON AND zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAYARN: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA&ELAXATION OSCILLATIONS IN HIGH-GAIN LASER 73 

Using zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(11) and (12) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, (9)  and (10) may be written  as 

dq’ = qo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBABn’ dv. 

These  equations  may be combined into  the second-order 

differential equation 

d’n‘ ’*“ / Bn‘ dv. (20) 
Bqo + - 

Substituting  an exponential  solution of the form n’(v) = 
n ” ( ~ )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAest and solving  for n”(v) leads to 

PBqo 1 Bn“ dv 

S ( B q o  + :)(s + Bqo + - 5 ) ’  
-?&I’ = (21) 

Multiplying  by B ( v ) ,  integrating over  frequency, and 

canceling the  factor J Bn” dv gives 

If the line  broadening  is  strongly  inhomogeneous, P ( v )  
may  be replaced  by Pl. Then using (i5), (22) becomes 

The integrand  in  this  equation  can be expanded in 

partial  fractions  and  the  integrations become elementary. 

Using (17) for 40 the results  may be put in the form of 

the  quartic  equation 

s4tC2r2 + - 2s2t,r - 2st,a2 - (az - 1) = 0 (24) 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = Pi Bo T t C  is a  parameter, which a t  threshold 

is equal to  unity.  Two of the roots of this  equation  are 

nonphysical. It is  useful to reduce the  number of param- 

eters  appearing  in  the  frequency  equation  by  introducing 

the dimensionless  frequency x = ST and  the  ratio c = 
T / t c .  Then (24) becomes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x4 + U’X~ - 2cx2 - ~CZ’CX - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(aa - 1 ) ~ ’  = 0. (25) 

Equation (25) is the principal  result of this appendix. 

It is  valid  for  small  amplitude  fluctuations  as  long  as the 

hole  burned  by the  radiation field in  the inhomogeneous 
spectrum  is  narrow  compared to  the overall  line  width. 

This  equation can be greatly  simplified in two important 

limits. For a* << 2c one finds that  the physical  roots are 

given  by 

x2 + a2 + c(a - 1) = 0. (26) 

We refer to  this  as  the homogeneous limit,  because it 

I:\&- ’ IIrnx/ Horn. limit Frequency Inhom. limit 

60 

40 -Re x Damping 

20 c = 1080 --- -- 
0 4 8 12 16 20 24 28 

Fig. 5. Real  and  imaginary  parts of the complex 
frequency 5 versus a for c = 1080. 

has  the  same form as one would obtain for a homoge- 

neously  broadened  medium. With  the  additional approxi- 

mation c(a - 1) >> ( ~ / 2 ) ~  the solutions of (26) are 

given in (2) and (3). If the condition u2 >> c/2 is satis- 

fied (for c >> 1), then (25) reduces to 

2 - 2cz - c2 = 0. (27) 

We  refer to  this  as  the inhomogeneous  limit. Here  the 

complex frequency  is  independent of the threshold 

parameter a. 
I n  Fig. 5 is  a  plot of the  real  and  imaginary  parts of z 

found  from (25) for c = 1080, which is  a  reasonable  value 

for some of our  experiments  with a xenon laser. The 

behavior in  the homogeneous and inhomogeneous  limit,s 

is apparent  in  the figure,  where the limiting  forms  are 

determined  from (26) and (27).  The real  and  imaginary 

parts of the complex  frequency x are  proportional to  
the damping  and  the frequency of small  amplitude  re- 

laxation  oscillations,  respectively. Evidently  the oscilla- 

tion  frequency  reaches a maximum as  the  saturation is 

increased and  then  approaches  the inhomogeneous  limit. 

Eventually, of course, the width of the hole  burned  in 

the population  inversion  spectrum becomes comparable 

to  the Doppler  line  width as the  saturation  is  continu- 

ously  increased.  When this occurs, the oscillation be- 

havior  must return to  a homogeneous limit,  and the 

approximation of strongly  inhomogeneous  broadening 

made  in (23) breaks down.  Specifically, this failure  is 

found to occur when the condition a << A v D / ~ v n  ceases 

to  be satisfied. I n  low-pressure xenon AVD N 30 Ava. 
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