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Abstract

We consider the Allen-Cahn equation e?Au+ (1 —u?)u = 0 in a bounded, smooth domain
in R?, under zero Neumann boundary conditions, where € > 0 is a small parameter. Let 'y be a
segment contained in 2, connecting orthogonally the boundary. Under certain non-degeneracy
and non-minimality assumptions for I'o, satisfied for instance by the short axis in an ellipse, we
construct, for any given N > 1, a solution exhibiting IV transition layers whose mutual distances
are O(e|loge|) and which collapse onto I'g as € — 0. Asymptotic location of these interfaces is
governed by a Toda type system and yields in the limit broken lines with an angle at a common
height and at main order cutting orthogonally the boundary.

1 Introduction

Let © be a bounded domain with smooth boundary in R?. In this paper we consider the elliptic

problem:
A+ 1—u)u=0 in Q, (1.1)
ou
= 0 on 0N. (1.2)

Here € > 0 is a small parameter and v denotes unit outer normal to 9 . Equation (1.1)-(1.2) is
known as the Allen-Cahn equation and was introduced in [2] as a model describing the evolution
of antiphase boundaries.

Problem (1.1)-(1.2) and its parabolic counterpart have been a subject of extensive research
for many years. Its solutions correspond to critical points in H*'(Q) of the Allen-Cahn energy,

€ 2 1 242
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We observe that the states u = +1 represent both global minimizers of the energy, which in

the Allen-Cahn model correspond to two phases of a material isolated in the region Q. We are
interested in solutions which connect these states, leaving an interface, a narrow region where the
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transition from one phase to the other takes place. More precisely, we consider solutions u. to
(1.1)-(1.2) for which J(u.) remains uniformly bounded, which formally entails a uniform bound
for the length of the transition region. These solutions approach £1 almost everywhere as e — 0
while, at least for minimizers, the energy values approach perimeter of the limiting interface
between the regions where values +1 and —1 are taken. In the language of I'-convergence, the
I-limit of J. corresponds precisely to interface perimeter, see [22, 29, 38].

In [22] Kohn and Sternberg constructed local minimizers using this fact. Associated to a
straight line segment I'g contained in €2 which locally minimizes length among all curves nearby
with endpoints lying on 92, they find a local minimizer u. of J. with asymptotic interface given
by this segment. One has

Je(ue) — co|To| (1.3)

for some universal constant c¢g > 0. Other qualitative properties of minimizers can be found in
[5, 6, 16, 35, 39].

It is natural to ask for existence and asymptotic description of solutions other than local
minimizers. We recall for instance that no local minimizers other than constants are present
if the domain is convex [7, 30]. On the other hand rich phenomena should be observable even
in this case, as heat flow for the Allen-Cahn equation becomes in the appropriate limit mean
curvature flow of interfaces, see [3, 36, 8, 9, 15, 18, 37, 21].

In [35, 40, 17] the authors have addressed the issue of understanding asymptotic behav-
ior of interfaces for general families of solutions of (1.1)-(1.2) with uniformly bounded energy
through a geometric measure theoretical approach. Roughly speaking, they have established
that asymptotic interfaces must be locally stationary for perimeter. More generally, in higher
dimensions, they correspond locally to (generalized) minimal hypersurfaces. However, not many
concrete cases where such objects can be found have been known. Part of the reason is that,
once minimization is not available, traditional variational tools do not yield existence or fine
analysis easily.

Along these lines, it is natural to consider a situation like that of Kohn and Sternberg [22]
for a critical, not necessarily minimizing segment. We assume in what follows that € contains
a straight line segment I'g which intersects orthogonally the boundary at exactly two points
P()7 Py € 09

We assume that I'g is non-degenerate in the sense that if k(P), P € 91, represents curvature
of the boundary, then the following condition holds:

K(P0)+H(P1) *H(Po)l{(Pl)‘Fo‘ 760 . (14)

Let us explain the meaning of this condition. After translation and rotation we may assume
that I'g is given by
Fo:{(£1,$2)|$1:0, 0<$2<£} (15)

where ¢ = |I'g|. Let us assume that near the endpoints of the segment, 92 is described as
the graph of two smooth functions, respectively z2 = Go(z1), x2 = Gi(z1), with Go(0) =
0, G1(0) = £, G4 (0) = 0 = G} (0), so that G4 (0) = K(Po), GY(0) = —k(Py). Any curve C*-close
to I' with endpoints on 02 can be parametrized as

V() = (h(t), tG1(h(£)) + (£ = )Go(h(0)) ), t €0, 4].

where h : [0,£] — R? represents a small function of class C*. The length of this curve is then
given by the functional on h,

Iyl = p(h) = /O VIG1(h(£)) = Go(h(0) ]2 + /(1)2 dt
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so that in particular its first variation Dp(0) = 0. In fact, criticality of the straight segment
means just that it intersects orthorgonally the boundary. Second variation of length is then
given by the quadratic form

Dp(0)[H]?* = / W (et + GO — GLORO)

Non-degeneracy of I'g means precisely that this quadratic form is non-degenerate in its natural
space H'(0,£). This is equivalent to the fact that the problem

—h" = Mh, in (0,0)
+(FPo)h(0) + h'(0

+ 0, (1.6)
—k(P)R(E) + 1 () =0

R (0) =
() =
does not have A = 0 as an eigenvalue. A direct computation shows that the latter fact is
equivalent to condition (1.4). Let us observe that if both curvatures are negative the second

variation is positive and we are in the minimizing situation of [22].

The segment I'y separates 2 into two subdomains Q_, 4, respectively to the left and to
the right of it. In [24] the second author has established that if (1.4) holds then there exists a
solution u. to (1.1)-(1.2) exhibiting a transition layer at a distance O(e) of I'g. More precisely,
if s is the signed distance to I'g, then these solutions are well approximated by U(s/e) where U
is the unique solution of the problem

U'+(1-UHU =0, inR,

(1.7)
U(+oo) = +1, U(0) =0.

One has for this solution Je(u:) — co|T'o], just as in the I'-convergence situation of Kohn and
Sternberg (1.3) and

lirr(l)uS =41 in Q4.

e—

The purpose of this paper is to show that in the non-minimizing situation for the segment I'g
much richer phenomena are actually present.

Before stating our results, let us discuss a bit further the nondegeneracy condition (1.4).
Let us assume that, opposite to the minimizing situation both curvatures x(FPo), x(P1), are
positive, just as in the case of the short axis or the long axis of an eccentric ellipse. In that case,
parallel translation of the segment reduces the length of its portion inside 2. On the other hand,
rotation of the short axis around its center increases length inside 2, while that of the short axis
degreases it: this translates into the fact that the short axis produces a non-degenerate critical
point of Morse index one for length (namely only one direction to decrease length is present),
while the long axis represents one of Morse index two.

In general, as direct computation of eigenvalues of problem (1.6) shows, when both curvatures
are positive, we have that exactly one eigenvalue is negative if

Kk(Po) + k(P1) — k(Po) k(P1)|To| > 0 (1.8)
which we call the “short axis situation”, while exactly two of these eigenvalues are negative if
K(Po) + K(P1) — H(Po) K(Pl) ‘Fo‘ <0, (19)

the ”long axis situation”. By definition the numbers

(1.10)
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correspond to the radii of the osculating circles to 9€2 respectively at Py and Pi, so that condition
(1.8) becomes just
Ri+ Rz > €. (1.11)

As we will see, under this condition and the additional assumption
|R1 — R2| < E, (1.12)

which in particular holds for the short axis of an ellipse, there exist solutions with multiple
interfaces. In fact, given N > 1, there is a solution u. to problem (1.1)-(1.2) such that

Je(ue) — Neo|To| ase— 0, (1.13)
. . . 1if N is odd .
;%ug =-1 inQ-, ili%us - {71 if Niseven s (1.14)

These are solutions exhibiting N transition layers, close and approximately parallel to each
other, which eventually collapse onto I'y.

An interesting feature of these solutions is the role played by the Toda system in the asymp-
totic location of their multiple interfaces. Let us recall that the Toda system describes dynamics
of N particles, arranged on a line and interacting with their neighbors with a force proportional
to the exponential of minus their mutual distance. Considering interfaces, we observe that two
nearly parallel interfaces attract, in the sense that as they get closer to one another, energy
decreases proportionally to the exponential of the negative of their mutual distance. On the
other hand, because of assumption (1.11), interfaces raise their individual energies proportion-
ally to their length as they approach horizontally the segment. It is therefore expected that an
equilibrium location, maximizing effect due to interactions in parallel motion and minimizing in
length should exist. In particular, interfaces in such an equilibrium should prefer to stay parallel
since rotation increases length in the short axis situation. This is why Toda system appears, in
which the segment coordinate takes the role of time.

We should take into account that at a closer look, these multiple interfaces should not stay
quite as straight lines since they need to arrive orthogonally to the boundary near the upper and
lower ends. In reality, analysis of the Toda system under boundary conditions giving account of
this orthogonality, shows that interfaces correspond asymptotically to broken lines of the form

z1 = p(|z2 — [ +m), p=O0(cloge). (1.15)

These curves intersect orthogonally the respective osculating circles for Py and P; precisely if
1 1
Yo = Q(Z_Rl -i-]%o)7 Y= §(R1+R0—€). (1‘16)
Observe that relations (1.11), (1.12) correspond to the facts

v € (0,4), ~1>0.

7o is the x2-coordinate of the midpoint of the segment between the centers of the two osculating
circles, which we thus assume lies on I'g. Assuming «; > 0 implies that the broken lines (1.15)
do not touch I'g.

Our main result reads as follows.

Theorem 1.1 Assume that the segment I'o given by (1.5) is such that x(P;) > 0, j = 0,1
and that conditions (1.11) and (1.12) hold. Then for each N > 1 and all sufficiently small ,
there exists a solution u. to problem (1.1)-(1.2) which satisfies relations (1.13), (1.14), and in a
neighborhood of Ty it has the form

N . .
o) = oft) + 3 (-1 (pmeiled) f U b am
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with the functions fi, k =1,..., N satisfying the asymptotic expression

i) = o logel (k — “0) (fea — 0l + 71 +0(1)): (118)

Here 0,71 are the constants given by formula (1.16), co > 0 is a universal constant and the
quantities o(1) go to zero uniformly as € — 0.

We include some pictures for different values of the parameters of the approximate shape of
the interfaces in Figures 1 and 1 below.

We can be much more precise in the way interfaces satisfying expansion (1.18) arise. It turns
out that functions fx solve at main order the Toda system

E2f,;, = ao [6*\/§<fk*fk—1) _ 6*\/§(fk+1*fk)} in (0,¢), (1.19)
under boundary conditions
fr(0) + K(Po) fr(0) = 0 = fi(6) = k(P1)fu(f), k=1,...,N, (1.20)

for some universal constant ag > 0 and with the conventions fo = — o0, fn+1 = +00. As we
will later justify, this problem has a unique solution, whose expansion as € — 0 corresponds to
(1.18).

The presence of higher multiplicity interfaces has been first suggested in [3]. In the one
dimensional or radial cases, concentration in the form of clusters of transition layers or spikes
has already been observed in various problems in the literature, see [4, 10, 11, 13, 32, 33, 27, 28],
phenomena in accordance with higher-dimensional multi-spike clustering as predicted in [20].
In particular, multiple radial transition spheres collapsing on the boundary have been found for
Allen-Cahn in [28]. The result of Theorem 1.1 seems to be the first of its type in a fully higher
dimensional setting. Single-higher dimensional concentration phenomena has been the subject
in, among other works, [25, 26, 12].

A broad literature exists for the Toda system, including various representation formulas for
their solutions, we refer the reader to [19, 23, 31] for results and references. The link found
here seems new, and we expect that classical mechanical systems are in agreement with various
multiple-curve concentration phenomena arising in elliptic singular perturbations, in similar way
as gravitational or electrostatic interpretation of point concentration is commonly given.

In [34], Allen-Cahn in dimensions 3 or higher in a compact manifold has been considered,
establishing that associated to a non-degenerate minimal hypersurface a solution with a single
interface exists, in analogy with the result in [24]. We would expect multiple concentration of
codimension one interfaces dimensions two and higher to exist, but with more difficult proofs.

The proof of Theorem 1.1 consists of finding a solution close to an initial approximation,
which is essentially the right hand side of expression (1.17). The correction term satisfies an
equation which is solved in two steps: first the curves fr are just left as parameters to be
determined, and a projected problem is solved which involves a small nonlinear perturbation of
a uniformly invertible operator in suitable norms. Second, functions f are chosen in such a way
that the solution of the projected problem is a full solution. In this second part of the process
a small nonlinear, nonlocal perturbation of system (1.19)-(1.20) arises, which is solved thanks
to nondegeneracy of the solution of the unperturbed system. We shall develop this scheme in
what remains of this paper, in which hypotheses of Theorem 1.1 will always be assumed.
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Figure 1: Equilibrium configurations of 4 and 5 interfaces with £ =1, Ry = %, Ry = % and € = 5.

The dotted lines indicate the osculating circles of the boundary at points Py and P; respectively.
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2 First approximation and outline of the proof

2.1 Approximate solution

We first formulate our problem in conveniently chosen system of coordinates. With no loss of
generality, we may assume that the segment I'g satisfies |T'g| = 1 and is given by

To={(z1,22) | 21=0,0<z2<1}.

We also assume that near the endpoints of the segment, 02 is described as the graph of two
smooth functions, let us say respectively z2 = Go(z1), 2 = G1(z1), with

Go(0) =0, Gi(0)=1, G4(0)=0=G}(0).

Let us consider the scaling v(y) = u(ey). Problem (1.1)-(1.2) is thus equivalent to

av)=Av+ f(v) = 0 inQ, (2.1)
Bv) = % = 0 ondQe.. (2.2)

where Q. = ¢~ 'Q. Here and in what follows we denote
f)=(1-=v")

For some small, fixed number dp, we can describe diffeomorphically all points y € Q. with
[y1| < Soe™" by means of coordinates (x, z) which straighten the boundary as follows.

T =y, z=y2—ne(ey2)e Goleyr) — no(1 —eyp)e '[Galeyr) — 1] . (2.3)
Here 1, (s) = n(c~'s), where 7 is a smooth cut-off function such that
n(s) =1, for |s| < 1 and n(s) = 0 for |s| > 2, (2.4)

and o > 0 is a small e- dependent number which for our purposes we take

ool

c=¢
The Laplacian operator in (). expressed in these new coordinates becomes
Ay=A,.+B

where B is a second order differential operator with small coefficients:
82 2

B =B — +B —

22(ex,€2) 942 + 21(5—:x,sz)axaz

where B;; are smooth functions with B2(0,-) = 0, B21(0,:) = 0.

+ eByo(ex, sz)% ,
We also have, for z = 0,

O _ 4Gy 0, Ghler) o
vy~ (+1Gh(e)P) 72 02 (1 +1Gylew)P)172 B2

with a similar formula near z = 1/e. Thus we write,

o 9
o, v B

where
By =b(ex,e2) - Vg, 1=0,1, z=1/e,
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0 41 O
(-1 “
v (=1) 0z
Here b is a smooth function with b(0,-) = 0. To define the approximate solution we recall that
U = U(s) is the heteroclinic solution to (1.7) such that U(£oo0) = £1. More precisely we have:

1=0,1, z=l/e.

Uis)—1 = one_\/iero(e_‘/Es), as s — +oo,
U(s)+1 :Aoe‘/gs—i—o(eﬂs), as s — —oo,
U'(s) =+v240e V2l 4 o(e V21l as |s| — 400,

where Aq is a universal constant.

In the sequel we let N > 1 be a fixed positive integer and consider fi,..., fn given, arbitrary
functions fi : (0,1) — R which satisfy

I fellz20.1) < Nogel®s  fir1(Q) = fu(Q) > V2|loge| — 4v2log|loge. (2.5)
For notational convenience we will also write

fo(€) = —do/e — f1(¢) and fn+1({) = do/e — fn ().

Let us set
wi(z,2) = (fl)kHU(:E — fk(sz)),
and define the approximate solution to (2.1)-(2.2) by

w(z,2) = 3 welz, ) + %((—1)“1 _1), (2.6)

k=1

so that w(z, z) ~ wi(z, 2) for | — fr(ez)| not too large.

2.2 Outline of the proof of Theorem 1.1.
The approximation w defined by formula (3.1) does actually make sense in the infinite strip
S={(z,2) /] 0<z<1/e}

Since the approximation w approaches its limits as * — +o0o at an exponential rate, and the
remainder operators B; and B, are comparatively small, it is reasonable to believe that the
solution of the full problem is essentially the same as that of the problem in the whole strip

Agv+n;Bv+ f(v) =0 inS, (2.7)
under boundary conditions
31} epb,
ngn(;B v=0 ondS. (2.8)

Here and in what follows we denote
el
ns(@,z) =1 (%) ; (2.9)
where 7(s) is a smooth cut-off function as in (2.4), so that

n§:1for|x\<g, n§:0for|x|>2?5.

In fact the full original problem in ). can be reduced to one in the strip by means of a gluing
procedure developed in §6.
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We look for a solution of (2.7)—(2.8) in the form w = w+¢ where ¢ is globally small compared
with w. The equation for ¢ becomes

Ap+ f'(w)p=—N(¢)+E inS, (2.10)
% —niB°¢+ E, on dS, (2.11)

where
N(¢) = f(w+¢) — f(w) — f'(w)¢ + 15 B¢,
E=Aw-+nsBw+ f(w), FE,= g—‘:j +niB"w

The operator N(¢) is the sum of a quadratic quantity in small ¢ and a small linear operator
in ¢. The linear operator on the right hand side of equation (2.11) is also small. Thus if the
linear operator defined by the left hand side of (2.10) were uniformly invertible in suitable norms
under the associated Neumann boundary condition, one could recast the problem into a fixed
point problem for a contraction mapping, provided of course that the errors E' and Ej are small
enough in the involved norms. However this uniform invertibility is not expected since there
are decaying elements in an ”approximate kernel” for the linear operator. Indeed, the functions
wj,z = Uz(z — fj(ez)) "nearly anhilate” the operator, and unless the functions f; satisfy very
special relations, we do not expect solvability of the original problem by the above means.

Thus we consider the linear operator
L(¢) = A¢ + f'(w)e,

which we can rewrite as
L(¢) = A =26+ (f'(w) +2)¢ = 0.

Since f'(w) +2 = O(e V??!) as |z| — oo, then the operator can be visualized as a small
perturbation at infinity of A — 2. Standard elliptic regularity tells us that the problem

Ap—26=h inS, (2.12)
? =g on,0S (2.13)

has the uniform a priori bound

16llm2(s) < CllIMlL2(s) + llgllmr(s) ]

and a corresponding existence statement. The analogous assertions for the operator L does hold
true for the following projected problem which "mods out” its above mentioned approximate
kernel:

Given functions h € L*(S), g € H'(S), we consider the problem of finding ¢ € H?(S) such

that for certain functions ¢; € 2(0, 1),7=1,...,N we have
N
L(¢) = h + Y ci(ez)w;e inS, (2.14)
Jj=1

=g ondS, (2.15)

9¢
19)%
/ o(z, 2) wjz(z,z)de =0, Vze(O,é),j:L...,N. (2.16)
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Proposition 2.1 There exists a constant C' > 0, independent of € and uniform for f;’s sat-
isfying (2.5) such that for all small € Problem (2.14)-(2.16) has a solution ¢ = T'(h,g), which
defines a linear operator of its arguments and satisfies the estimate

[6llm2(s) < CllIMlL2(s) + llgllmrs) ]

We will prove this proposition in §3. Using it, we would like to solve via contraction mapping
principle the projected nonlinear problem

N

L(¢) = E=N(¢) + Y _cj(ez)wje in S, (2.17)
j=1

% = Ey —nsBpp on 0S, (2.18)

/ o(x, 2) wjz(zr,2)de =0, j=1,...,N. (2.19)

As we will see in §4, the inner error F is essentially constituted by quantities carrying
e?|loge|? times functions exponentially decaying in  from the f;’s. This implies that

3
[EllL2(s) < Ce|logel?,

for some ¢ > 0, uniformly on functions f; satisfying (2.5). This error however does not match
in size with that at the boundary Fj which is much larger: it only carries e rather than €2 as
factors, so that we get
1
1 Ebll 1 (s) < Ce?|logel”.

It is necessary to improve the approximation in order for both errors of approximation to share
size, eliminating the terms of order ¢ in the expansion of the boundary error. This is achieved
in §5 by means of two steps: first, boundary conditions are imposed on the functions f;. It is
assumed that

fe(0) + £(Po) fr(0) = 0 = fr(1) — (P fe(1), k=1,...,N. (2.20)

This assumption eliminates part of the e-terms in Ej. Second, the remaining terms of order ¢
are eliminated by building an improvement of approximation of the form w + ¢** where ¢**,
of size g, solves certain explicit linear problem and has the property to decay exponentially in
z direction towards the interior of S. This procedure makes the initial problem (2.17)—(2.19)
equivalent to a similar one with new errors E and Ej with size 0(6% |loge|?) and a qualitatively
similar operator N(¢). By contraction mapping principle using Proposition 2.1, we then get a
solution ¢ of this variation of (2.17)—(2.19) with

3
l¢ller2 sy = O(e2).

We shall get then a solution of our original problem if we are able to adjust the functions f; in
such a way that

In order to solve the latter system of equations, we simply integrate equation (2.17) against
wj, to get -
o (2) = / (Aw + 75 Bw + f(w)) wa s dz + O(2)

for some p > 0. These quantities are given at main order in the following lemma.

10
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Lemma 2.1 The following asymptotic formula holds

/OO (Aw + n5;Bw + f(W)) wexdz =
(=1)*aq [2bo fil — e™V2UE=Tk-1) | o=V2Ukt1=F)) L py (2.21)
for some positive universal constants ag, by, where
1PxllL2(0,0) < Ce* ™, for some p > 0, (2.22)
uniformly on functions fi’s satisfying conditions (2.5).
We carry our these computations in §4.
In this way, the full problem is reduced to solving a system of the form

52b0fllg/ _ e*\/i(fk*fk—ﬂ +e*\/§(fk+1*fk) =h,

under boundary conditions (2.20), where ||h||;20, = O(e***) and h itself is a nonlinear,
nonlocal operator of f. The system for h = 0 turns out to have a unique solution which is of
size O(|loge|). This solution is non-degenerate in a suitable sense, and the problem is finally
solved via a perturbation argument. This part of the process is carried out in §7.

In the rest of this paper, we will work out in detail the above outlined scheme.

3 Projected linear theory in the strip

This section will be devoted to the resolution of the projected linear problem (2.14)-(2.16) by
proving Proposition 2.1. A first claim we make is that to prove that result it suffices to consider
the case g = 0, so that we will only need to find the operator T'(h,0). Indeed, let us consider
the solution ¢o = ¢o(g) to the problem

A¢0 - (Z50 =0 in 87

0o

gzg on JS.

From standard elliptic theory, we find that
lpollz(sy < Cllgllais)-
On the other hand, we check directly that
¢ =¢— ¢o
satisfies a similar equation, but now for g = 0, with A replaced by A, where
||]\||H2(0,1/s) < CllM az(0,1/¢) + lgllz1(s)ls
and with h replaced by h = h(h, g), a linear operator in its argument satisfying
Ihllz2csy < Clllhllzzs) + Ngllans)]-

With the aid of this and the definition of ®, the operator T'(h,g,A) is thus built just from
T(h,0,A), as claimed.

11
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For the proof of the proposition we need the validity of a priori estimates for a simpler
problem. Given h € L*(S), let us consider the operator

Lo(¢) = Ad + f'(U(x))¢

and the problem

Lo(¢) = h in, (3.1)

0]
£ =0 on dS, (3.2)
(3.3)
/ oz, 2)Ug(z)dz = A(z), 0<z< é . (3.4)

R

where

Al 20,1/6) <C (3.5)

Lemma 3.1 There ezists a constant C' > 0, independent of € such that solutions of (3.1)-(3.4)
with A satisfying (3.5) satisfy the a priori estimate
[8llm2(s) < CllIhllL2(s) + 1A m2(0,1/9)] -

Proof.
Assume first that A = 0. Let us consider Fourier series decompositions for h and ¢ of the
form

oz, z) = Z or(z) cos (rkez)
k=0
h(z,z) = Z hi(z) cos (mkez) .

x>
Il
o

Then we have the validity of the equations
7k262¢k + £0(¢k) =hr, xz€R (3.6)

and conditions

| avias—o. (3.7)
for all k. We have denoted here
Lo(dk) = Pkww + f(U(T))dr-

Let us consider the bilinear form in H'(R) associated to the operator Lo, namely

B, ) = / [el? — £ (O] de:

R

Since (3.7) holds uniformly in k& we conclude that
Cll¢kllz2 @ + k.2 l12@®)] < B(d, or) (3-8)
for a constant C' > 0 independent of k. Using this fact and equation (3.6) we find the estimate
(1 + K gel 2@ + |9klliz@ < Cllhkllieg-
In particular, we see from (3.6) that ¢, satisfies an equation of the form

(;bk,x:c - 2¢k = iLk, z R

12
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where HiLkHL2(R) < O|hi]l2w)- Hence it follows that additionally we have the estimate
l$kwallT2m < Clihwlliz - (3.9)
Adding up estimates (3.8), (3.9) in k£ we conclude that
HD2¢>H2L2(S) + ||D¢>H2L2(S) + ||¢||2LZ(3) < CHhHi?(sy

which ends the proof in the case A = 0. To prove the general case it suffices to apply the above
argument with

O

We consider now the following problem: given h € L*(S), find functions ¢ € H*(S), ¢ €
L?(0,1) such that

L) = h+ c(e2)Us in S, (3.10)
P

a*(f —g onds, (3.11)
/q&UIdx:A(z), 0<z<i, (3.12)
R 13

Lemma 3.2 Problem (3.10)-(3.12) possesses a unique solution
¢ =To(h, g, ).

Moreover,

Al 2 sy < CliIbllL2(sy + 1A m20,176) + 19l a1 (s) ]-
Proof. We first show that it is sufficient to prove this result for the case A =0, g = 0. To this
end let ¢o be the solution of

Apo—¢o = 0, inS,
Opo
5 - g, on dS,
and define U
¢~,:¢)_¢0— {A(z)—/(ﬁondx] 7‘2‘”
R ||U$||L2(]R)

Then ¢ satisfies L(¢) = h + ¢(ez)U, with homogeneous boundary and orthogonality conditions
and the general result will follow.
For existence, we write again

[ee]

h(z,z) = Z hy(z) cos (mkez)

and consider the problem of finding ¢, € H'(R), and constants cx, such that

—k‘2€2¢k + Eo((ﬁk) =hr +cU, zeR.

/(ﬁkUﬁda::O.
R

13
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Fredholm’s alternative yields that this problem is solvable with the choices

fR hiUzdx
Cp=—""r——
fR UZdx
Observe in particular that
D lenl® < CelhlZas) (3.13)
k=0

Finally define
d(z,2) = Z ¢r(x) cos (mkez)
k=0

and correspondingly

Z cx cos (k)
k=0

Estimate (3.13) gives that c(¢z)U, has its L?(S) norm controlled by that of . The a priori
estimates of the previous lemma tell us that the series for ¢ is convergent in F?(S) and defines
a unique solution for the problem with the desired bounds.

In order to apply the previous result to the resolution of the full problem (2.14)-(2.16), we
define first the operator

Li(¢) = Ag+ f'(w;)e,

and consider the following problem

Li(¢) = h + cj(ez)wj inS, (3.14)
? =g ondS, (3.15)
/ pw;j . dr = A(2). (3.16)
R
We have
Lemma 3.3 Problem (3.14)-(3.16) possesses a unique solution
¢ = Tj(h,g7A)'
Moreover,

Al 2 sy < CliIMllL2(sy + 1A m20,1/6) + 19l 1 (s) ]-

Proof. We recall that w; = (—1)t'U(x— f;(¢2)). For a function £(z, 2) defined in S we denote
below

2),2) -

.14

)-(3.16) is equivalent to
cj(ez)Uy in S,

€(z,2) =&+ fi(e

(e
Direct computation gives that we see that Problem (3
h +

A+ Bi(d) + f' (U)o =

% =g+ BQ(Q;) on 98§,
dU, dx = A(z) ,
R
where
Bi(¢) = fj(2)°bun + 1] (€2)du + 26 f'(62) =,
Ba(d) = efi(e2)ds.

14
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This problem is then equivalent to the fixed point linear problem
¢ =To(h+ B1(9),§ + Ba2(), A)

where Tj is the linear operator defined by Lemma 3.2. The linear operators B; and Bz are small
in the sense that

HBl(q;)”LQ(S) + HB2(¢~>)||H1(S) < 0(1)”(2’”}12(8),
with o(1) — 0 as ¢ — 0. From this, unique solvability of the problem and the desired estimate
immediately follow.

Proof of Proposition 2.1. In order to solve for ¢ in Problem (2.14)-(2.16) we assume
that g = 0, which is sufficient as we have pointed out.

We search for a solution of ¢ = T'(h,0,A) in the form

N
o= mo+v (3.17)
Jj=1
where f
ni(z,z) = no(%f(gz)), R= ;Ilogd,

and 7o is smooth with no(s) =1 for |s| < 1/2 and no(s) = 0 for |s| > 5/6. We will denote

N
x=1-3
j=1

It is readily checked that ¢ given by (3.17) solves Problem (2.14)-(2.16) with ¢ = 0 if the
functions ¢; = n;¢, 1 satisfy the following linear system of equations.

Agj+ f(wj)p; = hnj + ¢j(ez)wjz
—(f'(w) = f'(wy))njj — i f' (W) in S, (3.18)
%i — 0 omos, (3.19)
/ pjwj.dr = A, (3.20)
R
where
Aj = /R(l = 15)$jwj,z dr — ;/ankwj’z dz — /Rw’wjvw’
and
N
Ap+xf' (Wi = xh+ Y (1—n)c;(e2)w; s
j=1
N
— > [2Vn; - Ve, + b;Am,] (3.21)
j=1
9% onos, (3.22)

ov

In order to solve this system we will set up a fixed point argument. To this end assume that
function ¢ is given and define

N
¢ =dnj, V=93 ¢
j=1
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First we replace ¢;,1 by ¢;, 1 on the right hand sides of (3.18), (3.20) and solve (3.18)(3.20)

for each j =1,...,n using Lemma 3.3. We get the following estimate
~ N ~
31l rr2(s) < CllRllL2(s) + 19l rzs) +0(1) Y 165l m2(s)- (3.23)
j=1

Given 1 we can now find functions ¢; = ¢;() which solve (3.18)-(3.20) by a fixed point
argument. Next we observe that the norms ||c;(e2)w;,z||12(s) are controlled by ||kl 2(s) as it
was pointed out in Lemma 3.2 (see (3.13) and the argument that follows). Therefore we can
now solve (3.21)—(3.22) for ¢ which in addition satisfies

N
6]l z2(s) < Cllbllzzsy +0(1) > s (D)l m2cs) (3.24)
j=1

Combining this with (3.23) and applying a fixed point argument again we get finally a solution
to (3.21)-(3.22). This ends the proof.

4 The inner approximation: size and projections

In what follows the error terms will often involve quantities of the type O(e?|loge|?). While
keeping track of the powers of € is very important, the logarithmic factors turn out not to play a
significant role. Therefore in the rest of the paper we will use ¢ to denote constant representing
a power accompanying |loge|. The value of ¢ may change from line to line.

Our first goal is to compute the errors of approximation in a do /e neighborhood of I'c, namely

the quantities
_ow
T oy

Ey =a(w) =Ayw+ f(w), Eou=p6(w)

We shall do this in (z, z)-coordinates.
The following result gives account of the size of the inner error of approximation Fy in the
region
Sso/e = {|z| < do/e,0 < z < 1/e},
Lemma 4.1 The following estimate holds:

N
|Bo(x, 2)| < CE*(|f] (e2)| + loge|) S e V2D in 55 . (4.25)

j=1
uniformly on functions f; satisfying constraints (2.5). In particular
2 q
HE0HL2(SJO/E) < Cez|logelf.

Proof. We compute
Ey = (A+ B)w+ f(w) = Eo1 + Eo2.
We have
N

Aw = > (DU (@ - fi)
()" U (@~ fr)

(=D )U" (@ — fi)

16
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Then, taking into account Bw we get

N

Aw+Bw = > (=1)"'U"(z - fi)[1 — eBai(ex, £2) fi]
k=1
- Z(_l)kﬂflgU/(l’ — fr)[1 + Baz(ew, 2)]
k=1
42> (=DM A)PU (@ — fiu)[1 + Bao(ew, e2)]

™
Il
i

DM U (2~ fi)

o
w
[ V)
O
o
&
™
X
wMZ

We now turn to computing Ego. We fix a k, 1 < k < N and consider the set

A — { (2.2) | fkfl(az); fule2) o o fkﬂ(sz); fi(e2) } '

For © € Ay we write

f(w) = flwr) + [f(w) — f(wg)]
= flwg) + f'(wr) (W — wi) + %f”(wk)(w —wi)? + O(Jw — wi|*)

= Flwn)+ £ ) — wn) + 3f () (v = wn)? + max Ofe VI
J#k
N
= Zﬁwﬁ+P< (W — wy) Zﬁw{
j=1 i#k

1 (we) (w — we)? + max e~V i )
2 J#k

It is convenient to introduce the following numbers.

(-1, ifi<k
TRTY —(-1), >k

Assuming that N is odd we have

Flw)(w —wi) = fwy) = [/ (wi) = £/ (1)) (w = wi)
J#k
+[f’((—1)'““ (W — ws) Zm]
J#k

= 31— U2 — fi(e2)l(w —wi) + f'(1) {<w —w) = Y fows — w)]

J#k
— 5 3 F (o) lows — w5+ max O(e =2V
Jj#k

{311 = U*(& = fu(e2)IHw — wi) — 3 Zf”(akj)[akj - wj]?
7k

+ maxO(e _3‘/5”3'_“3') )
Ak

ﬂ)

|

17
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A similar argument applies when N is even. Summarizing, we get

Boo =) flw) + 2w = )+ 31— U3 — fi)](w — wi) (4.26)

1 - —x
=3 501 ons — w;)” + max O(e ~)
— 2 i#k
J#k
for x € Ag, k=1,...,N. It follows then that for x € A,

N
Eo = —eY (-1)""'fU" (@~ fr)Ba(ex,e2)
k=1

2

—* Y (=D U (w = fu)[1 + Boz(ew,e2)]

M=

x>
Il

1

(=DM )*U" (@ — fiu)[L + Baa(a, 2)]

+
ml\J
M=

B
Il

(T‘)l\')
&
="

DMRU @ - fr)

bl

-

+max O(e 72‘/§|f7‘7z‘) .

J#k

Thus, denoting by x4, (z) the characteristic function of the set Ay, we have

N

Eo(w,2) = Y xa, (@0 log el e ™1 4 O(1) maxce =25,

=1 J#k

and the result of the lemma readily follows.
As we have mentioned in the outline of the proof, it is of crucial importance the computation

of the projections of the error against the functions wj »(z, ) as given by Lemma 2.1. We carry

out its proof next.

Proof of Lemma 2.1. Setting a(w) = Aw + njBw + f(w), we have to compute

/Ra(w)U’(;p — fr(ez))dz = {/Ak —|—/$\Ak}nga(w)U’(g;—fk(az))dw
= 8k1(z-:z) + Skz(sz).

We begin with

N
Ein(ez) = =& [ D (-1 U @ - £)U (@~ fi)
Ap 521
N .
+e A S (DTN (@ - £)U (x - fi)

18
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Using the asymptotic formula for U’ we get

Using the fact that [*_U"(s)U’(s)ds = 0 we get

)Y (i)

Now,

oo

I3(ez) = EQfIcha(EZ)/

—oo

N
(U'(s))%ds + O(a=2) > 115 + (F)* + 15 ]
Jj=1

where
bo(e2) = —10(£2) G4 (0) — 1o (1 — €2)GY1(0).

Now we will evaluate I4. Using the expressions of the error term E2 found above we get

=Y flwy) = [;f”(w)(w —wi)? - %qu(akj)(akj - wj)2]
j=1 J#k
+3(1-U (l’*fk))(w*wk) = Eo1 + Eoa2
‘We have

jo _ %f// (H/k + Z[o’kj — w]]> {Z[Ukj — ’LUJ]}
J#k J#k
_% > (0k)loks — ws)?

ik
— 32U )~ £ (o — wy]? + max Oy
J#k
J#k
= =3 [wp — onyllony —wy]* + max O(e>V2 Wi Hl)
7k

= B3 U@ - fo) + 101 - U = fr-1))?
=3(-=1)" Uz — fr) = YL+ Uz — far1))?
1el/? maxO(e_ﬂlfJ_fkl)
J#k

For fixed k let us consider the following integral

fr
oo i UG = )+ 11 = UG = S )PV (o = fi)do

=117k
2

fe—1+7k
2

— 0(6_2\/§(fk_fk—1))

_ /ffk O(1)e V2@ Fr1) =2VEUk =) gy

Similarly,

Fe+1+7k
2

) [U(z — fu) + 11 = Uz — fue)PU' (z — fi)dz = O(e™ 22 ema=0ly,
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Therefore we get
EnU'(z — fi)de =e'/? mfgo(e*ﬁ‘fffk‘).

We will now compute

EnU'(z — fr) =
Ag

3= [ 1-Ulz— f)’](1 = Ulx — fom1))U'(x — fr)da

A
k41 2 ,
S3-DM [ - U= )0+ UG = S - 5)
A
+El/2max0(ef\/§|fjff’“|)
J#k
— 3(—1)kA0/a(s) I:_e*\/g<fk*fk—1)_~_e*\/§(fk+1*fk>
R
+el/? maLxO(ef‘/glfjff’“‘l)7
J#k

where we have denoted
a(s) = (1= U(s))U'(s)e V2.

V2.
To compute Ex2(2) we notice that for z € S\ Ax we have U'(z — fi) = max,zk O(efTQ‘f-ff’“‘)
and thus we can estimate, using the above notation,

4
Era(e2) = e/? max O —V2If5 = fl )+ O(e 1/2 I
taez) = /2 max O(e )3

Now, let us define

= 3A0/ (1-— UQ(S))U/(S)E_ﬁSdS, co = / U'(s)?ds.

—o0

Gathering the above estimates, we get the following system for the approximate location of the
interfaces:

/a(w)U’(m — fru)dz =
R
(71)k |:€2COfI:;I(€Z) . cl(ef\/ﬁ(fk*fkfl) _ e*\/ﬁ(fk+1*fk))]

+Pr(ez), k=1,...,N, (4.27)

where, denoting ( = €z, we have

N
Pe(Q) = cofibs(C)+ O 2% Y £+ 112+ 1£]1]

j=1
+e'/? max O(ef‘/ﬁlfjff’“l).
i#k
Now, we observe that
1Pkl £2¢0,1) < Ce*™, for some >0, k=1,...,N (4.28)

This last estimate is possible thanks to the fact that we have chosen o = £'/8. The proof is
concluded. =
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5 Boundary error and improvement of approximation

Next we compute the accuracy of the approximate solution w on the boundary. Again in (z, 2)
coordinates we

_ _ —1+4|Ghlex)]? Ow Go(ex) ow
Eop(z=0) = (1+|G6(8m)\2)1/25 (1+\G6(8x)|2)1/2%
= > U0+ GO 0] 52
+e DGl 0) (@ = £(0)
4223 710( — £0) + OO 52

awj

or

+e* Y _[0(1z = f;(0)* + O(1£;(0) )] £5(0)

j=1

A similar formula holds for Eo,(z = 1/¢). Thus we see that it is natural to take the following
boundary conditions for f;.

£5(0) + G5 (0)£;(0)
£ D)+ GL(0)f5(1)

We shall assume the validity of these conditions in the sequel. We observe that

8, i=1,....N. (5.1)

N
|Eop(2)] < Ce > |a — fulez)le o E for 2 = 0,677,
k=1

which is one order of € worse in size than Ey. As we have said in the outline of the proof, the
discrepancy between the order of approximation in the interior and on the boundary (Ey and
Eop respectively) makes it necessary to improve the original approximation w and eliminate the
O(e)-part of the error. We will construct an improvement in approximation by first solving the
problem

Ap+ f'(U(x)g = 0 inS (5.2)
¢-(x,0) = —zUz, ¢.(x,1/e)=0 on IS.

We need the following result

Lemma 5.1 Problem (5.2)~(5.3) has a unique solution ¢* € H*(S) which is odd in = for each
z. Besides, there is a C > 0 such that for all small €,

lo" | 2 sy < C. (5.4)

In addition there exist constants v < 1/4, p > 0 and C > 0 such that the following estimate
holds:

6% (2, 2)| + [V (2, 2)| + |D*¢” (3, 2)| < Ce ™7 V2Ilw0e], (5.5)
Proof. The existence part of the above lemma as well as estimate (5.4) follow from Lemma
3.2. Indeed, the problem

Ap+ f(U(x)p = c(ez)Us inS (5.6)
¢-(2,0) = —zUs, ¢.(z,1/e) =0, on S (5.7)
oUpdz = 0 (5.8)
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has a unique solution ¢* € H?(S). On the other hand, the fact that U, (x) is an even function
and uniqueness implies that ¢ is odd in = for each z and that ¢ = 0. Besides,

9" mr2(s) < Cllgllan(s)
where g is any H'-extension of the boundary condition. Let us take for instance
g(x,2) = e “xUs(x)n(2e2),

with a suitable cutoff function 7, in such a way that ||g||1(sy < C with C independent of ¢.
Thus we get

16" ler2(s) < C,

as desired.

Assuming now (5.4) we will established the decay estimates (5.5). We observe first that since
¢* is an odd function of x therefore we have

/j:o ¢ (x,2)U’ (x) dz =0

hence

[ 6@l = @) P 2 i [ ote,) de (5.9)

where po is the second eigenvalue of the operator Ly = —1)"” — f/(U)v considered in R. It is
known that ps > 2. Consider function

we) = [ lole o)

—o0

From (5.9) it follows that
—Wyz + 2w S 0

and from (5.4) we get that |w.(0)] < C. Clearly we have also w;(1/¢) = 0 and thus by a
comparison argument we get that

lw(z)] < Ce™, pu<V2
Using local elliptic estimates we then get
|¢p" (z,2)e**| < C, inS.
From this, passing a suitable barrier we get (5.5). 0
We define the approximate solution of
Ap+ f'(w)g = 0 inS
ulolfe) = 3 GO~ Fa(1/e) T2 for 1= 0,1/,
by
N
0" (@,2) =3 6w, 2),
j=1

where 1
032, 2) = [GHO)6" (v — f5(22),2) + G (0)6" (& = fy(e2), 2 — )] -

Our next goal is to prove the following

22
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Lemma 5.2 With the notation of the previous section we have the validity of the following fact
N
la(w+¢™) — a(w)] < ce® (If"(e2)| + | logg]?) Ze V2| i~
k=1

N
23 e~ (=Rl all[g—nz | o —n(1/e=2)]
j=1

Consequently,
* 3k §
la(w+¢™) — a(w)llr2s) < Ce2t™, 1 >0. (5.10)

Similar decay estimates hold for B(w+ ¢**). In addition there is an extension of B(w + ¢*™)
to the whole strip S such that

*% 3
1B(w+¢" ")l s)y < Ce?|logel”. (5.11)
Proof. We have
a(w+¢") = By + [(A+m2B)¢™ + f'(w)¢™ ]+ N(¢™)
where
N(@™) = f(w+ ™) — f(w) = f/(w)e™ .

We fix a k and consider the error in the set Aj, as in the previous section. We write

N

A¢™ + f'(w = D [Ad; + f'(w))e)]
j=1
N

+D S (wi)(e = ¢))

Jj=1

+ f'(wk W wk Zf ’LU] **

J#k
+O(1)|w — wi|*¢™

4
-y
i=1
From the decay estimate (5.5) we get
|| < CE3| log ¢|e —(1-v)V2|fr—z| ,
while the term FE1s is estimated using (5.5) by
|Ea| < C &2 mj]z(e —(1-v)V2|fj—x]| e " + e —p(1/e—2) ].
J

The remaining terms, including B¢** and N(¢**) are easily seen to be smaller then the ones
we have just considered. Estimate (5.10) follows immediately and (5.11) is an easy consequence
of the construction. This ends the proof.
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6 Reduction to a problem in &

We will now reduce the original problem which is defined in 2. to a problem defined in the
strip S. This will be done using a gluing procedure similar to that in [12]. We consider smooth
cut-off function n(t) where t € R such that n(t) = 1if |¢| < 1/2 and = 0 if |¢| > 1.

Denote as well 05 (t) = n(st/d). We define our first global (i.e. defined in €.) approximation
to be simply

wiy) = { N5s(y1)(w+ @™ +1) — 1, if y1 <0
VE mssn)(w+ 0 = (DN 4 ()N iy > 0

There is nothing wrong with considering ¢ as a quantity approaching zero with £, however slowly.
In fact we fix in the sequel
1
§=¢€".
We try a solution of (2.1)~(2.2) of the form v = w + ¢. Then
a(w+¢) =0, B(w+¢) =0
if and only if

E+N(¢) inQ., (6.1)
Ey, on 09,

=
& &
I

Here we have denoted
E=a(w), L(@) =2+ [ (W), Ep»=-B(w),
and o ~
N(¢) = f(w+¢) — f(w) = f(w)¢.
We further decompose ¢ in the following form:

¢ =550+

where, in coordinates (z, z), we assume that ¢ is defined in the whole strip S, and with slight
abuse of notation we call the same way its expression in y coordinates and that in (z,z).
Substituting in (6.1) we find

L(n3s9) + L(v) = E + N(1556 + ).

We achieve this if the pair (¢, ) satisfies the following nonlinear coupled system:

L(¢) =5 E +n5N (¢ +¥) — n5[f (w) + 2], in S (6.3)
% + 7]§6b : v9672¢ = —77§Eb7 on 887
ov
(6.4)

and

Ay — (2= 21 = 05)2+ f'(W))¢ = (1—n5) E + 2Vi55 Vo

+(An5s) ¢ + (1 —n5) N(n5s 6 + ) (6.5)
oY (1 ENE Onss
By (1—n5)Es — ¢ v, on 08, (6.6)

where ¢ is defined globally on S and 1 is defined in €2.. Notice that the operator L in the strip
S may be taken as any compatible extension outside the 6§ /e-neighborhood of the curve.
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What we want to do next is to reduce the problem to one in the strip. To do this, we solve,
given a small ¢, Problem (6.5)—(6.6) for .

Since 1 — w? = O(e ~?%/¢) for |y:1| > de~?, then the problem

Ayp =20+ (1 =n5)2+ f(W)y = h, inQ, (6.7)
0
a—i = g on 09 (6.8)

has a unique solution ) € H?(€2.) whenever ||k 12y, |9]l 1 (.) < +00. Moreover,
Y0 2.y < ClllbllL2@y + 9l a1 @]

Assume now that ¢ € H?(Q.) satisfies that
3
¢l 20,y < Ce2. (6.9)

Then from Sobolev’s embedding
@l (0. < Ce.

Since N has a power-like behavior with power greater than one, a direct application of contrac-
tion mapping principle yields that Problem (6.5)—(6.6) has a unique (small) solution ¥ = ¥(¢)
with

W@, < CHIO =58 Ellz., + 11— 18 Bollm o))
+Ces |l ] + (6.10)

The nonlinear operator i satisfies a Lipschitz condition of the form

lY(h1) — Y(d2) 2. < Ces™'[||¢1 — b2l 20, (6.11)
The full problem has been reduced to solving the (nonlocal) problem in the infinite strip S
La(¢) = 5 E +n5N (¢ + ¢(6)) — n5[f' (W) + 2]4(9) (6.12)

for a ¢ € H?*(S) satisfying condition (6.9). Here Lo denotes a linear operator that coincides
with L on the region |z| < &,

We shall define this operator next. The operator L for lz| < % can be extended in coordi-
nates (z, z) to functions ¢ defined in the entire strip S as follows:

L2(¢) = Daz¢ + 065 B(9) + [/ (w)¢ = L(9) + nss B(¢)- (6.13)

Rather than solving problem (6.3)—(6.4) directly, we shall do it in steps. We consider the
following projected problem in H?*(S): given f = (f1,..., fn) satisfying bounds (2.5), find
functions ¢ € H*(S), and ¢ = (c1,...,cn), ¢; € L?(0,1) such that

N
L(¢) = niE — Na(¢) + > _ci(ex)wje  in S, (6.14)
j=1
a S £ T
(’Tf + M350 - Va2 = —n5 Ep, on S,
(6.15)
/d)(m,z) Wja(x,2)de =0, 0< z < é, j=1,...,N. (6.16)
R

Here

N2 (¢) = 165B(8) + 05N (¢ + v(9)) — n5[f (w) + 2] ().
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We will prove next that this problem has a unique solution whose norm is controlled by the L?
norm of E and H' of the suitable extension of E, . After this has been done, our task is to
adjust the parameter f in such a way that c is identically zero. As we will see, this turns out
to be equivalent to solving a nonlocal, nonlinear second order differential equation for f Robin
boundary conditions. As we will see this system is solvable in a region where the bound (2.5)
hold.

6.1 Solving the nonlinear intermediate problem
Next we will solve problem (6.14)-(6.16).

Proposition 6.1 There exist numbers D > 0 such that for all sufficiently small € and all £
satisfying (2.5) problem (6.14)-(6.16) has a unique solution ¢ = ¢(f) which satisfies

3
ol 2sy < Dez|logel,

for certain q depending on the accuracy of the approximation by the approximate solution w
only. Besides ¢ depends continuously on f.

Proof. Let Tr be the operator defined by Proposition 2.1, in which its dependence on the
chosen f is emphasized. Let us denote

M($) = —n3sb - Va ¢
Then, given f the equation (6.14)-(6.16) is equivalent to the fixed point problem for ¢(f):
O(F) = Te (15 E(F) + Na(o()), =15 Eu(£) + M(6(£)), 0) = A, £). (6.17)
In the sequel we will not emphasize the dependence on f whenever it is not necessary.

We will define now the region where contraction mapping principle applies. We consider the
following closed, bounded subset of H?(S):

3
B = {¢> € H*(S) ’ |6l rr2(sy < Dez|logel?, }7

where ¢ > 0 is such that
”EN‘HLQ(S) + ”Eb”Hl(s) < CE3/2| logel|®.
Recall that the existence of such ¢ has already been established in Lemma 5.2.

We claim that there is a constant D > 0 such that the map A defined in (6.17) is a contraction
from B into itself, uniform with respect to f. Given ¢ € B we denote ¢ = A(¢,f). First notice
that using (6.10) and Lemma 5.2 we get for ¢ € B

95 E + Na(d)ll12(sy < Coc®*|loge|® + Cllll5r2s) (6.18)
+C|p|| g2 (6.19)

Using Lemma 5.2, and the fact that |b(ez,e2)| < Ce|z| we get for the H' extension of —n5Ej +

M(¢) (denoted by the same symbol)
| =5 Bo + M($)|lm1s) < Cre*?|loge| + C8l|8] rr2(s)- (6.20)

Since § = €'/ from (6.19)—(6.20) we get that A indeed applies B into itself provided that D is
chosen sufficiently large.
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Next, let us analyze the Lipschitz character of the nonlinear operator involved in A for
functions in B, namely N2(¢ + 1(¢)). For ¢1, ¢p2 € B we have, using (6.10) and (6.11):

[ N2(¢1 + (1)) — Na(d2 + (¢2))llL2(s) <
Ce*?|loge|"||¢1 — pol| m2(s)-
(6.21)

Using this, we readily find that A is a contraction map in B and thus show the existence of the
fixed point.

A tedious but straightforward analysis of all terms involved in the differential operator and
in the error yield that the operator A(¢, f) is continuous with respect to f. Indeed, denoting
¢i(f;) = A(¢i, i), i = 1,2, and indicating now the dependence on f;, let us write:

Log (¢(f1)) — Lag, (6(f2)) = Loy [o(f1) — ¢(f2)]
+f (w(fr)) — f'(w(fa2))]o(f),

and

5 Y _les(ez ) wia(f1) — ¢ (2 f2) w0 (f2)] =

j=1
N
5 Y lej(ezi i) — ¢ (ez; fa)wj (1)
j=1
N
05 Y cj(ezs fa)[w) o (f1) — w; . ()]
j=1

and finally, for each j =1,..., N

/R[¢(f1) — ¢(f2)|wjx(f1) do = — /R d(E2)[[wy,e(f1) — wj,o (f2)] dx

Using this decomposition one can estimate ||¢(f1) — ¢(f2)| r2(s) employing the theory developed
in the previous section. Observe that this estimate does not depend on ¢;j(ez;f1) — ¢j(ez; £2). A
rather lengthy but straightforward computation shows that in fact for fixed e the fixed point of
A, ¢(f) is Lipschitz with respect to f:

6(F1) = $(£2)l|1r2(s) < Ce™*/*[loge||[f2 — 2l 20,1y (6.22)

and thus continuous with respect to f. This ends the proof.

Clearly a solution to (6.14)—(6.16) will be a solution to (6.1)—(6.2), and consequently yield a
solution to our original problem (2.1)—(2.2) if we can find f such that

c(f) = 0. (6.23)

As we will see this leads to a small perturbation of a system of N nonlinear ODE’s for N. We
carry out this argument in the next section.

To prepare for this argument we will examine more closely the dependence of ¢ on f. Notice
first that the error term E can be written in the form

E(z, 2 f) = Er(z, 2 £, §) - () + Ea(w, % £,1),

27



Clustering interfaces and the Toda system

ie. E(x, z;f) is actually linear as a function of ¢f”. Similarly the error term on the boundary
B(w) can be written as

B(w) (L) = Ba; £)(£) = O(°) B (z; £(£)) + O() Ba(: £(0)) - (£ (0)),

where £ = 0,1/e. Taking advantage of this structure of the error term we can refine estimates
in Proposition 6.1 indicating their explicit dependence on f” as follows.

I6(E)lzs) < CUEGEE) - (€% )2y + 18205 - (6F) |l s)]

+C[||Ba(+5 £, ) 2cs) + 1815 )l s))
D1€3/2||fNHL2(071) + D2€3/2‘ lOgE‘q (6.24)

IA

Exploring the linear dependence on e*f” further we can refine estimate (6.22) as follows

o(f1) — 6(E) |2y < Ce**|logel?|Ifi — f2l w20y
+Ce7 2 log e| |11 — f2l| g1 0.1) (6.25)

7 Location of the interfaces and the Toda system

7.1 Location of the interfaces

By integrating equation (6.14) against wg, . and integrating only in z variable, we obtain that
relations (6.23) are equivalent to the following system of equations for f:

/R[nEE + No(¢) — L(¢)|wkwdz =0, k=1,....N (7.1)

We decompose on |z] < &2,

E = a(w) +a(w + ¢™) — a(w)

where
a(w) = Aw + ngs Bw + f(w)

and recall that Lemma 2.1 gives us an expansion of the form

/R (WU (z — fi) do =

(—1)*ao [e2bo fil — e V2UR=iot) 4 o=V ita=fo)] 4 py (7.2)
for some positive universal constants ao, bo, where
1Pkl L2(0,1) < Ce®™, for some pu > 0, (7.3)
uniformly on functions fi’s satisfying conditions (2.5).

On the other hand, let us set
Ri(e2) = = [ (@lw+67) — a()U'(e ~ f) da,
R
Using Lemma 5.2 we get

Rulez) = — /R(a(w + 6™ — a(wW)U' (@ — fi) da
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that
HRkHL2(0,1) < certr (7.4)

Continuing with the terms involved in (7.1), using the contracting nature of Na(¢) and Propo-
sition 6.1 we get for

Qu(0) = / No($)U'(z — fi)dz, ¢ = ez,

a similar estimate

19kl 200y < CE¥™, k=1,...,N. (7.5)
‘We should point out here that, by Proposition 6.1 Qf is a continuous function of f.

Finally, with { = €z, we will write
5u(0) = / Lo()U (& — fu) da = / 6.0z — fi)
+ / B (x — fi)dr + / S[ULe + f (W)U (z — f1)) de.
R R

It is fairly straightforward to estimate L? norms of the functions involved in the definition of
Sk. For example, using the orthogonality conditions we can write

sie) = / G20 (& — fu) = 2 / .U (¢ — f1) da
boe / ST (& — fi) — (F)2U" (@ — fu)] da.

Using now Proposition 6.1 we get for ||Si||12(0,1) an estimate similar to (7.5). As before it is
also clear that Sy depends continuously on f.

Let us define
Ni(GE £ ) = —(=1) [Pk + Ok + Ric — S
where Py, is the quantity in expansion (2.21).
Examining the formulas obtained above we see that N} can be decomposed in the following
way

Ni(GE ") = Nia (GE L E7) + Nia (G EL ),

where Ny, i = 1,2 are continuous functions of its arguments. Function Ny satisfies in addition

Ve (G £, £ £ ]2 0,0) < CE™T (7.6)
HNkl(C? f17 fi? fé’) - Nkl((’ f27 féa fé/) HLQ(O,l) <
Ce* ™ loge|"|fs — fall 20,1y, (7.7)

and the function N2 satisfies
HNM(C;faf/)HL?(m) < cePtr (7.8)
In addition the functions fi need to satisfy boundary conditions (5.1). Thus, after obvious

algebra, setting 0 = 2(¢ — 1/2), and using expansion (2.21) in Lemma 2.1 we have the following
system to deal with

060\/552.][1;, _ 6*\/§(fk*fk71) + e*\/i(fkﬂffk) _ Nk,
-1<0<1 (7.9)
fe(-1)+ K_fr(-1) = 0, (7.10)
)+ Ky fu(l) = 0, (7.11)
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where K_ = $G{(0), K+ = $G7(0) and ao = co/(c1V2).

To solve the nonlinear system (7.9)—(7.11) we will first consider its version with N, replaced
by a given function hy. Our goal is to prove the following:

Theorem 7.1 Assume that the following conditions hold:

K_>0, K{<0 (7.12)
K_ 7K++2K_K+ >0 (713)
K_+ K4

and let functions hy be such that
1Pkl L2(—1,1) < ce*tr

with some > 0. Then, for each sufficiently small € there exists a unique solution to the system
(7.9)~(7.11) (with hi replacing Ny ) which satisfies

||kaH2(—1,1) SC|10gE|7 k:17“'7N7
and

fra1(0) — fr(8) > V2|loge| — 2v21og |logel,
c>0, k=1,...,N—1.
Moreover, there exist X\, A = c|loge| + O(log |loge|), 6o € (0,1) such that we have the following

representation

frer1(0) — fr(8) = % [Qk-»—l(;\(@ —6)) — qk(S\(G —60)) —log ;\252]

+rk+1(0), k=1,...,N —1.
Functions q, are explicitly given solutions of the Toda system
qg—e(qkflqu—l—e(qquk*l) =0, inR, k=1,....N—1

where we take qo = —00, gn+1 = 00, and functions Yrr+1(0) satisfy

I prisallzz < Ce™’,

with some u' > 0.

We observe that since we have assumed |[T'o| = 1 and
1 1
K_ :§K/(PO)’ K+:_§K/(P1),

then the assumptions of Theorem 1.1 are precisely equivalent to (7.12)-(7.14).

In what follows we will first outline the proof of the theorem. Next we will prove a special
case of two interfaces and then we will consider the general case. Finally we solve our nonlinear
problem (7.9)—(7.11) thus concluding the proof of Theorem 1.1.

Let us set

= 5 (o = (k= 1)log(=*)
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so that (7.9)—(7.11) becomes

aofl;’ _ 6(fk—1*f~k> + e(fk*fwrl) — ilk, —1<6<1, (7.15)

Je(=1) + K_fi(=1) K_(k —1)log(*), (7.16)

Fr) + Ky fie(1) Ky (k — 1) log(e”), (7.17)

where hy, = €~ 2hy,. To solve the above problem will take advantage of the fact that some explicit
solutions of the equations (7.15) considered on the whole real line are explicitly known. To this

end we introduce two parameters 6y and |A| > 1, define a change of variables t = A\/ao (6 — 6o),
and look for a solution to (7.15)—(7.17) in the form:

Fr(0) = g (A6 — 60)) — (k — 1) log \?

where for convenience we have set A = A\\/ag. To solve

qr - ele—1=0k) | o(a—qk+1) — j\*QiLlﬁ T <t< tJr7 (7.18)
A (t7) + K-qu(t7) = K- (k — 1) log(*A?), (7.19)
Ak () + Kiqu(th) = Ky (k — 1) log(eA?), (7.20)
where t~ = —A(1+6p), tT = A(1—6o), we first solve (approximately) the homogeneous problem

to determine just two parameters g, A and next we need to determine the corrections ¢r. This
procedure will be described in detail in the sequel.

7.2 Cluster of two interfaces

In this section we will prove Theorem 7.1 in the special case when N = 2. System (7.18)—(7.20)
can then be reduced to a single scalar equation for u = g1 — ¢

W' 42" = Xh, ot <t<th, (7.21)
M () + K_ut™) = —K-_log(e°)?), (7.22)
M () + Kout™) = —Kilog(e?)?). (7.23)

The homogeneous version of the equation (7.21) considered on R has an explicit solution

1
t) =1 —_—
uo(t) = log <4cosh2(t/2))
It can be seen easily that ug(t) < 0 and also that
w(t) = —|t| +0(e ™™,  t— +oo.

We will now look for the first approximation of the solution of (7.21)-(7.23) in the form u(t) =
uo(t). We get the following system for 6o, A:

Mg (—A(1 4 60)) + K_uo(—A(1 + 6o)) —K_log(£°)?), (7.24)
Mug(N(1 = 600)) + Kruo(M(1 —6p)) = —Kqlog(e®A?). (7.25)

This is in fact a nonlinear system for (6o, ). Although it is in principle possible to find (6o, \)
in such a way that (7.24)—(7.25) are satisfied exactly we will not do it here. Instead, taking into

account the asymptotic behavior of ug, we will look for (6, A) that solve the following system

Ml—K_(1+60)] =-—K_log(e*\?)

A=1-Ki(1—-6)] =—Kylog(e*A\?) (7.26)
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which has a solution (6o, \) such that A = O(|loge|) > 0,600 € (—1,1) thanks to (1.4) and our
assumption. In fact we have that:

g Ko+ K- 1 Ky log(e?A?)  K_K, log(e*)\?) (7.27)
T 2K K. T T 1+ K. (1—6) K- —Ky+2K Ky '
Notice that to find X in (7.27) we have to solve a simple nonlinear equation. One can show that
5 2K 1 1
A=——7"—"— log- loglog —). 2
R (=00 og _ + O(loglog ) (7.28)

Now, denoting
up(t) + Kiuo(t) + K+ log(e2X?) = g+, for t = FA(1 + +6p), respectively

we get from (7.28)
lg+| < Ce*, (7.29)

with some g > 0. We will seek an exact solution to (7.21)—(7.23) in the form

u(t) = uo(t) + p(¢).

To find ¢ we will use a fixed point argument and thus we need to study the linearized version
of (7.21)—(7.23).

¢ +2"¢ = h, T <t<th, (7.30)
A () +K-¢(t™) = g-, (7.31)
A () + Kpo(th) = gy, (7.32)

with a given function h € L?(t7,+") and constants g.. The functions
Ui(t) = uo(t),
Galt) = tup(t) +2

form the fundamental set for (7.30)—(7.32) and their Wronskian is actually W (11,12) = 1. By
the variation of constants formula,

t

o) = —it) / Ya(s)h(s) ds + (1) / n(s)h(s) ds

—X(1+60) —X(1+60)
e (t) + catha(t) -
The functions 1, 12 satisfy the asymptotic formulas
i) =FL+0™ ), () = |t + 0™, t— xo0

from which it follows easily

I¢llL2 < CX2[[[Bll L2 + A [er] + leal] (7.33)
To determine the constants ci1, c2 we need to solve the system
My + K-gn] 4+ c2[Mpy + K_wpo] = g, att=—A(1+6o) (7.34)
a My + Kan] + c2[Mpy + Kppa] = g4

X(14+60)
I / C O ga(s)h(s) ds
~X(1460)

A(1460)
e / w1<s>h<s>ds},

—X(1+60)
at t = ;\(1 +6o) . (7.35)
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This system has a unique solution for X >> 1 since the matrix

(e, A%l

is nondegenerate thanks to the nondegeneracy condition (1.4). In fact we find

lesl < Cllg=| + lgs| + X*72||R]l 2]
2l < OATMlg- |+ gl + XA 2]
From (7.33) we get
I$llzz < CI[IR] L2 + A2 (lg-] + |9+ )] - (7.36)

By a straightforward argument we get a further estimate
Ills = 16" 12 + 16l 22 + I ¢llz2 < CINZ (IRl L2 + A2 (19| + |9+ )] - (7.37)
Given (7.29) and assuming in addition that
IRl <€,

it is easy to solve (7.21)—(7.23) using a standard fixed point argument in the set of functions
X={6|l¢llx <}, with @' < p.

After this is done one can go back to the original problem solving the following equation for fi
fl==Xe"+& % + O(eic/e)ef1

with the boundary conditions (7.10)—(7.11). The solution to this problem satisfies estimate

I f1llzz < Clloge| as required. The rest of the Theorem 7.1 for N = 2 follows now easily.

7.3 Solvability theory for the general Toda system

In this section we will prove Theorem 7.1. This will be done in several steps. We will assume
here N > 2 since the case N = 2 has just been treated above.

For given functions g¢;(t),p;(t), 7 =1,..., N such that

N N
da=)_p=0,
j=1 j=1
we define the Hamiltonian
N pz N—-1
H = Fy VvV, V= (a5—a5+1)

From what we have seen above (4.27), to determine the location of the interfaces it is necessary
to develop a solvability theory for a Toda system of the form:

dgj _
o pj (7.38)
dp; _ _9H (7.39)

dt 0q;
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In this section we will often make use of classical results of Konstant [23] and in particular we
will use the explicit formula for the solutions of (7.38)—(7.39) (see formula (7.7.10) in [23]). We
will first introduce some notation. Given numbers w1, ..., wn € R such that

N
Zwkzo, and wi > w41, k=1,...,N
k=1

we define
wo = diag (w1, ..., wN).
Furthermore, given numbers g1, ..., g, € R such that
N
l_ngzl7 and g >0, k=1,...,N
k=1
we define

go = diag (g1,...,9n)-

The matrices wo and go can be parametrized by introducing the following two sets of parameters
Cr = Wk — Wi+1,dr = log gr+1 —loggr, k=1,...,N — 1. (7.40)
We define functions ®x(go, wo;t), t € R, k=0,..., N, by
Py =Py =1
Dy (go, wo; t) = (7.41)

k(n—k
(—1)ke > i (W0)giy - iy expl—t(wiy + -+ wi)]
1<i; < <ipg <N

where 73, .5, (Wo) are rational functions of the entries of the matrix wo. It is proven in [23] that
all solutions of (7.38)—(7.39) are of the form

q;(t) = log ®;_1(go, wo; t) — log ®;(go, wo;t),j =1,..., N (7.42)
We introduce variables ux = qx — qr+1. In terms of u = (u1,...,un—1) system (7.38)—(7.39)
becomes
u’ + Me" =0, (7.43)
where
2 -1 0--- 0
-1 2 -1-- 0 e“t
M= . ev=
0 2 -1 e!“N-1
0 -1 2

As a consequence of (7.41) all solutions to (7.43) are given by

uj(t) = q;(t) — gj+1(t) = —2log®;(go, Wo;t) + log ®;_1(go, Wo; 1)
+log ®;+1(go, wo; t). (7.44)

Our first goal is to prove the following:
Lemma 7.1 Let wq be such that

N-1 1
| <

o = (N = k) =51 < fgpn

k=1,...,N. (7.45)
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Then there holds

(7.46)

N[=

un(t) = —cN,kt—dN,k—I—T,;"(c)—l—O(e*%),astH—|—oo, k=1,...,N—-1
L(t) =
ckt+dk+7kf(c)+0(67“),astﬂfoo, k=1,...,N—-1

where 7.5 (c) are smooth functions of the vector ¢ = (c1,...,cN—1).

Proof. Let ¢;, j = 1,..., N be a solution of the system (7.38)—(7.39) depending on the (matrix
valued) parameters wo, go and defined in (7.42). We need to study the asymptotic behavior of
®;(wo,go;t) as t — oo with the entries of wo satisfying (7.45) and still undetermined go.

Note that inequalities (7.45) together with the condition Zszl wy, = 0 imply

PR
50N3’

By (7.41) and (7.47), we get that as t — —oo

lex — 1] k=1,...,N. (7.47)

@k _ (_1)k<N7k>T1,“k(WO)gl B .gke—(w1+<.4+wk)t + O(ef|t‘(1+k:(N7k:)/4))’

hence

—t
Prp1 P _ Gre+171..(k—1)(W0)T1.. (k1) (Wo)e 1+ 0(67%)). (7.48)

o7 g3 (Wo)

It follows that as t —» —o0

u(t) = log (%)

@2
k
_ [t]
= —cyt+log (gkﬂrlm(k I)Q(WO)TLU(}CH)(WO)) + 0(67%) (7.49)
gkrE. 1, (Wo)
- i ial
= cat+di+7, (c)+0(e %) (7.50)

where

7, (c) = log (7“1‘..(1@—1)7(?’0:7("‘1’;04()“1)(wo)) .

Similarly, as ¢ — 400 we get

) =1 (P38
k
|

|t
= —wakt—dek +7’1:r +O(67%) (7.51)

where

7 (c) = log <TN+271;;2..N(WO)T]\/(;Z)N)'N(WO)) .
N+1—k..N

This ends the proof.
Next we need to choose (cx, di): let (X, 6o) be defined at (7.26) as in the case of N = 2 and

1
=1+ jék (7.52)

‘We need to choose ui such that it satisfies

Mg (7)) + K up(t™) = K_log(e2X?) + O(e"), (7.53)
Mg, (1) + Kpur (t7) = K log(e°2?) + O(e"), (7.54)
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for some p > 0. To this end, we set (éx,dr) such that
—(1 + K+(1 — 90))6N7k — K+d1v7k + K+T,:r((:0 +
. - 1.
(1 — Kf(l —+ 00))Ck + K_di + Kf’Tk (Co —+ KC) =0

where ¢cg = (1,...,1),&é = (é1,...,én-1).
By changing k to N — k in (7.55), we see that (7.55)-(7.56) is equivalent to

—(1+K4+(1—60))éx — Kydy + Kymy_1(c) =0,k =1,..,N — 1,
(1 — K_(l +90))é)¢ + K_di + K_T,;(C) = O,k =1, ...,N -1

which can be uniquely solved by implicit function theorem since the matrix

~(1+K4(1—6)) —Ky 0 0
(1-K_-(1+60) K- 0 0
0 0 fﬂ—%K;klfﬁd) ~K.
0 0 (1-K_(1+60) K-

is again nonsingular thanks to the nondegeneracy condition (1.4).

Then we define the new errors

My (1) + Koup(t™) — K log(e2X?) = gi.+ for t = FA(1 + +60), respectively.

We get from (7.26) and (7.55)-(7.56) that
|gk:,:t‘ S 06#7

with some p > 0.
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(7.55)

(7.56)

(7.59)

(7.60)

The rest of the proof of Theorem 7.1 follows basically the steps of the proof of the special

case in the previous section. Thus we have to consider the following linear system

2e "1 —e"? 0--- 0
—e Y1 2e%2 —e¥3... 0
- - o
¢H: ¢ ; ¢:(¢1>“'7¢N*1)
0 2e YN-2 —eUN-1
0 —eUN-2 2e UN-1

We first observe that

1, j=k+1, t— o0
-1, j=k, t—o o
%%i: 1, j=N+2—k t——c0
9i -1, j=N+1—-k t— -
0, otherwise

Hence by a transformation we can find a set of linearly independent solutions to (7.61)

1/11k(t):{ 2, Lo

—€k, t— —o0

(7.61)
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Similarly, considering derivatives of uj with respect to w; we can find solutions of (7.61), Yo (t),
k=1,...,N — 1 such that

Par(t) = exlt| + O(1).
The functions {91 (¢), 12k (t)} form a fundamental set for the system (7.61), whose behavior as
t — +oo is analogous to that of the functions 1 (t), ¥2(t), respectively.

Denoting by ug(¢) the solution to (7.43) where the parameters wo and go satisfying (7.55)-
(7.56) and setting ur(t) = qx(t) — qe+1(t), u = (u1,...,un-1), we look for the solution to
(7.18)—(7.20) (expressed now in terms of u) in the form

u(t) =uo(t) + 1), &= (1,.-.,on-1)

where the boundary conditions are given at t = —X\(1 4+ ) and t = A(1 — ) with X and 6
defined in (7.26). By (7.60), uo satisfies the required boundary condition up to order O(g"),
for some p > 0. Following the scheme in the case N = 2, using the fundamental set {¢1x, ¥2r },
we can solve for the correction @. The rest of the proof is equally straightforward adaptation of
the method of the previous section. We leave the details to the reader.

7.4 Conclusion of the proof of Theorem 1.1

To solve system (7.9)—(7.11) we will set up a fixed point argument scheme. To this end let
f € H'(—1,1) be given and such that

||f||H1(—1,1) < |10g8|2
and define for each k =1,..., N

hi (f) = Nkl (f, fl, f”) =+ ./\/‘kz(i}7 f’)

With this h = (hi1,...,hn) we can use Theorem 7.1 to solve, now nonlinear, problem
060\/552101,@/ _ e*\/i(fk*fk—l) + 6*\/§<fk+1*fk) = h(f),
-1<0<1, (7.62)
fr(=1) + K_fi(=1) = 0, (7.63)
fr(D)+ Ky fe(1) = 0. (7.64)

Here it is important that N is a contraction in HQ(—I, 1) and therefore, making use of the
theory developed above for the linearized Toda system and employing Banach Contraction
Mapping theorem we find f given f. This way we define a mapping 7 (f’ ) = f and the solution
of our problem is simply a fixed point of 7. Continuity of Ny, ¢ = 1,2, with respect to its
parameters and a standard regularity argument allows us to conclude that 7 is compact as a
mapping from H'(—1,1) into itself. Then Schauder Theorem applies to yield the existence of a
fixed point of 7 as required. Finally, we should remark that uniqueness of the solutions found
for system (7.62)-(7.64) for hy = 0 implies the symmetry fact fr = —fn_. This symmetry is
thus approximately inherited for the inhomogeneous perturbed problem. The construction itself
provides the validity of the asymptotic expressions (1.18). This ends the proof of Theorem 1.1.
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