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The topological center of the spectrum
of some distal algebras

Ali Jabbari

Abstract. The topological center of the spectrum of the Weyl algebra W, i.e. the norm
closure of the algebra generated by the set of functions {n}—>)\"t; AET and ¢€N}, is characterized
in a recent paper by JABBARI and NAMIOKA (Ellis group and the topological center of the flow
generated by the map n¢—>)\"k, to appear in Milan J. Math.). By the techniques essentially
used in the cited paper, the topological center of the spectrum of the subalgebra Wy, the norm
closure of the algebra generated by the set of functions {n>—>)\"l; AET and i=0,1,2,...,k}, will
be characterized, for all k€N. Also an example of a non-minimal dynamical system, with the
enveloping semigroup X, for which the set of all continuous elements of ¥ is not equal to the
topological center of X, is given.

1. Introduction

The history of characterizing the topological center of the spectrum of a left-
invariant non-distal algebra on a group G goes back to a paper by Lau, Milnes and
Pym [18] (see also [19]). They showed that the topological center of the spectrum
of the largest compactification of any locally compact group G equals G itself. But,
similar results for distal algebras are rather meager (see [11]). A distal algebra is
a left-invariant conjugate-closed Banach algebra of distal functions. The spectrum
of any distal subalgebra A of £°°(Z), the Banach algebra of all bounded complex-
valued functions on Z, is an example of a compact admissible right-topological
group. Namioka [22], and also Milnes and Pym in [20] and [21], have studied the
structure of compact admissible right-topological groups, and Lau and Loy [17] have
investigated harmonic analysis on these groups.

Distal functions on groups were first introduced by Auslander and Hahn in [1].
By definition, a bounded function on a group G is distal if whenever {g,}5,,
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{hi}2, and {k;}32, are nets in G such that for all g€G,
limlim f(ggnh;) =limlim f(ggnk;)
no i noj

then lim; f(gh;)=lim; f(gk;), for all g in G. Later, Knapp [14] gave an analysis
and synthesis of distal functions on groups. He showed that the set of all distal
functions on a group G is itself a distal algebra. For a general reference on distal
functions on semigroups see [2].

Let T denote the unit circle in the complex plane. Then T is a compact
topological group under the complex multiplication. Let W denote the norm closure
of the algebra generated by the set of functions {n+A"";\€T and i€N}, where, as
usual, N is the set of all positive integers. The algebra W has been studied from
different aspects: Knapp [14] showed that all of the elements of W are distal.
Later, Namioka [22, Theorem 3.6] gave a simpler proof of this fact. By using a
result of Furstenberg [6], Salehi [24] showed that all of the elements of W, called
the Weyl algebra, are uniquely ergodic, and he derived that W does not exhaust
all distal functions on (Z,+) [24, Theorem 2.14]. In [12] (see also [10]), by giving
a characterization of the Weyl algebra in a more general setting of semitopological
semigroups, the authors showed that the algebra W is actually a distal algebra.
In a recent work of Isaac Namioka joint with the author [11], they proved that,
for each irrational member A of the unit circle, the shift-orbit closure X of the
function f(n):/\"k is homeomorphic to a k-torus. Using this homeomorphism,
by generalizing an interesting result of Namioka [23], they also characterized the
topological center of the dynamical system Xy, as well as the topological center of
the spectrum of the Weyl algebra W.

Throughout this paper we fix k€N, k>1. Let W} be the norm closure of the
algebra generated by the set of functions {n+—A\" ;A€T and i=0,1,2,...,k}. In [12]
(see also [10]), this algebra is generalized to arbitrary semitopological semigroups.
It is proved that Wy, is left invariant, and hence is a distal algebra [12, Theorem 3.5].

The aim of the present paper is to determine the topological center of the spec-
trum M (W},) of the distal algebra Wy, (Theorem 1.1). To this end, we characterize
M(Wy,) with the Ellis group X(Wy,U) of the distal flow (Wy,U) [11, Proposi-
tion 5.3], where U: Wy —Wj, is the shift operator defined by U(g)(n)=g(n+1),
for all geWj and all n€Z. Then we show that X(Wj,U) is homeomorphically
isomorphic to a subgroup of E(T)* (Theorem 3.1), where E(T) is the set of all
endomorphisms of the group T.

Note that M (W) is the set of all multiplicative means g on Wiy, that is,
w(1)=1, u(f)>0 whenever feWy and f>0, and u(fg)=pn(f)u(g) for all f,ge W.
M(Wy) is a weak* compact subsemigroup of W}, with the product (uxv, f)=
(u, T, f), where T, f(n)=v(U" f) for all u,ve M(Wy,), f€W), and neZ.
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Let H be the torsion subgroup of T, and let V denote the quotient space T/H.
Then V is a vector space over Q. Let Hom(V, T) denote the set of all Q-vector space
homomorphisms from V into T. The following is the main result of this paper.

Theorem 1.1. Let keN, with k>1. The topological center of M(Wy) is iso-
morphic to the group ZxHom(V,T) with the group structure

(p,0)(q,0") = (p+q,00'(-)PFD" —P" =),

We remark that the topological center of M (W) is essentially characterized
in [11].

Finally, we prove that the set of all continuous elements of (W}, U) is isomor-
phic to Z (Theorem 3.10), which along with Theorem 1.1 shows that there exists
a non-minimal dynamical system with the Ellis group ¥ such that the topological
center of ¥ is different from X, the set of all continuous elements of ¥ (see [11,
Lemma 4.3]).

Remark. The notion of topological center began with the earlier works of Isik—
Pym-Ulger [9], Lau [15] and Lau-Losert [16]. In recent years there has been sig-
nificant interest in the subject. Interested readers are referred to the recent papers
and references contained in [3] and [4].

2. Preliminaries

A dynamical system is a pair (X,T), where X is a Hausdorff space and T is
a homeomorphism from X onto X. The dynamical system (X,T) is said to be
compact if X is a compact Hausdorff space. We always assume that the space XX
is provided with the product topology. The closure X(X,T) of the set {T™;ne€Z}
is a sub-semigroup of XX called the enveloping semigroup of the dynamical system
(X,T). With the relativization of the product topology from X, the mapping
or—ooT: ¥—Y is continuous for all €3, in other words, ¥=%(X,T) is a Hausdorff
right-topological semigroup with the topology of pointwise convergence; and it is not
left-topological, in general. The topological center A(X) of 3 is defined as follows,

AX)={reX;o—T100: ¥ — 3 is continuous}.

A(X) is a sub-semigroup of X containing {T™;n€Z}. Also, for each z in X, the orbit
closure of x is X(z) and the map o—o(x): ¥—X is continuous. A compact dy-
namical system (X, T) is called distal if lim,, T~z =lim, T™ y for some net {nq}a
in Z and x,y€X implies that x=y. It was Ellis [5, Proposition 5.3] who showed
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that a compact dynamical system is distal if and only if its enveloping semigroup is
a group (whose identity is the identity mapping of X). The enveloping semigroup
of a distal dynamical system is called the FEllis group of the dynamical system. A
closed non-empty subset M of a dynamical system (X, T) is called minimal if M is
invariant (i.e. T"M C M for all n€Z) and no proper closed subset of M is invariant.
It is readily seen that M is minimal if and only if ¥(x)=M for each x in M. A
minimal dynamical system is a dynamical system (X, T) for which the phase space
X is minimal. Two dynamical systems (X,T) and (X’,T"), or briefly X and X',
are isomorphic if there exists a homeomorphism I': X — X’ such that ['oT'=T"oI".

By ¢°°(Z) (or £*°), we mean the Banach space of all bounded complex-valued
functions on Z, with the supremum norm. The topology of £*° is the weak® topol-
ogy, where £ is regarded as the dual space of £*(Z). Recall that the weak* topology
of £*° coincides with the topology of pointwise convergence on norm-bounded sub-
sets. Define the shift operator U: £>°—¢> by U(g)(n)=g(n+1) for all gef> and
all neZ. It is clear that the shift operator U is a continuous map of £°° into itself.
Therefore the pair (¢*°(Z),U) is a dynamical system. Namioka [22, Lemma 3.1]
showed that the enveloping semigroup X(£>°,U) of the flow (£>°,U) is compact.
We observe here that each element of 3(£°°,U) is a multiplicative bounded linear
transformation of norm 1 of the Banach space ¢*° into itself. The object of the
present paper is the dynamical system (W, U), where Wy is given the topology
induced by that of ¢>°. With a proof similar to the proof of [11, Theorem 5.1],
one can readily verify that X(Wy,U) is a compact right-topological group. Also,
it is easily seen that the topological center of (W, U) coincides with its “cen-
ter” in the group theoretic sense (just because of the commutativity of the acting
group Z).

By giving a new characterization of Weyl algebras in a more general setting
of semitopological semigroups S, it is shown in [12] that, for each ceX(¢>,U),
o(Wg)CWy, that is Wy is left-invariant and therefore a distal algebra. Hence
the enveloping semigroup X (Wj,U) of the dynamical system (W, U) is {o|w,;
ceX(¢>,U)}, where o|w, denotes the restriction of o to Wi.

For each fel*°, let X; denote the orbit closure of f with respect to the shift
mapping U. Then U(X;)CX;. Therefore (Xy,U) is a dynamical system as well.
In fact Xy={of;0eX(¢>,U)}. It follows that X;CWj, for each feW. Thus
Y(X5, U)={o|x,;;0€X (W, U)}. Now, because of the continuity of the restriction
mapping, the enveloping semigroups X(Wy,U) and X(Xy,U), for feWy, are also
compact. Finally, we remark that a function fef* is distal if and only if the
dynamical system (Xf,U) is distal. The structure of distal flows is essentially
studied in [7].
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3. The Ellis group of the dynamical system (W, U)

Let us recall some results from [11]. The binomial coefficients are extended as
follows: Let j€N and n€Z, then

(g)zl and (?):%n(n_n...(n—ﬁl)-

Fix an irrational (i.e. a non-root of unity) element A€T. Define f<T? by f(n)=/\"k
for all n€Z. It is a result of [11] that there exists a continuous map T': TF—T*
such that the mapping I': T — X ; defined by

(1) D(z1, @0, ..., ) (n) = A g @51 (Mg Qe—2(n) Qum),

(for (21, T, ..., 71) €ET* and n€Z) is an isomorphism between the dynamical systems
(T*,T) and (Xy,U) [11, Theorem A], where for each n€Z and j€{0}UN,

) Q;(n) = <"*W 2]>.

J
By using this isomorphism, it is also proved that the mapping ©: X(X,U)—
E(T)*~'xT defined by ©(c)=(61,0s,...,0,_1,u) is a homeomorphic embedding
into E(T)*~!xT [11, Theorem B], where (0y,0s,...,0;_1,u) is associated with o=
lim, U™e €Y, that is for each j€{1,2,....,k—1}, §;€TT, is given by

(3) 0;(z) = lim %3 (me)
and
(4) w=1lim \™~ € T.

Finally, if c€A(X(Xy,U)), then there exists an integer p such that ;=( )% ®)
for each je{1,2,...,k—1} [11, Lemma 4.5].

To characterize the topological center of (W}, U), we need some preliminar-
ies. Let 0€X(Wy,U), and let {my}o be a net in Z such that c=lim, U™=. By
taking a subnet of m,, if necessary, we may assume that for each j€{0,1,...,k—1},
lim,, 2Qi(ma) exists for each z€T and lim,, ™ exists for each x€T. For each
j€{0,1,...,k—1} define 6;€TT by
(5) 0;(z) = lim £ (ma)
for all x€T. Also define §: T—T by

k

(6) 0(z) = licryn e,

With this introduction, we can prove the next theorem.
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Theorem 3.1. Let X=X(W},,U), and define the mapping O: X— E(T)* by
O(0)=(01,...,0k-1,0), where , 01,...,0k_1 and 0 are defined as in the paragraph
preceding the theorem. Then Oy, is a homeomorphic embedding into E(T).

Proof. Let o=lim, U™ =limg U™ €%. Let yeT, and let je{1,2,...,k—1}.
Let f€T” be the function defined by f(n)=y7'% (. Since j!Q;(n) is a polyno-
mial of degree j with integral coefficients, one has f€Wj. Hence lim, U™ (f)(0)=
limg U™ (£)(0). Thus lim,, 7@ (M) =limg y7'Qi("3) . Since each €T can be writ-
ten of the form 7' for some y€T, it follows that
(7) lim 297 (me) = lién 2Qi(ma),

[e3%

Again let x€T. Then the function g€T% defined by g(n) =z , NE€Z, is an element of
Wy. Hence lim, U™ (g)(0)=limg U™ (g)(0). Therefore lim, z™ma =limg 2"5. From
this and (7), it follows that © (o) depends only on o, not on the choice of the net
representing o. Hence Oy is well-defined. To show that ©j is one-to-one, assume
that o, 7€ are such that O (0)=0y(7)=(01, ...,0k_1,0). Then we must prove that
o=7. Since ¢ and 7 are bounded linear transformations on Wy, and since W is the
norm-closed subalgebra of /> generated by the set A, ={n—z" ;0<i<k and €T},
it is enough to show that o(f)=7(f) for all f€ Ai. To this end, fix z€T. First, let f
be the function n—z"" . Then for each meZ, (U™ f)(n)=a(tm" = f(n)aS(m) zm"
with Se€S(k—1), where S(k—1) is the set of all integral linear combinations of the
functions Q1, @2, ..., Qk—1, as defined in Section 4 of [11]. Let S(m):Z?;ll a;Q;(m)
with a;€Z. Let {mq}, be a net in Z such that lim, U™~ (g)=0(g) for each ge Wy,
as in the beginning of this proof, then

k—1
o(f)(n) = f(n)lim 25" lima™= = f(n) [T 6,(a")6(x).

j=1
Similarly 7(f)(n)=f(n) Hf;ll 6;(x%)0(x). Therefore by the hypothesis, o(f)=7(f).
Now, for i€{1,2,...,k—1}, let f;€ A} be defined by fz(n):xnl A similar, but sim-
pler, proof applies to show that o(f;)=7(f;), for all i=1,2,...,k—1. Hence o=7.
Finally, to show that © is continuous, we must prove that for each z€T the map
@: o—0(z) and the maps ¢;: o—0;(x), for j=1,2,...,k—1, are continuous on X.
For the latter, fix j=1,2,....k—1 and z,y€T with x=y7". If gcW), is defined by
g(n)=y7'% ™ then @;(c)=0;(x)=0;(y"")=0(g)(0), hence the continuity of ; fol-
lows from the continuity of the map o+—0c(g)(0) on 3. It remains to prove that
p: o—0(x) is continuous for all z€T. To this end, fix 2€T. Define feWy by
f(n)za:"k Then p(o)(x)=0(x)=0c(f)(0). Hence the continuity of ¢ follows from
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the continuity of the map oo (f)(0) on X(Wy,U). That is, O is continuous
onX. [O

In the next lemma, we show that for an element o, with O (c)=(01, ..., 0k_1,0),
to be in the topological center of ¥ it is enough that the first k—1 components are
continuous elements of E(T).

Lemma 3.2. Let ¥ and O): S—E(T)" be as in Theorem 3.1. Let c€X
and let Op(o)=(01,...,0k_1,0). Then ce€A(X) if and only if 0; is a continuous
endomorphism of T for each i€{1,2,...,k—1}.

Proof. Let o€ A(X). An observation similar to the one at the beginning of the
proof of [11, Theorem EJ, with W replaced by Wy, shows that o|x, € A(X(X,U))

for each feWj. Let A be an irrational member of T, and let f(n) =\"". Then olx, €
A(Z(Xy,U)). Now we can apply Lemma 4.4 of [11]. (In that lemma, c€X(T*,T)
is expressed as o=lim, 7™, but since, by [11, Theorem A], the dynamical systems
(Xf,U) and (T*,T) are isomorphic, this is equivalent to writing o|x, =lim, U™
in this section. Recall that U: TZ—T? is the shift map and 7: TF—T* is the
map satisfying Uol'=T"0T, where I': Tk—>Xf is the isomorphism of Theorem 1.1
in [11], as defined in (1) of the present paper.) Let O (c|x,)=(01,...,0k—1,u) as in
Theorem B of [11] (or as illustrated at the beginning of this section). Then by [11,
Lemma 4.4] 61,65, ...,0;,_1 are all continuous. Conversely, let c€X, let Of(0)=
(01,...,0,_1,0), and assume that 6;€TT is continuous for all i=1,2, ..., k—1. Hence
for each i1=1,2,....,k—1, 0;=(-)™ for some n;€Z. As we remarked in Section 2,
Y=%(Wy,U) is a compact right-topological group, and the topological center of
Y coincides with its center in the group theoretic sense. Hence, to prove that
o€A(X) is to prove that cor=7oc for all T€X. So fix 7=limg U™ €¥ and let
Or(1)=(61,...,0},_,,0"). Since o and 7 are bounded linear transformations on Wi,
and since W}, is generated by Ak:{on”i ;€T and 1=0,1,2,...,k}, it is enough
to show that oor(f)=71oc(f) for all f€Ay. First note that for each i€{1,2,...,k}
the polynomial m! is an element of S(i), the set of all integral linear combinations
of Q1(m),...,Q;(m) [11]. (For instance, m=Q1(m)€S(1), m*=2Q2(m)—Q1(m)e
8(2), ....) For simplicity, we shall confine the proof for the special case k=3, since
it contains all the necessary ideas. So let k=3, fix x€T and let feW} be defined
by f(n)=2"". Let ¢ and T be as above. Then

oot(f)(n) =lim lilran Umatns) £(n) =lim 1%11 f(ma+ng+n)

(8) = lim lim g (metnom)°

a g
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But, for each n€Z and for all «, 3 one has
(Matns+n)* =n’+3n*(Q1(ma)+Q1(ns))
+3n(2Q2(ma) —Q1(ma)+2Q1(ma) Q1 (1) +2Q2(ns) — Q1 (1))
+3(2Q2(1ma) = Q1(ma))Q1(15)+3Q1 (ma) (2Q2(ns) = Q1(ns))
+ mi—!—n%.
Hence
(9) oor(f)(n)=f(n)[(6:61)°" "~ (6205)°" (61067)°" 1 (B2067)° (61065)°06] ().

Similarly
(10)
Too(f)(n) = f(n)[(6167)*"" ) (8205)°" (610601)° 1 (65001)° (61 002)°60) ().

Now, since 0;=(-)"" one has 0;00}(z)=0}(z)" =0 (2"")=0}00;(x). Therefore, it
follows from (9) and (10) that oo7(f)=7oc(f). A similar argument shows that
oot(g)=T00(g) for all g€ Ay, defined by g(n)=2", with i=1,2,....k—1. That is
cor=1ocg. Thus o€ A(X(W;,U)). O

The proof of the next lemma is similar to [11, Lemma 4.5], but we shall give it
here for the sake of completeness.

Lemma 3.3. Using the notation of Lemma 3.2, let o be an element of ¥ and
let ©r(0)=(01,...,0k-1,0). Then c€A(X) if and only if there exists an n€Z such
that Gj(x):fo(") for each j€{1,2,....k—1} and each x€T.

Proof. Assume that c€A(X). Then by the previous lemma, each 6; is con-
tinuous. This means that for some n;€Z; 0;(xz)=x" for each x€T. Hence it is
enough to show that for each j=1,2,....k—1, (-)% =(-)9 ™), Let {mq}a be a net
in Z such that o=lim, U™>. Fix a prime number p>(k—1)!. Then for n=e(1/p),
01(n)=limy n™e=n", hence my=n; (mod p) eventually. Here recall that for each
teR, e(t)=e?". Note that Z (mod p) is a field. Since p>j!, the division by j! is
well defined in Z (mod p), and we see that Q;(mq)=Q;(n1) (mod p) eventually,
for j=2,...,k—1. Therefore lim, e((1/p)Q;(mq))=e((1/p)Q;(n1)). It follows that
for each integer ¢ with 0<g<p, one has lim, e((¢/p)Q;(ma))=e((¢/p)Q;(n1)). On
the other hand lim, e((q/p)Q; (ma))=6;(e(a/p))=e(q/p)" . Thus e(q/p)* "=
e(q/p)™. Now since z+—x% (") and xrs2™ are both continuous functions on
T and the set {e(q/p);0<g<p, p>(k—1)! and p is prime} is dense in T, we have
2% (") =g for each x€T. The converse is clear from the previous lemma and the
fact that for each j the map 2% (") is continuous on T. [
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Remark 3.4. Notice that the previous lemma implies that each element o€
A(X) determines a unique element (n, #) of the space Z x E(T), such that H(x)::c”k
for all x€ H, where H denotes the torsion subgroup of T.

Let H be as above. Then T=H xV, where V is isomorphic to T/H. Hence
V' is a divisible torsion-free subgroup. Consequently, it is a linear space over the
rationals Q [8, Appendix A]. As remarked in [11], for v,w€eV and ¢€Q, the linear
space “addition” v+w is the complex multiplication vw and the multiplication by
scalar qu is actually the power v9. For instance, %fu is actually v1/2 which is the
unique member u€V such that u?=v.

Let Hom(V,T) denote the set of all homomorphisms from the vector space V
(over Q) into T. Then Z xHom(V,T) is a group with the group structure defined as
follows: for (p,0), (q,0")€ZxHom(V,T), (p,0)(q,0")=(p+q,06'(- )(P+Q)"—(Pk+qk)).

We are going to show that A(X) is isomorphic to ZxHom(V,T). To this end,
let ®: A(X)—Z xHom(V, T) be defined by ®(c)=(n, ), where o, n and 6§ are as in
the above remark. To show that the map & is an isomorphism of groups, we need
some preliminaries.

Note that we shall confine to the case k=3, since this case exhibits all the
necessary ideas (even the ideas for the case k=2). The general case is then derived
similarly.

Now, as in [11], let {v,;y€T'} be a Q-basis of V. Similar to Lemmas (i) and (ii)
of [11] we have the following lemmas.

Lemma 3.5. For each £>0, each finite subset F' of T', each heN and each
0cHom(V,T) there is an meN such that

(a) m=0 (modd) for each integer d, 0<d<h;
m—_1|<e for each yEF and for each d€{1,2,...,h};

2

™" —1|<e for each YEF and for each de{1,2,...,h};

Proof. Consider the following statements:

() [(03/™)m—1|<e/h! for each yEF;

(c) \(v}/h!)mQ —1|<e/h! for each y€F;

(d) |(¥"™m* —a(wt/")|<e/h) for each yEF.
It is proved in [11, Lemma (i)] that the statements (b) and (c) are implied by (b’)
and (¢’), respectively. We show that the statement (d) is also implied by (d). First,
recall that if 2, y€T, then for each n€N, |z —y"|<n|z—y|. Now assume (d’). Then
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for each de{1,2,...,h},

m3 INm3\h! ! ! h! e
/4y B/ ] = (/)™ Y (/M) < =

€ <
dn_d-°

Let F={v;;7€{1,2,...,p}} for some peN. For each j&{1,2,...,p} choose £;€[0,1)

such that vﬁl,]/hlze(fj). For je{1,2,...,p}, let

GHO=E(th), G2 =&(th)? and  FH0) =& (th!)’.

Then the polynomials ¢} (1), ¢? (t) and qb? (t), 1<j<p, satisfy the hypothesis of Satz
14 of H. Weyl [25] since &1,&s,...,§, are independent (mod 1) over Q. It follows
that the sequence

{(@1(n), ., dp(n), 3 (1), ... 3 (1), 8 (1), ..., (1)) s € N}

is dense in (R/Z)3 . Hence the image of this sequence under the map e is dense
in T3P. Thus, for some n, m=nh! satisfies conditions (a), (b’), (¢’), and (d’). Hence
the lemma is proved. O

Lemma 3.6. Given 6cHom(V,T), there is a net {nqy}ta in N such that
(a) limy 2™ =1 for each z€T,;

(b) limg 2"« =1 for each z€T;

(c) lim, " =0(x) for each z€V.

Proof. As in the proof of [11, Lemma (ii)], let F be the family of all finite
subsets F' of " and let D=F x(0,00)xN. Partially order D as follows: for a=
(F,e,h) and o/ =(F',&',W)eD, a<c’ if and only if FCF’, e>¢’ and h<h'. Then
clearly D is a directed set. For each a=(F,¢, h), let n,, be an integer m €N satisfying
the conditions (a)—(d) of Lemma 3.5.

The fact that (a) and (b) are satisfied follows from a proof similar to the proof
of Lemma (ii) of [11].

For each v€I' let V,, be viz{vg;re(@}. Suppose z€V. Then there is an
FeF such that z€[[{V,;y€F}. It remains to prove (c) for the case z€V, for
each v€I', so let z€V,. Then x:(vﬂl/d)c for some c€Z and deN. Hence in order
to prove (c) for z€V,, it is sufficient to show (c) for x:v}/d. Let e>0 and let
a=({~},e,d)eD. If =(G,d,h)>a in D, then y€G, 6<e and d<h. Hence by
Lemma 3.5(d), \(v}/d)"g —9(v,1y/d)| <d<e whenever >«. This completes the proof
of (¢). O
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Corollary 3.7. Let (q,0)€ZxHom(V,T). Then there is a net {mu}q in N
such that for all x€T,

limaz™ =29, lima™ =29 and limov™e = 0(v) for each veV.

Proof. Let {n,}o be the net given by Lemma 3.6 for 8/’ ¢ Hom(V,T) instead
of #, in which #(v)=60(v)v=¢ for all vEV. For each a, let mg=nq+¢. Then the
first two equations follow from (a) and (b) of Lemma 3.6. Similarly

lim v™a = lim (e 3160 +3nad’+4%) — 9/(U)vq3 = Q(U)U_qg v = O(v). O

Corollary 3.8. For each (q,0)€ZxHom(V,T), there is a net {mqs}o in Z
such that the following conditions are satisfied:

(a) limg 2@ () =@ for each x€T;

(b) lim,, xQ?(7’L“):xQ2(Q) for each z€T;

(c) lim, ™ =0(x) for each x€V.

Proof. Let {mq}q be the net given in the Corollary 3.7. Since Q1(n)=n for
each n€Z, (a) is obvious. Now 2Q2(n)=n?+n. Again by Corollary 3.7, we have
lim,, y2@2(ma) =42Q2(9) for each yeT. For each z€T, let y€T be chosen so that
r=y%. Then (b) follows easily. The statement (c) is trivially part (c) of Corol-
lary 3.7. O

Proof of Theorem 1.1. It is enough to show that the map ® is an isomorphism
of groups. From Lemma 3.3 and the results preceding Lemma 3.5, ® is well defined
and is clearly one-to-one. In order to show that ® is onto, it is clear from (5) and
(6) that for each (n,8)€Z xHom(V,T) we must find a net {mg, }, such that for each
j€{l,...,k—1} and for each z€T,

29 = 1i(£n 2Qi(ma)  and hén pme = O(v) for all v e V.

This follows from Corollary 3.8 above for the case k=3, and as we remarked, the
general case is completely analogous. It remains to show the group structure on
ZxHom(V,T) induced by the map ®.

Let A€T be irrational, and let f€T? be defined by f(n):)\”k. Recall that
U: T%?—T7Z is the shift map and T': T*—T¥ is the map satisfying UoI'=ToT, where
[': Tk — X is the isomorphism of Theorem 1.1 in [11]. Let g€ X; be arbitrary. Then
there is an x=(z1, 29, ..., 1) €T* such that I'(x)=g. Hence for each m€Z,

(11) I(z)(m)= )\mkx?k’l(m)xgk’z(m) ...xfi(lm)xk.

S
3
—~
S
=
I
Q
=
I
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Now suppose 0 € A(X(Wy,U)) and ®(0)=(p, 0)€Z xHom(V,T). Then there is a net
{mq}o in Z such that lim, U™ =0, lim,, 295 (™) =zQi(?) for each j€{1,2,...,k—1}
and each x€T, and lim,, )\mlfi:H()\). Suppose that o,7€A(X) and that ®(o)=
(p,0), ®(1)=(q,0") and ®(cor)=(r,0"). If u=0(\),v=0"(\) and w=0" (\), then it
is not hard to verify that w=uvA@T0" ~(*"+a") and r=p+q. Therefore ®(co7)=
(p+q,00'(- )(p+Q)k’(pk+qk)). This completes the proof of the Theorem 1.1. O

Remark 3.9. Let Gy, denote the set ZxHom(V,T), given the group operation
defined in the proof of Theorem 1.1. Then G; is ZxHom(V,T) with the group
operation (p,0)(q,0)=(p+q,00"). The groups G; and Gy seem to be different,
but they are actually isomorphic by the map ¢: Gp—G1 defined by ¢((p,0))=

(p,0(-)7"").

Finally, we are going to prove the next result, which, comparing with Theorem 1.1,
shows that Lemma 4.3 of [11] (or [13, Proposition 2.1]), on the equivalence of the
topological center of the enveloping semigroup S, corresponding to any minimal
flow, with the set of all continuous elements of S, is not generally valid for non-
minimal flows. Let ¥.(W}, U) denote the set of all continuous elements of X(Wy, U).

Theorem 3.10. For each k>1, X. (W, U)={U";n€Z}.

Proof. Assume that o=lim, U™ €X.(Wy,U). Clearly c€A(S(Wy,U)). Let
Or(0)=(01,...,0;_1,0), as in Theorem 3.1. Then by Lemma 3.3 there exist an
integer n such that 9]-:(-)621(”) for each j, 1<j<k—1. On the other hand,
Or(U™M)=((-)@) . ()@ (. )"k) and Oy, is one-to-one, hence it remains to
show that 6=(-)"". First, we show that 6 is continuous. To this end, let {z5}s
be an arbitrary net in T which converges to z€T. We show that 6(zg)—6(z).
Let fa, feW} be defined by f,@w(n):xg’c and f(n):x"k for all n€Z. Then fg—f

(pointwise) in Wy. Hence, by the continuity of o,
. m k . mk
O(5) =lim(s)™" = (£5)(0) = o (£)(0) =lima™ = ().

That is, 6 is continuous. Therefore, §=(-)" for some meZ. Let p be any prime
number. Since lim, 2™>=z", for all €T, we have m,=n (mod p) eventually.
Therefore mE =n* (mod p) eventually. Thus lim, e((1/p)mE)=e((1/p)n*). It fol-

lows that for each integer ¢ with 0<g<p, one has lim,, e((¢/p)m~)=e((¢/p)n*). On

nk m
the other hand, likma e((q/p)mkE)=0(e(q/p))=e(q/p)™. Hence e(q/p)" =e(q/p)™.
Now since zr—2x™ and x+—ax™ are both continuous functions on T and the set
{e(q/p);0<q<p, p>(k—1)! and p is prime} is dense in T, we have z"" =z™=0(x)
for each x€T. The theorem is now proved. [
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