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The topology of toric symplectic manifolds

DusA McDUFF

This is a collection of results on the topology of toric symplectic manifolds. Using
an idea of Borisov, we show that a closed symplectic manifold supports at most a
finite number of toric structures. Further, the product of two projective spaces of
complex dimension at least two (and with a standard product symplectic form) has
a unique toric structure. We then discuss various constructions, using wedging to
build a monotone toric symplectic manifold whose center is not the unique point
displaceable by probes, and bundles and blow ups to form manifolds with more than
one toric structure. The bundle construction uses the McDuff-Tolman concept of
mass linear function. Using Timorin’s description of the cohomology algebra via
the volume function we develop a cohomological criterion for a function to be mass
linear, and explain its relation to Shelukhin’s higher codimension barycenters.

14M25, 53D05; 52B20, 57S15

1 Introduction

The paper [15] by Masuda and Suh raises many questions about the topology of toric
manifolds. One of the most interesting can be loosely stated as:

Question 1.1 To what extent does the cohomology ring H* (M) determine the toric
manifold M or, failing that, the combinatorics of its moment polytope?

Such questions are known under the rubric of cohomological rigidity; cf Choi, Panov and
Suh [3]. One can interpret them in various contexts, including that of complex manifolds
or quasitoric (torus) manifolds. In this paper we work exclusively with closed symplectic
manifolds, and refine the above question to ask about the symplectomorphism type of
(M, w). Thus our classification is finer than one that considers only the homeomorphism
type of M or the combinatorics of the moment polytope, but coarser than one that
considers M as a smooth complex variety with a given symplectic form.

Recall that a closed symplectic 2n—dimensional manifold (M, w) is said to be toric
if it supports a Hamiltonian action of an n—torus 7. This action is generated by a
moment map ®: M — t* where t* is the dual of the Lie algebra t of the torus 7.
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146 Dusa McDuff

There is a natural integral lattice tz in t whose elements H exponentiate to circles A g
in 7', and hence also a dual lattice t7 in t*. The image ®(M) is well known to be a
convex polytope A. It is simple (n facets meet at each vertex), rational (the conormal
vectors 1); € t to each facet may be chosen to be primitive and integral), and smooth
(at each vertex v of A the conormals to the n facets meeting at v form a basis for the
lattice tz ). Throughout this paper we only consider such polytopes. We write them as

(1-1) A=Ak):={et’ 1 (ni.§) <k, i=1,....,N}.
Thus A has N facets Fy,..., Fy with outward primitive integral conormals n; € tz
and support constants k = (k1, ...,kyx) € RV . The faces of A are the intersections

Fr :=(jes Fi, where I C {1,...,N}. Given a polytope A we usually denote
the corresponding symplectic manifold by (Ma,w,). (See Karshon, Kessler and
Pinsonnault [9] for more detailed references on this background material.)

We define C(A) to be the chamber of A = A(k), ie the open connected set of all support
constants «’ such that A(k’) is analogous to A(k); cf McDuff and Tolman [22]. For
Kk, k" €C(A), the symplectic forms w, and w,’ may be joined by the path w4 (1—¢)x’»
t €10, 1], and so are deformation equivalent.

Our first result concerns the question of how many different toric actions can be
supported by the same symplectic manifold (M, ). Here we identify two toric
manifolds if there is an equivariant symplectomorphism between them; that is, if their
moment polytopes may be identified by an integral affine transformation. Karshon,
Kessler and Pinsonnault show in [9] that in dimension 2z = 4 a given manifold (M, w)
can support at most a finite number of actions. The next theorem gives a cohomological
version of this result that is valid in all dimensions. Its proof relies on an argument due
to Borisov; the original proof applied only when [w] is integral.

Theorem 1.2 (Borisov—McDuff) Let R be a commutative ring of finite rank with
even grading, and write Rg := R ®z R. Suppose given elements [w] € Rr and
c1,¢3 € R of degrees 2,2 and 4 respectively. Then, up to equivariant symplecto-
morphism, there are at most finitely many toric symplectic manifolds (M,w,T) of
dimension 2n for which there is a ring isomorphism V: H* (M ;7) — R that takes
the symplectic class and the Chern classes ¢;(M), i = 1,2, to the given elements
[a)] € Rpr, ¢i € R.

We prove Theorem 1.2 in Section 3.1.

Remark 1.3 (i) Note that it is crucial to fix the symplectic class [w] here. Otherwise,
as is shown by the example of the Hirzebruch surfaces, the result is false even for
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a ring as simple as R = H*(S? x $2;7). In fact, if k < A < k + 1 the manifold
S2 x §? with product symplectic form A pri o @ pr; (o) (where o is an area form
on S?) supports exactly k different torus actions; cf [9, Example 2.6].

(i) One might consider analogous questions for nontoric symplectic manifolds. For
example, one might fix the diffeomorphism type of a closed manifold M (rather than
its cohomology) and fix a cohomology class @ € H?(M ;R) and ask whether there are
only finitely many different (ie nonsymplectomorphic) symplectic structures on M
in this class a. The answer here is “no””: McDuff [17] constructs an §—dimensional
manifold that supports infinitely many nondiffeomorphic but cohomologous symplectic
forms. This paper also shows that the manifold S x S? x T'? supports infinitely
many nonisotopic but cohomologous symplectic forms. In both cases, the class [w] is
integral and the forms are deformation equivalent, ie they can be joined by a family of
(noncohomologous) symplectic forms. Thus they have the same Chern classes. All
these examples have nontrivial fundamental group. Work of Ruan [28] and Fintushel
and Stern [6] shows that in the simply connected case one can find infinitely many
nondeformation equivalent symplectic forms on 6-manifolds of the form M x S2, for
example when the smooth manifold M is homeomorphic to a K3 surface. Although
these structures have the same Chern classes, it is not clear whether they can be chosen
to be cohomologous.

(iii) The extent to which one needs the hypotheses on the Chern classes is not clear; cf
the discussion in Masuda and Suh [15, Section 5]. By Remark 3.2 they are unnecessary
if one restricts to integral [w].

(iv) If one asks the same question in the context of 7' —equivariant cohomology, then
Masuda shows in [14] that the equivariant cohomology Hy.(M:Z), when considered
as an algebra over H*(BT';Z), determines the fan, ie the family of polytopes A(k),
k € C(A), and hence determines the corresponding toric manifold as a complex variety.
To fix the symplectic manifold, one would also have to specify «, for example by
specifying the extension of the symplectic class to Hy.(M;R).

(v) Theorem 1.2 implies that the number of conjugacy classes of n—tori in the group
Ham(M, w) of Hamiltonian symplectomorphisms of (M, w) is finite, where here we
allow conjugation by elements of the full group Symp(M, ) of symplectomorphisms
of (M, w). Since the orbits of any Hamiltonian action of a torus are isotropic, each
such torus is maximal in Ham(M, ). However, there might be other maximal tori of
smaller dimension. In [27], Pinsonnault shows that in dimension 2n = 4 there are only
finitely many symplectic conjugacy classes of such maximal tori. Again it is important
to allow conjugation by elements of Symp(M, w); cf [27, Theorem 1.3].
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Manifolds with many toric structures: Blow ups and bundles Now consider the
question of which symplectic manifolds support more than one toric structure (up to
equivariant symplectomorphism). One easy way to get examples is by blowing up
points or other symplectic submanifolds of (M, ®). (In the combinatorial context
the blow up procedure at a point is called vertex cutting; cf Choi, Panov and Suh [3,
Example 1.1].)

We prove the following result in Section 3.2. Here the weight of a blow up is the
symplectic area of the line in the exceptional divisor.

Proposition 1.4 Suppose that A is not a product of simplices, and let (M, w,) be
the corresponding symplectic manifold. Then, for generic choice of k € C(A), there
is &9 > 0 such that any one point toric blow up (AZ, wi,¢) of (Ma, wy) with weight
& < &g has at least two toric structures.

Remark 1.5 (i) The above result is false when A is any product of two simplices
other than A x Ay. This follows because Proposition 1.8 below implies that when
A # Aj x Ay there is an open nonempty set of x € C(A) such that (Ma, w,) has
a unique toric structure, namely that of the product. Since all the vertices of such a
product are equivalent in the sense of Definition 3.5, its (small) one point toric blow ups
also have a unique structure by Lemma 3.3.

(i1) To see that one must restrict to generic « here, consider the polygon obtained
from the 2—simplex A, by blowing up each of its three vertices in such a way that all
sides of the resulting polygon have equal affine length. (This polygon corresponds to
the monotone three point blow up of CP2.) Then all its vertices are equivalent, so all
its one point toric blow ups are the same.

(iii)) We show during the course of the proof of Proposition 1.4 that if the vertices
of A(k) are all equivalent for generic «, then A is a product of simplices.

Another natural class of examples is provided by product manifolds of the form M x S2.
The idea is this. Each H € tz~{0} exponentiates to a circle Ag in 7. Denote by
M the total space of the associated Hamiltonian bundle! (M, w) — Mg 5 S?2. One
can realize My as the quotient S3 x st M where S I acts diagonally on S3 c C2
and via A g on M . Consider the 1-form

i - -
o= E(Xl:zzj dzj —zj dzj)
j=L

1A smooth bundle £ — B with fiber F is Hamiltonian if its structural group reduces to the
Hamiltonian group Ham(F, o) of some symplectic form ¢ on F. Often, as here, o is given. When
1 (B) = 0 this is equivalent to saying that the fiberwise symplectic form o extends to a closed form on
the total space.
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on S3. (The form « is the standard contact form normalized so that the integral of do
over the unit disc {(z1,0) : |z;| < 1} is 1.) Then the form pr*(w) + d((=A — H)a),
where A € R and pr: S3 x M — M is the projection, descends to the quotient Mg
and defines a symplectic form €2 there provided that the function A — H is positive
on M . Moreover, because the action of Ag on M commutes with 7" the manifold
(Mg, 2)) supports an action of Ty := T"+!. Thus (Mg, 2)) is toric. Moreover
the bundle

(1-2) M < My S s?

is toric in the sense that there is a group homomorphism p: T — S such that the
projection 7: My — S? intertwines the action of T on Mg with the action of
o(Tg) =SS! on S2;ie

w(t-x)=p) - n(x), xeMg, tely.

Suppose now that A g, considered as a loop in the Hamiltonian group Ham(M, w),
is contractible. Then the bundle (M, ) — Mg — S? is trivial as a Hamiltonian
bundle. This readily implies? that (Mg, ;) is symplectomorphic to the product
(S?x M, 0 @ w) for suitable area form o on S?2. But we will see in Remark 2.11 (i)
that the moment polytope Ag of (Mg, 2g, Tx) is not affine equivalent to a product
when H # 0. This proves the following result.

Lemma 1.6 If (M, w, T) is such that the loop A g contracts in Ham(M, w) for some
nonzero H €t then there is Ao > 0 such that for all > > A the product (S*x M, .o ®w)
supports more than one toric structure.

Remark 1.7 (i) The moment polytope Ap of My is always combinatorially equiv-
alent to a product. Hence the examples in Lemma 1.6 are not distinguished in papers
such as [3].

(i1)) One could, of course, also consider the (toric) bundle S 2k+1 5 1M — CcPk cor-
responding to the loop A g for k > 1. However, even if A i contracts in Ham(M, w),
this bundle is never trivial as a Hamiltonian bundle when H # 0; cf Remark 2.13.

The next question is: when do such loops exist? The paper of McDuff and Tolman [22]
analyses this question in great detail. The easiest case is when the loop A g (or one
of its finite multiples A, fy) contracts in the maximal compact subgroup Isomg (M)
of Ham(M, w), consisting of symplectomorphisms that preserve the natural Kéhler
metric on (M, w).> Such elements H € tz were called inessential in [22], and exist

2 for example by adapting the proof of Proposition 9.7.2 (ii) on page 341 of McDuff and Salamon [20].
3 This group is described in slightly different language in Masuda [13].
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when the moment polytope A of M satisfies some very natural geometric conditions.
In particular, by [22, Proposition 3.17] if they exist the polytope A must either be a
bundle over a simplex or an expansion (wedge). Correspondingly M is either the total
space of a toric bundle over CP¥ or is the total space of smooth Lefschetz pencil with
axis of (real) codimension 4. (The last statement is explained in [22, Remark 5.4].)
Generalized Bott towers, which are iterated bundles formed from projective spaces,
are well known examples. Since any wedge and any bundle over CP¥ has a nontrivial
inessential function H , many product toric manifolds M x S? have more than one
toric structure. For further discussion of this issue, see Theorem 1.14 and Theorem
1.17 below.

Manifolds with unique toric structures Next, one might wonder which symplectic
manifolds have just one toric structure. We prove the following result in Section 2.4 by
a cohomological argument. We denote by w, the usual symplectic form on CP”" that
integrates over a line to 1. Thus (CP", w,) is a toric manifold with moment polytope
equal to the standard unit simplex

Ap={x120,....x, 20, Y x; <1} CR".

Proposition 1.8 Let (M, w) = (CP¥ x CP™, wy +Awp), where A > 0. If k > m > 2
then (M, w) has a unique toric structure. If k > m = 1, this remains true provided that
A<1,whileif k =m =1 werequire A = 1.

Remark 1.9 (i) At first glance, this result is somewhat surprising, since one might
well imagine that there are analogs of Hirzebruch structures on products such as
CP3 x CP?. As pointed out in Remark 2.13, the explanation for this lies in the
characteristic classes constructed by Kedra and McDuff [10].

(ii) If k>m =1 and A > 1, then there are nontrivial toric CP* bundles over CP!
that are symplectomorphic to products for large A, as one can see by arguments similar
to those that prove Lemma 1.6. However, even in the case k = m = 1, when we
get the Hirzebruch surfaces, the proof that these manifolds are symplectomorphic to
products for all relevant A is nontrivial; see McDuff [17] or McDuff and Salamon [20,
Proposition 9.7.2]. Nevertheless, this proof should generalize to show that uniqueness
fails whenever A does not satisfy the conditions in Proposition 1.8.

(iii) Proposition 1.8 extends work by Choi, Masuda and Suh, who show in [2] that if
M is a toric CP¥ —bundle over CP™ then it is diffeomorphic to the product of its base
and fiber exactly if its integral cohomology ring is isomorphic to that of the product.
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Monotone polytopes Another natural class of manifolds that might have unique toric
structures is that of monotone manifolds. Recall that a symplectic manifold (M, w) is
said to be monotone if there is A > 0 such that [w] = Ac;(M). In this paper, we shall
always normalize w so that A = 1. Thus, in the toric case, the moment polytope is
scaled so that the affine length of each edge € is precisely | o-1(e) @

The moment image of a monotone toric manifold is called a monotone polytope.*
Since rather little seems to be known in general about their structure, we begin our
discussion by describing some elementary constructions.

The most interesting of these is that of wedge (called expansion in [22]). It was used
by Haase and Melnikov [8] to show that every smooth integral polytope is the face of
some monotone polytope. We adapt it here to answer some questions raised in [22].
Let us say that a facet F of a polytope is pervasive if it meets all other facets and is
powerful if there is a edge between F and every vertex of A not on F'. We showed in
[22, Theorem A.6] that in dimension < 4 the only polytopes with all facets powerful
are combinatorially equivalent to products of simplices. This is not true in higher
dimensions, even if one restricts to the monotone case. For every face of a product of
simplices is also a product of simplices, while, by Lemma 2.4, a monotone polytope
has faces of arbitrary shape.

The next result is an immediate consequence of Lemma 2.4.

Proposition 1.10 Let A’ be any smooth polytope with integral vertices. Then some
multiple kA’ k € 7, is integrally affine equivalent to a face in a monotone polytope A
all of whose facets are pervasive and powerful.

Further, in Lemma 2.6 we use the wedge construction to describe an example found by
Paffenholz of a monotone polytope that fails the star-Ewald condition of [16]. As we
explain in Section 2.1, this is related to the work of Fukaya, Oh, Ohta and Ono [7] on
the Floer homology of toric fibers.

Despite the existence of this rather versatile construction, I do not know the answer to
the following question.
Question 1.11 Is there a monotone toric manifold (M, w) with more than one toric
structure?

4 These are also known as smooth reflexive polytopes. Note that much of the literature about them is

written in terms of their dual polytopes P C t (which are simplicial) rather than the moment polytopes
considered here.
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It is not clear whether one can obtain such an example by blowing up a point (vertex
cutting). However, the next result shows that one cannot get examples by the bundle
construction used in Lemma 1.6 above.

We shall say that two bundles M — Mg, — S 2, i =1,2, are bundle isomorphic if
there is a commutative diagram

M—>MH1—>SZ

al o) il
M — ]\4}12 — Sz

where ¢ is a diffeomorphism. Thus we assume that ¢ is the identity map on the
distinguished fiber. However, it need not preserve the symplectic forms on the total
spaces.

Definition 1.12 We say that two facets Fj, Fj of A are equivalent, and write F; ~ Fj,
if there is a vector £ € t* that is parallel to all other facets of A.

It is shown in [22, Lemma 3.4] that F; ~ F; precisely if there is a robust® affine
reflection of t* that takes A to itself and interchanges the facets F;, F;, fixing all
others. Because it is robust, this affine reflection lifts to a symplectomorphism of
(Ma,wp) that lies in the maximal compact subgroup Isomg(Ma) of Ham(Ma, w);
in particular it is isotopic to the identity. It also follows from the Stanley—Reisner
presentation of H* (M) (cf Equation (2-4)) that F; ~ F 7 exactly if the hypersurfaces
&~ 1(F;) and dD_l(Fj) represent the same element in Hy,_(M).

We prove the following result in Section 2.3.

Proposition 1.13 Suppose that (Mg, g, TH) is a monotone toric manifold with
moment polytope A that is the total space of a toric bundle with fiber (M, w, T) and
base CP'. Then the following hold.

(i) Either there is a facet F; of the moment polytope A of M such that H = n;,
or H =0 and A is affine equivalent to the product A x A.

(i) If H = n;, then the loop Ap does not contract in w;(Ham(Ma,wa)) and
(Mg, wg) is not symplectomorphic to a product (M x S*, w ® o).

(iii) Two of the bundles in (ii) are bundle isomorphic only if they are generated by
elements H; = n;, j = 1,2, that correspond to equivalent facets of A. In this
case, the loops A g, are conjugate in Ham(Ma, wp).

5This means that the reflection persists as one perturbs « a little.
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Mass linearity Our final set of results again concerns the question of which toric
manifolds (M, w) have nontrivial loops A g that contract in Ham(M, w). Above we
discussed inessential H.® The papers [22; 23] discuss a more interesting class of
functions H called mass linear functions. These are functions on A whose value
H(B;) at the barycenter By (x) of the moment polytope A = A(k) is a linear function
of the support numbers « = (ky,...,kn) of its facets. By [22, Proposition 1.17] every
inessential function is mass linear. However, even when n = 3 there are pairs (A, H)
where H is mass linear but is not inessential; in this case we say that H is essential.
By [22, Theorem 1.4], in 3 dimensions there is precisely one such family (A, H) that
we describe in Lemma 4.11 below. In these examples, the underlying polytope A is a
A,-bundle over A, where Ay denotes the standard k—simplex.’

We showed in [22, Proposition 1.22] that if a loop A g contracts in Ham(M, @) then
H is mass linear. There the argument was based on Weinstein’s action homomorphism
of my{(Ham(M, w); in Section 4.4 below we explain an alternative argument due to
Shelukhin that uses some other homomorphisms. Conversely, one can ask if the mass
linearity of H implies that the loop A, g contracts in Ham(M, w) for some m. (Proof
that this is true in some nontrivial cases is the subject of ongoing research.) Our next
result establishes a cohomological version of this statement.

We prove the following result in Section 4, using Timorin’s very interesting description
of the real cohomology algebra of (M, w) in terms of the function V(x) that gives
the volume of the moment polytope in terms of the support numbers « .

Theorem 1.14 Let (M, w, T) be a toric manifold with moment polytope A, and let
H e t~{0}. Let M — My — S? be the corresponding bundle. Then the element
H €tz is mass linear if and only if there is an algebra isomorphism

W H*(S%:Q)® H*(M:;Q) S H*(My: Q)

that is compatible with the fibration structure in the sense that it fits into a commutative
diagram
H*(M) < H*(S»)® H*(M) « H*(S?)
id |, v id |,
H*(M) « H*(Mg) «— H*(S?).

6 By slight abuse of language, we often call H a function, thinking of it as a function on the moment
polytope A. Note also that the moment map for the circle action A g is the composite x — (H, ®(x)),
of @ with the projection t* — R given by inner product with H .

7 Unless explicit mention is made to the contrary, we allow the standard simplex to have any size, ie
we do not fix «.
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Remark 1.15 If one writes W in terms of a basis for the integral cohomology, then
its coefficients give information about the order of the loop A g in 7y (Ham(M, w)).
Indeed, if this order is m < oo then these coefficients must lie in %Z; cf Remark 4.16.

Theorem 4.17 below sharpens Theorem 1.14, using Shelukhin’s concept of full mass
linearity. He considers all the barycenters By, k = 0,...,n, of A, defining By to
be the barycenter of the union of the k£ —dimensional faces of A. For example, By is
the average of the vertices of A. He showed that the numbers H(By)— H(B;) are
the values of some natural characteristic classes on toric loops A g, hence proving the
following result.

Proposition 1.16 (Shelukhin [29]) The loop A g contracts in Ham(Ma, w,) only
if H(By) = H(By) forallk =0,...,n—1.

We will say that H is fully mass linear if H(By) = H(By) for 0 <k <n—1.
Theorem 4.17 gives a cohomological interpretation of the full mass linearity condition.
In Section 4 we also sharpen some of the combinatorial results of [22], obtaining the
following results.

Theorem 1.17 (i) Anelement H € ty is mass linear if and only if H(By,) = H(By).
Moreover, in this case, H(B,—1) = H(By).

(ii) Every mass linear function on a polytope of dimension at most 3 is fully mass
linear.

Organization of the paper We begin the proofs by discussing the structure of mono-
tone manifolds, since this will allow us to introduce some of the main constructions.
Theorem 1.2 is proved in Section 3.1; the argument does not use Section 2. Mass linear-
ity is discussed in Section 4. This section is essentially independent of the other two.
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2 Monotone polytopes

We begin with a general remark about normalizations. The moment polytope A C t* =~
R” of a toric manifold (M, w, T') is determined as a subset of R” up to the action of
the integral affine group Aff(n;Z). Because the conormals at any vertex form a lattice
basis, we may therefore always choose coordinates on R” so that the conormals at
any chosen vertex v are —ey, ..., —ey, ie the negatives of the standard basis vectors.
Then the polytope lies in a translate of the positive quadrant x; > 0, i =1,...,n.
Sometimes we normalize so that v = 0, but often (as in the monotone case considered
below) we set v = (—1, ..., —1) so that the center point of A is at {0}.

Recall that the symplectic manifold (M, w) is monotone if [w] = Aci; (M) for some
A > 0. Throughout we will normalize monotone manifolds so that A = 1. There
are several possible ways of characterizing the moment image of a monotone toric
manifold. The following well-known lemma is proved in [16, Lemma 3.3].

Lemma 2.1 A simple smooth polytope A is monotone if and only if it satisfies the
following conditions:

(1) A is an integral (or lattice) polytope in R" with a unique interior integral
point ug,

(i1) A satisfies the vertex-Fano condition: for each vertex v; we have
vj + Z ejj = ug,
i

where e;;, 1 <i < n, are the primitive integral vectors from v; pointing along
the edges of A.

Remark 2.2 (i) If the conditions in Lemma 2.1 are satisfied, then the affine distance®
Lj(uo) := kj — (nj,uo) from uq to the facet F; equals 1 for all j. Hence if we
translate A so that ug = {0} the structure constants «; in the formula (1-1) are all equal
to 1. Conversely, any integral polytope with x; = 1 for all i satisfies conditions (i)
and (ii) in Lemma 2.1 with u#¢ = {0} and so is monotone.

(i) Another closely related notion is that of Fano polytope. Usually one defines this
in terms of the dual P C t to the moment polytope (namely the fan), and calls P
Fano if one can choose support constants «’ for the moment polytope A that make it
monotone. However, the constants k’ are not specified. Correspondingly, a Fano foric
symplectic manifold (M, w,, T) is one that may not be monotone but where there is
k' € Ca such that (M, ., T) is monotone.

8 See [16, Section 2] for a general explanation of how to measure affine distance.
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2.1 The wedge construction

This is a very useful construction that appeared in [22] because of our result that any
polytope with a nontrivial robust® symmetry is either a bundle over a simplex or is
an expansion; cf [22, Proposition 3.15]. Moreover, a polytope has such a symmetry
exactly if the identity component of its Kdhler isometry group (with respect to the
natural Kéhler metric) is larger than the torus 7" ; cf [22, Proposition 5.5]. We called
this construction an expansion. However, it is known in the combinatorial literature as
a wedge.

Here is the definition.

Definition 2.3 Suppose that A C R” is described by the inequalities
2-1) (ni,x)<ki, xeR" ie{l,...,N},

where k; > 0 so that {0} lies in its interior. Its wedge (or expansion) A’ along the
facet Fy lies in R”T! = R” x R and is given by the above inequalities for i # k
(where we identify n; € R” with (1;,0) € R"*1) together with

Xpt1 = =1, (M, X) +Xpq1 Sk — 1.

Thus we replace the conormal n; by the two conormals r];C = (ng, 1) and ’7,N 1=
(0,...,0,—1). The original polytope A is now the facet FI/V+1 of the wedge A’.
In fact, A’ is made from the product A x [—1,00) by adding a new “top” facet F ,’c
with conormal n;c = (1, ng) that intersects the “bottom” facet F, 41 = np1 =1
in the facet Fj of A. The corresponding toric manifold M is the total space of
a smooth Lefschetz pencil with pages M and axis (of complex codimension 2)
F; N Fyy1 = Fi; cf [22, Remark 5.4].

Note that all the structural constants «; remain the same, except for k which decreases
by 1. Moreover kxy4+1 = 1. Haase and Melnikov point out in [8, Proposition 2.2] that
by repeating this construction until each x; = 1 one finds that every integral polytope
with an interior integral point (which we can assume to be at {0}) is integrally affine
equivalent to the face of some monotone polytope. Here is a slight refinement of their
result. Recall that a facet F is called pervasive if it meets all other facets and powerful
if there is a edge between F and every vertex of A noton F.

9 A nontrivial affine transformation of A(k) is called robust if it persists when one perturbs « ; for
a more precise definition see [22, Definition 1.11]. These symmetries make up the group Affy(A) of
Definition 3.5 below.
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Lemma 2.4 Suppose that A is a smooth integral polytope with {0} in its interior and
with all structural constants k; > 2. Then A is a face in a monotone polytope for which
all facets are both pervasive and powerful.

Proof The new facets F 41 (the bottom) and F ,/{ (the top) of any wedge are pervasive.
Moreover, any pervasive facet of A remains pervasive in A’. Similar remarks apply to
the concept of powerful since all vertices in A’ lie either on the top or bottom facet
of A’. The hypothesis that x; > 2 implies that we must wedge at least once along each
facet to get a monotone polytope. The result follows. a

In [22] we were interested in polytopes for which all facets are both pervasive and
powerful because we were trying to understand mass linear functions H on polytopes A.
Our basic question was: is it always true that after subtracting an inessential function Hy,
the resulting mass linear function has a symmetric facet?!® Equivalently, is there an
inessential Hy such that H — Hy = ) yik; where y; = 0 for some i ? The answer
would be yes, if every polytope with all facets powerful and pervasive has at least two
equivalent facets; cf [22, Lemma 3.19]. Therefore, it would be relevant to know the
answer to the following question.

Question 2.5 Is there a smooth polytope whose facets are powerful and pervasive and
have the property that no two facets are equivalent?

Of course, to construct such a polytope one cannot use wedging, since the top and
bottom facets of a wedge are always equivalent.

We end this subsection by using wedges to construct an example of a smooth monotone
polytope A that does not satisfy the star-Ewald condition of [16, Definition 3.5] at one
of its vertices. This is a condition on each face f of A that is designed so that it fails
at f exactly if there is a point in the interior of the cone C( f, 0) spanned by f and {0}
that cannot be displaced by a probe; cf the proof of [16, Theorem 1.2]. Therefore the
corresponding Lagrangian toric fibers L(u) in Ma may perhaps be nondisplaceable by
Hamiltonian isotopies, even though, according to [7], their Floer homology vanishes.

This example is due to Paffenholz [24]. By using the program Polymake he shows that
all polytopes of dimensions less than 6 do satisfy the star-Ewald condition. However,
he found three 6—dimensional examples where the condition fails, and many more
7—dimensional ones. In all but one case the condition failed at a vertex or an edge, but
there is one 7—dimensional example (se.7d.02 on his list) where it fails on a nonconvex

10 A facet F j is called symmetric (resp. asymmetric) if, when we write H(By) = )_ y;k;, the
coefficient y; vanishes (resp. y; # 0).
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set consisting of two edges.'! All of his examples are wedges. We shall explain the
easiest one, which is a repeated wedge of the polygon in Figure 1.

A
€11(0, 1) A
N 68,’1(1’ 3)
&5 | )
C1.0) (0.0
€6 3(07 _])
y

Figure 1: The polygon A. The heavy line segment in the middle are the
points that are nondisplaceable by probes. The conormals of A are the vectors
Vs, ..., Vg in Equation (2-2) with « = (1,1, 1, 3, 3).

Consider the monotone 6—dimensional polytope A with conormals
nl:_el’ i=19-"969 n7=e6’ r]8:(19190707173)7 779:(09091919192)9

where ¢; are the standard basis in R® and we set x; = 1 for all i . Further let A be
the polygon with conormals

(2'2) Vs = (_110)1 Ve = (O’ _1)’ V7 = (O’ 1)’ Vg = (1’ 3)’ Vg = (112)1

and with « = (1,1, 1, 3, 3) as in Figure 1. Then A can be identified with the facet
Fy123 of A. Further A is obtained from A by making twice repeated expansions in the
edges €g := F12348, €9 := F13349 of A (or, more precisely, in the facets corresponding
to these edges). The facets F;, F> come from the expansion along €g and the facets
F5, F, from the expansion along €g.

Given an integral polytope A with {0} in its interior, consider the set
S(A)={veZ"NA:—veA}N0}

of all integral symmetric points in A. The star-Ewald condition for a vertex z says
that there is a point w € S(A) that lies in precisely one of the facets through z and
is such that —w lies on no facet through z. As mentioned above, this condition is
satisfied at z exactly if all the points on the open line segment C(z,0) from z to {0}

111 you look at the file, the first edge together with its data is listed first, and the data on the second
edge occurs about half way through.
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can be displaced by probes.'? In particular, if A is a wedge with top and bottom
facets Fr, Fp, then to satisfy the star-Ewald condition at z € Fy N Fp the integer
point —w must lie on one of the other facets. Because the union F'r U Fpg contains all
the vertices of A and many of its integer points, this condition is quite restrictive, and,
as we now see, can fail to hold.

Lemma 2.6 Let A be as in Equation (2-2). Then A does not satisfy the star-Ewald
condition at the vertex z = F1334389.

Proof Because the points X = (x1,...,X¢) in A all satisfy the inequalities x; > —1,
the coordinates of every point in S(A) line in the set {0, +1}. Suppose that w =
(wy,...,wg) € S(A) lies in just one facet through z while —w lies in none of them.
Then at most one of wy,...,wy is —1 and none is 1. If they are all 0, then w
must lie on Fg or Fy so that precisely one of the equations ws + 3wg = 1 and
ws + 2wg = 1 holds. Since w; € {0, =1}, we must have (ws, wg) = (—1,1). But
then w = (0,0,0,0,—1, 1) does not lie in A because ws + 3wg > 1. Therefore by
symmetry we just need to consider the cases

(a w=(-1,0,0,0,ws,wg) and (b) w=(0,0,—1,0,ws, ws).

In case (a), since +w € A~Fg weneed —1 + w5 + 3w <1 and 1 —ws —3wg < 1.
This has the solution (ws, wg) = (1,0). But then w € Fy, which is not allowed. A
similar argument applies to case (b). a

2.2 Symplectic cutting

Another useful way of constructing polytopes is by blow up. As we show in more
detail in [23, Section 3], blowing up along a face f = F; of codimension k = |I| > 2
adds a new face Fj to the polytope with conormal 19 = Y,y 7; and constant k¢ =
Y ier ki — €. One can always do this for small ¢ > 0. However, if A is monotone and
one wants the blow up A’ also to be monotone, then, because we need all the « =1,
one must take ¢ = k — 1. In this case, the new facet Fy is a A;_;—bundle over f
whose fiber edges have affine length k — 1, which is precisely the first Chern class
of a line in the corresponding exceptional divisor. In particular, there is a monotone
blow up of a vertex of a monotone polytope only if all edges through this point have
affine length at least 7.

12 To understand the conditions on w, notice that the probes used to displace the points of the line
C(z,0) have base along the line C(z, w) (which by hypothesis is contained in the interior of a facet Fy,
through z) and direction —w. The condition on —w implies that the interior of the line C(z, —w) lies in
the interior of A so that the probes meet C(z, 0) before their halfway point.
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In dimension 2, blow ups have size 1, and it is possible to make several such blowups
on one polytope. Indeed, one can blow up the triangle (the moment polytope of CP?)
at all three of its vertices to obtain a monotone polytope. Similarly, in dimension 3 one
can make several disjoint monotone blowups provided they are along edges. But in
dimension 3 it is not possible to blow up two points simultaneously and in a monotone
way.!? For example, the monotone 3-simplex has edges of length 4, while monotone
blow ups (of vertices) have size 2. Thus if one did any two such blow ups one would
create at least one singular (ie non simple) vertex.

Question 2.7 Is there a monotone polytope A of dimension d > 2 for which one can
make at least two monotone and disjoint blow ups of points, or, more generally, of any
two faces of codimension > 27?7

In dimension 4 is it not clear exactly what geometric constructions are needed to
form all the monotone polytopes. Obviously one can use bundles, or wedges of lower
dimensional (nonmonotone) polytopes. Here is a monotone polytope formed by a
different construction, that I again owe to Paffenholz [24].

Example 2.8 Let A be the 4—dimensional cube {x € R*: —1 <x; < 1}. Add the new
facet > x; > —1. The new conormal 19 = (—1,...,—1) is parallel to the exceptional
divisor that one would obtain by blowing A up at its vertex (—1,...,—1). However,
we take &€ = 3 to make a monotone blow up. This means that we have cut out some
of the vertices and edges of A, though none of its facets. The resulting polytope A’
is smooth because none of the vertices of A lie on the new facet. Really one should
think of A’ not as a blow up but as the result of symplectic cutting; cf Lerman [12].
As Paffenholz pointed out, A’ is not a wedge because its vertices do not all lie on two
facets, and it is not a bundle because it is not combinatorially equivalent to a product —
its facet Fp has more vertices than any other.

Let us say that a polytope is elementary if removing any of its facets (ie deleting the
corresponding inequality from the description given in Equation (1-1) of A) results
either in a non simple or in an unbounded polytope. Clearly any polytope can be
obtained from an elementary one by adding facets. Adding a facet is the most general
possible cutting operation, where we no longer restrict the direction of the cut to
Y icg i for some face Fy. If one wants to understand the structure of monotone
polytopes one might begin by asking about elementary ones.

13 One can check this by listing the possibilities. By [1; 31], there are only eighteen monotone

polytopes in dimension 3; they are all blow ups of polytopes obtained from simplices by forming suitable
bundles.
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Question 2.9 What are the shapes of elementary monotone polytopes? For example,
is there any such polytope that is not a bundle or wedge?

2.3 Bundles

The general definition of bundle in the context of moment polytopes is rather compli-
cated (see [22, Definition 3.10]), but that of bundle over the k£ —simplex Ay is easy since
the structure is determined by one “slanted” facet F 444 . Note that in the following
definition we put the base coordinates last, since this is slightly more convenient and
follows [22].

Definition 2.10 Write A as in Equation (2-1), and normalize by assuming n; = —e;,
i=1,...,n,where ¢;, i =1,...,n, forms the standard basis of t = R”. Then the
bundle A’ with fiber A and base Ay is determined (up to integral affine equivalence)
by an integral n—vector A := (ay,...,a,) and constant s := Kn4x + KN+k+1 as
follows. The polytope A’ lies in R”TK = R” x R¥ and has conormals

(2-3) m;=i,0,...,0), 1<i <N, ny,;=—enti. i=1...k,
k
n/NJrk_H:(al,...,an,l,...,l)=ZJ7N+,-+A,

i=1

where e¢,+;, 1 <i <k, form the rest of the standard basis in R”t%  The constants Ki,
1 <n < N, are as before, we take ky4+; =1, 1 <i <k, and choose kn 41 :=h—1
large enough that the polytope is combinatorially a product of A with Ag.

Remark 2.11 (i) A bundle over A; is formed from the product A x R by making
two slices. The bottom slice F 41 can be normalized to have equation x4+ = —1,
while the top F 4, is slanted by the vector A. If M := M, the toric manifold Ma/
is precisely My where H := A = Y |_, aje;; see [22, Example 5.3]. (As always,
a formula like this involves some sign conventions; here we follow the sign choices
in [22].)

(i) If the total space of a bundle (over an arbitrary base 3) is monotone so are the
fiber and base. Even the meaning of the second part of this statement needs clarification;
see [16, Lemma 5.2]. However, the first part is straightforward. To prove it, notice that
A C R" can be identified with the face

= AN R x{(—1,....,-1)}) = ﬂ Fiy i

1<i<k
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of A’. Therefore the unit edge vectors from a vertex V € f/ divide into two groups,
the first group consisting of the edge vectors eé/ T j =1,...,n corresponding to the
edge vectors ey; in A and the second group given by eé/j =ej, j=n+l,....n+k.
Thus, using the notation of Lemma 2.1, we have

V+Ze’Vj=u0€]R”<:>V+Zer+Zen+,-=(u0,0,...,0)€R"+k.

J j=<n i

Therefore the vertex-Fano condition at the vertex V' of A’ readily implies this condition
at the corresponding vertex V of A.

Proof of Proposition 1.13 We are given a monotone manifold of the form (Mg, wgr)
where H € t generates a loop Ag of symplectomorphisms of the toric manifold
(M,w, T). To prove (i) we must show that if // # 0 then H =1, the conormal to one
of facets of the moment polytope A of M . By Remark 2.11(ii) the manifold (M, w, T)
is monotone. Moreover, if we identify A with the facet Fy4+; = {x;+1 = —1} of
A" = Ap, each vertex V of A lies on a unique edge € that is parallel to e, .
Choose Vj € A such that this edge is shortest and then choose affine coordinates so
that Vo = (—1,...,—1), and the facets at V, have conormals —e;, i =1,...,n+ 1.
Since the center point of Ag is {0}, all k; = 1.

As in Remark 2.11(), the top facet of Ay is given by an equation of the form
Y i<n@iXi + Xpy1 = kN42 = 1, where H = (ay,...,a,). Therefore if W =
(wy,...,wy,—1) is a vertex in A = Fy41, the second endpoint of the edge ey
has last coordinate equal to 1 — ", @;w;. Hence ey has length

Lew)=2— Zaiwi > Ll(ey,) =2+ Zai.
i<n i<n
But for each i there is a vertex W; along the edge from Vj in the direction of the
i —th coordinate axis. Thus W; = (-1,...,—1,w;,—1,...,—1) where w; > —1.
Substituting W = W; in the above inequality, we find that a; <0 for all ;.

Now consider the vertex-Fano condition at the point
W=ey, NFnyr= (=1,..., =1, x441)

on the top facet. Because €y, is the shortest vertical edge, all edges through W' except
for —ey, point in directions whose last coordinate is nonnegative. (In fact, one can
check as above that the unit vectors along these edges are e; —a;e,1.) Hence, because
Xp+1 = 0, we must have x,41; = 0 or x,4+1 = 1. In the latter case all these edges
have zero last coordinate, which implies that H = (ay,...,a,) = 0. Hence Fy4; is
parallel to Fy41 and A is a product. In the former case exactly one a; is nonzero, and
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the vertex-Fano condition —1 — > a; = 0 shows that ¢; = —1 Hence H = —e; = 1;
for some i <n. Thus A is the loop given by a rotation that fixes all the points in the
facet F;. This proves (i).

To prove (ii) we must show that the bundle formed from H = »; is never trivial. Thus
we must show that such a loop A g is never contractible. One way to prove this is to
consider the Seidel representation S of the group 771 (Ham(M, @)) in the group QH™
of degree 27 units in the quantum homology ring of (M, w). (For a definition of S
in the toric context see [21, Section 2.3].) In the Fano case, it is easy to see that if
H =n;,wehave S(Ag) =[F;]® A, where A is some unit in the Novikov coefficient
ring of quantum homology, and [F;] denotes the homology class of ®~!(F;), the
maximal!* fixed point set of the loop A g ; see for example [21, Theorem 1.9]. Since
S(Ag) # [M] (the unit in QH™), the loop A g cannot be contractible.

Similarly, if the loops Ag; and Apg; are homotopic they must have equal images
under S so that [F;] = [Fj]. But it is well known that the additive relations on
Hy,_»(M) have the form

> i §)F]=0, et

1

(See [30] for example.) Hence [F;] = [F;] if and only if these two facets are equivalent
in the sense used here. a

We end with a question.

Question 2.12 s there a monotone polytope A that supports an essential mass linear
function?

Note that our constructions for monotone polytopes tend to destroy essential mass
linear functions. For example, if H is an essential mass linear function on A and A’
is the wedge of A along some facet then H does not in general induce an essential
mass linear function on A’. A similar statement is true for bundles; if A’ — Aisa
bundle with fiber A, then essential mass linear functions on A do not usually extend
to mass linear functions on A’: explicit examples are given in [23, Section 3].

2.4 An example of uniqueness

We now prove Proposition 1.8. This states that there is a unique toric structure on the
product (M, w) := (CPK x CP™, wj & howm), if k >m > 2, orif k >m =1 and

14 je the fixed point set on which the moment map H o & takes its maximum.

Geometry & Topology, Volume 15 (2011)



164 Dusa McDuff

A<1,orif k =m =1 and A = 1. Notice that all monotone products of projective
spaces satisfy these conditions. (Recall that we have normalized wy so that its integral
over a line is 1.)

Suppose that A is the moment polytope for some toric structure on M = CPkxcp™.
Then A has precisely k +m+2 = dim A +rank H?(M) facets. Hence by Timorin [30,
Proposition 1.1.1], A is combinatorially equivalent to a product of two simplices.
Therefore, because A is smooth, [22, Lemma 4.10] implies that A is a A,—bundle
over Ay for some r,s. Therefore M is a CP” —bundle over CP*. Hence H?(M:7)
contains an element o such that «®+! = 0 while &® # 0. It follows that s = k or
s=m.

Let us now suppose that A is not the trivial bundle, ie some a; # 0 in the presentation
described in Definition 2.10 for a bundle over Ag. For each vertex V of the fiber A,
there is an s—dimensional face fj- of A that is affine equivalent to V' x up Ay for
some scaling constant @y . Choose V so that pyp is minimal. As at the beginning
of Section 2, choose coordinates on R”+* so that ¥V = (—1,...,—1) and so that the
edges from V' point in the directions of the coordinate axes. Then, as in the proof of
Proposition 1.13, each a; < 0.

Now let us calculate H*(M ;Z) using the Stanley—Reisner presentation
(2-4) Z[X1. ... Xp+s+2)/Pigl(P(A) + S(A)),

where the additive relations P(A) are ) ;(n;,ej)x; =0 (where ey, ..., e, is a basis
for t*), and the set S(A) of multiplicative relations is [ [;c; x; =0, where I ranges over
all minimal subsets / C {1,..., N} such that the intersection Fy :={");c; F; is empty.
Thus in the case at hand there are two multiplicative relations, one from the conormals
(ni,0), where 1 <i <N =r+1, and the other from the conormals ny4+;, 1 <i <s+1.
The relations for the facets Fyy;, 1 <i <s+1, showthat x, 4, =+ =X, 4541 =0,
say, and ! = 0. Similarly for the facets F;, 1 <i <r + 1, we find

r+1
—Xi+Xp41+aia=0,i=1,...,r, l_[xi=0.

i=1

Thus, if we write x,; := 8 and define a, 1 := 0, we find

r+1
(2-5) 0=]]B+ai)=p"t"+o1p e+ +0pa",

i=1
where 07 := ) ; a;, and, more generally, oy is the value of the k—th elementary
symmetric polynomial on (ay,...,a,,0).
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By assumption, there are generators o, Bo € H>(M;Z) so that cxf)"H =0= (’)'H .
Therefore, for some A, B,C, D € Z with AD — BC =1, we must have

(Aa + BB =0 = (Ca+ DB) .

We now divide into cases, and show in each case if some a; is nonzero then the
conditions in Proposition 1.8 must hold.

Casel l<s<r.

In this case, the ring H*(M) is freely generated by «, B in degrees < 2s and there
are two relations of degree 25 + 2, namely

o’T1=0, (Ada+ BB)*T! =0.

If B # 0, these relations are different so that H2$%2(M) has rank s instead of s + 1.
Therefore B =0 and A = %1. By changing the sign of oy we may suppose that 4 =1,
so that D = 1. Then we have (Ca + B)"+! = 0. Again, this must agree term by term
with Equation (2-5), once we substitute o*T! = 0. Equating coefficients for B~ +1a!
withi=1,2,weneed } ;., a; = (r +1)C and };,; aia; = (r + 1)rC?. Hence we
also need ) al.z = (r 4+ 1)C?. But the last inequality together with Cauchy—Schwartz
gives

|Zai| <r Za,z < Jrvr+1|C]|,
i

a contradiction. Therefore this case does not occur.
Case2 s>r.

In this case, the relation (Ca + DB)” 71 must be a nonzero multiple of Equation (2-5).
But, if C # 0, the coefficient of o” ™1 is nonzero in the first equation, while it vanishes
in (2-5). Therefore C = 0, so that 07 = )_a; = 0. But each a; < 0 by construction.
Hence we must have a; = 0 for all 7. Hence, again this case does not occur.

Case3 s=r>1.

In this case we have four relations in degree 2r + 2 > 6, namely Equation (2-5) and

" T1=0, (Aa+BB)' T =0, (Ca+DB) ' =0

that must impose just two linearly independent conditions. Since o’ ™! = 0 is in-
dependent from (2-5), the other two equations must be combinations of these. By
permuting «q, B¢ if necessary, we can suppose that 4 # 0, D % 0. But then if we put
a”T1 =0 in the relation (Ca 4+ DB)"T! =0, we must get D" ! times the Equation

(2-5). Comparing coefficients of "« and B ~'a? we find

r(r+ I)C2

:Dza,
5 2

(r+1)C = Doy,
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which, as in Case 1, is impossible unless all a; = 0. Therefore this case also does not
occur.

Cased r>s5s=1.

Let us go back to the polytope A and look at the face fjr =~ puypA® at our chosen
vertex V. Every edge € in fy has first Chern class given by!?

(2-6) cr)=s+1+> a.

Now observe that the submanifold ®~!( f}-) is a section of the bundle M — CP?, so
that the 2—sphere ®~!(¢) lies in a homology class of the form gL, + Ly, where L;
denotes the line in CP*.

Now observe thatif r > s =1 we must have r =k and s = m, whileif r =5 =1
we may assume that » = k and s = m. Then, in both cases, we have w(L,) =1 and
w(Lgs) =M. Hence w(qL, + Ls) =g+ A > 0. On the other hand if some a; < 0 then
c1(€) <s+1 sothat ¢ < 0. Therefore this case does not occur when A < 1.

Finally note that if » = s = 1 we can interchange the roles of r and s, replacing A by
1/A. Therefore, when k = m = 1 our argument rules out the existence of nontrivial
bundles only in the case A = 1.

This completes the proof.

Remark 2.13 As is clear from Definition 2.10, toric bundles over Ay and with fiber A
of dimension r are determined by one vector H = —(ay, ..., a,) that generates a circle
action A g on the fiber (1\7 ,w) = (M}, w). It is tempting to think that this bundle
is trivial as long as this circle contracts in Ham(]l? ,w). But as we saw above, this
clearly need not be so when k > 1. For example, if A= A, then H =(1,0,...,0)
generates a circle A g that lies in SU(r + 1). Since 7 (SU(r + 1)) = Z/(r + )Z,
we find that A(,41)g contracts in SU(r + 1) and hence in Ham(CP"). On the other
hand, by Proposition 1.8 the bundle is nontrivial when k& > 1.

To understand this notice that, if Ay contracts, then the classifying map cpPk -
BHam(A7 , ®)) induces the null map on the 2—skeleton CP! C CPk . When we contract
this 2—sphere, we get further obstructions to the null homotopy of the whole map.
These obstructions are explained by Kedra and McDuff [10, Theorem 1.1]. We show
there that the existence of the contractible circle A g in Ham(M, w) creates a nonzero

15 Here ¢ (¢) is more correctly described as the first Chern class of the restriction of the tangent

bundle TM to the 2—sphere &~ 1(¢). The paper [9] describes how to calculate ¢ (¢) when n = 2. See
also Remark 3.2 below.
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element!® (a kind of Samelson product) in 773(Ham(M, w)) = w4 (BHam(M, w)), that
has nonzero pullback under the classifying map CPk - BHam(M, w) of this bundle.
Thus the bundle is nontrivial. This makes it unlikely that the total space could ever be
diffeomorphic to a product, though it does not completely rule it out without further
argument.

3 Questions concerning finiteness

3.1 Finite number of toric structures

Proposition 3.1 Let (M, w) be a 2n—dimensional symplectic manifold. Then, the
number of distinct toric structures on (M, w) is finite, where we identify equivariantly
symplectomorphic actions.

Proof Let ®: M — R” be the moment map of some toric structure on (M, w) with
image ®(M) =: A. The number N of facets of the polytope A is n+dim H*(M;R).
We first show that A is determined by the classes x; € H2(M;Z),i =1,..., N, that
are Poincaré dual to the divisors ®~1(F;) corresponding to the facets F;. Then we
will show that these classes x; lie in a finite subset of H*(M ;7).

To prove the first statement, number the x; so that x;x;...x, # 0 and e; :=
—X1,...,€n .= —Xxy, form a basis for H 2 (M ;Z). Then the Stanley—Reisner presenta-
tion of H*(M) (cf Equation (2-4)) implies that the coordinates of the conormals for
the other facets can be read off from the linear relations between the x;, i =1,..., N.
(Recall that we always assume that the conormals are primitive integral vectors, ie that
their coefficients have no common factor.)

Therefore it remains to determine the support constants k; . Because of the translational
invariance of A, the first n of these can be chosen at will. Once these are chosen, the
other k; can be determined by looking at a suitably ordered set of edge lengths. To see
this, let us set k; = 0,7 < n, so that

vo =y Fi = (0,....0).

Suppose that v is connected to vg by the edge ¢; that is transverse to F; at vg for
some j <n.Then €¢; = ();c; Fi where I :={i <n,i # j}, and its affine length is

L(ej) =f [w]=/M xrlw], where xy := l_Ix,'.
€j iel

16 It is detected by a characteristic class very similar to those used by Shelukhin; cf Equation (4-4)
below.
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If the other endpoint of €; is transverse to Fj, then ki is determined by {(¢;).
Proceeding in this way, we can find kj first for all facets joined to vy by one edge,
then for those joined to vy by a path consisting of two edges, and so on.

Therefore it suffices to show that there are a finite number of possibilities for these
classes x; € H*(M:;Z),i =1,..., N. Following a suggestion of Borisov!’, let us
look at the Hodge—Riemann form on H?(M ;R) given by

(a, B) := /M o B2

By the Hodge index theorem, this is nondegenerate of type (1,—1,...,—1); in other
words it is negative definite on the orthogonal complement to [w]. (A nonanalytic proof
of this result for toric manifolds may be found in Timorin [30].) Write x; = y; + ri[w]
where (y;,w) =0 and r; € R. Then each r; > 0, since

ri{w, w) = (x;, w) =/ " 1>0
F;

because it is a positive multiple of the w—volume of the Kihler submanifold ®~!(F;).
Further, because ¢q (M) = >_ x; by Davis and Januszkiewicz [4], we have

Zri (w,w) = Z/M xio" = /M a(M)o" ! = Clw,w).

Therefore, each r; < C, so that 3 r? ri <NC 2. Finally, because c1 2¢) = Y x? X; we

have
A::/ (c12—2cz)a)”_2:E Xi, Xi) E ri —I-E (yi, yi).
M
i

Since each (y;, y;) < 0 by the Hodge index theorem, we find that
0<— (yi,yi) SNC*/V*-4
i
Therefore the integral classes x; lie in a bounded subset of H?(M ;R). Thus they are
all contained in a finite subset of H?(M ;7). a

Remark 3.2 There are various elementary proofs of finiteness when [w] is integral.
Perhaps the simplest is again due to Borisov, who pointed out the following argument.
Normalize A so that one vertex is at the origin and the edges from it point along the
positive coordinate axes. Denote by S; the (n — 1) simplex in the hyperplane & = 0
with edges of unit length, and suppose that v = (ay,...,a,) € Z" is some vertex of A.

17 private communication
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Then the volume of the cone spanned by S; and v is a;/n!. Since this cone lies in A,
the coordinates of v are bounded by the volume V' of A. Therefore, the vertices lie in
a bounded subset of the lattice Z” whose size is determined by V = (1/n!) [}, »".

Another approach is first to note that the number and affine lengths of the edges are
bounded by some constants K, L because the sum of their lengths is f M Cn—1@ and
each edge has length at least 1. It then follows that the geometry of each edge € is
bounded. To see this, note that this geometry is determined by the Chern numbers cF, (¢)
of the normal line bundle to F; along ®~!(¢), where Fi,..., F,_; are the facets
containing €. Because each edge has length between 1 and L and each 2—face is a
convex polygon, we must have cf, (¢) < L for each such i. But f@—l(e) (M) =
2+ Y ;cr (€). It follows that the cF, (¢) are bounded above and below. Since A
is made by putting together at most K edges, there are again only finitely many
possibilities for A.

Proof of Theorem 1.2 The proof of Proposition 3.1 used only cohomological facts
about M . The number of facets of A is determined by the rank of H?(M ). We also
needed to know [, 0", [, c10" ! and [3,(c}—2¢;) "2, But, once one knows the
classes c¢1, ¢, and [w], these integrals are determined by the integral cohomology ring.
This holds because there is a unique generator u of H>"(M;Z) such that " = Au
for some A > 0, and then an integral such as | M cio" ! is equal to a € R, where

c1w" ' = au. This completes the proof. a

3.2 Manifolds with more than one toric structure: Blow ups

One easy to way to construct different toric structures on a symplectic manifold (M, w)
is by blowing up. Suppose given a toric structure on (M, ®) with moment map
®: M — A. As we show in more detail in [23, Section 3], blowing up along a face
f = fr of codimension k = |I| > 2 adds a new facet Fy to the polytope with conormal
nNo = )_; ni and constant ko = ) ; k; —&. The new moment polytope Ar is A~Yy,,
where

Yie=1{6€ At (no.§) > ko).

This is a smooth moment polytope for small ¢ > 0. The corresponding symplectic
manifold (]\7 £, We) is formed from (M, w) by excising o1 (Yf,¢) and collapsing the
boundary along its characteristic flow. This is an example of symplectic cutting; cf
Lerman [12]. If f = v is a vertex, we call the resulting toric manifold a one point toric
blow up of weight ¢. The underlying symplectic manifold is called the'® one point
blow up of (M, ).

18 A subtle point is concealed here. For most manifolds it is not known whether there is ¢ > 0 such
that the space of symplectic embeddings of a ball of size ¢ < ¢( into (M, w) is connected. Since each
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Lemma 3.3 Let (M,w,T) be a toric manifold with moment polytope A. Then there
is €9 > 0 such that if 0 < ¢ < g all of its one point toric blow ups of weight ¢ are
symplectomorphic.

Sketch of proof In this case ®~! (Yf,¢) is the image of a standard ball B?"(g) of
radius \/s/_n . Because the Hamiltonian group acts transitively on M , it is easy to see
that given any two symplectic embeddings B2>"(¢') — M one can find gy € (0, ¢’)
such that their restrictions to B2"(go) — and hence to any smaller ball — are isotopic.
This implies that the corresponding blow up manifolds are symplectomorphic; see
for example [19]. To complete the proof, it remains to observe that there are a finite
number of toric blow ups. a

Similarly, if one blows up along faces f, f” for which the inverse images ®~!( ) and
®~!( f’) are Hamiltonian isotopic, the resulting blow ups are symplectomorphic for
small enough ¢.

Remark 3.4 There are many interesting questions here about exactly how big one
can take g to be; cf the discussion in Pelayo [25, Section 3].

Definition 3.5 Two vertices of A are said to be equivalent if there is an integral affine
self-map of A taking one to the other. Further we define Aff(A) := Aff(A(x)) to be
the group of all integral affine self-maps of A(k), and Affy(A) to be the subgroup that
is generated by reflections that interchange equivalent facets.

As explained in the discussion after Definition 1.12, the elements of Affy(A) lift to
elements in the Hamiltonian group of (M, w) while the elements in Aff(A)~ Affy(A)
lift to sympectomorphisms that are not isotopic to the identity; in fact, because they
interchange nonequivalent facets, they act nontrivially on H?(M). (See also Ma-
suda [13].) Observe that Aff(A) depends on «, while Affyg(A) does not. (In the
terminology of [22], Affy(A) consists of robust transformations.) In particular, the
question of which vertices of A(k) are equivalent depends on «. Explicit examples
of this are provided by blow ups of CP?. Note also that, when « is generic, the two
groups Aff(A(x)) and Affy(A(k)) coincide because different homology classes in
Hj,_>(M) are distinguished by the w—volume of their representatives.

The next corollary follows by combining these remarks with Lemma 3.3.

such embedding gives rise to a symplectic blow up (see [19]), it is not known whether all sufficiently small
one point blow ups are symplectomorphic. In the toric case, this problem does not arise since we have
given a unique way to do such a blow up at each vertex. Even if one allows an ostensibly more general
process by using equivariant embeddings, the invariance of the image (see Pelayo [25, Lemma 2.1]) shows
that this gives nothing new.
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Corollary 3.6 Let (M,w,T) be a toric manifold whose moment polytope has k
pairwise nonequivalent vertices. Then there is €9 > 0 such that for all 0 < ¢ < g the
one point ¢ -blow up of (M, w) has at least k different toric structures.

Proof Let A be the moment polytope of (M,w,T), and let A, and A be the
polytopes obtained by blowing up A at two nonequivalent vertices v’ and v” by some
amount ¢ > 0. Delzant’s theorem [5] states that a toric manifold is determined up to
equivariant symplectomorphism by the integral affine equivalence class of its moment
polytope. Therefore if the toric manifolds corresponding to these two blow ups are
equivariantly symplectomorphic there is an integral affine transformation A4, taking A’
to A. We may suppose that ¢ is less than half the length of the shortest edge of A.
Then the only facet of A} with all edges of length ¢ its the exceptional divisor F. Since
a similar statement holds for AY, the facet A(F;) must be the exceptional divisor F
of A. But the quantities ; and «; that determine the other facets of A/, and A/ are
independent of ¢ and must be permuted by A.. Hence A, induces a self-map of A
which is independent of ¢ and takes v’ to v”. Thus v’ is equivalent to v”, contrary
to the hypothesis. Thus the toric manifolds obtained by blowing up two nonequivalent
vertices are not equivariantly symplectomorphic. One the other hand, if ¢ > 0 is
sufficiently small the underlying manifolds are symplectomorphic by Lemma 3.3. O

We begin the proof of Proposition 1.4 by considering the following special case.

Lemma 3.7 Suppose that A is a nontrivial and generic bundle over A{. Then A has
at least two inequivalent vertices.

Proof By Definition 2.10 the structure of A is determined by the vector A =
—(ay,...,a;) and the length /. The bottom and top facets F 41 and Fy 4, are equiv-
alent, and, as explained in the proof of Proposition 1.13, the numbers 4 —ay,...h—a,,
h—ayyq1 (where a,4+1 := 0 as in Section 2.4) are the lengths of the vertical edges
of A, ie those that are parallel to e, 1, going between the bottom and top facets. Since
A # 0, there are two vertices vy, v on the bottom facet F 4 that are the endpoints
of vertical edges of different lengths. Since A is generic, we can choose / so that every
affine transformation of A must preserve the set of vertical edges (possibly changing
their orientation), because there are no other edges of precisely these lengths. Hence
v, and v, cannot be equivalent. a

Remark 3.8 It is possible that there are just two equivalence classes of vertices. For
instance A might be a A,-bundle over A; with 4 = —(0, 1).

Geometry & Topology, Volume 15 (2011)



172 Dusa McDuff

The following lemma generalizes Theorem 1.20 of [22] which imposes the extra
condition that Fj :=(");c; Fi = @ for all equivalence classes I and concludes that A
is a product of simplices.

Lemma 3.9 Suppose that each facet F; of A is equivalent to some other facet Fj .
Then, if k is generic, either A(k) is a product of simplices or A(x) has at least two
nonequivalent vertices.

Proof If A has dimension 2, then it must either be A, or Ay x A;. Now assume
inductively that the lemma holds for all polytopes of dimension < n — 1, where
n:=dimA.

Suppose first that there is some equivalence class I with |/| > 3 and renumber the
facets so that {1,2} C I. Then by Proposition 3.17 of [22], A is the 1-fold expansion
of the facet F, along its facet Fy,. In particular F, is pervasive, ie meets all other
facets. Lemma 3.27 in [22] states that, when F; is pervasive, two facets Fj, Fy, where
J.k # 2, are equivalent in A exactly if the facets F,;, F; are equivalent in F.
Because |/| > 3, this implies that there is j € /~{1,2} such that F,; ~ F,;. Hence,
the equivalence classes of facets of F, all have more than one element. Therefore,
by the inductive hypothesis F5 is either a product of simplices or has at least two
nonequivalent vertices.

In the former case, A is the expansion of Fy = Ay x---X Ak,, along a facet Fp, that
we may assume to have the form F x Ag, X ---x Ay for some facet F of Ag, . Itis
now easy to check from the definition of expansion that

A= Agy g1 XX A,

In the latter case, there are at least two vertices vy, vy of F, that are not equivalent under
Aff(F,) = Affy(F,). It suffices to show that they are not equivalent under Affy(A).
Suppose not, and let ¢ € Affy(A) be such that ¢(vy) = v,. Then ¢(F,) # F,. But
because ¢ € Affg(A) we must have ¢ (F,) ~ F,. Let o € Affy(A) be the reflection
that interchanges the facets ¢ (F,) and F,. Then co¢p(Fy) = F,. But vy € FoN@(F7)
is fixed by «. Hence v; and v, are equivalent in F», contrary to hypothesis. This
completes the proof when there is some equivalence class with > 2 facets.

It remains to consider the case when all equivalence classes have two elements. Sup-
pose there is such an equivalence class I = {1,2} with F;, = &. Then again each
equivalence class of facets of F, has at least 2 elements, and [22, Proposition 3.17]
implies that A is an F,—bundle over A;. If this bundle is nontrivial, then Lemma 3.7
implies that A has at least 2 nonequivalent vertices. If it is trivial, then either F, (and
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hence also A) is a product of simplices, or we can use the two nonequivalent vertices
of F, supplied by the inductive hypothesis to find two such vertices of A.

The remaining possibility is that each equivalence class consists of precisely two
intersecting facets F;, F;, 1 <i < {. In this case, the proof is completed by Lemma
3.10 below. i

Lemma 3.10 Suppose that A is a polytope such that each facet is equivalent to at
most one other. Suppose further that each pair of equivalent facets intersects. Then, for
generic k , the polytope A(k) has at least five nonequivalent vertices.

Proof Pick one facet F;, 1 <i </, from each equivalence class with more than one
element, and denote the other facets in these equivalence classes by F; where F; ~ F.
We first claim that the face f := F; N---N F; has the following properties:

@ f#9.
(b) A is made from f by expanding once along each of the facets F; N f.

(¢c) No two facets of f are equivalent.

(d) f has at least 5 vertices.

We prove this by induction on £. If £ =1, (a) is clear and (b) holds by [22, Proposi-
tion 3.17] (which states that when F; N F| # @, the polytope A is the expansion of F;
along F1 N F { ). Therefore F is pervasive, so that we can deduce (c) by applying the
result [22, Lemma 3.27] which is quoted above. Finally note that the only polytopes
with <4 vertices are the simplices Ay, k < 3, and the trapezoid. Since these all fail
condition (c), (d) must hold. Thus these claims hold when £ = 1. If £ > 1, apply the
inductive hypothesis to F; and use [22, Proposition 3.17].

Now consider the face f as a polytope in its own right, and pick any two distinct
vertices vy, v, of f. Because k is generic, every self-equivalence of f (resp. A) acts
trivially on homology and so belongs to Affy( f) (resp. Affy(A)). Hence condition (c)
implies that no two vertices of f are equivalent as vertices of f. It follows easily that
they cannot be equivalent in A. For because the self-equivalences ¢ of A belong to
Affy(A) they are products of the commuting reflections p;, where p; interchanges the
pair F;, F] and acts as the identity on all other facets. If vy, v, are equivalent in A,
we may choose ¢ € Affy(A) which is a product of a minimal number of the p; so that
¢(v1) = vy. If ¢ interchanges F;, F; then, as above, both v; and v, lie in F; N F}.
But then p; o ¢ is a shorter product that takes vq to v,, a contradiction. Thus A has at
least 5 inequivalent vertices. a
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Proof of Proposition 1.4 We must show that the one point blow up of the toric
manifold (M, w) has at least two toric structures, provided that w is generic and M is
not a product of projective spaces with the product toric structure. By Corollary 3.6, it
suffices to show that if all vertices of A(x) are equivalent for some generic k then A
is a product of simplices. This will follow from Lemma 3.9 if we show that each facet
of A is equivalent to at least one other facet. But given a facet F and a vertex v’ ¢ F,
by hypothesis v’ is equivalent to every vertex v € F. Hence there is ¢ € Affy(A) that
takes v to v’. Therefore ¢ (F), which contains v’, cannot equal F. Therefore F is
equivalent to at least one other facet, namely ¢ (F). |

4 Full mass linearity

We begin by improving some results from [22] and then introduce the idea of full mass
linearity.

4.1 Some properties of mass linear functions

Let M be a toric 2n—dimensional manifold with moment polytope A, where
A={tet’: (n.,&)<Kki,i=1,...,N}.

Consider the volume V(k) of A as a function of its support numbers «;, i =
1,..., N. The results of Timorin [30] show that the algebra H*(M ;R) is isomorphic
to R[d1,...,dx]/1(V) where we interpret d; as the differential operator d/dk; and
I1(V) consists of all differential operators with constant coefficients that annihilate
the polynomial V'; cf the discussion at the beginning of Section 2.6 in [30]. His
argument is the following. He observes that the translational invariance of V' implies
that ) (£,7;) 0;V =0 for all £ € t*. Further, he shows that 0y V =: V7 is the volume

1 k
1 Ff:=—
vol r'y k!/l;D(FI)w

of the Kihler submanifold ®~!(F;) of the face F;. (Here M is equipped with the
natural symplectic form @w = w(«x) whose integral over the 2—sphere corresponding to
each edge is the affine length of that edge.) It follows that d; V' = 0 whenever F; = &.
He then shows in [30, Theorem 2.6.2] that these relations generate /(1'). It follows
immediately that his algebra is isomorphic to the Stanley—Reisner presentation for
H*(M) described in Equation (2-4).

Note that this isomorphism takes d; to the Poincaré dual of the facet F;. Hence the
first Chern class of M is represented by the operator ) ; d;. More generally, the k—th
Chern class is represented by the operator ZI I|=k ar .
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Consider an element H € t. By taking inner products, we get an induced function,
also denoted H, from A(k) — R. This is said to be mass linear if H(By) is a linear
function of the «;, where B, is the barycenter of A(x). Thus there are constants y; € R
such that H(By) = )_ yik;. It is proved in [22, Lemma 3.19] that in this situation the
vector H € t is precisely ) _ yin;. Thus, if H is mass linear, there are constants y;
such that

(4-1) H(Bp) =) yiki and H=) ym;.

If u denotes the moment [, H dVol of H we have u = H(B,)V . Generalizing
Timorin’s ideas, we proved the following result in [22, Proposition 2.2].

Lemma 4.1 For any H € t the face Fy has volume V; := d;V and H-moment
wr =0rp.

Therefore, in the mass linear case we have
ur=HB)Vr+ > viViu

The following combinatorial result improves some of the conclusions of [22]. We
denote by €,; the directed edge that starts at the vertex v and ends transversely to Fj.

Proposition 4.2 Suppose that H € t is mass linear and H(B,) = )_ yj«;. Then:

i ;v =0.
(i) Y {(eyj)yj = 0 where the sum is over all directed edges €,; , and £(€) denotes
the affine length of €.

Proof (i) Fix a vertex v := Fj. For each i € I there is a unique edge je, = Fy;
that starts at v transversely to F;. Its other endpoint is transverse to a unique facet
Fj where j ¢ I. (Thus ;e, = €,; in the previous notation.) For each j ¢ I define
1(j) C I to be the (possibly empty) set of i such that the second endpoint of ;e is
transverse to Fj. Then the sets I(j), j € I, form a partition of /. Correspondingly,
the sets JY(j) := I(j)U{j},j € I, form a partition of {1,..., N}. Therefore, (i)
will follow if we show that

Z yi=0 forall j &1].
ieJv(j)
But this holds by the following calculation. Fix j € I and let K(j):=1U{;}. We

first claim that for each k € K, the vertex Fi )k is nonempty exactly if k € JV(j).
This is clear if k = j. Otherwise k € I and Fgx = Frx N Fj is nonempty exactly
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if the second endpoint of g€, lies on Fj, in other words exactly if k € I(j). Using
Lemma 4.1 and the fact that the intersection of every set of n + 1 facets is empty, we
now find that

0=pnky) = 31((2 Yiki V) =Y viVkui= Y. v
ieK ieJV(j)
(i) Given K C {1,...,N} with |[K| = n + 1, define £(K) to be the set of all
edges Fr, where L := Ly, := K~{s,1} is an edge with endpoints wy := Fg s and
w; := Fg (. These sets partition the set of all edges of A, since for any edge € the
set K(€):={i: F; Ne # @} has precisely n + 1 elements, and € € £(K(¢)).

If £(K) # @, pick any directed edge €,; € £(K). Then K =IU{j}, in the language of
(i). Consider any edge L € £(K). If s = j then the edge has endpoints v = w; and
w; € Fj, and so is the edge previously called se,. Otherwise wg, w; € Fj. Observe that
ws and w; are joined by the edge F(r(s,ry)uij) € E(K). It follows that the edges Ly,
in £(K) form a complete graph. Moreover these are the edges of the dimension m
face f:=(\ser<1(;) Fs» where m = [I(j)|. Hence this face is a simplex, so that all
its edges have the same length A.

We need to calculate the sum of £(e,;)y; over directed edges. But this equals the sum
of £(¢)(ys + y:) over unoriented edges, where € joins Fg to F;. We proved in (i) that

Y. w+vo=0

Ls.t Gg(K(j))

Since the sets £(K(j)) partition the edges of A, this proves (ii). a

Remark 4.3 The above proof shows that the coefficients y; of a mass linear function
satisfy many enumerative identities, that is, identities that depend only on the combina-
torics of A. Thus the existence of a mass linear function imposes many restrictions on
the combinatorics of A. For example, if there is no edge from the vertex v to Fj, then
the equivalence class J(j) = I(j)U{j} in (i) consists only of {j}, and we conclude
that y; = 0. This reproves the result in [22, Proposition A.2] that every asymmetric
facet is powerful. Using this, one can immediately deduce that many polytopes have
no nonzero mass linear functions H . For example, no polygon with more than four
edges has such an H.

As another example, suppose that A is any polytope other than a simplex and blow it
up at one of its vertices vg to obtain A’. Then, because A has > n + 1 vertices, there
is a vertex w in A that is not connected to vy by an edge and so is not connected to
the exceptional divisor F(’) of A’ by an edge. Therefore if H is a nonzero mass linear
function on A’, the coefficient yq in the expression H(B,(A’)) must vanish; in other
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words the exceptional divisor F{ is symmetric. A similar argument shows that every
H —asymmetric facet F] of A’ (ie one with y; # 0) must meet F. For otherwise,
the corresponding facet F; of A does not meet vg. Since A is not a simplex there is
an edge € from vy which does not meet F;. In the blow up, this edge meets F() ina
vertex v’ which is not joined to F; by an edge. (There is only one edge from v’ that
does not lie in Fj, namely the blow up of €.) Hence F; is not powerful, contradicting
our previous results.

This discussion is taken much further in the papers [22; 23], that classify all mass
linear functions on polytopes of dimensions < 4. However, rather than focussing
on combinatorial identities these papers analyze the properties of the symmetric and
asymmetric facets.

4.2 Full mass linearity

The following condition was suggested by the work of Shelukhin which is discussed
further in Section 4.4 below.

Definition 4.4 Let H €t. Foreach s =0,1,...,n, let
vi= YV
|I|=n—s
be the sum of the volumes of the faces of dimension s, and let
W=
|I|=n—s

be the sum of the corresponding H —moments. Define B to be the center of mass
of the facets F* := U|I|=n—s Fr. Thus By, is the usual center of mass and By is the
average of the vertices. Then we say that H is fully mass linear if H(Bs) = H(By)
forall s =0,...,n—1.

Note the following points.

e Since By is clearly a linear function of the support numbers «;, every fully mass
linear function is mass linear.

o Every inessential function is fully mass linear since the barycenters By must lie
on all planes of symmetry of A, ie they are invariant under the action of elements in
Affy(A).

e We explain in Section 4.4 Shelukhin’s argument that the quantities H(Bs)— H(B;)
are values of certain real-valued characteristic classes for Hamiltonian bundles with
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fiber (Ma, wy). It follows that the function H is fully mass linear whenever A g has
finite order in 11 (Ham(M As wK)). In fact, there is one such characteristic class /g for
each product c¢g of Chern classes on M . However, as we show in Corollary 4.18, the
vanishing of these classes /g gives no new information.

We continue our discussion by explaining precisely what full mass linearity means.

Lemma 4.5 Let H € t be mass linear with H(B,) = )_ yiki. Then H(Bp—,) =
H(By,) exactly if the identity

(xr) >, viVr =0,

i, Jied,|J|=r—1

holds, where we interpret (x1) to be the identity Y y; = 0. In particular, H is fully
mass linear exactly if (x,) holds forr =1, ...,n.

Proof First consider ”~!. By Timorin [30] we have u"~! =", ;1. Therefore,
because H is mass linear,

H(By)V" ="~ =3 i
=S HB)Vi+ > %D viKj)V

=HB)V"'+(D_w)V.

This proves the case r = 1 of the first statement. Note also that because Y y; = 0 by
Proposition 4.2 (i), we always have H(B,—1) = H(By).

More generally, since Y y; = 0, we have

H(Bp— )V =u"" = Z oy (Z Vjkj V)

|I|=r
=HB)V""+ Y ydsV
i¢J,|J|=r—1
=HBI)V""+(Q_ v) D V- D sV
i |J|=r—1 ieJ,|J|=r—1
=HB)V""— Y vV
ied,|J|=r—1

Therefore we see that the identity H(B,—,) = H(By) holds exactly if (*,) holds.
This proves the first statement. The second is clear. a

Geometry & Topology, Volume 15 (2011)



The topology of toric symplectic manifolds 179

Remark 4.6 The identity (s,41) is D ;¢ 7.17|=n ¥iVy =0, which is equivalent to say-
ing that ) °; N;y; =0 where N; is the number of vertices in the facet ;. But this holds
for all mass linear functions, as one can see by computing 0=13_ |+ 01 (X yikiV)
as above. Another way to calculate this is to think of it as a sum over directed edges,
namely ) e Vi We proved that this sum vanishes in the course of proving part (ii) of
Proposition 4.2 since the lengths turned out to be irrelevant.

Proposition 4.7 The following conditions are equivalent:

e H is mass linear.
* H(Bn) = H(Bo).
* H(Bn) = H(By-1) = H(By).

Proof If H is mass linear, then we saw in the proof of Proposition 4.7 that H(B,) =
H(B,_1) because Y y; = 0. Further, the difference between u® = H(By)V° and

H(B,)V° is
Yoo owVi= ). yilF)).
ieJ,|J|=n—1 ieJ,|J|=n—1
But we saw in Proposition 4.2(ii) that this sum vanishes. Hence the first condition
implies the second and third.

But we noted earlier that H(By) is a linear function of the k;. Hence the second
condition implies the first. O

Remark 4.8 (i) This argument shows that the identity H(B,) = H(By) implies
H(B,) = H(By,—1). Thus if H is mass linear these three points always lie on the
same level set of H . In contrast, Shelukhin [29] showed in the monotone case that the
three points B, B,—1 and By are collinear.

(i) The r—th equation in Lemma 4.5 corresponds to a condition on u®, where
s = n —r that we calculate assuming that A is mass linear. Therefore this equation
is not equivalent to the fact that H(B,—,) = H(By). In fact, we give an example
in Remark 4.10 (ii) below showing that the identities (x,), r = 1,...,n do not by
themselves imply mass linearity.

Corollary 4.9 Suppose that the mass linear function H has coefficients y; as in
Equation (4-1). Then H is fully mass linear exactly if ) _ y; 85.‘1/ =0 for all k =
I,...,n.

Proof These identities are equivalent to (x,), ¥ = 1,...,n because the functions
> xlk form a basis for the symmetric polynomials over Q. a

Geometry & Topology, Volume 15 (2011)



180 Dusa McDuff

Remark 4.10 (Geometric interpretation of equations (*,)) (i) Inessential mass
linear functions H are generated by vectors £y € t* with the property that the facets

{Fi - (ni.&m) # 0}

are all equivalent. In this case, we saw that

H(Bu()) =Y (ni-Em)ci, aswellas H =Y (ni.&m)ni.

Moreover, if H is elementary, ie of the form 7n; —n;, then by [22, Lemma 3.4] there
is an affine reflection symmetry of Ag that interchanges the two facets F; and Fj
preserving the transverse vector £y .

We claim that a very similar statement holds for mass linear functions H that sat-
isfy (#;). In other words, for each such function there is a vector £ € t* such
that

(4-2) vi = (ni,ém) where H(Bu(k)) = ) yiki.

To see this, observe that equation (x;), Y ; ¥i Vi = 0, says that the operator ) y;0; is
in the annihilator 7(V'). Timorin showed that (V') is generated by additive relations
of the form ) (n;,£)d; = 0 where & € t*, as well as some multiplicative relations
dr =0. Since ) y;0; is linear, it has to correspond to some vector & € t*. Note that
the first part of Equation (4-2) shows that £z must be parallel to all symmetric facets.
However, it is not clear whether there is further geometric significance to this vector.

This observation explains the condition »_ y; @; = 0 in Lemma 4.11 below. For in
this case &g = —(¥1. ..., k. 0) € R¥T! = t* while the two facets with conormals
Npt1 =(0,...,0,1) and 1,42 = (—ay,...,—ag, 1) are symmetric.

(ii) In general, one cannot reduce the mass linearity condition for H := ), (n;, Eg)n;
to any obvious condition on &z . Consider for example the A; x A;-bundle over A;
with conormals

nl = —€q, 7]2:_32» 773 =éeq, n4:eZv 775 = —es, 7751=6’3—U,

where v = (ay,a;,0) as in Lemma 4.11. For generic (a1,a,) (ie ajay # 0, and
ay —ay # 0), this has just one pair of equivalent facets, namely the base facets Fs, Fg.
Since the other facets are neither pervasive nor flat, [22, Theorem 1.10] implies that A
has no mass linear functions for which Fs, Fg are symmetric. On the other hand, if
¢ = (—ay,a1,0) we get H =as(n1 —n3)—ai1(ny —n4). So this H satisfies (1),
and it satisfies (*,) by construction. One can easily check that (x3) holds. Thus, by
Proposition 4.2, H satisfies all the identities in Lemma 4.5, but it is not mass linear.
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4.3 Examples

We now describe one of the basic examples from [22; 23]. Suppose that A C Rk xR
is a A¥_bundle over A' with conormals

ni=_eisi=17'-'7 ) nk—l—l Zel’

(4_3) i=1 )

Nk+2 = —C€k+1> Nk+3 = Ck+1 T Zaiei
i+1
(cf Definition 2.10). Thus A is determined by the vector A := (ay,...,a). For
convenience we later set ag 41 :=0.

Lemma 4.11 With A as in Equation (4-3), the function H = Zl_l yin; is tully
mass linear exactly if it is mass linear, which happens exactly if

Z)/,'=0 and Z)/iai=0.

Proof It is easy to check that the volume function of A is

Vik) = —h U O ai) Akt

(k+1)!
k+1
where h =Ky +Kiq3+ Z aiki, A= Z Ki.
i<k+1 i=1

Moreover, one can show by direct calculation that H = Zl_l yin; is mass linear
on A exactly if > y; =0 and > y;a; = 0. The case k = 3 is worked out in detail in
[22, Proposition 4.6]. The general case is similar; details will appear in [23, Section 4].

Therefore we need to show that these two conditions imply that H is fully mass linear.
By Corollary 4.9 it suffices to see that ) y;07"V = 0 for all m. This is an easy
calculation. Note also that when m = 1 this condition says that Y y;a; = 0 and is
equivalent to the statement that H(B,—,) = H(By). a

Corollary 4.12 Every mass linear function on a polytope of dimension d < 3 is fully
mass linear.

Proof This is an immediate consequence of Proposition 4.7 when d = 2, and is

anyway clear because all mass linear functions in 2 dimensions are inessential, and
hence fully mass linear. We showed in [22] that when d = 3 the only essential mass
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linear H occur on polytopes that are A, bundles over A;, and (modulo adding an
inessential function) are of the form considered in Lemma 4.11. Hence the result
follows from Lemma 4.11. a

Remark 4.13 In dimension 4, it is easy to check that a mass linear function H is
fully mass linear if:

it is geometrically generated; ie there is vector £ € t* such that y; = (n;, Eg)
for all 7 ; and

* D izjijeaViVij =0 where A={i: F;is asymmetric} = {i : y; # 0}.

The pairs (A, H) where A has dimension 4 and H is essential are classified in [23].
It appears that in all cases H is fully mass linear. It would be interesting to find a
more conceptual proof; the classification in [23] is too complicated to transfer easily to
higher dimensions.

4.4 Mass linearity and characteristic classes

We now explain Shelukhin’s approach to mass linearity. Every Hamiltonian bundle
P — S? with fiber (M, ) carries a canonical extension u € H?(P;R) of the class of
the symplectic form on M called the coupling class.'® One also considers the vertical
Chern classes c,‘,’i”s € H*(P), which are just the ordinary Chern classes of the tangent
bundle to the fibers of P — S2. Using this data one can define a homomorphism
w1 (Ham(M, w)) — R by integrating a product of some vertical Chern classes with a

suitable power of u over P. For example, we define I; by integrating ¢,y u* +1.20

If the element A g € w1 (Ham(M, w)) is toric, then as we saw above My is toric.
Moreover, for each s =0,...,n—1, the class ¢, is Poincaré dual to F3;, the union
of the faces of Ag of dimension s + 1 and transverse to the fiber, ie the union of the

prolongations to A g of all faces of A of dimension s.

Shelukhin showed in [29, Theorem 4] that H is fully mass linear if and only if the
corresponding loop A g € w1 (Ham(M, w)) is in the kernel of the homomorphisms 7,
for 0 < s < n. In fact, by finding a nice representative for the coupling class u in terms
of the normalized Hamiltonian H — H(B,,), he showed that

(4-4)  Iy(Apg) = const / (H — H(By)) dVol = const (H(By) — H(B,))V".
FS

19This is the unique extension such that J P utl =0,
20 These characteristic classes were first defined by Lalonde, McDuff and Polterovich [11]; see also
Kedra and McDuff [10, Section 3].
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This motivated Definition 4.4: since our work on mass linear functions is primarily
aimed at understanding the kernel of the map 71 (7)) — 7; (Ham(M, w)), fully mass
linear functions are really more relevant to us than mass linear ones. However, the
examples in the previous section show that mass linearity seems to be the most crucial
part of the full condition.

More generally, given any tuple f := (B1,...,Bxn) with |B]:=> if; <n+1, set
cge“ = ]_[(clye“)ﬂi and define

(4-5) Ig(H) = / cptu P
My

Shelukhin also observed that /g(H) must vanish if A g has finite order in 7 (Ham).
If cg:= ]_[(c,-)ﬂf is represented by the weighted sum Z|I|=\B| my Fr of faces of A,
then as above

(4-6) Ig(H) = const Y _my(H(BE,)— H(By)).

where Bp, is the barycenter of Fj.
Lemma 4.14 If H is fully mass linear then Ig(H) = 0 for all §.

We prove this in Corollary 4.18; it is a consequence of our cohomological description
of mass linearity.

Some of these classes always vanish by the standard ABBV localization formula. A
particularly easy case is when 8 = ¢i¢,. Then

Ig(H) = / ey
Fn

H

is the integral of c}’e” over the edges of Ag that do not lie in any fiber. Modulo a

constant, this is simply the sum of the isotropy weights of H at the vertices of A and
so always vanishes.?! (As explained by Shelukhin, these are special cases of some
vanishing results for Futaki invariants.)

21 Here is a brief proof: Because I g(H) is linear in H itis enough to prove this for a set of integral H
whose rational span includes tz. Therefore we can assume that the critical points of H are just the
vertices of A, and that at each vertex the weights are pairwise linearly independent. Then the set of points
in M with nontrivial stabilizer is a union of 2—spheres; each has exactly two fixed points with opposite
weights. See Pelayo and Tolman [26, Theorem 2, Lemma 13] for a much more precise version of this
result that uses the ABBV localization in its proof.
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Remark 4.15 Formula (4-6) holds for all ways of representing the class cg as a
sum of facets. This gives yet more identities that have to be satisfied by fully mass
linear functions. But many of these will be automatically satisfied. For example, if
two facets Fy and F, are homologous, then there is an affine self-map of A that
interchanges them (cf the discussion after Definition 1.12). Hence H(BF,) is a linear
function of « if and only if H(BF,yF,) is. Similarly if two faces Fy and Fy/ are
homologous there may well be an affine self-map that interchanges them. However, in
the absence of such we might get new information. This could be combined with an
analysis of the asymmetric and symmetric facets considered in [22; 23].

4.5 A cohomological interpretation of mass linearity

We saw in Lemma 2.5 of [22] that the set of mass linear functions H € t forms a
rational subspace of t, and hence is generated by elements of the integer lattice tz
of t. Hence we will restrict attention here to H € tz. Each such H exponentiates to
a circle subgroup A g of the Hamiltonian group of the toric manifold (M, ), and
as before, we denote by My the corresponding fibration over S? with fiber M and
clutching map A . In this section we describe what it means for H to be mass linear
in terms of the cohomology algebra of M.

We now investigate the volume function VH of A g - Note that Ay C t* xR has N
facets F jH corresponding to the F;j in A with conormals (n;,0), and two other facets
Fny1, Fnyo withconormals ny 41 =(0,—1),nny+2=(0, 1)+ H; cf Remark 2.11 (i).
Thus, because we may write H =), ¥i7; we have

(4-7) IN+1+ N2 — Y, vini =0,
i<N

Further the top facet is given by points (&,7) € t* x R such that t + H(§) = kn42.
The volume VH of A H is therefore

vH — /A(/KNH—H(E) dt) AVoI(E) = (KN+1 +KN2— H(Bn))V,

—KN42
where Bj is the center of gravity of A.
By Timorin,
H*(Mg) =R[0;.....0n4+2)/I(VH)=: Ry

where we interpret 9; as the differential operator d/dk; and I(V ) consists of all
differential operators that annihilate the polynomial V # . The multiplicative relations
in I(VH) are 9n410n12 = 0 together with all multiplicative relations d; = 0 for V.
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Since there is also a new additive relation dy+1 — dny+2 = 0, we will from now on
set Ky +2 = Ky +1 and use the relation 8%\, 41 = 0. Therefore we take VH tobe

(4-8) VH = (2kn41— H(Bn))V,

Remark 4.16 In the next theorem we must be careful about the coefficients. In order
for A g to be a circle action, we assumed that H € t is integral. However, in the mass
linear case this does not mean that the coefficients y; in the expression H(By,) =) _ yiki
are integers. For example, if A = Ay C t* = R is the 1-simplex with conormals
m=—-lLn=1,andif H=n, et, then H(By) = —%/q + %Kz. Correspondingly,
A g is the rotation of S2 = Ma by one full turn, with order 2 in 7; (Ham(S?2, »)).
In fact, we prove in [22, Proposition 1.22] that the loop A g contracts in Ham(S?2, w)
only if the y; € Z. It follows that if A g has finite order m in 7y (Ham(M, w)), then
the numbers my; are all integers. Note also that the y; are always rational because,
as we point out in [22, Remark 2.4], the polynomial functions V(x) and u(x) have
rational coefficients.

In Theorem 4.17 below, we consider cohomology with coefficients R. However, the
isomorphism W (if it exists) is rational, and it induces an isomorphism on integral
homology exactly if the coefficients y; are integers. (Note that H* (M ;Z) is torsion
free when M is a toric symplectic manifold.) Note also that ® induces the identity
map on the cohomology H* (M) of the fiber.

Theorem 4.17 Let (M, w, T) be a toric manifold with moment polytope A, and let
H e t~{0}. Let M — My — S? be the corresponding bundle.

(i) The function H is mass linear on A with H(By) = )_ y;k; if and only if there is
an algebra isomorphism

U H*(S?)®@ H*(M) = (R[z]/z5) ® (R[01,...,dn]/I(V)) - H*(My)

that is compatible with the fibration structure on H* (M), ie if we identify H* (M g)
with the algebra R[d1,...,dn41]/1(VH) as above then there are constants «; such
that

W(z)=dnp1 and W(d;) =3 :=0; +a;jdny € [(VH).

(i) If H is mass linear, then it is fully mass linear exactly if ¥ takes the Chern
classes csM in HY(S?) ® H*(M) to the vertical Chern classes ¢);*" in H*(Mp) for
alls=1,...,n.

(iii) If H is mass linear then ‘IJ(C{V[ )= c}/e” and lIf(c,],” ) = ¢,
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Proof Suppose first that H is mass linear. Then, by Equation (4-1), there are
constants y; such that H = ) y;n; and H(By) = )_ yiki. Since Ay is combi-
natorially equivalent to a product, it follows from the Stanley—Reisner presentation
for H*(Mpg) =: Ry that this algebra is additively isomorphic to a product.??> By
Equation (4-7) the additive relations for VH are

0= (&.0j)0j + (& nN42)ON+1 = Y (&) (0 +ViON+1)
J=N J<N

where & runs over a basis for t*. Therefore, if we take o; = y; for all i, the map W
defined in (i) is an additive homomorphism. Therefore it remains to check that the
relations d; = 0 that generate the multiplicative relations in (V') are taken by ¥ to
relations 97 in [ (VH).

To see this, note that V7 = 0 if and only if F; = &, while F; = @ implies uy = 0.
Therefore, because u = (_ yik;)V, for such I we have
0=pur=HB)Vi+Y viVici=Y_ viViu
iel iel
Hence 1_[ IvH = ]‘[(ai + YidN+1) (kN1 — H(Bn))V
iel iel

= (241 — HB)) Vi + Y _Q2vi —vi) Vi

iel
=Y viVii =0,
iel

as required.

Therefore there is an algebra homomorphism ¥: H*(S?) @ H*(M) — H*(Mpg).
By construction, its composition with the restriction map H*(Mpg) — H*(M) is
surjective. Therefore, by the Leray—Hirsch theorem, it is an isomorphism.

Conversely, suppose that
®: H*(S*)® H*(M) — H*(My)

is an isomorphism of algebras that is compatible with the fibration, ie its restriction to
the fiber H*(M) is the identity and it takes the generator of H?(S?) to the pullback
of this class in H?(Mpg). We must show that H is mass linear.

Let us think of the symplectic class [w] = [w,] on M as a function of the support num-
bers « of the polytope A = A(k). In terms of the chosen isomorphism H?(M) with

22 1n fact this is true for all Hamiltonian bundles over S2 by [11; 18].
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the degree 2 part of the algebra R[0q,...,dn]/I(V), we may write [wc] = >_ £;(k)0;
where the coefficients £;(«x) are linear functions of «. Similarly, the symplectic
class [Q2,] (which is determined by positions of the facets of the polytope Ag(k))is a
linear function of «.

Because ® restricts to the identity on the fiber and is compatible with the identity
map on the base, the induced map on H?"*2 preserves the integer lattice, and hence
preserves the cohomological fundamental class. Therefore there is a well defined
the Poincaré dual isomorphism ®4: Hy(S?) ® Hy«(M) — Hy(Mp) that takes the
(homology) fundamental class [S? x M] to [M]. Further, the image Z := ®4([S?])
of the fundamental class of S? is independent of «. Hence the above remarks imply

that
/ Qu = L(x)
VA

is a linear function of «.

Now observe that the volume V' # is a cohomological invariant of M : up to a constant,
it is obtained by evaluating (Q,)"! on the fundamental class in H,,1(Mp). Thus
we can evaluate V# in the product algebra. But here it is just the product of the area
of [S?] (with respect to ®~1[Q,]) with the volume V of M . Since the area of [S?] is
[ 71€2] it follows that VH has the form L(k;)V where L depends linearly on the «;
as we saw above. Because, as we noted in Remark 4.16, the functions V# and V
have rational coefficients, the coefficients of L must also be rational. But we saw in
Equation (4-8) that VH = (2kn,1 — H(By))V . It follows that H(B,) is a linear
function of the k; with rational coefficients. This completes the proof of (i).

Now consider (ii). The Chern classes ¢y of M are Poincaré dual to the classes in
H,,_, represented by the face sums Z| I|=s Fy =: F*. Thus they are represented in
the algebra R[d1,...,dn]/1(V) by the differential operator ), i, dr . These same

operators also represent the vertical Chern classes of the trivial bundle S?2 x M .

Next observe that the vertical Chern classes in Mg are represented by similar sums
over all faces of A that are transverse to the fiber. Now the element 9; in the algebra
Ry :=R[01,...,0n42]/I(VH) represents the Poincaré dual to Fl.H , the prolongation

of F; to AH . Hence the operator in Ry that represents csVert is ZI I=s.1CI, dr , where

Io:=1{1,....N}.

Therefore we must show that H is fully mass linear if and only if

\IJ( 3 a,)— Yo aervf), s=1l...n

[I|=s,ICIy [I|=s,ICl,
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For simplicity, in the sums below we assume without explicit mention that I C Ij.

Then we have
\p(z 81)VH =Y o vH
|I|=s |[I|=s

= > [0 +vons)v?
[I|=s iel

= Z 81VH+ Z 2yi81\,~V.
|[I|=s |I|=s,iel

We saw in the proof of Lemma 4.5 that the vanishing of the second sum above is
equivalent to the identity H(B,—s) = H(B,). Therefore (ii) holds. Moreover (iii)
holds by Proposition 4.7. |

The next result concerns the homomorphisms /g of Equation (4-5).

Corollary 4.18 Lemma 4.14 holds.

is a product of the classes c;.B
is the corresponding product of the cl.v et the isomorphism W above takes
M to the class cl\;ert for all . Moreover, because the coupling class u is the unique
extension of [w] such that #”*! = 0, W takes the coupling class of the product to that
for M H . Hence we can evaluate the integral / p(H) of (4-5) on the product, where it
vanishes. a

Proof Suppose that H is fully mass linear. Since ¢

and ¢ Vert

References
[1] VYV Batyrev, Toric Fano threefolds, 1zv. Akad. Nauk SSSR Ser. Mat. 45 (1981) 704—
717,927 MR631434

[2] S Choi, M Masuda, DY Suh, Topological classification of generalized Bott towers,
Trans. Amer. Math. Soc. 362 (2010) 1097-1112 MR2551516

[31 S Choi, T Panov, DY Suh, Toric cohomological rigidity of simple convex polytopes,
to appear in J. London Math. Soc. arXiv:0807.4800

[4] MW Davis, T Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions,
Duke Math. J. 62 (1991) 417-451 MR1104531

[5] T Delzant, Hamiltoniens périodiques et images convexes de I’application moment, Bull.
Soc. Math. France 116 (1988) 315-339 MR984900

[6] R Fintushel, RJ Stern, Knots, links, and 4—manifolds, Invent. Math. 134 (1998)
363—400 MR1650308

Geometry & Topology, Volume 15 (2011)


http://www.ams.org/mathscinet-getitem?mr=631434
http://dx.doi.org/10.1090/S0002-9947-09-04970-8
http://www.ams.org/mathscinet-getitem?mr=2551516
http://arxiv.org/abs/0807.4800
http://dx.doi.org/10.1215/S0012-7094-91-06217-4
http://www.ams.org/mathscinet-getitem?mr=1104531
http://www.numdam.org/item?id=BSMF_1988__116_3_315_0
http://www.ams.org/mathscinet-getitem?mr=984900
http://dx.doi.org/10.1007/s002220050268
http://www.ams.org/mathscinet-getitem?mr=1650308

The topology of toric symplectic manifolds 189

(7]

(8]

(9]

(10]

(1]

(12]
[13]

(14]

[15]

[16]

[17]

(18]

(19]

(20]

(21]

(22]

(23]
(24]

K Fukaya, Y-G Oh, H Ohta, K Ono, Lagrangian Floer theory on compact toric
manifolds. I, Duke Math. J. 151 (2010) 23-174 MR2573826

C Haase, I V Melnikov, The reflexive dimension of a lattice polytope, Ann. Comb. 10
(2006) 211-217 MR2258235

Y Karshon, L Kessler, M Pinsonnault, A compact symplectic four-manifold admits
only finitely many inequivalent toric actions, J. Symplectic Geom. 5 (2007) 139-166
MR2377250

J Kedra, D McDuff, Homotopy properties of Hamiltonian group actions, Geom. Topol.
9 (2005) 121-162 MR2115670

F Lalonde, D McDuff, L Polterovich, Topological rigidity of Hamiltonian loops and
quantum homology, Invent. Math. 135 (1999) 369-385 MR1666763

E Lerman, Symplectic cuts, Math. Res. Lett. 2 (1995) 247-258 MR1338784

M Masuda, Symmetry of a symplectic toric manifold, to appear in J. Symp. Geom.
arXiv:0906.4479

M Masuda, Equivariant cohomology distinguishes toric manifolds, Adv. Math. 218
(2008) 2005-2012 MR2431667

M Masuda, DY Suh, Classification problems of toric manifolds via topology, from:
“Toric topology”, (M Harada, Y Karson, M Masuda, T Panov, editors), Contemp. Math.
460, Amer. Math. Soc. (2008) 273-286 MR?2428362

D McDuff, Displacing Lagrangian toric fibers via probes, to appear in Geom. Topol.
arXiv:0904.1686

D McDuff, Examples of symplectic structures, Invent. Math. 89 (1987) 13-36
MR892186

D McDuff, Quantum homology of fibrations over S?, Internat. J. Math. 11 (2000)
665-721 MR1780735

D McDuff, L Polterovich, Symplectic packings and algebraic geometry, Invent. Math.
115 (1994) 405-434 MR1262938 With an appendix by Y Karshon

D McDuff, D Salamon, J —holomorphic curves and quantum cohomology, Univ. Lec-
ture Series 6, Amer. Math. Soc. (1994) MR1286255

D McDuff, S Tolman, Topological properties of Hamiltonian circle actions, Int. Math.
Res. Pap. (2006) Art. ID 72826, 77pp MR2210662

D McDuff, S Tolman, Polytopes with mass linear functions. I, Int. Math. Res. Not.
(2010) 1506-1574 MR2628835

D McDuff, S Tolman, Polytopes with mass linear functions. 11, in preparation

A Paffenholz, Private communication (2009) Available at http://
ehrhart.math.fu-berlin.de/people/paffenho/other-examples.html

Geometry & Topology, Volume 15 (2011)


http://dx.doi.org/10.1215/00127094-2009-062
http://dx.doi.org/10.1215/00127094-2009-062
http://www.ams.org/mathscinet-getitem?mr=2573826
http://dx.doi.org/10.1007/s00026-006-0283-9
http://www.ams.org/mathscinet-getitem?mr=2258235
http://projecteuclid.org/getRecord?id=euclid.jsg/1202004454
http://projecteuclid.org/getRecord?id=euclid.jsg/1202004454
http://www.ams.org/mathscinet-getitem?mr=2377250
http://dx.doi.org/10.2140/gt.2005.9.121
http://www.ams.org/mathscinet-getitem?mr=2115670
http://dx.doi.org/10.1007/s002220050289
http://dx.doi.org/10.1007/s002220050289
http://www.ams.org/mathscinet-getitem?mr=1666763
http://www.ams.org/mathscinet-getitem?mr=1338784
http://arxiv.org/abs/0906.4479
http://dx.doi.org/10.1016/j.aim.2008.04.002
http://www.ams.org/mathscinet-getitem?mr=2431667
http://www.ams.org/mathscinet-getitem?mr=2428362
http://arxiv.org/abs/0904.1686
http://dx.doi.org/10.1007/BF01404672
http://www.ams.org/mathscinet-getitem?mr=892186
http://dx.doi.org/10.1142/S0129167X00000337
http://www.ams.org/mathscinet-getitem?mr=1780735
http://dx.doi.org/10.1007/BF01231766
http://www.ams.org/mathscinet-getitem?mr=1262938
http://www.ams.org/mathscinet-getitem?mr=1286255
http://dx.doi.org/10.1155/IMRP/2006/72826
http://www.ams.org/mathscinet-getitem?mr=2210662
http://dx.doi.org/10.1093/imrn/rnp179
http://www.ams.org/mathscinet-getitem?mr=2628835
http://ehrhart.math.fu-berlin.de/people/paffenho/other-examples.html
http://ehrhart.math.fu-berlin.de/people/paffenho/other-examples.html

190

[25]

(26]

(27]

(28]

(29]

(30]

(31]

Dusa McDuff

A Pelayo, Topology of spaces of equivariant symplectic embeddings, Proc. Amer. Math.
Soc. 135 (2007) 277-288 MR2280203

A Pelayo, S Tolman, Fixed points of symplectic periodic flows, to appear in Ergod.
Theory Dynam. Systems arXiv:1003.4787

M Pinsonnault, Maximal compact tori in the Hamiltonian group of 4—dimensional
symplectic manifolds, J. Mod. Dyn. 2 (2008) 431-455 MR?2417479

Y Ruan, Symplectic topology on algebraic 3—folds, J. Differential Geom. 39 (1994)
215-227 MR1258920

E Shelukhin, Remarks on invariants of Hamiltonian loops, J. Topol. Anal. 2 (2010)
277-325 MR2718126

V A Timorin, An analogue of the Hodge—Riemann relations for simple convex polyhe-
dra, Uspekhi Mat. Nauk 54 (1999) 113-162 MR1711255

K Watanabe, M Watanabe, The classification of Fano 3—folds with torus embeddings,
Tokyo J. Math. 5 (1982) 37-48 MR670903

Mathematics Department, Barnard College, Columbia University
MC4410, 3009 Broadway, New York NY 10027, USA

dmcduff@barnard.edu

http://www.barnard.edu/mcduff/index.htm

Proposed: Leonid Polterovich Received: 9 June 2010
Seconded: Yasha Eliashberg, Frances Kirwan Revised: 29 September 2010

Geometry & Topology, Volume 15 (2011)


http://dx.doi.org/10.1090/S0002-9939-06-08310-9
http://www.ams.org/mathscinet-getitem?mr=2280203
http://arxiv.org/abs/1003.4787
http://www.ams.org/mathscinet-getitem?mr=2417479
http://projecteuclid.org/getRecord?id=euclid.jdg/1214454682
http://www.ams.org/mathscinet-getitem?mr=1258920
http://dx.doi.org/10.1142/S1793525310000367
http://www.ams.org/mathscinet-getitem?mr=2718126
http://dx.doi.org/10.1070/rm1999v054n02ABEH000134
http://dx.doi.org/10.1070/rm1999v054n02ABEH000134
http://www.ams.org/mathscinet-getitem?mr=1711255
http://dx.doi.org/10.3836/tjm/1270215033
http://www.ams.org/mathscinet-getitem?mr=670903
mailto:dmcduff@barnard.edu
http://www.barnard.edu/mcduff/index.htm

	1. Introduction
	2. Monotone polytopes
	2.1. The wedge construction
	2.2. Symplectic cutting
	2.3. Bundles
	2.4. An example of uniqueness

	3. Questions concerning finiteness
	3.1. Finite number of toric structures
	3.2. Manifolds with more than one toric structure: Blow ups

	4. Full mass linearity
	4.1. Some properties of mass linear functions
	4.2. Full mass linearity
	4.3. Examples
	4.4. Mass linearity and characteristic classes
	4.5. A cohomological interpretation of mass linearity

	References

