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Abstract

In this paper we study the most general version of the stationary, infinite horizon linear qua-
dratic optimal control problem. In the literature that has appeared on this problem up to now,
mostly one (or both) of the following two assumptions are made: (i) the integrand of the cost cri-
terion is given by a positive semi-definite quadratic form, (ii) the latter quadratic form is positive
definite in the control variable alone. In the present paper we propose a problem formulation for

the case that neither (i) nor (ii) are imposed. Subsequently, we treat the case that the problem is
completely singular,

1. INTRODUCTION

The subject of this paper is the time-invariant, infinite horizon linear quadratic optimal con-
trol problem. We consider the time-invariant linear system

(1.1) x(@)=Ax@)+Bu(t), x©)=xq ,

withA € R™* and B € R™. For a given control input «, the corresponding state trajectory is

denoted by x (4, xg). In addition to (1.1) we consider a quadratic cost functional J (xq, u) defined
by

O

(1.2) J(xg,u) = j olx(u, xg), u) de .
0

Here, o is a real quadratic form on R" X IR™ defined by

(1.3) ok u) =xT0x+2u"Sx+u"Ru ,

where Q € R™* and R € IR™"" are symmetric and where § € IR™". We stress that (1.3) is the
general shape of a quadratic form on R™ X IR™. The optimization problem that we consider in
this paper is the following: find the infimum

V*(xg) :=inf {J(xq, w) | u is such that lim x(u, xo) () =0}
100

and find, if one exists, all optimal inputs, that is, all u* such that V*(xq) =J (xg, u*).

In the literature that has appeared on this optimization problem up to now, mostly one (or
both) of the following two assumptions are made:

1. The quadratic form  is positive semi-definite, i.e., @(x, )= 0 forall (x, u) e R" X R™ or,
equivalently,



QS
2 5as.

2.  The quadratic form o is positive definite in the variable u, i.e. o(0,u)> 0 forall u e R"™,
u #0, or, equivalently, R > 0.

Under the Assumptions 1 and 2, the problem has become quite standard in the literature and is
usually referred to as the linear quadratic regulator problem [1], [7], [17], [6]. Deleting either one
of the above two assumptions introduces its own particular intrinsic difficulties into the problem.
If we do assume 2 but delete Assumption 1 we arrive at the problem formulation as studied
extensively in [15] (see also [14] and [13]). The linear quadratic problem is then called regular.
Intrinsic difficulties that arise in this case are especially the existence of solutions to the underly-
ing algebraic Riccati equation and the boundedness from below of the cost functional J (xg, u). If,
on the other hand, we do assume 1 but delete Assumption 2 we obtain a singular linear quadratic
problem (see [8], [3], [5], [16], [4]). Intrinsic difficulties in this case are the facts that the alge-
braic Riccati equation is no longer defined and that in general optimal control inputs do not exist
unless we extend the class of admissible control inputs to contain also distributions. To the
author’s knowledge, a treatment of the problem formulation in which both Assumption 1 as well
as Assumption 2 have been deleted has, up to now, not been given in the literature. In the present
paper we shall study this most general formulation of the linear quadratic problem. It will turn out
that it is not clear a priori how one should formulate this optimal control problem in a mathemati-
cally rigorous way. In Section 4 we shall give a precise mathematical formulation of the problem
to be considered. In Sections 6 to 9 we shall give a complete solution to this optimal control
problem under the assumption that the problem is completely singular, i.e., that the matrix R is
equal to zero.

2. DISTRIBUTIONAL INPUTS

Since w is a general real quadratic form, the matrix R can, in principle, be any real sym-
metric matrix. Typically, R is a singular matrix. As shown in [5], it is then natural to allow the
control inputs to be distributions. Let D’, denote the space of all distributions with support in
R* :=[0, ) (see [11]). We denote by Lj 1,.(R*) the space of locally square-integrable func-
tions with support in R*. The latter space can be identified with a subspace of D’, by defining
forpe Lg’k,c(ﬂ'\”)

@vi= | e@)y@ydt,yeD .
R

Here, D denotes the testfunction space of all smooth functions with compact support. With this
identification, distributions in L ;.. (RR*) will be called regular distributions. A regular distribu-
tion is called smooth if it corresponds to a function which is infinitely often differentiable on R*
(i.e. derivatives of all orders exist on (0, =) and right-derivatives of all orders exist in ¢ =0). A
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smooth distribution is called Bohl if on R™ it is equal to a finite linear combination of functions
of the form t*e™, where the &’s are nonnegative integers and A € €. A regular distribution x is
called stable if x(t) — 0 (t = 0),

Let § denote the Dirac distribution and let §) denote its ith distributional derivative. Linear
combinations of § and its higher order derivatives will be called impulsive distributions. If x is the
smooth distribution corresponding to the C** function, say X, on R™ then it is easily checked that
its derivative x is given by

- dx
1 =%(0" 5+ 2 .
Q.1 F=30N 8+

-

Here, %:— is the derivative of the function x on R and x(0%) = liirré %(¢) is the "jump" that x
t

makes at ¢ = 0. In the sequel, the symbol % denotes convolution of distributions. The unit element
of the convolution operation is 8, i.e. 8 x« x =x for all x € D’,.. A distribution x is called invertible
if there exists a distribution x! such that x x x ' =x! xx=8. It is well-known that
81 x x = %, where x denotes the derivative of x.

If m, n € IN, then any m-vector or m X n-matrix of regular (smooth, Bohl, impulsive) distri-
butions is again called a regular (smooth, Bohl, impulsive) distribution, If A € R™" and if I is
the n X n-identity matrix then 76 — A5 can be shown to be invertible. Moreover, (I5) — A3)™
is equal to the Bohl-distribution corresponding to e (¢ = 0).

In this paper, we restrict ourselves to the following class of inputs:
Ugis = {1 | u=uy +uy, with u; impulsive and u, regular} .

An element of U g, is called an impulsive-regular distribution. If u, is smooth (Bohl) then u is
called impulsive-smooth (impulsive-Bohl). An impulsive-regular distribution is called stable if its
regular part is stable. It follows from (2.1) that if an impulsive-Boh! distribution u is stable then
also u is stable (and impulsive-Bohl).

We now briefly discuss what is meant by the solution of x=Ax+Bu, x(0)=x¢ if
u € Ugy. This is a non-trivial matter, since distributions do not have a well-defined value at a
particular time instant ¢5. Now, for u € Uy, this solution is defined as the unique solution
x(u, xg) of the distributional differential equation x = Ax + Bu + 8x,. It is easy to show that this
equation indeed has an unique solution, given by

x (U, xg) = (I8 ~ A8 % (Bu +8xp) .
Moreover, x (u, xg) is again impulsive-regular. For xg € R” we define
U (xg) i= {1 € Ugig | x(u, x0) is stable} .

Finally, we introduce the following notation. If P(s)=P,s" + Poys" 14 - 4P 15+Py
is a polynomial matrix, then P (5')) denotes the impulsive distribution given by
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PEWy=P8" + P, 15D+ - 4P 18D+ PS5 .

If x is a stable impulsive-Bohl distribution and P (s) is a polynomial matrix of compatible dimen-
sion, then obviously P(3M)%x is again a stable impulsive-Bohl distribution. If
G(s)=C(Is—A)"'B, then G(P) will denote the Bohl distribution C (8% ~A8)™'B
(corresponding to the function C#B on R*).

3. THE STRONGLY CONTROLLABLE SUBSPACE

In this section we recall briefly the concept of strongly controllable subspace [5]. Tem-
porarily consider the system

x=Ax +Bu ,

3.1) b=Cx,

where A and B are as before and C € RP**. As noted in Section 2, if xg € R” and u € U g,
then the resulting state trajectory x (xg, #) is impulsive-regular. Thus, x (xg, #) = x; +x3 with x;
impulsive and x, regular. Denote

3.2) x(xg,u) (O%) = }:ina x2() .

Intuitively, (3.2) represents the point in state space to which the state trajectory "jumps” from xg
instantaneously. Given xp and u, let y(xg, u) = Cx(xo, 1) denote the corresponding output of
(3.1.

Definition 3.1. A point xo € IR”" is called strongly controllable if there exists 4 € U gg such that
x(xo, ) (0*)=0 and y(xg, u) = 0. The subspace of all strongly controllable points is called the
strongly controllable subspace of (3.1).

The strongly controllable subspace of (3.1) is denoted by T(A, B, C). It is well-known (see
[12], [5], [10]) that T(A, B, C) is equal to the smallest subspace V of R" such thatim B c V and
such that there exists a matrix G with (A + GC)V c V. From the latter property it is easily seen
that T(4A, B, C) is invariant under state feedback, ie., T(A, B, C)=T(A+BF,B,C) forall F.
The system (3.1) is called strongly controllable if T(A, B, C) = IR" (see [9]). It is easily seen that
if (3.1) is strongly controllable, then (A, B) is controllable. Let G(s)=C(Is ~A)!'B be the
transfer matrix of (3.1). It is well-known (see [9]) that if (3.1) is strongly controllable and if C is
surjective then G has a polynomial right-inverse, i.e., there exists a real polynomial matrix P such
that GP =1, the p X p identity matrix.

A final result that will be needed in the sequel is that T (4, B, C) is generated by a recursive
algorithm. Fori =0, 1,2, - - - define:



T() =0,

3.3) Ti\y :=imB +A(T; A kerC) .

It can be checked immediately that the sequence T; is non-decreasing and that it becomes station-
ary after at most z iterations. It was shown in [5] (see also [12]) that T, = T(A, B, C).

4. ADMISSIBLE INPUTS

Let u € Ugy. The question that we want to consider in this section is: how should we
define J (xp, u) if u is not a regular distribution? The problem here is, that a satisfactory definition
of multiplication of distributions does not exist in mathematics. Thus it is not clear how one
should interpret the expression o(x(xg, 1), u), since the products x(xyp, W'o x{xg, u),
uT S x(xq, u) and u"Ru are, in general, undefined objects. To illustrate this conceptual difficulty,
consider the following example:

X 01 [x1 0 x1(0) 1
Example 4.1 % =190 X +q| W 2,(0) =lol »

(X1, X, u) = 3x% —4x, x5 — 2x% — 2uxy +4ux, .

Clearly, o is an indefinite quadratic form. The R-matrix of o is equal to 0. Let us take & =81,
Then x5 =-8 and x; is given by x,(0) =1, x;(¢) =0 (¢ > 0). Note that w(x,, x,, u) is not defined
for these distributions: the products x;x,, x3, ux; and ux, are not defined. Thus, the question
arises: how should we interpret J (xg, u) for this choice of input 4? In this example we propose to
do this as follows. First, let us restrict ourselves to regular inputs, i.c., assume u € Ly 1,.(R™).
Using the relations x; = x,, X, = u we then have

o(xy, X2, u)=3x] — dx1xy — 2% — 2k +4x2%2 ,

and hence
(xy, Xz, 1) =322 — —j;-(zx% + 20105~ 22) .

Consequently, if x{(t) = 0 and x,(t) = 0 (t — o) we find

oo o

[ oty x5, wyde= [ 3xdde + 22,0 +2x,(0) x2(0) - 2x,(0) .
0 0

o0

From this it is easily seen that the infimum of I o(x1, X4, #) dt over all regular inputs such that
0

x1(t) = 0 and x5(t) = 0 (t — ), is equal to 2x(0)? + 2x;(0) x2(0) —2x,(0)%, which in our
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o0

example is equal to 2. Clearly an input u is optimal if and only if [ x} dt =0. Since x;(0)=1,
0

this can, in our example, not be achieved by a regular input u. Since however u =-31) yields

L

| x%} de=0, it is reasonable to call u =5" optimal! This example clearly suggests to call an
0

input u € U2 (xo) admissible if x1 is regular and for those u to define

J(xo, )= [ 3xfde+2xfy dt +2x10x00 — 2x%0 .
0

We would like to generalize the above to the situation that we have an arbitrary system
(A, B) together with a quadratic form e(x, u) =x7 Ox + 2u’Sx + uTRu. In the following, denote

Vieg (x0) =inf{J (xo, u) | u € USE (xo) is regular} .

In order to make sure that we are not performing infimization over an empty set, as a standing
assumption we assume that (A, B) is controllable. If this is the case then we have V;;g (xg) < +oo
for all xg € IR". On the other hand we want to have V;‘eg(xo) > —oo forall xo € R". A necessary
and sufficient condition for this was established in [15]:

Theorem 4.2. Assume that (A, B) is controllable. Then V;,g (xg) > —oo for all xo € R" if and
only if there exists a real symmetric matrix K e R™® such that

ATK+KA+Q KB+ST

@.1 FE)=|" pre.s R |2

0

If K satisfies (4.1), it is said to satisfy the linear matrix inequality. We denote
I':={K e R™ 1K =KT and F(K)> 0}. Motivated by this theorem, a second standing assump-
tion in this paper will be that T" # @.

Let K e T, Then we can factorize

Ck
@42 F®=|,r| CkDp) .

A useful fact is the following (see [15]):

Lemma 4.3. Let xy € IR”. Forevery regular u € US (x,) we have

4.3) J(xo,u)= [ ICkx(xo, u)(t) + Dxu(2dt + xfKxo .
0
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The latter equality will be used to define the value of the cost-functional for inputs
u € UEP(xo) that are not regular. The idea is to call an input u € U (xo) admissible if
Cgx(xq, u)+ Dgu is regular. The class of all those inputs is denoted by U zgm(xp). Next, for
U € Uygm(xp) we define J(xg, u) by (4.3). Of course, there is one slight complication that we
have to deal with: if ' # @ then, in general, it has more than one element K. Thus, our class
U aam(x¢) and the value J (xq, &) in principle depend on the solution K of F(K) 2 0 for which we
perform the factorization (4.2). Temporarily, denote by dem (xg) the class of all u & Ug“f;{’ (xo)
such that Cgx(xg, #) + Dxu is regular and by Jx(xq, u) the value defined by (4.3). It can be
shown that, in fact, UK, (x¢) and Jx(xp, u) are independent of K forK e I':

Theorem 4.4. Let K,K, € T. Let xg € IR". Then we have de‘m (xg) = de’m (xp). Denote this
class by U ygm (x0). Then for all u € U zam(x0) we have Jg, (xo, u) =Jk,(xo, #).

Proof. This is a consequence of [5, Lemma 6.21]. 0

We are now in a position to give a precise mathematical statement of the optimization prob-
lem we consider in this paper. Consider the system (1.1) together with the quadratic form (1.3).
Assume (A, B) controllable and T" # @. Then our problem is: given xo € R”, find the infimum

Viise (x0) =1nf{J (xg, #) | # € U 44 (x0)}

and find, if one exists, all optimal inputs u*, ie., find all u* € U,ugy(xg) such that
Viist (x0) =J (xo, u™).

It was shown in [15] that if T # @ and if (A, B) is controllable, then it has a largest element,
that is, there is K* e T such that for all K e T we have K £ K. Also, if was proven in [15] that
Vieg (x0) =x§K*xq forall xo € R™. Now, by definition, for u € U pam(x0) We have

o0

(4.4) J(xo,u)= [ WCx-x(u, x0)+ D-ull® dt + x{K*x, .
0

From this it follows immediately that also Vi (xo) =xE§K *x¢. Thus we have dealt with the first
part of the problem posed above: we have characterized the infimum Vi, (xo).

In order to find an optimal input #* one could now proceed as follows. Calculate any real
symmetric solution K to F(K)= 0. Factorize F (K') according to (4.2). Assuming that it exists,
calculate an optimal control #* for the singular linear quadratic problem with positive semi-

definite cost-functional j NCxx(u, xq) + Dgull?dt (this can be done using the theory developed
0

in [16)). Clearly, u* is then also optimal for our original problem. However, this construction
would give us #™* in terms of the transformed data (A, B, Cx, D) rather than in terms of the ori-
ginal system parameters (4, B, O, S, R). In the sequel, we want to develop a theory in which the
optimal controls (and conditions for their existence) are expressed in terms of the original data



A, B, Q,SandR.

5. THE REGULAR LINEAR QUADRATIC PROBLEM

In this section we shall show that if R > 0 then the linear quadratic problem as defined in
Section 4 reduces to the "classical" regular linear quadratic problem as treated in [15]. Again
assume that (A, B) is controllable and that T"# @. It is well-known that if R > O then the largest
element K* of T is equal to the largest real symmetric solution of the algebraic Riccati equation

(5.1) ATK+KA+Q—-(KB+SHR'BTK +8)=0 .
Thus, F (K™) can in that case be factorized as

(K+3+§T)R°”f

F(K"‘):[ & ] (R‘% BTK*+5) R%) )

Consequently, if an input u is admissible then necessarily

1 L
z2:=R7? BTK* +S)x(xo,u)+R* u
is a regular distribution. This implies that if u is admissible then it must satisfy

L
u=R7Z*z-RYBTK*+8) x(xq, )

for some regular z. Now, if the latter holds then of course x (xg, u) satisfies
L
x=(A-BRIBTK*+8)x+BR* z +8x¢

and therefore, since z is regular, x (xq, ¥) is regular. In turn, this implies that u is regular. We con-
clude that if R > 0 then every admissible input is regular and, in particular, for all xo € R" we
have

Usam(xp) = (4 € LT 1oc (R™) | }im x(xo,u) (£)=0} .

(Here, LT 1o (IR™) denotes the space of m-vectors with components in Ly j.(R*)). Furthermore,
in that case for all u € U 44, (x0) we have by definition

L
2

J@o.u)= [ IR™* BTK* +8) x(xo, u) + R* ul? dt + x[K*xqo
0

o

which is easily seen to be equal to _[ o{x (xg, u) (¢), u(®)) dr. The conclusion we draw from all
0

this is that if R > 0 then the problem as we formulated it in Section 4 coincides with the



-10 -

"classical” problem formulation as studied in [15]. We shall briefly recall its solution here. Let
K~ be the smallest solution of the algebraic Riccati equation (5.1) and let A :=K* - K~ (the
"gap” of (5.1)).

Theorem 5.1. [15] Let R > 0, (4, B) controllable and I' # @. Then we have the following:
(@) Forallxge R Vg (xo)=x5K*xq.
(ii) Forallxg e IR™ there exists an optimal input #* € U 44,(xg) if and only if A > 0.

(iii) Let A > 0. Then for each xo € R” there is exactly one optimal input u* € U g4, (x). This
input is given by the feedback law

u=-RIBTK* +8)x .

v) A-BRIBTK*+8)is asymptotically stable if and only if A > 0. 1

6. A STRONGLY CONTROLLABLE SUBSPACE FOR (A, B, w)

In the remainder of this paper we assume that the matrix R appearing in the cost functional
(1.2), (1.3) is equal to zero. It is easily verified that a real symmetric matrix K is an element of T’
if and only if ATK + KA + Q2 0 and KB + S7 = 0. In the sequel, for K € T we shall denote

6.1 LK) =ATK+KA+Q .

Forxg e R" the class of admissible inputs U 44, (x) is in this case given by
Uaam(xo)= {1 € Ugis | LK) x(xg, ) is regular and x (xo, u) is stable} .

(where K € T is arbitrary). Furthermore, the cost J g, (xg, &) is given by

oo

Jaa(ro, W)= | 1Cgx(xq, wli%dt + x§Kxo .
0

where, again, K € T is arbitrary and where Cy is any matrix such that C,T(CK = L(K) (of course,
L (K)xis regular if and only if Cgx is regular).

For K € T, let T(K) denote the strongly controllable subspace associated with the system
x=Ax+Bu,y=LK)x,ie.,

(6.2) T(K)=T(A,B,LKK)) .

Furthermore, fori =0, 1, 2, - - -, let T;(K') be defined recursively by
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To(X)=0,

(6.3) T;. (K) =im B + A (T:(K) A ker L(K)) .

As already noted in Section 3 we have T,,(K) =T (K). It turns out that T;(K) is, in fact, indepen-
dent of K and that we have:

Lemma 6.1. Let Ky, K5 € T'. Then for all { we have
@) TK)=T(K2)=T;,

@) T;cker(Kq-Kj),

(i) T;kerL(K{)=T;kerL(K>).

Proof. We first prove (i) and (ii). This is done by induction. For i =0 the claims are obvious.
Now assume they are true up to /, that is, assume T;(K)=T;(K,)=:T; and T; cker (K1 — K3).
Let x € T;41(K). There exists ue€ R™ and w e T; such that x=Bu +Aw and L(K)w=0.
Obviously we have

6.4) LE)=LEK)+ATEK -K2)+(K1-K2)A
and hence
LEDIwW+ATEK -K)w+ K -K)Aw =0 .

Since we T; we have (K;-K,)w=0. Thus we find w/L(K;)w=0 and therefore
w € kerL(K,). We conclude that x € T;,;(K5). By again applying (6.4) and using the fact that
KB =K, B, we obtain

(Kl —Kg)x =(K1 —Kz) (Aw +Bu)

=K1 —K,) Aw =0 .

By interchanging K; and K, we also find the converse inclusion. Put
Ti+1 = Ti+1 (Kl) = Ti-l»l (Kz). Then Ti-}-l < ker(K1 - Kg) This proves (1) and (ll) forall i, Fma]ly,
(iii) follows immediately from the facts that for all x € T; we have K1x =K x and that L(K;)2 0
(G=12). 1

As a consequence of the above result we also find that the limiting subspaces T(K;) and
T(X ;) (see (6.2)) coincide for K, K, e T". Thus we have assigned to the quadruple (4, B, @, §)
a unique subspace T(K), independent of X € I, This subspace will be denoted by T*. Also by
the previous lemma we know that for Ky,K; € ' wehave Ky | T* =K, | T*, Finally, we know
that the subspace T* M ker L(K) is independent of K for K e T. This subspace is therefore also
uniquely determined by (4, B, Q, §). It will be denoted by W* . It follows from (6.3) that
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6.5) AW* cT*, imBcT* .

In the sequel, the subspaces T* and W* and the mapping X | T* for K e T" will play an
important role in characterizing the optimal cost and optimal controls for the optimization prob-
lem under consideration. One possible way to calculate 7%, W* and K | T* is of course first to
calculate some X e T" and then to apply the algorithm (6.3). However, it is not clear in general
how to calculate an element of T" (see e.g. [2]). Instead, we shall therefore develop a recursive
algorithm to calculate T*, W* and K | T* without having to calculate an element of T first. At
each iteration, the algorithm calculates a subspace R; of the state space, a matrix V; such that
imV;=R; and a matrix S;. We will show that, for all K € T', T;(K) =R; and that the map
K | T{(K) is given by —S7. Consequently, T* =R, and X | T* is given by —S~.

Algorithm 6.2

data: A,B, Q.S

step1:PutR, :=im B, V, =B, §, =S.
fromitoi+1:Put

R, =im B + AV, ker(VTQV; - S;AV; - (S;,AV)D) .

Let dim R;,; =m;,y. Choose V;,; € R™™ such that R;=im V; ;. Let U; and X; be matrices
such that R, =im V..

Let U; and X; be matrices such that
Via =BU; + AVX;
and
im X; cker (VIQV; - S;AV; - (5;AV))T) .
Then define a matrix S;,; € R™"" by
Sin =UIS +XT(VIQ -s5:4) .
Theorem 6.3 Forall i =1,2,3, --- and K € T we have R; = T{(K) and KV; =-S7 . Furthermore,
T* =R,,
(6.6) W* =V, ker(ViQV, — S,AV, - (S,AV,)")

and KV, =-SI forallK e T.

Proof. We first prove the first two assertions. Clearly, these are true for i = 1. Assume now they
are true up to i. Then we clearly have
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VILEK)W; =VIQV, - S;AV; - (S;AV) 2 0 .
Therefore
6.7) T;(K) N ker L(K)
={Vi{I LK) V:{=0}
= {Vi{ 1 {TVIL&)ViL =0}
=V ker(VI QV; — S:AV; - (S;AV)T) |
which immediately implies that T;,,(K) = R; ;. Next we show KV = -ST.;. Since
im X; c ker VIL(K) V;
and since L(K)2 0, we find L (K) V;X; = 0. This yields
KAVX; = (ATST - Qv X,
and hence
KVi, =KBU; + KAVX;
=-STU; +(A7ST - QV) X;
=—STa .

Thus we have proven the first two assertions. Of course, the facts T* =R, and KV, = -ST follow
immediately. Finally, (6.6) follows from (6.7). 0

7. A SUITABLE DECOMPOSITION OF THE STATE SPACE

In this section we shall introduce a decomposition of the state space that will enable us to
display some important structural properties of the system (A, B) and the quadratic form
o(x, #)=xTQx+2uTSx. Let X1, ", X Xsa1s ***» Xe» Xeals *° * »X» be an orthonormal basis of
IR" such that x,.4, ***,x, is a basis of T* and x,,q, - - -, x; is a basis of W*. In other words,
decompose IR" as an orthogonal direct sum R"=X,®X, ®X; with X,=W* and
X, ® X5 =T*. Using (6.5) we find that the matrices of A and B with respect to this basis have
the form

An 0 Ag 0
A=|Ay Ay Ap| ,B=|B;
A3 A Ag B
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Moreover, the matrix of O with respect to such basis is symmetric. Let it be given by

On @12 O3
0=\0h 0xn 0
ols 0% 03
Also, if K e T then its matrix with respect to the above basis is symmetric. Let it be given by

Kn K3 Ky
K=|K) Kn Kx
Kkl KL K

Let (x], x2, x3)T be the coordinate vector of an arbitrary x € R”. The equations of the system
X = Ax + Bu can be arranged in such a way that they have the form

(7.1) X1=Apx; +Apx; ,

- x2| [Az Az) [x2) [An B,

@.2) x3|  |As Az x3| T A | 1By B

Finally, for X e T, Iet L(K) be as defined by (6.1). With respect to the basis introduced above

LK) 0 LK)
LK) = 0 0 0
Li3K)" 0 L3(K)

(Here, the zero blocks appear due to the fact that X, = W* c ker L(K)). We shall prove the fol-
lowing lemma:

Lemma 7.1.
(i) LetKeT. ThenLs3(K)>0.

(ii) The system
Ap Ax) (B2
An An| |Bs| - OD|

o

with state space X, @ X5(=T*), input space IR™ and output space X 3, is strongly controllable.

Proof. (i) Let (x],x%,x])T be the coordinate vector of x € R". First note that Ls3(K)2 0.
Assume L33(K)x3 =0. Let X be the vector with coordinates (07, 07, xJ)T. Then Fs K)x=0
whence L(K) X = 0. Consequently, X € T* nker L(K)=X,. Also,x € X3. Thus X =0s0x3 =0.
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(ii) Let T(Z;) be the strongly controllable subspace associated with the system Z;. We shall
2
prove that T (X ) = Xy @ X 5. First note that there exists Gg = [GJ such that

An Ax G,
Ay Azl

G3

© 1)} TE)cTE)
and that
B;
im B3 cTE) .
Now assume that T (£;) c X, @ X5 with strict inclusion. Define V < R" by

0

X2
V={|x2 x3] € TE} .
X3

Then clearly V < T* with strict inclusion. Now take an arbitrary K e T, Recall that T* is equal
to the strongly reachable subspace of (A, B, L(K)). Now, we claim that there exists G such that

(7.3) A+GLE)VCcV.

Indeed, (7.3) holds if we take

-Aps
G=| Gy | (00LsuK)H .
G,
We also have
7.4 imBcV .

~ This however contradicts the fact that T* is equal to the smallest subspace V for which a G exists
such that (7.3) and (7.4) hold. 0

We shall also need the following:

Lemma 7.2.LetK,K, e T, with

K Ky Kiys
Ki=|Khy Kinp Kia| (1=1,2) .
kT3 Klos K33
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Then Klij =K2,'j forall (i, j) #(1, 1.

Proof. It was already noted in Section 6 that K; | T* =K, | T*. Thus, X and X, coincide on
X, D Xs. a
For K € T, denote the fixed blocks K;;, (7, j) # (1, 1), by M;;. Define
0 My My
(1.5) M:=\M], My My
Ml ML M,

We note that the matrix M can be calculated from the system matrices A, B, Q and S directly, by
means of the Algorithm 6.2.

8. AREDUCED ORDER REGULAR LINEAR QUADRATIC PROBLEM

In this section we show that in order to tackle the linear quadratic problem associated with
our original system x = Ax + Bu and quadratic form o(x, u) = x7 Qx +2u"Sx we can consider the

linear quadratic problem associated with the subsystem x; = Ajyx; + A3x3 (see (7.1)) and qua-
dratic form

8.1) @, (x1, x3)=x]Q,x +2x38,x; + x§R, x5 .

Here, O,, S, and R, are defined as follows:

(8.2) 0, =ALMY, + M pAy + ALMT + M 345 + 0y
(8.3) Sy =AM, + AMTy + MDA + MBAy) +M3Ay + 05
8.9) R, =M}A + ATaM 3+ MisAgs + AsMoys + M33Ass + ALsM 33 + Q3

In this reduced order linear quadratic problem x5 is treated as an input. The intuition for this is
provided by the following observation:

Lemma 8.1. Assume I" # @. Then the following statements are equivalent:
i) KeT,
K1y My; My,
Gi) K=|MD My My| , with K a real symmetric matrix satisfying the linear matrix ine-
Ml MY M,
quality
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ATk +KyAn+0, KjpAp +S7

®5) AlKy +8, R,

20.

Proof. As already noted before, K € T if and only if L(K)2 0 and KB + ST =0. This implies

[Lu(K) Lm(K)}

20 .
Lis(K)T Las(K)

By writing out the expression ATK + KA + Q in terms of our decomposition and using the fact
that X can be written as

Ky My Mys
K={M My My
MT ML Mo

(see Lemma 7.2), we obtain

(8.6) Li(K)=Al\K} +K 1A + 0,
8.7 Liy(K)=Kp A +S8T
(8.8) L33(K)=R, .

Thus we find that X, satisfies the linear matrix inequality (8.5). The converse implication can be
proven analogously, using the assumption that T' # . {

As noted in Section 4, the optimal cost V;, for our linear quadratic problem is represented
by the matrix K*, the largest element of I'. Using the previous lemma it can be proven easily that,
in fact,

Kiy My; My
K*=|M My My
Ml M% M3,

3

with K7}, the largest real symmetric solution to the reduced order linear matrix inequality (8.5).
(Note that (43, A3y is controllable if (4, B) is controllable, so a largest solution to (8.5) indeed
exists). Now, recall from (8.8) that R, = L43(K) and hence by Lemma 7.1 that R, > 0. Thus, the
linear quadratic problem associated with the system (41, Ay3) and quadratic form o, (with x3
treated as an input) is regular. It is a basic result from [15] that in that case the largest solution of
the linear matrix inequality coincides with the largest solution to the corresponding algebraic Ric-
cati equation. Thus we obtain the following nice characterization of the optimal cost Vi (xg) of
our singular indefinite linear quadratic problem:
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Theorem 8.2. Assume (A, B) is controllable and T" # @. Then

Kiy My M3
K*=|M], My Mys| ,
MT; M5 My,

where K7 is the largest real symmetric solution of the algebraic Riccati equation
(8.9 AT Ky +KyAn+ 0, — KA +SHRAALK +8)=0.

1

We recall that the matrices M;; can be calculated recursively using the Algorithm 6.2. In order to

calculate K1 one first has to calculate Q,, S, and R, and, subsequently, the largest real symmetric
solution of (8.9).

9. CHARACTERIZATION OF OPTIMAL CONTROLS

Next, we tum attention to a characterization of optimal controls and optimal state trajec-
tories. It will turn out that these can be characterized in terms of the optimal system (A1, Ay3)
with quadratic form w,. In the sequel, denote the associated cost functional by

oS

©.1) o, x3) = [ o @), xs@)dr
0

where it is understood that x; and x5 are related by

©.2) x1=Anxy +Apixs, x;0)=xy .

Recall that since R, > 0 the class of admissible inputs for the latter problem consists only of regu-
lar distributions. The optimal cost is equal to V}(x10) :=x10K11%10, where K7y is the largest real
symmetric solution of (8.9).

Now the idea that we want to elaborate is the following. We shall first determine the
optimal "control" x§ for the linear quadratic problem associated with (9.1), (9.2). Since this is a
regular problem we know how to do this. Let x{ be the corresponding state trajectory. Next, we
determine an input u for the original system (1.1) that "generates" these x} and x¥ (together with
some x,). Equivalently, we look for an admissible input » such that the equation

03 X2 Axn A (x2 Ay B, Xm
©-3) i3] Tl An An| |x3| T|Aan| Tt B, M s

is satisfied with x; =x¥ and x3 =x% (for some x,). Such input u tums out to exists due to the fact
that %, (see Lemma 7.1) has a right-inverse. Finally, we shall show that such u is optimal for our
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original linear quadratic problem.

Lemma 9.1. Let x; and x3 be arbitrary stable Bohl distributions. Then there exists an impulsive-
regular distribution « such that u, x; and x5 satisfy (9.3), for some stable x,. If, in addition, x,
and x5 satisfy (9.2) then any such distribution u satisfies # € U g4 (X 0)-

Proof. Denote Cy :=(0 1),
4 An An B, Ay
0= Ay Agg| *Bo=|py| 1 BO= a5 -
According to Lemma 7.1 the system (4., B, Cy) is strongly controllable. Hence (A, Bg) is con-

trollable. Consequently, there exists F; such that o(Ag+BgF;)c €~. Also, the system
(Ag + BgF 1, By, Cp) is strongly controllable. Now, put

X2
u=F, X3 +v .
Then (9.3) is equivalent to
9.4 % Ag+ByF *2 roe
. = + .
%.4) %2 (Ao +BoFy) X3 +Bov +Epx; +5 Xo3

Define
G1(s) =Cols —Ag - BoF,)'By ,

H(s):=Cols —Ag—BoF)!} .

The transfer matrix G ; has a polynomial right-inverse, say P. Consider the equation

Xo2
(9.5) Xg'—'-—'Gl(S(l))* V+H1(8(1))* (onl +8 [XOJ ) .

Clearly, if v satisfies (9.5) then v, x, and x5 satisfy (9.4). Define

X
v =P @®D) % [x3 —H{ D) % (Eqx, +6 [m} I

Then v indeed satisfies (9.5). Since x; and x; are stable Bohl distributions and
6(Ag + BoF ;) c €~ and since convolution with P (5) represent differenzations, we find that v

is impulsive-Bohl and stable. In tum, by (9.4), this implies that x, is impulsive Bohl and stable.
Now define
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X2
u=v+F, X3

Then u, x1, x, and x5 satisfy (9.3), with x, stable. Next we show that if x| and x3 are stable Bohl
distributions and if u,xy and x5 satisfy the equations (9.2) and (9.3) with x; stable, then u is
admissible. This is however obvious since then x(xo, &) = (x1, x4, x3 ) s0 L(K) x (xo, u) is regular
(see Section 7). 0

Now, the existence of optimal controls for our singular indefinite linear quadratic problem
tums out to depend on the gap of the reduced order Riccati equation (8.9). Let K7; be the smallest
real symmetric solution of (8.9). Define A, := K{; —K7;. Furthermore, define

9.6) A=Ay -ARyM ALK +S,) .

Recall from Theorem 5.1 that 6(4,) < €~ if and only if A, > 0. We have the following result:

Theorem 9.2. Assume that (4, B) is controllable and I" # @. Then for all xo € IR" there exists
an optimal input u if and only if A, > 0. Assume that the latter holds. Let xg € R" and let
U € U uqm(xp) with corresponding state trajectory x = (x], xJ, x)7. Then u is optimal if and only
if x; and x5 are equal to the Bohl distributions given by

©.7) x3() =R ATKY +S)eMx0 20,

(9.8) x()=e*x0 (20),

and u, x, x, and x4 satisfy (9.3) with x, stable.

Proof. If A, > 0 then x5 defined by (9.7) is the unique optimal input for the linear quadratic prob-
lem (9.1), (9.2). Furthermore, x; and x3 are stable Bohl distributions that satisfy (9.2). Let
u € Uggn(xp) be such that x, x5 and u satisfy (9.3) with x, stable. We claim that any such u is
optimal. To prove this, it suffices to show that J g (xo, 1) = x5 K *xo. Now, by definition

oo

9.9 Jain(xo, 0) = j HCx xI2 dt + xhK ¥xq |
4]

where Cg- is such that C§+ Cx» = L(K™*). Obviously,

9.10) NCx-xI?

=x]L (K" xy + 23] L13 (KM xy + x5 Lag(K+) x5

=x] (AT kT +KhA 1 +0) X +24 (KA1 +ST)x,
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+ xgk,xg

d
=7 GTK ) + 0,000, x3) .

By integrating this, using the facts that lim x;{(f) =0 and that
fpo0

o

j o, (x1, x3) dt = VF(x10) =x]oK ix10 »
0

we find that

[ ICk-x1?dt=0 .
0

Conversely, assume that u € U, (xo) is optimal. We first claim that x, and x; are regular.
Indeed, since L(K*) x is regular, L13(K*)Tx, + Las(K*) x5 is regular. Hence x3 = ~La3(K*)™
Lis(K*)xy. Since also x; =Ayx; + A3x3 + 8xy0, this proves our claim. Now, since u is
optimal, we have J g (xg, ) =xoTK *xg. Using (9.9) and (9.10) this yields

| wCge 2 dr =0
0
and
. d T+
[ 7 F1Knx)de+J, (o1, x3) =0,
0

respectively. Now, since u is admissible we have limx(t) = 0 and hence we find
t—oa

T
J(xo1, x3) =x0:KT1xo1 = Vi(xo1)

so x3 is optimal for the linear quadratic problem associated with (9.1) and (9.2). This however
implies that x5 is given by (9.7). Obviously, 4, x;, x and x5 also satisfy (9.3) with x, stable.
Finally, if an optimal u exists for all x, then by the above also an optimal x5 exists for all xg; (for
the linear quadratic problem associated with (9.1) and (9.2)). Hence A, > 0. ]

If follows from the above theorem that if xo € R”™ and if u is an optimal input, then the
corresponding optimal state trajectory x = (x], x2, x )T looks as follows: x5 is regular and equals
the function that takes the value x¢3 in ¢t =0 and the values x3(¢) given by (9.7) for ¢t > 0. Note
that x3 makes a jump from x3 to f—R;‘ (A3K1; +5,)x15. the component x; is smooth. It
corresponds to the function given by (9.8) for ¢ 2 0. Finally, x, is an impulsive-regular distribu-
tion that in general has a non-zero impulsive part. We note that every optimal input u yields the
same x; and x3. However, the component x, in general depends on the particular choice of w.
The regular part of any optimal trajectory x however for ¢ > 0 corresponds to a movement on the
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linear subspace given by the equation

x3=-R;MA13KY +8)x; .

An obvious question that now arises is: when do we have uniqueness of optimal controls? It
turns out that a condition for this can be formulated in terms of the real rational matrix

H(=s,5)=SUs —A)Y"'B + BT(~Is — ATY1§T

+BT(-1s - AT 10Us - A)Y'B .

This matrix also appears in [15]. In fact, it was shown there that the frequency domain inequality:
H(-io,in)2 0 for all ® e R such that iw is not a pole of H(-s, §), is equivalent to: I'# @.
Without proof we state the following:

Theorem 9.3. Assume (A, B) is controllable, ' # @ and A, > 0. Then for all x; € R" there exists
exactly one optimal input «* if and only if H (—s, s) is an invertible real rational matrix. {

10. CONCLUSIONS

In this paper we have studied a general version of the infinite horizon linear quadratic
optimal control problem. We have proposed a mathematical formulation of the problem in case
that the cost criterion is given by the integral of an indefinite quadratic form, while at the same
time the weighting matrix R of the control input is not necessarily invertible. In our subsequent
treatment of this optimization problem we have restricted ourselves to the totally singular case,
i.e., the case that R =0. Under this assumption we have found a characterization of the optimal
cost or, equivalently, of the largest real symmetric solution of the corresponding linear matrix
inequality. It was shown that this solution can be found by means of the recursive algorithm (6.2)
followed by the calculation of the largest real symmetric solution of the reduced order algebraic
Riccati equation (8.9). In Section 9 we have given a characterization of all optimal controls. We
have also given necessary and sufficient conditions on A, B and  such that for every initial con-
dition there is exactly one optimal control input.

Of course, the results of this paper are incomplete in the sense that we did not treat the most
general case "R 2 0" but only the case "R =0" (the classical case "R > 0" is treated in [15]). In
the case that we only have R 2 0 instead of R = 0 it is indeed also possible to develop an analysis
based on a strongly controllable subspace T* associated with (A, B, w). At this moment however
it seems difficult to develop an algorithm like 6.2 to calculate this subspace T*, the associated
W* and the fixed mapping K | T* in this most general case. The latter is left for future research.
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