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Abstract. The trace theorem on anisotropic Sobolev spaces is proved. These
function spaces which can be regarded as weighted Sobolev spaces are particularly
important when we discuss the regularity of solutions of the characteristic initial boundary
value problem for linear symmetric hyperbolic systems.

In this note, we give the trace theorem on anisotropic Sobolev spaces which appear
in the study of the initial boundary value problem for linear symmetric hyperbolic
systems with characteristic boundary. The function spaces with which we concern
ourselves will be denoted by H7(R), Q2 being an open set in R" lying on one side of its
boundary. Denoting the usual Sobolev space by H™(Q2), we have the continuous
embedding H™(Q) =, H(Q) for m=0, 1, .... Hj(®) is anisotropic in the sense that the
tangential derivatives and the normal derivatives are treated in different ways in this
space. In contrast with the case where the boundary is non-characteristic, the solution
of the characteristic initial boundary value problem for symmetric hyperbolic systems
lies in general in HY(Q), not in H™(Q). The trace theorem on H(() is needed especially
when we consider the compatibility condition. This is the motivation for the present
work.

For simplicity, we suppose that Q is a half-space in R". Let

R" ={(t,y)|t>0,yeR""'}.

Let pe C*(R.) be a monotone increasing function such that p(f)=1in a neighborhood
of the origin and p(z)=1 for any ¢ large enough. By means of this function, we define
the differential operator in the tangential directions

80 =(p(12) 0 - 03,

where a=(ay, ..., ®,_4), 0;=0/0y;, 1 <i<n—1. The differential operator in the normal
direction is 0¥ We fix a nonnegative integer m. Let ue L*(R",) satisfy

lul2,= Y  0GP0ku|*< o0,
r+|a|+2k<m
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the derivatives being considered in the distribution sense. The set of such functions is
denoted by Hj(R"). The norm in this space is given by | * ||, ,. It is easily seen that
H™(R") is a Hilbert space for m=0, 1, .... In particular, HY(R")=L*R"). H (R".)
coincides with HY (R") defined by Bardos and Rauch [1]. For m>2, we have
HY(RY) g Hi,(RY). 1t follows directly from the definition that H Zm(R") = H™(R".).
We note that the norm in H(R") is equivalent to the norm defined by

1/2
{ > ua‘:“’ai‘unz} ,

r+|a|+2k<m

where 9 =p(1)9;05. This observation is useful in the following computations. We
denote by [ p/2] the largest integer not exceeding p/2.

THEOREM 1. Let p>?2 be an integer. Then the mapping

CERY)surs {010, 7)|i=0, ..., [p/21 -1} CER} ) x -~ x CE(R™)

[p/2] ;imes

extends by continuity to a continuous linear mapping of
tp/21-1
HYR%)—> [] HP2"YR:7Y).

j=0

This mapping is surjective and there exists a continuous linear right inverse
(Bos + + -5 Appjay— 1) > Rlho, - . - 5 Prpiay—1)
of

(p/21-1 ,
[I HP7Y"Y R} - HYRY)

i=0

such that

5j~@(h0a e h[j;/Z]—l)(O Y)=h'(}’) 0<j<[p/2]—-1.

PrOOF. Let k=[p/2]—1. We note that C(o)(R ) is dense in H%(R"). (For the
proof of this fact, see [2, Appendix B, Lemma B.1].) We show that

(l) ||5ju(0,)’)”m—u-l(n"*‘ —<-C”u”p*7 j=0’ L...,k,

for ue C(o)(R ), where C is a positive constant. Let 0<j<xk. Then

2 ll67u(0, Y)thip—w—l(n;“)=f [KnyP~21=0}a(0, ) |*dn .
Rn-1

Here # denotes the partial Fourier transform of u defined by
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it, n)= e~ My(t, y)dy .

n-1
Ry

We write (n>=./1+|n|* and @ =(2n)~ " Vdy. The right hand side of (2) is equal to

—j <nY”‘””(f aAwmanm>m
R ! 0

=—J <n>2“"2"””<2Re J 5{+‘ﬁ(t,n)8{ﬁ(t,n)dt>drl
Rn—l

0

=-2 Refmf (P27 201 Ha(e, m)<n>P >/ ola(t, m)) dedn
0o Jrr-t

© 1/2
sZ(j j |<nyP=2=20] g, n)lzdtdrl>
0 Rn—l

© 1/2
X < J J | <P~ 2Iofi(t, n) |2dtd11)
0 JRn-t

1/2 1/2
sZ( Y llaiﬁf“ullz> ( > lla";ai‘ullz>

la| +2(k+1)<p |a|+2k<p

<2|ul2, .

This proves the first assertion of Theorem 1. Next we define the mapping #. Let
h;e C(R"™ 1), j=0,1,..., k. We set

go(y)=ho() .
We define g; successively by

~ j_l .
©) gim=h— 2 obwiO.m),  1<j<k
where
e U
4 wi(t, m)=e"""" — g,(n) .

i!

Let p€e Cff,,(R*Jr) be a nonnegative decreasing function. Suppose that ¢(t)=1 in a neigh-
borhood of the origin. We fix ¢ once and for all. Let ue L*(R",) be a function such that

it 1)=0(0) Y. wit.n).
2

We define the mapping 2 by (ho, ..., bz —1)—u. Then we have 0/u(0, y)=h,(y),
0<j<k. This is seen from
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. LI oo ; izl
010, )= Y oiwi(0,m)= Y. diw(0, m)=0aw;(0,n) + Y. d}w,(0, 1)
i=0 i=0 i=0

=éj(ﬂ) +(ﬁj(’7)—éj(’7))=i’j(’7) 5
for 1 <j<x. When j=0, we have u(0, y)=go(y)=ho(y) by definition.

We prove in turn the continuity of # as a mapping of ]_[[”/ ATtgr--iRe
- HE(R",). We note that

lulza= X lp@rosotul’= X llp(ey oy o5ull®

r+lal+2k<p (r+k)+|a|+k<p

= X2 lpey~*o05ul .

s+|a|+k<p
s>k
Each term on the right hand side of the last equality is at most

J J | 5=\ a3t n) | dedn .
0 JRr-t

This in turn is not greater than a constant multiple of

(] ()
=Oq (r— J)v0 0

x <p“_”(t)< : >(— P L
q (—C—g)!

W Mx

i

2

gim)| dedn

<C Z Z z f j |ts—k+q—r+j<,1>lal+qu—t<n>2éj(,7)|2dtd,7.
j=0r=04q=(r—-j)v0 Jo n-1

To compute each term on the right hand side of this inequality, we change the variable
of integration from ¢ to z by setting z=1{xn>2. Then

© JJ | mRr Gl 200 () P
0 JRn-1

=j zz<s_"+""’+j’e"2zdzj‘ <n>2|a|—4(s—k—r+j)—2|éj(”) |zdf1 .
0 Rn—1

Since s>k and g>r—j, we have

(oo}
J zAs—ktamr4po=22g4, O
0

Hence the right hand side of (5) does not exceed
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(6) CJ\ <”>2|a|—4(s—k—r+j)—2|éj(ﬂ)Izdn .
Rn—l
We notice that
j j . ~
@ Gn=2, <jl><n>20_l)hz(’1), j=0,... k.

This equality will be proved later as a lemma. The integral (6) is estimated by using (7)
as follows.

f (el =47k D72 () | 2
Rn-1

<C

1

g Ms..

j <71)2'“'_4(‘_"””’"“4”_”|fl,(n)lzdn
Rn-1

j .
—C 3 [yt 2 ) 2y
=0
If || —2s+2k+2r—21—1>0, then each term on the right hand side is estimated by
l2gl| 3125262 -2 1gn-1y. Otherwise the corresponding term is bounded by ||A;[|Z:gn- 1.

Combining these estimates, we obtain finally

lp(ey ~*0705ull* < C Z

"Mu

r Jj
Z Z ”hl”%Iﬂazl+2k—2:+21—zl—livO(Rn-l)
0g=@r—-j)v0oI=0

K
—C Z ”hjulzﬁaiuk—zpl(nnq) N
j=0

which implies that

lulzu<C X lp@y~*oio5ul*<C ). Z 8 1 B+ 26~ g1y

s+|a|+k<p la|+2k<p j=
s>k

SC Z "hj”%lﬂﬂiﬂ(nnﬂ) .

j=0

Since CP(R" ) x -+ x CF(R"™') is dense in HP"}(R" 1) x -+ x HP~ P21+ Y(Rn~1)
the mapping (hq, ..., A2 -1) > u extends by continuity to a mapping of
[18 " HP~2~ YRy~ 1)—~>H (R™). This completes the proof of Theorem 1.

LEMMA. For j=0,..., k, we have

gjm) & <1> hy(n)
8 .= .
® <y 1;0 1)

Proor. First we observe that by (4)
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i

. N L
0iw;(0, m)=0{(e™"™ ng(”))|t=0

<.

=5 () e v @ atmheo=(’ -t
=0 \q/ (i—¢q)! !

for 0<i<j—1, 1<j<k. Substitution of this into (3) and division of both sides by
(—<n>?) yield
O O AN )
9 = PN N
(=<m?) . (=<m>?Y i=o\i/ (=<m>?)

for j=1,..., k. Let x;=4;(n)/<nd* and let y;=h,(n)/(—<n)?’,j=0,...,«. Then we
have by (9)

i .
1=0 l
This implies that
! J
x=2 (=07 s 0sjsk.
=0

From this follows (8) at once. We end the proof of the Lemma.

THEOREM 2. Let p and q be integers with [ p/2]>[q/2]=1. Then the mapping R
whose existence is guaranteed by Theorem 1 can be chosen so that the mapping

[a/21-1 )
HP =27 YRy " Y3(hy, ..., hyga1-1) Rlho, - .., hig21-1,0, ..., 0)e HY(R",)
[p/2]~[g/2]times
extends by continuity to a continuous linear mapping of
w2-v
[[ H"27YRS™)>HYR").

j=0

PrOOF. Let p and g be integers such that [ p/2]>[g/2]>1. Let h;e H?~ 2/~ }(R"™1),
j=0,1,...,[q/2]—1. We set

~.”_{hj, j=0,1,...,[q/21-1,
Tlo,  j=[g2],...,[p21-1.

Then the mapping

(hos - s higay— 1) (s -, Pipyay—1)

defines a continuous linear mapping J of
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[q/21-1 p/2]1-1

[
HP 5 'Ry Y~ [ HP 2 Y(RYTY).
1

Jj=0 j
Let # be a continuous linear mapping of

(p/21-1 )
[ H 2Ry HuRY)
described in the proof of Theorem 1. It is obvious that £7 is a continuous linear
mapping of
l9/21- 1
[l HP YR Y)>HYR").

j=0
Now let
u=RI (ho, ..., hg-1) -

Then we have

(10) lulz<C X lp(ey*0505ul?

stla|+k<q
s>k

w21
S C Z Z ”h] "H]u|+2k—2jfl(kn—l) .
la|+2k<q j=0
The computation can be carried through in much the same way as in the proof of
Theorem 1. It follows from (10) that

q/2]1—-1

[a/2]
(1D lulg«<C _ZO I Fra- - 1ny -
j=

This implies that 27 extends by continuity to a continuous linear mapping of

la/21-1 )
[ H27Y Ry —>HY(RY).

j=0
The proof of Theorem 2 is thus complete.

Now we consider anisotropic Sobolev spaces defined on a general domain. Let I’
be a smooth compact hypersurface of dimension n—1 in R" which does not interesct
itself. Let Q be the interior or the exterior of I'. A vector field A on Q is said to belong
to #°(Q; C") if each component of A is a bounded C®-function on € and the derivatives
of any order are also bounded on Q. We say that a vector field A is tangential if
{A(x), v(x))=0 for all xeI'. Here v=(v,, ..., v,) denotes the unit outward normal to
I'. The function space Hj(22), m>1, is defined as the set of functions satisfying the
following properties:
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(1) uelL*Q).

(2) Let Ay,...,A;€6#%(Q: C") be tangential vector fields and let A, ..., A€
#>(2: C") be any vector fields. Then A, - -A;A' - - Aue LX), if j+2k<m.
Let us define a norm on H(Q) by making use of the partition of unity. We choose a
finite open covering {O;}Y_, of I'. Then, for each j, there exists a diffcomorphism t;
from 0;nQ to a semi-ball {(z, y)|t>0, t*+|y|*<a?} such that 7;,(I'n0;)={r=0} and
that the normal vector field 0, corresponds to —d, there. We see that any vector field
in ¢; which is tangential to I" can be represented in the semi-ball as a linear combination
of 19,0y, ...,0,_, with C®-coefficients. Let Oy={xeQ|dist(x, I)>é} for a small
positive number §. Then, for each j (0<j<N), there exists a function x; of class C*
with support in O; such that Z‘;Lo x?=1on Q. A function u on Q belongs to Hy(Q) if
uV=(yu)ot;* e HR(R") for 1<j< N and if yque H™(R"). The space HT(%) is endowed
with the norm

N
(T P27 RS Y 27 A
i=1

"Xju”rzn,*z " I;ﬂt llaii.’:’@'{u”’llizm),
r a <m

where |« ||,, denotes the usual Sobolev norm, a= (a4, ..., «,) and
O = (o) o7 -+ 03t

The norms arising from different choices of ¢}, 7, x; are equivalent norms.
The trace theorem on H}(£2) can be derived from Theorem 1 by using a partition
of unity and local coordinate changes. Theorem 2 also has its counterpart in H73(£2).

REMARK 1. We recall the definition of the norm given earlier which is equivalent
to the original norm of HJ(Q). Then it turns out that H%() can be regarded as a
weighted Sobolev space. In fact, we have

lulzs= 2 |0305u(t, y) 20, (t)dtdy

stlalsm JQ

with

oyall)= )y p()*,
2s+|a|—m)+ <I<s
when Q=R",. Notice that the weight depends explicitly on the multi-index (s, ). We
refer the reader to Triebel [4] for the general weighted Sobolev spaces.

REMARK 2. We have no trace theorem on H1(£). There is a function that belongs
to H1(£2) and has no trace. We mention here a weighted Sobolev space which is similar
to H,(R2) but is used for different problems. Let W7(£2) denote the set of functions such
thatue H™ %) and p™~*ue H™(Q), where 0 <k <m. Then H }(2) g W1(€). The function
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spaces Wi'(€2) are suitable for the study of the degenerate elliptic operators. The reader
is referred to Shimakura [3].
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