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ABSTRACT. This paper is concerned with three aspects of the study of
topological versions of the translational hull of a topological semigroup. These
include topological properties, applications to the general theory of topological
semigroups, and techniques for computing the translational hull. The central
result of this paper is that if § is a compact reductive topological semigroup and
its translational hull £(S) is given the topology of continuous convergence
(which coincides with the topology of pointwise convergence and the compact-
open topology in this case), then (S) is again a compact topological semigroup.
Results pertaining to extensions of bitranslations are given, and applications of
these together with the central result to semigroup compactifications and divis-
ibility are presented. Techniques for determining the translational hull of cer-
tain types of topological semigroups, along with numerous examples, are set forth
in the fina! section.

The algebraic theory of the translational hull of a semigroup has been pre-
sented extensively in [10] and [11] with earlier material appearing in [3]. Ref-
erences in these works indicate a list of contributors to the field.

Motivation for the study of the translational hull has primarily been its
applications to the theory of ideal extensions. For this reason, it appears to the
authors of this paper that any coherent theory of ideal extensions of topological
semigroups would be based on a topological version of the translational hull. Re-
sults of a brief effort in this direction appear in [2], where a topology is assigned
to the translational hull. A study of the special case of a compact semilattice is
presented in [1].

In this paper we expand the knowledge of topological versions of the trans-
lational hull of a topological semigroup in terms of topological properties, appli-
cations to the general theory of semigroups, and techniques for computing the
translational hull of a given topological semigroup. Whenever feasible, we present
results in the more general setting of semitopological semigroups.

Our prime objective in the first section of this paper is to find a reasonable
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topology for the translational hull and develop the basic properties. We propose
two candidates, which we believe to be suitable, and indicate that these coincide
for a large class of semigroups. The central result of this section is that the trans-
lational hull of a compact reductive semigroup is again a compact semigroup. In
route to this result, topological analogues of the algebraic notion of reductivity
are developed.

The second section is devoted to the study of sufficient conditions for a
continuous homomorphism from one topological semigroup to another to induce
one between their respective translational hulls.

In the third section we apply the results of the first two sections to the
study of semigroup compactifications. Of particular concern is the existence and
uniqueness of monomorphic compactifications. The translational hull provides a
unifying base from which to derive previously scattered results in [5], [6], and
[9] concerning semigroup compactifications.

As an application of the central result of the first section, we obtain a re-
sult in the fourth section which appears in [5] and which states that each com-
pact power-cancellative abelian semigroup S can be embedded in a compact
uniquely divisible abelian semigroup. The result offered here yields additional
information, since the compact uniquely divisible abelian semigroup is a sub-
semigroup of the translational hull of the original semigroup and the embedding
is canonical.

Having observed a deficiency of examples of translational hulls in the lit-
erature, we set out to investigate numerous examples and thereby discovered
some techniques for computing the translational hull for certain classes of semi-
groups. The fifth section of this paper is devoted to the presentation of these
techniques and examples. Some of the examples reveal information pertaining
to the properties of the translational hull, e.g., the translational hull of a compact
connected reductive semigroup need not be connected.

The authors are indebted to the referee for several useful and clarifying
suggestions concerning continuous convergence, for Lemma 1.0, and for correc-
tions and simplifications in a number of proofs.

1. Topologizing the translational hull. If S is a semigroup, then a function
A: S — S is called a left translation of S provided A(xy) = (Ax)y for each x, y
€ S, and a function p: S — § is called a right translation of S provided (xy)p =
x(yp) for each x, y € S. (Here we write xp for the image of x under p.) If A
and p are left and right translations of S, respectively, such that x(Ay) = (xp)y
for each x, y € S, then we say that A and p are linked and the linked pair (A, p)
is called a bitranslation of S. If w = (A, p) is a bitranslation of S and g € §, then
we frequently denote wa = Az and aw = ap. Observe that for x, y € S we have
w(xy) = (Wx)y, (xy)w = x(yw), and x(wy) = (xw)y. For an element a € S we

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TRANSLATIONAL HULL OF A TOPOLOGICAL SEMIGROUP 253

use A, [o,] to denote the left [right] translation x F>ax [x = xa]. Notice
that A, and p, are linked for each @ € §, and hence w, = (A,, p,) is a bitrans-
lation of §. For @ €, the translations A, and p, are called inner left and inner
right translations, respectively, and w, is called an inner bitranslation. 1f T is a
subsemigroup of S and w = (A, p) is a bitranslation of S, then w|T denotes the
pair (AT, pIT) (restrictions). Observe that if a € S and [ is an ideal of S, then
w, Il is a bitranslation of .

In the case that a semigroup S is endowed with a topology and w = (), p)
is a bitranslation of S, we say that w is a continuous bitranslation provided A
and p are both continuous. We will use A(S) and P(S) to denote the set of all
continuous left and right translations of S, respectively, and use §2(S) to denote
the set of all continuous bitranslations of S. Qbserve that A(S) is a semigroup
under composition, P(S) is a semigroup under reverse composition, and (S) is
a subsemigroup of A(S) x P(S). The semigroup §2(S) is called the translational
hull of S. Notice that the set n(S) of all inner bitranslations of S is a subsemi-
group of (S) and the function m: § — n(S) defined by (@) = w, is a homo-
morphism. The semigroup #(S) is called the inner translational hull of S and the
homomorphism n: § — a(S) is called the canonical homomorphism. For the
purpose of topologizing £(S), we will use S5 to denote the set of all continuous
functions from S into S.

If S is a semigroup endowed with a topology, then the fopology of point-
wise convergence on S is defined by saying a net f, converges to fin SS if
fo(x) converges to f(x) for each x €S. We denote by AP(S) and Pp(S), the
semigroups A(S) and P(S), respectively, endowed with the relative topology of
pointwise convergence on S5, and by Qp(S) the semigroup $2(S) with the relative
product topology on A, (S) x P, (S).

An alternative description of the space S'lp(S) may be given as follows:
Form a product IS x S} ¢, one factor of § x S for each element of S, en-
dowed with the product topology. Define an injection of (S) into II{S x S} eES
by w t—> (wa, aw) in the ath coordinate for each @ € S. When £(S) is identified
as a subset of II{§ x S} ¢ in this fashion, then £2,(S) is £2(S) endowed with the
subspace topology.

It is frequently desirable to define a topology on a set from some notion
of convergence of nets in that set. (Formally, we would start with a set F and a
class C of pairs ({f,}, f) with {f,} a net in F and f € F, and say that a net {f,}
converges to f if ({f,},f)isin C.) If the notion of convergence satisfies the prop-
erty that if a net converges to a point, then the net restricted to any cofinal sub-
set of the domain directed set converges to the same point, then a topology may
be defined in F by defining a set 4 C F to be closed if and only if whenever {f,}
is a net in 4 which converges to f, then f€ A. If a net {f,} converges to f by

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



254 J. A. HILDEBRANT, J. D. LAWSON, AND D. P. YEAGER

definition, then it converges in the topology just defined, but the converse need
not necessarily hold. A treatment of these matters appears in [8].

10. LEMMA. Let F be a topological space and let C be a class of pairs
(f,}, f), where {f,} is a net in F and f € F, satisfying: Forall ACF, A is
closed if

{f € F: there exists {f,} C A with ({(f,}, /)€ C} C A.

Let G be a space and let h: F — G. Then h is continuous if ({(f,}, /)€ C
implies {h(f,)} converges to h(f) in G.

PROOF. Let B be a closed subset of G, and let 4 = h~1(B). If { f} €4
and ({f,}, f) € C , then {h(f,)} C B and {h(f,)} converges to h(f). Since B is
closed, h(f) € B. Hence f € A. Thus by hypothesis, 4 is closed. Hence & is
continuous.

If X and Y are topological spaces, let YX denote the space of all continu-
ous functions from X into Y. We say that a net f, in YX converges continuously
to fin YX if the product net fo(xg) converges to f(x) for each net x,; converg-
ing to x in X. The topology of continuous convergence on YX is defined by
saying a set A is closed if and only if whenever a net f, in 4 converges continu-
ously to some fin YX, then f€ 4.

Note that if Y is Hausdorff, then the topology of continuous convergence
on YX is Hausdorff since (using 1.0) the identity function is continuous from
YX with the topology of continuous convergence into Y* with the topology of
pointwise convergence. Observe also that if C = {({f,}, f): f converges contin-
uously to f}, then C determines the topology of continuous convergence on YX,

In the terminology of R. Arens and J. Dugund;i [0] a topology T on YX
is

(a) proper if continuous convergence implies convergence relative to T, and

(b) admissible if convergence relative to T implies continuous convergence.

In this language, the topology of continuous convergence is proper and may
be characterized as the strongest (i.e., most open sets) proper topology on YX,
However, it need not be admissible. If X is locally compact Hausdorff, then the
topology of continuous convergence is precisely the compact open topology and
is both proper and admissible (see [0]).

We specialize now to the case that S is a semigroup endowed with a to-
pology. We define topologies on A(S), P(S), £(S), and Q(S) x Q(S) by first de-
fining convergence of nets. A net A, (p,) of continuous left (right) translations
converges continuously to A (p) if they converge continuously as functions. A
net w, = (A,, p,) of continuous bitranslations converges continuously to w =
(A p) if A, converges continuously to X and p,, converges continuously to p,
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and a net (7, w,) of ordered pairs of continuous bitranslations converges con-
tinuously to (7, w) if 7, converges continuously to 7 and w, converges contin-
uously to w. The topology of continuous convergence is defined in A(S), P(S),
Q(S), and Q(S) x §2(S), respectively, by declaring a set closed if and only if
whenever a net in the set converges continuously to some point, then the point
is also in the set. These semigroups endowed with the topology of continuous
convergence are denoted A_(S), P,(S), &2.(5), and £,(5) x, £.(S), respectively.
Note that £2_(S) is not necessarily the topology that Q(S) inherits as a subset of
A (S) x P(S) nor is (S) x, £2.(S) necessarily the product topology, but that
both of these properties hold if the topologies of A (S) and P,(S) are admissible
(in particular, if S is locally compact Hausdorff). If £,(S) is admissible, then
Q,(8) %, () is the product topology.

1.1. PROPOSITION. Let S be a semigroup on a topological space. Then
multiplication on QP(S) is separately continuous and multiplication on S (S)
is continuous from Q(S) x, §2.(S) into §,(S). Hence if the topology of con-
tinuous convergence on () is admissible, then multiplication on Q(S) is
Jointly continuous.

PrROOF. Suppose that w, is a net in §2,(S) converging to w and let 7 €
QP(S). Then for each x € §, we have that w,x converges to wx, and since 7
is continuous, Tw,x converges to Twx. Now, since w, converges pointwise to
w, w,(7x) converges to w(rx) for all x € S, and hence W, T converges to wr.
Similar arguments on the right complete the proof that multiplication on QP(S)
is separately continuous.

To show multiplication is continuous from §2,(S) x, £,(s) to 2.(S), we
apply Lemma 1.0. Let (w,, 7,) converge continuously to (w, 7). Then W, con-
verges continuously to w and 7, converges continuously to r. Hence if Xg con-
verges to x in S, then 7,x; converges to 7x, and hence W, (T4Xg) converges to
w(7x) = (wr)x. A similar argument holds on the right. Hence W T, COnverges
continuously to wr, and hence converges in the topology of continuous con-
vergence, £2,(S).

A semigroup on a Hausdorff space is called a semitopological semigroup
provided multiplication is separately continuous and a topological semigroup if
multiplication is jointly continuous.

1.2. PROPOSITION. Let S be a topological [semitopological] semigroup.
Then the canonical homomorphism w: S — Q (S) [SZP(S)] is continuous.

PROOF. Suppose that S is a topological semigroup and suppose a, is a net
in § converging to . Then for each net X converging to x in S, we have Wy Xg =
a,xg converging to ax = w,x and similarly on the right. It follows that n(a,)
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converges to m(a) in the topology of §2.(S), and hence m: § — 2 _(S) is contin-
uous.

A similar argument applies for the semitopological case.

Various notions of reductivity have played an important role in the study
of translational hulls. A semigroup S is said to be left [right] reductive if xa =
xb [ax = bx] for all x € S implies ¢ = b, and reductive if S is both left and
right reductive. We say that a semigroup S is weakly reductive if xa = xb and
ax = bx for all x € § implies a = b.

For the topological setting we need appropriate topological notions of re-
ductivity. We use the notation ¢, — a to mean that the net g, converges to a.

A semitopological semigroup S is said to be left [right]net reductive if xa,
— xa [a,x — ax] for all x € § implies that a, — 4, and § is said to be net
reductive if S is both left and right net reductive. We say that S is weakly net
reductive if xa, — xa and a,x — ax for all x € § implies that a, — a.

A semitopological semigroup S is said to be weakly bi-net reductive if for
anet a, in § and 4 € §, the condition that xza, — xa and a,x; — ax for each
Xg—>x in § implies that a, — a. The notions of right bi-net reductive, left
bi-net reductive, and bi-net reductive are defined analogously.

1.3. PROPOSITION. In a semitopological semigroup S net reductivity implies
bi-net reductivity which in turn implies reductivity. Analogous statements hold
for right, left, and weak reductivity.

PrOOF. We give a proof for the case of left reductivity.

Suppose that § is left net reductive. Let {z,} be a net in S and ¢ € S such
that xga, — xa for each x; — x in S. Then, in particular, for the constant net
X5 =X, we have xa, — xa. In view of the fact that § is left net reductive, we
see that ¢, —> a, and hence § is left bi-net reductive.

Assume now that S is left bi-net reductive and suppose that xa = xb for
all x € S. We show that the constant net consisting of a converges to b (yielding
that ¢ = b, since § is Hausdorff). If x; — x, then x0 — xa = xb by separate
continuity of multiplication. Since § is left bi-net reductive, the constant net
consisting of a converges to b.

It is well known in the algebraic case that the canonical homomorphism
m: § — §(S) is an isomorphism into if and only if S is weakly reductive [3].
The next proposition is a topological analogue of this result.

1.4. PROPOSITION. Let S be a semitopological [topological] semigroup.
Then the canonical homomorphism m: S —> §2,(S) [S2.(5)] is both an isomorphism
and homeomorphism into if and only if S is weakly net [bi-net] reductive.

Proor. The proof in the topological semigroup case is essentially in [2].
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Suppose that S is a semitopological semigroup which is weakly net reductive.
By 1.2, we have that n: § — Qp(S) is a continuous homomorphism. From 1.3,
we have that S is weakly reductive, and hence 7 is a monomorphism. Suppose
now that Wa, is a net in 1rp(S) (n(S) with the relative topology of SZP(S)) con-
verging to w,. Then for each x € §, we have Wg, X = d,X converges to w,Xx =
ax and similarly xa, converges to xa. By weak net reductivity @, converges to
a. It follows that 7~ !: m(S) — S is continuous and 7 is a homeomorphism
into Qp(S).

Conversely suppose that 7: S — QP(S) is a homeomorphism into. Suppose
that ¢ €S and a, is a net in S such that xa, — xa and g ,x — ax for all x €
S. By definition of the topology of QP(S), we have Wg,, ™ W, in Qp(S). Since
n is a homeomorphism, we have that a, — a.

Before proceeding to our next proposition, let us make an observation
that will be used throughout this and other sections without further reference.
If § is a reductive abelian semigroup, then

AB)=HS) and Q(S) = AAES) x AS)) = A
is an abelian semigroup (see [11]).

1.5. PROPOSITION. Let S be a reductive abelian semigroup endowed with
a topology. Then first projection of §2,(S) [Qp(S)] is an isomorphism and a
homeomorphism onto A (S) [A,(S)], and second projection of Q(S) [Qp ]
is an isomorphism and a homeomorphism onto P (S) [PP(S)] .

ProOF. The fact that these projections are isomorphisms is proved in [10]
The fact that m, is a homeomorphism (i = 1, 2) follows from the above remarks,
1.0, and the diagram:

1a

I ]
AS) —2— A — AGS) (= P(s)) —2—> A
L 1

Ay

where ¢(A) = (A, A). We have that ¢ is a continuous inverse for m;. This com-
pletes the proof of the proposition.
The parallel development given for semitopological and topological semi-

groups ends at this point. For the remainder of this section we treat peculi-
arities of each situation.

1.6. PROPOSITION. Each bitranslation of a net reductive semitopological
semigroup S is continuous, i.e., SUS) = U(S,), where S is S endowed with the
discrete topology.
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PROOF. Let w be a bitranslation of S and let y, be a net in S converging
to y. Then for each x € §, we have x(wy,) = (xw)y, — (xw)y = x(wy).
Since S is net reductive, wy, — wy and similarly y w — yw. It follows that
w is continuous.

1.7. PROPOSITION. Let S be a net reductive topological semigroup. If
W, is a net in §(S) and w € 8U(S), then w,, converges pointwise to w if and
only if w, converges continuously to w. Hence, in this case, QP(S) = Q.(5),
the topology of continuous convergence is admissible, and 2 (S) is a topolog-
ical semigroup.

ProoF. The identity function on £(S) is continuous from £,(S) to
Qp(S) in view of 1.0.

Suppose w, — w in SZP(S), and let x; — x in S. Then for each y €S,

P@,%g) = ()%, — (w)x = p(wn).
Since S is net reductive, we have WoXg —> wx; similarly, X5, —> Xw, SO that
w, converges continuously to w. Hence QP(S) = Q.(S).

If w, converges to w in §2,(S), then by the preceding w,, converges point-
wise to w, and hence w, converges continuously to w. Thus §2,(S) is admis-
sible. By 1.1, _(S) is a topological semigroup, and the proof of the proposi-
tion is complete.

We turn now to the case that will occupy most of our attention in the
remainder of this paper, the compact case, and develop the basic results for
that case. The next proposition is a partial converse to 1.3.

1.8. PROPOSITION. Let S be a compact semitopological semigroup and
let T be a dense subsemigroup of S. If S is reductive, then T is net reductive.
Analogous statements hold for right, left, and weak reductivity.

PROOF. We prove only the case for left reductivity since the others are
similar. Let y, be a netin T and y € T such that xy, — xy forallx € T.
Let z be a cluster point of the net y,, in S. Then for each x € T, the net xy,
clusters to xz in § and converges to xy. Hence for all x € T, we have xz = xy.
Since T is dense in S and multiplication is separately continuous, we have xz =
xy for all x € S. Since § is left reductive, we have z = y, so that Vo)

1.9. REMARK. It is useful to observe that if S is a reductive semigroup
and f and g are a linked pair of functions from § into S, then (f] g) is a bitrans-
lation of S (see [10]). To see that f is a left translation let x, y €S. Then for
each t €S, we have #[(fx)y] = [t(fx)]y = [(tg)x]y = (tg)(xy) = tf(xy). Using
left reductivity, we see that (fx)y = f(xy), and f is a left translation. A similar
argument works to show that g is a right translation of §, and hence (f, g) is a
bitranslation of S.
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1.10. PrROPOSITION. Let S be a compact reductive semitopological semi-
group. Then SZP (S) is a compact semitopological semigroup.

Proor. Embed Q(S) in II{S x S},c¢ by w +> (wa, aw) in the ath co-
ordinate for each ¢ € S. We show that (S) embedded in this way is a closed
subset of II{S x 8} 5.

Let w, be a net in (S) converging to an element w of {S x S} ¢.
We may consider w to be a bifunction by defining wx to be the first entry in
the xth coordinate of w and xw the second. To see that w is a linked pair, let
X,y €S. Then x(wy) = x(lim w,y) = lim x(w,y) = lim(xw,)y = (lim xw,)y
= (xw)y. In view of 1.9 and the fact that S is reductive, we have that w is a
bitranslation of S. In view of 1.6 and 1.8, we see that < is continuous and thus
(S) is closed in I1{S x S},g. Since Q(S) with the subspace topology is just
Qp(S), we have that £2,(5) is a closed subset of a compact space and hence
compact. By 1.1 multiplication on £,(S) is separately continuous.

Combining some of the results of this section we obtain the following:

1.11. COROLLARY. Let S be a compact reductive topological semigroup.
Then QP(S) = Q.(S) consists of all bitranslations of S and is a compact topol-
ogical semigroup. Furthermore, the canonical homomorphism n: § — £ (S)
is a topological isomorphism onto the ideal of inner bitranslations. If, in addi-
tion, S is abelian, then Q,(S) = §,(S), A, (S) = A,(S), and P(S) = PP(S) are
all topologically isomorphic compact abelian topological semigroups.

We close this section with a few historical comments. T. Bowman [1]
anticipated some of the central results of this section by showing that any left
translation on a compact topological semilattice is continuous, and that the set
of all left translations formed a compact topological semilattice with the com-
pact-open topology (= the topology of continuous convergence for locally com-
pact semigroups). Notice that semilattices are reductive, and hence Bowman’s
result follows from 1.11.

F. Christoph [2] suggested topologizing §2(S) with the topology of contin-
uous convergence and introduced the first notions of net reductivity. One-half
of 1.4 is his result.

Our starting point for this paper was the central result of 1.11 that the
translational hull of 2 compact reductive semigroup is again a compact semigroup
with the compact-open topology, and was motivated by the technique introduced
by M. Friedberg in [4].

2. Extending bitranslations. Unfortunately the assignment of Q(S) to S
is not functorial, i.e., if f: S — T is a homomorphism there is in general no
natural way to define S2(f): Q(S) — S(T) to commute with the canonical
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homomorphisms of S and 7. This section is devoted to pointing out some spe-
cial situations where this is possible.

If T is a subsemigroup of a semigroup § and w is a bitranslation of T, then
a bitranslation ' of S is called an extension of w to § provided w'|IT = w.

2.1. ProrosiTION. Let S be a compact reductive semitopological semi-
group and let T be a dense subsemigroup of S. Then each bitranslation of T
can be extended to a unique continuous bitranslation of S.

PrOOF. Let w = (A, p) be a bitranslation of T. We identify A with its
graph, so that \C T x TC S x S. Let A* be the closure of Ain § x §. We
show that A* is a function. Suppose that (x, y,) and (x, y,) are in A*. Then
there exist nets x,, and x; in T converging to x such that Ax, — y, and Ax,
— y,. For each t € T, we have ty, = t(lim Ax,) = lim #Qx,) = lim(¢p)x, =
(tp)lim x,, = (tp)x. Similarly, ty, = (tp)x, and so ty; = ty,. By reductivity,
it follows that y, = y,, and A* is a function. Since A* is compact, we have
that o, (A*) is compact, where m,: § x § — & is first projection. Since 7, (A*)
contains T and T is dense in S, we obtain that m;(\*) = S and § = domain A*.
Finally, A* is continuous, since S is compact and A* has closed graph.

We similarly define p* to be the closure of p in § x S, and define w* =
(\*, p*). Then w* is a continuous bifunction whose restriction to T is the bi-
translation co. It is straightforward to verify that if a continuous bifunction
restricted to a dense subsemigroup is a bitranslation, then it is itself a bitrans-
lation.

We turn now to a result (2.3) which will be useful in later sections.

22. LEMMA. Let S be a semigroup, T a reductive semigroup, f- S — T
a surmorphism, and « a bitranslation of S. Then there exists a unique bitrans-
lation ' of T such that w'f(x) = f(wx) and f(x)w' = f(xw) for each x € S.

ProoF. Fory € T, we define w'y = f(wx), where y = fix). To see that
w'y is well defined suppose that y = f(x) = f(x"). Then for ¢t € T, we have
t = f(z) for some z € S, so that tf(wx) = fZ)f(wx) = f(z(wx)) = f((zw)x) =
few)f(x) = few)f(x") = Aw)') = flz(wx") = f@)f(wx") = tf(wx"). Since
T is reductive, we have that f(wx) = f(wx'). We also define yw' = f(xw),
where y = f(x), and employ a similar argument to show that yc' is well defined.

To see that ' is a bitranslation of T, we need only demonstrate the link-
ing property by virtue of 19. Let a, b € T and @’ and b’ elements of S such
that 2 = f(a') and b = f(b'). Then a(w'b) = f@@'}w'f(")) = fl@)f(wbd") =
fldwb) = f(@wh')=f@'w)f®) = (f@)"» = (@)

If S and T are semitopological semigroups, we say that a function f: § —
T is dense provided f(S) is dense in T.
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Combining 2.1 and 2.2, we obtain:

2.3. PROPOSITION. Let S be a semitopological semigroup, T a compact
reductive semitopological semigroup, f: S —> T a dense continuous homomorphism,
and w a bitranslation of S. Then there exists a unique continuous bitranslation
w' of T such that w'f(x) = f(wx) and f(x)w' = f(xw) for all x € S.

2.4. PrROPOSITION. Let S be a semitopological semigroup, T a compact
reductive semitopological semigroup, and f: S — T a dense continuous homo-
morphism. Then there exists a unique continuous homomorphism QUf): QP(S)
— QP(T) such that the following diagrams commute:

Qp(s)___ﬁfL, QP(T) S_f__._., T

4 T and w (F)w)

>T S——T

for each w € Q(S).

ProoF. For w € §(S), we define $2(f)(w) to be the unique bitranslation
w' guaranteed by 2.3 which makes the second diagram commute. To see that
the first diagram commutes, observe that for x € 5, we have Q(f)(w,) = Wp(4).

For the purpose of demonstrating that (f) is continuous, let w, — w
in QP(S). Then for each x € §, we have w, x — wx, and hence f(wyx) —
flwx). If wy = Q(fNw,) and w’ = Q(f)(w), then w  (f(x)) — &'(f(x)) for
all x € S, and similarly (f(x))w, — (f(x))w’ for all x €.

From 1.10, QP(T) is compact and so {w;} clusters to some 7 € Slp(T).
For each x € S, the net {w,,(f(x))} clusters to 7(f(x)), and hence 7(f(x)) =
w'(f(x)). Since fis dense, 7t = w't for each ¢t € T. Similarly, t7 = tw' for each
t €T, so that 7 = w'. It follows that {w,} — ', and Q(f) is continuous.

That Q(f) is a homomorphism follows immediately from 2.3 and the com-
mutative diagram:

s T
w, 2 )e,)
0| S————T QU Yoo U Neor)
oy SN
S > T

This concludes the proof of the proposition.
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3. Semigroup compactifications. In this section we give a further devel-
opment of the relation between a semigroup and its translational hull with an
eye toward applications to semigroup compactifications.

A compactification of a semitopological semigroup S is a pair (T, f) where
T is a compact semitopological semigroup and f is a continuous dense homo-
morphism from § into 7. By a slight abuse of notation we sometimes refer to
T as the compactification. The next proposition introduces the type of semi-
group we will be concerned with in this section.

3.1. PROPOSITION. Let S be a semitopological semigroup. If S is the
union of compact left ideals and also the union of compact right ideals, then
for any compactification (T, f) of S, f(S) is an ideal in T. On the other hand,
if S is topologically isomorphic to an ideal of a compact semitopological semi-
group, then S is a union of compact right ideals and a union of compact left
ideals.

ProOF. Suppose S is the union of compact left ideals, $ = U{L: L € L}.
For each L € L, f(L) is compact, hence closed. For x € S, there exists L € L
such that x € L. We have

T - f(x) = f(8)* - f(x) C (f(S) - f&N* = fSx)* C fL)* = fL) C £(5).

Hence f(S) is a left ideal. Similarly f(S) is a right ideal, and thus an ideal.
Suppose now that S is (topologically isomorphic to) an ideal of a compact

semitopological semigroup T. Then S = U{Tx U {x}: x € S}, and hence is the

union of compact left ideals. Similarly S is the union of compact right ideals.
The first problem we consider is that of finding sufficient conditions for

a semigroup S to have a compactification (7, f) where f is a monomorphism. To

this end we prove a variant of Proposition 1.10.

3.2. PROPOSITION. Let S be a semitopological semigroup which is globally
idempotent (S = S), reductive, weakly net reductive, the union of compact
left ideals, and the union of compact right ideals. Then SZP(S) is compact.

Before proving this proposition, we need the following lemma.

3.3. LEMMA. Let S be a semitopological semigroup which is reductive,
weakly net reductive, the union of compact left ideals, and the union of compact
right ideals. Then S is net reductive.

Proor. We first show S is left net reductive. Let x €S and let x, be a
net in § such that for all y € S, yx, converges to yx. Since S is weakly net
reductive, to show x, converges to x it suffices to show that x,y converges to
xy forally €85.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TRANSLATIONAL HULL OF A TOPOLOGICAL SEMIGROUP 263

Fix y €5, and let z be a cluster point of x,y. Then for any ¢ € §, #(x,y)
clusters to #z. Also (tx,)y converges to (tx)y = t(xy). Hence tz = t(xy) for
all ¢ € §; by reductivity z = xp. Since x,y is a net in the compact space (Sy)*
having only the cluster point xy, we have that x,y converges to xy. Hence S
is left net reductive. Similarly § is right net reductive.

PROOF OF PROPOSITION 32. Let s €S. We show {ws: w € Q(S)}* is
compact. Let p, ¢ € S such that s = pg. For any w € Q(S), ws = w(pq) =
(wp) C (Sq)*, and (Sq)* is compact since S is the union of compact left ideals.
Similarly {sw: w € Q(S)}* is compact.

Now, as in the proof of 1.10, ﬂp(S) is closed in 8% x $¥ and contained
in the compact set I1{4,: s € S} x [I{B: s € S}, where 4, = {ws: w € Q(S)}*
and B, = {sw: w € Q(S)}*, and it follows that £2,(S) is compact.

3.4. COROLLARY. Let S be a topological semigroup which is globally
idempotent, reductive, weakly net reductive, the union of compact left ideals,
and the union of compact right ideals. Then every bitranslation on S is con-
tinuous, §2(S) = QP(S) is a compact topological semigroup and m: S — K (S)
is a homeomorphism onto n(S).

Proor. This follows immediately from Lemma 3.3 and Propositions 3.2,
14,16,1.7.

3.5. COROLLARY. Let S be a semitopological [topological] semigroup
which is globally idempotent, reductive, the union of compact left ideals, and
the union of compact right ideals. Then there exists a weakly reductive com-
pactification (T, f) such that f is a monomorphism [and T is a topological semi-

group].

PrOOF. By 1.2 7: § — a(S) is continuous, and 7 is an isomorphism
since § is reductive.

We show that n(S) with the subspace topology from QP(S) is weakly net
reductive. Let o, € n(S) and let Wy, be a net in 7(S) such that for all w, in
n(S), Wy W,  converges to w,w, and w, W, converges to w,w,. Fixt€S.
Then there exist p, g € S such that ¢t = pgq. Then wxa(t) = wxa(pq) =
wx“wp(q) which converges to wxwp(q) = w,(pq) = w, (7). Similarly, tw,
converges to fw,. Thus w,, converges to ., in QP(S).

If § is a topological semigroup, we show n(S) is a topological semigroup
with the subspace topology from 2,(5). Let W, W, and w, , — w,,.
Let s € § and let L be a compact left ideal containing s. Then for all o, § we
have Wy WygS = Xo¥gS € L. Let p be a cluster point of the product net XY gs-

Then forallg € § gx,ygs clusters to gp and qxoygs = (qwxa)(wy Bs) converges
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to (qwx)(coys) = gxys. Hence gp = gxys and by reductivity p = xys. Since the
only cluster point of the net x,y,s in the compact set L is xys, Wy Wy S CON-
verges to w,w,s. Using this fact and its right analogue, we have w, W, con-
verges to w,w,, in Qp(S).

By Propositions 3.2 and 1.4 (and 3.4), the natural mapping from #(S) into
its translational hull will be a topological embedding into a compact semitopo-
logical (or topological in the case that S was a topological semigroup) semigroup.
Let T be the closure of the image of #(S) in its translational hull. The composi-
tion f of 7 with the mapping from #(S) into T gives a monomorphic compacti-
fication (7, f).

All that remains is to show that T is weakly reductive. Suppose w,, w,
€ T such that w,w = w,w and ww, = ww, forall w €T. Let x € n(S).
There exist y, z € 7(S) such that x = yz. Then

WX = W (2) = (Wywy )z = (wyw))z = w,(rz) = wyx;
similary, xw, = xw, for any x € n(S). Hence w; = w,.

It is interesting to note that one of the ingredients in the proof of 3.5 is
that if S is a globally idempotent semigroup and T is a subsemigroup of £2(S)
containing 7(S), then T is weakly reductive.

Corollary 3.5 gives sufficient conditions for the existence of monomorphic
compactifications. We now consider the problem of uniqueness of such com-
pactifications.

An ideal I in a semigroup S is algebraically dense if the identity relation
is the only congruence on S which when restricted to 7 is the identity relation

on I. Generally I is called simply a dense ideal, but we employ that terminology
for topological denseness.

3.6. ProrosiTION. If I is a dense ideal of a weakly reductive semitopo-
logical semigroup S, then I is algebraically dense.

PROOF. Let p be a congruence on S, and suppose there exists (v, z) € p
such that y # z. Since S is weakly reductive, there exists x € § such that xy #*
xz or yx # zx; assume the former. There exist open sets U and V such that
xy €U, xz €V, and UN V = @. Choose an open set W such that x € W, Wy
C U, and Wz C V. Since I is dense, there exists b € W N 1. Then (by, bz) € p
and by # bz. Hence [ is algebraically dense.

3.7. ProrosITION. If I is an ideal of a semitopological semigroup S, then

the mapping o: § — Slp(l) which sends s to the inner bitranslation w restricted
to I is a continuous homomorphism making the following diagram commute:
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2,()

4
I——— §
ProoF. Since multiplication is separately continuous in S, ¢ is continu-

ous. It is well known from the algebraic theory that ¢ is a homomorphism
making the diagram commute [10, p. 296].

3.8. ProrosiTiON. If I is a dense ideal of a compact weakly reductive
semitopological semigroup S, then S is topologically isomorphic to the closure

of n(l) in ,(I).
ProoF. Consider the diagram
Q,(
m o

I———§

Proposition 1.4 and 1.8 imply that 7 is a topological isomorphism into. Since
the diagram commutes and by 3.6, I is algebraically dense, it must be the case
that o is one-to-one. By 3.7, o is continuous; hence ¢ is a topological iso-

morphism into. Now 0(S) = o(7*) = o(/)* = n(/)* and the proof is complete.

3.9. ProrosiTiON. If S is a semitopological semigroup which is the union
of compact right ideals and the union of compact left ideals, then S has at most
one weakly reductive monomorphic compactification.

We again have need of an additional lemma before we prove this proposi-
tion.

3.10. LeMMA. Let S be a semitopological semigroup, L a family of left
ideals such that S = UL and R a family of right ideals such that S = UR. Let
J: S — T be an algebraic isomorphism onto a weakly net reductive semitopo-
logical semigroup T which when restricted to each L € | and R € R is contin-
uous. Then j is continuous.

PrROOF. Letx, — x in S. Since T is weakly net reductive, it suffices
to show yj(x,) — yj(x) and j(x,)y —>j(x)y for each y € T. For this purpose,
let y € T and let z € S such that j(z) = y. Let R € R such that z € R. Then
Zxo —> zx in S and hence in R. Since jIR is continuous, Yitxy) = j(@@)i(x,) =
J@xy) — j(zx) = j(@)ix) = yj(x). Similarly, j(x,)y — j(x)p.
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PROOF OF PrROPOSITION 39. Let (T}, f,) and (T, f,) be two mono-
morphic weakly reductive semigroup compactifications of S. Cousider the dia-
gram

Qp (f 1 (S))
m

f,
S——f()CT,

By 3.8 and 3.1, T, is topologically isomorphic to the closure of =, f; (S) in
Q,(f1(5)). Similarly T, is topologically isomorphic to the closure of m, 5(S)
in 2,(f,(5)).

Now letj =f, © f;1: £,(S) — £,(S). Then j is an algebraic isomorphism
which is continuous when restricted to f; (L) or f,(R) for any compact left
ideal L or compact right ideal R of S. By 1.8, f,(S) is weakly net reductive.
Hence by Lemma 3.10, j is continuous. Similarly j~! is continuous. Thus IO
and £, (S) are topologically isomorphic. Hence Qp(fl (S)) is topologically iso-
morphic to Qp(fz(S)), and thus the closure of =, f,(S) in Qp(fl ($)) is topo-
logically isomorphic to the closure of m,f,(S) in 2,(f,(5).

As an immediate corollary of Propositions 3.5 and 3.9 we have

3.11. COROLLARY. If S is a reductive globally idempotent semitopo-
logical semigroup which is the union of compact left ideals and the union of
compact right ideals, then S has precisely one monomorphic weakly reductive
compactification.

3.12. CoROLLARY. Let I be a dense ideal of a compact topological
semigroup S where S = ESE (E denotes the set of idempotents). Then S is the
only topological semigroup which is a monomorphic compactification of L.

PROOF. Since S = ESE, S is weakly reductive (see e.g. [6, p. 89]). Let
(T, /) be a monomorphic compactification of I, Then I C § = ESE implies
I = EIE, so that f(I) = f(E)f(Df(E) C Ef(I)E, which implies T = f()* C
(Ef(DE)* C Ef(D*E = ETE. Hence T = ETE, T is weakly reductive (as above),
and the result follows from 3.9.

3.13. CorROLLARY. Let I be a dense ideal of a compact semitopological
semigroup S where S has a right (or left) identity. Then S is the only mono-
morphic compactification of I.

ProoF. It is straightforward to verify that any compactification of J must
have a right identity, and hence be weakly reductive. The corollary then follows
from Proposition 3.9.
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3.14. CoROLLARY. Let I be a dense ideal of a compact reductive semi-
topological semigroup S. If multiplication restricted to I x I is jointly continuous,
then S is a topological semigroup.

ProoF. By 1.8, 1 is net reductive. Hence by 1.7 and 1.1, multiplication
in Q,(7) is jointly continuous. It follows from 3.8 that multiplication in § is
jointly continuous.

We close this section with some isomorphism theorems.

3.15. ProPosITION. Let I be a dense ideal in a compact reductive semi-
topological semigroup S such that SI = I = IS. Then SZP(S) is topologically iso-
morphic to QP(I).

PROOF. By 2.4 we have the following commutative diagram

2,0 —22— q,6
I |
I - > S
]

where j: I — § is the inclusion mapping. For w € SZP(S), we show that w/ U
Iy CI. Let x €. Then there exist y € §, z € I such that x = yz. We have
wx = wyz) = (wy)z €I. Similarly xw € I.

Hence there exists a mapping r: §2,(S) — £,(/) which restricts a bitrans-
lation to I (that r is continuous is immediate from the definition of the topology
of pointwise convergence). Since §(j) is the unique extension of a bitranslation
to S and r is the restriction, the two homomorphisms are inverses for each other,
and hence each is a topological isomorphism.

3.16. COROLLARY. Let I be a dense ideal of a compact semitopological
monoid S. Then S is topologically isomorphic to Qp(l).

Proor. By 3.15, Q,(S) = £,(/). But since S has an identity QP(S) =S

Many of the results of this section had been derived previously by other
techniques. The translational hull provides a unifying and more natural approach
to these results.

Corollary 3.5 is a generalization of Theorem 2 of [5] to the nonabelian
case.

Analogues of 3.9, 3.11, 3.12, and 3.13 are found in [S]. The interested
reader may refer to that paper for other similar corollaries which we could have
also derived in this context. Corollary 3.14 appears as Proposition 7.5 in [9].

4. An application to divisibility. A semigroup S is said to be power-can-
cellative if a, b € S and a" = b" for some positive integer n implies that ¢ = b.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



268 J. A. HILDEBRANT, J. D. LAWSON, AND D. P. YEAGER

Observe that a power-cancellative abelian semigroup S is reductive. To see
this, let a, b € § and suppose that ta = tb for all t €S. Then for t = @ we have-
a® = ab and for t = b we have bz = b2, and so a®> = ab = ba = b?. Since S is
power-cancellative, we obtain that 4 = b, and hence § is reductive.

4.1. LEMMA. Let S be a power-cancellative abelian semigroup. Then £(S)
is a power-cancellative abelian semigroup.

PROOF. Since S is power-cancellative, we have that S is reductive, and
hence (S) is abelian (see [11]). To see that Q(S) is power-cancellative, let
w;, W, € §(S) and suppose that w] = w’ for some positive integer n. Using
induction and the fact that wx = xw for each w € Q(S) and x € S, we obtain
that (wx)" = w"x” for each x €S. Let x €S. Then (w,;x)" = wWix" = Wix"
= (w,x)", and since § is power-cancellative, we have that w,x = w,x. It follows
that w, = w, and §(S) is power-cancellative.

4.2. LEMMA. Let S be a topological semigroup, I a closed ideal of S, and
I ={we £2,(8): wlUlw CI}). ThenI” isa closed subsemigroup of £,(S5)
containing n(S).

ProOF. That n(S) CI” and that I is a subsemigroup of §2,(S) are trans-
parent. To see that I is closed, let w, — w. Then for each x € I, we have
WeX —> wx, wyx €I for each a, and since 7 is closed, wx € I, and similarly
xw €1, It follows that w €I and I"™ is closed.

A semigroup S is said to be [uniquely] divisible if for each x € S and each
positive integer n, there exists a [unique] element y € § such that y® = x. Ob-
serve that a divisible subsemigroup of a power-cancellative semigroup is uniquely
divisible.

4.3. THEOREM. Let S be a compact power-cancellative abelian topological
semigroup such that S, = {x": x € S} is an ideal of S for each positive integer
n. Then there exists a compact uniquely divisible abelian subsemigroup T of the
compact topological semigroup Qp (S) such that = is an embedding of S into T,
where m: § — QP(S) is the canonical embedding.

PrOOF. Let NV denote the set of positive integers and let T = ﬂ{s; :n €N}
In view of 4.2 and 1.11, we see that T is a compact subsemigroup of QP(S) con-
taining n(S), and S is topologically isomorphic to n(S). To complete the proof,
we will show that T is uniquely divisible. Notice that it is sufficient to show
that T is divisible, since QP(S) is, by virtue of 4.1, power-cancellative.

Let w €T and n €N. Now for each x € §, we have that wx” € §,,, since
w €S, so that there exists a unique (since S is power-cancellative) x, € S such
that x§ = wx". Define 7x = x;, (and x7 = x) for each x € S.
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To demonstrate that 7 is a bitranslation of S, we need only show that 7
has the linking property (see 1.9). For this purpose, let 2, b € S. Then [a(7h)]"
= a"(1b)" = a"by = a"(wb") = (@ Ww)" = ayb” = (a,b)" = [(ar)b]". Since
S is power-cancellative, we have that a(7b) = (ar)b, and 7 is a bitranslation of S.
From 1.11, we see that 7 € QP(S).

For the purpose of showing that 7° = w, let x € S and observe that [r"x]"
= (wx)" by employing induction and the definition of 7. Again, since S is power-
cancellative, we have 7*x = wx, and hence ™ = w.

Finally, to see that € T, let k €N and x € S. We will show that 7x* €
Si. Now [rx*]" = (x*)7 = wx*™ = u*" for some u € §, since w € TC S},.
We obtain that [7x*¥]” = [u¥]", and by power-cancellativity, we have 7x* =
uk €5,.

5. Computational techniques and examples. In this section we present
numerous examples of translational hulls along with some results which give a
method of performing this computation for certain classes of semigroups.

Although our results do not rely on the minimality condition of this notion,
it is sometimes convenient to locate a minimal subset of a semigroup S which
determines the bitranslations of S. This leads to the concept of a basis.

If S is a semitopological semigroup, then a subset B of § is called a bitrans-
lational determination subset of S (or simply a determination subset of S) pro-
vided that whenever w and ' are continuous bitranslations of S such that wb =
w'b and bw = bw' for each b € B, then w = w'. A minimal determination sub-
set of S is called a bitranslational basis for S (or simply a basis for S).

A trivial example of a basis is {1} in a semitopological semigroup S with
identity 1,

If S is a semitopological semigroup containing a cancellative element x such
that Sx = xS, then {x} is a basis for S. To see this, suppose that w and ' are
bitranslations of § such that wx = w'x and xw = xw', and let a € S. Then,
since Sx = xS, we have that ax = xc for some ¢ € §, and (wa)x = w(ax) =
w(xe) = (wx)e = (w'x)c = w'(xc) = w'(ax) = (w'a)x. Since x is cancellative,
we have wa = w'e, and similarly aw = aw’. It follows that w = w' and {x} is
a basis for §.

Observe that for any semitopological semigroup S that S itself is a deter-
mination subset of S. We defer our discussion on the existence of a basis to the
end of this section, and introduce at this point an important related concept.

If S is a semigroup and B is a subset of S, then B is called a separating sub-
set of § if for each distinct pair x and y of elements of S, there exist a, b € B
such that ax # ay and xb # yb.

Note that a semigroup with a separating subset is reductive. In this context
we have the following:
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5.1. PROPOSITION. Let S be a reductive abelian semitopological semigroup
and let B be a subset of S. Then B is a separating subset of S if and only if B
is a determination subset of S. In particular, B is a minimal separating subset of
S if and only if B is a basis for S.

PrROOF. Suppose that B is a determination subset of S, and let x # y in
S. Now if ax = ay for all 2 € B, then we would have aw, = aw, for all a € B,
so that w, = w, and hence x = y, since S is reductive. It follows that bx # by
for some b € B, and that B is a separating subset of S.

To establish the converse, suppose that B is a separating subset of S, and
let w and ' be bitranslations of S such that wb = w'b for each b € S. Assume
(for the purpose of contradiction) that wx # w'x for some x € S. Then (wx)u
# (w'x)u for some u € B, since B is a separating subset of S. On the other hand,
we have (wx)u = wlxu) = wux) = (Wu)x = (Wuk = W'wx) = &'(w) =
(w'x)u. This contradiction yields that wx = w'x for all x €S, w = w', and B
is a determination subset of S.

Observe that a separating subset of a semitopological semigroup is always a
determination subset without any additional hypothesis on the semigroup.

Proposition 5.1 will be employed in a later result in this section. We begin
now our list of examples with the simplest kind of example.

5.2. EXAMPLE. Let S be a Hausdorff space with zero multiplication, i.e.,
pick 0 € S and define xy = O for all x, y € S. Then S is a topological semi-
group, and the left (and right) translations of S are precisely those functions
[: § — 8§ with f(0) = 0 and each left translation is linked with each right trans-
lation. It follows that A(S) = P(S) = {f € S¥: f(0) = 0} and Q(5) = A(S) x
P(S). Thus, in particular, if § = [0, 1] with the usual topology and zero multi-
plication, then £2,(S) is not compact and S does not have a basis.

To obtain a compact right reductive topological semigroup § such that
§2,(S) is not compact consider the following:

5.3. EXAMPLE. Let S be any Hausdorff space with left trivial multiplica-
tion, i.e.,,xy = x for all x, y €S. Then S is a topological semigroup which is
right reductive. Let A: § — § be any function, and let x, y €S. Then we have
Axy) = Xx = (Ax)p, so that X is a left translation of S. Suppose that p is a
right translation of S. Then, for x, y €S, we have xp = (xy)p = x(¥p) = x,
and hence p = 15 (the identity translation). We obtain that A(S) = sS, P(S) =
{15}, and Q(S) = A(S) x P(S) ={(\, 15): A € S5}. In particular, if S = [0, 1]
with left trivial multiplication, then QP(S) is homeomorphic to ¥ with the to-
pology of pointwise convergence, and hence §2,(S) is not compact. Moreover, S
has no basis.

There is an obvious dual example to 5.3.

To establish our first computational algorithm (5.5), we will employ the
following:

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



TRANSLATIONAL HULL OF A TOPOLOGICAL SEMIGROUP 271

5.4. PROPOSITION. Let S be a compact semitopological semigroup with
identity 1, and let x be a right cancellative element of S such that Sx C xS.
Then Ap(Sx) is topologically isomorphic to S.

PrROOF. Define : § — Ap(Sx) by (@) = A,ISx. Then 0 is clearly a con-
tinuous homomorphism.

Suppose that 4, b € S and 6(a) = 0(b). Then ax = A x = A\ x = bx, and
a = b, since x is right cancellative. It follows that @ is injective.

For the purpose of showing that @ is surjective, let A € A,(Sx) and leta €
S such that Ax = ax. We will demonstrate that 8(a) = X\. Lety € Sx. Theny
= tx = xt' for some ¢, t' €S, since Sx C xS. We obtain that Qy)x = A(yx) =
Axt'x) = )t'x = (@x)(t'x) = a(xt'x = ayx = (\,y)x, so that \y = A, since
x is right cancellative. It follows that A = \,ISx = 6(a), and 6 is surjective.

The conclusion now follows from the fact that S is compact and Ap(Sx)
is Hausdorff.

There is an obvious dual to 5.4. We also remark that the proof of the
algebraic analogue of 5.4 is contained in the proof of 54. The same is true of
the following:

5.5. THEOREM. Let S be a compact semitopological semigroup with 1 and
let x be a cancellative element of S such that Sx = xS. Then Qp(Sx) is topo-
logically isomorphic to S.

PROOF. Letf: S — Ap(Sx) and y: § — Pp(Sx) be the topological iso-
morphism of 5.4 and its dual, respectively, and let my: Qp(Sx) — Ap(Sx) and
T, ﬂp(Sx) — Pp(Sx) be projections. Define ¢: § — Slp(Sx) by ¢(a) = w,|Sx.
Then ¢ is a continuous homomorphism and the diagram:

S
0 Y
A, (Sx) ) P,(Sx)
Ty T2
Qp‘in)

commutes. It is clear from this diagram that ¢ is injective.

To see that ¢ is surjective, let w = (A, p) € Qp(Sx). Then A =m0 =
A,ISx for some a € S, since 8 is an isomorphism, and similarly p = m,w = Py 1Sx
for some b € §. We have that xax = x(ax) = x(Ax) = (xp)x = (xb)x = xbx,
and a = b, since x is cancellative. It follows that w = W, ISx = ¢(a), ¢ is sur-
jective, and hence ¢ is a topological isomorphism.
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Observe in 5.5 that if S is a topological semigroup, then Sx is a compact
reductive topological semigroup, so that Qp(Sx) = {1 (Sx) by virtue of 1.11.
However, we hasten to point out that the joint continuity of the multiplication
in S would yield the continuity of the map ¢ in the diagram in the proof of 5.5
if “p” were replaced by “c”; thus providing an alternative proof of this fact.

Our next three examples are applications of 5.5.

5.6. EXAMPLE. Let S = [0, 1] with the usual muitiplication and topology
and let x = 1/2. Then Sx = [0, 1/2], and by 5.5, we have that &,(Sx) is topo-
logically isomorphic to S.

5.7. ExaMPLE. Let S = [0, 1/2] U {1} with the usual multiplication and
topology and let x = 1/2. Then Sx = [0, 1/4] U {1/2} and Qp(Sx) is topolog-
ically isomorphic to S.

5.8. EXAMPLE. Let R denote the real line, T = {(x, Y ER x R: 0<x
<1 and 1 <x + y}, with multiplication (x, y)(c, d) = (xc, xd + y), and let S
be the one-point compactification of T with the ideal point acting as a zero for
S. Then the element a = (1/2, 1/2) is cancellative and Sa = aS, so that Qp(Sa)
is topologically isomorphic to S§. The semigroup T and Tz are pictured in the
following illustration:

7

NN

0D

AN

(1,0

T

We turn now to our second computational algorithm. The following nota-
tion will be used: N denotes the set of all positive integers, and for a subset A
of a semigroup S, let D(4) = {x € S: x"* € A for some n € N}.

5.9. THEOREM. Let S be a compact uniquely divisible abelian topological
semigroup and let I be an ideal of S such that D(I) is dense in S. Then QP(I)
is topologically isomorphic to SZP(S).

Proor. Note that S is power-cancellative and hence reductive and that
S = ES [6, 3.1]. It follows that D7) = ED(l) and from this that D(I) = SD(J).
Since D() is a dense ideal of S, we have from 3.15 (and its proof) that §():
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Q,00) — Q, (S) is a topological isomorphism, where j: D(J) — § is inclusion.
Let ¢ = £() and note from 2.4 that the diagram:
)

D) ———§

w Y(w)
D) ————§

commutes for each w € QP(D(])).

Since § = ES [6, 3.1], we have that for each w € Qp(S), wll is a bitrans-
lation of I. For if x € I, then there exists ¢ € E with ex = x, so that wx =
w(ex) = (we)x € 1. Thus there is a continuous homomorphism ¢: 2,(8) —
ﬂp(I) given by p(w) = wll. Note that y is injective, since if w, w' € QP(S),
and w and ' agree on I, then they must agree on D(I) and hence on S,

To see that ¢ is surjective, it suffices to show that ¢ o ¥ is surjective. Note
that for each w € QP(D(I)), we have that ¢ o Y(w) = w|I by commutativity of
the diagram above. Thus, it is sufficient to show that each bitranslation of  can
be extended to a continuous bitranslation of D(/).

Let w € Q,(7). For x € D(l), define xw' = w'x = (W"x")!/", where x"
€ 1. To see that w' is well defined, suppose that m and n are positive integers
with x™, x™ € I We obtain that (w"x")" = W"Mx"™ = (W"x™)*, s0
(Wx™)m = (wmx™)m | Thus ' is well defined. To see that ' is a bitrans-
lation of 7, it is sufficient to demonstrate that ' has the linking property. For
x, y € D(), with x", y™ €I, we have [(xw'Y]™" = (xw'Y""y"" =
(xmnwmn)ymn — xmn(wmnymn) = xmn(w'y)mn = [x(w'y)]mn. Thus (xw')y
= x(w'y) and w' is a bitranslation extending w. Since w’ is continuous by 2.3,
we have that ' € QP(D(I)) and ¢ o Y(w') = w, 50 ¢ is onto. Since QP(S) is
compact by 1.11 and Qp(l) is Hausdorff, we conclude that ¢ is a topological
isomorphism.

As an application of 5.9, we have the following:

5.10. ExAMPLE. Let [0, 1] denote the usual multiplicative real interval,
and let S = [0, 1] x [0,1]. Let/={(x, y)) €S: x + y <1}. Then by 59, we
have that QP(I) is topologically isomorphic to S. In fact, any ideal of S con-
taining a neighborhood of (0, 0) has S as its translational hull.

We proceed to our third computational algorithm.

5.11. THEOREM. Let S be a compact reductive abelian semitopological
semigroup and let B be a separating subset of S consisting of idempotents. Define
¥: QP(S) — iI{Se}eE p S0 that map(w) = we, where m, is projection onto Se.
Then ¢ is an embedding.
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ProoF. Now QP(S) is a compact abelian semitopological semigroup and
xw = wx for each w € QP(S) and each x € §. Clearly ¢ is continuous, since
its composition with each projection is continuous, and the injectivity of ¢ fol-
lows from 5.1. To complete the proof we need to show that ¢ is a homomorphism.
For this purpose, let w, w' € 2,(S) and e € B. Then mp(ww') = ww'e =
wlew') = wleew") = wle(ew")) = (wellew) = (welw'e) = m plw)m, Y(w'"), and
hence ¢ is a homomorphism.

As an application of 5.11, we have the following:

5.12. ExampLE. Let I = [0, 1] with the usual topology and addition de-
fined by @ + b = min{1, 2 ® b}, where a ® b is the usual sum of 2 and b, ie.,
I is the additive nilpotent interval. LetP=IxJTand S={(x,1): x €N} UV
{L,y):yeEnV{(x,1—-x):x€I}. Then S is a compact abelian reductive
subsemigroup of P. Observe that S is a semigroup on the 1-sphere. It is pictured
in the following illustration:

e=(,1) 1

1Lo=r

Observe that e = (0, 1) and f = (1, 0) is a minimal separating subset of S, since
addition by e and f are projections. It follows from 5.11, that «w +— (we, «f)
is an embedding of QP(S') into Se x Sf = P, so that QP(S) is a subsemigroup of
P under this identification. We will show that QP(S) ={@ b)EP:a+b=1}
U {(0, 0)}, which is illustrated below:

e=0,1) an

@0 f=@.0

To verify this we show that only these elements of P send S into itself.

Let (3, b) € P with a + b < 1 and suppose that (¢, b) + SC S. Letc =
(b+1-a)2. Thenl —c=(@+1—->b)/2and (c, 1 —c) €ES. We obtain
that (g, )+ (c, 1 —¢) = ((a + b + 1)/2, (@ + b + 1)/2), so that eithera + b
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+1=2o0ra+ b+ 1=1. The first condition is not possible, so that a + b =
OQanda=»b=0.

Suppose that (g, b)) EPand 1 <a+b. Thenfor0<x<1, (g, b) +
x,1-x)=@+x,b+1—x). Suppose thata + x<1. Then 1 €a+ b <
b+ 1 —x, and so in any case (g, b) + (x, 1 —x) €S. Cleatly, (g, b) + (x, 1)
and (g, b) + (1, x) are in S, and the desired conclusion is obtained.

In our next algorithm we will modify the hypothesis of 5.12 and obtain a
useful characterization of the translational hull of such a semigroup.

5.13. THEOREM. Let S be a compact abelian semitopological semigroup
and let B be a separating subset of S consisting of idempotents such that S =
U{Se}ee g Let K = {x € 1{Se} cp: M, (x)f = 1rf(x)e for each e, fE B}. Then
K is a compact semitopological subsemigroup of 11{Se} . and K is topologically
isomorphic to QP(S).

PROOF. Observe that S = ES, so that § is reductive. A straightforward
argument yields that X is a closed subsemigroup of I{Se},<p and hence is com-
pact. We will demonstrate that K is the image of ﬂp(S) under the embedding
gof 5.11.

To see that K C w(ﬂp(S)), let x € K. We will define a bitranslation w of
S such that p(w) = x. Let t €, with ¢ € Se and define wt = tw = m,(x)t. To
show that w is well defined, suppose also that t € Sf. Then n,(x)t = T, )tf)
= m(x)ft = me(x)et = m (x)t, and w is well defined. To see that w is a bitrans-
lation of S, we need only demonstrate the linking property, since S is reductive.
For this purpose, let ¢, b € S, with a € Su and b € Sv for u, v € B. Then (aw)d
= [n,()alb = [, ()la = (n,(eybla = (n,(xIubla = (m,(x)b)ua) = (b =
a(wb), and hence w is a bitranslation of S. In view of the reductivity of S and
111, we see that w € Q,(5). Now let g € B. Then mp(w) = wg = n(x)g =
1rg(x), and hence ¢(w) = x. We obtain that K C ¢(QP(S)).

To see that o(Q2,(S)) C K, let w € QP(S), and let e, f € B. Then
T, (p(W))f = (we)f = w(ef) = w(fe) = (wf)e = me(p(w)e. It follows that
P(w) €K and ¢(Q,(5)) C K.

If Sis asin 5.13 and B = {e, f}, then §2,(S) defines a pull-back for the
continuous homomorphisms 6,: Se — Sef with 0, (xe) = xef, and 0,: Sf —
Sef with 0, (xf) = xef. To see this, define o, : Qp(S) — Se by 0,(w) = we,
and 0,: QP(S) — §f by 0,(w) = wf. Then the diagram:

0y
2,(5)

> Se

0, 0,

Sf 5, > Sef

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



276 J. A. HILDEBRANT, J. D. LAWSON, AND D. P. YEAGER

commutes. Suppose that T is a compact abelian topological semigroup with 1,
and 7,: T —> Se and v,: T —> Sf such that 8,7, = 8,7v,. Define y: T —
Qp(S) by ¥(#)x = v,(t)x if x € Se, and ¥(t)x = v,()x if x € Sf. Then v is
the morphism required to show that the above is a pull-back diagram.

As an application of 5.13, we construct a compact connected semilattice
whose translational hull is not connected.

5.14. ExaMPLE. Let M = [0, 1] with the usual topology and min multi-
plication, i.e., xy = min{x, y},and let P=M x M. Let S ={(0,b): bEM} U
{@0)yaeEMU{@ 1):a<1/2}U{(1,b):b<1/2}VU{@ b)EP:a<1/2,
b<1/2},and let e = (1/2, 1) and f = (1, 1/2). Then S is a compact connected
subsemilattice of P with {e, f} as a basis and S = Se U Sf. We visualize S in
the following illustration:

l__

0.1y of

0.0) (1/2.0)

Let S! =S U{(, 1)} and let K = {(g, b) € Se x Sf: af = be}. Then according
to 5.13, £2,(S) is topologically isomorphic to K. Define ¢: S — Kby ¥(t) =
(te, tf) for each ¢t € S'. A straightforward argument yields that ¥ is a topolog-
ical isomorphism, and we conclude that 2,(S) is topologically isomorphic to st

As a second application of 5.13, we present a more complicated version
of the example of 5.14 which is a compact connected semilattice whose trans-
lational hull contains a denumerable set of isolated points.

5.15. ExaAMPLE. Let P and S be as in 5.14, and let N denote the set of
all positive integers. Foreachn € N,let 4, ={(@, b)EP:a=1/2 + 1/2"
and0<b<1/2}andlet B, ={(g, b))EP: 0<a<1/2and b = 1/2 + 1/2"}.
LetT=SU U{An}ne A U{B,, }nen- Then T is a compact connected sub-
semilattice of P such that T = Te U TY, and is illustrated as follows:

(. 1/2) o !/

veel Ay 14, A,

0.0 )
(1/2.0)
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Observe, as in 5.14, that {e, f} isabasisfor Tand T=TeUTf. Let T, =T
U{a/2+1/2", 12+ 1/2"):m, nE€N},and let K ={(a, b)) ETe x Tf: af =
be}. Then T, is a compact subsemilattice of P, and according to 5.13, QP(T)
is topologically isomorphic to K. As in 5.14, define y: T, — K by y(¢f) =

(te, tf) for each t € T,,. Although somewhat tedious, it is straightforward to
verify that  is a topological isomorphism, and we conclude that QP(T) is topo-
logically isomorphic to Ty.

We turn now to the discussion of the existence of a basis for a topological
semigroup.

As we have seen in 5.2 and 5.3, not every compact semigroup has a basis.
However, we also note that the semigroups of 5.2 and 5.3 are not reductive. The
question then arises as to whether each compact reductive semigroup has a basis.
We will answer this in the negative by presenting an example of a compact semi-
lattice having no basis. Let us first proceed to demonstrate why one cannot ex-
pect the standard Zorn’s lemma argument to work.

If S is a semigroup, and n is a positive integer,let S* = {x €S: x = a,a,
*+-a, fora,, a, ...,a, €S} Note that S” is an ideal of S, and if S is a
compact topological semigroup, then S” is closed and hence compact. We re-
mark also that if § is [left] right reductive, then S” is [left] right reductive. To
see this for the left reductive case, suppose that S is left reductive and @ # b in
S™. Then there exists t, €S such that z,a #t,b, and hence there exists t,_
€S such that ¢, _,t,a#1¢,_,t,b. Continuing recursively, we obtain ¢,, t,,
--.s 1, €Ssuch that fort =¢#,¢, - - - t,, we have ta # tb. Since t € S, we
conclude that S” is left reductive. It follows trivially that if S is reductive, then
S”" is reductive. An additional observation which we will employ is that if w is
a bitranslation of S, then w|S" is a bitranslation of S”. To see that wx € $"
for x € $", write x =X;X, * X, Where x;, x,,..., x, €S. Then wx =
w(xyx, ** - x,) = (wx,)x, * * * x, which is in S".

1

5.16. PROPOSITION. Let S be a reductive semigroup and let n be a posi-
tive integer. Then S™ is a determination subset of S.

PrOOF. Let w and w' be bitranslations of S such that w|S” = &'|S"
and let x €S. Then foreacht,,...,t, €S, we have (wx)t, - - - 1, =
wxty * - t,)=w'xty - - t,) = (wx)t, -+ - t,. With n — 1 applications
of right reductivity, we obtain that wx = w'x, and similarly xw = x' using
teft reductivity. It follows that w = w".

Although the following proposition is not pertinent to our discussion of
the existence of a basis, we present it here as a computational algorithm and
note that it provides an alternate method of dealing with the example of 5.12.

5.17. PROPOSITION. Let S be a compact reductive topological semigroup
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and let n be a positive integer. Then w +— w|S™ is an embedding of SZP(S)
into QP(S").

PRrROOF. It is straightforward to verify that w +> w|S” is a continuous
homomorphism of QP(S) into QP(S"). The injectivity follows from 5.16, and
the conclusion from the fact that QP(S) is compact and Qp(S") is Hausdorff.

We demonstrate that the intersection of determination subsets of a com-
pact reductive topological semigroup need not be a determination subset in the
following simple example:

5.18. ExampLE. Let S = [0, 1/2] with the usual multiplication and
topology, and let IV denote the set of all positive integers. Then § is a compact
reductive semigroup, and S” is a determination subset of S for each n € N,
Observe however, that (){S" }aen = {0}, and {0} is not a determination subset
of S, since w0 = Ow = 0 for each w € ,(S).

We now present our example of a compact semilattice with no basis.

5.19. EXAMPLE. Let M = [0, 1] with min multiplication, T = {(g, b) €
M x M: a + b < 1} with coordinate multiplication, I = {(g, 5) €ET: a = 0 or
b =0}, S=T/I, and n: T — S the natural homomorphism. Let e = (0, 1)
and f= (1, 0) in T. We visualize T and S in the following illustration:

e

Let P denote the subsemilattice T\J of T.

We first show that a subset D of P is a separating subset of P if and only
if D contains sequences {e,} — e and {f,} — f (in T).

For the necessity, let D be a subset of P containing no sequence which
converges to e. Let U be an open subset of 7 of the form

such that U N D = &, Fix distinct points x and y in U N P which lie on the
same vertical line. Then, as only points of 7 which separate x from y lie in U,
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no point of D separates x and y, and hence D is not a separating subset of P.
Similarly, if D contains no sequence converging to f (in T), then D is not a
separating subset of P,

For the sufficiency, let D contain sequences {e,} — e and { fo} — fand
fix x #y in P. Then {e,x} — ex, {e,y} — ey, {fyx} — fx, and {f,y} — f.
Since {e, f} is a separating subset of T, either ex # ey or fx # fy. It follows
that either e, x # e,y or f,x # f,,y for some positive integer n, so that D is a
separating subset.

Now, it is trivial to see that P has no minimal separating subset.

If B were a basis for S, then, according to 5.1, B would be a minimal
separating subset of S, and D = 7~ 1(B) would be a minimal separating subset
of P, since clearly n(J) = 0 ¢ B. We conclude that S has no basis.

The absence of a basis for § does not prevent our discovering the structure
of its translational hull. We shall use the next algorithm to perform that com-
putation.

A Brouwerian lattice can be defined to be a complete lattice (S, V, A)
such that for each 4 C § and each ¢t € S, we have ¢ A sup 4 = sup(t A A).

5.20. ProPOSITION. Let (S, V, A) be a Brouwerian lattice and let I be
an A-ideal of the semilattice (S, A). Then Q(I, A) is isomorphic to (S A b, \),
where b = sup I,

PrRoOF. Define a: § A b — Q(I, A) by a(x) = w,II for each x €S A b,
and define §: Q(I, A) — S A b by f(w) = sup wl. From [10, p. 296], we have
that « is a homomorphism. We will show that § o a is the identity map on
S A b, and that a o § is the identity map on Q(, A).

To see that § o « is the identity map on S A b, leta €S A b. Then
Ba(a) = f(w,l) = sup w, I =sup@ AD)=a AsupI=a Ab=a,so that fa
is the identity map on S A b.

To establish that of is the identity map on Q(J, A), let w € Q(, A). Then
af(w) = a(sup wl) = Weup will = w, since for t €1, we have (wwp wiiDt =
supwl At =sup(wl A t) =sup w( A £)=sup( Awf)=supl A wt = wt.

5.21. COROLLARY. Let (S, A) be a compact topological semilattice
Wwhich is algebraically a distributive lattice and let I be a closed A-ideal of S.
Then Q2,1 A) is topologically isomorphic to (S A b, A), where b = sup I.

PrROOF. The isomorphism a: S A b — QP(I, A) defined by afx) =
w, I (as in the proof of 5.20) is continuous and closed, and hence is a topo-
logical isomorphism.

In reference to 5.19, note that the compact semilattice T is a A-ideal of
the compact lattice M x M and that sup T is the identity of M x M, so that
Slp(T) is topologically isomorphic to M x M. Similarly, the compact semi-
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lattice S is an ideal of the compact lattice (M x M)/I and sup S is the identity
of (M x M)/I, so that from 521, we conclude that QP(S) is topologically iso-
morphic to (M x M)/I.

The process of determining the continuous bitranslations of a given semi-
topological semigroup S is frequently complicated by restrictions on the images
of elements of S under bitranslations. For example, if e is an idempotent of S
and w is a bitranslation of S, then we € Se. Thus unlike vector space theory,
one cannot generally assign images to basis elements and expect to determine a
bitranslation. However, one can approach the problem by elimination of those
image assignments which do not give bitranslations. We hasten to add that this
technique is not always feasible, but also point out that it is feasible for some
examples that have no basis to consider certain distinguished elements. For ex-
ample, it is usually fruitful to consider the possible images of the generator of
a compact monothetic semigroup or of a principal ideal of a compact solenoidal
semigroup.

We close this section with some remarks pertaining to the algebraic an-

alogues of some of the results in this section. Observe that if S is a reductive
semigroup, which admits the structure of a compact semitopological semigroup,

then ‘as each bitranslation of § is continuous, the algebraic translational hull is
algebraically the same as QP(S). This gives us obvious algebraic analogues of
5.1,54,55,5.11,5.13,5.16, and 5.17.
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