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The Transport of Vorticity and Heat through Fluids in Turb

Motion.

B y  G. I . Ta y l o r , F .R .S .

(Received N ovem ber 24, 1931.)

In  R ey n o ld s’ w ell-know n th e o ry  of tu rb u le n t  flow th e  effect of tu rb u len ce  

on  th e  m ean  flow of a  flu id  is  conceived  as th e  sam e as  t h a t  of a  sy stem  of 

stresses w hich , like th o se  due  to  v iscosity , m a y  h av e  ta n g e n tia l as well as 

n o rm a l co m p o n en ts  across a n y  p lan e  e lem en t. T ak in g  th e  case of lam in a r 

m ean  flow, t h a t  is  w hen th e  m ean  flow is, say , h o rizo n ta l a n d  c o n s ta n t in  

d irec tio n  a n d  m ag n itu d e  a t  a n y  g iven  h e ig h t, th e  com ponen ts of stress over 

a  h o rizo n ta l p lan e  a t  h e ig h t z are  F a a n d  F v w here F ^  =  — p 

a n d  u , v, w  a re  th e  com p o n en ts  of tu rb u le n t  v e lo c ity  p a ra lle l to  tw o  h o rizon ta l 

axes x  a n d  y  a n d  th e  v e rtic a l ax is  z. T he b a r  deno tes t h a t  m ean  values have  

been  ta k e n  over a  la rge  h o rizo n ta l a rea  a n d  p is th e  d en sity  of th e  fluid. The 

stress  ¥ x is  th e re fo re  due to  th e  ex istence  of a  co rre la tio n  betw een  u  a n d  w. 

I n  th e  ex ten sio n  of R ey n o ld s’ th e o ry  due to  P ra n d t l  th is  co rre la tio n  depends 

on  th e  ra te  of change  in  m ean  v e locity . I n  i ts  m o st sim plified form  th e  th e o ry  

m ay  be  expressed  as  follows. A  p o rtio n  of flu id  possessing th e  m ean  velocity  

of a  level z 0 m a y  be conceived  to  m ove u p w ard s to  a  lay e r of h e ig h t z 0 - \ - l  

p reserv ing  th e  m ean  v e lo c ity  U 0 of th e  lay e r from  w hich  i t  o rig inated . A t th is  

h e ig h t i t  is  conceived  to  m ix  w ith  i ts  surround ings. I f  l is sm all th e  m ean

dXJ
ve lo c ity  of th is  la y e r is U 0 +  l, U  being  th e  m ean  ve lo c ity  a t  h e ig h

11/Z

cZTT
th a t  u —  — l - r - ,  a n d  hence 

dz

( 1 )

T he q u a n ti ty  p wlis th e re fo re  of th e  sam e dim ensions as v iscosity  a n d  in

P ra n d t l ’s th e o ry  i t  is t r e a te d  as th o u g h  i t  w ere in  fa c t a  coefficient of v iscosity , 

th o u g h  n o t  necessarily  as one w hich  has  th e  sam e va lue  a t  a ll po in ts  in  th e  

field.

I n  deriv ing  th e  expression (1) i t  is  assum ed  th a t  th e  pressure g rad ien ts  on 

th e  fluid w hich accom pany  th e  eddy ing  m o tio n  h ave  no effect on th e  final 

re su lt, so t h a t  each  p a rtic le  con tinues m oving w ith  th e  ho rizon ta l m om entum  

of th e  lay e r from  w hich i t  o rig in a ted  t i l l  a t  some stage i t  m ixes w ith  th e  fluid
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6 8 6 Gr. I . T a y lo r .

a t  th e  level to  w hich  i t  p en e tra te s . W ith o u t know ing  how  depends on  th e  

b o u n d a ry  cond itions a n d  on  th e  law  of v a r ia tio n  of U  w ith  i t  is  n o t possible 

to  a p p ly  a n y  d ire c t te s t  to  th e  th e o ry  b y  an a ly s in g  observ a tio n s  of m ean  

ve locity  in  tw o  dim ensions. A ll t h a t  c an  be done is to  m ak e  p lausib le  assu m p ­

tio n s  a b o u t w l a n d  th u s  ca lcu la te  a  co rrespond ing  d is tr ib u tio n  of m ean  ve

w hich can  be com p ared  w ith  th e  observed  d is tr ib u tio n ; or, a lte rn a tiv e ly , to  

ca lcu la te  values of w l co rrespond ing  w ith  a n  observed  d is tr ib u tio n  of m ean  

velocity .

Some y ears  ago, a t  a  t im e  w hen I  w as ig n o ra n t of th e  w ork  of P ra n d tl ,  I  

p u t  fo rw ard  a  som ew hat s im ila r th eo ry ,*  b u t  i t  d iffered in  one v e ry  sign ifican t 

fea tu re . I  supposed  th a t  each  p a rtic le  of flu id  re ta in e d  th e  v o rtic ity , b u t  n o t 

th e  m o m en tum , of th e  lay e r from  w hich  i t  s ta r te d . O therw ise th e  th eo ries  

a re  iden tica l, th e  m ix tu re  len g th  l serv ing  th e  sam e pu rp o se  in  b o th  th eo ries. 

M y o b ject in  co n cen tra tin g  a t te n t io n  on  th e  tran sfe ren ce  of v o r tic ity  ra th e r  

th a n  m o m en tu m  w as th a t  if th e  m o tio n  is l im ite d  to  tw o  d im ensions th e  local 

differences in  pressure do n o t affect th e  v o r t ic i ty  of a n  e lem ent, w hereas 

P ra n d tl  has  to  neg lect th e m  or to  assum e a rb itra r i ly  t h a t  th e y  do n o t affect 

th e  m ean  tra n s fe r  of m o m en tu m  even  th o u g h  th e y  c e r ta in ly  affect th e  

m om en tum  of in d iv id u a l e lem ents of flu id. To i l lu s tra te  th e  difference betw een  

th e  tw o  theo ries  we m a y  consider th e  case in  w hich  th e  m ean  flow is p a ra lle l 

to  th e  ax is  of x  a n d  th e  w hole m o tio n  is l im ited  to  tw o  d im ensions, x  h o r

an d  z  v ertica l. A ccording to  P ra n d t l ’s th e o ry  th e  ta n g e n tia l  s tress  F  is

p Iw^  a n d  th e  ra te  a t  w hich  m o m en tu m  is com m u n ica ted  to  u n it  a rea  of a  
dz

lay er of th ickness  8z is

^ dz

j - d U  
Iw  —  

d z .
8z,

so th a t  if th e  flow is th a t  due to  a  un ifo rm  p ressure  g rad ien t d p  jd x  th e  equ atio n  

for U  is

dz  l  d z )p
( 2 )

a n d  if th e  m o tion  is th e  shearing  m o tio n  w hich w ould  occur in  th e  space 

betw een tw o  ho rizo n ta l p lanes in  re la tiv e  m ovem ent

=  co n stan t. (3)

* * P h il. T rans.,’ A , vo l. 215 , p. 1 (1915).

 D
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Fluids in Turbulent . 687

In  o rd er to  express th e  id ea  t h a t  v o r tic ity  ra th e r  th a n  m om en tum  is conveyed 

from  one level to  a n o th e r  b y  m eans of eddies, th e  eq u atio n  of m otion , neglecting 

v iscosity , m a y  be w r it te n

_1_ d p __ 9

p dx

9 u. 9
U T  +  5"ox

a n d  w ritin g  t j = for th e  v o rtic ity , (3) becomes

I L ( p
d x  \p

+  + 1«2) =  | r  +
r

T ak in g  m ean  values, a n d  supposing  th a t  th e  ed dy ing  m otion  is on  th e  average 

un ifo rm  in  th e  d irec tio n  of x , th is  becom es

1 d p  

p d x
—  2w7). (4)

N ow  m ak e  th e  h y p o th esis , w hich  is know n to  be tru e  in  th e  case of a  non- 

viscous flu id m ov ing  in  tw o  d im ensions, t h a t  th e  v o r tic ity  is  conveyed w ith o u t 

change b y  eddies ju s t  a s  R eyno lds a n d  P ra n d tl  assum e th a t  h o rizon ta l 

m o m en tu m  is carried . I n  th is  case th e  co rre la tio n  b e tw een  a n d  w  m ig h t 

arise in  e x a c tly  th e  sam e m an n er as th e  co rre la tio n  b e tw een  u  a n d  w  in  P ra n d tl’s 

th e o ry , a  p o rtio n  of flu id  w hich  h as  com e th ro u g h  a  v e rtic a l d is tan ce  l since i t  

possessed th e  m ean  v o r tic ity  of th e  la y e r from  w hich i t  o rig inated  has a  

v o rtic ity  g re a te r  th a n  th a t  of th e  lay e r to  w hich  i t  has  p e n e tra te d  b y  a n  a m o u n t

H ence

fo r th e  v o r tic ity  of th e  m ean  m o tio n  a t  a n y  lay er is
, dU

dz '

2 wr\ =

a n d  (5) becom es
1 d p  

p d x
(5)

C om paring (5) w ith  (2) i t  w ill be seen th a t  th e  tw o formulae a p p ea r a t  a  first 

g lance to  be  v e ry  sim ilar. In  th e  p a r tic u la r  case w hen ivl does n o t v a ry  w ith  

z  th e y  a re  iden tica l.

I n  considering  how  i t  w ould  be possible to  devise experim en tal te s ts  to  find 

o u t w hich, if e ith e r, of th e  tw o  theo ries  is  co rrect, i t  will be seen th a t  m easure­

m en ts  of th e  d is tr ib u tio n  of velocity  alone are  n o t in  general capable of d is­

tingu ish ing  betw een  th em . If  th e  m ean  ve locity  a n d  pressure are  m easured

2 zvol. oxxxv.— A.
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68 8 GL I . T a y lo r .

a t  every  p o in t in  a  field of tu rb u le n t  flow i t  is  possib le  to  deduce  M, th e  ra te  

a t  w hich m o m en tu m  is co m m u n ica ted  to  u n i t  vo lum e. A ccord ing  to  P ra n d t l ’s  

th e o ry

while acco rd ing  to  th e  v o r tic ity  tr a n s p o r t  th e o ry  in  tw o  d im ensions

so t h a t  each  th e o ry  enab les w l  to  be  d e te rm in e d  fro m  th e  o b serv a tio n s  a s  a  

fu n c tio n  of z , b u t  th e y  w ould  in  g en era l be  d iffe ren t fu n c tio n s  of in  th e

cases.

O n th e  o th e r  h a n d , if  a t  th e  sam e tim e  ex p erim en ts  on  th e  d is tr ib u tio n  of 

te m p e ra tu re  w ere ca rried  o u t, a n o th e r  e s tim a te  of th e  v a lu e  of w ould  be 

found, fo r if Q be  th e  ra te  a t  w h ich  h e a t  is tra n s fe rre d  across u n i t  a rea  p e r­

p en d icu la r to  th e  ax is  of z, a n d  or is th e  specific  h e a t

Q =  po
d e

w here 6 is th e  m ean  te m p e ra tu re  a t  a n y  p o in t, so t h a t  m easu rem en ts  of 

Q a n d  d b /d z  w ou ld  en ab le  us to  o b ta in  a n  in d ep en d en t v a lu e  of w l. T his 

could  be co m p ared  w ith  th o se  d ed uced  fro m  th e  d is tr ib u tio n  of m ean  v e locity  

b y  ap p ly in g  th e  tw o  th eo rie s .

In  th e  sim ple fo rm  p re sen ted  above, th e  v o r tic ity  tra n s p o r t  th e o ry  deals 

on ly  w ith  cases w here th e  tu rb u le n t  ve locities  as  well as  th e  m ean  v e lo c ity  

a re  confined to  tw o  dim ensions. Som e re c en t o b serv a tio n s  b y  F ag e  a n d  

Tow nend* h av e  show n t h a t  n e a r  a  so lid  su rface  th e  co m p o n en t of tu rb u le n t 

velocity  p a ra lle l to  th e  surface b u t  p e rp en d icu la r to  th e  d irec tio n  of m ean  flow 

is considerab ly  g rea te r  th a n  e ith e r  of th e  o th e r  tw o  co m p o n en ts, so t h a t  th e  

flow is c e r ta in ly  n o t  tw o-d im ensional. E x p e rim en ts  on  th e  d is tr ib u tio n  of 

tem p e ra tu re  n e a r  a  h e a te d  su rface  p a s t  w hich  a  tu rb u le n t s tre am  is flow ing are  

therefo re  n o t su itab le  fo r o u r purpose . O n th e  o th e r  h an d , i t  seems possible 

t h a t  th e  tu rb u len ce  w hich  occurs in  th e  w ake b eh in d  a  cy lin d rica l obstacle  

w ith  its  ax is  p e rp en d icu la r to  th e  d irec tio n  of th e  w in d  m a y  be largely  tw o- 

d im ensional. T his m ig h t be a n tic ip a te d  on  th eo re tic a l g rounds because th e  

d is tr ib u tio n  of m ean  ve lo c ity  in  th e  w ake b eh in d  a n  obstac le  is  of a  ty p e  w hich 

fo r a  non-viscous flu id is u n s tab le  fo r tw o-d im ensional d istu rbances.

* ‘ P roc. R o y . S o c .,’ A , v o l. 135 , p . 6 5 6  (1932).
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Fluids in Turbulent Motion. 689

T here  is  l i t t le  e x p e rim en ta l ev idence a s  to  th e  c h a ra c te r  of th e  tu rb u le n t 

m o tio n  in  th e  w ake  b eh in d  a n  o bstac le . T he  h y p o th e tic a l K a rm a n  s tre e t of 

v o rtices  is , of course, a  tw o -d im en sio n a l m o tio n  a n d  ex p erim en ts  w hich  confirm  

th e  ex isten ce  of su ch  a  sy s te m  m a y  th e re fo re  b e  reg a rd ed  a s  being  in  fav o u r 

of a  te n d e n c y  to  a  tw o -d im en sio n a l c h a ra c te r  in  th e  ed d y in g  flow in  th e  w ake. 

F o r  th is  reaso n  i t  seem ed desirab le  t o  exam in e  b o th  th eo re tic a lly  a n d  experi­

m e n ta lly  th e  co n n ec tio n  b e tw een  th e  d is tr ib u tio n s  of te m p e ra tu re  a n d  ve lo c ity  

in  th e  w ake  b e h in d  a  h e a te d  o b stac le  p laced  in  a  s tre a m  of w ind.

D iffu s io n  o f  M o m e n tu m  in  the W a k e  beh ind  a  C ylin d rica l Obstacle.

T he d is tr ib u tio n  of v e lo c ity  in  th e  w ake  b eh in d  a  cy lin d rica l obstacle  h as  

re c en tly  b een  ex am in ed  th e o re tic a lly  a n d  e x p e rim en ta lly  b y  H . Schlichting .*

I t  is  w ell k n o w n  t h a t  th e  w id th  of th e  w ake b eh in d  a n  obstac le  p laced  in  a  

s te a d y  s tre a m  increases a s  th e  d is ta n ce  from  th e  o b stac le  increases, w hile a t  

th e  sam e t im e  th e  difference b e tw een  th e  v e lo c ity  in  th e  w ake a n d  t h a t  in  

th e  s tre a m  o u ts id e  i t  decreases. S ch lich tin g  fo u n d  t h a t  a t  some d is tan ce  

b eh in d  a  cy lin d rica l o b stac le  (m ore th a n  30 d iam eters) th e  ex p an d in g  w ake 

se ttle s  dow n to  a  s te a d y  reg im e in  w hich  th e  v e lo c ity  a t  i t s  c en tre  is  p ro p o rtio n a l 

t o  w hile  th e  w id th  is  p ro p o rtio n a l to  «*, x  be ing  th e  d is tan ce  dow n s tre a m  

fro m  th e  obstac le .

I f  U 0 is th e  v e lo c ity  of th e  s tre a m  in  th e  absence of th e  o bstac le  a n d  U 0 — u , v  

a re  th e  co m p o n en ts  of v e lo c ity  in  th e  w ake, S ch lich tin g ’s e x p e rim en ta l re su lts  

show  t h a t  u  c an  be  expressed  in  th e  fo rm

« /U ,  =  * -* /(> )), (6)

w here vj — yx~ *  a n d  y  is th e  d is tan ce  of a n y  p o in t from  th e  cen tre  line  of th e

w ake. T he  co rrespond ing  expression  fo r v  w h ich  satisfies th e  e q u a tio n  of

c o n tin u ity , —  (U  — u ) -{- ^  =  0, is

v /U 0=  -  i a r V f t ) ’ (7)

I f  th e  w ake is  a ssu m ed  to  be  n a rro w  so th a t  in  i t  is  sm all co m p ared  w ith  x , 

a n d  if u is  sm all co m p ared  w ith  U 0, th e  d y n am ica l eq u a tio n  of m o tio n  rep re ­

sen tin g  P r a n d t l ’s th e o ry  of m o m en tu m  tra n s p o r t  is

* H . S ch lic h tin g , ** U eb er da s eb en e W in d seh a tten  prob lem ,”  ‘ In g en ieur  A r c h iv .,’ 

(1 9 30 ). S e e  a lso  “  T u rb u len te  S tro m u n g en ,”  W . T o lm ien , * H a n d b d . E x p . P h y s ik .,’ v o l. 4 , 

p . 3 2 3 , L e ip z ig , w h ere a  figure sh o w in g  co m pa r iso n  o f  S ch lic h tin g ’s  th eo ry  w ith  

o b serv a tio n  is  reproduced .

2 z 2

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



0 9 0 G . I . T a y lo r .

w here k  is  w r it te n  fo r th e  coeffic ient of d iffusion  b y  tu rb u len c e , i.e.,
dy

acco rd in g  to  e q u a tio n  (2). I f  i t  is  a ssu m ed  t h a t  th e  tu rb u le n t  a s  w ell a s  

th e  m ean  m o tio n  is confined  to  tw o  d im ensions, th e  d y n a m ic a l e q u a tio n  of th e  

v o r tic ity  t r a n s p o r t  th e o ry  is
■t t  0W

“  U°0aj =

E x p ressin g  th e se  e q u a tio n s  in  te rm s  of r\

— i x ~ 3/2f ( r i )

a n d  since th e  w ake is a ssu m ed  to  be  n a rro w

dhx

d y2 '

U 0

d u l

.03?  J y  c o n s ta n t

\X  3/2 71 f '  (tj) =  — X̂3/2 

9^ _ i nry _*| pf / \

dy S ^  =  U o

H ence  (8) becom es

A )  =  - J W ' W J .

T h is m a y  be in te g ra te d , th e  c o n s ta n t  of in te g ra tio n  b e in g  o m itte d  b ecau se  

/ '  (7j) =  0 w h en  vj =  0 so t h a t

S im ilarly  (9) becom es
=  — Kf  (t j). (11)

( 12 )

I t  w ill be seen t h a t  (1 1 ) a n d  (12) c o n ta in  tj o n ly  so t h a t  S c h lich tin g ’s ex p eri­

m e n ta l re su lt m e n tio n ed  ab o v e  im p lies  t h a t  is  a  fu n c tio n  of 7] on ly .

I n  S ch lich tin g ’s e x p e rim en ts  u  w as fo u n d  fro m  h is  m easu rem en ts  w ith  a  

P i to t  tu b e  in  th e  w ake, so t h a t  / ( tj) w as d e te rm in ed . I t  w ill be  seen t h a t  

accord ing  to  P r a n d t l ’s th e o ry

— K =  u L M

2 / ' ( v j ) ’
(13)

a n d  accord ing  to  th e  v o r tic ity  tr a n s p o r t  th e o ry  of tu rb u len ce

— /  fa) +  ri f  (tj) (14)

In  e ith e r case k  can  be fo u n d  a s  a  fu n c tio n  of tj from  th e  observed  d is tr ib u tio n  

of velocity  in  th e  w ake, b u t  i t  is  n o t possib le  from  th e se  m easu rem en ts  a lone  

to  d istingu ish  w hich  th eo ry , if e ith e r, is co rrec t.
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Fluids in Turbulent Motion. 691

H ea t T ra n sp o rt.

S uppose n o w  th a t  S ch lic h tin g ’s o b s tac le  h a d  b een  h e a te d . T he  h e a t  w ou ld  

be sp read  o u t in  th e  w ake  a n d  th e  e q u a tio n  of h e a t  t r a n s p o r t  is

IT 0 6   0 /  0 6 \

0 0a? d y  \ d y !  *
(15)

w here 0 is th e  d ifference in  te m p e ra tu re  b e tw een  a n y  p o in t in  th e  w ake a n d  

th a t  in  th e  m a in  s tre a m . T h is  e q u a tio n  is id e n tic a l w ith  (8) ex cep t t h a t  0 

rep laces u  so t h a t  0 m u s t be  of th e  fo rm

0 =  x * <f> (yj). (16)

a n d  s u b s t i tu t in g  th is  exp ression  in  (15) i t  w ill be  seen t h a t

73^(73) 

H '  (73)*
(17)

W e a re  n o w  in  a  p o s itio n  to  co m p are  th e  d is tr ib u tio n  of te m p e ra tu re  w h ich  

m ig h t be  e x p ec te d  acco rd in g  to  P r a n d t l ’s th e o ry  a n d  acco rd in g  to  th e  v o r tic ity  

t r a n s p o r t  th e o ry . A cco rd in g  to  P r a n d t l ’s th e o ry  of t r a n s p o r t  of m o m en tu m

so t h a t

4> C*)) =  _  JQ_ =  (t ))
^ ( t j) 2/c / ( t 3 )’

<f> (73) I f  (73) =  c o n s ta n t, (18)

i.e ., th e  d is tr ib u tio n  of v e lo c ity  a n d  te m p e ra tu re  across th e  w ake sh o u ld  be 

id en tic a l, a s  is  o b v io u s  a  p r io r i .

A ccord ing  to  th e  v o r t ic i ty  t r a n s p o r t  th e o ry

<f>'(ri) =  — 2L =  73 /"  (73)

<£(73) 2k  / f a )  +  * ) / '(t 3)’
so t h a t

lo g  {4> -- +  co n sta n t. (19)

P ro m  th e  m easu red  d is tr ib u tio n  of v e lo c ity  in  th e  w ake th e  d is tr ib u tio n  of 

te m p e ra tu re  c an  th e re fo re  be  p re d ic ted , b u t  in  th is  case i t  is  n o t  id en tic a l w ith  

th e  d is tr ib u tio n  of v e locity .

D istr ib u tio n  o f  V elocity  in  the W ake.

I n  o rd e r to  p re d ic t th e  d is tr ib u tio n  of v e lo c ity  in  th e  w ake b eh in d  an  obstac le  

S ch lich tin g  u sed  P r a n d t l ’s h y p o th e sis  t h a t
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where A is a  c o n s ta n t a n d  lis a  “ m ix tu re  le n g th ,” a n

d u
su rro u n d in g  — in d ica te  t h a t  th e  ab so lu te  v a lu e  is tak en . As a  fu r th e r  specia l

hypo thesis  he assum ed  t h a t  l is c o n s ta n t over a n y  given sec tion  of th e  w ake 

a n d  th a t  i t  is p ro p o rtio n a l to  x4 so t h a t  l is  a lw ays a  g iven  frac tio n  of th e  w id th  

of th e  w ake. T ak ing  l =  a x 4 i t  w ill be seen th a t  S ch lich ting ’s assum ed  value  

of k is

k  =  — A a2/ '  fa). (21)

k  is  th u s  a  fu n c tio n  of yj on ly  so th a t  i t  satisfies th e  co n d itio n  w hich  is necessary  

in  o rder th a t  th e  b re a d th  of th e  w ake m a y  be p ro p o rtio n a l to  x4 a n d  th u s  be  

in  accordance w ith  S ch lich ting ’s observations. M aking th is  assum ption , th e  

eq u a tio n  (11) becom es
t , / ( v1) =  2 A ^ [ / '( Tj)P. (22)

The in teg ra l of (22) is

[ / fa)l* — (1 8 a2A )~4iq4 +  c o n s ta n t. (23)

If  7]0 is th e  va lue  of v) a t  th e  edge of th e  w ake, w hich  in  th is  th e o ry  is en tire ly  

enclosed w ith in  th e  p a rab o la  tq =  vj0 t h e n / f a )  =  0 a t  t j =  7)0. I f  \  w r itte n  for 

7]/t )0 (23) becom es

/( '') )  =  (18A «^)-i V  (1 -  (24)

If  u 0 is va lue  of u  a t  th e  cen tre  of th e  w ake in  a n y  g iven  sec tion  a t  d is tan ce  x  

from  th e  obstacle , (24) m a y  be  w ritte n

u /u 0 =  (1 — ^ 2)2. (25)

S ch lich ting’s observations prov ide  a  rem ark ab le  confirm ation  of th e  accuracy  

of th is  form ula, a n d  ex perim en ts re cen tly  m ade  b y  Messrs. F age  a n d  F a lk n e r 

a t  m y  req u est in  th e  N a tio n a l P h y sica l L a b o ra to ry  also confirm  its  su b s ta n tia l 

accu racy  in  th e  tw o  cases w hich  th e y  exam ined .*  T he com parison  betw een 

th e  observed values of u /u 0 a n d  \  a n d  S ch lich ting ’s re la tio n sh ip  (25) is show n 

in  figs. 3 an d  4 .f  I t  w ill be seen th a t  th e  ag reem en t is good. A t first s ig h t 

th is  m ig h t be ta k e n  as in d ica tin g  th a t  P r a n d tl’s th e o ry  of m om entum  tra n sp o rt 

is correct, a n d  th a t  consequen tly  th e  th e o ry  of v o rtic ity  tra n sp o rt is in c o rre c t; 

such a n  inference, how ever, is n o t justifiab le , for th e  v o rtic ity  tra n sp o r t th eo ry  

pred ic ts exac tly  th e  sam e d is trib u tio n  if th e  sam e assum ption  is m ade regard ing

* O bservations m ade in  a  tu n n e l sp ec ia lly  designed  to  be free of turbu lence g a v e rather  

different resu lts, b u t i t  seem s probable th a t  th e  final s te a d y  reg im e ha d  n o t been atta in ed . 

T he m a tter is being  in v estig a te d  further, 

t  See ap pend ix , p . 702.

69 2 G . I . T a y lo r .
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Fluids in Turbulent . 6 9 3

k . T o p ro v e  th is , s u b s t i tu te  k  =  — A  

f o r / ( t j) is  th e n

A « r  M  (26)

T h e  in te g ra l  of (26) is

y ) / (yj) =  A a2 [ / '  (t j)]2. (27)

I t  w ill be  seen  t h a t  (27) is  th e  sam e as  (22) e x c e p t t h a t  th e  c o n s ta n t 2A a2 in  

(22) h a s  becom e A  a 2 in  (27). T he in te g ra l of (27) is

/  (yj) =  (9A a2)-1  y)03 (1 -  £**)*, (28)

a n d  if  w0 is th e  v a lu e  of u  a t  th e  c en tre  of th e  w ake, (28) becom es

u / u 0 =  (1 — £3/2)2, (29)

w h ich  is  id e n tic a l w ith  (25). I t  w ill be  seen, th e re fo re , t h a t  w ith  th e  p a r t ic u la r  

a s s u m p tio n  t h a t  k  is  p ro p o r tio n a l to / '( y j )  (or fo r c o n s ta n t  , t o  d u jd y )  b o th  

th e o rie s  le a d  to  th e  sam e  p re d ic te d  d is tr ib u tio n  of v e lo c ity  in  th e  w ake a n d  

th is  d is tr ib u tio n  is  v e ry  c losely  verified  b y  ex p e rim en t.

D is tr ib u tio n  o f  T em p era tu re  in  the W a k e  w h en  u / u 0 =  (1 — £3/2)2

A cco rd in g  to  th e  m o m e n tu m  tr a n s p o r t  th e o ry  of tu rb u le n c e  th e  d is tr ib u tio n  

of te m p e ra tu re  a n d  v e lo c ity  a re  id e n tic a l, so t h a t  if 0O is th e  v a lu e  of 0 a t  th e  

c e n tre  of th e  w ak e
0 /0 o =  (1 — S3'2)2. (30)

T h e  d is tr ib u tio n  of te m p e ra tu re  w h ich  w ou ld  be  e x p ec te d  acco rd in g  to  th e  

v o r t ic i ty  t r a n s p o r t  th e o ry  is  fo u n d  b y  p u t t in g

f ( f } )  =  y]03 (9A a2)-1  (1  — (yj/yjo)*}2

in  (19). U sin g  th is  ex p ressio n  fo r /(y j)  a n d  p u t t in g  H, =  y)/yj0

becom es

f t i f "  (tq) drri

J /  fo) +  (y3)

1 — 5 &  +
d l

th e  in te g ra l  of w h ich  is
log  (1 — £3/2) +  c o n s ta n t.

H en ce  fro m  (19)
log <f> (yj) =  log (1 — £3/2) +  c o n s ta n t,

(31)

O/Oo =  1 -  S3/a.
or

(32 )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



6 9 4

At first sight i t  seems a paradox th a t  th e  tw o theories should lead to  identical 

distributions for velocity b u t different d istributions for tem perature, though 

the  equations governing the  velocity d istribu tion  are different in  the  two 

theories while th e  same equation for heat flow is used in  each case. The 

explanation is th a t  th e  param eter A a2 necessary to  produce a given  d istribution 

of velocity in  th e  wake, according to  th e  vo rtic ity  tran sp o rt theory , is twice 

as great as th e  param eter necessary to  produce th e  same d istribution  according 

to  the  momentum transport theory . This param eter Aa2 determines the 

therm al conductivity  due to  turbulence, so th a t  for a  given distribution of 

velocity th e  distribution  of tem perature in  th e  wake of a  heated  obstacle is 

determined by a therm al conductivity  which the  vortic ity  transport theory 

predicts to  be twice as great as th a t  required by th e  mom entum  transport 

theory, I t  m ay be noted th a t  th e  effect of th e  local pressure gradients 

which were neglected in P ra n d tl’s theory  is in  th is  case to  increase the  ra te  

of diffusion of heat com pared w ith th e  ra te  of diffusion of m om entum . 

Previous workers who have considered the  effect in a qualita tive way have 

predicted a d e c r e a s e .*

Gr. I. T aylor.

Comparison with Experim ent.

W ith a  view to  testing  which (if either) of these tw o theories is correct, 

measurements of th e  d istribution  of velocity and  tem perature in th e  wake of 

a heated cylindrical obstacle were m ade a t  th e  N ational Physical Laboratory  

by Messrs. Fage and  Falkner. These experim ents are described in  th e ir note 

a t the  end of th is  paper. The velocity d istribu tion  was measured by  means 

of a P ito t tube traversed  across a section situa ted  some 25 to  40 diameters of 

the  obstacle down stream . From  these m easurements th e  w id th  (26) of the 

wake and the  position of its  centre were determined. The diagram, fig. 1, 

shows the scheme, the  shaded portion representing th e  observed distribution 

of velocity. The non-dimensional variable ^ =  yjb  measuring th e  distance 

from the  centre of th e  wake was next calculated for each position where 

measurements were made.

The differences 0 in tem perature, and u  in velocity between th e  heated wake 

and the  main air stream  were measured, and these were reduced to  non- 

dimensional form by dividing by  0O, u 0 th e  values of 0 and u  a t th e  centre of 
the  wake.

* Cf. V. W . Ekm an, “ M eeresstromungen,” ‘ Handbd. Phys. and Tech. M ech.’ 
(Auerbach and H ort), p. 203.
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Fluids in Turbulent Motion. 6 9 5

T he re su lts  of th e se  o b se rv a tio n s  a re  show n in  figs. 3 a n d  4 w here th e  v a lu es  

of u /uq  a n d  0/Oo a re  p lo t te d  a g a in s t  S ince th e  w ake is  sy m m e tric a l on ly  

h a lf of i t  is  show n, p o s itiv e  a n d  n e g a tiv e  v a lu es  of \  be in g  re p re se n te d  on  th e  

sam e side of th e  ax is . I n  each  case th e  cu rv es  w hose o rd in a te s  a re  (1 — £3/2)2 

a n d  1 — a re  show n  b y  b ro k en  lines.

I n  fig. 3, w h ich  re p re se n ts  th e  re su lts  of ex p e rim en ts  w ith  a  f - in c h  c ircu la r  

cy lin d e r in  a  3 -fee t o p en  w in d  tu n n e l w ith  p a ra lle l w alls, i t  w ill be  seen t h a t  th e  

p o in ts  re p re se n tin g  u / u 0 fa ll v e ry  close to  th e  c u rv e  (1 — £3/2)2. T h is  is  th e  

re la tio n sh ip  w h ich  w o u ld  b e  e x p ec te d  b o th  on  th e  v o r t ic i ty  t r a n s p o r t  a n d  on  th e  

m o m e n tu m  t r a n s p o r t  th e o rie s  of tu rb u le n c e  w hen  P r a n d t l ’s spec ia l a ssu m p tio n  

is m ad e  fo r k . T h e  p o in ts  re p re se n tin g  0 /6 o, on  th e  o th e r  h a n d , a re  sc a tte re d  

ro u n d  th e  c u rv e  1 — ^3/2 a s  p re d ic te d  b y  v o r t ic i ty  t r a n s p o r t  th e o ry  a n d  a re  

v e ry  fa r  in d eed  fro m  th e  c u rv e  (1 — £3/2)2 w h ich  is p re d ic te d  b y  th e  m o m e n tu m  

tr a n s p o r t  th e o ry .

T he s c a t te r  of th e  p o in ts  re p re se n tin g  0 /0 o in  th is  e x p e r im en t is  r a th e r  

la rge , a n d  i t  w as su sp ec ted  t h a t  th is  m ig h t be  du e  to  c asu a l v a r ia tio n s  in  

te m p e ra tu re  of th e  b u ild in g  in  w h ich  th e  open  tu n n e l w as s i tu a te d  ; a cco rd in g ly  

e x p e rim en ts  w ere m ad e  in  a  1-foot open  je t  tu n n e l  of th e  r e tu rn  flow ty p e . 

E x p e rim e n ts  w ith  a n  ^ -in ch  cy lin d e r in  th is  tu n n e l show ed  t h a t  m u ch  g re a te r  

s tead in ess  of te m p e ra tu re  co u ld  be  o b ta in e d , b u t  th e  sm allness of th e  d ia m e te r  

of th e  je t  (1 fo o t) m ad e  th e  flow b e h in d  a n  ^ -in ch  cy c lin d e r lose i ts  tw o -d im en ­

sional c h a ra c te r  a t  a  d is ta n ce  of 30 d ia m e te rs  dow n s tre am .*

To reg a in  th e  tw o -d im en sio n a l c h a ra c te r  of th e  w ake  i t  w as necessa ry  to  

decrease  i t s  w id th , a n d  fo r th is  p u rp o se  th e  |- in c h  c irc u la r  cy lin d e r w as rep laced  

b y  a  le n tic u la r  c y lin d e r 0 • 53 in c h  th ic k  b y  2 • 6 inches  w ide. W ith  th is  obstac le  

th e  re su lts  show n  in  fig. 4 w ere o b ta in e d . I t  w ill be  seen t h a t  th e  s c a t te r  of 

p o in ts  re p re se n tin g  0 /0 o h a s  d isap p ea red . T he  p o in ts  rep re sen tin g  u ju 0 

a re  now  n o t  so close to  S ch lic h tin g ’s cu rv e  (1 — £3/2)2 a s  before  ; th e re  is a  

sy s te m a tic  v a r ia t io n  w h ich  m a y  be  due  to  th e  fa c t  t h a t  th e  w id th  of th e  w ake 

is  on ly  five tim e s  t h a t  of th e  o b s tac le  so t h a t  th e  flow m a y  n o t  h av e  se tt le d  

dow n to  i ts  p e rm a n e n t reg im e. T he  sam e k in d  of sy s te m a tic  v a r ia tio n  of th e  

p o in ts  rep re se n tin g  0/0o fro m  th e  cu rv e  1 — w ill be seen, b u t  in  s p ite  of 

th is  v a r ia tio n  th e  co n firm atio n  of th e  v o r t ic i ty  tr a n s p o r t  th e o ry  of tu rb u len c e

* T h a t th e  m ea n  flo w  in  th e  3 -fe e t  tu n n e l  w a s  tw o -d im e n sio n a l in  th e  cen tra l p a rt o f 

th e  tu n n e l is  sh o w n  b y  th e  fa c t  th a t  th er e  is  n o  sy s te m a tic  d ifference b etw een  th e  p o in ts  

marked @  w h ich  w ere  ta k e n  a lo n g  a  l in e  d is ta n t  3 in ch es from  th e  cen tre  o f  th e  tu n n e l 

a n d  th o se  m arked  Q  w h ich  w ere ta k e n  a lo n g  a  l in e  p a ssin g  th ro u g h  th e  cen tre  o f th e  

tu n n e l.
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6 9 6 G . I . T a y lo r .

is  s tr ik in g ly  verified  for, even a t  i t s  g re a te s t, th is  v a r ia tio n  is sm all com pared  

w ith  th e  difference b e tw een  1 — a n d  (1 — £3/2)2

P ro o f that “  M o m e n tu m  T ra n sp o r t  ”  T heory  is  u n tru e  w hen  M o tio n  is  confined to

T hough  P ra n d t l ’s th e o ry  is u su a lly  expressed  in  a  m a th e m a tic a l fo rm  in to  

w hich  on ly  tw o  d im ensions en te r , i t  is  possib le  to  g ive a  m a th e m a tica l p roof 

t h a t  i t  w ould  be  u n tru e  if th e  tu rb u len c e  a s  w ell a s  th e  m ean  m o tio n  w ere 

lim ited  to  tw o  d im ensions. I f  4* is th e  s tre a m  fu n c tio n  a t  a n y  in s ta n t  of a n y  

tw o-d im ensional m o tio n  of a  v iscous incom pressib le  flu id , th e n  th e  whole 

sy stem  m a y  be ro ta te d  w ith  u n ifo rm  a n g u la r v e lo c ity  H  a b o u t a n  a x is  

p e rp en d icu la r to  th e  p lan e  of m o tio n , a n d  a  m o tio n  re la tiv e  to  th e  ro ta tin g  

axes id en tic a l in  ev ery  re sp ec t w ith  th e  o rig inal m o tio n  is  possible. I f  

is th e  p ressure  co rrespond ing  w ith  th e  o rig in a l m o tio n , th e  p ressure  w hen th e  

w hole sy stem  is ro ta te d  is -j- 2p £^4 +  £p w here r  is  th e  d is tan ce  from  

th e  cen tre  of ro ta tio n . T he stresses du e  to  v isco s ity  a re  u n a lte re d  b y  th e  

ro ta tio n  a s  also are  th e  stresses due to  tu rb u len ce .

P ra n d t l ’s expression  fo r th e  ta n g e n tia l s tre ss  due  to  tu rb u len c e  in  th e  case 

w here th e  m ean  flow is in  circles is

w here V  is th e  ta n g e n tia l  ve locity . A  ro ta tio n  of th e  w hole sy stem  a b o u t th e  

cen tre  m ere ly  ad d s  to  V  a n  a m o u n t £ 'irwith o u t a

sion th e re fo re  involves a n  increase  in  F  of a m o u n t 2pw l n  due to  th e  ro ta tio n .

As we h av e  seen, th e  a ssu m p tio n  th a t  th e  w hole flu id  m o tio n  is lim ited  to  

tw o  dim ensions necessarily  im plies t h a t  a  ro ta tio n  of th e  w hole sy stem  m akes 

no  difference to  a n y th in g  b u t  th e  p ressure , so t h a t  th e  ta n g e n tia l  stresses a re  

u n a lte red  b y  ro ta tio n . T his conclusion w ould  a lso  follow from  th e  v o rtic ity  

tra n s p o r t  th e o ry  because th e  a d d itio n  of a  c o n s ta n t v o r tic ity  to  a ll p a r ts  o f 

th e  field leaves th e  tra n s p o r t  of v o r tic ity  unchanged .

One m u s t th e re fo re  conclude th a t  th e  reason  w h y  P ra n d t l ’s th e o ry  does n o t  

aPPly  tw o-d im ensional flow is t h a t  he neg lects th e  effect of th e  local p ressu re  

d is tr ib u tio n  in  a  tu rb u le n t sy stem  in  a lte rin g  th e  m o m en tu m  of th e  p o rtio n s  

of flu id w hich  a c t  as  tra n sp o rte rs  of m o m en tu m  from  one lay er to  th e  n e x t.

This source of e rro r m u s t also  ex is t in  a ll cases of tu rb u le n t flow excep t those  

in  w hich th e  tu rb u len ce  is confined to  p lanes p e rp en d icu la r to  th e  m ean  flow.’1'

* i.e.f cases w here lin es  of particle s pa ralle l to  th e  d irec tio n  of m ea n  flow  rem ain parallel 

to  th a t  d irection.

T w o  D im ensio ns.
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Fluids in Turbulent Motion. 697

I n  th e  case  of flow b e tw een  co n cen tric  c irc u la r  cy lin d ers  fo r in s tan ce , P ra n d tl’s 

th e o ry  m ig h t be  e x p ec ted  to  a p p ly  if  th e  tu rb u len c e  co n sis ted  e n tire ly  of th e  

rin g -sh ap ed  v o rtice s  sy m m e tric a l a b o u t th e  com m on ax is , w hich  do  occur 

u n d e r  c e r ta in  c o n d itio n s  of ro ta t io n  of th e  in n e r a n d  o u te r  cy linders.

E x te n s io n  ofVorticity T ra n sp o rt ”  T h eo ry  to Three D im ensio ns.

T he eq u a tio n s  of s te a d y  m ean  m o tio n  of a  non-v iscous flu id  m a y  be  expressed  

in  th e  fo rm

x  l d P _ TT9U v a u  , W 0U , v  - a . 0 / — r 
x  p a *  ~ u a ^  +  v a ^  + w &  + * & «  + 2 l ~wr‘

O  (33)

w ith  tw o  s im ila r  eq u a tio n s . I n  th e se  eq u a tio n s  X , Y , Z a re  th e  co m ponen ts  

o f e x te rn a l force a c tin g  on  u n i t  m ass  of th e  flu id , U , Y, W  a re  th e  com p o n en ts  

o f m e an  v e lo c ity  a n d  P  is  th e  m e an  pressure . T he v e lo c ity  a t  a n y  p o in t 

is  U  -f- u ,  V  -f- v, W  -f- w , q2 =  u 2-

of v o r t ic i ty  of th e  tu rb u le n t  m o tio n  so t h a t

_ i (Bw_ dv\

\d y ’

e tc ., a n d  since  u  —  v  —  id — 0, Zf —  v{ —  XJ =  0.

E q u a tio n s  (33) a re  th e  th ree -d im en sio n a l an a lo g y  of (4). I t  is  n o t possible, 

how ever, t o  p ro ceed  q u ite  in  th e  m a n n e r p rev io u sly  a d o p te d  a n d  th u s  deduce 

a  th ree -d im en sio n a l version  of (5), because  th e  v o r t ic i ty  of a n  e lem en t on ly  

rem ain s  u n ch an g ed  w hen  th e  m o tio n  is lim ite d  to  tw o  d im ensions. U sing  

th e  eq u a tio n s  of v o r t ic i ty  in  th e  L a g ra n g ia n  fo rm  we m a y  express th e  com ­

p o n en ts  o f v o r t ic i ty  a t  a n y  p o in t in  te rm s  of i ts  v o r tic ity  com ponen ts a t  som e 

p rev ious t im e  in  th e  form *

5  +  5 ' - « . i + * !  +  C . !

,+v-c.g+i.s+c.ir (34)

t  +  i:' ” 5» S  +  1,#S  +  ?#

dz

do j

w here £, 73, X> a re  th e  com ponen ts of v o rtic ity  of th e  m ean  m o tio n , b, c) a re  

th e  co -o rd in a tes  of th e  p a rtic le  of flu id  a t  t im e  w hich  a t  t im e  t  occupies th e  

po sitio n  ( x , y , z). £0, t j0, £0 are  va lues of >3, £ a t  th e  p o in t (a, b, 0 ) a t

* S ee L am b , “  H y d ro d y n a m ics,”  4 th  ed ., p . 197.
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69 8 Gr. I . T a y lo r .

t im e  t 0. The a ssu m p tio n  p rev io u sly  m ade  in  th e  case of tw o-dim ensional 

m otion , n am ely  th a t  in h e ren t in  th e  idea  of a  “ m ix tu re  le n g th ,” m a y  now  be 

m ade. This is t h a t  th e  p o rtio n  of flu id  w hich  a t  t im e  t occupies th e  position  

x , y , z , h a d  a t  some p rev ious tim e  t 0 th e  sam e co m p o n en ts  o f  v o r tic ity  as  its  

surround ings, n am ely  th e  m ean  v o r tic ity  a t  th e  p o in t a , b, c. U n d er these  

c ircum stances if th e  m ix tu re  le n g th  be  supposed  sm all a n d  th e  m ean  m otion  

s tead y , we m ay  e x p an d  £0 in  te rm s  of £ u sing  on ly  th e  first o rd e r te rm s  of th e  

T ay lo r series so t h a t

S0 =  S - ( * - « ) ! - ( S, - & ) g - ( * - < > ) § !  (35)

w ith  sim ila r expressions for v;0, £0.

In se rtin g  th ese  expressions in  (34) — vC) th e re fo re  becom es

dy dz\ , / dy 0z \ , dy

d a ) \  dc
i — '
dc,

+ ( X ~ a ) \ V Fa W d x  + {y~ b) (4«“W| )  |  + (*-«)(•! - 4)1
-f- ( x—

d a 'dx

+ ( y - b) L %
d b / d x  ^  ' \  db \  db db/ d z

dz d y \  0£

F c ~ W d c )s -y
+  ( z— c)

dz

0c
— w

d e l  dz  ’

(36)

T his expression, to g e th e r w ith  th e  tw o  sim ila r ones o b ta in ed  b y  p e rm u tin g  

cyclically  xyz , abc, rep resen ts  th e  effect of tu rb u le n t m o tio n  on th e  m ean  

m otion  accord ing  to  th e  v o r tic ity  tra n s p o r t  th eo ry . I n  general i t  is  so com ­

p lica ted  th a t  i t  is of l i t t le  p rac tic a l use, b u t  in  c e r ta in  special cases considerable 

sim plifications m ay  occur.

Case o f  L a m in a r  M e a n  F low .

L e t us now  ta k e  th e  case p rev iously  d iscussed fo r w hich  th e  m ean  ve locity  

U  is pa ra lle l to  th e  ax is  of x  a n d  is a  fu n c tio n  of z  only . In  t h a t  case £ == £ =  0 

cZTJ
an d  v) =  £ -jj- , a n d  since q2 m ay  be assum ed a  fu n c tio n  of z  only, equation  (33) 

becomes

I t  will now  be show n th a t  th e  eq u atio n  (37) includes P ra n d tl’s m om entum
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Fluids in Turbulent Motion. 699

tra n s fe r  eq u a tio n  a n d  m y  sim ple  v o r tic ity  tra n s fe r  eq u a tio n  for tw o-dim ensional 

tu rb u le n t  m o tio n  a s  specia l cases.

Case A .  T w o -d im en sio n a l T u rb u len t M o tio n  Para lle l to the P lane  (xz).—  

In  th is  case v  =  0, dy /db  —  1, so t h a t  (37) becom es

I n  th is  eq u a tio n  z  — c rep resen ts  th e  sam e p h y sica l q u a n ti ty  as l in  equ atio n  

(5) so t h a t  (38) is  id e n tic a l w ith  (5).

Case B . Turbu lence  confined  to the P la n e  (y z ).— T h is  is  th e  case to  w hich  

P r a n d t l ’s m o m en tu m  tra n s fe r  th e o ry  m u s t a p p ly  because th e re  c an  be no  

pressure  g rad ien ts  to  a lte r  th e  m o m en tu m  of lines of p a rtic le s  p a ra lle l to  th e  

a x is  of x .

Since y ,  z  a re  fu n c tio n s  of 6, c, t, we c an  also consider b, c  as functions  of 

y , z , t. R em em b erin g  t h a t  th e  e q u a tio n  of c o n tin u ity  for a n  incom pressib le  

flu id  in  L ag ran g ian  co -o rd ina tes is

(38)

db dc dc db

dy d z   d  ^
(39)

I t  w ill be  fo u n d  t h a t  th e  eq u a tio n s  fo r tra n s fo rm a tio n  are

d b _ dz dc _  _  dz 0c _  0^ db _

d y  dc’ d y  d b ’ dz dz dc *

06 dz dc

d y  dc* dy

H ence

® °  dz dy

of th e  ax is  of y , th e n  sinceof th e  ax is  of y , th e n  since

Since v (z — c) does n o t increase as L  increases
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7 0 0 Gr. I .  T a y lo r .

a n d  since
9v

d y

v dv j
o) - r -d y  

d y

dw  

dz

L

- f < *
v dw  j  

c) g .  d y ,

hence

dz  

V dc l h -L J ,  ! * S < *
c) +  (2 — c)

9w) 

9z J

“  0 ^ ( 2  — c). (41)

T ran sfo rm in g  th e  coeffic ient of d2U /dz2 in  (37) in  th e  sam e w ay  i t  is  fo u n d  t h a t

-  <* -  c> (" f& -  * 1) = _ (z ~ c) (w 1+* % )  •

a n d
0 0

(z —  c) w  (z  “  c) ~  w (z ~  c) =  i  w  ^  (* c)2 —  iv{ z  —  c)

= Lt- «  [g, <* -  °«I -  2i 5  *

= L w  a  O’ ~ c)a If% = *1(* - c)a If •
H ence

— (2 — c) — =  — W (2 — ©) 4 -  $  (2 — c)2. (42)

N ow  in  d e riv in g  (36) a n d  (37) i t  w as a ssu m ed  t h a t  th e  m ix tu re  len g th s  z  — c 

a re  sm all so t h a t  te rm s  in  (2 — c)2 c a n  be  n eg lec ted  co m p ared  w ith  te rm s  

co n ta in in g  (2 — c). T o th is  o rd e r of a p p ro x im a tio n  th e re fo re  th e  eq u a tio n  

of m o tio n  (37) becom es

so th a t

1 0 P  d u r a — ------- d * u — --------------- ^

o r in  th e  n o ta tio n  of (2),

1 9P  d  r — ------- - d U l

p ' a i  =  & r (* - c ) <feJ

d  / — d U \  

dz \  d z  ) *
(43)

This is  id en tic a l w ith  P r a n d t l ’s m o m en tu m  tra n s fe r  eq u a tio n .
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Fluids in Turbulent Motion. 701

C oncluding  R em a rks.

T he  o n ly  o th e r  case besides t h a t  d iscussed  in  th is  p a p e r in  w hich  a  com plete  

s e t  of m easu rem en ts  of th e  d is tr ib u tio n  of te m p e ra tu re  a n d  v e lo c ity  in  a  

tu rb u le n t  flu id  seem s to  h a v e  b een  m ad e  is t h a t  of th e  a ir  n e a r  a  h e a te d  fla t 

p la te  in  a  w in d  s tre am . T he  v e ry  ca re fu l ex p erim en ts  of F . E lias*  h av e  show n 

t h a t  th e  d is tr ib u tio n s  of v e lo c ity  a n d  te m p e ra tu re  a re  th e n  v e ry  n ea rly  

id e n tic a l, a s  w ou ld  b e  e x p ec ted  acco rd in g  to  R ey n o ld s’ a n d  P ra n d t l ’s th e o ry  

of m o m e n tu m  tra n s fe r . W e h a v e  seen  t h a t  th e re  is  one ty p e  of tu rb u len ce  

fo r w hich  th e  m o m e n tu m  tr a n s p o r t  th e o ry  is id e n tic a l w ith  th e  v o rtic ity  

t r a n s p o r t  th e o ry , n a m e ly  w hen  th e  tu rb u len c e  is  confined  to  th e  p lan e  p e r­

p en d icu la r to  th e  d ire c tio n  of th e  m ean  flow (see (43) ab o v e). I n  a  recen t 

n o te f  I  h a v e  show n  t h a t  th e  o b serv a tio n s  c a rrie d  o u t  a  s h o r t  w hile  ago b y  

F ag e  a n d  T ow nend  on  th e  m a x im u m  v a lu es  of th e  co m p o n en ts  of tu rb u le n t 

m o tio n  in  a  p ip e  suggest t h a t  th e  m o tio n  n e a r  th e  su rface  of th e  p ip e  is 

a p p ro x im a te ly  of th is  ty p e . M ore o b serv a tio n s  a re  req u ire d  before i t  can  

be  kn o w n  d e fin ite ly  w h e th e r th is  is  th e  t ru e  cause  of th e  ag reem en t b e tw een  

th e  o b serv ed  d is tr ib u tio n s  of te m p e ra tu re  a n d  v e lo c ity  n e a r  a  h e a te d  p la te .

T he th e o ry  of v o r t ic i ty  t r a n s p o r t  w as developed  in  th e  essay  fo r w hich  

th e  A dam s P rize  w as aw ard ed  in  1915, b u t  th e  ex p e rim en ta l co n firm a tio n  

afforded  b y  th e  e x p e rim en ts  he re  desc ribed  re su lts  fro m  a  s tu d y  of S ch lich tin g ’s 

p ap er.

S u m m a ry .

T he th e o ry  t h a t  th e  d y n am ics  of tu rb u le n t  m o tio n  sh o u ld  be reg a rd ed  as  a n  

effect of d iffusion  of v o r t ic i ty  ra th e r  th a n  a s  a  d iffusion  of m o m en tu m  w as p u t  

fo rw ard  b y  th e  p re sen t w rite r  in  1915, a n d  th e  p a r tic u la r  case w hen th e  w hole 

m o tio n  is  lim ite d  to  tw o  d im ensions w as th e n  discussed , th o u g h  so briefly  t h a t  

i t  ap p ea rs  to  h a v e  escaped  n o tice . T he  an a ly sis  is  now  ex ten d e d  to  th ree - 

d im ensional m o tio n  a n d  i t  is  show n t h a t  th e  “ m o m en tu m  tr a n s p o r t  th e o ry  

of R eyno lds a n d  P ra n d t l  agrees w ith  th e  “ v o r tic ity  t r a n s p o r t  th e o ry  in  one 

case only , n am ely  w hen th e  tu rb u le n t  m o tio n  is of a  tw o-d im en sio n a l ty p e , 

being  confined to  th e  p lan e  p e rp en d icu la r  to  th e  m ean  m otion .

W hen  th e  tu rb u le n t  m o tion  as  w ell as  th e  m ean  m o tio n  is confined to  tw o  

d im ensions th e  v o r tic ity  t ra n s p o r t  th e o ry  y ie lds re su lts  w hich  are  q u ite  d ifferen t 

from  th o se  p re d ic ted  b y  th e  m o m en tu m  tra n s p o r t  th eo ry .

* “  D ie  W a rm en bega ng  e in en  g le itz te n  P la t te  a n  S tro m en de  L u f t ,” * A b h . A erod yna - 

m ischen  I n s t i tu t  A a ch en ,’ v o l. 9 , p . 10 (19 30 ).

t  ‘ P ro c . R o y . S o c .,’ A , v o l. 135 , p . 67 8  (1932).
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702 A . F a g e  and V . M. F alkner.

A searching te s t of th e  com parative m erits of th e  tw o theories is provided 

by comparing th e  d istribu tion  of tem perature and  velocity in  th e  wake behind 

a heated obstacle. According to  th e  m om entum  tran sp o rt theory  they  should 

be identical, a t  any  ra te  a t  some distance down stream , while according to  the  

vorticity  tran sp o rt theory  th ey  should be related  to  one another by  an  equation 

which is given. M easurements made a t  th e  N ational Physical Laboratory  

show a large difference between th e  distributions of tem perature and velocity 

and confirm th e  accuracy of th e  theoretical distributions given by  th e  vorticity  

transport theory  for th e  case of tw o-dim ensional m otion when th e  tu rb u len t 

motion is confined to  th e  plane of th e  m ean motion.

A PPE N D IX .

Note on Experiments on the Temperature and Velocity in the Wake of 

a Heated Cylindrical Obstacle.

B y A. Fa g e  and V. M. Fa l k n e r .

(Communicated by Gr. I. Taylor, F.R.S.—Received November 24, 1931.)

Description o f Obstacles.

For th e  experiments, th e  results of which are shown in  fig. 3, a solid carbon 

cylindrical rod of diam eter f-inch  was m ounted in a  3-feet wind tunnel of the  

N .P.L . type. The length  of th e  rod was 3 feet. The rod was directly heated 

by  passing through i t  a curren t of about 70 amps.

— Uc

Fig . 1.

The experiments, results of which are given in  fig. 4, were made w ith a  thin- 

walled copper cylinder having a lenticular section (2*60 inches by 0-53 inch)
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