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The Treatment of Nongray
Properties in Radiative Heat
Transfer: From Past to Present
Radiative heat transfer in high-temperature participating media displays very strong
spectral, or “nongray,” behavior, which is both very difficult to characterize and to eval-
uate. This has led to very gradual development of nongray models, starting with primitive
semigray and box models based on old experimental property data, to today’s state-of-
the-art k-distribution approaches with properties obtained from high-resolution spectro-
scopic databases. In this paper a brief review of the historical development of nongray
models and property databases is given, culminating with a more detailed description of
the most modern spectral tools. [DOI: 10.1115/1.4023596]
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1 Introduction

The radiative transfer equation (RTE) that governs heat transfer
by electromagnetic waves or photons is a five-dimensional partial
differential equation (three in space, and two locally anchored
direction coordinates), which is exceedingly difficult to solve. The
problem is greatly exacerbated by the fact that radiative properties
have spectral dependence, i.e., they vary across the spectrum as
defined by wavelength k, or wavenumber g ¼ 1=k. In the early
years, when detailed information on the nongray behavior of par-
ticipating media was not available and before the days of powerful
computers, the aim of researchers commonly was to find an
“equivalent” gray absorption coefficient to make calculations trac-
table. However, unlike in the case of surface transport, this gener-
ally leads to unacceptable errors, and was called by Edwards the
“gray-gas myth” [1]. It is well-established today that treating gas
absorption coefficients as gray in combustion systems may lead to
temperature underpredictions of 100 �C or more [2]. Nevertheless,
probably due to the great difficulties associated with spectral mod-
els, the practice persists to this day.

When the radiating medium is a gas, as found in combustion
systems, chemical reactors, plasmas, etc., the radiative absorption
coefficient is comprised of millions of narrow spectral lines
caused by rotational, vibrational, and (at very high temperatures)
electronic energy level transitions. Each spectral line is broadened
slightly by several competing mechanisms, i.e., collision broaden-
ing (due to molecular collisions; dominant in most combustion
systems and other applications at atmospheric or higher pressure),
Doppler broadening (due to the Doppler effect from fast-moving
molecules; dominant at high-altitude atmospheric sciences and
astronautical applications), and Stark broadening (due to electric
fields; important in charged plasmas). The result is an absorption
coefficient that oscillates wildly across the spectrum, bunching up
in so-called vibration–rotation bands (many rotational lines sur-
rounding a single vibrational, and perhaps also electronic, transi-
tion). An example is given in Fig. 1, which shows the absorption
coefficient for the 6.3 lm band of water vapor at 1000K. Particu-
lates, such as soot, coal particles, and aerosols, also have radiative
properties that can display strong spectral dependencies. How-
ever, in most practical applications particles are either extremely
small (soot), or have wide particle size distributions. In either case

this leads to relatively benign (but strong) spectral variations (as
compared to that of gases). However, larger particles may scatter
radiation appreciably (necessitating cumbersome Lorenz–Mie
calculations [3], and vastly complicating the RTE).

It is clear from Fig. 1 that accurate heat transfer calculations in
the presence of radiating gases (and maybe accompanied by par-
ticulates) requires many (roughly 1� 106) spectral evaluations of
the RTE—if spectral knowledge of absorption coefficients is even
available. Even with today’s powerful computers and the advent
of high-resolution spectroscopic databases are such line-by-line
(LBL) solutions possible only for stand-alone benchmark prob-
lems. For practical applications the engineer must resort to
approximate spectral models, and it is the purpose of this article
to review how these “nongray” models have evolved over the
past, say, 75 years.

2 Radiative Property Databases

The existence and structure of spectral lines has been known
for quite some time from the development of quantum mechanics,
as described; for example, in the classic books by Herzberg [4–6]
and Penner [7]. Similarly, particle absorption and scattering prop-
erties have long been described with Maxwell’s electromagnetic
wave theory by Lorenz [8], Mie [9], and Debye [10], in what is
known today as the Lorenz–Mie theory, and for very small par-
ticles already in the late 19th century by Lord Rayleigh [11].
Engineering level descriptions of the determination of spectral gas
and particle properties may be found in standard textbooks, such
as the ones by Modest [3] and Howell et al. [12], and exhaustive
descriptions of particle properties have been given by van de
Hulst [13] and Kerker [14]. The complicated spectral behavior of
individual particles is of great importance in the atmospheric sci-
ences [15], but in heat transfer applications their behavior tends to
be benign [3,12] and will not be discussed here.

Experimental measurements of spectral radiative properties
(and their incorporation into RTE solution methods) and/or the
theoretical determination of spectral lines, have seen very gradual
progress over the years. The earliest measurements of gas absorp-
tion coefficients apparently were total (i.e., nonspectral) data
taken by Hottel, Mangelsdorf [16] and Eckert [17] in the 1930s,
the former leading to the famous Hottel’s charts [3,18,19]. Amaz-
ingly (shockingly?), these charts remain the only spectral informa-
tion on combustion properties in virtually all undergraduate heat
transfer texts to this very day. Hottel’s total emissivity charts were
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later updated by Leckner [20], who also provided simple algebraic
correlations. The first spectroscopic measurements were appa-
rently conducted by Tingwaldt [21] (for carbon dioxide). Similar
setups were described in the 1950s and 1960s by Howard et al.
[22], Penner [7], Bevans et al. [23], and Tien and Giedt [24], lead-
ing to a plethora of narrowband data, i.e., data averaged over a
small spectral range of 25–100 cm�1 (in fact, the present author’s
very first research paper used Tien’s apparatus). For use in heat
transfer calculations these data were correlated to obtain narrow-
band transmissivities, such as collected in the highly successful
RADCAL database [25]; and they were employed to generate
wideband (i.e., covering an entire vibration–rotation band)
correlations [26]. Another narrowband database, assembled from
high-resolution spectroscopic databases (discussed in the next
paragraphs), has been made available by Soufiani and Taine [27]
under the acronym EM2C. More detail on narrowband databases
can be found by Modest [3].

During the past 40 years or so, due to the advent of high-
resolution spectroscopy (mostly FTIR spectrometers), it has
become possible to measure strengths and positions of individual
spectral lines. A first collection of spectral data was assembled in
the late 1960s by the Air Force Cambridge Research Laboratories
for atmospheric scientists, including low-temperature data for the
major constituents of the Earth’s atmosphere, and was published
in 1973 as an Air Force report [28]. With contributions from
many researchers across the world this grew into the HITRAN
database (an acronym for HIgh resolution TRANsmission molecu-
lar absorption), first published in 1987 [29]. The database is main-
tained by the Harvard–Smithsonian Center for Astrophysics, with
periodic updates. The latest version at present is HITRAN 2008
[30], which includes detailed information on 39 species with a
total of about 2.7� 106 lines.

As the popularity of HITRAN grew, the need for a database
valid at elevated temperatures became obvious. A first attempt
was made by the group around Taine in France, who augmented
HITRAN 1986 data for water vapor and carbon dioxide through
theoretical calculations [31,32]. A development by the HITRAN
group resulted in a first version of HITEMP (1995) [33] for H2O,
CO2, CO, and OH, using theoretical models. Comparison with
experiment [34,35] indicated that HITEMP 1995 greatly overpre-
dicted CO2 emissivities above 1000K, while agreement for H2O
was acceptable. More accurate and extensive calculations for CO2

were carried out in Russia, resulting in several versions of the
CDSD-1000 database [36] (with the 2008 version containing

4� 106 lines), which were shown to agree well with experiment.
The latest version of CDSD, called CDSD-4000 [37], aims to be
accurate up to 4000K, and has 628� 106 lines, requiring 23 GB
of storage. Several extensive high-temperature collections were
developed for H2O: e.g., the Ames database [38] includes 300
million lines, and the BT2 collection [39] has 500 million lines. In
2010 a new version of HITEMP was released [40], designed for
temperatures up to 3000K. Citing best agreement against experi-
mental data, HITEMP 2010 incorporates and extends CDSD 2008
for CO2 (11� 106 lines) and a slimmed-down version of BT2 for
H2O (111� 106 lines). HITEMP 2010 also includes data for three
diatomic gases (CN, CO, and OH) with their relatively few lines.
An example calculation is given in Fig. 1, showing the 6.3 lm
H2O band, generated from the HITEMP 2010 database.

3 Total Emissivity Based Models

Historically, spectral models for the radiative transfer equation
progressed along with the growing knowledge of spectral proper-
ties. Accordingly, early RTE models used total emissivity data to
estimate heat transfer from combustion systems. The earliest and
most successful of these models are the mean beam length method
and the weighted sum of gray gases method, which were first
advanced by Hottel [18] for the determination of radiative heat
fluxes from an isothermal volume of hot combustion gases to cold
black furnace walls. Detailed accounts of these methods have
been given by Hottel [18] and Hottel and Sarofim [19], and more
concise descriptions are included in modern textbooks [3,12].

3.1 Mean Beam Lengths. If we consider a hot nonscattering
medium surrounded by cold black walls, the spectral flux onto a
point on the surface is given by the impinging directional intensity
Ig integrated over all 2p incoming solid angles, or [3]

qg ¼

ð

2p

Ig cos hdX ¼

ð

2p

ðLðŝÞ

r¼0

Ibg exp
�
�

ðr

0

jgdr
0
�
jg cos hdrdX

(1)

where g is wavenumber, X is the solid angle, h is the polar angle
(incidence angle as measured from the surface normal), jg is the
spectral absorption coefficient, Ibg is the blackbody intensity (or
Planck function), and 0 � r � LðŝÞ is the distance along a line to
a point at the opposing surface (along a unit direction vector ŝ). If
the medium is homogeneous this may be simplified to

qg ¼ Ibg

ð

2p

ð1� e�jgLð̂sÞÞ cos hdX ¼ pIbgð1� e�jgLeÞ

¼ pIbg�gðLeÞ (2)

where—from the mean-value theorem—Le is the mean beam
length (radius of an equivalent hemisphere above the point where
the heat flux is determined), and �gðLeÞ is the spectral emissivity
for a homogeneous gas column of length Le. If the average flux
onto an entire surface is desired the definition of the mean beam
length Le must be generalized accordingly. Note that the magni-
tude of the mean beam length depends on absorption coefficient
as well as on geometry. However, Hottel noticed that the spectral
heat flux qg is not very sensitive to the spectral fluctuations of Le,
and that replacing the spectrally varying Le by an average mean
beam length Lm (independent of jg) predicts spectral heat fluxes
with acceptable accuracy. For example, for the simple cases of
homogeneous spheres and homogeneous, constant-thickness
slabs the error never exceeds 5% if a suitable Lm is chosen. This
statement may be generalized to other geometries. Values for the
average mean beam lengths have been tabulated in several books,
e.g., [3,12,19]. Employing an average value Lm allows the
straightforward spectral integration of Eq. (2), resulting in a total
heat flux of

Fig. 1 Absorption coefficient of water vapor at 1000K, 1bar,
and a mole fraction of 25% in nitrogen
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q¼

ð1

0

qgdg¼

ð1

0

1�e�jgLm
� �

pIbgðTÞdg¼�ðLm;TÞpIbðTÞ

¼�ðLm;TÞrT
4 (3)

where �ðLm;TÞ is the total emissivity of an isothermal gas layer of
thickness Lm.

3.2 Weighted Sum of Gray Gases. The concept of a
weighted-sum-of-gray-gases (WSGG) approach was first pre-
sented by Hottel and Sarofim [19] within the framework of the
zonal method. In this approach the nongray gas is replaced by a
number of gray gases, which are related to the total emissivity of
an isothermal column of length s by

�ðT; sÞ ’
XK

k¼0

akðTÞ 1� e�jksð Þ (4)

Hottel already made the physical argument that Eq. (4) implies a
nongray absorption coefficient field comprising K different values
jk arbitrarily distributed across the spectrum, and occupying a
fraction akðTÞ of the Planck function weighted spectrum. Values
for the jk were found by curve-fitting total emissivity data and
correlations, e.g., the ones by Truelove [41], Smith and co-
workers [42], and others. The gray-gas absorption coefficients jk
are constants, while the weight factors ak may be functions of
source temperature (wall temperature for the absorptivity and
local medium temperature for emissivity). Neither ak nor jk are
allowed to depend on path length s. Since for an infinitely thick
medium the emissivity and absorptivity approach unity, we find

XK

k¼0

akðTÞ ¼ 1 (5)

However, for a pure molecular gas with its “spectral windows”
between vibration–rotation bands it would take very large path
lengths for the emissivity to be close to unity. For this reason Eq.
(5) starts with k ¼ 0 (with an implied j0 ¼ 0), to allow for spec-
tral windows. If the medium contains particles, such that jg > 0
always, the k ¼ 0 term is simply dropped, i.e., a0 ¼ 0.

Modest [43] demonstrated in the early 1990s that this approach
can be applied to the general radiative transfer equation and, there-
fore, to any RTE solution method (exact, PN approximation, discrete
ordinates method, etc.), provided all boundaries are black and the
medium is nonscattering, resulting in K spectrally integrated RTEs

dIk

ds
¼ jk akIb½ � � Ikð Þ (6)

subject to the boundary condition

s ¼ 0 : Ik ¼ ½akIb�ðTwÞ (7)

for which the heat transfer rates are calculated independently. The
total heat flux is then found by adding the heat fluxes of the gray
gases, i.e.,

IðsÞ ¼
XK

k¼0

IkðsÞ; and qðsÞ ¼
XK

k¼0

qkðsÞ (8)

Depending on the material, the quality of the fit, and the accuracy
desired, a K of 2 or 3 usually gives results of satisfactory accuracy
[19]. Denison and Webb [44] showed a little later that the absorp-
tion coefficients jk do not need to be constant, and that the
method is also valid for gray, reflecting walls. Indeed, if one
applies the idea of a spectrally stepwise constant absorption coef-
ficient directly to the RTE and integrates it over the K spectral

regions, it is easily seen that the method holds in general, i.e., also
for scattering media [45].

An example is given in Fig. 2, which shows the heat loss from
an isothermal slab at temperature T ¼ 1000K, and a total pressure
of p ¼ 1 atm. The slab consists of a mixture of 70% N2, 20%
H2O, and 10% CO2 (by volume), and is bordered by cold, black
walls. The heat lost from the layer is also determined for the case
that the gas is mixed with soot (density qp ¼ 2000 kg=m3

, volume
fraction fv ¼ 5� 10�6). Gray-gas coefficients are calculated from
the correlation of Truelove [41], with 3 gray gases for the pure
gas, and 2� 3 gray gases for the soot–gas mixture. The heat loss
from such a homogeneous layer, using the WSGG method, fol-
lows (in nondimensional form) as [3]

W ¼
q

rT4
¼
XK

k¼0

ak½1� 2E3ðjkLÞ� (9)

where E3 is an exponential integral function. The results are com-
pared with “exact” LBL calculations, with spectral absorption
coefficients obtained from the HITEMP 1995 database [33]. With-
out soot the WSGG method is seen to give results of very respect-
able accuracy, except for extremely long path lengths, for which
the method underpredicts the gas emissivity somewhat. Differen-
ces are mostly due to the fact that the WSGG results employ old
total emissivity data [18,19], and the LBL results are based on a
modern spectroscopic database. Similar accuracy is obtained in
the presence of soot (with some uncertainty about the nongray
soot properties employed for the WSGG correlation).

For completeness, Fig. 2 also shows results from the simple
mean beam length method, with total emissivities obtained from
Eq. (4) with Truelove’s WSGG coefficients [41], or

W ¼
q

rT4
¼
XK

k¼0

ak½1� e�jkLm �; Lm ¼ 1:76L (10)

It is observed that the mean beam length method also provides
good accuracy for such simple problem (homogenous medium
with cold black walls).

4 Band Based Models

If we limit ourselves to a nonscattering medium bounded by
black walls, the spectral intensity along a single line of sight of
length s is given by [3]

IgðsÞ ¼ IbgðTwÞ exp �

ðs

0

jgds
0

� �

þ

ðs

0

IbgðTðs
0ÞÞ exp �

ðs0

0

jgds
0

" #
jgds

0 (11)

Fig. 2 Nondimensional heat loss from an isothermal N2, H2O,
CO2 mixture with and without soot [3]
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where Tw and Tðs0Þ are wall and local gas temperature, respec-
tively, with s0 measured from s and toward the wall. The first term
on the right-hand side is due to emission from the wall, attenuated
by the transmissivity

tgðsÞ ¼ exp �

ðs

0

jgds
0

� �
(12)

and the second term is emission from within the gas attenuated
over a shorter path of length s0. It is clear from the spectral behav-
ior of the absorption coefficient, as shown in Fig. 1, that the
Planck function does not vary appreciably across a small spectral
range of many lines, and we may define an average spectral
transmissivity

tgðsÞ ¼
1

Dg

ðgþDg=2

g�Dg=2

tgðsÞdg
0 ¼

1

Dg

ðgþDg=2

g�Dg=2

exp �

ðs

0

jgds

� 	
dg0

(13)

Substituting the average spectral transmissivity into Eq. (11) gives
an approximate expression for the average spectral intensity as

IgðsÞ ¼ IbgðTwÞtgðsÞ þ

ðs

0

IbgðTðs
0ÞÞ

dtg

ds0










ds

0 (14)

Equation (14) gives answers of excellent accuracy for narrowband
averages of Dg ¼ 25 cm�1 or less, and often still very respectable
results if averages are taken over an entire vibration–rotation band
(a “wideband”).

4.1 Narrowband Models. To find spectrally averaged or
“narrowband” values of the absorption coefficient and the trans-
missivity, some information must be available on the spacing of
individual lines within the group and on their relative strengths. A
number of models have been proposed for this purpose, of which
the two extreme ones are the Elsasser model, in which equally
spaced lines of equal intensity are considered, and the statistical
models, in which the spectral lines are assumed to have random
spacing and/or intensity. The Elsasser model, first proposed by
Elsasser [46], is most appropriate for diatomic gases with a single
vibrational energy mode. The first statistical models for more
complicated molecules, with random line spacing and line inten-
sity chosen from probability density functions (PDF), were pro-
posed by Goody [47] and Godson [48,49], the latter with an
improved PDF. All of these early models originated in the atmos-
pheric sciences. A relative late comer is the Malkmus model [50],
a product of NASA’s space program, who recognized the impor-
tance of the abundance of extremely weak spectral lines and
adjusted his line intensity PDF accordingly.

All narrowband models characterize line spacing and strengths
through two nondimensional parameters, namely the line overlap
parameter b, and the narrowband optical thickness s, defined as

b ¼ p
c

d
; s ¼

S

d
L (15)

where c is an average line half-width at half height (half its
strength at line center), d is the average line spacing (both meas-
ured in cm�1), S is the mean line strength (measured in cm�2),
and L is the length of the gas column. The spectral mean transmis-
sivity for a homogeneous gas from the Malkmus model, the most
successful of the statistical models, follows then as

tgðsÞ ¼ exp �
b

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

4s

b

s
� 1

" # !
(16)

Inhomogeneous paths are difficult to treat within the narrowband
models, and a number of approximate models have been proposed

over the years. The most successful of these models is the Curtis–
Godson two parameter scaling approximation [51]. In the Curtis–
Godson approximation the values of s and b used to calculate
narrowband transmissivities (from the Elsasser or statistical mod-
els) are replaced by path-averaged values es and eb, determined from

es ¼
ðL

0

S

d

� 	
dx (17)

eb ¼
1

es

ðL

0

S

d
bdx (18)

The accuracy of various scaling approximations was tested by
Hartmann and co-workers [52] for several nonhomogeneous con-
ditions in CO2–N2 and H2O–N2 mixtures. It was found that the
Malkmus model together with the Curtis–Godson scaling approxi-
mation generally gave the most accurate results.

The narrowband databases RADCAL [25] and EM2C [27] pro-
vide line overlap parameters b and narrowband optical thicknesses
s, as well as transmissivities calculated from the Malkmus model,
for H2O, CO2 and CO. RADCAL also provides correlations for
methane and soot, as well as transmissivities for nonhomogeneous
paths using the Curtis–Godson model. Some results for one-
dimensional slabs were obtained by Menart et al. [53] and by
Cherkaoui and co-workers [54]. Multidimensional calculations
were primarily carried out by the group around Liu, e.g., [55], for
various combustion scenarios.

4.2 Wideband Models. While narrowband calculations are
potentially the most accurate, provided an accurate database is
used, they require a few hundred to a thousand spectral evalua-
tions of the RTE. To limit the number of RTE solutions a number
of wideband models, i.e., models predicting transmissivity (or
emissivity) of an entire vibration–rotation band, were proposed.
The simplest of them is the box model by Penner [7], with the
band approximated by a rectangular box of width Dge (the effec-
tive band width) and height j. By far the most successful of the
wideband models is the exponential wideband model, first devel-
oped by Edwards and Menard [26], and further developed in a
series of papers by Edwards and Balakrishnan [56]. The word
“successful” here implies that the model is able to correlate exper-
imental data for band absorptances

A ¼

ð

band

�gdg ¼

ð

band

ð1� tgÞdg (19)

with an average error of approximately 620% (but with maxi-
mum errors as high as 50% to 80%). In the exponential wideband
model it is assumed that the mean spectral absorption coefficient
ðS=dÞg decays exponentially away from the band center, as pre-
dicted by quantum mechanics [3]. Combining this with a statisti-
cal narrowband model (the Goody model, since the method was
developed before the advent of the Malkmus model), this resulted
in a model for the band absorptance in terms of three parameters
correlated from experimental data, viz., a nominal band width x
(measured in cm�1), a nondimensional band overlap parameter b
(similar to its narrowband counterpart), and a band strength pa-
rameter, or integrated absorption coefficient

a ¼

ð

band

jgdg ¼

ð

band

S

d

� 	

g

dg (20)

These parameters may be combined into nondimensional quanti-
ties to yield a two-parameter model for a nondimensional band
absorptance,

A� ¼
A

x
¼ f ðb; s0Þ; s0 ¼

a

x
L (21)
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where s0 is the optical thickness at the band center. Since
Edwards’ model consisted of several regime-dependent formulas,
a number of single continuous correlations have also been pro-
posed [57,58], the latter employing the superior Malkmus model.
Wideband models face the same difficulties as narrowband
models in the case of nonhomogeneous paths, and path-averaged
values for ea;eb; and ex must be found, as summarized by Edwards
[1]. Numerous investigators have used the exponential wideband
model for one-dimensional heat transfer calculations. We mention
here only the more recent multidimensional calculations by
Cumber and co-workers [59] (applying the RADCAL database to
a jet flame with water vapor, CO2, and soot), Liu et al. [60] (three-
dimensional mixtures of water vapor, CO2, and alumina particles,
using the EM2C database), and Maruyama and Guo [61] (three-
dimensional furnace with water vapor, CO2, and carbon particles,
using a spectral version of the wideband model combined with the
Elsasser narrowband model).

4.3 k-Distributions. As noted earlier, over a small spectral
interval, such as a few tens of wavenumbers, the Planck function
(and other nongaseous radiation properties) remains essentially
constant. Thus, across such a small spectral interval the intensity
in a homogeneous medium varies with gas absorption coefficient
alone. On the other hand, Fig. 1 shows that the gas absorption
coefficient varies wildly even across a very narrow spectrum,
attaining the same value for jg many times, each time producing
the identical intensity field within the medium. Thus, carrying out
line-by-line calculations across such a spectrum would be rather
wasteful, repeating the same calculation again and again. It would,
therefore, be advantageous to reorder the absorption coefficient
field into a smooth, monotonically increasing function, assuring
that each intensity field calculation is carried out only once. This
was first recognized by the Armenian astrophysicist Viktor
Hambardzumyan (or Ambartsumian) in Russia in the 1930s. The
reordering idea was first reported in the Western literature by
Arking and Grossman [62], giving credit to Kondratyev [63], who
in turn credits a 1939 Ambartsumian paper. Other early publica-
tions on k-distributions are by Goody and co-workers [64], Lacis
and Oinas [65], and Fu and Liou [66], all in the field of meteorol-
ogy (atmospheric radiation). In the heat transfer area most of the
early work on k-distributions is due to the group around Taine and
Soufiani in France [27,67]. Unlike narrowband models, k-distribu-
tions are exact for homogeneous media and they can be applied
directly to the RTE and its boundary conditions, i.e., the method
is valid for scattering media and reflecting surfaces.

Historically, k-distributions f ðkÞ were first introduced using the
spectrally averaged transmissivity tg:

tgðLÞ ¼
1

Dg

ð

Dg

e�jgLdg ¼

ð1

0

e�kLf ðkÞdk (22)

The nature of k-distributions and how to evaluate them is best
illustrated by looking at a very small part of the spectrum with
very few lines. Figure 3(a) shows a fraction of the CO2 15 lm
band at 1 bar and 296K and, to minimize irregularity, with only
the strongest lines considered. It is seen that the absorption coeffi-
cient goes through a number of minima and maxima; between any
two of these the integral may be rewritten as

ð
e�jgLdg ¼

ðjg;max

jg;min

e�jgL
dg

djg










djg

The absolute value sign comes from the fact that, where
djg=dg < 0, we have changed the direction of integration (always
from jg;min to jg;max). Therefore, integration over the entire range
Dg gives fðkÞ as a weighted sum of the number of points where
jg ¼ k,

f ðkÞ ¼
1

Dg

X

i

dg

djg











i

¼
1

Dg

ð

Dg

dðk � jgÞdg (23)

where dðk � jgÞ is the Dirac-d function. The k-distribution of the
absorption coefficient in Fig. 3(a) is shown as the thin solid line in
Fig. 3(b), displaying very erratic behavior: Wherever the absorp-
tion coefficient has a maximum or minimum f ðkÞ ! 1 since
jdjg=dgj ¼ 0 at those points. Thankfully, the k-distribution itself
is not needed during actual calculations. Introducing the cumula-
tive k-distribution gðkÞ as

gðkÞ ¼

ðk

0

f ðkÞdk (24)

we may rewrite the transmissivity (or any other narrowband aver-
aged quantity) as

tgðLÞ ¼

ð1

0

e�kLf ðkÞdk ¼

ð1

0

e�kðgÞLdg (25)

Fig. 3 Extraction of k -distributions from spectral absorption coefficient data: (a) simplified
absorption coefficient across a small portion of the CO2 15 lm band (p5 1.0 bar, T5 296 K);
(b) corresponding k -distribution f (k) and cumulative k -distribution k (g) [3]
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with kðgÞ being the inverse function of gðkÞ, which is shown
in Fig. 3(b) as the thick solid line. Sticking Eq. (24) into (23)
leads to

gðkÞ ¼

ðk

0

f ðkÞdk¼
1

Dg

ð

Dg

ðk

0

dðk�jgÞdkdg¼
1

Dg

ð

Dg

Hðk�jgÞdg

(26)

where HðkÞ is Heaviside’s unit step function. Thus, gðkÞ repre-
sents the fraction of the spectrum whose absorption coefficient
lies below the value of k and, therefore, 0 � g � 1. g acts as a
nondimensional wavenumber (normalized by Dg), and the reor-
dered absorption coefficient kðgÞ is a smooth, monotonically
increasing function, with minimum and maximum values identical
to those of jgðgÞ.

In actual reordering schemes line-by-line values of k are
grouped over small ranges kj � k < kj þ dkj ¼ kjþ1, as depicted
in Fig. 3, so that

f ðkjÞdkj ’
1

Dg

X

i

dg

djg











i

dkj ¼
1

Dg

X

i

dgiðkjÞ (27)

where the summation over i collects all the occurrences where
kj < jg < kjþ1, and

gðkjþ1Þ ¼
Xj

j0¼1

f ðkj0Þdkj0 ¼ gðkjÞ þ f ðkjÞdkj (28)

While generally a large number of kj are chosen to assemble accu-
rate k-distributions, Eq. (25) (and other narrowband quantities)
are efficiently solved with few (6 to 16) quadrature points, using
Gaussian or Gauss–Lobatto quadrature.

Like the statistical models the k-distributions are not straight-
forward to apply to nonhomogeneous paths. Two successful
schemes for moderate inhomogeneities are the assumptions of
correlated or scaled absorption coefficients.

Correlated k. It was found that for many important situations
the k-distributions are essentially “correlated,” i.e., if k-distributions
kðgÞ are known at two locations in a nonhomogeneous medium,
then the absorption coefficient can essentially be mapped from one
location to the other (documented to some extent by Lacis and
Oinas [65]). This implies that all the values of g that correspond to
one value of j and g at one location, more or less map to the same
value of g (but a different j) at another location. We may then
write, with good accuracy,

tgðLÞ ¼
1

Dg

ð

Dg

exp �

ðL

0

jgds

� 	
dg ’

ð1

0

exp �

ðL

0

kðs; gÞds

� 	
dg

(29)

This assumption of a correlated k-distribution has proven very
successful in the atmospheric sciences, where temperatures
change only from about 200 to 320K, but pressure changes can be
very substantial [64,65].

Scaled k. A more restrictive, but mathematically precise condi-
tion for correlation of k-distributions is to assume the dependence
on wavenumber and location in the absorption coefficient to be
separable, i.e.,

jgðg;T;P; xaÞ ¼ kgðgÞuðT;P; xaÞ (30)

where T and P are temperature and pressure of the gas, xa is the
mole fraction of the absorbing species, kgðgÞ is the absorption
coefficient at some reference condition, and uðT; p; paÞ is a nondi-
mensional function depending on local conditions of the gas, but

not on wavenumber. This is commonly known as the scaling
approximation. Substituting this into Eq. (29) gives

tgðLÞ ¼
1

Dg

ð

Dg

exp �kgðgÞ

ðL

0

u ds

� 	
dg ¼

1

Dg

ð

Dg

exp �kguL
� �

dg

(31)

where u is now a path-integrated average for u. Comparing
with Eq. (22), we find that in this case there is only a single k-
distribution, based on the reference absorption coefficient kg, and

tgðLÞ ¼

ð1

0

e�kðgÞuLdg; u ¼
1

L

ðL

0

uds (32)

As for homogeneous media Eqs. (29) and (32) provide reordered
absorption coefficients, which can be used in arbitrary radiation
solvers without restrictions. At first glance, Eq. (29) looks superior
to Eq. (32), since the assumption of a scaled absorption coefficient
is more restrictive. However, in practice one needs to approximate
an actual absorption coefficient, which is neither scaled nor corre-
lated: If the scaling method is employed, the scaling function
uðT; p; paÞ and its reference state for kg can be freely chosen and,
thus, optimized for a problem at hand. On the other hand, if the
correlated-k method is used, the absorption coefficient is simply
assumed to be correlated (even though it is not), and the inherent
error cannot be minimized.

Most narrowband k-distribution calculations to date have
employed the EM2C k-distribution database [27], using the corre-
lated-k assumption. A more accurate (and thus larger) narrowband
k-distribution database has been reported by Wang and Modest
[68]. Since databases are for single species, and since spectral in-
formation is lost in the reordering, mixing models needed to be
generated to generate k-distributions from narrowband databases.
The most successful is the uncorrelated-mixture model of Modest
and Riazzi [69]. Marin and Buckius [70] applied the method to a
one-dimensional slab containing water vapor or carbon dioxide
(but not both) with fixed concentrations and varying temperatures
(steps and parabolic profiles), noting that little loss of accuracy
occurred for Dg as large as 500 cm�1. Dembele and co-workers
used the method to determine radiation from fires with water
spray curtains, using the discrete ordinates method and Mie scat-
tering for the water droplets [71], and also to predict intensities
exiting from a natural gas flame [72]. Tang and Brewster [73] also
studied a one-dimensional slab containing CO2, but included
anisotropic scattering. Pierrot et al. [74,75] considered one-
dimensional slabs containing H2O and CO2, as well, comparing
various spectral solution methods. Liu et al. [76] tested different
quadrature schemes for narrowband k-distribution calculations,
and used the method for a three-dimensional geometry, to verify
an approximate formulation of the statistical narrowband model
applied to scattering media [76]. The method was further opti-
mized and applied to several two-dimensional flames [77].
Finally, Tessé et al. [78] applied the method for the evaluation of
turbulence–radiation interactions in turbulent flames.

5 Global Models

Global models are spectral models that deal with the entire
spectrum at once. They include the very approximate total emis-
sivity based models described in Sec. 3, as well as modern meth-
ods using high-resolution spectroscopic databases, which will be
described in this section, viz., the spectral line based weighted
sum of gray gases (SLW), the very similar absorption distribution
function (ADF), and the full spectrum k-distributions.

5.1 Spectral Line Based Weighted Sum of Gray Gases
(SLW). As indicated in Sec. 3 Hottel already made the physical
argument that the weighted sum in Eq. (4) could also be
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interpreted as a nongray absorption coefficient field comprising K
different values jk arbitrarily distributed across the spectrum, and
occupying a fraction akðTÞ of the Planck function weighted spec-
trum. Using this argument Denison and Webb [79,80] collected
distribution functions for absorption cross sections as

FsðCabs; Tb; Tg;P; xsÞ ¼
p

rT4
b

X

i

ð

Dg2ðCabs;gðTg ;P;xsÞ<CabsÞ

IbgðTbÞdg

(33)

where the sum is over all spectral regions Dg for which
Cabs;gðTg;P; xsÞ < Cabs. Here Tg is gas temperature, P is total pres-
sure, xs is mole fraction of species s, and the molar absorption
cross section is related to the absorption coefficient by

Cabs;g ¼
RuTg

Pxs
jg (34)

with Ru being the universal gas constant. In a numerical calcula-
tion, the absorption cross-section domain is divided into discrete
increments and a solution is found for each increment represented
by a single value of the absorption cross section or a single gray
gas. For example, for a homogeneous gas with a single absorbing
species, in the absence of scattering and within a black-walled
enclosure one obtains

dIi

ds
¼ ekiðTÞð�aiðTÞIbðTÞ � IiÞ; i ¼ 1;…;K (35)

for the K gray gases, subject to the boundary condition

Iwi ¼ �aiðTwÞIbðTwÞ (36)

The weight function ai in Eq. (35) is

aiðTÞ ¼ FsðCabs;i; T;T;P; xsÞ � FsðCabs;i�1;T;T;P; xsÞ (37)

while for the boundary condition ai is evaluated as

aiðTwÞ ¼ FsðCabs;i; Tw;T;P; xsÞ � FsðCabs;i�1;Tw;T;P; xsÞ (38)

Thus, ai is the ith finite range of the distribution function evaluated
at the local Planck function temperature (T or Tw). The eki is an
average value over the range Fi�1 < Fs � Fi. Denison and Webb
[79,80] suggest to evaluate eki from a square-root average, i.e.,

ekiðTÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðT;Fi�1ÞkðT;FiÞ

p
(39)

with k related to Cabs through Eq. (34). Inspection of Eqs. (6) and
(7) shows that the SLW scheme is simply the weighted-sum-of-
gray-gases method, with absorption coefficients ki and weights ai
evaluated from a line-by-line database. An example for a homoge-
neous CO2–N2 mixture is given in Fig. 4, with corresponding heat
transfer results in Fig. 5. Results are given for SLW parameters
calculated directly from the HITEMP 2010 database, and for
parameters found from a simple correlation [81]; also included
are LBL results, and values obtained with the full-spectrum k-
distribution method of the following section. In this example
K ¼ 5 was chosen, which—as seen from Fig. 5—results in re-
spectable accuracy over a considerable range of optical thickness.

Denison and Webb also applied the SLW method to nonhomo-
geneous media, for which they deduced that the weight function
ai should be evaluated from

aiðT;/0
Þ ¼ FsðCabs;i;T;/0

Þ � FsðCabs;i�1;T;/0
Þ (40)

where / ¼ ðT;P; xsÞ is a vector defining the local gas state, and
/
0
¼ ðT0;P0; xs;0Þ is a reference state. Thus, ai is the ith finite

range of the distribution function evaluated at the local Planck
function temperature, while j is evaluated at the reference state.
The eki is calculated as

ekiðT0;/Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki�1ðT0;/ÞkiðT0;/Þ

q
(41)

i.e., the value from the distribution function evaluated with the
local absorption coefficient and the Planck function evaluated at
the reference temperature. These rather complicated relationships
for a and ki were correctly deduced by Denison and Webb [80],
well before a solid theoretical foundation describing the interrela-
tionships between k-distributions was developed by Modest [82].

Rivière and co-workers employed the SLW method, but eval-
uated the gray gas parameters differently, calling it the absorption
distribution function (ADF) model [74]. The same group

Fig. 4 Planck function weighted cumulative k -distributions for
10% CO2 in nitrogen for gas and Planck function temperatures
of 1000K, as evaluated from the HITEMP database and the cor-
relation by Modest [3]

Fig. 5 Heat loss from an isothermal slab of 10% CO2 in nitro-
gen at T 51000 K, as evaluated from the LBL, FSK, and SLW
models [3]
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recognized that for the case of strong temperature inhomogene-
ities one may separate a gas into a number of “fictitious gases,”
grouping spectral lines according to the values of their lower level
energies, calling it the absorption distribution function fictitious
gases method [75].

5.2 Full Spectrum k-Distributions (FSK). In the full spec-
trum k-distribution (FSK) method, like its narrowband counterpart
of Sec. 4.3, the absorption coefficient is reordered into a monot-
onically increasing function. However, in the full spectrum case
allowance must be made for a blackbody intensity (or Planck
function) varying across the spectrum. The FSK method can be
developed very much like a narrowband k-distribution via a gas
column transmissivity (or absorptivity), clearly showing its close
relationship with the WSGG approach. This has been described in
the original paper by Modest and Zhang [45]. The FSK method
can also be applied directly to the RTE, resulting in a more power-
ful derivation, because it shows that the approach is also valid for
arbitrarily scattering media and for arbitrarily reflecting surfaces,
as long as the absorption coefficient remains the only spectrally
varying radiative property [45,82]. In this section we will first
consider the simple case of a homogeneous medium, i.e., a me-
dium with uniform temperature, pressure, and mixture mole frac-
tion throughout. Such a mixture has an absorption coefficient that,
while varying across the spectrum, is spatially constant. The radia-
tive transfer equation for such a medium is [3]

dIg

ds
¼ jgIbg � ðjg þ rsÞIg þ

rs

4p

ð

4p

Igðŝ0ÞUðŝ;ŝ0ÞdX
0 (42)

where—in order to establish a global model—scattering coeffi-
cient rs and phase function U are assumed to be independent of
wavenumber (gray). Let Eq. (42) be subject to the boundary con-
ditions at a wall

Ig ¼ Iwg ¼ �wIbwg þ ð1� �wÞ
1

p

ð

n̂�̂s<0

Igjn̂ � ŝjdX (43)

where Iwg is the spectral intensity leaving the enclosure wall, due
to (diffuse gray) emission with emittance �w and/or (diffuse gray)
reflection, and n̂ is a unit surface normal pointing into the
medium.

A full spectrum k-distribution is defined, in accordance with
Eq. (23) for a narrowband, as

f ðT; kÞ ¼
1

Ib

ð1

0

IbgðTÞdðk � jgÞdg (44)

The f ðT; kÞ in Eq. (44) is a Planck-function-weighted k-distribution
and is a function of temperature through the blackbody intensity.
A reordered RTE is obtained by multiplying Eqs. (42) and (43) by
the Dirac-d function dðk � jgÞ, followed by integration over the
entire spectrum and, finally, division by the k-distribution. This
leads to

dIg

ds
¼ k IbðTÞ � Ig
� �

� rs Ig �
1

4p

ð

4p

Igðŝ
0ÞUðŝ;ŝ0ÞdX0

� 	
(45)

with boundary condition

Ig ¼ Iwg ¼ �waðTw;T; gÞIbw þ ð1� �wÞ
1

p

ð

n̂�̂s<0

Igjn̂ � ŝjdX (46)

where

Ig ¼

ð1

0

Igd k � jg
� �

dg=f ðT; kÞ (47)

gðT; kÞ ¼

ðk

0

f ðT; kÞdk ¼
1

Ib

ð1

0

IbgðTÞHðk � jgÞdg (48)

aðTw;T; gÞ ¼
f ðTw; kÞ

f ðT; kÞ
¼

dgwðTw; kÞ

dgðT; kÞ
(49)

Physically, the cumulative k-distribution g is the Planck-function-
weighted fraction of the spectrum with absorption coefficient
jg < k and, as inspection of Eq. (33) shows, is identical to
Denison and Webb’s distribution function. The total intensity is
evaluated from

I ¼

ð1

0

Igdg ¼

ð1

0

Igf ðT; kÞdk ¼

ð1

0

Igdg (50)

In Eq. (49) the numerator and denominator are both evaluated
at identical values of k, which in turn are related to g through
Eq. (48). Note that two Planck-function weighted k-distributions
are required: one at the temperature of the homogeneous medium
f ðT; kÞ, and one evaluated at the wall temperature f ðTw; kÞ, but
both using the absorption coefficient evaluated at the conditions
of the medium. Unfortunately, full spectrum k-distributions vary
significantly with their method of evaluation, span across many
orders of magnitude, and may be quite ill-behaved, much like
their narrowband counterparts (cf. Fig. 3). However, as noted in
Sec. 4.3, the sharp peaks in f ðT; kÞ are due to maxima and minima
of jg, which remain the same for all Planck function temperatures.
Consequently, the ratio of any two full spectrum k-distributions
evaluated at different Planck function temperatures produces a
much smoother function.

Cumulative k-distributions (or absorption distribution func-
tions) are cumbersome to assemble and, for that reason, several
narrowband k-distribution databases have been reported, from
which full-spectrum k-distributions can be constructed [27,68]. A
number of simple (and rather approximate) analytical full-
spectrum k-distribution correlations have also been developed
[79,81,83–85]. For gas mixtures mixing can be done more accu-
rately on a narrowband level, but more cheaply at the full spec-
trum level. Again, the Modest and Riazzi [69] has been shown to
be the most accurate, with the Solovjov and Webb [86] multiplica-
tive mixing model for the full spectrum being somewhat less
accurate but computationally cheaper.

It is important to understand that the FSK method given by Eqs.
(45) through (49) is an exact method (subject to the restrictions of
a homogeneous medium). In fact, the method is also exact for
nonhomogeneous media, provided the absorption coefficient is
spatially invariant (e.g., evaluated at a reference condition and
then applied to the entire medium), or is correlated (as defined
earlier). Within these restrictions the FSK results are equivalent to
LBL calculations, the former requiring roughly 10 spectral evalu-
ations versus about 1,000,000 for LBL. A sample result is shown
in Fig. 5. The thick solid line in Fig. 5 shows results from direct
LBL calculations and from the FSK method with k-distributions
assembled from the Wang and Modest database [68], i.e., they are
indistinguishable. The thick dash-dot line shows FSK results
obtained with the analytical correlation of Modest and Mehta
[81], which offers good accuracy except for large L (when small k
become important, which are not emphasized in the correlation).

Comparison with the SLW method (or the WSGG method with
its parameters based on a spectral line database) shows that, math-
ematically, the SLW scheme is in effect a crude implementation
of the FSK method, using a simple step function integration over
the spectrum.

Like for all other spectral models, extension of the FSK method
to inhomogeneous media is not trivial. For moderately inhomogene-
ous media one can with good success assume the absorption coeffi-
cient to be correlated or scaled, as described in Sec. 4.3, with the
correlated approach being a bit simpler and more popular. Again, a
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reordered RTE is obtained by multiplying Eqs. (42) and (43) by the
Dirac-d function dðk � jgð/0

ÞÞ, with jg evaluated at a carefully
chosen reference state /

0
, followed by integration over the entire

spectrum and division by the reference state k-distribution. This
leads to

dIg

ds
¼ kðT0;/; gÞ aðT; T0; gÞIbðTÞ � Ig

� 

� rs Ig �
1

4p

ð

4p

Igðŝ
0ÞUðŝ; ŝ0ÞdX0

� 	
(51)

provided that the absorption coefficient is correlated, i.e., at every
wavenumber across the entire spectrum, where jgðg;/0

Þ ¼ k, we
must also have a unique value for jgðg;/Þ ¼ k�ð/; kÞ (which may
be a function of k, but not of g). Here

Ig ¼

ð1

0

Igd k � jgðg;/0
Þ

� �
dg=f ðT0;/0

; kÞ (52)

gðT0;/0
; kÞ ¼

ðk

0

f ðT0;/0
; kÞdk (53)

aðT;T0; gÞ ¼
f ðT;/

0
; kÞ

f ðT0;/0
; kÞ

¼
dgðT;/

0
; kÞ

dgðT0;/0
; kÞ

(54)

In Eq. (54) the numerator and denominator are both evaluated at
identical values of k, but with k-distributions evaluated at different
Planck function temperatures. Like for Eq. (49), the stretching pa-
rameter a is best evaluated by taking the ratio of the gradients of
(slightly smoothened) cumulative k-distributions g. Three differ-
ent k-distributions are required: kðT0;/; gÞ is the k-distribution
evaluated with the absorption coefficient at local conditions and
the Planck function at the reference temperature, while for the
stretching factor aðT;T0; gÞ k-distributions are needed with the

absorption coefficient at reference conditions, and the Planck
function evaluated at both local and reference temperatures.

An example is given in Fig. 6 for a very inhomogeneous case,
with steps in temperature and mole fractions of the two radiating
species CO2 and H2O. For such artificially extreme cases the FSK
becomes rather inaccurate (whether one uses the here-discussed
correlated FSK, FSCK, or the scaled FSK, FSSK). In the limit of
a zero-width right layer one has a homogeneous medium and all
FSK methods are exact. As the thickness of the cold right layer
increases, the absorption coefficient becomes more and more
uncorrelated, with errors exceeding 60% in the prediction of the
radiative flux exiting from the cold layer. To accommodate strong
gradients in temperature and concentrations (including particles)
several higher-order models have also been developed, viz., the
multiscale FSK (MSFSK: the gas mixture is broken up into
“scales,” placing spectral lines into separate scales according to
their behavior) [75,87,88], the multigroup FSK (MGFSK: the gas
mixture is broken up into “groups,” placing wavenumbers into
separate groups according to the temperature dependence of the
spectral absorption coefficients) [89], and a hybrid multigroup,
multiscale FSK (MGMSFSK) [90]. In the multiscale approach
lines from a single gas species may be separated according to their
temperature dependence (also known as “fictitious gases”) [75,87]
to improve accuracy in a gas with strong temperature gradients.
More effectively, entire species are placed into scales to accom-
modate uncorrelatedness from locally varying concentrations. For
example, for a methane–air flame one may collect CO2 and H2O
into one scale (since they, approximately, occur together every-
where with a 1:2 ratio), and methane into a second (since methane
exists where there is little CO2 and H2O, and vice versa). In the
hybrid scheme species are first separated into scales (according to
their concentration levels), and then the spectrum of each scale is
broken into wavenumber groups (according to their temperature
behavior). Figure 6 also includes results from a two-scale MSFSK
model, with CO2 and H2O each being a scale (with k-distributions
calculated directly from the spectroscopic databases, or from a
narrowband k-distribution database [68]). As can be seen, the
MSFSK approach alleviates the uncorrelatedness due to the con-
centration step, reducing the maximum error to about 10%. In
physically meaningful applications with more benign gradients
the basic FSK method can be expected to be much more accurate
and may suffice in most cases.

As a final, realistic, and two-dimensional example we consider
an axisymmetric ethylene–air jet flame experimentally studied by
Kent and Honnery [91]. The burner of this flame has a cylindrical
nozzle of diameter dj ¼ 3 mm, with Reynolds number varying
from 7500 to 15,000. Details of the numerical simulation may be
found in Mehta et al. [92]. The converged results of that study
were used as a frozen data field for radiation calculations. CO2,
H2O, CO, and soot are the major products of combustion and hence
are considered in radiation calculations in addition to ethylene
(fuel). Details of the flow field and the radiation calculations are
given by Pal and Modest [90]; we show here in Fig. 7 only the
local radiative heat source term calculated using the LBL approach,
and the errors incurred by the basic FSK, the MSFSK, and the 2
and 4 group MSMGFSK approaches, with all k-distributions
assembled from narrowband databases, and employing the P-1
method as the RTE solver. Relative errors are determined by com-
parison with LBL as

errorð%Þ ¼
r � qLBL �r � qFSK=MSFSK=MSMGFSK

r � qLBL;max

� 100 (55)

Figure 7(b) shows that the basic FSK method is accurate to about
3% across most of the flame, occupied by gas–soot mixtures with
varying ratios of concentrations (in particular in regions of large
r � q). However, near the nozzle (with large amounts of C2H4 and
few combustion products) the gas becomes very uncorrelated and
the maximum error in the present problem reaches as much as

Fig. 6 Relative errors of the FSCK, FSSK, MSFSKdir, and
MSFSKnb calculations for heat fluxes leaving from the right
side of a two-layer slab with step changes in temperature and
mole fraction. Left layer (50cm width): 1500K, 2% CO2 and 20%
H2O; right layer (varying width): 500K, 20% CO2 and 2% H2O
[87].
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35% near the inlet. In the multiscale approach, CO2 and H2O are
combined into a single scale since they have approximately the
same ratio of concentration throughout the combustion chamber,
while C2H4, CO, and soot are treated as single-group individual
scales. The maximum error is now limited to 7% near the inlet
(region of high errors) as seen in Fig. 7(c). Figure 7(d) shows the
errors incurred in the 2 group narrowband based MSMGFSK cal-
culations. In this approach the C2H4, CO, and soot are treated as
single-group scales while CO2 and H2O are treated as two sepa-
rate scales each having two spectral groups. The maximum error
for this case is limited to 4%. The results from the 4 group-based
MSMGFSK method are approximately the same as the 2 group
case and are not shown here. CPU time required for the LBL cal-
culations is approximately 56 h on a 2.4GHz AMD Opteron
machine while the basic FSK, the MSFSK, the 2 group-based
MSMGFSK, and the 4 group-based MSMGFSK take only 7, 41,
78, and 110 s (i.e., typical times required for chemistry calcula-
tions in a combustion problem), respectively. This implies factors
of 3� 104, 5� 103, 2:5� 103, and 2� 103 CPU time improve-
ment, respectively, over LBL cost.

While the SLW and FSK methods are still research tools (i.e.,
most publications are developments by the original developers)
these sophisticated spectral models are also being used by other
researchers in various applications. For example, Mazumder and
Modest [93] tested the correlated FSK scheme for a 2D environ-
ment, Sun and Smith [94] incorporated it into a backward Monte
Carlo scheme, and Porter et al. [95] applied the FSK method to
oxy-fuel combustion. The latter tested the method against much
more expensive statistical narrowband calculations and found the
FSK to be equally accurate. Demarco et al. [96] recently com-
pared various spectral models for nonsooting media, including
narrowband models, SLW and FSK, and concluded that the FSK
method provided the best accuracy at a reasonable computational
cost. Narrowband k-distributions were first applied in the field of
atmospheric sciences; the full-spectrum versions developed by the
heat transfer community have since then found their way back to
the atmospheric sciences [97,98]. The concept may be applied to
any system with strong spectrally varying radiation, and has most
recently also been used to determine nonequilibrium radiation in
hypersonic plasmas [99,100].

6 Summary

The past 75 years have seen tremendous advances in the heat
transfer area, and none more significant than in the field of thermal
radiation, where models and measurements have progressed from
contrived one-dimensional, gray problems to high-fidelity diagno-
ses and simulations of full-scale combustion systems with their
complicated spectral radiation behavior. In this article we have
given a review of the progress in the determination of spectral radi-
ation properties of combustion gases, ranging from early total spec-
trum measurements in the 1930s, to the narrowband measurements
of the 1950s through 1980s, and culminating with high-resolution
FTIR experiments and theoretical predictions leading to today’s
spectroscopic databases listing many millions of spectral lines. We
reviewed how spectral models progressed in the same time frame,
starting with total emissivity correlations in the 1950s, followed by
narrowband and wideband models in support of narrowband meas-
urements, and culminating with a description of the modern k-dis-
tributions, from early narrowband k-distributions to today’s state-
of-the-art global models, the spectral line based weighted sum of
gray gases (SLW) and full spectrum k-distribution (FSK) models
and their derivatives. It was concluded that high-fidelity global
models have progressed to the point that they achieve near-LBL ac-
curacy at a tiny fraction of the computational cost, making it possi-
ble today to include high-accuracy thermal radiation models in
simulations of complicated combustion systems.
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