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THE TWO WELL PROBLEM WITH SURFACE ENERGY

ANDREW LORENT
MATHEMATICAL INSTITUTE
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ABSTRACT. Let  be a bounded Lipschitz domain in IR?, let H be a 2 x 2 diagonal matrix
with det (H) = 1. Let € > 0 and consider the functional

I (u) = /Q dist (Du (2), 50 (2) U SO (2) H) + ¢ | D?u (2)| dL?=

over Ap N W21 (Q) where Af is the class of functions from Q satisfying affine boundary
condition F. It can be shown by convex integration that there exists F' ¢ SO (2) USO (2) H
and u € Ap with Ip (u) =0. Let 0 < ¢1 < 1 < {2 < o0,

Bp = {u € Ap :uis C', bilipschitz with Lip (u) < Ca, Lip (u™!) < c;l} .

In this paper we begin the study of the asymptotics of me := infBFﬁWQ,l I¢ for such F.
This is one of the simplest minimisation problems involving surface energy for which we can
hope to see the effects of convex integration solutions. The only known lower bounds are

Me

liminfe_.q = 0.
We link the behavior of m. to the minimum of Iy over a suitable class of piecewise affine
functions. Let {7;} be a triangulation of Q by triangles of diameter less than h and let Al}é.
denote the class of continuous functions that are piecewise affine on a triangulation {7;}.
For function u € Bp let o € Al}é. be the interpolant, i.e. the function we obtain by defining
%| 7, to be the affine interpolation of u on the corners of 7;. We show that if for some small

w > 0 there exists u € Bp N W21 with
Ie (u)

€

<e®
146399w . _ A . _ -
then for h = €73201  the interpolant 4 € A} satisfies Ip (@) < h'~.
Note that it is trivial that infveAh Iy (v) > coh so we reduce the problem of non-trivial
F

oe to the problem of non-trivial lower bounds on inf _ ,n Io (v).
€ vEAL

(scaling) lower bounds on
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1. INTRODUCTION

In the 1980’s from the work of Ball, James [1], [2] and Chipot, Kinderlehrer [4] a well known
model for solid-solid phase transformations arose. In the model, microstructures observed in
phase mixtures were explained in terms of energy minimisation of deformations of the material.

Let u : © — IR® be a deformation of the material which occupies a reference configuration
Q, the total free energy of this deformation is given by

I(u)= /Qqs(Du (2),0)dL3z (1)
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2 ANDREW LORENT

where ¢ (-,0) is the free energy per unit volume in Q at temperature . We fix 6 and we
normalize ¢ such that infr ¢ (F,6) = 0.

Formation of microstructure was shown to be closely related to the behavior of minimis-
ing sequences of I. Many features of minimising sequences can be understood from the set
{F : ¢ (F) = 0}. This set is known as the energy wells of the functional I.

Certain natural assumptions on the behavior of ¢, in particular frame indifference, imply
that K has to be of the form

K={SO@3)4;:i=1,2,...m} (2)

where the A; are symmetry related and depend on the action of the phase transition.

Given F € M™*™ let Ap denote the set of functions u :  — IR" satisfying u (z) = F (2) for
all z € 9Q. The set of F for which inf,c 4, I (u) = 0 turns out to agree with the quasiconvex
hull K%¢ (see [22] for the relevant notions). For any F € int (K9) it is possible to lower the
energy of functional I with a relatively simple function v € Ag that is built up from a simple
(finite) layering of regions on which Du is made to be affine, these functions are known as
laminates .

Mathematically speaking, the first real surprise in this theory is the existence of exact min-
imisers of functional I for certain sets K of the form (2). Formally; given F' € K9 there exists
a function u € A such that

Du(z) € K fora.e. z € Q. (3)

Even though the functional I is not quasiconvex (by the very existence of such exact solutions)
and therefore not lower semicontinuous with respect to weak convergence, absolute minimisers
exist and can be constructed.

Following the work of Dacorogna and Marcellini [7], Miiller and Sverak [20], [21], and later
by Sychev [24] and Kirchheim [13] there now exist a wide variety of methods to prove the
existence of such solutions. However all these methods start with a delicate construction of an
approximating sequence of set K, — K. The methods of [20] and [24] are in some sense more
constructive and related to the approach developed by Gromov [11], which is known as convex
integration.

Exact minimisers of functional I are only possible due to the fact that I takes no account of
the “cost” of oscillations. This is physically unrealistic. The oscillation term [, [D?u (z)|dL?z
is known as the surface energy . The bulk energyis the [, ¢ (Du (z)) dL?z part of the functional.

Functional I was designed to model situations for which the surface energy is small. From
the mathematical perspective the most natural adaption of the functional that takes account
of surface energy is:

I (u) = / ¢ (Du (2)) + € | D?*u (2)| dL?z. (4)
Q
This functional is minimised over functions u € W21 () N Ar.

1.1. The question: How does I. scale 7 The question we are interested in is whether the
existence of exact solutions to inclusion (3) having affine boundary condition has any effect
on the scaling of infy21q4, Ic as € — 0. In some sense this could be expected, in words; as
e — 0 surface energy becomes arbitrarily cheap, we can concern ourselves less and less with
oscillations and just concentrate on minimising the bulk part of the functional. It may there
for be reasonable to expect that minimisers for sufficiently small € are something like slightly
smoothed out solutions of (3).
Let K = SO (2)USO(2) H, F € int (K9). The differential inclusion

Due K a.e. (5)

for function u € A is the simplest convex integration result. And the minimisation problem
inf I (u 6
u€ApNW21 € ( ) ( )

is the simplest “physical” situation where we could hope to see the effect of the existence of solu-
tions to differential inclusion (3). The only known lower bounds on (6) are inf,c 4,w21 Le(w)

—
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oo which follows from the result of Dolzmann, Miiller [8] (also see Kirchheim [12]) that if u
satisfies (5) and Du is BV then v is a laminate. For the special case of a functional whose wells
are given by two rank-1 connected matrices a complete understanding of the scaling has been
achieved in [15], [6].

Our main tool for studying this question is a two well Liouville Theorem proved in [17]
(see Theorem 1.1). In order to use it we will have to minimise over a subset of Ap. Let
0< (G <1< (e <o0andlet

Brp :={ueAp:uis C*, bilipschitz with Lip (u) < (2, Lip (u_l) < Cl_l}. (7)

1,1

From [21] it is clear we can find a sequence uy € Bp with ug W, « where u solves (5). So
it is valid to study the scaling of I, over this subset.

Let

me 1= inf I (u).
€ ueEBpNW?2:1 e( )

As a consequence of Sverdk’s characterization of the wells K, [23] (namely that the quasi-
convex hull is in the second laminate convex hull) it is not hard (see figure 1) to obtain the
upper bound

81/3

€1

€2

FIGURE 1

If something like exact solutions to differential inclusion (3) start having an effect on our
functional for sufficiently small € then we can expect to be able to “beat” the scaling cem s,
Conversely if it could be shown that B > ¢/ ¢~ 3 this would say that these solutions do not

€
affect functional I.. The ultimate goal of the research is to prove optimal (scaling) lower bounds

on ™=. We conjecture these lower bounds are given by c¢’e”3.
Now we state the theorem that will be our main tool for studying this question, [17].

Theorem 1.1. Let 0 < {1 <1< (3 < o0. Let K := SO (2)U SO (2) H where H = ({ 0_91),

Let u € W21 (Q1(0)) be a C' bilipschitz function with Lip (u) < (i, Lip (u’l) < (Gt There
exists positive constants cq,cs,cq < 1 and ca,c5 > 1 depending only on o, (1, (2 such that if
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k € (0,c1] and u satisfies the following inequalities

/ d(Du(z),K)dL?z < K (8)
Q1(0)

/ |D2u (z)| dL*z < ¢, (9)
Q1(0)
then there exists J € {Id,H} and R € SO (2) such that

/ |Du (2) — RJ|dL?z < ek,
Qey(0)

By applying Theorem 1.1 we reduce the problem of non-trivial (scaling) lower bounds on I,
to the problem of non-trivial lower bounds on the finite element approximation to Iy. As we
will explain, this is a genuine reduction, the later problem is a minimisation problem involving
competition between surface and bulk energies without an € weighting on the surface energy.
The only parameter in the finite element approximation to Iy is the grid size h. Before going
into details, we need some preliminaries.

1.1.1. Finite element approzimations. As is standard in finite element approximations, we will
say a triangulation (denoted Ay) of Q of size h is a collection of pairwise disjoint triangles {r;}
all of diameter h such that

QcC U Ti-

Ti€EAR

Given a function u, we can approximate u uniformly by a function @ that is piecewise affine
on the triangles of Ay, by letting ., be the affine map we obtain from interpolating u on the
corners of 7;. We will call @ the interpolant of u. Given a minimisation problem for functional
J over a function class with certain boundary data, if we replace the function class by functions
that are piecewise affine on {7;} and have the same boundary data, this is known as the finite
element approximation to J.

Finite element approximations of functionals such as I have received much interest, for ex-
ample see [19],[5], [3]. As stated our interest in these approximations comes mainly from the
fact that they provide a convenient intermediary step for the study of surface energy problems:
Given a triangulation for which the edges of the triangles are not parallel to the rank-1 connec-
tions of the wells K, every time the interpolant of a function jumps from one well to another,
there must be at least one triangle which is nowhere near the wells. In this way, F.E. approxi-
mations reflect a competition between “surface energy” as given by the error contributed from
jumps in the derivative, and bulk energy.

F.E. approximations of a three well functional I of the form Iy, over a function class having
affine boundary condition in the second laminate convex hull of the wells have been studied
by Chipot [3] and the author [16]. If A, denotes a triangulation of size h and A% denotes the
set of functions that are piecewise affine on A}, satisfying the affine boundary condition F. It
has been shown inf,¢ 4n I(u) ~ h3. From Sversk’s characterization [23] we know the exact
arrangement of rank-1 connections between the wells SO (2) U SO (2) H and a matrix in the
interior of the quasiconvex hull. The finite well functional studied in [16] precisely mimics these
rank-1 connections. We conjecture.

Conjecture 1.2. Let K = SO(2)USO(2)H, H = (§ J20). Let Ay be a triangulation of
of grid size h with the directions of the edges of the triangles some uniform distance away from
the set of rank-1 directions of K.

Let A% denote the set of functions with affine boundary condition F € int (K%) that are
piecewise affine on the triangulation Ap. Let I (u) := [ d(Du(z),K)dL?*z. Then we have

inf 7 (u)> chs.
ueAl,
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It is relatively elementary to see 2 that there exists some small constant ¢ > 0 such that

inf 7 (u) > ch.
ueAl,

The following theorem reduces the problem of non trivial (scaling) lower bounds on the scaling
of %= to the problem of non trivial lower bounds on inf, ¢ 4n T (u).

€

Theorem 1.3. Let Q be a Lipschitz domain in R?. Let K = SO (2) U SO (2) H where H =
(" 091 ) Let F € int (K9°). Let Br be defined by (7). Suppose u € W21 (Q) N Br satisfies

0
Ie ()

<e v

for some small w.

Let h = e st~ and 8= li%%ggw, Given a triangulation {r;} of Q with triangle size h we

let @ be the interpolation of u on {7;}, then we have

T (@) < ch'=28

where ¢ depends only on o, (1, (a.

So informally speaking, we replace the question of scaling with respect to parameter € in
the minimisation problem inf,cp,nw1.2(q) lc (u) with parameter h in minimisation problem
infueA;} 7 (u). Note that in the first problem, € is a factor only of the surface energy, so the
surface energy becomes arbitrarily cheap for small e. In the second problem, for very small h
it does not become advantageous to concentrate on minimising of the bulk energy.

The reduction achieved by Theorem 1.3 is far from optimal, this is partly due to the subop-
timality of Theorem 1.1. After this paper was submitted, an optimal version of Theorem 1.1
has been achieved by Conti and Schweizer [9], using this theorem a (scaling) optimal version
of Theorem 1.3 has been proved, [18]. In addition [18] contains a version of the (optimised)
Theorem 1.3 for functionals with LY norm on the second derivative, which is established using
an L7 version of Theorem 1.1.

2. PROOF OF THEOREM 1.3

The proof can easily be seen to work for any Lipschitz domain € but to simplify technical
details we let Q = Q4 (0).

Suppose we have triangulation T := {7; : i =1,2,... [%]} of Q1 (0) with triangles of side
length h.

Let x := h3200-64008 ", .— 3201 — 6400/3. Suppose we have inequalities

/ d(Du(z), K)dL2 < he (10)
Q1(0)

/ |D?u(z)|dL?z < h™". (11)
Q1(0)

Step 1. We will show that there exists a subcollection of triangles G C T with the following
properties. Let v := %
e For each 7; € G if 0; denotes the center of the triangle, then Q- (0;) C Q1 (0).
[ ]

/ d(Du(z),K)dL?*z < k (vh)*. (12)
Q~n(0i)

2Given a triangulation {r;} of €2, suppose we have a function u € Ah such that T (u) < ch for some small c.
Then letting B := {T,- ) d(Du(z),K)dL?z > \/EhZ} its immediate from the fact that Z (u) < ch that there
must exist a complete column of triangles {Tkl yThos+ Thim } running through € such that {Tlc1 s Thos - - Tkm} C
{7i} \B. Hence the derivative of the function u must remain close to either SO (2) or SO (2) H and thus by
integration along the column we will have two points b1, bs at the top and bottom of the column for which
u(by) —u(b1) = RJ (b1 —b2) with R € SO (2), J € {H,Id} and this is incompatible with the boundary
conditions. Contradiction
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/ |D2u (z)| dL?z < czvh. (13)
Q~n(0i)

—1-8

Card (T\G) < k1472072 4 h +8yh™ (14)

c3
Proof of Step 1.
Let Gi:={1 € T : Q1 (0;) C Q1(0)}. It is easy to see that

Card (T\G,) < 8yh L. (15)

By = {TiEGll/
Qn(o,)
By = {Ti€G1:/

Qh'y(oi)

Let

d(Du(z),K)dL?*z > k (7h)2} .

Let

’D2u (z)’ dL?z > c;wh} .

So Card (By) k (vh)* < h® which implies
Card (B;) < h* 2y 2571, (16)
Similarly Card (Bs) czyh < h™? which implies

h1-8
Card (BQ) < .

17

c37Y an)
Let G := G1\ (B1 U B2). By (16),(17), (15) G satisfies (14) and by definition of By, B2 any
T € G satisfies (12), (13), this completes the proof of Step 1.

Step 2. We will show there exists a positive constant ¢ (depending on o, (1, {2) such that
for any 7, € G we have

d (D (o), K) < dcgyrm. (18)
Proof of Step 2. Let v : Q1 (0) — IR? be defined by
h i
v(z):= W. (19)

By scaling of inequality (12)
/ d(Dv(z),K)dL?*z < k.
Q1(0)
Similarly, by scaling of (13) we have

/ |D?v (2)] dL?z < cs.
Q1(0)

So by Theorem 1.1 there exists R € SO (2), J € {Id, H} such that fQ ) |Dv (z) — RJ|dL?z <
cq

5K 0. As v is (o-Lipschitz we have
/ |Dv (z) — RJ|"dL?z < 8@“5’/ |Dv (z) — RJ|dL?z
Qc, (0) Qc, (0)

1
< 8cx(arsm,

Let ¢ (z) := v (0) + RJz. Using Morrey’s inequality, (see Theorem 3, Section 4.5.3 [10]) we see
there exists some constant ¢g (depending on o, (1, (2) such that

_1
H’U—w”Loc(Q%(O)) < cgk 3200, (20)
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So from (19) we have u(z) = ~vhv (Z;}f) Let ¢ : Qi (0;) — TR? be defined by 9 (z) ==
b (—h) So Di (0;) = D4 (0). Now

sup {‘u(z) — 9 (2)’ 12 € Qegyh (Oz‘)}

||u o wHLOO(QCAI'yh(Oi))

zZ — 04 zZ — 04
= sup{vh U( o )—¢< o ) izeth(Oi)}
= 'Vth_w”LOC(Q%(O))
(20) 1
< cgyhk300, (21)

Now note 7; C Qc,yh (05). Let t1,t2,t3 denote the corners of the triangle 7; with to being
the point at the right angle corner of the triangle. The function @ on 7; is equal to the affine
map given by the interpolation of {u (t1),u (t2),u (t3)} and so D@ on 7; is the linear part of

this affine map. By choice of triangulation, e; = iﬁi?% and ey = + ﬁz:i;. Assume without
3 — ti—ts — t3—ts
loss of generality e; = Er—io] and ey = Pk

Now u (t1) — u (t2) = |[t1 — t2]| D (0;) 1 so from (21) we have
h|(Da(OZ)—RJ)€1‘ = Htl—tQ‘D’EL(Oi)el—|t1—t2‘RJ€1‘
= @) —u@) - () - b 1)

(21) N
< 2c¢gvhk3200,

Which implies
|D'L~L (O’L) €1 — RJ61| < 2706/€ﬁ.

In the same way we can see
|D12 (01) €2 — RJ€2| S 27665%.

which implies (18). This completes the proof of Step 2.

Proof of Theorem 1.3 continued.
By Step 1 and Step 2 we know that

/ d(Di(z),K)dL?z < > L*(r;)d(Dii(o0;), K) + 8Ch
Q1(0) €T
< Y LP(r)d(Dio), K)+ Y 2GL*(r)+8Gh
EG 7 €T\G

(14),(18)

L of 1 92,40 h'F
< degyk3200 4 20h“ | K™y “h +

+ 127h1> .
(22)

Now recall k = h3200-64008 and o = 3201 — 64008. So note k~'h® = h. Note also that
k3w = h1=28, Thus from (22) we have

37y

/ d(Di(z),K)dL?z < ch'~2 (23)
Q1(0)
where constant ¢ depends only on o, (y, (o.

Now we will rewrite initial conditions in form of (10), (11). Recall, our initial hypotheses on

u were L= (u) < €% which implies

/ d(Du(z),K)dL?z < ™% (24)
Q1(0)
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and
/ ’DQu (z)’ dL?z < e . (25)
Q1(0)
Now from the statement of Theorem 1.3 we know [ = 253~ and h = e, So w =

m. Now e™% = <h 14362??91%)_ . So from (25) we have for this value of h we have (11).

1-w
Now we will use (24) to show (10), note ¢! =% = (h 1+3§3?919w) . And

B
3201 (1 —w) 3201 (1 - 320176399,8)

1+63990w 1+ 555165555

3201640083
3201 (3201 —63993 )

3201
3201-639943

= 3201 — 640083

Q.

So from (24) for this value of h we have (10). Recall, the interpolant of v on a triangulation T’
(whose triangles have side length h) is given by @, so we have that @ satisfies (22), hence @ also
satisfies (23) and this completes the proof. O

REFERENCES

[1] J.M. Ball, R.D. James. Fine phase mixtures as minimisers of energy. Arch.Rat.Mech.-Anal, 100(1987),
13-52.
[2] J.M. Ball, R.D. James. Proposed experimental tests of a theory of fine microstructure and the two well
problem. Phil. Tans. Roy. Soc. London Ser. A 338(1992) 389-450.
[3] M. Chipot. The appearance of microstructures in problems with incompatible wells and their numerical
approach. M. Chipot, Numer. Math 83 (1999) no.3 325-352.
[4] M. Chipot, D. Kinderlehrer. Equilibrium configurations of crystals. Arch.Rat.Mech.-Anal, 103 (1988), no.
3, 237-277.
[5] M. Chipot, S. Miiller. Sharp energy estimates for finite element approximations of non-convex problems.
Variations of domain and free-boundary problems in solid mechanics (Paris, 1997), 317-325, Solid Mech.
Appl. 66. Kluwer Acad. Publ., Dordrecht, 1999.
[6] S. Conti. Branched microstructures: scaling and asymptotic self-similarity. Comm. Pure Appl. Math. 53
(2000), no. 11, 1448-1474.
[7] B. Dacorogna and P. Marcellini. General existence theorems for Hamilton-Jacobi equations in the scalar
and vectorial cases. Acta Math. 178 (1997), 1-37.
[8] G. Dolzman, S. Miiller. Microstructures with finite surface energy: the two-well problem. Arch. Rational
Mech. Anal. 132 (1995) no. 2. 101-141.
S. Conti, B. Schweizer. Rigidity and Gamma convergence for solid-solid phase transitions with SO(2)-
invariance. MIS-MPG preprint. 69/2004
[10] L.C. Evans. R.F. Gariepy. Measure theory and fine properties of functions. Studies in Advanced Mathe-
matics. CRC Press, Boca Raton, FL, 1992.

[11] M. Gromov. Partial Differential Relations. Springer-Verlag, Berlin, 1986.

[12] B. Kirchheim. Lipschitz minimizers of the 3-well problem having gradients of bounded variation. MIS-MPG
Preprint Nr. 12/1998.

[13] B. Kirchheim. Deformations with finitely many gradients and stability of quasiconvex hulls. C. R. Acad.
Sci. Paris Ser. I Math. 332 (2001), no. 3, 289-294.

[14] B. Kirchheim. Rigidity and Geometry of Microstructures. Lectures note MPI-MIS Nr. 16/2003.

[15] R.V. Kohn, S. Miiller. Surface energy and microstructure in coherent phase transitions. Comm. Pure Appl.
Math. 47 (1994) 405-435.

[16] A. Lorent. An optimal scaling law for finite element approximations of a variational problem with non-trivial
microstructure. Mathematical Modeling and Numerical Analysis Vol. 35 (2001) No. 5. 921-934.

[17] A. Lorent. A two well Liouville theorem. ESAIM Control Optim. Calc. Var. 11(2005). No. 3, 2005. 310-356.

[18] A. Lorent. The scaling of the two well problem. MIS-MPG Preprint. Nr. 65/2005.

[19] M. Luskin. On the computation of crystalline microstructure. Acta Numer. 5 (1996) 191-257.

[20] S. Miiller, V. Sverdk. Attainment results for the two-well problem by convex integration. “Geometric Anal-

ysis and the Calculus of Variations. For Stefan Hildebrandt” (J. Jost, Ed.), pp. 239-251, International
Press, Cambridge, 1996.

[9



THE TWO WELL PROBLEM WITH SURFACE ENERGY ° 9

[21] S. Miiller; V. Sverak. Convex integration with constraints and applications to phase transitions and partial
differential equations. J. Eur. Math. Soc. (JEMS) 1. (1999) no.4. 393-422.

[22] S. Miiller. Variational models for microstructure and phase transitions. MPI Lecture Note Nr.2/1998 avali-
able at: www.mis.mpg.de/cgi-bin/lecturenotes.pl

[23] V. Sversk. On the problem of two wells. Microstructure and phase transition. 183-189, IMA
Vol.Math.Appl.54. Springer, New York, 1993.

[24] M.A. Sychev. S. Miiller Optimal existence theorems for nonhomogeneous differential inclusions. J. Funct.
Anal. 181 (2001) no.2. 447-475.





