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THE UNIQUENESS PROBLEM FOR MEROMORPHIC MAPPINGS

WITH TRUNCATED MULTIPLICITIES

Feng Lü

Abstract

The purpose of this work is twofold. The first is to solve a uniqueness problem of

meromorphic mappings posed by T. Cao and H. Yi in [1]. The second is to generalize

several previous uniqueness theorems of meromorphic mappings ‘‘partially’’ sharing a

few moving targets, which were given by Z. Chen and M. Ru [2], Z. Chen and Q. Yan

[3], D. Thai and S. Quang [13].

1. The uniqueness problem for hyperplanes

In 1926, R. Nevanlinna [10] showed that if two meromorphic functions have
the same inverse images for five distinct values, then these two functions must
be identical. In 1975, the Nevanlinna’s result was generalized to the case of
meromorphic mappings of Cm into PnðCÞ by H. Fujimoto [6]. In fact, he
obtained that for two linearly non-degenerate meromorphic mappings f and g of
Cm into PnðCÞ, if they have the same inverse images counted with multiplicities
for 3nþ 2 hyperplanes in general position in PnðCÞ, then f ¼ g. Over the last
few decades, there have been a lot of results related this problem. (see H.
Fujimoto [7], S. Ji [9], M. Ru [11], Z. Chen and Q. Yan [15])

Let f be a linearly non-degenerate meromorphic mapping of Cm into
PnðCÞ. For each hyperplane H we denote by vð f ;HÞ the map of Cm into N0

such that vð f ;HÞðaÞ (a A Cm) is the intersection multiplicity of the image of f and
H at f ðaÞ. Take q hyperplanes H1; . . . ;Hq in PnðCÞ in general position and a
positive integer l0.

Consider the family FamðfHjgq
j¼1; f ; l0Þ of all linearly non-degenerate mero-

morphic mappings g : Cm ! PnðCÞ satisfying the conditions:
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(a) minfvðg;HjÞ;am; l0g ¼ minfvð f ;HjÞ;am; l0g for all j A f1; . . . ; qg,
(b) dimð f �1ðHiÞV f �1ðHjÞÞam� 2, for all 1a i < ja q, and
(c) f ðzÞ ¼ gðzÞ on 6q

j¼1
fz : 0 < vð f ;HjÞ amg.

In particular, if m ¼ y, we omit it for brevity.
In 1983, L. Smiley [12] showed that

Theorem A. If qb 3nþ 2, then g1 ¼ g2 for any g1; g2 A FðfHjgq
j¼1; f ; 1Þ.

In [8], P. Hu obtained anther uniqueness result of meromorphic functions on
Cm with the idea of truncated multiplicities.

Theorem B. Let f and g be two meromorphic functions in Cm, let aj A P1ðCÞ
ð j ¼ 1; . . . ; qÞ be q distinct elements, and let m1 bm2 b � � �bmq be q positive

integers or y. If v1ð f ;HjÞ;amj
¼ v1ðg;HjÞ;amj

ð j ¼ 1; . . . ; qÞ and
Pq

i¼3

mi

mi þ 1
> 2, then

f ¼ g.

In order to deduce the more smaller number q, T. Cao and H. Yi [1]
deduced the following result. They generalized Theorem B from meromorphic
functions to meromorphic mappings of Cm into PnðCÞ.

Theorem C. Let f and g be two linearly non-degenerate meromorphic map-
pings of Cm into PnðCÞ, let Hj ð1a ja qÞ be qðb 2nÞ hyperplanes in general
position such that dim f �1ðHi VHjÞa n� 2 for i0 j, and let m1 bm2 b � � �b
mq b n be q integers or y. Assume that

(a) v1ð f ;HjÞ;amj
¼ v1ðg;HjÞ;amj

ð j ¼ 1; . . . ; qÞ and

(b) f ðzÞ ¼ gðzÞ on 6q

j¼1
fz A Cm : 0 < vð f ;HjÞðzÞamjg. If

Pq
i¼3

mi

mi þ 1
> A0,

where

A0 ¼
ðn� 1Þqþ nþ 1

n
� 4ðn� 1Þ
qþ 2n� 2

þ 1

m1 þ 1
þ 1

m2 þ 1
;

then f ¼ g.

In the paper [1], the authors pointed out that if n ¼ 1 in Theorem C, then the

condition
Pq

i¼3

mi

mi þ 1
> A0 reduces to that

Pq
i¼3

mi

mi þ 1
> 2þ 1

m1 þ 1
þ 1

m2 þ 1
:

But it dot not coincide with the related condition in Theorem B. So, they
asked whether one can deduce a better result. In this section, we solve the
problem and obtain the following theorem.

Theorem 1.1. With the same assumptions (a), (b) as in Theorem C, if

Xq

i¼3

mi

mi þ 1
> A1 ¼

ðn� 1Þqþ nþ 1

n
� 2ðn� 1Þ

m2 þ 1
� 4ðn� 1Þ
qþ 2n� 2

1� n

m2 þ 1

� �
;

then f ¼ g.
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Remark 1. Noting that qb 2n, we have

4ðn� 1Þ
qþ 2n� 2

n

m2 þ 1
a

4ðn� 1Þ
q

n

m2 þ 1
a

4ðn� 1Þ
2n

n

m2 þ 1
a

2ðn� 1Þ
m2 þ 1

:

Then, compare Theorem C to Theorem 1.1, we derive

A0 � A1 ¼
1

m1 þ 1
þ 1

m2 þ 1
þ 2ðn� 1Þ

m2 þ 1
� 4ðn� 1Þ
qþ 2n� 2

n

m2 þ 1

b
1

m1 þ 1
þ 1

m2 þ 1
:

Obviously, the number A1 is smaller than A0. So, we improve Theorem C.

Remark 2. When n ¼ 1, we see that the condition
Pq

i¼3

mi

mi þ 1
> A1 reduces

to
Pq

i¼3

mi

mi þ 1
> 2. Thus, we solve the above problem posed by T. Cao and

H. Yi in [1].

By Theorem 1.1, we obtain the following corollaries which are improvements
of the related corollaries in [1].

Corollary 1.2. If qb 2nþ 3, then FamðfHjgq
j¼1; f ; 1Þ ¼ 1, where

m >
ðn� 1Þq2 � ðn� 3Þqþ 2n2 � 2

ðqþ n� 1Þðq� 2n� 2Þ :

Corollary 1.3. If q ¼ 3nþ 2, then FamðfHjgq
j¼1; f ; 1Þ ¼ 1, where

m >
9n2 þ 2n� 1

4nþ 1
:

Corollary 1.4. If q ¼ 2nþ 3, then FamðfHjgq
j¼1; f ; 1Þ ¼ 1, where

m >
4n3 þ 8n2 � 2

3nþ 2
:

Corollary 1.5. If q ¼ 3nþ 1 and nb 2, then FamðfHjgq
j¼1; f ; 1Þ ¼ 1,

where

m >
9n2 � 4nþ 3

4ðn� 1Þ :

Corollary 1.6. If q ¼ 3n and nb 3, then FamðfHjgq
j¼1; f ; 1Þ ¼ 1, where

m >
9n3 � 10n2 þ 9n� 2

ð4n� 1Þðn� 2Þ :
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Corollary 1.7. If q ¼ 3n� 1 and nb 4, then FamðfHjgq
j¼1; f ; 1Þ ¼ 1,

where

m >
9n3 � 16n2 þ 17n� 6

ð4n� 2Þðn� 3Þ :

2. The uniqueness problem for moving targets

Recently, motivated by the establishment of the second main theorem of
value distribution theory for moving targets, the study of the uniqueness problem
of meromorphic mappings from Cm into PnðCÞ intersecting a finite set of moving
targets has started. At the same time, many outstanding results were derived.
(See Z. Chen and Q. Yan [2, 3], Z. Tu [14].)

In this section, we still focus on the uniqueness problem for moving targets.
In order to state our results, we recall the following.

Let a1; . . . ; aq ðqb nþ 1Þ be q meromorphic mappings from Cm into PnðCÞ
with reduced representations aj ¼ ðaj0 : � � � : ajnÞ ð j ¼ 1; . . . ; qÞ. We say that
a1; . . . ; aq are located in general position if detðajklÞ0 0 for any 1a j0 <
j1 < � � � < jn a q.

Let f be a linearly non-degenerate meromorphic mapping from Cm into
PnðCÞ. We say that aj is ‘‘small’’ (with respects of f ) if Taj ðrÞ ¼ oðTf ðrÞÞ as
r ! y.

Let Mm be the field of all meromorphic functions on Cm. Denote by

Rðfajgq
j¼1ÞHMm the smallest subfield which contains C and all

ajk

ajl
with ajl 0 0.

Let f be a meromorphic mapping of Cm into PnðCÞ with reduced representation
f ¼ ð f0 : � � � : fnÞ. We say that f is linearly non-degenerate over Rðfajgq

j¼1Þ if
f0; . . . ; fn are linearly independent over Rðfajgq

j¼1Þ.
Suppose that f be a meromorphic mapping from Cm into PnðCÞ and d be

a positive integer. Let fajgq
j¼1 be ‘‘small’’ (with respect to f ) meromorphic

mappings from Cm into PnðCÞ in general position such that

dimfz A Cm : ð f ; aiÞðzÞ ¼ ð f ; ajÞðzÞ ¼ 0gam� 2 ð1a i0 ja qÞ:
Assume that f is linearly non-degenerate over Rðfajgq

j¼1Þ. Consider the

family Fðfajgq
j¼1; f ; dÞ of all linearly non-degenerate over Rðfajgq

j¼1Þ meromor-
phic mappings g : Cm ! PnðCÞ satisfying the conditions:

(I) minfvðg;ajÞðzÞ; dg ¼ minfvð f ;ajÞðzÞ; dg for all j A f1; . . . ; qg;
(II) f ðzÞ ¼ gðzÞ on 6q

j¼1
fz : ð f ; ajÞðzÞ ¼ 0g.

In [2], Z. Chen and M. Ru studied the uniqueness problem of holomorphic
curves and proved the following.

Theorem D. If qb 2n2 þ 4n, then aFðfajgq
j¼1; f ; 2Þa 2.

In 2007, D. Thai and S. Quang [13] improved Theorem D and obtain the
following theorem.
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Theorem E. If qb 2n2 þ 4n and nb 2, then aFðfajgq
j¼1; f ; 1Þ ¼ 1.

In 2006, Z. Chen and Q. Yan [3] considered the uniqueness problem of
meromorphic mappings in another direction. In fact, they weakened the as-
sumption of sharing moving targets to ‘‘partially’’ sharing moving targets. Here,
we say that two meromorphic mappings f , g partially share a moving target a
if Eða; f ÞJEða; gÞ, where Eða; hÞ ¼ fz A Cm : ðh; aÞðzÞ ¼ 0g for a meromorphic
mapping h from Cm into PnðCÞ. Their result can be described as follows.

Theorem F. Let f and g be two meromorphic mappings, let fajgq
j¼1 be q

‘‘small ’’ (with respect to f ) meromorphic mappings of Cm into PnðCÞ in general
position such that ð f ; ajÞ0 0 and ðg; ajÞ0 0 ð1a ja qÞ, and let f , g be linearly
non-degenerate over Rðfajgq

j¼1Þ. Assume that
(1) Eð f ; ajÞJEðg; ajÞ 1a ja q;

(2) dim Eð f ; aiÞVEð f ; ajÞam� 2 for 1a i0 ja q;
(3) f ðzÞ ¼ gðzÞ on 6q

j¼1
fz A Cm : ð f ; ajÞðzÞ ¼ 0g. If q ¼ 2n2 þ 4nþ 1 and

lim inf
r!y

Xq

j¼1

N 1
ð f ;ajÞðrÞ

�Xq

j¼1

N 1
ðg;ajÞðrÞ >

nðnþ 2Þ
nðnþ 2Þ þ 1

;

then f ¼ g.

Nowadays, to seek the smaller number q in the above theorems becomes an
interesting and meaningful job. In the section, the aim is to replace the number
q by a smaller one in Theorem E and F. In fact, we obtain the following two
results.

Theorem 2.1. If qb 2n2 þ 2nþ 3, then aFðfajgq
j¼1; f ; 1Þ ¼ 1.

Theorem 2.2. Assume that the conditions are stated as in Theorem F. If
qb 2n2 þ 2nþ 3, then f ¼ g.

Remark 3. If nb 2, our results are improvements of Theorem E and F,
respectively.

3. Preliminaries and some lemmas

Set kzk ¼ ðjz1j2 þ � � � þ jzmj2Þ1=2 for z ¼ ðz1; . . . ; zmÞ and define

BðrÞ ¼ fz A Cm : kzk < rg; SðrÞ ¼ fz A Cm : kzk ¼ rg ð0 < r < yÞ;
and

um�1ðzÞ ¼ ðdd ckzk2Þm�1; smðzÞ ¼ d c logkzk25ðdd c logkzk2Þm�1

on Cmnf0g.
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Let f be a non-constant meromorphic mapping of Cm into PnðCÞ. We take
the holomorphic functions f0; . . . ; fn on Cm such that If ¼ fz A Cm : f0ðzÞ ¼ � � �
fnðzÞ ¼ 0g is of dimension at most m� 2, and f ¼ f f0; . . . ; fng is called a reduced
representation of f . The characteristic function of f is defined as

Tf ðrÞ ¼
ð
SðrÞ

logk f ksm �
ð
Sð1Þ

logk f ksm:

Note that Tf ðrÞ is independent of the choice of the reduced representation of f .
For a divisor n on Cm and positive integers k; p (or k; p ¼ y), we define

some divisors as follows.

n pðzÞ ¼ minfp; nðzÞg;

n
p
akðzÞ ¼

0; if nðzÞ > k;

n pðzÞ; if nðzÞa k;

�

n
p
>kðzÞ ¼

n pðzÞ; if nðzÞ > k;

0; if nðzÞa k:

�

Define nðtÞ by

nðtÞ ¼
Ð
jnjVBðtÞ nðzÞum�1; if mb 2;P
jzjat nðzÞ; if m ¼ 1:

(

Similarly, we define npðtÞ, np
akðtÞ, n

p
>kðtÞ. Define the counting function of n as

Nðr; nÞ ¼
ð r

1

nðtÞ
t2n�1

dt ð1 < r < yÞ:

Similarly, we define Nðr; n pÞ, Nðr; n p
akÞ, Nðr; n p

>kÞ and denote them by Npðr; nÞ,
N

p
akðr; nÞ, N

p
>kðr; nÞ, respectively.

Let f : Cm ! P1ðCÞ be a meromorphic function. Define

NfðrÞ ¼ Nðr; nfÞ; N
p
f ðrÞ ¼ Npðr; nfÞ;

N
p
f;akðrÞ ¼ N

p
akðr; nfÞ; N

p
f;>kðrÞ ¼ N

p
>kðr; nfÞ:

In order to prove our results, we need the second main theorem for mero-
morphic mappings.

Lemma 3.1 [13]. Let f : Cm ! PnðCÞ be a linearly non-degenerate mero-
morphic mapping and H1; . . . ;Hq be q hyperplanes in general position in PnðCÞ.
Then

k ðq� n� 1ÞTf ðrÞa
Xq

j¼1

Nn
ð f ;HjÞðrÞ þ oðTf ðrÞÞ:

As usual, by the notation ‘‘k P’’ we mean the assertion P holds for all
r A ½0;yÞ excluding a Borel subset E of the interval ½0;yÞ with

Ð
E
dr < y.
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The following lemma is a modification of the second main theorem, which is
essential to the proof of Theorem 1.1.

Lemma 3.2. Let f : Cm ! PnðCÞ be a linearly non-degenerate meromorphic
mapping and H1; . . . ;Hq be q hyperplanes in general position in PnðCÞ. Then����� q� n� 1�

Xq

i¼3

n

mi þ 1
� 2n

m2 þ 1

" #
Tf ðrÞ

a
Xq

j¼1

1� n

m2 þ 1

� �
Nn

ð f ;HjÞ;amj
ðrÞ þ oðTf ðrÞÞ;

where m1 bm2 b; � � � ;bmq b n are integers.

Proof. With Lemma 3.1, we have

k ðq� n� 1ÞTf ðrÞð3:1Þ

a
Xq

j¼1

Nn
ð f ;HjÞðrÞ þ oðTf ðrÞÞ

¼
Xq

j¼1

½Nn
ð f ;HjÞ;amj

ðrÞ þNn
ð f ;HjÞ;>mj

ðrÞ� þ oðTf ðrÞÞ

a
Xq

j¼1

Nn
ð f ;HjÞ;amj

ðrÞ þ n

mj þ 1
Nð f ;HjÞ;>mj

ðrÞ
� �

þ oðTf ðrÞÞ

¼
Xq

j¼1

Nn
ð f ;HjÞ;amj

ðrÞ þ n

mj þ 1
½Nð f ;HjÞðrÞ �Nð f ;HjÞ;amj

ðrÞ� þ oðTf ðrÞÞ

a
Xq

j¼1

Nn
ð f ;HjÞ;amj

ðrÞ þ n

mj þ 1
½Nð f ;HjÞðrÞ �Nn

ð f ;HjÞ;amj
ðrÞ� þ oðTf ðrÞÞ

¼
Xq

j¼1

1� n

mj þ 1

� �
Nn

ð f ;HjÞ;amj
ðrÞ þ n

mj þ 1
Nð f ;HjÞðrÞ þ oðTf ðrÞÞ

a
Xq

j¼1

1� n

mj þ 1

� �
Nn

ð f ;HjÞ;amj
ðrÞ þ n

mj þ 1
Tf ðrÞ þ oðTf ðrÞÞ

a 1� n

m1 þ 1

� �
Nn

ð f ;H1Þ;am1
ðrÞ þ

Xq

j¼2

1� n

m2 þ 1

� �
Nn

ð f ;HjÞ;amj
ðrÞ

þ
Xq

j¼1

n

mj þ 1
Tf ðrÞ þ oðTf ðrÞÞ
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a
n

m2 þ 1
� n

m1 þ 1

� �
Nn

ð f ;H1Þ;am1
ðrÞ þ

Xq

j¼1

1� n

m2 þ 1

� �
Nn

ð f ;HjÞ;amj
ðrÞ

þ
Xq

j¼1

n

mj þ 1
Tf ðrÞ þ oðTf ðrÞÞ

a
n

m2 þ 1
� n

m1 þ 1

� �
Tf ðrÞ þ

Xq

j¼1

1� n

m2 þ 1

� �
Nn

ð f ;HjÞ;amj
ðrÞ

þ
Xq

j¼1

n

mj þ 1
Tf ðrÞ þ oðTf ðrÞÞ;

which implies that the conclusion of Lemma 3.2 holds.
Hence, we finish the proof of this lemma.

Lemma 3.3 [13]. Let f be a meromorphic mapping, and fajgq
j¼1 be q

ðb 2nþ 1Þ meromorphic mappings from Cm into PnðCÞ in general position such
that f is linearly non-degenerate over Rðfajgq

j¼1Þ. Then

���� q

nþ 2
Tf ðrÞa

Xq

j¼1

Nn
ð f ;ajÞðrÞ þ oðTf ðrÞÞ þO max

1a jaq
Taj ðrÞ

� �
:

4. The proof of Theorem 1.1

On the contrary, suppose that f 0 g. In the following, we use the methods
of Z. Chen and Q. Yan [4], T. Cao and H. Yi [1], G. Dethlo¤ and T. Tan [5] to
handle the problem.

We first introduce an equivalence relation on L :¼ f1; . . . ; qg as follows i@ j

if and only if
ð f ;HiÞ
ð f ;HjÞ

� ðg;HiÞ
ðg;HjÞ

¼ 0. Set fL1; . . . ;Lsg ¼ L=@. Since f 0 g and

fHjgq
j¼1 are in general position, we have that aLk a n for all k A f1; . . . ; sg:

Without loss of generality, we assume that Lk :¼ fik�1 þ 1; . . . ; ikg ðk A f1; . . . ; sgÞ
where 0 ¼ i0 < � � � < is ¼ q.

Define the map s : f1; . . . ; qg ! f1; . . . ; qg by

sðiÞ ¼ i þ n; if i þ na q;

i þ n� q; if i þ n > q:

�

It is easy to see that s is bijective and jsðiÞ � ijb n (note that qb 2n). This
implies that i and sðiÞ belong two distinct sets of fL1; . . . ;Lsg and

ð f ;HiÞ
ð f ;HsðiÞÞ

� ðg;HiÞ
ðg;HsðiÞÞ

0 0:ð4:1Þ
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Let Pi ¼ ð f ;HiÞðg;HsðiÞÞ � ðg;HiÞð f ;HsðiÞÞ. Obviously, Pi 0 0. With the Jensen
formula, we obtain

NPiðrÞ ¼
ð
SðrÞ

logjPijsm þOð1Þð4:2Þ

a

ð
SðrÞ

logðjð f ;HiÞj2 þ jð f ;HsðiÞÞj2Þ1=2sm

þ
ð
SðrÞ

logðjðg;HiÞj2 þ jðg;HsðiÞÞj2Þ1=2sm þOð1Þ

aTf ðrÞ þ TgðrÞ þOð1Þ ¼ TðrÞ þOð1Þ;

where TðrÞ ¼ Tf ðrÞ þ TgðrÞ.
Let k A fi; sðiÞg. Since v1ð f ;HkÞ;amk

¼ v1ðg;HkÞ;amk
, we have that a zero point z0

of ð f ;HkÞ with multiplicityamk is a zero point of ðg;HkÞ with multiplicity
amk. Then z0 is a zero point of Pi with multiplicitybminfvð f ;HkÞðz0Þ;
vðg;HkÞðz0Þg (outside an analytic set of codimensionb 2).

We also have

minfvð f ;HkÞðz0Þ; vðg;HkÞðz0Þgð4:3Þ

b vnð f ;HkÞ;amk
ðz0Þ þ vnðg;HkÞ;amk

ðz0Þ � nv1ð f ;HkÞ;amk
ðz0Þ:

For any j A f1; . . . ; qgnfi; sðiÞg, by f ðzÞ ¼ gðzÞ on 6q

j¼1
fz A Cm : 0 <

vð f ;HjÞðzÞamjg, we have that a zero point z0 of ð f ;HjÞ with multiplicityamj

is a zero point of Pi (outside an analytic set of codimensionb 2).
From the above discussions, we deduce

Nn
ð f ;HiÞ;ami

ðrÞ þNn
ðg;HiÞ;ami

ðrÞ � nN 1
ð f ;HiÞ;ami

ðrÞ þNn
ð f ;HsðiÞÞ;amsðiÞ

ðrÞð4:4Þ

þNn
ðg;HsðiÞÞ;amsðiÞ

ðrÞ � nN 1
ð f ;HsðiÞÞ;amsðiÞ

ðrÞ þ
Xq

j0i;sðiÞ
N 1

ð f ;HjÞ;amj
ðrÞ

aNPiðrÞaTðrÞ:

By taking the sum of both sides of (4.4) over ð1a ia qÞ, we have

2
Xq

i¼1

½Nn
ð f ;HiÞ;ami

ðrÞ þNn
ðg;HiÞ;ami

ðrÞ�ð4:5Þ

þ ðq� 2n� 2Þ
Xq

i¼1

N 1
ð f ;HiÞ;ami

ðrÞa qTðrÞ:

Similarly, we deduce that
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2
Xq

i¼1

½Nn
ð f ;HiÞ;ami

ðrÞ þNn
ðg;HiÞ;ami

ðrÞ�ð4:6Þ

þ ðq� 2n� 2Þ
Xq

i¼1

N 1
ðg;HiÞ;ami

ðrÞa qTðrÞ:

Combining (4.5), (4.6) and N 1
ð f ;HiÞ;ami

ðrÞb 1

n
N n

ð f ;HiÞ;ami
ðrÞ yields that

qþ 2n� 2

n

Xq

i¼1

½Nn
ðg;HiÞ;ami

ðrÞ þNn
ð f ;HiÞ;ami

ðrÞ�a 2qTðrÞ:ð4:7Þ

Rewriting (4.7) as

1� n

m2 þ 1

� �Xq

i¼1

½Nn
ðg;HiÞ;ami

ðrÞ þNn
ð f ;HiÞ;ami

ðrÞ�ð4:8Þ

a
2qn

qþ 2n� 2
1� n

m2 þ 1

� �
TðrÞ:

With Lemma 3.2 and (4.8), we get

q� n� 1�
Xq

i¼3

n

mi þ 1
� 2n

m2 þ 1

" #
TðrÞð4:9Þ

a
2qn

qþ 2n� 2
1� n

m2 þ 1

� �
TðrÞ þ oðTðrÞÞ:

Furthermore, we obtain

q� n� 1�
Xq

i¼3

n

mi þ 1
� 2n

m2 þ 1

" #
TðrÞð4:10Þ

nðq� 2Þ �
Xq

i¼3

n

mi þ 1
� nðq� 2Þ þ q� n� 1� 2n

m2 þ 1

" #
TðrÞ

¼ n
Xq

i¼3

mi

mi þ 1
� ðn� 1Þqþ n� 1� 2n

m2 þ 1

" #
TðrÞ

a
2qn

qþ 2n� 2
1� n

m2 þ 1

� �
TðrÞ þ oðTðrÞÞ

¼ 2n� 2n2

m2 þ 1
� 4nðn� 1Þ
qþ 2n� 2

1� n

m2 þ 1

� �� �
TðrÞ þ oðTðrÞÞ;
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which implies that

Xq

i¼3

mi

mi þ 1
a

ðn� 1Þqþ nþ 1

n
� 2ðn� 1Þ

m2 þ 1
� 4ðn� 1Þ
qþ 2n� 2

1� n

m2 þ 1

� �
:

It contradicts with assumption.
Hence, we complete the proof of Theorem 1.1.

5. The proof of Theorem 2.1

On the contrary, suppose that f ; g A Fðfajgq
j¼1; f ; 1Þ such that f 0 g.

Similarly as above, we first introduce an equivalence relation on L :¼

f1; . . . ; qg as follows i@ j if and only if
ð f ; aiÞ
ð f ; ajÞ

� ðg; aiÞ
ðg; ajÞ

¼ 0. Set fL1; . . . ;Lsg

¼ L=@. Since f 0 g and fajgq
j¼1 are in general position, we have that aLk a n

for all k A f1; . . . ; sg: Without loss of generality, we assume that Lk :¼ fik�1 þ
1; . . . ; ikg ðk A f1; . . . ; sgÞ where 0 ¼ i0 < � � � < is ¼ q.

Define the map s : f1; . . . ; qg ! f1; . . . ; qg by

sðiÞ ¼ i þ n; if i þ na q;

i þ n� q; if i þ n > q:

�

It is easy to see that s is bijective and jsðiÞ � ijb n (note that qb 2n2 þ 2nþ 2
b 2n). This implies that i and sðiÞ belong two distinct sets of fL1; . . . ;Lsg
and

ð f ; aiÞ
ð f ; asðiÞÞ

� ðg; aiÞ
ðg; asðiÞÞ

0 0:

Let

Pi ¼
ð f ; aiÞ
ð f ; asðiÞÞ

� ðg; aiÞ
ðg; asðiÞÞ

:ð5:1Þ

Obviously, Pi 0 0.
Since minfvð f ;aiÞðzÞ; 1g ¼ minfvðg;aiÞðzÞ; 1g, we obtain from (5.1) that

vPiðz0Þbminfvð f ;aiÞðz0Þ; vðg;aiÞðz0Þgð5:2Þ

b vnð f ;aiÞðz0Þ þ vnðg;aiÞðz0Þ � nv1ðg;aiÞðz0Þ:

For any j A f1; . . . ; qgnfi; sðiÞg, by the assumption (II) and (5.1), we have
that a zero point z0 of ðg; ajÞ is a zero point of Pi (outside an analytic set of
codimensionb 2).

From the above discussions, we deduce
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Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ � nN 1
ðg;aiÞðrÞ þ

Xq

j0i;sðiÞ
N 1

ðg;ajÞðrÞð5:3Þ

aNPiðrÞaTPiðrÞamðr;PiÞ þN1=PiðrÞ
aTðrÞ �Nð f ;asðiÞÞðrÞ �Nðg;asðiÞÞðrÞ þN1=PiðrÞ þOð1Þ;

where TðrÞ ¼ Tf ðrÞ þ TgðrÞ. Obviously,

v1=PiðzÞ � vð f ;asðiÞÞðzÞ � vðg;asðiÞÞðzÞð5:4Þ

amaxfvð f ;asðiÞÞðzÞ; vðg;asðiÞÞðzÞg � vð f ;asðiÞÞðzÞ � vðg;asðiÞÞðzÞ

¼ �minfvð f ;asðiÞÞðzÞ; vðg;asðiÞÞðzÞg

a�vð f ;asðiÞÞðzÞ � vðg;asðiÞÞðzÞ þ nv1ðg;asðiÞÞðzÞ:

Combing (5.3) and (5.4) yields that

Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ � nN 1
ðg;aiÞðrÞ þNn

ð f ;asðiÞÞðrÞð5:5Þ

þNn
ðg;asðiÞÞðrÞ � nN 1

ðg;asðiÞÞðrÞ þ
Xq

j0i;sðiÞ
N 1

ðg;ajÞðrÞ

aTðrÞ þOð1Þ:

By taking the sum of both sides of (5.5) over ð1a ia qÞ, we have���� 2
Xq

i¼1

½Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ� þ ðq� 2n� 2Þ
Xq

i¼1

N 1
ðg;aiÞðrÞð5:6Þ

a qTðrÞ þOð1Þa ðnþ 2Þ
Xq

i¼1

½Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ� þ oðTðrÞÞ;

which implies that���� ðq� 2n� 2Þ
Xq

i¼1

N 1
ðg;aiÞðrÞð5:7Þ

a n
Xq

i¼1

½Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ� þ oðTðrÞÞ

a n2
Xq

i¼1

½N 1
ð f ;aiÞðrÞ þN 1

ðg;aiÞðrÞ� þ oðTðrÞÞ

a 2n2
Xq

i¼1

N 1
ðg;aiÞðrÞ þ oðTðrÞÞ:
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Noting that qb 2n2 þ 2nþ 3 and (5.7), we deduce that
Pq

i¼1 N
1
ðg;aiÞðrÞ ¼Pq

i¼1 N
1
ð f ;aiÞðrÞ ¼ oðTðrÞÞ. By Lemma 3.3, we derive a contradiction.

Thus, we finish the proof of Theorem 2.1.

6. The proof of Theorem 2.2

In the following, we will prove Theorem 2.2 as the way in Theorem 2.1.
Obviously, the inequality (5.2) still holds.
For any j A f1; . . . ; qgnfi; sðiÞg, by the assumption Eð f ; ajÞJEðg; ajÞ and

(5.1), we have that a zero point z0 of ð f ; ajÞ is a zero point of Pi (outside an
analytic set of codimensionb 2).

From the above discussions, we derive that

Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ � nN 1
ðg;aiÞðrÞ þ

Xq

j0i;sðiÞ
N 1

ð f ;ajÞðrÞð6:1Þ

aNPiðrÞaTPiðrÞamðr;PiÞ þN1=PiðrÞ
aTðrÞ �Nð f ;asðiÞÞðrÞ �Nðg;asðiÞÞðrÞ þN1=PiðrÞ þOð1Þ;

where TðrÞ ¼ Tf ðrÞ þ TgðrÞ. Obviously,

v1=PiðzÞ � vð f ;asðiÞÞðzÞ � vðg;asðiÞÞðzÞð6:2Þ

amaxfvð f ;asðiÞÞðzÞ; vðg;asðiÞÞðzÞg � vð f ;asðiÞÞðzÞ � vðg;asðiÞÞðzÞ

¼ �minfvð f ;asðiÞÞðzÞ; vðg;asðiÞÞðzÞg

a�vð f ;asðiÞÞðzÞ � vðg;asðiÞÞðzÞ þ nv1ðg;asðiÞÞðzÞ:

Combing (6.1) and (6.2) yields that

Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ � nN 1
ðg;aiÞðrÞ þNn

ð f ;asðiÞÞðrÞð6:3Þ

þNn
ðg;asðiÞÞðrÞ � nN 1

ðg;asðiÞÞðrÞ þ
Xq

j0i;sðiÞ
N 1

ð f ;ajÞðrÞ

aTðrÞ þOð1Þ:

By taking the sum of both sides of (6.3) over ð1a ia qÞ, we have���� 2
Xq

i¼1

½Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ� � 2n
Xq

i¼1

N 1
ðg;aiÞðrÞ þ ðq� 2Þ

Xq

i¼1

N 1
ð f ;aiÞðrÞð6:4Þ

a qTðrÞ þOð1Þa ðnþ 2Þ
Xq

i¼1

½Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ� þ oðTðrÞÞ;
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which implies that���� �2n
Xq

i¼1

N 1
ðg;aiÞðrÞ þ ðq� 2Þ

Xq

i¼1

N 1
ð f ;aiÞðrÞð6:5Þ

a n
Xq

i¼1

½Nn
ð f ;aiÞðrÞ þNn

ðg;aiÞðrÞ� þ oðTðrÞÞ

a n2
Xq

i¼1

½N 1
ð f ;aiÞðrÞ þN 1

ðg;aiÞðrÞ� þ oðTðrÞÞ:

It follows from (6.5) that���� ðq� n2 � 2Þ
Xq

i¼1

N 1
ð f ;aiÞðrÞa ðn2 þ 2nÞ

Xq

i¼1

N 1
ðg;aiÞðrÞ þ oðTðrÞÞ;ð6:6Þ

which indicates that

lim inf
r!y

Xq

i¼1

N 1
ð f ;aiÞðrÞ

�Xq

i¼1

N 1
ðg;aiÞðrÞa

nðnþ 2Þ
q� n2 � 2

:

For qb 2n2 þ 2nþ 3, we obtain that

lim inf
r!y

Xq

i¼1

N 1
ð f ;aiÞðrÞ

�Xq

i¼1

N 1
ðg;aiÞðrÞa

nðnþ 2Þ
n2 þ 2nþ 1

;

which contradicts with the assumption.
Thus, we finish the proof of Theorem 2.2.
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