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The unirationality of the moduli spaces of
curves of genus 14 or lower

Alessandro Verra

ABSTRACT

We prove the unirationality of the moduli space of complex curves of genus 14. The method
essentially relies on linkage of curves. In particular it is shown that a general curve of
genus 14 admits a projective model D, in a six-dimensional projective space, which is
linked to a general curve C' of degree 14 and genus 8 by a complete intersection of quadrics.
Using this property we are able to obtain, after a reasonable amount of further work, the
unirationality result in the case of genus 14. Moreover, some variations of the same method,
involving the Hilbert schemes of curves of very low genus, are used to obtain the same
result for the known cases of genus 11, 12, 13.

Introduction

In this paper we prove that the moduli space of complex curves of genus 14 is unirational.
Our method applies more in general to the moduli space M, with g < 14, so we use it to give
new proofs of the unirationality of M, for g = 11,12,13.

The proof relies on linkage of curves in the projective space and on Mukai’s description of
canonical curves, of certain low genera, as linear sections of a homogeneous space [Muk88]. From
these results of Mukai we deduce the unirationality of the Hilbert schemes of non-special, smooth,
irreducible curves of degree d and genus g < 10 in P” (see § 1). Then we use this property, together
with linkage, for proving our results.

To add some historical remarks we recall that the proof of the unirationality of M, goes back
to Severi for g < 10 (see [Sev21]). The cases of genus 11,12, 13 were first proved by Sernesi [Ser81]
for ¢ = 12 and Chang and Ran [CR84] for g = 11,13. Quite recently a proof which is in part
computational was given by Schreyer and Tonoli for g = 11, 12,13 (see [ST02]).

A conjecture of Harris and Morrison implies that M, has negative Kodaira dimension for g < 22.
Our result implies such a property for M4, this was known up to now for ¢ < 13 and g =
15,16, cf. [HM90, CR91, FP02, MMS83]. Of course things are different in higher genus: due to the
fundamental results of Eisenbud, Harris and Mumford [EH83 HMS82], M, has non-negative Kodaira
dimension for g > 23 and it is of general type for g > 24. Recently, Farkas has shown that Mos
has Kodaira dimension > 1 (see [Far00]). Our starting point has been the following observation:
fix a curve D of genus 14 with general moduli. On D there are finitely many line bundles L of
degree eight such that h°(L) = 2. For each of them wp(—L) is very ample and defines an embedding
D ¢ PS. Now consider the vector space V of quadratic forms vanishing on D: if D is projectively
normal then V' has dimension five and, hence, D C Q1 N--- N @5, where Q1 ... Q5 are independent
quadrics. If @ ...Q5 define a complete intersection, then Q1 N---N Q5 = C U D, where C is a
curve of degree 14. If C' is smooth and connected then its geometric genus is eight. In § 5 we show
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A. VERRA

the existence in P% of a complete intersection of five quadrics C, U D, which satisfies all of the
previous assumptions. Using the general set up proved in §§ 2, 3 and 4 we are also able to deduce
that C, is a non-specially embedded, projectively normal curve and that the Petri map

p: H(wp, (1)) ® H(Op, (1)) — H(wp,)

is injective. Then, in their corresponding Hilbert schemes, C, and D, admit irreducible open neigh-
borhoods C and D parametrizing curves with the same properties. It follows from the results of
§ 1 that C is unirational. On the other hand, the injectivity of g implies that the natural map
f D — Miyys is dominant. On C one can easily construct a Grassmann bundle G which is locally
trivial in the Zariski topology and parametrizes pairs (C, V') such that C € C and V C H%(Z¢(2))
is a five-dimensional subspace. Since C is unirational the same holds for G. Finally, the existence
of the above complete intersection C, U D, makes it possible to define a rational map ¢ : G — D
sending a general pair (C,V') to D, where C' U D is the scheme defined by V and D is a smooth,
irreducible element of D. It turns out that ¢ is birational, hence f - ¢ : G — My, is dominant and
M4 is unirational. A more elaborated, from the technical point of view, version of this idea works
for showing the unirationality of the universal five-symmetric product over Mo, of the universal
six-symmetric product over My; and finally of My3. So in this way we are able to obtain the
unirationality of Mg, g = 11,12,13.

To continue with the example of genus 14 we give some more details on the way we prove the
unirationality of C. In the general case of a Hilbert scheme of non-special curves of degree d and
genus g < 10 the proof of the unirationality is analogous (see § 2). It follows from Mukai’s results
that a general genus eight canonical curve is a linear section of the Pluecker embedding G ¢ P of

the Grassmannian of lines of P® (cf. [Muk88]). Assume x = (x1,...,75) € G® is general and let P,
be the space spanned by z1,...,zs, then C, := P, NG is such a general canonical curve. Moreover,
C, is endowed with the line bundle H, := wc, (21 +---+x4 — 25— —28) € Pic'*(C,). The pair

(Cy, Hy) defines a point in the universal Picard variety Picisg and a rational map G® — Pic 14,8
It turns out that the latter is dominant (see § 3), therefore Pic4g is unirational. Then, with a little
bit more effort, the unirationality of C also follows.

In order to complete this introduction, it is necessary to mention that some constructions
produced in the paper can be also effectively achieved via an adequate computer package. As pointed
out by the referee, this is true for the projective models of curves of genus 8 and 9 to be consid-
ered. The author’s choice was for geometric proofs, due to some lack of familiarity with computer
packages and due to the beauty of some of the geometry involved.

Some frequently used notation and conventions

e Hgyg4, denotes the restricted Hilbert scheme. This is the subscheme, in the Hilbert scheme of
curves of degree d and genus g in P", parametrizing smoothable, connected, non-degenerate
curves.

e WJ(D) is the Brill-Noether locus of all line bundles H € Pic?%(C) such that h°(H) > r + 1.
W, g 18 the universal Brill-Noether locus over M. Pic 4, is the universal Picard variety.

e To simplify notation X NY will be the scheme-theoretic intersection of the schemes X and Y,
unless differently stated.

e Ty/y is the ideal sheaf of X in Y. If V' is a vector space of sections of a line bundle [V is the
associated linear system. The dual of a vector bundle £ is £, P(€) := Proj £*.

A nodal curve is a curve having ordinary nodes as its only singularities.
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1. Auxiliary unirationality results

In this section we show some results of unirationality for the Hilbert schemes Hy 4, in genus g < 9.
More precisely, let

Hy'r = 1C € Hag,r | C is smooth and O¢(1) is non-special}, (1.1)

where 3 < r < d — ¢g. As is well known, the Zariski closure of Hg‘;r is the unique irreducible
component of the Hilbert scheme which dominates M. We will prove the following.

THEOREM 1.2. We have that ZILZ , Is unirational for g = 7,8,9.

The extension of the theorem to genus g < 6 is easy: see Remark 1.11. The theorem is an
application of the following description, due to Mukai, of a general canonical curve of genus g = 7, 8,9
(cf. [Muk88]).

THEOREM 1.3. For g = 7,8,9 there exists a rational homogeneous space P, C PAm Pyt+9-2 whose
general curvilinear section is a general canonical curve.
Let P, be a homogeneous space as above, we consider the open subset
UcCPj (1.4)
of points = (1,...,x4) such that ; # (i # j) and moreover:
(i) the linear span P, := (21 ...x,) has dimension g — 1;
(ii) Cp:=P, NG is a smooth, irreducible canonical curve.

On U we have a universal canonical curve 7 : C — U with fibre C, over x. C contains the divisors
D; = s;(U), where s; : U — C is the section sending z to z;. For any d > g + 3 we fix non-zero
integers n1,...,ny such that d = ny +--- +ny + 2 — 2g. Then we consider the sheaf

H = wr(niDi + - +ngDy), (1.5)

where w, denotes the relative cotangent sheaf of 7. For any x € U we have H ® O¢, = wc, (n121 +
-+ ngxy). Let C be a curve of genus g, then the Abel map a : C9 — Pic9(C) is surjective. As it
is well known this property generalizes as follows.

LEMMA 1.6. Let ny,...,ng be non-zero integers, then the map ay,. n, : C9 — Picd(C) sending
(x1,...,24) to we(nizy + - - - + ngxy) Is surjective.

LEMMA 1.7. Let x be general in U, then H ® O¢, is non-special and very ample.

Proof. Let C' = C,, by Mukai’s result we can assume that C has general moduli. By the previous
lemma, each L € Pic?(C) is isomorphic to we(Xn;y;), for some y = (y1,. .. ,Yg) € C9. Therefore,
keeping C' fixed and possibly replacing = by y, we can assume that H @ O¢ is general in Pic?(C).
On a general curve of genus g a general line bundle of degree d > ¢ + 3 is very ample, as follows
from [ACGHB84, Theorem 1.8, p. 216]. Moreover, such a line bundle is also non-special. O

Finally, up to shrinking the open set U, we can assume that:
(ii) Proj (meH) = U x P479;
(iv) C is embedded in U x P99 by the map associated to the tautological sheaf;
(v) H® O¢, is non-special, for all z € U.

LEMMA 1.8. The natural morphism r : U — Pic 44 is dominant.
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Proof. Let © € U, by definition r(z) is the isomorphism class of (C,,’ H ® O¢,) in the universal
Picard variety Picgq4. To prove that r is dominant, it suffices to show that r(U) intersects a general
fibre of the forgetful map f : Picyy, — M, along a dense subset. A general fibre of f is Picd(C),
where C'is general of genus g. By Mukai’s theorem C'is biregular to a section C,, = P,N Py, for some
point o = (01,...,0,) in CJNU. Note that 7/C§NU : CJ — Pic?(C) associates to = = (x1,...,z,)
the line bundle H ® O¢, = Oc¢(niz1 + -+ + ngxy). Then such a map extends to the surjection
Qny..n, considered in Lemma 1.6 and, hence, r(C§NU) is dense.

Let
p:Hyya—g — Picay (1.9)
be the morphism sending C' to the isomorphism class of the pair (C,O¢(1)) and let
q:Ux PGL(d—g+1) = Hg}ay (1.10)
be the morphism sending (z, @) to a(C,). We observe that r(U) is the image of U x {id} under the
map p - q. Hence, by Lemma 1.8, p- ¢ is dominant. U

Proof of Theorem 1.2. We first show the case r = d — g. We know from Lemma 1.8 and (1.10) that
both p(¢(U x PGL(r + 1))) and p(Hy?%, ;,_,) contain a non-empty open set of Pic 4 4. Therefore,

A= p_l{p(Q(U X PGL(d -9 + 1))) mp(l}—(dg d— g)}

contains a non-empty open set. Then, since H[? G 1S irreducible, it suffices to show that A C

q(U x PGL(r + 1)). Indeed this implies that ¢ is dominant and, hence, that Hy? . is unirational.
To prove the above inclusion we observe that: C € A = p(C) € p(q(U x PGL(d—g+1))) = C
is smooth and O¢(1) is non-special = C' is linearly normal = p~!(p(C)) = P¢, where P is the
PGL(d — g + 1)-orbit of C. However, then there exists # € PGL(r + 1) such that 3(C) = q(z, a),
that is C' = q(x, 7 'a). Let us complete the proof with the case r < d — g: consider the space M,
of all linear projections P9 — P" and the map s: Y x M, — Hy, - sending (C a) to a(C). 1t is

easy to see that s is dominant, therefore H/;* o is also unirational. O

Remark 1.11. Let 4 < g < 6 and let P, C P9t be a fixed, general Fano threefold of index one
and genus ¢g. A parameters count shows that a general canonical curve of genus ¢ is a curvilinear
section of F;. Using this property one can show, with exactly the same proof as above, that H};* o
is umratlonal if 4 < g < 6. We leave to the reader the extension of the result to the case g < 3.

2. General set-up

In this section we build up a somehow general strategy to apply the previous unirationality results.
The basic idea is to consider families of irreducible curves D of genus ¢’ which are linked to a general
CeHyp . by a complete intersection of fixed type (f1,..., fr—1). These families are unirational.
In some cases they dominate M. We start with the following.

DEFINITION 2.1. Let 3 <r < d— g and let g <9, then
Cigr = {C € Hy%, | py has maximal rank for each f}
where py : H(Zo/pr(f)) — H°(Oc/(f)) is the restriction map.

By semicontinuity Cg 4, is open, it is non-empty because the maximal rank condition is gener-
ically satisfied in the cases we are considering [BE87]. Due to the results of the previous section,
Cq,g,r is irreducible and unirational. We fix a sequence of integers

U:(fl7”’7f87k17"'7k8) (22)
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satisfying
1< k;<n; and k4 +ks=r—1
where n; is the constant value of h° (IC/pr (fi)) when C' moves in Cq 4 ,. Then we consider the ideal

sheaf J of the universal curve C C Cg’sgm x P" and the natural projections p; : C — C44, and

p2 : C — P”". By Grauert’s theorem the sheaf
Fi = p1:(T @ p30pr(fi)) (2.3)

is a vector bundle on Cg44 ., the fibre at C' being the space H O(Ic/pr (fi)). For each k > 1 we can
also consider the Grassmann bundle

up,: Gk, Fy) — CJS., (2.4)

defined by k£ and F;.
DEFINITION 2.5. gg,gm is the fibre product G(kq, F1) Xug, "+ Xuy, G(ks, Fs) over Cqg.r.

We have that G7 . is birational to the product Cy g, x G(k1,n1) X - - x G(ks,ns), therefore the
next statement is immediate.

PROPOSITION 2.6. We have that Qgg , 1s irreducible and unirational.

A point of Q(‘i g, 18 @ sequence (C,Vh,...,Vs), where C € CQ’Z’T and Vj is a k;-dimensional subspace

of HY(Z¢/pr(fi)). Let B C P be the scheme defined by the set of homogeneous forms Vi U---U V.
Since dimV; + --- 4+ dimVy; = r — 1 it is possible that B is a curve: in this case B is a complete
intersection.

DEFINITION 2.7.

(1) A point (C,Vi,...,V;) € G7 . is a key-point if the above scheme B is a nodal curve C'U D
and D is smooth, irreducible and non-degenerate.

(2) gg, o satisfies the key condition if the set of its key-points is non-empty.

Clearly the set of the key-points of G g 18 Open. Let C' U D be a nodal complete intersection as
above, from now on we will keep the following notation:

d =deg(D), ¢ =pa(D), n = cardinality of Sing B. (2.8)
The numbers d’, ¢' and n can be readily computed from (d, g, o), we have
d+d = fir... fhs
(9—9)=5(kifi+-+kefs —r—1)(d—d)
n=(kifi+-+ksfs—r—1)d+2-2g,
see [Ful84, Example 9.1.12, p. 159]. Finally, we fix the notation for some natural maps.

DEFINITION 2.9. Assume that in satisfies the key condition, then g4, : Qg’g’r — Ha g is the
map sending a point (C, V1, ..., Vs) as above to D.

The natural map from Hg 4, to the universal Brill-Noether locus will be denoted as

ﬁdvgvr : Hdd}ﬂ“ - Wg,g (2'10)
and the forgetful map from Wy ; to the moduli space will be denoted as
Qdygr i Wag — Mg (2.11)

The next statement only summarizes our program for showing the unirationality of some moduli
spaces, the proof is immediate.
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PROPOSITION 2.12. Assume that gg,g,r satisfies the key condition and that the image of vq 4, :
Gd.gr — Ha g r dominates Mg, then Mg is unirational.

3. Some useful criteria I

In this section we prove sufficient conditions to ensure that the key condition holds for Qi o
This criterion is an elementary version of more general known properties and we show it for com-
pleteness and the lack of references. We recall that a subvariety ¥ C P" is a scheme-theoretic
intersection of hypersurfaces of degree f if and only if Zy /p-(f) is globally generated. Throughout
this section we will assume that

Y=Y‘UZ (3.1)
where:

e Y¢is an equidimensional variety of codimension ¢, which is locally complete intersection with
at most finitely many singular points;

e 7 is disjoint from Y¢ and it is either smooth zero-dimensional or empty.

PROPOSITION 3.2. Assume that Ty p-(f) is globally generated and that dimY < 3. Then there
exists a complete intersection of ¢ hypersurfaces Q)1 ... Q. of degree f such that either:

e ()1N---NQ.=Y; or

e Q1N---NQ.=XUY and, moreover, (1) X is smooth and contains Z, (2) X NY¢ is smooth
and equidimensional of codimension ¢ + 1.

Proof. Let I =: H° (Zypr(f)), we denote by G the Grassmannian of codimension ¢ subspaces of
I and by G, the Grassmannian of c-dimensional subspaces. We assume that Y is not a complete
intersection of ¢ hypersurfaces of degree f: otherwise there is nothing else to show. Let o : P — P"
be the blowing up of Y¢. Then the strict transform of |I| by o is | f H — F|, where E is the exceptional
divisor of o and H is the pull-back of a hyperplane. Since Zy/p-(f) is globally generated and YV =
YU Z, the base locus of |fH — E| is 0=1(Z). Let V € G. be general and let By be the base locus of
the strict transform of |V'| on P. By Bertini’s theorem we can assume that By is smooth: this follows
because o~ 1(Z) is smooth and finite. Moreover, we can assume that By intersects transversally the
exceptional divisor E. Since Y is locally complete intersection, F is a projective bundle with fibre of
dimension ¢— 1. Then, since V is general of codimension ¢ and Sing Y is finite, we can also assume
that By No~!(Sing Y°) is empty. We claim that o /By : By — P” is an embedding: this is obvious
on By —(ByNE). To complete the proof consider p € ByNE and F = o~ *(co(p)). By is the complete
intersection of ¢ independent divisors Dy,..., D, of |fH — E|. Since Op(fH — E) = Opc-1(1) the
intersection scheme By NF' is a linear space. This must be zero-dimensional because By is transversal
to E, hence, 0 /By is an embedding at p. Let Xy = o(By ) then Xy is smooth and, moreover, Xy UY
is the complete intersection of the hypersurfaces o(D1),...,0(D.) € |Zy/pr(f)|. This proves all of
our statements except that Xy N Y¢ is smooth. To prove this latter property we consider, for any
y € Y°—Sing Y, the vector space I, = {g € [ | q € mi} Since Y is a scheme-theoretic intersection of
hypersurfaces of degree f, I, has codimension c in /. This defines a morphism ¢ : Y°—Sing ¥ — G*
sending y to I,,. For any V' € G we can consider the Schubert cycle oy = {L € G¢ | dim (LNV') > 1}.
It is well known that Sing oy = {L € G° | dim (L N V) > 2} and, moreover, that Sing oy has
codimension 4 in G,. Since dimY < 3 we have Sing oy N ¢(Y¢ — Sing V) = () for a general V.
Then, by the transversality of a general oy, we can assume that ¢~'(oy) is smooth of codimension
¢+ 1. On the other hand, it turns out that ¢=!(oy) = YN Xy . Indeed we have y € YN Xy &
y € Y°—Sing Y and By is singular at y < y € Y° — Sing Y and dim [, NV = 1. This completes
the proof. O
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In particular we will apply the lemma when Y¢ is a nodal curve. So we point out the following.

PROPOSITION 3.3. Let Y = C U Z, where C' is a nodal curve and Z is a smooth, zero-dimensional
scheme disjoint from C'. Assume that Ty pr(f) is globally generated, then:
(1) Y lies in a smooth surface S which is complete intersection of r — 2 hypersurfaces of degree f;
(2) |fH — C| is base-point-free, so that a general D € |fH — C| is transversal to C; D is connected
if D? > 0 (H = hyperplane section of S).

Proof. By Proposition 3.2 there exists a nodal complete intersection C'U D, of » — 1 hypersurfaces
of degree f, such that D is smooth and contains Z. Let V' = HO(ICUD/Pr(f)) and let x € C U D:
if z is smooth no @ € |V is singular at z. If x is singular then x is a node and there exists exactly
one Q) singular at z. Since Sing C'U D is finite, the base locus of a general hyperplane in |V is a
smooth surface S as required. This shows part (1). Part (2) follows immediately. O

PROPOSITION 3.4. Let Y = C' U Z be as in Proposition 3.3 and let o = (f,r — 1). Assume that:

(1) Zy/pr(f) is globally generated and C' € Cy,g;

(2 d< ft—fr2andd(ff2-r—1)<2¢ —2.

Then GJ o satisfies the key condition.
Proof. By Proposition 3.3 Y C S, where S is a smooth complete intersection of r — 2 hypersurfaces
of degree f. Moreover, there exists a smooth D € |fH — C| transversal to C. Conditions in part (2)

are equivalent to (H — D)H < 0 and D? > 0. Hence, D is connected, not degenerate and the
statement follows. O

4. Some useful criteria II

Now we want to give some sufficient conditions, on some of the unirational Grassmann bundles GJ o
so that GJ g dominates the moduli space My

LEMMA 4.1. Let CUD C P" be a nodal complete intersection of r — 1 hypersurfaces of degree f =
(r+2)/(r—2). Then:
(1) C is f-normal if and only if D is linearly normal and D is f-normal if and only if C' is linearly
normal;
(2) Oc¢(1) is non-special if and only if h°(Zp/p-(f)) =r — 1;
(3) C is non-degenerate if and only if Op(f) is non-special and D is non-degenerate if and only if
Oc(f) is non-special.

Proof. As in Proposition 3.3 C' U D is contained in a smooth complete intersection S of r — 2
hypersurfaces of degree f.

(1) Let H be a hyperplane section of S, the assumption f = (r +2)/(r — 2) simply means that H
is a canonical divisor. It follows from the standard exact sequence
0—Os(H—-D)— Og(H)— Op(H)—0
that D is linearly normal if and only if h'(Og(H — D)) = 0. Since H is canonical we have
h'(Os(H — D)) = h'(Og(D)) = h'(Os(fH — C)). Hence, D is linearly normal if and only if
C is f-normal. Since C' + D ~ fH, the second equivalence follows exchanging D with C.
(2) At first we remark that h°(Zp/pr(f)) = h°(Os(fH — D)) +r —2 = h%(O0s(C)) +r — 2.
Secondly the standard exact sequence
0—0s(H—-C)— Ogs(H) — Oc(1) =0
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yields h1(O¢(1)) = h3(Os(H — C)) — h2(Og(H)) = h%(Os(C)) — 1. Hence, hO(Zppr(2)) =
r—1e B(0g(C)) =1 & h'(Oc(1) = 0.

(3) Consider the standard exact sequence
0— O0s(C) — Os(fH) — Op(f) =0

and its associated long exact sequence. Since f > 1, we have h'(Ogs(fH)) = h*(Os(fH)) =
and, hence, h'(Op(f)) = h?(Os(C)) = h°(Os(H — C)). This implies the first equivalence.
Again the second follows exchanging C and D. O

PROPOSITION 4.2. Let 0 = (f,r—1), with f = (r+2)/(r —2) and r = d — g. Assume that the map

. g r
ﬁd/vglvr : ’degvr ° gd,g,’l“ Wd/,g/

exists, i.e. that in’g . satisfies the key assumption. Then the image of such a map is open.

Proof. Under the assumption a general C' € Cy 4, is linked to a smooth, irreducible, non-degenerate
curve D by a complete intersection of r — 1 hypersurfaces of degree f. Note that C' is both f-
normal and 1-normal: this follows because the restriction map p,, : H°(Opr(m)) — H(Oc(m))
has maximal rank and h"(Zc/pa(f)) > 0. Hence, p(f) is surjective and C' is f-normal. On the
other hand, r = d — g implies h°(O¢(1)) = r + 1, because Oc(1) is non-special. Then p(1) is an
isomorphism and C'is linearly normal. D has the following properties: (i) D is linearly normal; (ii) D
is f-normal; (iii) h°(Zp pr(f)) = r — 1, (iv) Op(f) is non-special. This follows from Lemma 4.1.
Using the same lemma it is easy to see that the set

U' ={D" € Hy g, | D" is smooth, irreducible, non-degenerate and satisfies (i),..., (iv)},

is open. Let D’ € U’, assume that: (v) the scheme defined by V' =: H%(Zp p-(f)) is a complete
intersection C’ U D', where C’ is smooth and irreducible. Then, by Lemma 4.1, C' € Cy,, and,
hence, D' = 7q4.,(C',V'). Conversely, if D' = ~4,,(C’, V'), then D’ satisfies condition (v). Thus,
condition (v) defines an open set U C U’ and U is the image of 74,4, U is invariant under the action
of PGL(r+1), moreover each D € U is linearly normal. This implies that By o ,(U) = U/PGL(r+1)
and that By 4 ,(U) is open in Wy, . O

However, we recall that Wy, , can be reducible, even if the Brill-Noether number p(d',¢’,r) is
greater than or equal to zero. So it could happen that ¥4, - B¢ ¢ is not dominant and that its
image does not dominate M

DEFINITION 4.3. Let x € Wy, , be the moduli point of the pair (D, L), L € Pic 4 (D). We will say
that x is Petri general if the Petri map u: H(wp(—L)) ® H°(L) — H°(wp) is injective. We define
as the main universal Brill-Noether locus the open set

Uy o ={x € Wy o | z is Petri general}.

Let p(d’,g',7) > 0, by the main theorems of the Brill-Noether theory U , is irreducible and
dominates M, via the natural map. This motivates the previous definition.

LEMMA 4.4. Let CUD C P" be a nodal complete intersection of r — 1 hypersurfaces of degree [ =
(r+2)/(r —2). Then the following conditions are equivalent.

(1) The multiplication pc : H(Opr(1)) @ H*(Zopr (f)) — H*(Zoypr (f + 1)) Is surjective.
(2) The Petri map p: H'(wp(—1)) ® H°(Op(1)) — H®(wp) is surjective.

In particular, i is surjective if the homogeneous ideal of C' is generated by forms of degree f.
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Proof. We already know that CUD C S, where S is a smooth canonical surface which is a complete
intersection of r — 2 hypersurfaces of degree f. Then it holds wp(—1) = Op(D). Moreover, the
standard exact sequence

0— Og® H(Og(H)) — Og(D) @ H(Og(H)) — Op(D) @ H(Og(H)) — 0
induces the following exact commutative diagram.
0—= H%(Os(H)) —= H°(Os(D)) @ H*(Os(H)) — H’(wp(-1)) ® H*(Op(1)) —=0

- ; :

0— H°(Os(H)) H°(Og(H + D)) H%wp)

0

Since the left vertical arrow is an isomorphism, pg is surjective if and only if p is surjective. Now
observe that Z¢/g(f) = Os(D) and consider the exact sequence

0—=VeIgyp(f) = VeIgp(f)—V®0Os(D)—0,

where V = H%(Op-(1)). The sequence induces the following exact diagram.

0——=V & H(Zg/pr(f)) —=V @ H*(Zeyp-(f)) —=V @ H(Og(D)) —= 0

| |re lus
0 ——H"(Zg/pr(f + 1)) ——= H(Zeypr (f + 1)) —— H(Og(H + D)) —0

Since S is a complete intersection of hypersurfaces of degree f, the left vertical arrow is surjective.
Therefore, uc is surjective if and only if ug is surjective if and only if u is surjective. O

THEOREM 4.5. Let 0 = (f,r —1), f = (r+2)/(r —2) and r = d — g. Assume p(d’',¢',r) > 0 and
that one of the following conditions hold.
(1) The ideal of a general C' € Cq 4, is generated by forms of degree f and 2¢' —2 > d’' > fr=2.

(2) Gg,., satisfies the key condition and Wy, , is irreducible.

Then both U§,7 g and M are unirational.

Proof. Assume that condition (1) holds and consider a general (C,V) € Gg .. Then the scheme
defined by V is a nodal complete intersection C' U D, where D is a smooth curve of arithmetic
genus ¢’ and degree d’. It is easy to show that, under the assumption 2¢' —2 > d > f"2, D is
irreducible and non-degenerate. Hence, G7 . satisfies the key condition. Note also that condition (1)
implies the surjectivity of the multiplication map

pc : H(Opr (1)) @ H'(Zeypr (f)) = H(Zeypr (f + 1))

Then, by Lemma 4.4, u : H(wp(—1)) ® H(Op(1)) — H%wp) is surjective. This implies that p
is also injective. Indeed the assumption p(d’, ¢’,7) > 0 implies that dim H°(wp(—1)) @ H*(Op(1))
< dim H(wp), otherwise the Petri map would never be injective for the values d’, ¢, 7. However,
then By o (D) is a point of the main universal Brill-Noether locus U§,7 p and the image of

. o r
Bd’,g’,r *Yd,g,r gd,g,r - Wd’,g’

is contained in Uy . On the other hand, it follows from Proposition 4.2 that such a image is open.
Since Uy , is irreducible and dominates M, the statement follows. Finally, assume that (2) holds.
Then the image of the above map is open and also dense in WQ', ' Moreover, WQ,’ g dominates M g
because p(d’, ¢’,r) > 0. Hence, the statement follows again. O
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5. Curves of degree 14 and genus 8 in P%

Now we want to prove that the homogeneous ideal of a general curve C' € Ci4 86 is generated by
quadrics. We start with a smooth, non-degenerate Del Pezzo surface

Y C PS (5.1)

of degree 6. It is well known that Iy/p6(2) is globally generated. Then, by Proposition 3.2, there
exists a reducible, nodal complete intersection of four quadrics

XUY (5.2)

where X is a smooth, irreducible surface of degree 10 and
F=XnY (5.3)
is a smooth curve. We have Oxy (1) & wxyy for the dualizing sheaf of X UY, moreover it holds
wx (F) Hwxuy ® Ox, wy(F) 2 wxuy ® Oy. (5.4)

Since Y is a Del Pezzo, it follows that F' € |Oy(2)] is a quadratic section of Y. In particular, F is a
smooth canonical curve of genus 7 in P6. We point out that F' is non-trigonal. This follows because
a trigonal canonical curve has infinitely many trisecant lines. Since Y is the intersection of quadrics,
these lines would be contained in Y: a contradiction. Let Hx U Hy be a general hyperplane section
of XUY, with Hx € |Ox(1)| and Hy € |Oy(1)]. Since F has degree 12, it follows 17 = p,(Hx UHy)
= po(Hx) + pa(Hy) + 11 and, hence, p,(Hx) = 5.

PROPOSITION 5.5. X is rational and projectively normal. Moreover, the homogeneous ideal of X is
generated by quadrics.

Proof. To prove that a surface is projectively normal it suffices to show the same property for a
smooth, hyperplane section. Now Hyx is a smooth, non-degenerate curve of genus p and degree 2p
in PP, with p = 5. The projective normality of such a model of a genus p curve is proved in [GL86].
To prove that X is rational observe that Kx ~ Hx — F by (5.4), hence, mHxKx = —2m and
P, (X) =0 for m > 1. Moreover, the exact sequence

0— Ox —>Ox(Hx) —>OHX(HX) — 0

implies that X is regular. Indeed the restriction H*(Ox(Hx)) — H%(Op, (Hy)) is surjective
because h’(Op, (1)) = 6 and X, Hy are not degenerate. Then, passing to the long exact se-
quence, H'(Ox) injects in H(Ox(Hx)). On the other hand, h?(Ox(Hy)) = h%(Ox(Kx — Hx))
= h%(Ox(—F)) = 0. Then Riemann-Roch yields h'(Ox(Hx)) = 0. Hence, h'(Ox) = 0 and X is
regular. To show that the ideal of X is generated by quadrics we consider the exact diagram

0—=V® HO(IXUy(Q)) —V® (HO(I)((Z)) S HO(Iy(2))) —V® HO(IF(Q)) —0

l l“x@)@uy (2) l

0 ——— H%(Ixuy (3)) H°(Ix(3)) & H(Zy(2)) H(Zp(3)) —0

where the vertical arrows are the natural multiplication maps and V = H°(Ops(1)). The construc-
tion of the diagram is easy: the starting point is tensoring by V' the Mayer—Vietoris sequence

0— IXUy(Z) — Ix(Z) @Iy(Z) — IF(Z) — 0.

Since X UY is a complete intersection, h'(Zxyuy(m)) = 0, m > 1, hence, the diagram is exact.
We already know from the proof of the previous proposition that F' is a not trigonal canonical curve.
Hence, the right vertical arrow is surjective. The same is true for the left arrow, because X UY is
complete intersection. Thus, the central arrow is surjective. However, this is the direct sum of the
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multiplication maps ux(2) and uy (2),therefore both ux(2) and uy (2) are surjective. To complete
the proof it suffices to show that the multiplication

ux(m): V@ HY(Zx(m)) — H(Ix(m + 1))

is surjective for m > 3. By the Castelnuovo-Mumford theorem wux(m) is surjective for m > 3 if
h*(Z(3 —1i)) = 0, i > 0. This follows from the standard exact sequence

0—-Zx(3—1) — Ops(3—1) = Ox(3—1) — 0,
using the projective normality of X and the vanishing of h'(Ox(2)) and of h%(Ox(1)). O

Let
f:X—P! (5.6)
be the adjoint map defined by the linear system |Kx + Hx| = |[2Hx — F|. Since X is projectively
normal, the linear system defining f is cut on X by the quadrics containing F. We know from

Noether’s theorem that the ideal of F' is generated by quadrics, since F' is not trigonal. Hence,
|2Hx — F| is base-point-free and f is a morphism. Let

S = f(X), (5.7)

it is easy to compute (Kx + Hx)? = 4 and p,(Hx + Kx) = 1. This implies that f is birational
onto S and that S is a quartic Del Pezzo surface. Applying Reider’s theorem to f it follows that f
contracts an integral curve F in the following cases: (1) 1 < HE < 2 and E? = 0; (2) E is a line and
E? = —1 (see [Rei88]). It is well known that f is not a morphism in case (1), hence, only case (2)
is possible. It is easy to compute that exactly six lines are contracted by f to the distinct points

bi...bg €8S. (5.8)

LEMMA 5.9. One can assume that bq,...,bg are general points on S and that S is a general quartic
Del Pezzo surface.

Proof. In the Hilbert scheme of quartic Del Pezzo surfaces consider the open set U parametrizing
integral surfaces. Let v : S — U be the universal surface and let ug : S® — U be the six times
fibre product of u. U is irreducible and the fibre of ug at S is S°, therefore S is irreducible. Let
b = (by,...,bg), then (b,S) is a point of S6. Note that (b, S) defines the six-dimensional linear
system |Zy, 5(2)| where Z, =: {b1...b}. The associated map f, : S — P®is just f~! and the
image X, of fp is just X. Thus, for the point (b,.5), the surface X is smooth, projectively normal
and its ideal is generated by quadrics. All of these properties are preserved in a neighbourhood of
(b, S), hence, they are satisfied by X for a general (¥, 5’) € S8, This implies the statement. O

Next we recall that there exists a blowing down o : S — P? of five disjoint lines Ly,. .., Ls of S.
By the lemma we can assume that L; N {b;...bg} is empty. Thus, 7 =: o - f is the blowing up of 11
distinct points of P2, that is

li=0(L;), i=1...5 and e;=7(F;), j=1...6, (5.10)
where E; is the exceptional line contracted by f to b;. Let P € |0*Op2(1)|, note that
Pic X =Z[P|QZ[L1]|®--- B Z[Ls| D Z[E1] & - - - & Z[Eg). (5.11)
It is easy to compute that
|Hx|=[6P —2(Ly +---+ Ls) — (E1 + - - + Es)|. (5.12)
By the lemma we can assume that l1,...,l5,eq1,...,es are sufficiently general, in particular that

l1,15,€e1,eo are the base points of an irreducible pencil of conics. The strict transform on X of a
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conic of this pencil will be denoted by R. It is clear that |R| is irreducible and base-point-free, a
general R is a smooth rational curve in P% of degree 6 = HxR. We assume from now on that
li...1l5, e1...eq are in general position in P2.

LEMMA 5.13.

(1) R is non-degenerate.

(2) Let R’ C R be a proper irreducible component, R’ is linearly normal.

Proof. (1) Note that Hx—R ~ 4P—2(L3+ L4+ Ls)—(L1+ Lo+ E3+ E4+ FE5+ Eg). Therefore, |Hx —R|

is non-empty if and only if there exists a quartic curve Q C P? passing through 11, ..., 15, e3, €4, €5, €5
and singular at I3, 1y, l5. This does not happen if these points are sufficiently general in P2.

(2) R’ is either the strict transform of a line joining two of the points I3, 1, e1,e2 or the strict
transform of a smooth conic through Iy,ls,e1,es and o € {l3,l4,15,€3,e4,€5,e6}. Let 0 = e;, i =
3...6. Then R’ is a smooth rational quintic and it suffices to show that dim |Hx — R+ Eg| = 0. This
is equivalent to saying that there exists a unique plane quartic passing through lq,...,[5, e3, €4, €5
and singular at I3, 14, l5: since l1,...,l5, e3, e4, €5 are general this is true. We omit further details. [

Finally, a curve C' € |2Hx — R| has arithmetic genus 8 and degree 14. C is exactly the curve we
are looking for.

THEOREM 5.14. A smooth C' € |2Hx — R| belongs to Ci48¢, moreover its homogeneous ideal is
generated by quadrics.

Proof. A general R as above is a smooth, non-degenerate rational sextic curve in PS. Hence, the
homogeneous ideal of R is generated by quadrics. From this and the projective normality of X it
follows that |2Hx — R| is base-point-free. Then, by Bertini’s theorem, a general C' € |2H — R| is
smooth, and it is connected because C? > 0. Tensoring the standard exact sequence
0— Zx/p6(2) = Zeyps(2) = Zo/x(2) — 0
by V = H%(Ops(1)) and passing to the long exact sequence we obtain
0—V&H (Ixmps(2) =V &H (Iemps(2) —» Ve H (Io/x(2)) — 0.

The multiplication [ : V ® HO(IX/P6 (2)) — HO(IX/PG(B)) is surjective because the ideal of X is
generated by quadrics. On the other hand, we have Z¢/x(2) = Ox (R). Thus, if the multiplication
r: Ve H(Ox(R) — H'(Ox(Hx + R))
has maximal rank, then the same is true for puc : V® HO(IC/P6(2)) — HO(IC/PG (3)). From the

exact sequence
0— Ox(Hx) — Ox(HX —I—R) — OR(HX +R) — 0

we obtain h?(Ox (Hx + R)) = 14. Hence, r has maximal rank if and only if  is an isomorphism. Now
|R| is a base-point-free pencil, in particular it has no fixed divisor. Then, applying the base-point-
free pencil trick as proved for curves in [ACGH84, p. 126], it follows that Ker r = HY(Ox (Hx — R)).
Since R is non-degenerate, Ker r = (0). Hence, r is an isomorphism and pu¢ is surjective. Using this
fact, and the Castelnuovo-Mumford theorem as in Proposition 5.5, one deduces that the ideal of C
is generated by quadrics if h'(Z¢/ps(3 — 1)) = 0 for i > 0. This follows from the long exact sequence
of

0—Zo/pe(3—i) = Ops(3—1) = Oc(3—1i) =0
if W'(Zope(2)) = h'(Oc(1)) = 0. Since h'(Ox(R)) = h'(Zx/ps(2)) = 0, we already have
h(Ze /p6(2)) = 0. To show that O¢(1) is non-special, consider the long exact sequence of

0—-Ox(R—Hx)— Ox(Hx) — Oc(1) — 0.
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We have h!'(Ox(Hx)) = 0 then it suffices to show h?(Ox(R — Hx)) = 0. By Serre duality this
is hO(Ox(KX + Hx — R)). In Pic(X) we have Kx + Hx — R~ P — (L3 + Ly + Ls) + E1 + E».
Since I3, 14, l5 are not collinear points the latter divisor is not linearly equivalent to an effective one.
Hence, h?(Ox(R — Hx)) = 0 and O¢(1) is non-special. Finally, we show that C is projectively
normal: C' is non-degenerate because Hx(Hx — C) < 0, moreover the non-speciality of Oc(1)
implies that C is linearly normal. Since C is also 2-normal the projective normality of C' follows
[ACGH84, D-5, p. 140]. In particular, we have also shown that C'is in Ci48. O

6. The unirationality of M4

In order to show the unirationality of M14 we consider our usual unirational Grassmann bundle
U Qf478,6 — Cia,8,6, where we put o = (2,5). Then, from the formulae given in Proposition 2.12, we
compute that

(d,g,7) = (14,8,6) < (d',¢',r) = (18,14,6).
By Theorem 5.14 the homogeneous ideal of a general C' € Cy43 ¢ is generated by quadrics. Moreover,

the condition 2¢g’ — 2 > d’ > f"~2 is satisfied and the Brill-Noether number p(d’,¢’,r) is 0. Then,
applying Theorem 4.5, G7, g 5 dominates Z/{f&m. This shows the following.

THEOREM 6.1. Both M4 and Z/{f&M are unirational.

Note that, via Serre duality, the main Brill-Noether locus Uf&l 4 1s biregular to Z/{él 4

7. The unirationality of Mo

We put 0 = (2,5) again and apply a very similar argument.

Cram 7.1. We have that g7y 4 ¢ satisfies the key assumption.
We note that (d,g,7) = (15,9,6) < (d',¢',r) = (17,12,6). Under the claim the map

B17,12,6 - 715,96 : 91506 — Wi7,12,6

exists, by Proposition 4.2 its image is open. Again the condition 2¢' — 2 > d > f"~2 holds and
p(d',g',r) is greater than or equal to zero. Via Serre duality Wf771276 is biregular to the universal
5-symmetric product ng, hence, it is irreducible. Then, applying Theorem 4.5, gf57976 dominates
W??,m- This shows the following.

THEOREM 7.2. Both Wgﬂ and My are unirational.

Proof of Claim 7.1. Let X UY be the reducible complete intersection of four quadrics considered
in § 4. Keeping the assumptions and notation used there, we consider on X the irreducible, base-
point-free pencil of rational normal sextics |R|. This pencil contains the curve

Dy + Eg € |R], (7.3)

where D; is the strict transform on X of the irreducible conic passing through the points
l1,l,€1,€9,e6. We know from Lemma 5.13(2) that D; is a smooth rational normal quintic span-
ning a hyperplane in P%. Now we consider the linear system |2Hx — D1| of curves of genus 9 and
degree 15. Since D; is a non-degenerate rational normal quintic, the sheaf Zp, ,ps (2) is globally
generated. Hence, the image of the natural restriction map

p [Ty /pe(2)] — 2Hx — Di|

is base-point-free. Since (2Hx — D1)? > 0 it follows that a general C' € [2Hx — D;| is a smooth,
irreducible curve. Moreover, we have the following. O
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THEOREM 7.4. The curve C is projectively normal and O¢(1) is non-special, so that C' € Ci7,12,6.

Proof. Note that C' ~ C’'+ Eg, where C' € |2H x — R|. We have already studied |2H x — R|: we know
from Theorem 5.14 and its proof that |2H x — R| is base-point-free and that a general C' € |2H x — R|
is a projectively normal element of Ci4g6. In particular, we can assume that such a general C’ is
transversal to Eg. We also recall that Fg is a line and that Z =: EgN (" is supported on two points.
The non-speciality of Ocvyg,(1) follows from the long exact sequence of

0— OC’UEG(l) — Ocl(l) ) OEﬁ(l) — Oz(l) — 0.
The vanishing of h!(Zony 5s(m)), m > 1, follows in a similar way from the long exact sequence of
0 — Zonypsps(m) — Zer(m) & Iggps(m) — Izyps(m) — 0.
Then, by semicontinuity the same properties hold for a general C' € |C’ + Fj]. O

Now we fix a general, smooth C' € |[2Hy — D4|, then C is transversal to D; and C' U Dy is
a nodal quadratic section of X. X is a scheme-theoretic intersection of quadrics, hence, the same
property holds for C'U D1. Then, by Proposition 3.2, there exists a nodal complete intersection of
five quadrics

CUD;UDy=Q1N--NQs. (7.5)

From the formulae in (2.8) it follows that D; U Dy is a nodal curve of degree 17 and arithmetic
genus 12. On the other hand, the surface X is linked to a smooth sextic Del Pezzo Y by a complete
intersection of four quadrics, so it is not restrictive to assume Q1 N---NQ4 = X UY. However, then
D, is a quadratic section of Y, hence, it is smoothable to a canonical curve of genus 7. Observe that
Sing Dy N (C'U Dy) is empty because C'U Dy U Dy is nodal. Moreover, b := D1 N Dy is a smooth
divisor of degree six in the rational normal quintic D;. Then, keeping D, fixed and moving D5 in
|Zp/y (D1)], one can smooth Dy. This shows that there exists a flat family {D1 U Doy, t € T},
such that Ds; is a smooth canonical curve for t € T'— 0 and Dy, = Ds.

LEMMA 7.6. It holds that hl(IDluDz/P6(2)) = 0 and hO(IDluDQ/PG (2)) = 5. Therefore, up to
shrinking T, one can assume h°(Ip,up,,(2)) =5 for each t.
Proof. D- is a quadratic section of Y, so we have the standard exact sequence of ideal sheaves
0 — Zy/p6(2) — Ip, ps(2) — Oy (D1) — 0.
The associated long exact sequence yields h'(Zp, ps(2)) = 0. Then the long exact sequence of
0 — Ip,up,/ps(2) — Ip,/p6(2) © Ip,/p6(2) — Ip,Ap,/ps(2) — 0

yields h%(Zp,up, po(2)) = 5. The final part of the statement immediately follows by semicontinuity.
By the lemma, C'U D; U D5 deforms in a flat family of complete intersections of five quadrics:

{CtUDlu.DQ,t :Ql,tm"'ﬂQ&t, te T}

Since C' € Ci596, a general Cy belongs to Ci596. Since a general D; is smooth, we conclude that it
is not restrictive to assume that Do is a smooth canonical curve of genus 7. U

LEMMA 7.7. We have hl(TPG ® Op,up,) = 0 so that Dy U Dy is smoothable.
Proof. Consider the Mayer—Vietoris sequence
0— Tps ® ODluDg — Tps ® (ODl D ODQ) — Tps ® ODlﬂDg — 0. (7.8)

As is well known, h!(Tps ® Op,) = 0 for the curves we are considering. On the other hand, D; N
Dy is a set of six linearly independent points and D; is a non-degenerate rational normal curve.
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Hence, the restriction map H?(Tps ® Op,) — Tps @ Op,np, is surjective. These remarks, and
the long exact sequence of (7.8), imply h!'(Tps ® Op,up,) = 0. Then D; U Dy is smoothable
(cf. [HHS85, 2.1]).

We conclude the proof of our claim: let {Dy,t € T} be a flat family of curves in P® such that D,
is smooth for t € T — o0 and D, = D1 U Ds. Let V; = HO(IDt/Pa (2)). By Lemma 7.6 we can assume
dim V; = 5 for each t € T'. The scheme defined by V, is C U Dy U D5. Hence, V; defines a complete
intersection of quadrics Cy U Dy, with Cy € Ci59,6 and the claim follows. O

8. The unirationality of M,

In this case we shift to curves in P#, but the arguments are the same. We definitely assume o = (3, 3)
and consider the unirational Grassmann bundle u : G5 g 4 — Ci394. For o = (3,3) it turns out that
(d,g,r) = (13,9,4) < (d',¢',r) = (14,11, 4).

CrAam 8.1. We claim that Gf; ¢ 4 satisfies the key assumption.

This will be shown in Theorem 9.10. Under the claim the map y13.9.4 : 674 17 4 — Wf4,11 exists. By
Proposition 4.2 the image of $14,11,4 - 713,94 : Qi’37974 — W124711 is open. Serre duality yields a biregu-
lar map between Wﬂu and the universal 6-symmetric product Wg,n- Hence, Wf‘4’11 irreducible.
Applying, as usual, Theorem 4.5, we have the following.

THEOREM 8.2. Both ngl and My are unirational.

9. Curves of degree 12 and genus 8 in P4

In this section we prove our previous Claim 8.1. Preliminarily, we also show that a general curve
of degree 12 and genus 8 in P* is a scheme-theoretic intersection of cubics. This will be used in
the next section. Instead of our favourite rational surface of degree 10 in P®, we now use a smooth
septic X C P* having sectional genus 5 and birational to a K3 surface. This surface is very well
known and its properties are described in [DES93]. We preliminarily recall some of them.

ProprosITION 9.1. The surface X is projectively normal and its ideal is generated by three cubic
forms.

The geometric construction of X is also well known (cf. [Bau95]).

PROPOSITION 9.2. Let X' C P® be any smooth complete intersection of three quadrics and let
e € X' be a point not on a line of X'. Then the image of X' under the linear projection of center e
is a smooth surface X as above.

Thus, X is defined by the blowing up o : X — X’ at e and Ky = o~ !(e), we have Pic X =
0* Pic X' ® Z[K x]. To construct some curves of genus 8 and 9 we choose a suitable X’ with Picard
number two.

PROPOSITION 9.3. There exists a smooth complete intersection of three quadrics X' C P° such
that Pic X' = Z[L') @ Z[H'], where H' is a hyperplane section of X’ and L' is a very ample curve
of degree 10 and genus 3. Moreover, any effective divisor on X' is very ample.

Proof. The existence of a K3 surface X’ with Picard lattice as above is a standard consequence of
the surjectivity of the periods map for K3 surfaces. Such a lattice does not contain non-zero vectors
v such that v?> = 0,—2,2. Indeed, let v = xH' 4+ yL’, then v?> = 4(222 + y? + 5xy) # 2, —2,0. Let
D be any effective divisor, then D? > 4 and dim |D| > 3. Let F be a fixed irreducible component
of |D|, then dim |F| = 0 and, hence, F’? < 0: a contradiction. Since X’ is a K3 surface, then |D] is
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base-point-free and irreducible, moreover |D| is very ample unless D? = 2 or there exists a curve
F such that DF < 2 and F? € {0, —2}. Hence, D is very ample. Up to changing their sign, we can
assume that both the generators H' and L’ of Pic X' are effective. In particular, we can assume
that X’ is embedded in P® by H’. Then either X’ is a complete intersection of three quadrics or
contains a pencil |F| of plane cubics. Since F? = 0, the latter case is excluded. ]

From now on we assume that X’ is a K3 surface as in the previous statement. On X’ we have
the very ample linear system

|3H' — L'| (9.4)
of curves of degree 14 and genus 9. Let e € X’ be a general point, due to the very ampleness of the
linear systems we are considering we can assume that:

(1) there exists A, € |[3H" — L'| having an ordinary node at e and no other singular point;
(2) there exists Bl € |L'| having an ordinary node at e and no other singular point;
(3) the linear systems |L' — e| and |3H' — L' — e| have a unique, simple base point at e.

Finally, let

X' - XcP? (9.5)
be the projection of center e, 7 is the inverse of the blow up o : X — X’ at e. Let
Ac X cp? (9.6)

be the strict transform of A by o. Then A is a smooth, irreducible curve of genus 8 and degree 12.
Let H=:0*"H', L =: 0*L' then A € |3H — L — 2K x|. Unfortunately, O 4(1) is special: this happens
to every curve in X, since X is regular and h'(Ox (1)) = 1. Nevertheless, we can use A to show the
following.

THEOREM 9.7. A general C' € C1245 is a scheme-theoretic intersection of cubics.

Proof. 1t is easy to see that the Hilbert scheme Hi2g 4 is irreducible, in particular Ci2g4 is dense
in Higg4. Hence, there exists a flat family {C,t € T'} such that Cy € Cia84 if t # 0 and A = C,,.
Then, to prove the theorem, it suffices to show that: (1) h%(Z¢, /p4(3)) is constant on T (2) A is
a scheme-theoretic intersection of cubics. To show part (1) it suffices to show that A is 3-normal.
This follows from the long exact sequence of

observing that h'(Ox (3H — A)) = 0 and that X is 3-normal. To show part (2), recall that the ideal
of X is generated by cubics. Then, to prove that A is a scheme-theoretic intersection of cubics, it
suffices to show that |[3H — A| is base-point-free. This follows because |[3H — A| is the strict transform
on X of |[3H' — A’ — e|, whose unique base point is e. O

Now we turn to curves of degree 13 and genus 9: the linear system |3H — L — Kx| is just the
strict transform by o of |[3H’ — L' — e|, hence, a general

C,€|3H — L — Kx| (9.9)

is smooth, irreducible of degree 13 and genus 9. Let B C X C P* be the strict transform of the
curve B! considered above, B is a smooth octic of genus 2. We can assume that C, U B is nodal,
note also that C', + B is a cubic section of X. Since the ideal of X is generated by three cubics,
the ideal of C, U B is generated by four. Then, by Proposition 3.2, there exists a nodal complete
intersection Fy N Fy N F3 = C,U BU By, where Fi, Fy, F3 are cubics. By Proposition 3.3 we can also
choose I, F5 so that 41N Fy = X UY where Y is smooth. Then Y is a quadric and B is a smooth
curve of type (3,3) on it. Using C, and the previous remarks we can finally show the following.
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THEOREM 9.10. A general C' € Ci394 is linked to a smooth, irreducible curve by a complete
intersection of three cubics. In particular, G753 g 4 satisfies the key condition.

Proof. It is easy to see that Hi3 94 is irreducible. Therefore, there exists an irreducible flat family
{C,t € T} such that C; € C139.4 if t # 0 and Cy = C,, if t = 0. C, is 3-normal: the proof is exactly
the same used for the curve A in the proof of Theorem 9.7. Let W; = H%(Z, /pa(3)), then W has
constant dimension 4. Let V, C W, be the subspace defining the complete intersection C, U BU By,
then we can move V, in a family {V;,t € T} of three-dimensional subspaces V; C W;. We can
assume that V; defines a nodal complete intersection of three cubics Cy; U D; and that D; is nodal,
non-degenerate, of degree 14 and arithmetic genus 11. Let H be the complete Hilbert scheme of Dy,
clearly there exists a rational map v : Gf3 94 — H sending a general (C,V) € Gfy 54 to D, CUD
being the complete intersection defined by V. However, we only know that D, = ~(C,,V,) is the
nodal union of two smooth curves, so any D in the image of v could be singular. To complete the
proof we show that this does not happen.

We recall that, by Lemma 4.1, each D in the image of « is a linearly normal curve such that
h°(Ip(3)) = 3. Let D = 4(C,V), the latter property implies that V' = H%(Zp pi(3)) and, hence,
that ~ is birational onto its image. So we can compare dimensions.

Let D be general in the image of v. D is a flat deformation of D,. D, has six nodes, moreover
D, = B, U By, where B, By are smooth, irreducible and B, is not degenerate. Assume that D is
not smooth. Then, since D is general, we have the following cases: (1) D is the nodal union of two
smooth, irreducible curves, one of them not degenerate; (2) D is nodal, irreducible with at most
6 nodes. We discuss the two cases separately.

(1) Let f:D — T be a flat family such that D; is general in the image of v and D, = D,. We can
assume that 7" is smooth, irreducible and that each D; satisfies the condition in (1). Let D be
irreducible, then the two irreducible components of a general D; must have the same degree
and genus. This implies that the degree is 7 and the genus is 3. Let F C ‘H be the family of
all 6-nodal curves D7 U Dy such that D; is a smooth septic of genus 3: we have dim F = 48
< dim G? = 60. Hence, the image of v is not in F. Assume now that D is reducible, it is easy
to deduce that then a general Dy is like D, i.e. it has six nodes and it is the union of a smooth
canonical curve of genus 4 and of a smooth octic of genus 3. Again this family of reducible
curves has dimension less than dim G759 4.

(2) We can consider an analogous family f : D — T. In this case D; is irreducible, nodal with
v < 6 nodes if t # o and D, = D,. Moreover, D, is non-degenerate and linearly normal. Let
F, be the corresponding family of irreducible, nodal curves of genus 11 — v and degree 14. It
suffices to compute that dim F,, < 60. This is a not difficult exercise. ]

10. The unirationality of M3

Let o = (3, 3); continuing in the same vein we first point out that G7, 1, 4 satisfies the key condition as
follows from Theorem 9.7. Since (d, g,r) = (12,8,4) <= (d', ¢, ") = (15,14, 4), a general C € C1284
is linked to a smooth, irreducible, non-degenerate D of genus 14 by a complete intersection of three
cubics. D has genus 14 and not 13, however we will turn very soon to curves D having exactly one
node. We already know that

CuDcCS, (10.1)

where S is a smooth complete intersection of two cubics. Let H be a hyperplane section of S:
we know as well that, since C is a scheme-theoretic intersection of cubics, then the linear system
|3H — C| is base-point-free. From h°(Z¢/pa(3)) = 6 it follows that dim [3H — C| = 3. Note also
that (3H — C)? = 11. This implies that, for every D € [3H — C|, the linear series |Op(D)| is
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a complete g%l with no base points. Since the degree is 11, the associated morphism fp : D — P2
is birational onto its image. We will say that a curve is uninodal if it is nodal with a unique node.
From now on we assume that D € |[3H — C/| is uninodal.

DEFINITION 10.2. The family of all uninodal D € Hi5,14,4 such that there exists a complete inter-
section C'U D as above will be denoted as D.

Let v : D' — D be the normalization map and let Ly := v*Op(D), Lps defines the morphism
fp - v. Hence, |Lp/| is base-point-free of degree 11 and fp(D) is an element of the quasi-projective
variety of all reduced, irreducible linearly normal plane curves of degree 11 and genus 13. It follows
from the general results on families of plane nodal curves that such a variety is irreducible and that
a non-empty open set of it parametrizes nodal curves (cf. [HM91, p. 40]). Moreover, its image

U121,13 - W121,13 (10.3)

dominates the moduli space M3 via the natural map. This follows since the Brill-Noether number
p(11,13,2) is greater than or equal to zero. The image of the element fp(D) is just the moduli
point of the pair (D', Lp/) in W121’13. Since Lpr = wp/(n) @ v*Op(—1), with n := v* Sing D, we can
define a morphism

¢:D — Uf 3 (10.4)
sending a uninodal D € D to the moduli point of (D', Lp).

LEMMA 10.5. We have that ¢ is dominant.

Proof. We fix an irreducible flat family of pairs {(Dy, L), t € T'} such that D; is a smooth, irreducible
curve of genus 13 and L; € Pic'!(D,) is globally generated with h°(L;) = 3. Moreover, we choose
a T which dominates Ll121’13 via the natural map and such that (D,, L,) = (D', Lp/). Up to a base
change we can assume that: (1) there exists a rationally determined divisor n; € Div?(Dy) which is
contracted to a point by the morphism f; : D; — P? defined by Ly, (2) n, = n.

Then we consider the family of pairs (Dy,wp, (n;) ® L; ') and the corresponding family of asso-
ciated maps h; : D; — P*. To show that ¢ is dominant it suffices to show that hy(D;) € D for t
general. Since D = h,(D,) is uninodal, the general h;(D;) is uninodal. It is immediately computed
that ho(zht(Dt)/P‘l (3)) = 3. On the other hand, we have hO(ID/p4(3)) = 3, as follows by applying
Lemma 4.1 to C'U D. Thus, by semicontinuity, the same property holds for a general D;. Finally, let
Vi = HO(Iht(Dt)/p4(3)): the scheme defined by V,, is the curve C'U D. Hence, the scheme defined by
a general V; is a nodal curve C; U Dy, with Cy € Ci284. Hence, hy(D;) € D and ¢ is dominant. [

LEMMA 10.6. A point (C,V) € G759 5.4 is uninodal if D = m2,.8.4(C, V) is uninodal. The family of all
uninodal points (C, V') will be denoted by N

LEMMA 10.7. The families N' and D are unirational.

Proof. 1t is clear that 71278,4(/\/ ) = D. Hence, it is sufficient to show that A is unirational. Fix a
general pair (C,z) € Ci284 x P*, then consider the family F(C,z) of all uninodal points (C, V)
such that = Sing D and v1284(C,V) = D. It is easy to see that F/(C,x) is biregular to an open
subset of the Grassmannian G(2,1,/I>,), where I, =: {f € I | f e my}, by, = {f €I, | f €
m2} and I =: HO(IC/P4(3)). Moreover, F'(C,z) is the fibre at the point (C,z) of the morphism
7 : N — Ciag4 x P4 sending (C,V) to (C,z), with x = Sing D and D = ~y1984(C, V). We first
prove that w(N) is dense: let 7(C,V) = (C,x), then there exists a nodal complete intersection of
three cubics C'U D such that Sing D = . This condition is open on (C, V') and x, hence, it holds on
open neighbourhoods Ug of C' and U, of x. Therefore, Uo x U, C m(N') and 7(N) is dense. w(N)
contains a dense open set A on which I,/I5, has constant dimension. It is standard to construct
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on A a vector bundle Q having fibre I,,/I5 ; at the point (C,z). On the other hand, the fibre F/(C, x)
of mat (C,z) is open in G(2,1, /I ;). Hence, N is biregular to an open set of the Grassmann bundle
G(2, Q). This is birational to C1284 x P* x G(2,4), therefore it is unirational. O

As a straightforward consequence of the lemma we have the following.

THEOREM 10.8. The moduli space M3 is unirational as well as the Severi variety of nodal plane
curves of degree 11 and genus 13.
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