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We study matrix models in the S-ensemble by building on the refined recursion
relation proposed by Chekhov and Eynard. We present explicit results for the
first B-deformed corrections in the one-cut and the two-cut cases, as well as two
applications to supersymmetric gauge theories: the calculation of superpotentials
in A/ =1 gauge theories, and the calculation of vevs of surface operators in
superconformal A = 2 theories and their Liouville duals. Finally, we study the
B-deformation of the Chern—Simons matrix model. Our results indicate that this
model does not provide an appropriate description of the 2-deformed topological
string on the resolved conifold, and therefore that the 8-deformation might provide a
different generalization of topological string theory in toric Calabi—Yau backgrounds.
© 2011 American Institute of Physics. [doi:10.1063/1.3587063]

I. INTRODUCTION

Matrix models in the 1/N expansion have become a powerful tool in the study of supersymmetric
gauge theories and string theories. For example, as shown by Dijkgraaf and Vafa,!” the all-genus
free energies of type B topological string theories on certain non-compact Calabi—Yau manifolds
can be computed from the 1/N expansion of simple, polynomial matrix models, and this leads to
exact results for the superpotentials of a large class of A= 1 supersymmetric theories.”’ Other
applications include the matrix model formulation of Chern—Simons theories*** and the matrix
model-inspired remodeling of the B-model®#° for the mirrors of general toric geometries. As a
consequence of these relationships, the recent progress in solving the 1/N expansion of matrix
models®>2?° has found many applications in string theory and gauge theory.

Most of these applications involve the standard Hermitian matrix model ensemble. There is
a well-known one-parameter deformation of this ensemble, usually called the S-ensemble or the
B-deformation, which involves an extra parameter 8. The standard Hermitian ensemble is obtained
when 8 = 1, and the special values 8 =2 and 1/2 correspond to Sp(N) real quaternionic and
SO(N) real symmetric matrices, respectively. The 1/N expansion for the more general, -deformed
ensemble, has been worked out in an algebro-geometric language by Chekhov and Eynard.'* '3
As in Refs. 23 and 26, explicit expressions for the expansion of correlators and free energies are
obtained through a “refined” recursion relation based on the spectral curve of the matrix model with
g=1%

The general 8 ensemble also has many applications. For example, the special values g = 2, 1/2
lead to the enumeration of non-orientable surfaces (see, for example, Refs. 11 and 50), and this can
be used to construct non-critical unoriented strings in an appropriate double-scaling limit'"-3! (see
Refs. 18 and 51 for a review of these ideas). These ensembles also appear naturally when one applies
the techniques pioneered by Dijkgraaf and Vafa to supersymmetric gauge theories with SO(N) and
Sp(N) gauge symmetry.>*!-4> More recently, there has been renewed interest in the S-ensemble
in the context of the so-called AGT (Alday-Gaiotto-Tachikawa) correspondence between N = 2
gauge theories and Liouville theory.’ In this correspondence, conformal blocks in Liouville theory
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are identified with 2-deformed partition functions> in A/ = 2 theories, and it has been argued in
Ref. 21 that the general -deformation of A" = 2 superconformal field theories can be implemented
by a B-deformed matrix model with a Penner-type potential.

In this paper we analyze in detail the recursive proposal by Chekhov and Eynard and its concrete
implementation in various examples. In Sec. II we thoroughly study the algebro-geometric solution
of the loop equations for the 8-deformed eigenvalue model; in doing so, we first find a correction
to the diagrammatic solution of Ref. 15, which was also very recently pointed out by Chekhov,'*
and discuss various technical issues associated to the B-deformation with respect to the ordinary
B = 1 case. We moreover present explicit formulae for the very first corrections to correlators and
free energies in the B-ensemble for a variety of situations and potentials; in the one-cut case and
for polynomial potentials, some of these formulae were already derived in Ref. 29 and used there
to analyze the universality properties of the asymptotic enumeration of graphs in non-orientable
surfaces (see also the recent paper’ for another derivation of explicit one-cut formulae). In Sec. III,
we use these results to study applications to supersymmetric gauge theories. The first application
is the computation of A/ = 1 superpotentials, where we recover and generalize previous results in
Refs. 3,34,41, and 42. Our second application is to the AGT correspondence, where we consider
surface operators®?%4° in a very simple example associated to a sphere with three punctures. In this
case, we generalize the B-model computation in Ref. 40 and show that the 8-deformed correlators
obtained with the formalism of Ref. 15 lead to correlation functions in Liouville theory for general
background charge.

One motivation for the present work was to find a matrix model formulation of topological string
theory in an Q-background. This background provides a one-parameter deformation of topological
string theory (at least on certain toric Calabi—Yau manifolds) which was originally obtained via a
five-dimensional version of Nekrasov’s partition function.’?> The Q-deformed topological string was
reformulated later on in terms of the refined topological vertex.®> More recently, the holomorphic
anomaly equation has been generalized to the Q2-background for N/ = 2 gauge theories** and more
generally for the A-model on local Calabi Yau manifolds,* thus providing an important step toward
a B-model version of this deformed theory.

It is natural to try to extend the remodeling of the B-model® to this deformation, and the
refined recursion relation of Chekhov and Eynard is a natural candidate for this, as suggested by
the arguments of Ref. 21 and by our computations in Sec. III B. In order to test this idea we
analyze, in Sec. IV, the §-deformed Chern—Simons (CS) matrix model of Ref. 44. When 8 = 1 this
model is dual to type A topological string theory on the resolved conifold, and its S-deformation
is a natural candidate for the 2-deformation of this theory. Our explicit computations, verified by
perturbative calculations, show that the recursion of Ref. 15 works perfectly well for the CS matrix
model,>® but unfortunately they do not seem compatible with the Q-deformation, at least when
taken at face value (this was mentioned as well in Ref. 33). An interesting feature we discover is
a highly involved analytic dependence of B-deformed amplitudes on the closed string moduli with
respect to their “refined” counterpart. This degree of sophistication only increases when moving
to multi-cut models, where the exact formulae we find, e.g., for the cubic matrix model, display a
more intricated analytic structure as compared to oriented, open amplitudes at higher genus.®2° In
particular, they cannot be immediately related to the same type of holomorphic quasi-modular forms
of the ordinary topological string in a self-dual background,” and it would be interesting to see what
kind of generalization would be needed to encompass this more general case.

Our work indicates that the matrix model S-deformation can be defined and computed for the
mirrors of other toric Calabi—Yau manifolds. An important example is the mirrors of A, fibrations
over P!. These models can be described by Chern-Simons matrix models on lens spaces,' and
one can generalize the computation performed in Sec. IV to this more general setting. In fact, it
is likely, in view of the progress in formulating the B-deformation in a geometric language,'” that
the B-deformation provides a generalization of the B-model for the mirrors of toric Calabi—Yaus.
According to our explicit results, it seems that this deformation will be in general different from the
Q-deformation. If this is indeed the case it would be interesting to understand more aspects of this
deformation. For example, one could use the Chekhov—Eynard recursion, together with the strategy
of Ref. 25, to formulate a holomorphic anomaly equation for the B-deformed free energies. More
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generally, one should try to understand this deformation in the language of the A-model and in the
gauge theory language.

Il. BETA ENSEMBLE AND TOPOLOGICAL RECURSION

In this section, we review and analyze the formalism of Chekhov and Eynard,'> which proposes a
topological recursion for the beta ensemble of random matrices. We will discuss the implementation
of their formulae and present explicit expressions for various models.

A. General aspects

In terms of eigenvalues, the beta ensemble of random matrices is defined by the partition function

N
1 B N
Z=— [ []dnmiac)pre & X ven, 21
N!(zn)N/i1 ADITe @1

In what follows we will mainly follow the normalizations in Ref. 15. The connected correlators are
defined through

(©)
W(pl,...,ph)=g3—hﬁh—‘<Tr LR W > , h>1. (2.2)
p—M pn—M

The correlator W(p) for h =1 is usually called the resolvent of the matrix model. Both the free
energies and the connected correlators have an asymptotic expansion in gg, in which the ’t Hooft
parameters are kept fixed. In the case of the free energy F = log Z, we have

F=3 g2y ey, (2.3)
k>0

where
y=vB—VB 24)
For the first few terms we find, explicitly,

F=g2BFo+g '(B—DFo1+ B+ =2)Fa+ Fio

B-1 -1
+ & (TFo,s +A—=B")F 2.5)
_ (B — 1) (B-1*
+g3(ﬂ "Foo+ ) s—Fi2+ ) s Foa )+
p B
The g, expansion of the connected correlators is written as
Wpi,....pn) =Y  WEWe(pr,.... pu)s (2.6)

g=0
where g can be an integer or a half-integer, and £ is defined as
&
VB

This expansion defines the “genus” g correlators, which can be in turn expanded as

A= 2.7)

L]
We(pro s ) = D v Weag alprs -+, pa), (2.8)
k=0
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and leads to the following expansion for connected correlators,

h [g]
(TtM™ - - TrM™)©) = <&> DO Ty (M L TeM™) ). (2.9)
¢>0 k=0

The beta ensemble might be regarded as a natural deformation of the standard Hermitian ensemble,
since when 8 = 1 (2.1) becomes the standard partition function of the (gauged) Hermitian matrix
model. In this case, in the expansion of the free energy and the correlators only the terms Fg o and
W, o contribute (with g a non-negative integer). This leads to the standard expansion in powers of
gf of the Hermitian matrix model. On the other hand, there are two special values of 8 which have
a matrix model realization: for 8 = 1/2, (2.1) describes an ensemble of real symmetric matrices
with orthogonal S O(N) symmetry, while the case 8 = 2 describes an ensemble of quaternionic real
matrices with symplectic Sp(N) symmetry.

Example 2.1: The Gaussian B ensemble. In the Gaussian case,
V(x) =x?, (2.10)

the matrix integral (2.1) can be computed at finite N by using Mehta’s formula,

N N .
N o2 rda
/nd)\im(k)fﬂeﬁzbm — (27-[)N/21_[M_ .11)
i=1 j=1 ra+4)
The result can be expressed in terms of the double Gamma Barnes function,
d
Paxla, b) = exp (—\ tasiab, x)) , @.12)
ds ls=0

where the rhs involves the Barnes double zeta function

1 o0 e™¥
O(sia, b, x) = %/0 dr tH(l et (2.13)
see Ref. 55 for a summary of properties of these functions. Indeed, it is easy to show that
N
[[ra+ i) = @m)N2pNPHNN=DR (1 4 NBN(N)T; (N3 1/B,1). (2.14)

j=1

We can now obtain the large N expansion of (2.1) by using the asymptotic expansion of the Barnes
double-Gamma function,>?

log Ta(x:a. b) = — (—2logx + 242 ) 4 = (4 4+ 2) a1 o CIAA
0 sa,b)=— | —=x"lo = =4+ —-)xlogx — — —+—]lo
glalxa ab \ 2V BT )T\ T )T T b a) O8F

[o.¢]
— X'0:a,b)+ ) _(n —3)le, aa, )x*",

n=3
(2.15)
where e, (a, b) are defined by the expansion
1 o0

— = Z en(a, b)t" (2.16)

(1 —e )1 —e ") =,

and x(s;a, b) is the Riemann—Barnes double zeta function,
x(s:a,b) = Z (am + bn)~°, (2.17)

(m,n)eNS
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with N2 = N2\{(0, 0)}. Up to some additive terms, one finds

1 3 —1
F = Eﬁfz (IOg(t) - 5) g% +l3 5 t(log(Bt) — 1) g;"
1—38+p? 1-8 1-58%+pB* @19
1=38+8" g 1i=B, 1= 2,
p OB st T oogr & ’
where as usual
t =g,N (2.19)

is the ’t Hooft coupling. From this expression we can read off the different F; of the Gaussian
ensemble. The asymptotic expansion (2.18) can be written as

F = —logl(t;—gs, 8/B) . (2.20)

B. The Chekhov-Eynard recursion for the beta ensemble

When g = 1, the full 1/N expansion (2.6), (2.3) of the matrix model was obtained in Refs. 16
and 23 in terms of residue calculus on the spectral curve of the model. We recall that the spectral
curve is defined by the following relation:

1
Wolx) = 5 (V') —y), 2.21)

where Wy(x) is the planar resolvent. In this paper we will be interested in the case of hyperelliptic
spectral curves. Here, y(x) can be written as

y(x) = M(x)y/o(x), (2.22)
where
2s
o(x)=[]oxr—x), (2.23)
i=1

and thus realizes the plane complex curve I' = {(x, y(x)), x € C} as a two-sheeted cover of the
complex plane, branched at x = x;; if p € I', we will denote by p the conjugate point under the
projection map to the eigenvalue plane,

(x(P), y(P)) = (x(p), =y(p)). (2.24)

In the following, we will often denote the eigenvalue location as p, therefore writing x(p) = p
for the uniformization variable. The function M(p) in (2.22) is also called the moment function.
In matrix models with polynomial potentials M(p) is also a polynomial. If the potential contains
simple logarithms, as in the Penner model that we will analyze later on, M(p) is rather a rational
function. In many situations related to topological string theory, M (p) can be written in terms of an
inverse hyperbolic function.*® For future use, we will denote by C a contour encircling the branch
points and the branch cuts between them.

The Chekhov-Eynard recursion relation, proposed in Ref. 15, gives a solution to the 1/N
expansion (2.3), (2.6) in the general 8 ensemble, in terms of period integrals defined on the spectral
curve (2.22). As we will show in a moment, one important difference between the recursion proposed
in Refs. 23 and 26 and the one obtained in Ref. 15 is that, in the first case, the recursion can be
formulated in terms of residues in the branch points of the curve. However, in the recursion, !’ the
expressions for W, with g half-integer involve contour integrals where the integrand has branch
cuts, and they cannot be reduced to residues at the branch points.

The starting point to derive the recursion relations are the loop equations of the § ensemble. In
the following we will assume that V(p) is a polynomial of degree d. The loop equations have been
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written down explicitly in Ref. 24, and they read, with the notations above,

Vi(pOW(pi, ..., p) = U(p1, ..., p)
0
=2W(pDW(p1,.... p) + B2W(pi, pr. ..., pr) + hya—plW(p], D2y vy PK)
k=2
+ 33 Wp pOW(pr. prv) (2.25)
j=11¢eK;

0 W(pa.-ooopjsees ) =W, o p1a s i)
ap; Pj— D1 '

M~

+

J

Il
)

for k > 2, while for k = 1 we have simply
0
V(p)W(p) — U(p) = W(p) + I*W(p, p) + hyﬁW(p)- (2.26)

In these equations, U(py, - -+ , px) is a polynomial in p; of degree &, + deg(V’) — 2. It turns out
that these equations can be solved recursively in the g, expansion. To see this, let us look at the
simple example of k = 1, and let us plug in the expansion (2.6). The first S-ensemble correction is
Wi ,2(p). It satisfies the equation

oW,
(V/(P) - ZWO(P)) Wipn(p) —Uip(p) =y (,;;fp)~ (2.27)
This can be solved as
vy dWo(p) | Uip(p)
Vo (p)Wip(p) = M) op + M) (2.28)

Notice that the rhs in this equation is not a rational function, as it happens in the solution of the loop
equations in the 8 = 1 case, since the derivative of the planar resolvent involves the multivalued
function /o (p). However, one can still use the techniques developed in Refs. 16, 23 and 27 in order
to give an explicit expression for Wy,2(p). Let dS(p, g) denote the unique third kind differential on
the spectral curve having a simple pole at p = g and p = g with residues +1 and —1, respectively,
and vanishing A-periods. We can write

Wi2(p1) = —Res,—,, dS(p1, p)Wi,2(p), (2.29)

where p; is a point outside C. We now take into account that W »(p) has no residues at points away
from the contour C, as well as no residue at p = oo. The first fact follows from the assumption
that there are no eigenvalues of the matrix model away from the cut (see Ref. 23, Eq. (2.13)), and
the second fact follows from the expansion at infinity expressing W;,»(p) in terms of correlation
functions,

(Tr M")

W(p)=2gsy R (2.30)
n>1
By contour deformation, we find that
1
Wipn(p) = i % dS(p, 9)Wi,2(q). (2.31)
Tl Je
Using now the loop equation and the expression for the spectral curve, we find
1 dS(p,q) 0 dS(p, q)
Wis(p) = 5 § =Dy L) + § SLLu i), 2:32)
2niJe y(@) T 9q ¢ Y@

Since Ui »(g) is a polynomial in g, the last integral vanishes, and we obtain

_ b dS(p.g)| 0
Wip(p) = i fé Q) [V Wo(CI)i| .

57 (2.33)
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The same result can be obtained using the inversion operator of Refs. 15 and 16. Using the expansion
(2.8), we can rewrite this as

1
Wor(p) =~ yﬁ as(p, )2, (2.34)

Y'(q)
y(q)
where we have assumed that V" (g) is analytic inside C.

Let us now consider the case k = 2. The first non-trivial correction in the 8 ensemble to the

two-point function is Wy ,»(p1, p2). It satisfies the equation

(V'(p1) = 2Wo(p1)) Wip2(p1, p2) — Ui a(pi, p2)

9 0 [Win(p) — Win(pr) (2.35)
= 2Wip(p)Wo(p1, p2) +y — Wo(p1, p2) + — [ L/2.p2 /22P1 ] .
api ap2 P2 — D1

We can use the same contour deformation argument. There will not be any contribution from the
polynomial U, >(p1, p2) nor from

0o [W
_ [M] . (2.36)
op2 L p2— 1
However, there is a contribution from
o [W w
9 |: 1/2(P1)] _ 1/2(171)2 (2.37)
op2 L p2— 1 (p1—p2)

and the final expression is

dS(p1, p)
Wip(p1, p2) = ?ﬁ 431, p)

1 1 0
|:2W1/2(P1) (Wo(Ph p2) + ——> +y—Wo(p1, Pz)i|-
c Y(Pp)

2(p1 — p2)? opi
(2.38)

It involves the “corrected” two-point function as in Ref. 23 and subsequent works.®® Notice again
that the integrand in the above formula is not a rational function, due to the derivative term.

One can see that the general solution for the “genus” g correlators We(py, ..., pp)is
dg dS(p.q) (v

We(p, p1, ..., Di) = % @) Z Z Wi(q, p))We—1(q, pky1)

c =T Y h=0 JCK (239)
d
+ W, 1(q. 9, px) + V@Wg—l/z(% Pl Pk)>,
where
1 Sradgo
We(piy ..oy pr) =Wo(pr, ..o, pr) + -———. (2.40)
s\P1 23 ¢\P1 Pi)+ 5 (1 — o)

The free energies can be computed by using the loop inversion operator introduced in Refs. 15, 16,
and 26. In the “stable” case, i.e., for (k, ) # (0, 0), (0, 1), (1, 0), and (0, 2), they are given by

1 dg
Fi=—— & 2 oy, 241
=S i i @Wri(q) (2.41)

where
®'(q) = y(q) (2.42)

is a primitive of the spectral curve. For the unstable cases, we have specific formulae which can be
found in Refs. 14 and 15. In this paper we will be particularly interested in the first correction to the
free energy, which is given by

1
Fo1 = > fcdqu(q)IIOgly(q)l- (2.43)

Here, the integration is over the union of the intervals where the density of eigenvalues is non-
vanishing. To make our notation simpler, we have denoted this support by C again.
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In order to obtain concrete results for the correlators using (2.39), we need explicit formulae for
the differential dS(p, ¢). When the spectral curve is of the form (2.22) we can proceed as follows.>?
We define the A; cycle of this curve as the cycle around the cut

()Czjfl,)Czj), ]= 1,...,S—1. (244)

There exists a unique set of s — 1 polynomials of degree s — 2, denoted by L ;(p), such that the
differentials

1 Lj(p)
R Ay | 2.45
I midop " 24
satisfy
f wi = dij, ij=1,...,s—1. (2.40)
A

The w;s are called normalized holomorphic differentials. The differential dS(p, ¢) can then be
written as

vo(g) 1
dS(p,q) = —_— = Ci(g)L; dp, 2.47
(P, ) s | p—q ,21 J@L;(p)| dp (2.47)
where
1
Ciq) = 2.48
1O i Wp ¢ 24

In this formula, it is assumed that ¢ lies outside the contours A;. One has to be careful when ¢
approaches some branch point x;. When g lies inside the contour A ;, then one has

& 1 dp 1

C (@) + =— — (2.49)
: Vo@ ~ 2mi Ja, Joip)p—q
which is analytic in ¢ when g approaches x,;_; or xy;.
C. One-cut examples
In the one-cut case we simply have
dS(p, 1
P.q) _ (2.50)

) M@OVIPXp—q)
We will now present some explicit formulae for the very first corrections to the connected correlators.

The first correction to the resolvent is given by (2.51), and we find

y'(q)
ZW 2711 M(q)(p—q)

An explicit, general formula for this correlator was obtained in Ref. 29 by using contour deformation.
Assuming we have a polynomial potential of degree d, we will write the moment function as

Wo.i(p) = 2.51)

d-2
M) =c[ ]G -z (2.52)

i=I

where c is a constant. We can calculate (2.33) by deforming the contour. This picks a pole at g = p,
a pole at infinity, and poles at the zeroes of M(z). A simple computation gives

1y'(p) 1 [ +Zx/0(_zl]

Wo(p) = 23(p) * 2./o(p) -z

(2.53)
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This can be written in a way which makes manifest the absence of singularities at p = z;,

d—1 1 2p—a—b Z[«/o(p Vo (zi) ]
2Ja(p) 4(p—a)p—b) ZVU(P D~z

In the one-cut case it is also possible to write a very explicit formula for Fj; (or rather for its
derivative with respect to the 't Hooft parameter ¢). Using that (see, for example, Ref. 18)

Wo.i(p) = (2.54)

2
0; =——, 2.55
y(q) Jo@ (2.55)
we find
O For =1+ _/ 10gly(q)| (2.56)
Vel

This is easy to calculate in terms of the parameters (2.52) appearing in the moment function, and
one finds the general one-cut expression,

1 b—a\2 1 a-+b
B Fo, =1+ 51og(T) +loge + Xi:logl:§<zi -+ a(z,-))] (2.57)

For higher corrections, general formulae become cumbersome (see Ref. 7 for an example), but
expressions for particular potentials are easy to derive.

Example 2.2: The Gaussian potential. Let us consider the Gaussian potential,

2

Vix) = —. (2.58)
2
In this case, the moment function M (p) is trivial and we simply obtain
Wolp) _ 1 1 p
Woi(p) = ——> == - . (2.59)
yp) o 2\/pr—4 P-4

Higher order correlators can be similarly computed in a straightforward fashion from (2.39). We
find, for example,

2
p-+t p
Wo2(p) = - ,
(=) (=40’
2 3
p-+t D’ +2pt
WO,3(P) = 5 ( )7/2 - ( 2 3
(p?—41)™"  (p* —41)
1{ p*+6r p (p* +301)
Wiailp) =3 77 - |
S\ -4 (PP -4)
1 (21p* +422p% +200:2 3 (7p +48pt
W1,2(p) = = 11/2 - ( 5 ) . (260)
AN (r—4)
Example 2.3: The cubic potential. Let us consider a cubic potential
Vi) = = . §x3 2.61)
with a classical maximum at p = —1/g and a minimum at p = 0 (see Fig. 1). In the stable one-cut

phase the eigenvalue density is supported on an interval (a, b) around p = O: the spectral curve then
takes the form

y(p) = M(p)/(p — a)(p — b), M(p) = g(p — po), (2.62)
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V)t

Po a b

FIG. 1. (Color online) The cubic matrix model in the single-cut phase.

where

1 a+b
po=——— . (2.63)
g 2

The branch points can be expressed as a function of the (only) 't Hooft parameter by imposing the
correct asymptotics for the planar resolvent,'® and one finds, as a power series in ¢,

a =21t —2gt +4g* 37 — 128%1* + 368177 — 128¢°* + O (t7/2) ,
b =21t —2gt —4g** — 12g°* — 36g**/% — 128¢°1 + O (17?).
It is now straightforward to compute S-deformed correlators from (2.39). For example, (2.54) gives

a(2b —3p + po) — 3bp + bpo +4p*> —2ppy /(@ = po)(b — po) —2p +2po

Wo(p) = —
4o (p)(p — Po) 2(p — po)v/o(p)
(2.64)
As an instance we have, up to order #3 and g’,
—4 I3 e
Ty = 8T (12 ) (g2 + 11867 + - )
8s

+ g8 (g1 +28¢° 1% +6648°° + )
6

+g,(1—p~1H? (- + 17gt + 182g%1% + 22281 + - - )
g

+ g2(1 — B~ (3g + 198g°t +6959g°1 + 20225471 +--- ) + -+ (2.65)

2
(TrM>TrM) = —4 (g +10g%° + -+ ) + g, (1-87") <—+8gt+ 106g31%+ 164Og5t3) S

g

(2.66)

Example 2.4: The quartic potential. Consider finally a potential of the form,
2
X 4
Vix) = 5 + gx”. (2.67)

The resolvent is given by'”

1
Wo(2) = 5 (= +4g2* — (1 + 8ga® +4g22)y/2> —4a?), (2.68)
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where a is a function of g, ¢
1
a? = Tie <—1 +/1+ 48gt>. (2.69)
8
The moment function has two zeros at
1 + 8ga?
2
= 2.70
2y 43 (2.70)
and (2.54) gives29
1z 3 1—4a2/z2 22 z
TH 2 > T + 2/(2) 20 2y~ 2 _ 2" 2.71)
2zF—4a* 27/1 —4a2/7? 1 —4a?/z? 2?2 —z5) 22 —2;

This expression leads to explicit results for the enumeration of quadrangulations of the projective
plane RIP2, see Ref. 29 for more details.

Wo,1(z) =

D. Two-cut examples

Let us now consider the two-cut case, where we have s = 2. In this elliptic case there is one
single integral C(p) (2.48) to compute, and we can obtain very explicit expressions in terms of
elliptic integrals:®

2
C = — [(ng, k) + (p — x2)K (k) |,
) o = — s =) = ) [(“ ol £ (= )R )}
2
C(p) = [ — x)(ny, k) + (p — Kk}, 2.72
() VSN ¢y g (x3 —x)(ny, k) + (p — x3)K (k) |, (2.72)
L. — /(1 — x3)(x2 — x4)
P 2K (k) ’
where
2= (x1 — x2)(x3 — X4)’ e = (2 —x)(p — xz), 0y = (x4 — x3)(p — x2)7 2.73)
(1 — x3)(x2 — x4) (3 —x)(p — x2) (x4 — x2)(p — x3)
I1(n, k) is the elliptic integral of the third kind,
M(n, k) = [ 1 dr (2.74)
U Jo (=)A= )1 = k22) '

and K (k) is the standard elliptic integral of the second kind. The leading correction Wy ; to the
resolvent is given by (2.51). We will split the rhs as Wéf‘l) (p) + Wéﬁ)( p), where

1 y'(g)dq

Wi (p) = — : 275
0P == s b aw - 279)

B, \._ 1 [yg C*®(@)L1y'(q)dgq 7g c1<q)L1y’(q>dq}
Yor=iom b~ M@ AR v S R

When M(p) is a rational function of p, the integrand in (2.75) is a single valued meromorphic
function outside the cuts and we can compute Wéﬁ)( p) by deforming the contour and picking up
poles just as we did for the single cut case. On the other hand, as was pointed out in the discussion
of Sec. IIB, this is not the case for the expressions (2.72) for C;(p) and C|*(p), which are only
well defined in the neighbourhood of the cuts [x3, x4] and [x, x,], respectively. A way to treat the
integrals appearing in (2.76) is the following: for a fixed polarization of the spectral curve, the elliptic
modulus k in (2.73) vanishes by definition when we shrink the A-cycle. By expanding the complete
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elliptic integrals I1(n, k) and K (k) appearing in (2.72) around k£ = O and integrating term by term,
we obtain an expansion of the form

I | f "™ @Ly@dg | [ @)Ly @)dg
T ?g | 1 yg A B Vel DA e

where we denoted

] k", (277

1onf
. L
=

2.78)

k=0
At any fixed order in k, by formulae (A2) and (A1), the integrands of (2.77) are algebraic functions
of g as long as the moment function is rational and can be computed exactly in terms of complete
elliptic integrals.

It should be stressed that, while (2.77) yields only a perturbative expression valid for small k,
this procedure holds true for a generic, fixed choice of polarization.®!' It therefore provides a way
to expand the amplitudes around any boundary point in the moduli space where the spectral curve
develops a nodal singularity.

Example 2.5: The cubic matrix model. As a first application of our formulae, let us consider the
case of the cubic matrix model with

2 3

Vip) = % + g% 2.79)

in the two-cut case. The spectral curve reads

y(p)=M(p)o(p), M(p)=g, o) =P —x)p—x)(p—x3)p—xs). (2.80)

Following Refs. 13 and 38, we can parametrize the branch points in terms of a pair of “B-model”
variables (z1, z2) as

in=2Q, X2 —x1 =271, xa—x3 =272, —x1—x2+x3+x4=2I, (2.81)

0=-1 1=/L 2+ (2.82)
8 8

The ’t Hooft parameters can be computed explicitly in terms of complete elliptic integrals®” as

where

_(xg = x3)(x0 — xg)(xy — x4)?

= (7, k), (2.83)
/(X1 — x3)(x2 — x4)
B B Y
L= (x4 — x2)(x2 — x1)(x3 — Xx2) M . &) (2.84)
T/(x1 — x3)(x2 — X4)
where
I e ViC B D SR Bk S Bt (2.85)
(x1 — x3)(x2 — x4) X3 — X1 X1 — X3
This can be inverted as
71 = —4t + 16g%7 — 248 1t + - -+, (2.86)

Let us turn to compute W(Bl)( p) first. We can write it as

Ii(t1, ) + D11, 1)
o (p)

Wi (p) = (2.88)
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with

_i 7§ C"" 5 (q)y (q) y
S| s, 4miMgL
We find

1 1
-1 = 7 (8¢ +24g°z +81g°23) + pred 1 (208> +208g°z, + 1269g723) +

g2 5¢°%3 3g°2  13g%%3 , (81g°z  1269g773
I, = [ &2 -
> <4 2 ) (B ) R (et )

(2.89)
whereas the residue computation for Wéﬁ)( p) yields
4
1 1+2gp
(A)
V(p) = - : (2.90)
4 ; X 2g/o(p)

We can compare our result to explicit perturbative computations for the -deformed cubic matrix
model, along the lines of Ref. 39. As an example, (2.88), (2.90) together yield up to quadratic order
in ¢#; and 1,

t
(TrM) = (—gl — gtf — gt5 +4gnhty +30g° 531, — 3081217 — 708871547 + - ) g

+ (1= B7") [t + 1) + & (92 — 97) + &° (—16262, — 16223) + -+ ] + -+ ,
(2.91)
which perfectly agrees with the computation from perturbation theory.
Interestingly, a closed form expression for Wy 1(p) can be found as a function of the branch

points. It was shown in Ref. 34 that, for matrix models with constant moment function M(p) = g,
W, is directly related to the planar resolvent as follows

1
Wo.1(p) = 8 Wo(p) — Zap Ino(p). (2.92)

The first term of the rhs can be evaluated very explicitly upon expressing the derivative with respect
to the total ’t Hooft coupling in terms of derivatives with respect to the branch points, following.*’
The partial derivatives A; ; = ax‘ satisfy the linear system

4
> M(i)xfAr =45, (2.93)

i=I

4
ZM(_X,’)K,’A,‘J = 47T6j'2, (294)
i=1

where we denoted

K = / volp) (2.95)

—x
Asthe A; ; are completely determined by (2.93) and (2.94), it is straightforward to perform explicitly

the derivatives in (2.92) and obtain a compact expression for Wy 1(p) as a function of the branch
points. We get

_ 1 (7 k) /(61 — x3)(x2 — X4) a'(p)
Wo.(p) = ﬁ[(xz —x3) Kk 2K (O +p —m} T o) (2.96)
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V(p)

FIG. 2. (Color online) The double-well potential in the symmetric 2-cut phase.

It is worthwhile to remark that this expression has a more involved dependence on the branch
points as compared to oriented, open string amplitudes at higher genus. The ordinary topological

recursion®>2% prescribes the following general form for the 8 = 1 correlators in the two-cut case:
M p N 3g—3+2h
Weo(pis ..., pn) = nXZ(; (W) Sulxih Apih) = ; (Ex(T))" fa(z, {pj}),  (2.97)

where 7 is the half-period ratio on the mirror curve, f, are holomorphic, weight —2n modular forms
for fixed p;, and E5(7) is the second Eisenstein series (see Refs. 9 and 12 for a detailed discussion).
In particular, only first- and second-kind elliptic integrals are involved for B = 1, whereas in the -
deformed case, as (2.96) shows, we have a more sophisticated dependence on closed string moduli
due to the appearance of elliptic integrals of the third kind at prescribed values for the elliptic
characteristic. It would be interesting to track the origin of this higher degree of complexity for
B-deformed amplitudes.

Example 2.6: The symmetric double-well. As the simplest instance of a two-cut model with
non-trivial moment function, consider the double well potential,

2 4

p p
V(p) = —— —, 2.98
(p) 2+g4 (2.98)

depicted in Fig. 2. The potential has two minima at p = £+1/,/g and a maximum at p = 0. For
simplicity we consider the case in which we equally distribute the eigenvalues between the two
minima, i.e., we restrict to the symmetric slice #; = t3 = t/2, t, = 0. The moment function in this
case takes the form

M(p) = gp. (2.99)

The branch points can be readily computed as a function of the total 't Hooft coupling ¢ by imposing
the Z, symmetry between the cuts and the leading asymptotics of the resolvent. We get

1 2i 1 2i 1 2i 1 2i
T e Ay L AR 111
* g vz ? & PTNE T m et ¢

We now turn to compute Wéﬁ)( p). In this case, the integrals in (2.76) can be computed exactly. To
see this, let us consider the PSL(2, C) transformation

- p= ‘;‘/’;i’g A= (;‘j g) € PSL(2,C) 2.101)
with

o =—38 = (x4x1 — x2Xx3) {,

B = (x1x2x3 — X1X3X4 + X2X3X4 — X1X2X4)C, (2.102)

y = (x1 + x4 —x2 — x3)¢.
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In these equations, ¢ is given by

(x4 —x1)

= (1 — x3)V/ 01 — x)(x1 — x2)(0 — Xa)(X3 — Xa)

(2.103)

Let us apply this transformation to the second integral on the rhs of (2.76). Then the sum of the two
integrals becomes the single definite integral

?§ dg [<Y’(é) N y’(q)) CE ()L + (x1 — x2 — x3 + x4)y'(§) }
e, 4mi [\ M@  M(g)) ! P (g —q)+ (x3 —xa)g +x2(g —x3)M(G) |

(2.104)

In the case of the symmetric double-well, (2.100) implies

Y@ _ Y@
M(q) M(g)

X1+ x4 —xp —x3 =0, (2.105)
therefore,
W (p) = 0. (2.106)
(A) :
For Wy'/'(p) we instead find

VT =4 +3gp>  3g°p*+g(@p*+41)—1

WD (p) = (2.107)
o1 2pg/o(p) 2pgo(p)
As an example, this yields
1 2
(TeM*) | = — — = — 17 —2g1° — 57" — 145°° + O(g"). (2.108)
R S 4

lll. APPLICATIONS TO SUPERSYMMETRIC GAUGE THEORIES
A. Superpotentials in A/ = 1 gauge theories

In Refs. 19 and 20 Dijkgraaf and Vafa argued that superpotentials in a large class of A = 1
supersymmetric gauge theories can be computed by using matrix models. Let us consider an A/ = 1
supersymmetric gauge theory with gauge group G = U(N), SO(N) or Sp(N), where the superfield
strength is denoted by W*. There is also a chiral superfield @ in a representation R of the gauge
group G, with a tree level superpotential Wy..(®), which we will assume to be a polynomial of
degree d:

QU

Wiree(®) = Z g_.jTrq)j- 3.1)

=7

If all roots of W/..(x) = g4 1—[;12—11 (x — a;) are distinct, the matter fields are all massive; a classical
vev for @, where N; of its eigenvalues are equal to a;, spontaneously breaks part of the gauge
symmetry, and the massive fields can be integrated out to get an effective action for the unbroken
gauge degrees of freedom at low energy.

Depending on the gauge group and the representation, we will end up with different patterns of
gauge symmetry breaking (see the useful summary in Eq. (2.1) of Ref. 34)). We will be particularly
interested in the examples where G = SO(N), Sp(N) and R is, respectively, the symmetric and
the antisymmetric representations of the group. In this case, we have the simple patterns of gauge
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symmetry breaking

k
SO(N) — ]—[ SO(N,),

i=1

. (3.2)
Sp(N) — [ [ Sp(Nv),

i=1

where 1 < k < d — 1, and there will be, correspondingly, various gluino superfields for the unbroken
gauge groups,

o _L (@), A (@)
Si = o Tr (W W, ) , (3.3)
where W is the superfield strength for the ith gauge group. According to the proposal of Refs. 19
and 20, the effective superpotential for the glueball superfields, as well as the gauge coupling matrix
for the infrared-free abelian fields, should be computable from an auxiliary matrix model with
V(x) = Wiee(x). In particular, the glueball superpotential, as a function of the gluino superfields, is
given by34,36,42

aF(),()
aS;

k
Weir(Si) = Wy (S) + ) Ni—= —4eFo 1, (3.4)
i=1

where € = %1 for SO/Sp, respectively, and Wyy(S;) is the Veneziano—Yankielowicz superpotential
(see Ref. 34 for a detailed expression). In this equation, Fy o and Fy ; are the first two free energies in
the expansion (2.3), obtained in the 8-ensemble for a matrix model with potential V (x) = Wy (x),
in the k-cut phase, and with ’t Hooft parameters ;. In addition, the gauge theory quantity

1
T(z) = <Tr (Z — ®)> (3.5)

can be computed from the generalized Konishi anomaly® and expressed in terms of matrix model
resolvents: 4!

k
ro=Y NS dewn o), (3.6)
where again € = +1 for SO/Sp. Similarly, contributions to chiral ring observables induced by a
non-flat gravity background can be computed in terms of non-planar corrections to the resolvent.*
The formulae above for the solution of (2.39) in the polynomial matrix model case then give
explicit results for computing a large class of vevs of chiral observables for a general Wye(x). In
particular, Wy ; and Fp ; yield the unoriented contribution to the effective superpotential (3.4) and
gauge theory resolvent (3.6) for a general tree-level superpotential.®> As an example and a test of our
computations, let us consider the case of classically unbroken gauge symmetry, where k = 1. This
corresponds to the one-cut case in the computations above. Using the well-known one-cut result
(see, for example, Ref. 18)

OWop,0(2) 1
' = ) 3.7
9z 6] 3.7
as well as (2.53), we find the general formula
N y'(2) 2e Vo (z;)
T(z) = + 2 — d—1+ . 3.8
O=7m 0 T e [ 2 } 69

This agrees with the explicit computation for the quartic potential in Ref. 3.



052305-17 The uses of the refined matrix model recursion J. Math. Phys. 52, 052305 (2011)

B. Penner model and AGT correspondence
A more sophisticated example is given by the double Penner model,
V(x) = arlogx + oy log(x — 1). 3.9

This model was recently considered by Dijkgraaf and Vafa?! in the context of the AGT
correspondence,’ where it was shown to give a matrix model representation of the chiral three-
point function in Liouville theory;%® its 4d counterpart arises®® as the dimensional reduction of the
6d A, (2,0) theory compactified on a sphere with three punctures, and is a U(1) theory with four
hypermultiplets. The spectral curve for this case reads

Jad = p)+ed(p? — p)+adp
p(p—=1)

M(p)o(p) =
where vz = —t — o) —azand t = ggN.

An extension of the AGT correspondence in presence of defects was considered in Ref. 6, where
multiple insertions of surface operators on the 4d gauge theory side were mapped to insertions of
vertex operators corresponding to degenerate states on the Liouville theory side. In Refs. 22 and 40
both were mapped in turn to A-type open topological string amplitudes on the toric geometries that
engineer the relevant gauge theory. In particular the authors of Ref. 40 conjectured and checked that
the Liouville theory four—point function with one degenerate insertion and vanishing background
charge Q = b+ 1/b,

, (3.10)

(51 Voayn(DVop2(p)l = 5 + 5)
(% Voao/n (DI = %)

should be expressible in terms of oriented topological string amplitudes computed through the
Eynard-Orantin recursion applied to (3.10)

. 1 1 1
Zoatt(p, By b = i) = exp [,—iAﬁ‘”(p) + 5A§°>(p, p)+h (Aﬁ”(p) + gAé‘”(p, 2 p)) +,

(3.12)

Zyan(p, h, b =1) = ; (3.11)

b=i

with
Ag,g)(lh, ey PR) = /dpl . --dPhWIEg)(Pl, s Ph)- (3.13)

On the other hand, it was proposed in Ref. 21 that turning on a background charge Q on the CFT
side should exactly correspond to the S-deformation of the matrix model, with the dictionary been
given by

&
VB
This was checked by direct computation in Refs. 37,48,49, and 54 at the level of the free energy. It
is therefore tempting to look at a combination of the two claims above and compute refined open
string amplitudes via (2.39), corresponding to degenerate insertions in Liouville theory with non-

vanishing Q. A natural extension of (3.12) in the S-deformed case is through an expansion of the
form

0*=—y% b =-B, h= (3.14)

Fnull(p, h’ b) = log Znull(p’ h9 b)
n o (3.15)
=2 (vBn) X ARG et
n=—1 g.hk|2g—2+h+k=n "

The B-deformed topological recursion allows us to test this proposal in detail. On the CFT side,
it is well known that Ward identities for the normalized four point function (3.11) reduce to a
hypergeometric differential equation; more precisely we have that

bay —bay
Zuan(p, h,b) = p7= (1 — p) ™ 2Fi1(A1, A2; Bi; p), (3.16)
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where

— o — 2%
Alzbuh”“l, A2=b<uhza3+Q>, B = hal' (3.17)

By Taylor expanding around /i = 0, b = i, we obtain

log Zuun(p) = éA<o>(,,)+[ A5 (p. p>+<b2+1>A<°><p>)}

2

h 1 1
+ 35 [(1 + )AL (p) — D*B* + 1)§A<2‘f>1(p, p) — P*AT(p) + b* —

7 450(P, P, p)]

n? 1
+ [(b2 + D’APY(p) = B2+ DA (p) + b S AY(p. p) = (1 +17)

1 1 B\’
b A(zoz(P P) = b° AP PP p) b B+ DAY (b p. p)] +0( b) :

(3.18)

On the other hand, we can apply the refined recursion to the spectral curve (3.10). In this case, the
contour integrals also have contributions from the poles of M(x); as an instance, we find for the
one-crosscap correction to the resolvent

1 3 1 (M 12 —b
Wor(p) = —3 2 4 ZResz=z,[ ( @ o+ 52 )] (3.19)
1

2 y(p) o(p) iz p—z\ M) "2 v (2)
where
21=0, z2=1 z3=o00. (3.20)
The residues give the values
1 1
B N B - (3.21)
ay p ap—1
fori=1, 2, and 3, respectively, and we finally obtain
lM(p) 1 2p—a-—»b 1 arl a1
Wo.1(p) = — —_—t—=—). (3.22)
‘ 2M(p) 4(p-aXp—b) 2/o(p) ap  agp—1

The integrated refined amplitudes A;f?c( p,...p) can be similarly computed in a straightforward
fashion from (2.39); upon taking into account the dictionary (3.14), we find exact agreement with
the CFT expansion (3.18).

IV. THE 3B-DEFORMED CHERN-SIMONS MATRIX MODEL
A. Definition and relation to the Stieltjes—Wigert ensemble

The B-deformed Chern—Simons (CS) matrix model on S is defined by the partition function,

dxl _L . Xi — X 26
Zcs(N, g5, B) = I /1_[ ey Loimt % H(Zsmh J) . 4.1

<j
When B8 = 1 we recover the standard CS matrix model considered in Refs. 44 and 45. This gener-
alization of the CS matrix model is the natural counterpart of the B-ensemble deformation of the
standard Hermitian matrix model.
In Ref. 57, Tierz pointed out that the standard CS matrix model could be written in the usual,
Hermitian form, i.e., with a Vandermonde interaction among eigenvalues, but with a potential

1 2
V(x) = - (logx)*. 4.2)
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This potential defines the so-called Stieltjes—Wigert (SW) matrix model. It is very easy to show that
(4.1) is, up to a simple multiplicative factor, the partition function of the §-deformed version of the
SW matrix model. To do that, we perform the change of variables

u; =ce", 4.3)
where c is given by
c=exp(r—g(l—p"), 1=gN. (4.4)
A simple computation shows that
—2% (log c)?
ZCS(N7 g57 /3) =¢ 285 ZSW(Na gsv :3)5 (45)
where
1 N du B 2 28
- 2 =g 2 (loguy) U
ZSW(Nagsvﬂ)_ N‘/l_! 27Te E ! l_[(ul Mj) (46)
i= i<j
is the partition function of the -deformed SW ensemble. In terms of free energies, we have
_ B L, 2 -1 t
Fes(N. g )= ——-8 "+ & (B—Dr" =(B+ B~ =25 + Fsw(N. B, g). 4.7)

The change of variables (4.3) has to be taken into account when computing correlation functions in
the CS matrix model from the SW matrix model, and we have the relationship

(TrU™)SY = exp (nt — ng,(1 — p7)) (Tre"*) s, (4.8)
where
U = diag(uy, ..., uy), X =diag(xy,...,xy). (4.9)

It was shown in Ref. 45 that, though both the potential (4.2) and its first derivative are non-polynomial,
the SW model can be solved at large N with standard saddle-point techniques. In particular, the
resolvent is given by

(4.10)

1 I+e'p+J/(A+e'p2—4
Wo(p) = —— log u PEZP
p 2p

and the spectral curve is

B \/—t—z_
y(p>=M(p>\/(p—a)(p—b>=%tanh 1[ Ate?p —dp | .11

l+e'p

where

M(p) = “4.12)

2 L[V xepr=4p
tanh
pv(p —a)p—D) l+ep
and the positions of the endpoints are given by
a(t) = 2e* —e' + 22 /el — 1,
b(t) = 26% —¢' —2e7 e — 1. (4.13)
Fort = 0, a(0) = b(0) = 1, which is indeed the minimum of (4.2).

B. Corrections to the resolvent and to the free energy

The SW ensemble is, from many points of view, a conventional one-cut matrix model, and its
correlation functions and free energies obey the standard recursion relations of Refs. 15 and 26. We
now proceed to calculate the first 8-deformed corrections to the resolvent and the free energy by
using the recursion of Ref. 15.
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Let us first consider the correction for the 1-point correlator (2.51). As in the standard polynomial
case, there is no contribution from V"”(q) (since both this function and M(g) are analytic on the cut).
In order to proceed, it will be useful to change variables from g to ¢ through

_b—a +a+b 4.14)
q = > ¢ > .
This maps the interval [a, b] to [—1, 1]. Explicitly,
g =2e'e'e — ¢ +e (2¢' —1). (4.15)

In terms of ¢, we have

T SRy B 7
tanh 1|: (I +e7q) —4q = tanh™! _vemtl , (4.16)

1+eg L+ (1 —e )12

and the moment function reads

1 B ;2_1
M@ = tanh™" | —F2——rr | 417
) O tan T an (§+(1_e_,)_1/2> (4.17)
where
cr=eVel —1(2' — 1), =2 ('~ 1). (4.18)

The integrand of (2.51) involves then

—ld Y@ _ L T =@ —bg — & M2y (4.19)

M(CI) 29
with
el —1 el —1 r__ 1
M(c) = Vel (e ) (Vel(e )X +e \/2)_1 ' (4.20)
(2/E' (e = D¢ +2¢’ — 1) tanh ™! (m)
We then obtain
L p—e 1 e M(¢) de
— — 4.21
Wo.(p) = 2pJa(p) 2p  Jop) i p —2elJe(e — )¢ —e' (2e' — 1) 2mi’ (4-21)

where the integral involving the first term in (4.19) has been calculated through a contour deformation
and picking residues at ¢ = 0, 0o, p, and the contour C encircles the cut [—1, 1] in the ¢ variable.

We have not been able to calculate the second term in (4.21) in closed form. In order to obtain
explicit results, we have to perform a series expansion in both p and 7. To see an explicit example
of this procedure, we expand around p = oo to obtain

Woa(p)| | =€ = 1)+e'S0), (4.22)
N
where

1 1
Sit)=— / d¢ M(2). (4.23)
Tl J_q

Notice that this integral depends on ¢ only through the variable v = ¢’. It can be computed system-
atically as a power series in v — 1, which can then be re-expanded as a power series in t. We obtain,
for the first few orders,
7t 718 297144 17809¢° 484316 51012187+’
24 720 120960 3628800 5913600 435891456000

The planar limit of the vev of Tr U is given by
(TrU)gp =€'(e' — 1), (4.25)
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and its first correction is given by (4.22),

(TrU)Y = Wo.1(p) = e (St —e +1). (4.26)

p2
Together with (4.8) we then deduce that
(Tre* )01 = S(r). 4.27)

On the other hand, a direct perturbative computation of the vev (Tre*)®S in the CS matrix model
(4.1) gives
2

N
(Tre*)© —N+gs|: ——(l—ﬂ )Ni|

3
+gl [N— - —(1 BN - N + é(l - ﬁ1>2N]

6 24
. (4.28)
N LN =)= o p N (1 - g
24 720 48 90

—11 N—i—ll
1-F

TN GA 1>N} +0G)),

in complete agreement with (4.27).
Using the same type of techniques, we can also compute the first correction to the free energy.
Using (2.56) we find

PdplogIM(p)l | (" dploglo(p)l

OFY =1+ — (4.29)
o o ® Vol Ju 27 Jlo()]
The last integral can be computed exactly
b —t
dpl log(1 —
dp loglo(p)| _ log(l —e™) Lo 4.30)
a 41 lo(p)] 2
The first integral can be written, using again the change of variables (4.14), as
tan™! ( V1~ 52 )
" dp log IM(p)] /l &1 S 4.31)
a T +l]o(p)l -1 71 =¢? (c1+e0)y1-2¢2

where ¢| and ¢, are defined in (4.18). As before, this integral can be computed as a power series in
t around ¢ = 0. Putting everything together, and taking into account (4.7), we find
1? 1 1714 1371 216

FSS(@) = =(log(®) + 1 — — . 4.32
01(®) (Og()+ "= 12t 1290 T 35360 ~ 14515200  de7775 T O¢ ) (432

We have again verified the very first coefficients in this expansion against a direct perturbative
calculation in the CS matrix model.

It is worth pointing out that the corrections appearing in the CS matrix model when 8 # 1 are
much more complicated than the “standard” ones. For example, for 8 = 1 all the correlators are
polynomials in e’, while the integral giving (4.23) is not.

C. p-deformation and the @ background

One of the interesting aspects of the conventional CS matrix model with 8 = 1 is that its large
N expansion equals the 1/N expansion of topological string theory on the resolved conifold,** since
it equals the partition function of CS theory on the three sphere. On the other hand, the partition
function of topological string theory on the resolved conifold admits a refinement given by the
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K-theoretic version of Nekrasov’s partition function for a U(1) theory.>® This partition function can
be also obtained from the refined topological vertex of Ref. 35. The first correction to the refined
free energy of the resolved conifold is simply

F§ = %Liz(e*f). (4.33)
This expression is much simpler than the result (4.32).
We can also compare the result for (Tre*)S with expectations coming from the theory of the
refined vertex. When 8 = 1, the correlation function (Tre*)“S can be expressed in terms of the open
string amplitude

1-0

2 sinh (%S)

Z(ts gY) =

for a D-brane in an external leg of the resolved conifold. Here, Q = e™". The precise relation involves
a framing factor,

(Tre")§3, =e'Z(t, g,). (4.34)

The “refined” version of the D-brane amplitude is®*

2. g p) = LYV (4.35)
g —1
with
q1 = e_\/Bgs’ g = e_gx/\/ﬁ. (436)
Expanding g, and 8, we obtain
Z(t, g5, B) = (l—e*t)i+L(1—ﬂ71)+-~- 4.37)
‘ & 2JB

so it is clear that the relationship (4.34) is no longer true when we consider the S-deformed CS
ensemble in the lhs, and the refined amplitude (4.35) in the rhs.

Of course, in the comparisons we have made, we assumed that the ’t Hooft parameter #cg in the
matrix model is equal to the parameter f1s appearing in the refined topological string. We have not
excluded the possibility that both sides are related by a more general relation of the form,

tes = t1s + f(B, t1s), (4.38)

where f(, trs) vanishes for B = 1 (since the two parameters agree in that case). But in order to
reproduce the above results, the unknown function in (4.38) should be rather complicated. Another
possibility is that we have to modify the Gaussian potential as well in order to match the 2-deformed
topological string. This has been suggested in a closely related context in Ref. 56.
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APPENDIX: USEFUL FORMULAE FOR ELLIPTIC INTEGRALS

In this section we collect a few formulae regarding the expansion of elliptic integrals for small
values of the elliptic modulus, which are relevant for the computations of Sec. II D,

k-1 (=) ah);
H(nlm)—zi n (1)2 ke —2k2j‘°< &) ) (Al)
2 k=0 k2 \2/, 1_”(%)k n ’
0o k(1) 2
K(m) = %Z m(}f—f))zk (A2)
k=0
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