International Journal of Mathematics and Statistics Invention (IJMSI)
E-ISSN: 2321 — 4767 P-ISSN: 2321 - 4759
www.ijmsi.org Volume 2 Issue 1 || January. 2014 || PP-41-48

On The Value Distribution of Some Differential Polynomials
' Subhas.S.Bhoosnurmath, # K.S.L.N.Prasad

! Department of Mathematics, Karnatak University,
Dharwad-580003-INDIA
% Lecturer, Department of Mathematics,
Karnatak Arts College, Dharwad-580001-INDIA

ABSTRACT: We prove a value distribution theorem for meromorphic functions having few poles, which
improves several results of C.C.Yang and others.Also we obtain a generalized form of Clunie’s result.

C. C. Yang [8] has stated the following.

Theorem A Let f(z) be a transcendental meromorphic function with  N(r, f) = S(r, ).

if PA=f"+a,n,_(F)+a,n,_,(F)+...+a, @)
Where each T, (f) is a homogeneous differential polynomial in f of degree i, then
T(r,P[f]) = nT(r,f) +S(r,f).

This result is required at a later stage and we prove the above theorem on the lines of G. P. Barker and A. P.
Singh [1].

Proof we have, P[f]= f" +a,, ,(f)+a, m, ,(f)+.... +a,

:fn{l_i_alnnl(f)_’_aznnZ(f)_’_umm_i_a_n}

fn fn fn

A A
=f"l+ L4 24 410 2
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Now, since each T, (f )is a homogeneous differential polynomial in f of degree n,

m[r,nn_(f)j mr’zflo(fa))h ______ )

) £
ol

1)) oo

= S(r, 1), using Milloux’s theorem [10].
Hence m(r, A)) =S(r, f), fori=1,2,...,n.

we have ,

Now on the circle |z | =, let
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A(re‘e): Max{‘Al(re“’)L |Az(reie)‘%,........".,‘ An(reie) %}
Then, m (r, A(2)) =S (r, ) ®)
Let E, = {e e[0,2x]| f(re‘e)‘ >| 2A(re‘e)‘ }and E, bethecomplementof E, .

Then, on E;, we have

Pl =(f "1+ 2+ +....... + ?‘r:‘
2l 1~ G - [ e
B f f2 f"
z|f|“{1-1-i_ _i}
2 2° 2"
—

Hence, on E,, log™ 2" | P[f] > |og+[| fl" ]
Therefore, n log* [f|<nlog 2+log*| P[f]|

2n
Therefore, nm(r,f)= ZL In log *[f| d6
T 0

1 . 1 .
zz_né[nlog ] d9+2—né|'lnlog f| do

1 + +
< - [(ntog2 + log |P[f]|)d9+21n Ej log*[2A) do

E

1 . n .
Sz—né[log |P[f]|de+zé[log |A| do+0(1)

=m(r,P[f])+nm(r,A)+O(1)

=m(r,P[f])+S(r,f).
Thus, nm (r, f) <m (r, P([f]) + S(r, ). 4)
Adding n N(r, f) both sides and noting N(r, f) = S(r, f), we get,

nT(r, ) <m(r, P[f] ) + S(r, ).
Or nT(r,f)<T(r,P(f)) +S(r, T) (5)

Now, m(r, P[D) = m(r,f" + Af " + A2 4. +A F+A,) by
<mr, (F" + A F 2 + A, H+m(n A, )+ O(1)
<m(r,f)+m(rf "+ A2 o + AL )+S(F)
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Proceeding on induction, we have
m(r,P[f])<n m(r,f)+S(r,f)
Therefore, T(r, P[f]) < nm(r, f) + N(r, P[f] + S(r, )
But, N(r, P[f] ) = S(r, ), since N (r, f) = S(r, f).
Hence, T(r, P[f]) <nT(r, f) + S(r, ) (6)
From (5) and (6) we have the required result.
We wish to prove the following result

Theorem 1 Let f(z) be a transcendental meromorphic function in the plane and Ql[f], Qz[f] be differential
polynomials in f satisfying Ql[f] #0,Q, [f] # 0. Let P(f) be as defined in ().

It F=P[f] Q,[f]+Q,[f], %

Then (n—7,, )T(r,f)gﬁ(r, %) + N(r, %J +(Ty, —7q, +LN(r,f)+S(r,f)
To prove the above theorem, we require the following Lemmas.

Lemma 1 [5]: If Q[f] is a differential polynomial in f with arbitrary meromorphic co-efficients
q;,1<j<n, then

n

m(r, Q[f )<y m(r,f)+> m(r,q,)+S(r,f).

j=1
Lemma 2 [5]: Let Q*[f] and Q[f] denote differential polynomials in f with arbitrary meromorphic co-
efficients ,,0,,....0, and g, q,,...q, respectively.

If P[f] is a homogeneous differential  polynomials in f of degree n and

P[f]Q"[f]= Q[f Jwherey, <n, then

m(r,Q*[f])sZn: m(r,q;)+ ZS: m(r,q, )+S(r.f).

j=1 =t
This leads to a generalised form of Clunie’s result.

Lemma 3 [5]: Suppose that M[f] is a monomial in f. If f has a pole at z = z, of order m, then z, is a pole of M[f]
order (m-1) v, +1,.

Lemma 4 [5]: Suppose that Q[f] is a differential polynomial in f. Let z, be a pole of f of order m and not a
zero or a pole of the co-efficients of Q[f]. Then z, is a pole of Q[f] of order atmost my , + (FQ —Yo )
Proof of Theorem 1

Let us suppose that N >y, .
We have F =P[f] Q: [f] + Q. [f]
Therefore, F' = FEP[f]Ql[f]"'FEQz [f]

!

and P =Pif] QI+ PIFI(Q[FD +(Q.])
Hence, it follows that P[f |Q[f]= Q|[f] (8)
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!

e Q1= E o-CEh o - @) ®
ana QIf]-(Q.[f]) - = Q,ff]. @0
We have by Lemma 2 and (8),
m(r, Q'[f ]):S(r,f) (11)
Again from (8), P[f]: g*[{f]]
Therefore, m(r,P[f])<m(r,Q[f])+ m(r,Q*i[f]J (12)

From (10) and Lemma 1, we have
m(r,Q[f]) < vq, m(r,f)+S(r.f). (13)

By the First Fundamental Theorem and (11), we get
1 * 1
m| r,—— |=NIr,Q |f —N(r,*—}rs r,f). (14)
[ MR-~ e

Clearly, the poles of Q*[f] occur only from the zeros and poles of F and P[f], the poles of f and the zeros and
poles of the co efficients. Suppose that z, is a pole of f of order m, but not a zero or a pole of the co-efficients

of P[f], Q,[f]and Q,[f].
Hence, from Lemma 4, z, is a pole of Q[f] of order atmost My, + (er ~Ya, +1)
Q[f]

If zois a pole of Q*[f], we have from (8), Q*[f] = m

and hence z, is a pole of Q*[f] of order atmost My, + (qu ~Yaq, +1)— mn
=M(yq, —N)+ Ty, —7vo, 1)

Also, from (8), *i = E
Q'lf] Qlf]

Hence z, is a zero of Q*[f] of order atleast Mn — {msz + (FQz ~Yq, T 1)}

Thus, we have,

N(r,Q*[f])- N(r, L Jsﬁ(r,£j+ﬁ(i]+(l“% —7q, +LN(r,f)

Q*[f] F) Plf]
+(yq, —n)N(r, f)+S(r,T) (15)
we have from (8), P[f] = QQP[;]
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herefore, m(r,Plf] = m(r, QQP[]J ]]

Therefore, m(r, P[f ]) < m(r, Q[f ])+ m(l’, Qi-[f ]J

Using (14) we have,

m(r. P[F] < m(r.ff )+ N(r.Q*[f] - N(r,Q*L[f]}s(r,f)

Using (4), (13) and (15) we have

nm(r,f)<yo m(r,f)+ N(réj+ﬁ[r, 1 }(FQZ —v, +1N(r,f)

P[f]
+(yQZ —n)N(r,f)+S(r,f).

Hence, we get , (n ~Yo, )T(r,f)s N(r%) + N[rﬁ} + (FQZ Yo, +1)N(r,f)+ S(r,f),

which is the required result.

Remark (1) Putting P[f] = f" in the above result, we get

F=f"Q,[f]+Q,[f] and
(n ~7o, )I'(r,f) < N(r,%j + N(r,%j + (1“Q2 ~7Yo, +1)N(r,f)+ S(r,f),
which is the result of Zhan Xiaoping [9]

() Putting P[f]=a f" +a, f"" +...... .+a, inthe above result,

We get, F=P[f] Q,[f]+Q,[f] and

(h—vo )T(r.f)< N(r,éj+ﬁ(r,ﬁj +(Ty, —7q, +LN(r,f)+S(r,f)
which is the result of Hong Xun Yi[4].

Theorem 2 Let F=f nQ[f], where Q[f] is a differential polynomial in f
and Q[f] #0.

- N[r, :j +N(r,f)
T

Proof Let F=f" Q[f]. Putting Q,[f]=0 in the result of Zhan Xiaoping ( remark 1) we have,

<n, then ®(a,F)<1 where a#0.

MR R (RN
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Hence N —lim ——~
ence it T(r,f)

. F
Therefore, lim

> T(r,f)

N(r,Fl )
Hence, lim _\ Py >0, fora%0.
r—o T(r’ F)

< N using hypothesis.

>0

Therefore, 1—O(a,F) >0
Or ®(a,F) <1for a#0.
Hence the result.

Theorem 3 Let F=f ”Ql[f]+ Q, [f] where Q4[f] and Q,[f] are as defined in Theorem 1.

- N[r,ﬂ+(rQ2 v +1N(.f)
|'

g (1)

Q,[f]#0, then ®(a,F)<1 where a#0.

< (n Yo, ) and

Proof Let F=f"Q,[f]+ Q,[f] where Q,[f] and Q,[f] are as defined in Theorem .
By the result of Zhan Xiaoping [Remark 1], we have

(N—7vq,)+T(r,f)< N(r,%j+ﬁ(r,%] + (T, — Vg, +1) N(r. f) +S(r,f).

0

or (N—yq,)— lim <(n—yg,) using hypothesis

r—m T(r’f)
—N(r’Fl j
Hence, Iim—_a>0
> T(r,f)

which implies 1—©®(a,F) > 0.
or O(a,F)<1 fora#0.
Hence the result.

Theorem 4 Let F = P[f ]Q[f] where P[f] is as defined in (1) and Q[f] is a differential polynomial in f such that
Q[fl #0.1fn>1,then p =p; andip = A,
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Proof Let G =F —a, where a(=0) is a finite complex number. Then by Theorem 1,
nT(r,f)< N[r, é} + N[r, %j +N(r,f)+5S(r,f)
Obviously, the zeros and poles of f are that of F respectively

Therefore, N(r, %) +N(r,f)< N[r, %j +N(r,F)+S(r,f)

_ 1 — 1) —
Thus, n T(r, f) < N(r,F—_ajJr N(r,EjJr N(I‘, F)+ S(r,f)

<3T(r,F)+9(r,f)
Therefore, T(r,f)=OfT(r,F)} as r - oo
Also, T(I’, F) = O{T(I’,f)} as r—ow

Hence the theorem follows.
As an application of Theorem 1, we observe the following .

Theorem 5  No transcendental meromorphic function f can satisfy an equation of the form
a,P[f]|Q[f]+a,Q[f]+a, =0 ,where a, £0,a, 0, P[f] is as in (1) and Q[f] is a differential
polynomial in f.

Putting P[f]=f" in the above theorem, we have the following.

Theorem 6  No transcendental meromorphic function f can satisfy an equation of the form
a,f"Q[f]+a,Q[f]+a; =0,where a, #0, a, #0, n is a positive integer and Q[f] is a differential
polynomial in f.

This improves our earlier result namely ,

Theorem 7: No transcendental meromorphic function f with N(r, f) = S(r, f) can satisfy an equation of the form

ay(2)f@)f'f )+, (2)nlf )+ ay(z)=0 o

i-1

where N =1, al(z) #0 and ﬂ(f ) =M, (f)‘|' zaj (Z) M i (f) is a differential polynomial in f of degree n and
j=1

each M;(f) is a monomial in f.

(Communicated to Indian journal of pure and applied mathematics)
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