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Abstract

Let (X4, o) be a subshift of finite type and let M (x) be a continuous function on
¥ 4 taking values in the set of non-negative matrices. We set up the variational
principle between the pressure function, entropy and Lyapunov exponent for
M on X 4. We also present some properties of equilibrium states.

Mathematics Subject Classification: 37D35, 34D20

1. Introduction

Let o be the shiftmapon £ = {1,2, ..., m}N, m > 2. Asusual, X is endowed with the metric
d(x,y) = m™", where x = (xx), y = () and n is the smallest of the k such that x; # y.
Given an m x m matrix A with entries O or 1, we consider the subshift of finite type (X4, o)
(see [1]). We shall always assume that A is primitive.

Suppose M is a continuous function on X, taking values in the set of all non-negative
d x d matrices. Here, a matrix A = (A, )1<;,j<a 18 said to be non-negative if A; ; > 0 for
all 1 < i, j < d. Similarly, we say A is strictly positive if A; ; > Oforall 1 <i, j < d. For
q € R, the pressure function, P(q), of M is defined by

1
P(q):=P(M.q) = lim —log Y sup [[M(x)M(ox)---M(c" ' )|, (1.1)
n—oo n = xelJ]
A.n
where X, , denotes the set of all admissible indices of length n over {1,...,m}; for

J = ji--+jn € L4, [J]denotes the cylinder set {x = (x;) € a1 x; = j;, 1 < i < n}
and || - || denotes the matrix norm defined by ||B|| := 1’B1,1" = (1,1,...,1). By usinga
subadditive argument, it is easy to show that for ¢ > 0, the limit in the above definition exists.
With some additional conditions on the matrices (e.g. M is strictly positive), the limit exists
forqg € R.
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The pressure function of a matrix-valued function is a natural generalization of that of
the scalar case (i.e. M (x) = e?™), where ¢ (x) is a real-valued function called the potential of
the subshift). The reader is referred to [1, 8, 13, 14] for the pressure and variational principle
in the classical scalar case. In [5], Feng and Lau considered the pressure functions and
Gibbs measures for the products of matrices, where the matrix function was assumed to
be either strictly positive and Hoélder continuous, or local non-negative constant, satisfying
an irreducibility assumption. For instance, in the former setting, they proved the following
theorem.

Theorem A. Suppose that M is a Holder continuous function on X 5 taking values in the set
of strictly positive d x d matrices. Then for any q € R, there is a unique o -invariant, ergodic
probability measure 1, on L4 for which one can find constants C1 > 0, C; > 0 such that

C < e ([J])
= exp(—nP(q)) - IMx)M(ox) - M(o"'x)|
foranyn >0, J € X4, andx € [J].

<G (1.2)

In [3], the author used the pressure function to analyse the multifractal structure of the
Lyapunov exponents for the products of matrices and proved the following theorem.

Theorem B. Suppose M is a continuous function on X taking values in the set of strictly
positive d x d matrices. For any o € R, if the set {x € 4 : Ay (x) = a} is not empty, then

dimg{x € T4 : Apy(x) = a} = inﬂg{—aq + P(q)}
qe

logm

1
| sup{h(p) : p € M(2Z4,0), Mu(p) = a},
ogm

where dimy denotes the Hausdorff dimension, Ay (x) is the upper Lyapunov exponent of M at
x defined by

Ap(x) = lim % log |[M(x)M(ox)---M(c" 'x)| (1.3)

when the limit exists, M(X4, o) denotes the collection of all o-invariant Borel probability
measures on %4 and

1
M. () =n1gr0102/10g IM()M(ay)--- M@ y) || du(y). (1.4)

Theorem B was also proved in [5] under an additional condition that M is Holder
continuous. For u € M(X4,0), M,(u) is often called the upper Lyapunov exponent of
W associated with M. It was first proved by Furstenberg and Kesten [7] that A (x) exists for
almost all x with respect to u and f A x)dp(x) = My ().

The main purpose of this paper is to set up the variational principle for the non-negative
matrix-valued functions. We prove the following general theorem, which does not need any
additional smoothness condition or the strict positivity of M.

Theorem 1.1. Suppose that M is a continuous function on X, taking values in the set of
non-negative d x d matrices. Then for any q > 0, we have

P(q) =sup{h, (o) +qM, () : p € M(X4,0)} (1.5)

and this supremum is attained.
Iffurthermore M is strictly positive, then (1.5) holds for any q € R, and the corresponding
supremum is attained.
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When d = 1, M(x) = e?™ becomes a scalar function; and in this case (1.5) is just the
classical variational principal formula for the potential g¢ (x) (see, e.g. [8, theorem 4.4.11],
where ¢ may take the value —00).

A member p of M(X4, o) is called an equilibrium state for M with respect to g if

P(g) = hu(0) +gM. ().

Let Z(M, g) denotes the collection of all equilibrium states of M with respect to g. It is
interesting to consider under what condition Z(M, ¢g) contains only one element (in this case
we say that M has a unique equilibrium state with respect to g). The following theorem
establishes the derivative formula of the pressure function which is an extension of the classical
Ruelle formula to matrix-valued functions (for the classical Ruelle formula, see [13, exercise 5,
p 99], [11, lemma 4] and [8, theorem 4.3.5]).

Theorem 1.2. Suppose that M is a continuous function on X, taking values in the set of
non-negative d x d matrices with P(q) # —oo for all ¢ > 0. Then
P(g+e€)— Plq)

P/(g4) = lim —= = = sup{M. o) < ju € T(M. ). (1.6)

/ . Plg—e)—Plg) _.
P/(g=) = lim = = inf(M. (1) : 4 € (M. ) (1.7)
forany g > 0.
If furthermore M is strictly positive, then (1.6) and (1.7) hold for any q € R.

We remark that there are examples of M 0 satisfying P(M, q) = —oo. For instance,
take ¥ = {1, 2}" and define f € C(X) by

if x;x, =00o0r 11,
if X1 Xoptl = (Ol)nl or (10)"0,

where x = (x;){2, € X. Take M(x) = f(x)Ils, where I; denotes the d x d identity matrix.
Then P(M, q) = —oo. We point out that the condition P(q) # —oo forallg > 01is equivalent
to P(q) # —oo for some g > 0. A sufficient condition insuring P(q) # —oo is that there
exists x € X4 such that

o= {3

Ay (x) = lim sup rlz log [M(x)M(ox)---M(c" 'x)|| # —o0.
n—o0o
We also remark that for any fixed M and g, the pressure, P(e?*™ M, g), is a convex
function of ¢ € C(X,). It can be derived directly by theorem 1.1 and the fact that
(€®©OM)*(n) = [ddu+ M*(). In any case, we do not know whether there is any kind of
convexity of P(M, g) on M.
As a direct corollary of theorem 1.2, we have the following.

Corollary 1.3. Let M be a continuous function on X 4 taking values in the set of non-negative
(strictly positive, resp.) d x d matrices. A necessary condition for M having a unique
equilibrium state with respect to some q > 0 (q € R, resp.) is that P(q) is differentiable at q.

Under some additional assumptions, we can show the existence of a unique equilibrium
state for M (see theorem 3.1, corollary 3.2).

As we have seen from theorems A and B, the pressure function, P (g), is an important term
in studying the Gibbs measures of M (x) and the Hausdorff dimension of level sets of A3, (x). We
should point out that P (g) has also appeared naturally in the study of multifractal phenomena
about measures. In [4] the author studied the multifractal structure of a class of self-similar
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measures with overlaps (namely, self-similar measures satisfying the finite type condition).
He proved that these measures can locally be expressed as the product of a finite family of
non-negative matrices, and their L?-spectra, t(g) (one of the basic ingredients in the study
of multifractal phenomena, see [2, 12]), differ from P(g) only by a factor (see [4, lemma 4.1
and theorem 5.2]). The readers are referred to [4, 6,9, 10] and the references therein for the
multifractal theory for self-similar measures with overlaps.

A first thought of proving theorem 1.1 is to re-express the pressure function, P(g), of M
as the classical pressure, Py, for some scalar function f. However, this thought seems only
possible for the case where ¢ = 1 and M is strictly positive. In this case, we may enlarge the
symbolic set {1,2,...,m}to S ={G,j): i =1,...,d,j =1,...,m} and define the 0-1
matrix A = ASXS by

. 1, ifA; =1,
Agj.ajn = {0 -

One may check that by definition P (1) equals P for a scalar function f on the subshift space
SEI defined by

otherwise.

F Gy J)s G2, j2)s - en0)) = log M;, 4, (ijo -+ 0)-
Even in this case we still have some difficulty in pulling back the variational result from SE
to X4.

Our proof of theorem 1.1 is essentially based on the existence of ‘Gibbs’ measures
(see theorem A). In fact, by theorem A and a standard argument, we prove theorem 1.1
immediately in the special case where M is Holder continuous and takes values in the set of
strictly positive d x d matrices. The original part of our proof is the generalization of this
result to functions that are continuous and with values in d x d non-negative matrices. We
do this with two approximation steps: of continuous maps by Holder continuous ones and of
non-negative matrices by strictly positive ones.

We organize this paper as follows. In section 2, we prove theorem 1.1 (see
propositions 2.6-2.8). In section 3, we consider the equilibrium states of M and give a proof
of theorem 1.2.

2. The proof of theorem 1.1

For convenience, we use I'; (", resp.) to denote the collection of all continuous functions on
Y 4 taking values in the set of all strictly positive (non-negative, resp.) d x d matrices. For
M e T, we write , M (x) for the product M (x)M(cx)---M(c" 'x).

Lemma 2.1. Let M € T". We have

70 ee M GO < Nlrn M) ||| 7re M (0" 2) | Vn teN, x¢€ZXj.
Moreover, if M € Ty, then there exists a constant C > 0 (depending on M) such that
I7nre M )| = Cllma M Q) ll7re M (" X)), Vn,t €N, x¢€ZXy.

Proof. The first inequality is trivial. The second one was proved in [5]. However for the
reader’s convenience, we include the detailed proof. Since M € I'y, there is a constant C > 0
such that
min; ; M; ;i (x
min; ; M; ;(x) > dC, Vxe3Z,
max; ; M; j(x)
which implies that M (x) > CEM (x) (here and afterwards we write B’ > B® for two
matrices BV, B if Bi(,];) > Bi(,zl.) for each index (i, j)); here, E = (E; j)i<i j<a is the matrix
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whose entries are all equal to 1. Let 1 be the d-dimensional column vector, each coordinate
of which is 1. Then using M (c"x) > CEM (c"x), we have
I7nre M O 2 112 M (X)) CE (M (0" )|
= Cll(ma M (x)1'1(7re M (0" X)) |
= Cllm M)l M(c"x) |l O

Lemma 2.2.
(i) If M € T, then for q > 0 the limit

1
P(g) = lim —log Z sup ||, M (x) || 2.1)
n—oon

JeXpn xelJ]

exists and equals inf, (1/n) log Z,ezA sup, gy 17w, M ()|
(ii) If M € T, then for any u € M(Z4, 0),

.1 1
M. (1) =n11)r1302/10g N7z, M (x) | dpa(x) =lgf;/10g ll7zn M () || dpa(x).

(iii) If M € Ty, then for any q € R the limit (2.1) exists. Moreover, let C be the constant as
in lemma 2.1; then

1
inf, — log Z sup ||z, M (x)||?, if g >0,
n

Jem, el

Plg) = |
inf, — log E C? sup ||, M(x)|4, if g <0.
e, e

Proof. Suppose I € 4, J € g with IJ € T4 1. By lemma 2.1, we have for M € T’
andg > 0,

sup [|7pee M ()7 < sup (I, M ()| )|lre M (0" x)[|7)
xellJ] xe[lJ]

< sup ||z, M(x)||7 - sup [l M (y)]|7,
x€ell] yelJ]

while for M € Ty and g < 0,

C? sup |7 M)||7 < (C7 sup [l M (x)[|7)(C? sup [lzeM (»)]|7).
xellJ] xell] velJl

Using a subadditive argument, we obtain (i) and (iii). Statement (ii) is obtained similarly by
using the fact ||7,.e M (x)|| < |71, M (xX) |l [|77e M (0" ). U

Lemma 2.3. Let M € I'y. Forany u € M(Z4,0) andn € N, we have

log [|7, M (x) || logC log ||, M (x) |
/gfdﬂ(x)+% < M (1) </gfd,u(x),

where C is the constant in lemma 2.1.

Proof. Take any u € M(X¥4,0). By lemma 2.1 and the invariance of w, we have for
anyn,f € N,

flog 7Tnee M () [ dp(x) < fIOg N7z, M () | dM(X)+/10g lreM (o"x) || dpa(x)

= /10g N7z, M () | dM(X)+/10g ll7re M ()|l dpe(x).
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A subadditive argument yields the second desired inequality. Similarly, we have

[ toe(Climacm e aneo > [ togClm M dueo + [ og(Cllmdt ol dreco,
which proves the first inequality by a super-additive argument. |

As a corollary, we have the following.

Corollary 2.4. Suppose . € M(X 4, o) converges to | in the weak-star topology. Then for
any M € T,

Jim M. (i) = Ma (). 2.2

Proof. By lemma 2.3, for any n € N we have

1 [log C|
M, () — p log |ma M (x) || di(x)| < .
and
1 |log C|
‘M*(Mk) - ;/IOg I M) dpar (x) | < 5 .

Since limy_oo [ log [0, M (x) || dpg (x) = [ log ||7r, M (x)|l de(x), we have

. 2|log C|
lim sup |[M, () — M ()| < :
k—o0 n
Letting n — oo, we obtain the desired result. O
Lemma 2.5 (cf [14, lemma 9.9]). Let ay, ..., a; be given real numbers. If p; > 0 and

ZLI pi = 1, then

k k
S e — log p) < log (2) |
i=1 i=1

Proposition 2.6. For any M € ', and q € R (resp., forany M € T and g > 0),
P(q) = supthu(o) +gM.(n) : n € M(Z4,0)}.

Proof. The following argument is classical. Let u € M(X4,0). By lemma 2.5, for
any n € N,

log Y sup [mM@[* > Y [~ u(U])log u(L]) +u(I]) log sup [z, M(x)[|]

Iex, , Y€l 1€S4n xell]

> ) tog () + [ tog o, MO duco)

1eXy

Z (—M([I])logu([l]))+q/10g ll7zn M () || dpa ().

I1eXy,

WV

Dividing both sides by n and letting n — oo, we have

P(q) =z hy(o) +qM. (). O
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Proposition 2.7. Forany M € T, and q € R, there exists p € M(Z 4, o) such that
P(g) = h,(0) +qgM.(1).

Proof. Fix ¢ € R, we divide the proof into two steps.

Step 1. Assume M is Holder continuous. In this case, let u = u, be the Gibbs measure in
theorem A. Then foreachn e N, I € ¥4, and x € [I],

log €y < nP(q) +log u(l1]) — g log |m, M (x)|| < log Cy.
Integrating by 1 and dividing both sides by n, we have

log C 1 1 M log C
B <P Y M([I])logu([l])—q/Mdu(x) <22
n n I3, n n

Letting n — oo, we have P(q) = h, (o) + M. ().

Step 2. Now let us consider M without the Holder continuity assumption. For each k € N,
define a matrix-valued function M® on X, by

ME)(x) = sup M;;(y), 1<i,j<d,
Y€l (x)
where I;; (x) = [x1x - - - x¢] for x = (x;).
By definition M depends only on the first k coordinates of x, and thus it is Holder
continuous. As we proved in step 1, there exists u; € M(Z 4, o) such that
P(M®Y,q) = hy (@) +q(M YD), (o).
Since M is strictly positive and continuous, there exists a sequence of positive numbers €; such
that lim; ¢, = 0 and
M) <MY ) <A+e)Mx),  Vxe By,
from which we deduce that
1P(q) = P(MY, q)| < lgllog(1 +€x)
and
log |mM @) log llmM™ ()|l

n n

< log(1 +¢), Vx € X 4.

By the above two inequalities, we have
P(g) = lim P(MY,q) = lim [h,, (o) +g(M™), ()]
k—o00 k—o00
= klir{go[huk(a) + g M, ()] (2.3)

Since M(Z4, o) is compact in the weak-star topology, there exists a subsequence {1, }
of {1r} such that p, converges to some u € M(Xy4, o).

By the upper semi-continuity of the measure-theoretic entropy on M (X4, o)
(cf [14, theorem 8.2]), we have

lim sup hﬂki (o) < h,(o). 2.4
i—00
On the other hand, by corollary 2.4, we have
Tim M. () = M. (w). 2.5)

Combining (2.3)—(2.5) yields

P(q) < hu(o) +qM.(n)
and thus P(q) = h, (o) + g M, (1) by proposition 2.6. O
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By propositions 2.6 and 2.7, to finish the proof of theorem 1.1, we only need to prove the
following.

Proposition 2.8. For any M € T and q > 0, there exists u € M(X 4, o) such that
P(g) = hu(0) + gM.(1).
Now fix M € I'. For any € > 0, define a matrix-valued function M, on X, by
M (x) =Mx)+€E,

where E is the d x d matrix, of which each entry equals 1. It is clear that M, is continuous and
strictly positive. Note that since ||, M (x)|| is a polynomial of € with continuous coefficients,
we have the following lemmas.

Lemma 2.9. For a fixed n € N, there exist a > 0 and €y > 0 such that

|, Mc(x)|| < ||l M (x)|| + ae, Vx € 4, € < €. (2.6)
To prove proposition 2.8, we still need the following simple lemma.
Lemma 2.10. Forany g > 0, P(q) = lim._.o P(M,, q).

Proof. Fix g > 0. It is clear that P(M,, q) > P(q) for any € > 0. Let § > 0. By lemma 2.2,
there exists ng € N such that

1
P(q) = —log E sup |7, M (x) || — 6.
n JeSa,, YEU]
Ang

Since

.1 1
lim — log E sup |7, M (x)||? = — log E sup |7, M (x)||4,
e~>0ng Jex,, Xl n Jexa, xel]

o 1o

it follows from lemma 2.2 that

1
limsup P(M,, g) < lim — log E sup ||, Mc ()| < P(q) +6,
e—0 e~0ngp Jezn, Xel]
o

which implies the desired result. |

Proof of proposition 2.8. Fix ¢ > 0. For any k£ € N, the matrix-valued function M, is
continuous and strictly positive. Therefore, by proposition 2.7, there exists yuy € M(X4, 0)
such that

PMyyi, q) = hy, (o) +q (M)« (). 2.7

Let {11k, } be a weak-star convergent subsequence of {j;} and u be the limit point. We show
below that P(q) = h, (o) + gM, (). To see this, we first show that

lim sup(Mi/x)« (k) < Mo (). (2.8)
Fix n € N. For any integer N > 0, define gy(x) = max{—N, (1/n)log ||7,M(x)||}. By
lemma 2.9, for any § > 0, there exists iy (depending on N) such that

1 . .
;log l7w, Mk, (O < gn(x) +6, Vx € Zy, 12 io.
Therefore,

1 .
(M/1)s (i) < / ;log l7rn Mk, ()1 dpeg, (x) < /gN(X)de,-(X)+5, Vi > ip.
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Letting i — oo and then 6 — 0, we have

hm sup(Ml/k,.)*(,uk,.) § /gN(x) du,(x), VN € N. (29)
11— 00

Note that {gn(x)}n>1 is a sequence of continuous functions on X4 having a uniform upper

bound. By the Fatou theorem,

1
lim sup / v (0 dp(x) < / lim sup gy (x) dpt(x) = / ~ log [, M ()| dpa ().

N—o00 N—o0

Combining this with (2.9) yields

. 1
lim sup (M1 /1, (1z,) < / log | M @)l du().  VneN.

i—00
Letting n — oo, we obtain (2.8). By the upper semi-continuity of the measure-theoretic
entropy on M (X4, o), we have
lim sup hm,» (o) < h,(o). (2.10)
i—>00
Combining (2.10), (2.8) and (2.7) yields
P(g) = lim P(Mi/i.q) < hu(0) +gM. ()

and thus P(q) = h, (o) + gM.(u) by proposition 2.6. O

3. The proof of theorem 1.2

In this section, we first give a proof of theorem 1.2, and then we give the existence result for
the unique equilibrium state in some cases.

Proof of theorem 1.2. First assume that M is a continuous function on X, satisfying
P(q) # —oo forall ¢ > 0. Then P(g) is a convex continuous function. Therefore, P’'(g+)
and P’(g—) exist for any g > 0.

Fix g > 0. By theorem 1.1, Z(M, q) # @. For any u € Z(M, q) and € > 0, we have

P(g+€) > hu(0)+(q+e)M. (1), P(q) = hu(o) + g M. ().
It follows that P’(g+) > M,(w) and thus

P'(g+) > sup{M.(n) : p € I(M, q)}. (3.1
Similarly, we have

P'(g—) < inf{M,(w) : p € (M, q)}. (3.2
By (3.1) and (3.2), we know

M. () = P'(q), Y eI(M,q) (3.3)

if P'(q) exists.

Since P(-) is convex, there exists a sequence of real numbers ¢, | ¢ such that P’(g;) exist
and P’(g+) = limy_,», P'(qi). Take u; € Z(M, gq;). Without loss of generality, we assume
Wr — w in the weak-star topology. We claim that

nweIl(M,q) and M, () = lim sup M, (ug). 3.4
k—00

To prove the claim, note that

. . 1 1
lim sup M, (1) < lim / ~log |7, M (1) djue (x) = / ~log |7, M ()| dja(x)

k—o00
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for any n € N. Thus, we have
lim sup M, (1) < M (). (3.5)
k—o0

This, combining lim sup,_,  #,, (o) < h,(0), yields
P(g) = lim P(q0) = lim (h,,,(0) +qeM. (i) < hyu(0) + g Mo (),
which implies (3.4) (here we have used the positivity of ¢). By (3.3) and (3.4) we have
P'(q+) = lim P'(q) = lim M. () = M.(u).

which combined with (3.1) yields (1.6). An analogous argument proves (1.7).
Now assume M is strictly positive. The above argument (in which we use (2.2) to
replace (3.5)) can prove (1.6) and (1.7) for ¢ < 0. O

In the following we give two cases for which M has a unique equilibrium state with respect
to g. Recall we have mentioned in theorem A the existence and uniqueness of Gibbs measures
under the assumption that M is strictly positive and Holder continuous. In [5], Feng and Lau
also proved the existence and uniqueness of Gibbs measures when M is a function taking
values in the set of non-negative d x d matrices satisfying the following assumptions:

HDY) Mx)=M;ifxelil,i=1,...,m;
(H2) M is irreducible in the following sense: there exists r > 0 such that for any i, j €
{1,2,...,m},
-
Z Z Mg > 0, (3.6)
k=1 Ke€Za ki
where X4 . ; denotes the set of all K € X4 such that iKj € X4 140 and Mg =
M, My, M, for K =ujuy---uy.
More precisely, they proved the following theorem.

Theorem C. Suppose M is a function on X 4 taking values in the set of all d x d non-negative
matrices and satisfies (HI) and (H2). Then, for any q > 0, there is a unique Gibbs measure,
g, On X4 as in theorem A.

Now we can formulate our result about the existence of the unique equilibrium state.
Theorem 3.1.

(i) Suppose M satisfies the condition of theorem A, then Z(M, q) contains only one element
forany g € R;

(ii) Suppose M satisfies the condition of theorem C, then Z(M, q) contains only one element
forany g > 0.

We remark that theorem 3.1 follows from the uniqueness of Gibbs measures, by a proof
very similar to that given in [1, theorem 1.22] for showing the uniqueness of the equilibrium
states in the Holder continuous real-valued functions case. The only, slight modification is to
replace S, ¢ (x) therein by log ||, M (x)]||.

Combining corollary 1.3 and theorem 3.1, we have the following.

Corollary 3.2.

(i) Suppose M satisfies the condition of theorem A, then P'(q) exists for any g € R;
(ii) Suppose M satisfies the condition of theorem C, then P'(q) exists for any q > 0.

We remark that corollary 3.2 (not including the existence of P’(0) in (i)) was also proved
in [5] by a different method.



The variational principle for products of matrices 457

Acknowledgments

The author would like to thank the referees for their helpful comments and suggestions that
led to the improvement of the manuscript.

References

(1

[2]
[3]

[4]
[5]
[6]
[7]
(8]
[9]
[10]
[11]
[12]
[13]

[14]

Bowen R 1975 Equilibrium states and the ergodic theory of Anosov diffeomorphisms (Lecture Notes in
Mathematics vol 470) (Berlin: Springer)

Falconer K J 1990 Fractal Geometry. Mathematical Foundations and Applications (Chichester: Wiley)

Feng D-J 2003 Lyapunov exponent for products of matrices and multifractal analysis: Part I. Positive matrices
Israel J. Math. at press

Feng D-J 2003 Smoothness of the L9-spectrum of self-similar measures with overlaps J. Lond. Math. Soc. 68
102-18

Feng D-J and Lau K-S 2002 The pressure function for products of non-negative matrices Math. Res. Lett. 9
363-78

Feng D-J and Olivier E 2003 Multifractal analysis of the weak Gibbs measures and phase transition—application
to some Bernoulli convolutions Ergod. Theory Dynam. Syst. at press

Furstenberg H and Kesten H 1960 Products of random matrices Ann. Math. Stat. 31 457-69

Keller G 1998 Equilibrium States in Ergodic Theory (Cambridge: Cambridge University Press)

Lau K-S Multifractal structure and product of matrices Preprint

Lau K-S and Ngai S-M 1999 Multifractal measures and a weak separation condition Adv. Math. 141 45-96

Olivier E 1999 Multifractal analysis in symbolic dynamics and distribution of pointwise dimension for
g-measures Nonlinearity 12 1571-85

Pesin Ya B 1997 Dimension Theory in Dynamical Systems. Contemporary Views and Applications (Chicago,
IL: University of Chicago Press)

Ruelle D 1978 Thermodynamic formalism. The mathematical structures of classical equilibrium statistical
mechanics Encyclopedia of Mathematics and its Applications (Reading, MA: Addison-Wesley)

Walters P 1982 An Introduction to Ergodic Theory (Berlin: Springer)



