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SUMMARY

This study is concerned with the rotor blade-vortex interaction
problem and the resulting impulsive airloads which generate undesirable
noise levels. First, a numerical lifting surface method is developed to
predict unsteady aerodynamic forces induced on a finite aspect ratio
rectangular wing by a straigﬁt, free vortex placed at an arbifrary angle
in a subsonic incompressible free stream. Using a vortex lattice method
unsteady airloads on the wing are obtained by starting the system-from.
rest. Load distributions are obtaihed‘which compare favorably with the
results of planar lifting surface theory.

The vortex lattice method is next extended to a single bladed rotor
operating at high advance ratios and encountering a free vorte# from a
fixed wing upstream of the rotor. The predicted unsteady load
distributions on the model rotor blade are genefally in agreement with
the experimental results.

Finally full scale rotor flight cases having vortex induced loads:
near the tip of a rotor blade were.calculated. Assumigg a flat élanaf-
wake the tip vortex from the précediqg blade was placed.af a specified
height below the plane of the rotor. The large fldcfuations in the
measured airloads near the tip of the rotor blade on the advancing side
are predicted closely by the vortex‘lattice method.

Using conformal transformation methbds'an-exact analysis of the
effects of thickness on the 1lift due to a two-dimensional wing-vortex

interaction is presented.
wr €
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NOMENCLATURE

a Vortex core rgdius [radius where vi(r) is a maximum]
A Aspect ratio =-(span)2/area
b Semi-chord or semi-span
c Chord
CQ Section lift coefficient
C. Wing 1ift:coefficienté
do Voftex core diameter
h Blade-vortex or wing-vortex separation
Qj’ L Section lift
L Lift per unit span
P Perturbation pressure
Peo Pressure at infinity
T Radial coordinate
R Bléde radius
S Vt/b = disténpe traveled in semi-chords
t Time
U VelociFy component in the disk plane
v, ‘Induced velocity
\) Free stream velocify
w Downwash or wake induced velocity
X Chordwise coordinate of the wing
Xv Horizontal distance of the vortex from the wing leading edge
y Spanwise coordinate of the wing
.z Complex variable x + iy
Z Distance between rotor axis and vortex axis
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NOMENCLATURE (continued)

a Angle of attack
N Shaft tilt angle, positive rearward
oy Vortex induced angle of attack

80,61,82 Steady and first harmonic longitudinal and lateral blade
flapping coefficients

Y Circulation

r Circulation strength of vortex

r_ Free vortex strength’

8 Aﬁgle of intersection of the wing and the vortex
3 - Distance defined in the Appendix A

0 Blade pitching angle

80,61,62 Coefficients in the harmonic series of blade pitching angle
u Advance ratio = forward speed/tip speed

£,N Rectangulér coordinates

p Air density

¢ ‘ Velocity potential

$(S) Wagner function

' Rotor azimuthal coordinate

w Angular velocity of vortex

Ny ~ Rotor rotational speed

Subscripts and Mathematical Terminology

f Forward velocity

i, j Number of chordwise and spanwise locations of control.points
L,m Number of chordwise and spanwise locations of vortices

L,u Lower and upper surfaces

xii



NOMENCLATURE (continued)

Resultant velocity
Component in the downwash direction
Velocity in the x~direction

Indicates an increment, i.e. At is an increment in time
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CHAPTER 1

INTRODUCTION )

The interaction of an aerodynamic surface with a vortex is of
significance in the consideration of noise and blade stresses produced
during helicopter operations. The airloads on a helicopter rotor blade
can be strongly dependent on the interaction of the blade with its wake.
The operating conditions of a helicopter rotor blade are such that its
wake is not carried away by the free stream ;elocity as for a conventional
wing, but rather spirals underneath the rotor disk and relatively small
distances result between the tip vortex of one blade and the subsequent
blade, especially on the advancing side. The wake of a helicopter
rotor in forward flight consists of shed and trailed vorticity in a
distorted, skewed helix behind each blade of the rotor. The edges of
these sheets of vorticity roll up to form highly concentrated tip
vortices. The bound circulation of a rotary wing is highly concentrated
at the tip, so the rolling up is accomplished within a short distance
from the tip and the tip vortex formed is very strong. The bound
circulation goes to zero gradually at the root so that the vortex there
will be weak. Regions where the blade passes close to tip vortices, its
own and those from other blades are numerous, and are important because
of their strong induced velocities at the blade which cause rapid
fluctuations in the blade loads. This.rotor blade-vortex interaction
is one of the mechanisms postulated in the literature as the cause of
blade slap, the term used for the sharp cracking sound associated with

helicopter rotors.



The purpose of this study was to determine the unsteady spanwise
load distribution on a helicopter rotor blade as it interacts with a
vortex. The application of conventional lifting surface theory to the
calculatipn of airloads on rotor blades is prohibited by the extensive
calculations involved. Hence an approximate lifting surface theory like
the vortex lattice method which is flexible and involves less
calculations was considered.

The simpler problem of the wing-vortex interaction was considered
first. The wing was replaced by a lattice of vortices and a wake
consisting of shed and trailing vortex lines starting from the trailing
edge of the wing. The shed vortices move downstfeam with the free
stream velocity. The wing-vortex interaction problem was modeled by
placing a vortex in the flow upstream of the wing. This vortex also
moves downstream with the free stream velocity and is carried past the
wing as time progresses.

In the rotar blade-vortex interaction problem, a particular blade-
vortex interaction was considered first for which experimental data was
available. This model consisted of a single bladed rotor operating at
a high advance ratio and encountering a free vortex shed from a fixed
upstream wing., A rigid flat wake was assumed in the computations. The
free vortex was considered as a rigid infinitely long finite core
vortex. The measurea value of the free vortex strength was used in
the computations.

Load distributions have been measured in flight on a full scale
rotor which show that blade-vortex interaction can result in large
blade load fluctuations. The vortex lattice method was extended to the

full scale rotor flight cases for which vortex induced loads near the



tip of the,totoriblade were indiéaﬁed. ' The reference blade Qniyhich

the load distributioﬁ.was cglculgted'wés-sta;ted from rgst_and;a:ro;leé
>up finite core tip vortex from the preceding_blade»wés pl&ced‘5616W'fﬁié
blade. The strengths of the tip_vortéx were calduthed from ﬁhe-airloads.
measu?ed in f;ightf 'Fiiéht test values of the flappiﬁg‘angles.wgré i |
considered in the calculations. Blade pitch’anglesCés well as'the

- - height of the tip vortex below the blade were adjusted to give agreemenﬁ’
BetWeen the'heaSured'ahd»predicted blade load values néérrﬁhe'tip.‘vAs |

in the'mddel rotor ‘case a tigid flat wake waé-aéédmed;' ‘



CHAPTER II

PREVIOUS INVESTIGATIONS

Undéf_cer;ain flight conditions, a helicopter rotér blade
intersects the trailing vortex system shed.by:¢thet'b1adgs{ LLehmanl(l)
.has shown. from studies of the flow patterns of é'ﬁode;, two bladed
helicopter rotor in a water tuﬁnel that, iﬁ_ﬁﬂe:IOw forward spéed —
fangeg,qurtions of the :iﬁuvbrtex ghed at'thé,frontj&f_thé.disc 11é~.
above the following rotor blade in guch a manner that the following
- blade(s) cannintersect one or mbre of fhe>vortiées.> Vapor'trgil giudieé'
':df Jenny, et al., (2)‘haye alsd.shoﬁnfﬁhat ;heifrai;tng v§ftex and the -
folioﬁing-biade can interact. This rotéf;ﬁla&e;voffeiAiﬁ;é:actidn-is;f.'
_one'of’the'ﬁéchaniéms.hostulateq for bigde éléf.,:thevterm uséd féf
" the Sﬂarprctacking éouﬁd asééciated wifh'héliéqﬁtér;rotorgf
At low'forward speeds the biade“élapjis'due_tqfthe rapid qhaﬁges'_‘
"~ - in angle of atté;k_and éubsgduént lift chapgé pfoduée& Bf bié&é-vorféx
intefaction; At'hiéh fofwérd épeeds Sié&é}siap4has.bééﬁ*§s§ociated wiih- :
;ﬁe onset-of éompréssibi}ity effects onitﬁé’ﬁdﬁéncipg'blgde'anduﬁhé'
. o§cp¥:¢hderf lbcal“éupersonic flow.i‘>- o |

» A é¢ﬁsiﬁeréb1e:aﬁbuht.of'reseéfch>ha§-Beeﬁihoné iééeﬁtl&Abn the

effects of helicobtér référvSiade-?of;gk:intéréétion and ﬁing—vorte;
ihtgractibﬁ.' TheOretiqal-investigationé.ﬂﬁve_béeﬁ céfgiéé.oht:wi;h ',-;
.various:éimpiifying-assﬁmptiéns. :Ekperiméntéi:invgsfiéationsfhévé
~iﬁcludgdAbofh qugl'andffull scale testiﬁg. ' | | |

Simons (3) hasnsoivgd the:Stééayf¢§§§'§f;a threeédimensionﬁl %ing'
in the presehcg of an infinite vortea at.zéfO\re;gtiVe'vél§gity. 'A_

lifting line was used to study the spanwisg_iift distribdtion on wings



f'fgdata and the vorte

 in the vicinity of a line vortex normal to the span. A tinite core
-vortex-was used when the vortex was close to the wing. Kfoury (4) has'
applied‘rortex lattice'method’forvthe calculation of steady loads on."
t uings in the uicinity of infinite vortices.- Jones and Rao (5) have
obtained‘an exact “solution of a closed form based-on lifting line theory
'for the case of a wing of elliptic planform and a vortex located below
the mid-span of ‘the wing. Analytical solutions of a series form were |
also*obtained’forlelliptic;and rectangular wings when the vortex was
not located at mid-span. | | |

Johnson (6) has applied planar lifting surface .theory to the
unsteady model problem of.therloadS‘induced on an infinite aspect ratio .
wing in a subsonic,.compressible free‘stream”and:a straight, infinitely
long vortex atvan;arbitrary'angle~with the'winp'center line. “The vortex
was placed in a plane parallel.to the plane of the wing,‘at a distance;
h,abelou itxand‘was:convected‘past the blade by the free stream., The :
Vdistortion of the vortex by the flow field of the wing was not considered;”
-Linear 1ifting surface theory in the form of an integral equation between
. the pressure and downwash at’ the wing surface was used to obtain the |
'.solution to the model problem._ Thessolution for the model problem was
applied to the calculation‘of aerodynamic loads induced on'a rotor.blade'
by a nearby tip vortex.; A comparison of the loads calculated for a
isimplified vortex and blade configuration, using the lifting surface
_:i'solution and the usual lifting line theory indicated that the lifting ‘

’surface theory should be used for vortices closer than about five

' 'chord lengths of the : Johnson (7) has compared the experimental

”-:nduced 1oads obtained from the application of

fgjlifting surface theory'to a single bladed rotor at high advance ratio



encountering a free vortex from a fixed upstream airfoil. Good
correlation was indicated when .the vortex was uot close to the rotor
hub. The 1lifting surface theory solution of Johnson (6) was also g%gd
in thé.calculétions of helicopter rotor blade loads. Johnson .(8) has
also compared his lifting surface theory results with the experimen;al
data obtaiﬁedrfrom flight measurements on a H-34 helicopter having a.
‘four-bladed rotor. Calculations, using:rigid and nonrigid wakevggomecry,

indicated that a good wake geometry model is necessary in order to predict

. accurate rotor airloads.

Surendraiah (9) and Padakannaya (10) have used a single bladed
‘rotor, having a two inch chord and 12 inch radius{;§or the éxpeiimental
investigation.of bladeevoyﬁex interaction. The rotor was operatéd at
high advance ra;ios in the proximity of a tip vortex generated'by a
fixed wing upstream of the rotor. The rotor Qas rigidly moupted at a
 zero collective pitch without flapping or lagging. The loads due.to
’the interaction were obtained using chordwise pressure sensors mounted
at different spanwise locations. Data were taken for potoi plape
positions above and below the vortex axis and for different intersection
anglesf'-Two values of rotor RPMs and vofteg_strengthq_were used.

Pruyn and Alexander (11) have indicated that rotor wake effects are
déminated by large disturbances. caused by blade tip yortices. .The
proximity of the tip vortices to the blade was reflected by large
‘pressure fluctuations on the blade. Section pressures were considerably
different from those of a two-dimensional airfoil over extended areas
of the rotor disc, apparently due to combined effects of compressibility

and disturbances from tip vortex interference. The local Mach number



can reach the critical Mach numbér, especially near the tip of the
advancing side, which can separate the boundary layer, thereby causing
a change ;n chordwise pressure‘distributionf It was also found that
the effect of the tip vortex was large when. the angle between the vortex
and the blade was small. .

Scheiman (12) and Scheiman and.Lﬁdi;(13) have tabulated both
representative and critical helicopter rotor blade.airloads measured
in flight using pressure.transdﬁcers on_a rotor blade; A'c§mpariSOn
of  the measured loads with the loads predicted by elementary uniform
inflow theory indicated a,predominaﬁt influence of the intersection of
the blade Qith the~trailingA§ortex from the preceding bladg. Large
perturbations in the blade section loading as a function of aziwmuth
angle were shown to occur near the intersection of the blaﬂé_wi;h the
preceding blade tip vortex. -The influence of fhe £railing vortices.
produced harmonic blade. loadings of ali-ordexs with 1aﬁge higher
harmonics. It was also observed that bladefvortex,inte:actidn-decreases
with‘an increase in forward speed. - Landgrebe and Bellinger (14) have .
carried out an analytic#l invegtigation to evaluate quantitative’
applications of -available model rotor tip vortex patterns from a water
tunnel, This quantitative wake geometry information is required for use
in the theoretical analyses for computing the instantaneous rotor fiow
field and -associated blade airloads. Theoretical results indicated that,
for forward flight conditions, -the primary parameters influencing wake
geometry for a given-blade design are the number of blades, rotor
advance ratio, thrust coefficient and tip path angle. Theoreticalgf
results also indicated that tip vortex geometry for moderate to high

flight speeds (u>0.15) is insensitive to parameters which influence the



azimuthal variation of blade airloading such as blade’flexibility,.
5cyclic pitch, Revnolds number and Mach fumber. When a‘tip vortex lies
'_close to a rotor blade, the'airloads are very-sensitive to small changes}
in vortex position and hence a very accurate experimental determination
or theoretical prediction of the tip vortex position is desired.
Kantha,_et al.,,(lS).have qualitatively'studied the inverse
~problem of”the-influence‘of the changes in the convectiVe'velocitv
induced by the pressure field around a lifting surface on the structure
of a vortex. The influence of a lifting surface on the vortex core was
investigated by a qualitative examination‘of the‘interaction‘region of
| the tip vortex with a wing.'-Photographslof the_flow patterns ‘in the'
regions'of'interest'indicated the qualitative responses of the vortex =
core.v_Flow patterns of the region'of interaction between the flow fieldv
of‘a liftingvsurface and the vortex corenshowed'that the vortex either
.bends following ‘the streamline shape until it intetcepts the wake where
it is’ dispersed or the core may be sliced into two smaller vortices when '
the vortex hits the leading edge'of the airfoil. The solution of this
prohlem is'reQuired.for avbetter understanding.of_blade-vorter
.interaction'problems; Also a_systematicﬂquantitative.investigation of
this_type should-indicate the range:of validity of the usual'method of |
ﬁtreatingfthe'modification'in,thevloading onllifting surfaces in the
: proximity of vortices by assuming that the vortex itself remains intact.

" Very" recently Scully (16) has developed computer programs for the

‘ '_calculation of helicopter rotor tip vortex geometry in hover and forward

. flight and for the calculation of helicopter rotor harmonic airloads in

- forward flight._ Lifting line theory was used for the airload calculations

.z'except when the tip vortex passes close to the blade.. For close



blade-vortex interactions the approximations developed by Johnson (6)
using lifting surface theoryiéas used. Experimental tip vortex
geometry data and the results of the wake gedmetry program'were
generally in agreement although there were local_differences. The
'hovering tip-vortex geometry agreed ouelitatively with.experiment.
Comparisons of the_rigid wake.airioads end distorted wake airloads yith
measorediairloads indicated that:distorted_wake sirloads,are’much worse
than the rigid wake airlOads'exoept-at some iocal areas. It has been
suggested by Scully (16) that to improve on the rigid wake results,
distorted tip vortex geometry will have to be used along with a careful.

treatment of blade-vortex 1nteraction effects.»



CHAPTER III

VORTEX LATTICE METHOD FOR WING~VORTEX INTERACTION PROBLEM

'v>3.1;'Dévelogment of Unsteady Coggutatioﬁaitﬂodel

The purpose of this stqdy was to'develop.analytical techpiques for .
,pfedicﬁiﬁg the unsteady load distribution on a'hélidopter rotor blade
aé it interacts with a vor;éx. Prior'to investigating the load
- distribution on a rotor blade, the simpler problem of é numerical
'lifting surface analyéis of a.finité;ﬁing Wifh a vortex ‘passing o?er‘
':tﬁe wing ﬁaSAcbnsidered.‘ As there is a large variation in the downwash.
inducéd'by the»interacting voftex along the spanwise and chordwise
'diréétibhs_dvér,the rotor blade,>1ifting'surfaqé metﬁods are necessary
ufbr prediéting unstgady‘load distributionsr

The two baéic_ciasées of Lifting_surface theories are the kernal
function technique and the finite element method. In the kernel
function technique, the-singﬁlar integral-equgtioﬁ for the.ﬁrgssure
diffefengé acréés a lifting surface is to be solved assuming a .series
appréximation'for the pressure &ifference and using the expressioné for
the kernel function for a liftingtsurfaceAgiven in the literature.
Finite element methods like the vortex lattice and the doublet lattice
methods are-échieving wide écceptance>becéuse of'théir simplicity,
accufacy and vérsatility. The‘extension of thé vortex lattice method .
" to the oscillatory case has been called in the literature the doublet
lattice method. In the doublet 1attice method, Albano and Rodden (17)
" have used steady horseshoe vortices and oscillatory accelération

~ potential doublets along the bound vortex to model a lifting surface.
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This method reduces to the vortex lattice method in steady flow. In
the vortex lattice method the only sinéula;itieé:used are the horseshoe
vortices. ' A | | |
Two—dimensionallaﬁalyses by James (18) and later by DeYoung (19)

ha?e,shqwn the vortex igtCice method‘to be accurate, and have préven
its convefgenceo éam?arisoﬁ‘ef the results with experimental data and
theoretical solutions based onrothér.aﬁpéoaches have proven the vaiue
of the vortex lattiée meth#& for three-dimensiocnal cases though
mathematical justificatiom ¢ the lattice methed fox threé—&imensional
cases has not yet been investigated. |

| in the unéteady wing-vortex interactibﬁ-prgblem~thenwake-conéists
'6f shed and trailing vertices with strengths'ptapartional to the time
and sPanQise rates of c%aﬁgg'respectively“@f the bound vorﬁicity. Hence
the strengths of the shed vorgex alemeﬁts,&eposiﬁed in the wake at any
time are made squal iﬁ.thﬁ'change.ié sfréngth {betwuen two time steps)
of the corréspondiné %oumﬁ vwrtex'alements; Thé‘strengths éf the
trailiﬁngortex elements in the wake ave made equal.torthe'change in
strength of adjacent bound ?ortex elemeﬁtsu

In the analyéis-to follow the shed and txailingl§ortices are

assumed to lie in the pléne of the wing and_to.mﬁve downstream with
the free stre'am-veiocity= In reality tﬁe'wake rolls up under its own
influence and the infiuenée of thé-Bognd vortices. Djeojodihardjo and
Widnall (20) hﬁve shewn in the case of an impuisively s;artéd airfoil .
problem that even f¢r an angle of incidence of 0.3 radians, the indicial
circulations associated with three wake configurations, namely, a free
stream directed wake, a straight wake fangent to the limiting streamline

at'the'traiiing edge and a field-induced deforming wake (or free wake)

11



with rolled up starting vortex, differ only within four percent at a
distance of about 1.25 semi-chords behind the airfoil. As the distance
increases, the indicial circulation for_the field-induced deformed wake
approached that of the free stream directed wake. Giesing (21) has
compared ‘a deforming wake resulf to the-Wagner function, which is the
time history,of normalized circulatory lift due to a step change in
angle of attack, and‘showed_thét thé free wake sligh;lybretards the
lift, | |

The wing is assumed to be of negligible thickness. Giesing (21)
has also éompared the Wagner fﬁnction for a symmetrical 8.4 percent
thick airfoil and‘a symmetrical 25.5 pefcent thick airfoil at a small
angle of attack so_tha; nonlinearities due to wake deformation do not
enter the célculatibns. The effeét of thickness wésvto retard the 1lift
build up and hence a thick airfoil takes longer time to réach a given
value of 1ift. Similar effects of thickness were found on the Kussner v
function which is the function used tovdescribe the 1ift acting on a
flat plate entefing into a verticél.gust: It has also been shown that
the general effects of thickness on Theodérsen's function which is the
functibn used to find lift on é flat plate executing'simple harinonic
piﬁching and ﬁeaving motions, is to reduce the lift for all frequencies
and to increase the phase lag between'thé duasifsteady and total
~ circulation.. Using conformal trgnsfdfmation methﬁds an exact analysis
of the effect of thickness on the-lift'dué to é twb-diménsionaliWing—
vof;ex interaction'ié‘presenfed in Appendix A. The results presented in
Appendix A show the effect bf.thickness on the magnitude of 1ift due to

wing-vortex interaction. _The 1ift is calculatedvbased on the



instantaneoﬁs angle of attack. As expectea, the maénitude of the
lift increases with thicknessf | |

The effect.of the bound'ﬁnd the wake vortices Qn.the path of the
interacting vortex is neglected. The viscoué effects are negleéted aﬁd

thus the strengths of the wake vortex elements do not change with time.

3.1.1 Analysis
Bernoulli's equation extended to unsteady flow gives the pressure |
difference on the upper and lower surfaces of an airfoil in z = 0 plane

as
: : 3 '
AP (x,y,t) = PV(28V) + p o= (6 ~ $p)
The velocity pqtential,,in terms of the distributed vorticity, is
- ) _— |
¢u - ¢2 - 'j- Ydx
'gnd the circulation around a differehtial élemeﬁt °£,3 vortex'sheet is
 2AV dx = ydx
. . . X .
. - - 3 . .
T 8P (%,y,t) = pVY(x,y,t) + o7 [ ] Y(&,y,t) dE}
. - ‘ ‘ ‘ N - ‘ ‘ - o -
The 1lift per ﬁnit‘span is the 1ntegfal of the chordwise pressure

, - e(y)
L(y,t) = AP(x,y,t) dx
o ’ ‘
ey e x
=pV | T Y(x,y,t) dx + p j '[%2 '[ Y(E,y,t) dE] dx
(o] . (o] L

.0 .
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The above éxpression Eor the unsteady lift is compoéed of two parts,

one of which is due to the time rate of change of -circulation around

the airfoil.l Thé part which appears to be independent of time; ié not
the same 1ift that would be computed using steady state methods. The Y
distribnticn is altered by tne wnke, and the time history of thé nnsteady
'motion'nust be known to compute the wake structure. The second term is
not the added or apparent mass term used in classical theories,
Apparent masses are characteristically indepéndent of the past history

of the motion and are noncir;ulatory in nature.

Duriné vortex interaction, a wing experiences d resultant velocity
different from that of the free stream due to the presence of the vortex.
Since every point on the wing experiences a,slightlf;nifferent horizontal
component'of the resultant velocity, Vx’ the li?t is given By

c .c X

V-X,Y(x’y’t) dx + p Jo.g'g Jo Y(E:y:t) dg] dx

L(yst) = p j
o
The_éolution to y(x,y,t) is determined from the boundary condition that
. the resultnnt flow be tangent to the surface or that the normal component
of the velocity relative to the surface be zero. fhe trailing edge
condiﬁion is that the circulation shed into the wake at any spanwise
Station.equals nhe cnange in bound circulation At that spanwise station.
The method uséd to determine the bound vorticity distribution
satisfying»the.flow boundary condition and the conservation nf circnlation
is tne vortex lattice method. In this method both the spanwise and the
chordwise loadings.are made stepwise discontinuous, The wing is sub-

divided chordwise and spanwise into a number of panelsQ The loading on
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a given panel is assumed concentrated at the quarter~chord of the panel
with the chordwise vortices extending to the trailing edge of the wing.
The velocity induced by these vortices is calculateo at a finite

number of control noints locateu at the three-quarter-chord of the

_ panel and is made to satisfy the boundary condition that the resultant
flow be tangent to the surfece° This placement of vortices and control
pointstwhere the boundary con&itidn is setisfied is an extension of the
- Weissinger lifting line approximation. The Kuttza condition is
automatically satisfied by plac1ng the last control point downstream of
theulast vortex. James (18) also has shown conclusively that . the choice
of‘one-quarter-chord and three-quarter-chord points for the vortices

and the control points respectively is both optimum and mandatory for
the solution of any vorticity distribution in the steady two-dimensional
problem. By satisfying the boundary conditions at all the control
points (equal to the number of unknown vortices) a system of

" simultaneous 1inear equations for the unknown vortex strengths is
obtained. This system of equations ‘can be written as

£ P@,(t} At) :A (z m) = v . (t + Av) + v, o (t+ At)

2,m ij iJ
‘where ‘i;j = the number of cont}ol points infthe_chordwiserand
ithe.spanwise directions respectively.'
2,m = tnemnumner of vortioes in the chordwise and spanwise
directions respectively.
A kz;dj ='is the velocity induced at (i j). by a bound vortex of

37
' unit strength at ' (l,m)
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Vij = the component of the free stream velocity normal to the
plane~of the wing.
v = the component of the wake induced velocity normal to

Yiy
- the plane of the wing.
AVij(t + At), the normal componentrof the.free stream velocity is
assumed known. vwij(t + At) must be calcuiated fron the wake geometry
. that exists at time (t + At).
_ The fundamental relation required forjthe determination of the
_induced velocities due'to'wake and wingAnorticesiis theiBiot-Sevart

‘law. From this relation, ‘the velocity induced at any arbitrary point

P in Figure 1 by a straight element of circulation strength, F is

B
i h_
Vi T %m, [ 3 ds
A r

This induced velocity is directed normal to the plane formed by the
vortex element and the point, P, and is in a direction consistent with
the circulation sense.

Thus the induced velocity due to a vortex element AB in Figure 1

. 1is

= I'(cos a + cos B)/Qﬂh
which reduces . to |
v, = P/Zﬂh for a vortex of infinite length.
To avoid the mathematical singularity when the point P lies on

L the vortex a finite core for the vortex is to be introduced

The computer model is started from rest to avoid prescribing the
wake. - Hence at time t there is no circulation on thenwing. At time_'

(t + At) the wing increases its angle of attack while shed and'trailing

16.



(cos o + éos B8)

v,| =&
iP_ 4Th

Figure 1.‘ Biot-Savart Law. .
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filaments of'unknowﬁ strength, but with known positioﬁs, are deposited'
,in_the‘wake. The'shed'vorﬁex is formed at ‘the trailing edge as_timél
incfement At approaches zero for the continuous case and each new wake
vortex has a'stfength gquél to the changé in bound circulation.” The
wing is replaced by a iatfice of Qortices of unknown strength._-The
‘tétél dowrnwash at the control points on the wihg_where the b9undary
- condition of zéro ﬁormal velocity is satisfied,gié obtaingd by summing
the cﬁntribution of the vortex lattice, the'contribufion from the wake
vor;icég, the velocity:induced by the frée vortex and the normal 
coﬁpongntvof the free stream velocity. Satisfaction'éf the bouﬁdary
.condition'aﬁ 511 of the éontroi péints resu1§3'in a system éf
'simultaneouS’equaiions.for the uﬁkﬁowﬁ vortex sﬁreﬁgthé. .The sclution
of fhesé équations gives the Streng;hs of the vorticés that aré shed
immediateiy béhiﬁd'the winga"All VOr tex giement 2nd points not attached
to the wiﬁg are then,allaweﬁ to translate 3 &istaﬁce>af-VAt behind thg
wiﬁg whére.At is the time,incr&m@ﬁt'uéed'ih the calculations. Ia
Subseduent'time ste?s only the‘vgzzicaé éﬁ and just bzhind the wing
have‘unknownvstrengths, while those in the wake have known strengths.
In this manner arrays of discrete shed and trailing vortices are
generated immédiately beﬁind the wing with gtrengths cérreépondiﬁg to
+he vbtteg induced wing loads. Thg vortex shedding process'continués
#ntil'steady state conéiticns are ‘feacl'zzzéc’b3 that is, the bound
circulation does not change‘witﬁ time, Figu?e 2 shows the vortax
:shedding procedure;
Piziali (22) has presented resa&ts’@f computations for several

vélues of the distance from the midchord of the_aiffbil to the first

shed vortex in the case of vsecillating airfoils. It was found that the
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Figure 2. Unsteady Vortex Shedding.
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computer results.were much closer to classical results when the first
shed vortex was at a distance of 30 percent of VAt from the trailing
edge. The effect of this "wake advance" was also investigated by
Piziali (22) in the HU—lA~rptor blade load calculations at an advanceA
ratio of 0.26 where'the"wgke advance' was changed from 0.0 to 0.7. It
was found that "wake advance" had a relatively small effect, but in |
general, increasing the '"'wake advance'" attenuated and shifted the phase
of the airloads at higher harmonics. Hence in the present study instead
of this artificial representation of the shed vortex wake, the first
shed vortex is placed at a distance ofAVAt from the trailing edge.

Once the circulations Fij-at_éach section of the wing are known
from the system of simuitaneous'eqﬁations, the lift at ahy spanwise
statioﬁ caﬁ be obtained from

o A X :
SLj(y,t) = pV ?Fij(x,y,t) + p_f [—8—; J I‘ij (E,y,t) d&] dx
: o) o
The IBM 360/67 digital compdter at The Pennsy1§ania State Universiﬁy's
computation center was used to'qbtain the numerical solufion to the
problem; The set of simultaneous equations for the unknqwn'yortex A
strengths was solved by the Gauss elimination méthod. Thé coefficients
of these éimultaneous equations, and hence the strengfhs of the vortices,
depend on the numbéf of vortices and their 10c#tions in the chor&wise
and the spanwise directions. The vortex ldcatiqns and the control
point locations are handled as input datg. This vortex lattice me;hod
permits an arbitrary number of vortices and theii locatibns and at the
same time maintains the'correct number and.locations of cohtrol points

as the control points are located midway between the successive vorticés.
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The optimum number of vortices and their locations were‘séiected on the
basis of the reéuired acéuracy and the computa;ion time and storage
limitafions, The present method of calculation.reqﬁired about 50 secs;
of computer time for the vortex to travel a distance of about three-
-chords. The nondimensional time stép size, VAt/c, was 0.15 and free
stream velocitf of 150 ft/sec. The computation time increased

considerably with the decrease of time step size.

3.1.2 Results and Discussion

Before applying tﬁe unsteady nuﬁerical solution to wing interaction
problems its validity was assessed by compariﬁg the results ﬁo the
tlagner functipn for the impulsive start problém. A wing having an
agpect ratio of iOOO was considered as a gbod approximatibn to an
infinite aspect ratio wing for which there is a theoretical solution
due co Yagner. The circula;bry part'bf 1lift which is time and wake
dependent is the énly part included in tﬁe Wagner function. Comparison
~of the results f:om the'compﬁtation model and the Wagnerifﬁnction froﬁ
reference 23 is presented in Figure 3. The comparison is good éxcépt
jinitially whergithe apparent méss term, which is not included in.the
Végner solution, is'large.' In the numerical solution ﬁheiapparent.mass
_ term is ipcluded in'fhe qalcul#ted unsteady lift. A comparison of the
lif; build up in thé case of a rectangular ﬁing of aspegf ratioAsix
éubjected>to a steﬁ chanée in angle of attack is shown in Figure 4: Ten
spanvise and five éhordwise-vofticeé were considered for the laftice;_‘
Thé results of Jonéé'(Z&) were baéed oﬂ‘sihplified.approximations for
-the growth.of lift fun¢tion corresponding to..a sudden unit éhangé of

incidence. The comparison.is good.
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The circuletion strengths obtained by the lattice method depend
on the_location and the number of vortices along the span and the'
chord of ‘a wing. CalculatiOns were done with different locations of
vortices and control'points in the wing-vortex interaction problem,

' The effect onlthe circulation strengths of increasing the nnmher'of
chordwise vortices is shown in Figure—S. As.can be'seen in ‘this figure
there is no significant improvement byiincreasing the'number of chord-
wise vortices beyond five. As can be seen in.Figure 6 there is no
'noticeable difference in the lift coefficient between the cases of ten
and twenty spanwise vortices. Hence in most of the calculations ten
spanyise and:five chordwise vortices were coneidered as.a compromise
between the total;number of'vortices for sufficient accuracy and
computer*time and storage requirements. |

The ‘model used for the wing-vortex interaction problem was a
finite aspect ratio wing in an incompressible free stream, and a f.
straight, infinite vortex at an arbitrary angle 8 with the-wing as
.shovn in Fignre 7. Most of‘the calculations'were'done with an
4 intersection anglerof zeroidegrees."In the wing—vortex interactionr
f problem the-important parameters are thefheight, h, of the.vortex-
above or‘belon the wing, the wing chord, c,'the free vortex strength,'
'Fw, the positive and the. negative peak values of 1ift coefficient, -
the time interval between the peaks and the maximum difference of

section lift coefficients. The starting position of the free vortex
. was chosen l 5 chords ahead of the leading edge of the wing. The
‘furthest distance possible is desired from a long'wake generation f
Standpointpbot increasing distance increases the computation time and

storage requirements.
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In the numerical caICulations of 1ift due to wing-vortex
interaction, it was observed that the time steplsizeA(At)has
considerable influence on the peak lift coefficients, especially the
negative peaks. 'Calculations were done with different values of
: nondimensional time step sizes'VAt/c. The variations of peak'positive
and ‘mnegative wing lift coefficients and peak positive and negative
midspan circulations w1th time steps are indicated respectively in
Figures 8 and 9. A tvpical variation of wing 1lift coefficient with
'vortex location is shown in Figure ‘10 for different time steps. .As'thep~
computation time~1ncreases with the decrease of time step size, most of
,'the‘calculations;were-done with a nondimensionalvtime;step,'VAt/cwbof
._0.'15.: DI | |
- Some of the results obtained by the present vortex lattice method
"_fare compared with the results of Johnson (6) Johnson (6) has obtained'

'giinduced loads on an infinite aspect ratio wing due to a straight,
infinite vortex using linear lifting surface theory. ;A comparison'of

'-tne two-dimensional values of peak circulation values and peak lift _i

» '»coefficients predicted by the lattice method and by the lifting surface

l»jtheory are reSpectively presented in Figures 11 and 12, .The circulation
(P) and lift coefficient (C ) values for the lattlce method are the N

‘ values at the midspan of the wing which is a good approximation to two—
f}dimensional'values.h_As;seen»invthese_figures-the comparison is good-‘
'except.at‘small.values of (h/c) Decreasing‘the time step should
decrease the peak values obtained by the lattice method and hence give
better agreement with the results of Johnson (6) The effect of-finite
. aspect ratio is shown in Figure 13 by comparing the present three— |

".dimensional results w1th the two—dimensional results of 'Rudhman (25).
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'Figure 14 shows the wing lift coefficient variation as the vortex

passes over the wing for two different (P /Vc) values. Figure 15 shows o

the 1lift coefficient variation as the vortex passes over the wing at .
different-heights. These figures indicate that lift coefficient
magnitudes 1ncrease w1th decre351ng vortex heights, h, and also with ,
1ncrea51ng values of (F /Vc) | Figure 16 shoWs a comparison of lift _

- coefficients for the same " p031t1ve and negative vortex heights. As can

'be seen in this figure, there ls no significant differencevin the lift

coeff1c1ents.»

Figure 17 shows the effect of using q as =st d&ian&[steaav state

approximations in computing unsteady liftlo Vﬂﬂt e;quasirf

'fvel°°ity aﬁd angle of attack."BothatHé

Coefflclents computed u51ng the quasi—stiad,_appr;"ima_ion axe well

/above those predicted by the unsteady model as the wake which reduces-
‘the 1nduced loads was not included in this approximation.';<-
Figure 18 shows ‘the variation of 1ift coefficient w1th vortex:

- location for different aspect ratios.. The reduction°of peak life -
e s e et --On 92

_’coefficient withfdecrease in'aspect'ratioidoes nbthéorrEsPond*toathe’
reduction,given by the asoect~ratio‘correctionrfactor as inhthe'steady’
case.: | ' |
_Figure 19 shows the'variation of lift coefficientlatfa.particular-
soanwise station-as a vortexiéasses over the wing at an'angle 6§ = 900;

'As can be seen in this figure the peak lift coefficients=increase with
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increasing sweep rates. This case approximates helicopter totors oVer
a rahge of azimuth angles whete theltip vortex sweeps actoss the Spah
at approx1mately 8§ = 900- | |

In this ohaoter.the vortex lattice method has been applled to the
‘relatively simple problem of planar w1ng—§ortex 1nteract10n. Comparlson
of the results with those obtalned by linear lifting surface theory has
~ shown good agteement. With the confidence galned in the vortex lattlce
:;methpo by this comparison, the;method is extended insthe,nethohagteth'f

to the more complex geometry of the fOtotévortegjihteiaetio§7pfoblem;;




CHAPTER IV

. AfPLICATION.OF VORTEX LATTICE METHOD
‘TO THE ROTOR-VORTEX INTERACTION PROBLEM

PRI

'4;1 Moéel RotéfQVortex.Inﬁeraction-Problem

f&.l.l The Model #otof and.ngg Cqﬂfiguration

. The wake of a rotot-b}a@e is impoftant becagse of the intgrfgrenée_
'.of the blade with iFS'°WP4§3ke and the wake of.othe; blades. The wake
of a helicopter rotor inrforward.fliéht cdnsiété of shed and trailed
‘vorticity in a distorteé,vskéwed helix behind each blade of the rotor.
"~ This votticity:whigh is tféiled.and shed infSheéts rolls up tp.fprm tip
and rbo; vortiées.:>Sinqe the'bougd gifculétidn of‘alrotor blade is |
highly cgﬁceptrated.éf the tip the roiling dp-is aécomplishéd withiﬁ '
‘é §hqrtAdiStance behind the roﬁor; Since the bqpndiciréulation at the
‘root ofAtthplgéé g5es_t§:zero.gfadually theutoot vqttéx_is weak and
' hencé~can be peglected;'fi' |

| Inichézpfgseng;étuﬁy ofArqtor-vortnginggraction problem, a

s;mplifiedvmodel fér the,fp#or and 1its wake has»béep assumed. An |
épprpximate liftiﬁg‘sufféce‘methoé like the v6ft¢x‘léttice method is
Qsed ih the calculatibﬁs._‘The-rqﬁor blade‘is replacgd by a lattiée.qf
. VOrtices. As én'éppfbxigafion for the-calgulatioq of the:downwgsh on
the rotor due to its own wake;‘the.wakevis épptoxima;ed by a net of
" finite strepgth, finitetlength¢stpaight Ling vortices, the tréiling
_lines being~aiong streamlinés relaﬁive_to the rqtof blade and the shed
' vortices'bging shed parallel.toAghe insténtaneous position of the rotor
blade.‘ The azimuthal spacing in the vortex net is determined by the

 azimuth step size in the calculations while the spanwise'sPacing_is
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determined by'thé chosen numbér of'spanwise vortices. The change in

the wake'geqmétfy as the blade moves to the next azimuth station is
célculated‘on the baéis that a ﬁbiﬂt in fhe ﬁake moves with fhe veloéitf
of the fluid at that ppipt,'due only-to the blade motion; namely,

(V sin ¥ +'er). In other words, it is not a "“free-wake" treatment.

At high forward velocities.or large advance rafios the ddwnwash becomes

small in comparison to'the free stream velbcity and hence flat, planar

wake is a good épproximation for the 1apge advance :étioé.cohside:ediin‘

. the calcﬁlations.

The-ﬁofgvexéct;freé Vaké'model for use in ﬁhé calculation of rotor
airloéds wouldabé tdArébrésénf roﬁdt blades by liftiﬁgkéurfaces and
blédé wakes by vofte% shéefs._ACalculation'of wake4geometry'would.
involve the combutétion-of thé"digcd}fidh and roll up of these vortex
shéeﬁs dﬁé.td theif own induced QelqcitieéAand tﬁose éf-iifting_éurfacés.
This deﬁailedrwaké model,'howgver,'is tbd cdmpliéaged-and‘time‘consumihé
for practical computations. | |

VExperimehfal‘data is available from 5-model;vsingle bla&ed rétor"
operating at an advance ratio'and'encountefing a‘ffee‘vértex from a

fixed wing upstream. The rotor was pdsitioned'at a zero incidence angle

.of the tip path plahe wi:h the free vortex from the wing lying in a plane

pafalle;Ato the tip path pléne:- The rotor hub was positioned at a

;ateral distanée Z from the vqftex:and 5 distance h below it. Rigid
'gedmetry‘is éiéo assumed for tﬁé free Vbrtex; i;e.; the influence of
blade ioading&oﬁ the geométff’of the vortex is not consiaefed in the

calculations. The model rotor bléde'ébnfiguration»used in the
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computations is shown in Figure 20. A detailed description of this
model rotor and its instrumentation can be found in the report by

Surendraiah .

4,1.2 Effect of Vortex Core

In order to calculate the loads on the blade fo; small values of
blade-vortex separation, h, it is necessary to consider the viscous
core of the interacting free vortex. An approximation to fhe induced
velocity inside a vortex core is the Rankine model which assumes a
solid body rotation of the vorfex core with an induced veloéity at the
outer 'edge of the vortex éore’equal to the Valué"given by the Biot-Savart

law at that point.

vi(r) | = F/Zﬂa = wa
r=a
Thus,
W = F/2ﬂa2
where: w = rotational velocity inside the cbré
a = core radius |
T = strength of vortex

v, = induced velocity

Thus it is only necessary to chgck whether the point at which the

induced veloéity must Bevdetermined is.iﬁside the core or not and apply

either the B{ot—Savart relationship or the solidnbody rétation model.
For a vortex with a fini;e core McCormick; et al., (26) have

given an alternate expression for the induced velocity at any point,

namely,
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Figure 20, Rotary Wing Configuration for the Vortex Lattice Method.
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v.(r) = v (a) B [1+ in(r/a))
where vi(a) is the induced velocity at the core radius.
The logarithmic variation of induced velocity is higher than
the Rankine model induced velocity. Both the logarithmic variation and
the Rankine model were tried in the load calculations. The logarithmic
variation overestimated the vortex induced loads. The Rankine model
‘has been used in the calculation of vortex induced loads as these loads

showed better agreement with experimental results.

4.1.3 Calculation Procedure

Figure 21 shows the blade coordinates used in the calculation of
blade airloads. The wake geometry is calculated by starting the fotor
blade from rest in a free stream. The blade is located at a specified
azimuth (Y = 0 degrees) without any wake vortices. The blade is then
rotated through an azimuthal increment, Ay, and éhed and trailing
filaments are déposited in the wake. These are of unknown strength but
with known positibns. The blade is replaced by a lattice of vortices
of unknown strength. Since the ioad on a rotor blade is highly
concentrated near the tip, vortices near the tip are placed closer than‘
the vortices near the root of the blade. Ten‘spanwiSe and three chord-
wiéervortices are considered in‘the lattice. The total downwash at the

control points on the blade where the boundary éondition of zero normal

- velocity is satisfied is obtained by summing the contribution of the
vorﬁex lattice, the contribution from the wake vorticeé, the veiocity
induced by the free vortex and the normal component'of the free stream

velocity. Satisfying the boundary condition at all the control points

b7 -



Figure 21, Blade Coordinates.
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(equal in nﬁmber to the number of unknown voftices on the rotor biade)
results in a system of simultaneous equations fof the unknown vortex
strengths. Solving these equéfions gives the strengths of Qortices that
are shed immediéfely bebind the blade. - All vortek element én& points
not attached to the blade are theh:allowed fo ;ranslate as thé blade is
stepped.forwa;d for‘é time At (eduai to AY/Q) with Qelocity (V sin w.
+ Qir). This compietes a.tyﬁical E;fs;'stefnin the galcu;gtioh df the
wake and airloadsjinducea'by:the-ffée voftex. . |

In the suﬁsequént steﬁs only the vortiées at and jusp behind'£he'
Blades,héve'unknowh'strengths,.whiie thoée}in th¢ wake have known
strengths;' In‘this maﬁh§r arrays of AiscréteAshed and'tréiling vortices
are generated imbédié%ely behind the blade'With strengths corresponding.
to.blade.loéds. Figu;éﬂZ?_shd&s'tﬁe wake>configuratipn beﬁind a single-
bladed rotéff.;Knoding‘the éiréulations.at.ééch éeéiioﬂ'of the blgde |
from the.solutibh of théAsimulténéous equationé, tﬁe secfion lift éaﬁ'
be dbtaiﬁed.from | |

- e %

(xv}')t) + p. f \[%E [ Fij (vﬁ,Y.tj d€] dx -

o o]

£j(y,t) = pU'? ?i

3

when U = V sin § + er;'
The section lift coefficient is based'qn the local velocity.

relative . to the blade

L . '
C, = —-J—- - where c = chord of the blade

The strength of the free Vortex;~the”core'diaméter of the free vortex,

the blade dimensions and the rotational velocity of the blade are
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handled as input data. The time increment At is chosen to correspond

to the finite change-Aw>in the azimuth pdsition of the blades-

At = AY/R

_wﬁere 2 is the rotor anguiaf-speéd{ |

The IBM 360/67 digital computer~§as used to obtain the numerical - -
solution to the prob}em. Fof the advance ratio of 0.7;_thé}cpmpu£ér
time-reqﬁifed for #;va;i;uth travei of about'601 degrees'with én Agimuth
incremént of five dégreeS"Vaé'aBoﬁ;-lso secs. The #ééurécy df thé
predictéd 1oad-distiibutioﬁ depends very mﬁch on ﬁhe“azimhth-ihérément
énd the nﬁmbé;«of ﬁoffiéeé. -ifiwas fognd'thét»aﬂ_;zimqth'iﬁcrement46f

about five degreesvwas:necessafy_to predict the vortex induced loads.

b.1.4 Resulfs ana ﬁiscﬁssion;A

The paraméte;s descriﬁing fhe modéi;rétdr.ﬁ}adefaﬁd #he;fréé;aw
vortex.age given in Table 1. 'Tﬁé‘azimuthxlqcfeﬁént;(AQ)_igimésféof thé:,
calculations was fiﬁé degrees,- Thé Qaiﬁeé.éf ﬁﬁé;;rgé;§of£g# s€£eﬁgth
And'tﬁe free’vortéx cbre rédiué in'Table l'are frbm;experimenﬁal
measurements of Sﬁreﬁdraiah-(é).‘

The results of thg vor;ex lattice method are comparéd with the
iifting suffacevthgory results‘of Johnsoﬁ (7) and also_experimental
reshits'df_Surendraiab (9) and-Padakannafa.(lo). AThe_lifting surfécé
theory soiution developed for a ﬁodel Qing-ertexiiﬁteraction problém
has been appliéa by.Johnson;(6) for the'rotor-voftex_inte?action
prdblem, :Johnsoﬁ )] has>§resentedjthe results of thévapplicgtipn of
'thé lifting suffaée theory'fof ﬁhé single bladed rétgr-vortex

configuration. ‘A typical variation of ‘the sebtiqn-lift coefficient as
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Table 1

. Model Rotor Operating Parameters

Rotor Rdtational Speed £ = 1500 RPM and 2000 RPM
Forward Velocity v = 110 fps
Advance Ratio - " u = 0.7 (2 = 1500 RPM)

= 0.526 (Q = 2000 RPM)

Free_‘v Vott'ex‘Stre’ngth T, = 15.25 ;ftz/seé
Blade Chord - ¢ = 0.167 ft
Blade Radius R = 1.0 ft

- Free Vortex Core Radius | . a = 0.031 ‘f.t
Collective Pitch .“ e - 0 deg

Tip Path Inclination Angle @ = O deg
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the rotor blade cuts through the vortex is shown in Figure 23. As
indicated in this figure the maximum section lift coefficient difference
is the difference between the positive and the negative peak section
lift coefficients., Figures 24a, 24b, and 25 show the comparison of the
maximum section lift coefficient difference due to vortex interaction as
predicted by the vortex lattice method and the lifting surface theory.
These figures show the variation of the maximum section liff coefficient
difference with rotor plane position (h/¢) at the radial location

t/R = 0.95. The section lift coefficient is based on the local relative
velocify of the rotor blade. Good agreement is shown between the 1lifting
surface results and those from the vortex lattice method. Padakannaya
(10) has bresented the measured spanwise loads due to vortex interaction.
Comparisons of the'measured and the predicted spanwise maximum 1ift
difference distribution for the different rotor plane positions, H/c,
and for various positioné of shaft axis, Z/R, are shown in Figures 26a,
26b, 27 and 28. As can be seen in these figures the predicted results

" are higher than the experimental results with the difference between the
two results increasing with decreasing values of Z/R. This discrepancy
may be due to the effect on the measured results of increased
interference between the vortex and the hub with its large spinnef as
Z/R decreases.

The spanwise variation of maximum section 1lift coefficient
difference predicted by the Qor;ex latticée method and the measured
values are presented in Figures 29a, 29b, and 30, for the different
rotor plane positions, h/c, and for different shaft‘a#is positions,

Z/R.. The lift coefficients are base&»on local rotational yelocities

of the rotor blade to be consistent with the experimental results. As
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in the caSe.of maximum lift difference the predicted and the measured
results'differ considerably at- the inboard radial,positions. A typical
.comparison of the experimental and the predicted 1lift variation with
timepis presented in Figure 31. The general shape'of.the variation.of
liftfis similar.but the computations predict .a higher negative peak than
shown by the experimental results.- | o
" In the numerical method the effect of v1scosity has been neglected l

_and also the free vortex which is interacting with the rotor blade has
been considered as a rigid infinitely long finite core vortex. VThe
highet-predlcted value of:the load distribution may beidue to these;
iassumptions; Measurements of the pressure distribution on a single-f
bladed rotor interacting with a trailing vortex from an upstream wing
were ‘also made by Baczek (22) This investigation indicated that the
vortex was. pushed out of the rotor plane either above or below it,b
resulting:in lower pressure‘gradients:than.anticipated; Also Ham (28)
has'indicatedfthat after a vorten ﬁnterSects a:blade;‘its strength-is‘
-weakened, possibly due to eounter VOrtices generated‘as a result of the.

loading induced by the vortex on. the blade.

4.2 The Calculation of Helicopter Rotor Airloads

4 2 1 Calculation Procedure _
: Scheiman (12) and Scheiman and Lud1 (13) have tabulated experimental ¥
~data from fright tests of a four bladed H-34 helicopter. _Ihe vortex
: lattice method developed for the~model‘rotor-vortex'interactionvproblenf~A
- has- been extended to the full scale H—34 helicopter rotor Fronithe
experimental data typical flight cases. in which vortex 1nduced loads

. near the’tip of the rotor blade»are indicated,rare-chosen for study.

e
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As in the model rotor configuration the wake behind the rotor blade is
represented by a net of finite strength, finite lenéth, straight line
trailing and shed vortex elements. The blade coordinates used in the
calculation of blade airloads are shown in Figure 21, The wake

geometry is calculated star;ing the rotor from rest in a free stream.
The reference blade on which the load distribution is calculated is
located initially at a specified azimuthal (Y = Oo) and flapéing and
pitching position without any wake vortices. The blades are then
fotated thfough an azimuth incremeﬁt, Ay, and shed and trailing fila-
ments of unknown strength, but with known positions are deposited in

the wake of  the reférence blade. The blade is replaced by a lattice of
vortices of unknown sprength. The rolled up tip vortex from the
preceding blade ié considered to determine the effect of vortex
interaction on the load distribution on the following (reference) blade.
The strength of the rolled up tip vortex is made équal to the maximum
value of the measured radial distribution of the bound vorticity on

the blade in the azimuth position from which the element is shed.‘ A
finite core tip vortex is considered in ofder to avoid unrealistically
high induced velocities when the vortex is near the plane of the rotor.
The core size of the vortex is assumed to be one per cent of the rotor
radius which is the value commonly used in the literature. The strength
of this concentrated tip vortex varies azimuthally as the maximum value
of the radial distribution of the blade loading varies with the azimuth.
The tip vortex from the prece&ing blade can be placed at different
heights’ below the disk plane. The approximate location of the tip
vortéx below the disk plane can be determined from the rotor advance

ratio, M, rotor thrust coefficient, Cps and the angle of attack

67




relative to the tip path plane assuming an undistorted wake. Landgrebe
and Beliingef §14)'ha§e found that the distortion of the wake increases
with the decreasé:in'aannce ratio. It has also been observed that at
very léw advangg ratios the tip vortex from the preceding blade can lie
above gﬁé tip paéﬁ'giéﬁe-over a range of azimuth angles on the. advancing
side oftthe disk. Radial contraction of the wake boundaries have been
observed in expériéén;s with the contraction of the wake increaéihg with
decreasing‘advanéeifatios. Hence the rolled up tip vortex of the
prece&ing éan be;plaqed_radially'at different locations in the wake to
account fpf.fhe“cpptfééfion of the wake boundary. The radial contraction
is zero when éﬂé?%&ﬁ &;ftex is placed at a radial location of r/R = 1.0.
Relative inentgéipﬁvéf the reference blade and tip vortex from the

AL e

preceding‘biédé:én‘thé:édﬁancing side of the disk is shown in Figure 32.

The root vortex 9;,tﬁé'preceding blade which is in a sense opposite to
that of tﬁe-tiﬁ_vortéi'is usually very weak and hence has been neglected.
Piziali (22) ﬁééiféﬁn&.thét adding a concentrated root vortex has a ' 4
relati&ely smail effect on the rotor blade loading. This rather crude
approximatioﬁ for the tip vortex is hoped to be reasonably good for
the areas in wﬁich it has a large effect on the induced velocity in the
plane of the rotor.

Tﬁe boundary condition to be satisfied at the control points on the

reference blade requires that the sum of the velocities normal to the

chord be zero. The total vertical downward velocity, Up, relative to

the blade section is

Up =V cos o, cos ¥ sin B + w + rdB/dt - V sin o, cos B

1 1
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Blade Number 2
(Reference Blade)

Tip Vortex at r/R = 1.0
From Blade Number 1

Rotational Sense of Tip Vortex

Figure 32. Relative Orientation of Reference Blade and Tip
Vortex on the Advancing Side of Disk.



and the component, UT’ in the disk plane normal to the blade radius is

UT = Qr + V cos al sin ¢
where

o, = rotor angle of attack

B = flapping angle

V = free stream velocity
Y = azimuth angle
w = downwash velocity

r = radial coordinate

Q = rotational velocity of the blade
Using small angle approximations, the expressions for the velocities
can be written as

. VB cos Y + w + rdB/dt - Val

(o]
1

=
I

Qr + Vsin Y

If 6 is the pitch angle relative to the disk plane, the angle of attack

of the section from Figure 33 is,

VB cos Y +w+ rdB/dt - Val

d(r,w) =0 -
Qr + V sin §

The wake induced velocity, w, is made up of velocities due to
known circulations in the wake and due to the tip vortex of the

preceding blade.
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dL

VBcosy + w

6 ' +ré - Val

Disk Plane Qr + V sin ¥

alr,y) =0 - ¢

® = Pitch Angle Relative to the Disk Plane.

Figure 33. Velocity Components on a Blade in Forward Flight.



The blade pitch angle for a linearly twisted blade is taken as

0= 60 + STx + Bl cos P + 62 sin y

where
60 = collective pitch
eT = total twist
61 = lateral cyclic
62 = longitudinal cyclic

X = r/R = radial coordinate

Only first harmonic flapping is considered.

B = BO»+ Bl cos Y + 82 sin ¢

where 80v= coning angle
Bl = longitudinal flapping
82 = lateral flapping

The radial component of the velocity is neglected as it does not
significantly effect the 1ift, The blade is assumed infinitely rigid
in all directions, i.e. the effects of torsional deflection and blade-
bending deflections on the velocity and the angle of attack
distributions are neglected.

Satisfaction of the boundary condition at all the control»points
results in a set of simultaneous equations for the unknown vortex
strengths on the blade. Solving these equations gives the strengths
of the vortices that are shed'immediately behind the blade. The
reference blade is then advanced through an azimuth increment, AY,

and each vortex end point which is not attached to the blade is allowed

T2



to translate with the velocity (V sin § + Qr), i.e. a flat, rigid wake
is assumed. The entire computational process for the new position of
the fgférence blade is then repeated. In this manner arrays of
disqrete shed and trailing vortices are generated immediately behind the
.refgiéngg blade with strengths corresponding to the blade loads.
:Considerable computational simplifications are achieved through

the assumption of a flat rigid wake. At low rotor thrusts or high
forﬁ;rd?velocities, the downwash becomes small in comparison to the free
stfeami§elocity and hence this assumption is a good approximation at
;' latée‘a&vance ratios. In a recent paper, Ormiston (29) has presented
fdtéf{wake induced velocities of helicopter rotors in forward flight
assumiﬁg a flat planar Wake. The results indicated that a simple,
fiéf‘planar wake is a valid configuration for the wake vorticity down
to advance ratios 6f around 0.15 for nominal thrust coefficients.

".Oﬁce the circulations at each section of the blade are known from
‘the sbiution of the simultaneous equations, the section 1lift can be

determined from

o4 X

)
2,(9,8) = pUi Tij Guyst) +p J 57 f I8y, dE]‘dx

o) o]
where U =V sin Y + er
Compressibility effects are included in the calculations through

the use of the Prandtl-Glauret correction factor based on the local

Mach number of the flow normal to the span of the blade.

< - 1 2 where M = Mach number
comp ————= incomp
1 - M2 L = 1lift at any section of

the blade

3



All of the input information for the computétions, such és the
flapping angle, the blade pitch angle, the shaft tilt angle and blade
" twist are taken from the report by Scheiman (12). The streﬁéth of the
tip vortex of.the préceding blade was c;iéuiatéd from the tabulated
measured load distributionms. The time interval At is éhosen to
correspond to the finiée change Ay in the azimuth position of the
blaﬁes.

At = AY/Q
where ! is the rotor angular speéd.

The accuracy of thé predicted load distribution deﬁends on the
number.of vortices and the azimuth increment.. An azimuth increment of
about 15 dégrees was'found to be sufficiently small for the prediction
of vortex induced Velocities. Ten spanwise and.three.chordwise
vortices were considered onlthe blade.

-For the computations of load distribution,'both the IBM 360/67
and the IBM 370/165 computers of the Pennsylvania State University
were used. The present calculations required about 200 secs on the
IBM 360/67 computer for an azimuth travel of 180 degrees with an azimuth
increment of 15 degrees. The same calculations required only 50 secs

on the IBM 370/165 computer.

4.2.2 Results and Discussion )

This section presents and discusses the results of the computations
and compares predicted blade loads with the measured values. The rotor
blade dimensions and operating conditions Are given in Table 2, The
azimuth increment (AY) in the calculations was 15 degrees. Ten spanwise

and three chordwise vortices were considered on the rotor blade.

Th



Table 2

~

Rotor Dimensions and Operating Conditions

Number of blades 4
Rotor blade radius 28 ft

All metal, constant chord rotor blade

Twist‘ _ ' -8 deg
Airfoil section _ Modified NACA 0012
Blade chord 1;367 ft.
Rotor solidity ) 0.0622
Normal rotor tip speed 623 fps
Normal rotor angular velocity _ 22.2 rad/sec
Test disk loading 4,79 lbs/ft2
Forward rotor shaft tilt 3.0 deg
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Calculations were done both with equally spaced and unequally spaced
spanwise vortices. The number of vortices on the blade and the azimuth
increment in the calculations were chosen taking into account computing
economy., |

Comparisons of the results of the vortex lattice method and the
experimental data, for radial stations r/R = 0.95, 0.85, 0.55 and‘0.251.3ﬂ
are presented in Figures 34 through 37 for am advance”fétio'éf O.Zﬁ
Scheiman (12) and Scheiman and Ludi (13) h;§e ﬁabu;ated fl;gﬁt tési‘ o i
data of a H-34 helicopter. - These flightltest valueé afe the experiﬁeﬁta} '

data used for the comparisons. In-flight measured flapping angles were:."

used in the calculation of airloads. Blade pitch ahglés and tﬁg height .~

of fhe preceding blade tip vortex below the reference blade were
adjusted to give agreement of the loads at the r/R = 0.95 ététion. For
the advance ratio of 0.2 the tip vortex was placed at a height of three-.
quarter's of a chord below the plane of the rotor. This is approximately A
thé undistorted wake location near the azimuth location () of 90
degrees where the vortex interaction effect is large. Landgrebe and
Bellinger (14) have indicated that the experimental axial wake positidn‘
and undistorted wake position do not differ much on the advancing side
of a rotor at an advance ratio of 0.2.

As can be seen in these figures the large fluctuations in the
measured airloads near the tip of the rotor blade on the advancing
side are predicted closely by the present lifting surface method. Féf.f
the advance ratio of 0.2 calculations were repeated for two different
radial locations (r/R = 1.0 and r/R = 0.90) of the tip vortex to
determine the effect of radial contraction of the tip vortex (observed

experimentally) on the airloads. The results of the computations with
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Figure 34. Comparison of Computed and Measured Section Lift; H-34 Helicopter Rotor,
u= 0.2, r/R = 0.95,
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Figure 36. Comparison of Computed and Measured Section Lift; H-34 Helicopter Rotor,

u=10.2, r/R = 0.55.
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Figure 37. Comparison of Computed and Measured Section Lift;. H-34 Helicopter Rotor,
u= 0.2, r/R = 0.25,



different radial locations of the tip vortex are presented in Figures 38
and 39 for radial stations r/R = 0.95 and r/R = 0.85 respectively. As
can be seen in these figures there is a noticeable AifferenCe in the ..
airloading due to the change in the orientation of blade passage éver

the two radial locations of the tip vortex. Hence :adialrcontractipn of

the tip vortex is a significant parameter in the prediction of Vortex

induced airloads especially at low advance ratiqs siﬁcérﬁﬁe vorééiiff";7

remains closer to the rotor. The effect of the ver;igal;lqégﬁié”.éf fffi

the tip vortex on the blade loads is showh'in'FingevAO.;{A§’;xéédfé§ 'f;1
the vortex induced load increases as the-vo?tex getézéioéé?iéé?p@eiblade,
sinée the induced velocity on the blade inéréaéééaékgﬂlfgéi&ét£é;§é}inT.“
distance between the blade and the vortex. Tﬁe radigl ﬁafiation'éf lodd”
distribution on a rotor blade at an azimuth loéation W) of 90 &egﬁees
for unequal and equal spacing of spanwise vortices in the vortex lgtﬁiée
method is shown in Figure 41. As expected the radial load distribution
is not very sensitive to the spacing of vortices except near the tip of
" the blade where the vortex induced load is predominant.

A comparison of the calculated and the experimental séétiﬂ# lift.
with azimuth for an advance ratio of 0.1 is presented iﬁ Fiéﬁieél,ﬁz..
through 45 for radial stations of r/R = 0.95, 0.85, 0.55 ana C.ZE.V
The experimental data is from Scheiman's (12)vreport. in'the
calculations the tip vortex was placed radially at r/R = 1.0 and
vertically 0.6 chord below the plane of the rotor. The vOr£ek
interaction effect has been predicted reésonably well, From ;he wake
pattern studies in a water tunnel Landgrebe and_Bellingér.(14),hévé '
indicated that large axial and radial distortions éf fﬁe ngé bccu; éf

low advance ratio of approximately O0.1. As the local blade loading is
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Figure 38. Comparison of Section Lift for Two Positions of Tip Vortex in the Wake;
H-34 Helicopter Rotor, W = 0.2, r/R = 0.95.
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Figure 39. Comparison of Section Lift for Two Positions of Tip Vortex in the Wake;

H-34 Helicopter Rotor, u = 0.2, r/R = 0.85.
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Figure 40. Effect of Vertical Location (Z) of Tip Vortex on the Computed Section Lift;
H-34 Helicopter Rotor. o
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Figure 42. Comparison of Computed and Measured Section Lift; H-34 Helicopter Rotor,

u = 0.13, r/R = 0.95.
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Figure 43. Comparison of Computed and Measured Section Lift; H-34 Helicopter Rotor,
u = 0.13, r/R = 0.85.
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Figure 44. Comparison of Computed and Measured Section Lift; H-34 Helicopter Rotor,
U= 0.13, r/R = 0.55.
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very sensitive to wake distortions, wake distortion effects should be
included in the calculations for a better correlation of the calculated
and experimental section lifts at this low advance ratio.

The section lift variation with azimuth angle at radial stations
‘ f/R = 0.95, 0.85, and. 0.75 is shown in Figure 46. The results are from
the flight test data of a H-34 helicopter operating at an advance ratio
of 0.11. This‘figufe indicates the decrease in effectiveness of the
tip vortex for inducing loads at the inboard sections. This feature has
been found in all cases of the present study, cases which were chosen‘
because they show large vortex-induced loads near the tip of the blade.
Figure 47 shows the variation of section 1lift with azimuth angle at the
radial station r/R = 0.95 for advance ratios of approximately 0.1, 0.2,
and 0.3. The results are from the flight test data of a H-34 helicopter.
As.can be seen in this figure the effect of tip vortex on the blade
loading reduces as the advance ratio increases. At low advance ratios
the extent to thch the wake is transported away is limited and results
in blade-vortex intersections close to the rotor.

The wake behind a helicopter rotor remains in close proximity to
the rotor for a long time because of the rotation of the rotor whereas
a wing moves continually away from its waké. Hence, it might be expected
that wake distortions which could be neglected for a fixed wing would
be more impor;ant in the case‘of a rotor. Although lifting surface
theories allow accurate calculation of airloads on a rotor blade, its
use requires an accurate kndwledge of the relativé position of the
vortex and the blade. Hence a very high degree of accuracy is required
to correctly predict the élose ﬁassages of the tip vortex and the blade,

as the downwash is very sensitive to the tip vortex location. Johnson
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Figure 46. Experimental Section Lift Variation with Azimuth Anglé; H-34 Helicopter Rotor, p = 0.11.
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Figure 47. Experimental Section Lift Variation with Azimuth Angle; H-34 Helicopter Rotor, r/R = 0.95.



and Scully (30) have indicated that the combination of lifting surface
and distorted wake geometry does not necessarily result in accurate
airloads as shown in Figure 48. Calculations using distorted wake
geometry predicted higher loads and hence the distorted wake should be
closer to the tip path plane. It has been suggested by these authors
that real fluid interaction of the blade and vortex (such és local
vortex—induced flow separation) or local changes of the nature of the
tip vortex viscous core due to the blade-vortex interaction (such as
interaction induced bursting) may be important to be included in the
airload calculations for a better correlation of experimental and
predicted results, /

Rotor blades have large aspect ratios and hence their structural
stiffness is much smaller than that of a fixed wing designed to carry
the same lift. Sadler (31) considered the effects of flexible blade
motion on.wake géometry and thereby on the wake's contribution to blade
loads. The gleVation at which the trailing vortices were deposited
corresponded to the flapping positions of the flexible blade. As can be
seen in this Figure 49, the general trends are very similar, but there
are small differences in thé airloads over the aft half of the rotor
disk due to the effect of flexible blade on the wake geometry.

In a review paper, Johnson and Scully (30) have indicated that,
for current wake geometry models (theoretical and exﬁerimental), on
the advancing side of the rotor disk the tip vortex remains very close
to the plane of the rotor and is pushed downward after the passage
of the following blade. Hence on the advancing side a finite core vortex
should be considered in the airloads calculations to avoid unrealistically

high vortex—-induced velocities. Most existii.g analyses currently assume
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Figure 48. Comparison of Experimental and Lifting Surface Theory Section Lift;
H-34 Helicopter Rotor, a = 0.005R.
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Figure 49. Airloads Without and With Blade Motion Effects in Wake-Induced
Velocity Calculations; H-34 Helicopter Rotor, U = 0.2.
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a core diameter of approximately ten percent of the blade chord or one
percent of the rotor radius., A comparison of the results from the paper
by Johnson and Scully (30) presented in Figures 48 and 50 for vortex core
radii of 0.005R and .02R respectively, indicates that assuming a large
core radius eliminates the difference between the rigid and distorted
tip vbrtex geometries. Rorke and Moffitt (32) have recently measured
the flow field in the core of the vortex behind a rectangular wing
model which is a segment of a CH-53A helicopter rotor blade section with
a revolved airfoil tip cap. The measurements were made at Mach numbers
from 0.2 to 0.6 and Reynolds numbers rahging from 4.4 x lO5 to 7.0 x 106
which are comparable to those at the tip of a full scale helicopter main
rotor blade. As shown in Figures 51 and 52 for rectangular wings, the
measured vortex core diameter to chord ratios and the peak tangential
velocity ratios are functions only of wing lift coefficient and elapsed
time from vortex formation, and appear to be independent of both Mach
number and Reynolds number. 1In these figures, the vortex age (t) is the
time required for an air particle to travel at the free stream velocity
from the wing quarter-chord to the downstream location at which the
vortex was surveyed. The trends of vortex core diameters and peak
tangential velocities presented in these figures could be used to get a
good approximation for the core diameter of the tip vortex of a rotor
blade.

.Cook (33) has very recently presented the measured velocity
distribution through the tip vortex of a single bladed full scale rotor
operating on a whirl tower at a representative tip speed of 600 ft/sec.
The measurements were made using a hot wire anemometer. The rotor was

28 ft. radius, with a blade chord of 1.367 ft., 8° overall washout and
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NACA 0012 section. As shown in Figure 53, the viscous core diameter,
defined as the distance between the measured velocity peaks, is very
small. For the same total circulation of the vortex, a typical
comparison of the measured velocity distribution and two Rankine vortex
velocity distributions, one with the same maximum velocity as the measured
and the other with half thé core size, indicated a significant difference
as shown in Figure-54. Since the scatter in the experimental data is
very large as shown in a typical Figure 55, more measurements will have
to be made before any data can be used in the analytical investigations
with confidence. In reference 33, a point was noted on the measured
vortex velocity profile outboard of which the curve obeyed the (1/r) law.
This point has been designated by that reference as the core diameter

indicated in Figure 55.
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

The foregoing analysis has developed a numerical lifting surface
method to predict unsteady aerodynamic forces induced on a finite aspect
ratio rectangular wing by a straight, free vortex'placed at an arbitrary
angle in a subsonic, incompressible free stream. This vortex lattice
mefhod-has been applied to .a single bladed rotor operating at high
advance ratios ahd encountering a free vortex from a fixed upstream wing.
The method has also been extended to full scale rotér flight cases in
whichvvortex induced loads near the tip of a rotor blade were indicated.
The calculated résults were compared with planar lifting surface theory
results énd also with available experimental results. The following
conclusions can be drawn from- this investigatioﬁ.

1. This investigation establishes thé feasibility of a simple
vortex lattice method to predict the ﬁnéteady'forces,due to complex
vortex interactions, This method uses discrete vortices to represent
the lifting surface and the wake.

2., 1In wing-vortex interaction problems, comparison of the vortex
lattice method with linear lifting surface theory shows good agreement.

3. In the-numerical calcula;ions-of lift due to a lifting surface-
vortex interaction the interval between successive time steps and also
the number of vortices on the lifting surface has considerable influence
on the peak 1lift coefficients. The time step size and the number of
vortices on the lifting surface must be chosen as a compromise between

the accuracy and computer time and storage requirements.
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4. Steady state or quasi-steady assumptions are inadequate to
predict the unsteady nature of the 1lift fluctuation due fo a lifting
surface-vortex interaction.

5. Good agreement is shown between the vortex lattice method
results and the planar lifting surface theory results in the case of a
model rotor intersecting a free vortex.

‘6. The vortex induced loads on the model rotor blade are generally
overestimated by the numerical lifting surface method when compared to
experimental results. The computed time interval between peak values is
in good agreement with experimental measurements.

7. The numerical lifting surface method predicts closely the
large fluctuations in the measured airloads near the tip of a rotor
blade on the advancing side of the disk.

8. Accurate information concerning the vertical location an& the
radial location of the tip vortex are required for an accurate prediction
of vortex induced airloads. For close blade-vortex iﬁteractions, tip
vortex core size is an importan£ parameter in the prediction of vortex
induced loads.

9. Rotor blade loads are very sensitive to the azimuthal vériation
of flapping and pitching angles.

10. The flat planar wake configuration is satisfactorj for most of
the advance ratios considered in the present investigation as at large
advance ratios the downwash becomes small in comparison to the frée
stream velocity.

Since an accurate knowledge of the wake geometry .is required to
obtain accurate vortex-induced loads it is recommended that the present

numerical lifting surface methdd be used with a deformed wake model,
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especially at small advance ratios (u é 0.15). FHowever, Moore (34)
has shown by examination of the rolling up of a vortex sheet of an
elliptically loaded wing that the appfoximation of replacing a finite
vortex sheet by an array of line vortices can be unreliable regardless
‘of the number of vortices usgdf It was suggested by the author that
fhe strohg coupling bétWeen line vortices causes chaotic motion of the
tip vortices which affects inboard vortices. Hence caution must be
exercised in using the_deformed'wake configuration.

One can attempt to calculate the unsteady airloads for close
blade-vortex spacing. However blade loads are very sensitive to vortex
locations and the sensitivity increasing with decreasing distance from
the blade and hence such a calculation is questionable. It will be
preferred to use measured blade-vortex spaqing as high degree of
accuracy is required of the ldcation of the voftex. Since it determiﬁes
‘the ﬁaximum tangential velocity ﬁear the vortex, the viscous core radius
of the tip vor;ex is a very important parameter.fér the calculation of
induce& velocity. Hence for close bladé-vortex interactions a more
realistic value of the core radius from a very recent paper by Cook (33)
could be used instead of the usually assumed value of 10 percent of the
chord or one percent of the bléde:radius. Also fér close blade-vortex
interactions real flﬁid effects such as local separation on the blade
due to lérge induced velocity gradients and local changes in the nature
of the tip vortex viscous core due to blade-vortex interaction could be
véry impértant factors. The present investigation has neglected the
effects of viscosity.

Finally, it is recommendedtthat accurate azimu;ﬁal variation of

. flapping and bitéhing angles of the blade should be used in the present
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analysis as the blade loads are sensitive to these. Accurate azimuthal
variations of flapping and pitching angles of the blade could be cbtained

from an iterative calculation of blade motion and blade airloads.
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APPENDIX A

EFFECT OF THICKNESS ON THE LIFT DUE TO WING-VORTEX INTERACTION

In the following analysis conformal transformation methods have
been &sed to study the effect of thickness on the 1lift due to a two-
diﬁensional wing-vortex interaction. A circle can be-transformed by
“the Jouko&ski transformation into a shapg resembling that of a wing'
section.  The fléw about a circulat cylinder having a radius-slighﬁly
lérger"than a, and so placed that the circumference passes through the
point x = a,'bn the z-plane is transformed to the flow about an airfoil

on the Z-plane using the mapping function

T =2z+ aZ/z
If, in addition, the center of the larger cyllnder (of radius larger
than a) is placed on the x—axis, the transformed curve will be that of a
symmetrical wing section'(Figure 56). Let the radius of the larger
'cylinder be a+ €., The compiex'potential of.a.circular cylinder with a

circulation of strength I'y placed in a stream of velocity along the

x-axis is. : .
z +E
- S__.L 1
vp= Wiz v+ ) ™ 21r n ()

Consider a vortex of strength Pl located at 201 outside the cylinder of

radius (a + €). If the motion is due solely to the vortex the circle

" theorem gives the complex potential

ir. ' iT 2
R § 1 (ate) " _
v, Zn in [(z +€) 01] + n [(zi+€) zOl]
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Figure 56. Conformal Transformation of a Circle into a Symmetrical Wing Section.



The more general expression for the flow about the circular cylinder

with flow at infinity inclined at an angle % to the z-axis in the

presence of a vortex outside the cylinder can be written by substituting
o

i
z+ €= (zl+€) e o

and

In the case of ao 2ero, the 1lift is due only to the interacting vortex.

For this case of ao =0, W= wl + W, can be written as

. 5 .
- (ate) il' z+€
w = Vi(zte) + z+e ]+ 2 fn (a+€)

il
- EFL [&n {(zte) - zo} ]

’

il 2
1 ate _
+ o [&n s z l ]

The velocity (dw/dz) at the point z = a (corresponding to the trailing
edge) must satisfy the Kutta condition of smooth flow at the trailing

edge which determines the value of circulation ' around the airfoil.

dudz | _

. d
z=a

T = 2F1 (at+€) [Real part {?;:E%:;;'}]

Neglecting powers of € greater than one the chord of the airfoil is 4a.

The 1lift on the wing section is PVl and the lift coefficient is

117



I‘1
Cz = == (1+c/a) [

a(l+2c/a) - x
{a(l+28/a)-x} +y

7 ]

<

Durand (35) has shown that ﬁhe thickness ratio of the wing section

/

is nearly equal to.3/§/44(€/a)

Cl - Pl (1 + 0.77 t/c) {411 + 1.54 t/c) - x - 1
{a(1 + 1.54 t/c) - x}2 4y
where a = c/4
For t/c = 0 this expression reduces to
y YV e iyt

For a given value of y

e

c = Fl/V [1+0.77 t/c] (1/2y)

L
max

This value of maximum lift coefficient occurs-at

x=a (1+1.5 t/c) -y

For t/c = 0 Cy = Tl/V (1/2y)
max

This maximum lift coefficient occurs at

x=a-y

therefore
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C£ (t/c)
max

2 (t/c=0)
max

C = (1 + 0.77 t/c)
For a thickness ratio of 12 percent this ratio is 1.0924.

'The variations of lift coefficient with (x/c) for a given (y/c)
are presented in Figures 57 and 58 for thickness ratios of zero and 12
per cent respectively. As expected the 1lift coefficient is higher for

the thicker wing.
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Figure 57. Effect of Thickness on the Lift Coefficient Due to Vortex Interaction, y/c = 0.25.
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Figure 58. Effect of Thickness on the Lift Coefficient Due to Vortex Interaction; y/c = 1.0.



APPENDIX B

RADIAL LOCATIONS AND ANGLE OF INTERSECTIONS ASSOCIATED
WITH BLADE-VORTEX INTERSECTIONS

In the calculation of airloads on a helicopter rotor blade due to
vortex interaction the radial location and the angle of intersection of
the tip vortex with the following blade is required. Helicopter rotor
wake studies (experimental) have indicated that there are no
significant wake distortions'in the top view of the wake in the vicinity
of the rotor for moderate and high speed conditions. Hence assuming .
an undistorted top view of the wake the radial locations at which the
_ folléwing blade intersects the tip vortex from the preceding blade at
different advance ratios are presented in Figures 59, 60 and 61 for two,
three and four bladed rotors respectively. The angleé of intersection
of the tip vortex with the following blade at different advance ratios
are presented in Figures 62, 63, and 64 for two, three and four bladed
rotors respectively. TheSe‘figures show a typical vafiation,of the
radial locations and ;he intersection angles associated with blade-vortex
intersections. As can be seen in these figures, for an advance ratio of
0.3, the azimuth region over which intersection occurs increases with
increasing number of blades of a rotor. For a given rotor the radial
extent over which blade-vortex intersections occur decreases with a
decrease in advance ratio. However, the vortex-interaction effect is
predominant at the lower advance ratios as the wake remains close to the
blades. For some low speed flight conditions tip vortices pass above
the blades. As can be seen in these figures, the angles of intersection

of the blade and the tip vortex are smaller for lower advance ratios.
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Pruyn and Alexander (11) have also found that the effect of the tip
vortex was large when the angle between the vortex and the blade was
small. These figures provide a rapid means for determining the blade
radial locations for blade-vortex intersections. Generalized charts of
the form shown in these figures could be developed to cover the

complete range of number of blades and advance ratios.
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