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§ 1. In troduction and Sum m ary.

The theoretical investigation of the  to tal resistance to the forward motion 

of a ship is usually simplified by regarding it as the sum of certain 

independent term s such as the  frictional, wave-makings and eddy-making 

resistances. The experim ental study of frictional resistance leads to a 

form ula of the type
R , = / S V - ,  (1)

where S is the w etted surface, Y the s p e e d ,/  a frictional coefficient, and m 

an index whose value is about P83.

A fter deducting from the to tal resistance the frictional p art calculated from 

a suitable form ula of this kind, the rem ainder is called the residuary resist­

ance. Of th is the wave-m aking resistance is the most im portant p a r t ; the 

present paper is lim ited to the study of wave-m aking resistance, and chiefly 

its variation w ith the speed of the ship. The hydrodynam ical theory as it 

stands a t present m ay be stated briefly.

Simplify the problem first by having no diverging w aves; th a t is, suppose 

the motion to be “ in two dimensions in space,” the crests and troughs being 

in infinite parallel lines a t right angles to the direction of motion. Further, 

suppose th a t the motion was started  at some remote period and has been 

m aintained uniform. W e know that, except very near to the travelling 

disturbance, the surface motion in the rear consists practically of simple 

periodic waves of length suitable to the velocity v of the disturbance. Let
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The W ave-m aking  R esistance o f  Ships. 2 77

a be the am plitude of the  waves, and w the  w eight of u n it volume of w a te r ; 

then the mean energy of the  wave m otion per u n it area of the  w ater surface 

is hva?. Im agine a fixed vertica l p lane in  the  rear of the  d isturbance ; the 

space in front of th is plane is gaining energy a t th e  ra te  per u n it tim e.

But on account of the  fluid motion, energy is supplied th rough the im aginary 

fixed plane to the space in front, and it  can be show n th a t  th e  ra te  of supply  

is \wa?u, where u  is the  group-velocity corresponding to the  wave-velocity v. 

The n e tt ra te  of gain of energy is \w o? ( v — u), and  th is  represen ts the  p a rt of 

the power of the ship which is needed, a t uniform  velocity, to feed the 

procession of regular waves in  its  rear. A n equivalen t m ethod of s ta tin g  

this argum ent is to regard th e  whole procession of regular waves from  the  

beginning of the  motion as a sim ple g ro u p ; th en  the  rear moves forw ard 

with velocity u  while the  head advances w ith  velocity v, and  the whole 

procession lengthens a t the  ra te  v — u. I f  we w rite  Ry for the  ra te  a t which 

energy m ust be supplied by the  ship, we call R  the  w ave-m aking resistance, 

and we have

R  =  \w o? ( v — u)/v.(2)

W e notice th a t R  is the  w ave-m aking resistance in u n ifo rm  m o tio n ; i t  is 

only different from  zero because u  differs from v, th a t  is, because the velocity 

of propagation depends upon th e  wave-length.

In  deep w ater, u  is %v,so th a t  R  is \iva?. In  th e  application 

a ship a t sea, i t  is assum ed th a t the  transverse waves have a certain  average 

uniform bread th  and height, and, fu rther, th a t  the  diverging waves m ay be 

considered separately and as having crests of uniform  heigh t inclined a t  

a certain angle to the  line of m o tio n ; if the  am plitude is taken  to vary  as 

the square of the  velocity, i t  follows th a t R  varies as y4. Several formulae 

of the type R =  Ay4, or R  =  Ay4 +  By6, have been proposed ; although these 

may be of use practically by em bodying the resu lts of sets of experim ents, 

they are not successful from a theoretical po in t of view. R ecently  m any 

such cases have been analysed graphically by Prof. H ovgaard ;* the  general 

result is th a t a fair agreem ent m ay be m ade for lower velocities w ith  an 

average experim ental curve neglecting the hum ps and hollows due to the 

interference of bow and stern  wave system s, b u t a t higher velocities the 

experimental curve falls away very considerably from the em pirical curve.

The m ethod used here consists in considering the ship., in regard to its  

wave-making properties, as equivalent to a transverse linear pressure 

distribution travelling uniform ly over the  surface of the water. Taking 

a simple form of diffused pressure system  and m aking some necessary

* W . H o v g a a r d , ‘ I n s t .  N a v . A r c h . T ra n s .,’ v o l. 50, p. 205 , 1908.
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278 D r. T. H . H avelock.

assum ptions, we obtain an expression for the  am plitude of the transverse 

waves thus originated, and for the resistance E, in which the velocity enters 

in the form e~a!v2; th is function is seen to have the general charac

experim ental curves. A dding on a sim ilar term  for the  waves diverging 

from bow and stern, and, finally, in the m anner of W . Froude, an oscillating 

factor for the interference of these bow and stern  waves, we find a formula 

for the  wave-m aking resistance of the type

E  =  ue~l/v* +  {3{1 —Y-cos (m /v 2)}

In  th is expression there are six adjustable c o n s ta n ts ; we proceed to reduce 

the  num ber of these after transform ing into units which utilise Froude’s law 

of comparison. W e use the quan tity  c, defined as

(speed in k n o ts ) /^ ( le n g th  of ship in feet),

and we express the resistance in lbs. per ton displacem ent of the  ship. An 

inspection of experim ental curves, and other considerations suggest th a t the 

quantities l, m , n  m ay be treated  as universal constants ; w ith this assumption, 

a three-constant form ula is obtained, viz.,

E  =  ae-2-53/9c* +  £  {1 _ 7 cos (10*2 (3)

where the  constants a, f3, y  depend upon the form of t

W e then trea t (3) as a semi-empirical formula of which the form has been
«

suggested by the preceding theoretical considerations; several experim ental 

model curves are examined, and num erical calculations are given which show 

th a t these can be expressed very well by a form ula of the above type.

Since the constant a. is found to be sm all compared 

allowable to press too closely the theoretical in terp reta tion  of the first term, 

especially as the experim ental curves include certain small elements in 

addition to wave-m aking resistance. I f  we lim it the comparison to values 

of c from about 0’9 upwards, i t  is possible to fit the curves with an 

alternative form ula of the type

E  =  £  { 1 - y  cos (10-2/c2)} 

and some exam ples of th is are given.

The effect of finite depth of w ater is considered, and a modification of the 

form ula is obtained to express th is effect as far as possible. Starting from 

an experim ental'curve for deep water, curves are drawn, from the formula, 

for the transverse’wave resistance of the same model with different depths ; 

although certain simplifications have to be made, the curves show the 

character of the effect, and allow an estim ate of the stage a t which it becomes 

appreciable.

In  the last section the question of other types of pressure distribution is

[A pr. 1,

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



The Wave-making Resistance o f Ships. 2 7 9
1909 .]

discussed, and one is  g iven  in  illu stration  o f the w ave-m aking resistance of 

an entirely subm erged vessel.

§2. Pressure System travelling over Deep 

I t  is know n th a t a lin e  pressure-disturbance trav ellin g  over the surface 

of water w ith  uniform  velocity  v a t r igh t angles to its  len gth  g ives rise to  a 

regular w ave-train  in  its  rear of equal w ave-velocity .*  Take th e ax is of x 

in the direction o f m otion and le t  th e pressure system  be sym m etrica l w ith  

respect to the origin and g iven  b y  p  =  / ( » ) ;  suppose

for a ll bu t sm all va lu es of x, for w h ich  it  becom es infin ite  so th at

= P. The regular part of th e surface depression r) due to  th is
gjjj '

integral pressure P  practically  concen trated  on a lin e  is g iven  by

v =  M sinq .  (4 )
wvJ rr

The part of th e surface effect w hich  is n eg lected  in  th is  expression  consists  

of a local disturbance sym m etrica l w ith  respect to th e origin and p ractica lly  

confined to its  neighbourhood.

I f  w e suppose P  constant, th e am p litud e in  th e regular w ave-tra in  an d  

the consequent drain o f energy due to  its  m aintenance d im inish w ith  th e  

velocity.

To obtain results in  an y w ay  com parable w ith  practical conditions it  is  

necessary to  suppose th e pressure system  diffused over a strip w hich  is n o t 

infinitely narrow.

A n  illu stration  is  afforded by  tak ing

* = /(* > ■=  § 3 q h ’ (5)

where a is  sm all com pared w ith  th e d istan ces at w hich the regular surface 

effects are estim ated. This typ e of pressure d istribu tion  is  show n in  fig. 1.

F i g . I.

*  F o r  a  d isc u ss io n  o f  th e  w a v e  p a tte r n , s e e  L a m b , ‘ H y d r o d y n a m ic s ,’ § 241  et seq . ; o r  

H a v e lo c k , ‘ R o y . S o c. P r o c .,’ A ,  v o l. 8 1 , p . 3 9 8 , 1 9 0 8 .
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280 D r. T. H . H avelock. [A pr. 1,

The effect of thus diffusing the pressure system  is expressed by the 

introduction of a factor (/> ( k ) into the am plitude of the 

27r//c is the wave-length and

pQO

< / > ( « ) =  / ( w )  c o s  (6)
J —co

Using (5) in (6), we find

( k )  =  P e - a * =  P e - 0 ^ ”*.

Hence the am plitude of the waves is given by

a — 2 /P
w r (7)

F urther, since k  =  v2/g , the group velocity u  — d(K,v)ldic =  

the wave-ihaking resistance R is given by

E  =  g—  e~2a9h\

Hence

( 8 )

W e have to exam ine the variation of these quantities w ith  the velocity v 

under the supposition th a t the  pressure system  is due to the motion of a 

body either floating on the surface or wholly imm ersed in the water. The 

pressures concerned being the vertical components of the excess or defect 

due to the  motion, i t  seems possible to assume as a first approxim ation th a t 

P  varies as v2; th is is the case in the  ordinary hydrodynam ical theory of 

a solid in an infinite perfect fluid, and a sim ilar assum ption is also made 

in the theory of Froude’s law of comparison. This being assumed, we find

a =  A  e~a9lv\P =  Be~2a9lv\  

W e see th a t both the am plitude and the resistance increase steadily from 

zero up to lim iting values.

If  we draw  the curve representing  this relation  between E  and v, there is 

a point of inflection w hen

^  =  0, or (10)

W riting  v ' for th is velocity, we see th a t d R /d v  increases as the velocity 

rises to v' and then falls off in value as the velocity is fu rther increased.

W e can w rite the relation now in the form

E  =  B r S W .  (1 1 )

The character of th is relation is shown by the curve in fig. 2, which 

represents the case
E  =  3 1 5  r » W ,  (1 2 )

E  being in tons, and V in knots.
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The values of th e con stants in  (1 2 )  have been chosen for com parison w ith  

an experim ental curve o f residuary resistance g iven  by  E . E. Froude ;* it  

was obtained from  m odel ex p erim en ts and by  m eans o f th e law  of

1909 .] 77ie Wave-making Resistance o f Ships. 2 8 1

F ig  2

2 0  V K n o ts  2 5

corresponding speeds and dim en sion s th e resu lts w ere g iven  for a ship  

(m odel A ) o f 409 0  tons d isp lacem en t and 4 00  fee t length . T he actu a l curve  

is g iven  in  fig. 4  and is discussed m ore fu lly  la t e r ; w e n eg lect for the  

present th e u ndulations w hich  are k n ow n  to be due to th e in terferen ce of 

the bow and stern  w ave system s, and w e consider a fa ir ly  draw n m ean  

experim ental curve denoted by E /. Table I  show s a com parison of the  

values of E ' w ith  those of E  ca lcu lated  from  th e form ula (12).

Table I.

Y . R . R '.

10 0*02 1*8

14 2 4

18 14 16

22 38 39  *5
26 70 7 0
30 106 107
34 132 130
38 167 166
42 176 175
46 195 192

From  th is com parison w e see th a t the p o in t of in flection  g iven  b y  V ' 

corresponds to the p oint at w hich the slope of the m ean exp erim en tal curve 

*  R . E .  F r o u d e , 4 I n s t .  N a v .  A r c h . T r a n s .,’ v o l.  22, p . 2 2 0 , 18 8 1 .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



282 D r. T. H . H avelock.

begins to fall off. This effect is general in residuary resistance cu rv es; we 

see th a t i t  is really  an interference effect, the  character of the curve being 

due to the m utual in terference of the  wave-m aking elem ents of the pressure 

system. Superposed on the mean curve we have a fu rther interference effect 

due to the combination of two systems, the bow and stern  systems.

From  Table I  we infer th a t the mean curve agrees well w ith the calculated 

values E  from about 18 knots upwards, b u t a t the lower speeds the values of 

E  are much too sm a ll; th is suggests the addition of a term  to represent the 

effect of the diverging waves.

§ 3. D iverging W ave System.

In  the exam ple considered above, the calculated values of E  are much too 

small a t the  lower velocities. This m ight have been expec ted ; for we 

obtained (12) by the consideration of line-waves on the surface, th a t is waves 

w ith  crests of uniform  height along parallel infinite lines. B u t the model 

experim ents correspond more to a point disturbance travelling  over the 

surface, w ith the form ation of diverging waves as well as transverse waves. 

In  fact, W . Froude* infers from his experim ental curves th a t the residuary 

resistance at the lower velocities is chiefly due to the  diverging wave system, 

on account of the absence of u n d u la tio n s; for the la tte r  signify interference 

of the transverse system s in itia ted  by the bow and stern, and these become 

very im portan t a t the higher velocities.

W e have to add to (12) a term  representing the diverging waves; the 

comparison in Table I  suggests for th is 'a  term  of the  same type, <?-t(v"/v)*, 

w ith  V "  m uch sm aller than  the corresponding velocity \T/ for the transverse 

waves. W ith  the data a t our disposal we m ight then determ ine the various 

constants so as to obtain the  closest fit possible ; however, we can make the 

process appear less artificial by the following considerations. W e know that 

the  wave pattern  produced by a travelling  point source consists of a system 

of transverse waves and a system  of diverging waves, the whole pattern  

being contained w ith  two radial lines m aking angles of about 19° 28' with 

the  direction of m o tio n ; a fuller investigation of the effects produced by 

a diffused source m ust be left over a t present. In  applying energy con­

siderations as in the previous sections, the usual m ethod is to suppose th a t 

the transverse waves form on the average a regular wave-train of uniform 

am plitude and uniform  b re a d th ; using the same approxim ation for the 

diverging waves we suppose th a t these form on the average a regular wave- 

tra in  on each side, w ith the crests inclined a t some angle 6 to the direction

*  W .  F ro u d e , ‘ I n s t . N a v . A r ch . T r a n s ./  v o l. 18, p. 86, 1877.

[A pr. 1,
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The W ave-m aking  R esistance o f  Ships. 2831909.]

of motion of the disturbance. Then the velocity of the  diverging wave- 

trains norm ally to the ir crests is Y  sin Now the  same features of the  

ship are responsible for the  character of both  transverse and diverging 

w aves; then  if V ' is the  velocity a t which there  is a point of inflection in 

the resistance curve for the transverse waves, the suggestion is th a t V ' sin 0 

is the corresponding velocity for the  diverging waves. Taking as a first 

approxim ation the angle given above, viz., 19° 28 ' or s in -1 -̂, we test now 

a formula of the  type

R =  +  (13)

For the particu lar exam ple already used (Froude, Ship A ) we take V ' 

equal to 26 knots, and determ ine A, B from two values of Y. W e obtain  

thus
R  =  4-5e-B26/3V)* +  297e-*<2 W . (14)

W ith  this form ula we find as good an agreem ent as before a t the  h igher 

velocities, and we have now a t lower velocities the  comparison in Table I I :—

Table I I .

V . E . E '.

10 1 *6 1 -8
14 4*1 4
18 16 -5 16
22 40 39  -5

In  calculating from (14) we find th a t  the  tw o term s both increase 

co n tin u a lly ; a t low velocities the second term  is p ractically  negligible, then  

a t about 15 knots the  two term s are of equal value, and after th a t the  

transverse wave term  becomes all im portant.

I t  m ust be rem em bered th a t  the experim ental curve was obtained from 

tank  experim ents, and it is possible th a t  the  w idth of the tank  m ay have an 

effect on the relative values of the  transverse and diverging waves. I t  

would be of in terest if experim ents were possible w ith  the same model 

in tanks of different w id th s ; if the m ethods used in obtaining (14) form 

a legitim ate approxim ation, the  effect m ight be shown in the relative 

proportions of the two term s— provided alw ays th a t one can make a suitable 

deduction first for the frictional resistance, and can then  separate out the 

relatively small effects of the diverging waves, the  eddy-m aking and o ther 

similar elements.
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284 D r. T. H . H avelock. [A pr. 1,

§ 4. Interference o f  Bow and S te m  W ave-trains.

The cause of the undulations in the resistance curves was shown by 

W . Froude to be in terference of the wave system  produced by the bow (or 

entrance) w ith  th a t arising a t the stern  (or run). H is experim ents on the 

effect of introducing a parallel m iddle body betw een entrance and run 

confirmed his theory, which may be stated briefly. Let the wave-making 

features of the  bow produce transverse waves which would have at 

a  breadth b an am plitude a ; owing to the  spreading out of the transv

waves they  will be equivalent to simple waves a t the  stern  of smaller 

am plitude ka, a t the same bread th  b. Let a ' be the am plitude there o

waves produced by the stern. Then in the rear of the ship we suppose there 

are sim ple waves of am plitude ka  superposed upon others of equal wave­

length of am plitude a'. A t certain  velocities the crests of the two systems 

coincide in position, giving rise to a hum p on the resistance c u rv e ; and at 

in term ediate velocities there  are hollows on the curve owing to the crests of 

one system  coinciding w ith  the  troughs of the other.

In  developing a form for the resistance, subsequent w riters have generally 

taken  R proportional to an expression of the form cos(m ^L //r2),

where L is the length of the ship. This means th a t the bow is supposed to 

in itia te  a system  of waves w ith  a first crest a t a short distance behind the 

bow, and th a t sim ilarly  the  ste rn  waves have th e ir first crest shortly after 

the  s t e r n ; the  length  raL is the  distance between these two crests, and is 

called the wave-m aking length of the ship. The determ ination of a value 

for m  appears to be doubtful, bu t from interference effects i t  is said to vary 

for different ships betw een the values 1 and 12 .

I t  has seemed desirable here to follow more closely the point of view in 

W . Froude’s original paper already quoted.* W e regard the entrance of the 

ship as form ing transverse waves w ith  their first crest shortly aft of the bow, 

and the run  of the ship as forming waves w ith their first trough in the 

vicinity of the middle of the run. I t  is suggested th a t this distance between 

first crest and first trough, in practice found to be about 0'9L, should be 

taken as the  “ wave-m aking distance ” ; the cosine term  in the formula 

is then  prefixed by a m inus sign instead of a positive sign. W e return to 

th is point l a t e r ; we first work out a definite simple illustration in “ two- 

dimensional waves,” and then  build up a more complete formula for 

comparison w ith experim ent. W ith  the same notation as in § let the 

pressure system  be given by

* -  f ( x )  - 1  i  _ 2 s s ! _ _____
7T L«a+ ( * - $ 0 a a 2+ ( * + i 0 2

*  W . F ro u d e, loc. cit. , p. 83.
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2 8 5

This indicates tw o pressure system s, one of excess and th e other o f d efect 

of pressure; each d istr ibution is of th e ty p e  a lread y used, and th eir  cen tres  

are separated by  a d istance l, Tig. 3 show s th e character of th e disturbance.

1909.1 Wave-making Resistance o f Ships.

F i g . 3.

In  the rear of the w hole  disturbance th ere is  interferen ce b etw een  th e  

regular w ave-trains due to the tw o parts. W ith  th e sam e m ethods as before 

we find th a t the resu ltin g  w aves are g iv en  b y

=  { ( P i - P > ) o o s |^ s m ® j - - ( P 1+ P » )  s m ^ o o f i S Q - .  (1 6 )

H en ce th e average energy per u n it area is proportional to  

v-*e-**l* { P i2 +  P 32 -  2PiP2 c o s  (gl/v2)}-

N ow , assum ing as before th a t P i  and P 2 vary as v2, w e find th at as regards 

variation w ith  the velocity  th e effective  resistance R, w h ich  is th e expression  

of the energy required to  feed th e w ave-trains, is  g iv en  in  th e form

R  =  {A 2 +  B 2-  2A B  cos (gl/v2)} (1 7 )

A  more general expression m igh t h ave been obtained b y  tak in g  tw o  

q u an tities ct\ and a2 in  (15), corresponding to  som e difference in  w ave-m aking  

properties of entrance and run ; th is  w ould  have led  to  different exp on en tia l 

factors being attached to  the bow and stern  waves. H ow ever, w e find (17), 

w ith  a common exponential factor, suffic iently adjustable for present 

purposes.

In  Froude’s experim ents in  1877  the effect of insertin g  different len gth s 

of parallel m iddle body betw een  the same entrance and run w as e x a m in e d ; 

it  was found that a hum p in  the residuary resistance curve corresponded to  

a  trough of the bow w aves being in  the v ic in ity  of th e m iddle of the run, 

and a hollow  to a crest being in  th at position.
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Tor the model, Ship A, we h a v e : Length =  L =  400 fe e t ; entrance =  

run  =  80 feet.

Hence, in th is case we m ay take, in formula (17), l as approxim ately 

360 feet. W e notice th a t th is gives l 0 9 L ; and in subsequent com­

parisons, instead of leaving l to be adjusted to fit the  experim ental curve, 

we find there is sufficient agreem ent if we fix it  beforehand as 0-9 of the 

length of the ship on the water-line.

Compare, now, the length l w ith the  ordinary “ wave-making length ” of 

the s h ip ; the  la tte r is w ritten  as mL and is defined as the distance between 

the first regular bow crest and the first regular stern  crest. From  the present 

point of view (17) gives

mL =  Z +  or m =  0'9 +  ^X/L, (18)

where \  is the wave-length in feet of deep-sea waves of velocity v ft./sec.

Calculating from th is form ula for Ship A, and w riting V  for velocity in knots 

(6080 feet per hour), we obtain Table I I I .

W e see th a t the sta tem ent th a t m  lies betw een 1 and about 1*2 would 

hold for th is ship if i t  were m easured for ordinary speeds between about 

14 and 22 knots.

286 D r. T. H . H avelock. [A pr. 1,

Table I I I .

V . \ . m .

10 65 -5 0 '9 7
14 110 - 1 *03

18 180 1 -12

22 270 1 -24

26 362 1 -35

30 500 1 5

W e proceed now to modify (14) by introducing into the second term  a  

factor 1 — 7 c o s ^ / v 2). W ith  l =  360, we find g lfv 2 is approxim ately 

4 0 8 0 /V2, w ith Y  in k n o ts ; further, from one value from the experimental 

curve we obtain 7 =  0T2. Thus for Ship A we have R in tons given by

R =  4 ,5e""s(26/3V)2_|_297 { l_ 0 * 1 2  cos (4080 /V 2)} 0-*<26/V)a. (19)

Table IY  shows some calculated values for R, and these are represented in 

fig. 4 by d o ts ; the  continuous curve is the  experim ental residuary resistance 

curve given by Froude, th a t is, the to tal resistance less the calculated 

frictional part.

I t  is the custom to give the results of model experiments in the form 

of a fair curve, so th a t the positions of actual readings and the possible
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1909.] 287The W ave-m aking  R esistance

error are not known. The in te rru p ted  curve is a curve E  =  A Y 4 sketched in 

for comparison.

Table IV .

Y . E . V. E .

10 1 -5 30 102

14 4 - 2 34 142

18 15 38 171
22 44 42 185
26 62 46 195

§ 5. Comparison w ith  E xperim enta l Results.

Before exam ining fu rther model curves we m ust express the  previous 

form ula in a form more suitable for ca lcu la tion ; we use th e  system  of un its 

in which model results are now generally expressed. E  is given in lbs. 

per ton displacem ent of the  ship, while instead of the  speed Y  we use the 

ratio Y / \ f  L, Y b e in g  in knots and L in  fe e t ; th is is called the speed-length 

ratio, and we shall denote i t  by c. The advantage of these un its is th a t they  

utilise Froude’s law of com parison; from the experim ental curve betw een 

E  and c we can w rite down a t once the residuary resistance for a ship of any 

length and displacem ent a t the  corresponding velocity, provided the ship has 

the same lines and form as the  model. Thus the  constants which are left in 

the relation betw een E  and c depend only upon the lines of the  model, not 

upon its absolute size. A t present we m ake no a ttem p t to connect these 

constants w ith the form of the model, as expressed by the usual coefficients
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288 D r. T. H . H avelock. * [A pr. 1,

of fineness or the curve of sectional areas, or in other w ay s; we are concerned 

w ith the form of E  as a function of c,and th

case to m ake the best fit possible.

F irst, as regards the exponential factor, we had (V7V)*,*w ith  V ' giving

a point of inflection on the resistance c u rv e ; in the case of Ship A we had 

V ' =  26, L =  400, so th a t c =  1*3. Now, it  is ju s t about this value of c 

th a t there is a falling off in m ost experim ental curves, so th a t we try  first 

c' — 1*3 for the  point of inflection on the E, c curve. Then the exponential 

factor becomes or e~2-53/c*.

Secondly, as regards the cosine term  which gives the undulations, we had 

cos (g l/v 2);  we have decided to p u t l =  0’9L, so th a t we have

g = ° % L / (
/6080 T7\ 2 10-2 . . . 
',3600 /  =  aPProxlm ately-

Hence the previous relation for E  reduces to the following general fo rm :

E  =  a e -2'W*c2 + /3( 1 - 7  cos lO ^ /c 2) ^ 2̂ *

where E  is in lbs. per ton displacem ent, and a, (3, 7  depend upon the form of 

the model.

There are hum ps on the curve when 10'2c-2 is an odd m ultiple of 7r, 

hollows when it is an even m ultiple, and mean values when it  is an odd 

m ultiple of ^7r. For facilitating calculation, some of these positions are given 

in Table Y ; and, for the  same reason, values of the exponentials and the 

cosine factor are given in Table Y I.

Table Y.

H um ps 

M eans ...

—

2 -5 4

1 -8

1 -47

—

1 -13

1 -04

0 -9 6

_

0 -8 5

0 -8

0 -7 6

H ollow s G O — — — 1 -27 — — — 0*9 — — — 0 -7 3

V alues of c.

Table Y I.

C. e-2-53/9c2. e—2-53/cs. cos (10'2/c2).

0*6 0 -4 6 0 0 -0 0 0 9 + 0 -7 5
0 -8 0 -6 4 4 0 -0 1 9 - 0 - 9 7
1 -o 0 -7 5 6 0  -080 - 0 - 7 1
1 *2 ' 0 -8 21 0 -1 7 2 +  0 -7 0
1 *4 0 -8 6 6 0 -2 7 5 + 0 -47
1 -6 0 -8 9 6 0  -372 - 0 - 6 5
1 -8 0 -9 1 6 0 -4 5 8 - 1  -o
2 -0 0 -9 3 2 0 -5 3 2 - 0 - 8 3
2 -2 0  943 0 -5 9 2 - 0 - 5 1
2 -4 0-9 51 0 -6 4 4 - 0 - 2 0

3 0 -9 7 0 0 -7 5 6 + 0 -43
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The W ave-m aking  Resistance o f  Ships. 2891909.]

We examine, now, some exam ples of experim ental curves, com paring them  

with the form ula (20) ; several of the  curves and other data, in particu lar 

for II, I I I ,  and Y, have been taken  from the collection in Prof. H ovgaard’s 

paper already referred to, in which he essays to fit formulae involving V 4 or 

V6 w ith the experim ental curves.

I .  R . E . Froude, 1881, Sh ip  A .

D isplacem ent =  4090 to n s ; leng th  =  400 f e e t ; cylindrical

coefficient =  0 ’694.

This is the case we have exam ined in the  previous sections, so th a t we 

have only to change the num erical factors in  (19) to cause R to be given in  

lbs. per ton displacem ent. W e find the resu lt is form ula (20) w ith

a =  2-46 ; /3 =  162-6; 7 =  0*12.

I I .  TV. Froud, 1877.

D isplacem ent =  3804 to n s ; leng th  =  340 f e e t ; cylindrical 

coefficient =  0'787.

The last two data include the  cylindrical m iddle body. The curve is 

given in fig. 5 ; it  was constructed by H ovgaard from the  data  of F roude’s

F i g . 5 .

A .5  C .6 7 •8
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290 D r. T. H . H avelock .

experim ents, and these were such th a t i t  was possible to make a mean 

residuary resistance curve, the effects of bow and stern  interference being 

elim inated. The curve is given as to ta l residuary resistance in tons on a 

base of Y in knots. If  we work in lbs. per ton, we find there is a very fair 

agreem ent w ith  form ula (20) if we take

a =  2-24; £  =  279*7 ; 7  =  0.

Probably a closer agreem ent could be obtained by fu rther slight adjustm ent 

of a and ft. Fig. 5 shows a comparison of values of the to tal residu

resistance for the ship (in to n s ) ; the calculated values are indicated by small 

circles.

I I I .  D. W. Taylor, 1000 lbs. Mod

Length on w ater line =  20-51 fe e t ; cyl. coeff. =  0 ‘680.

The experim ental curve in th is case is given as residuary resistance for 

the  model in lbs. on a base of Y  in knots. W ith  the same notation as before 

we find
a =  2 ; f t  =  136-6 ; 7  =  

P u ttin g  these values in (20), we can calculate K in lbs. per ton, and hence 

E i in lbs. for the m odel; fig. 6 shows the comparison between E i and the 

corresponding values on the c u rv e ; the calculated values Bi are indicated by 

dots.

[A pr. 1,
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The W ave-m aking  R esistance Ships. 2911909.]

IV . D. W.Taylor, Model No. 892.*

D isp la c e m e n t =  500 l b s . ; le n g th  on w a te r  l in e  =  20*512 f e e t ; lo n g itu d in a l  

coeff. =  0*68; m id sh ip  s e c t io n  coeff. =  0*70.

In  this case the experim ental curve is given as lbs. per ton displacem ent 

(R ') on a base of speed-length ratio  (c). In  th e  same m anner as before, fig. 7 

shows the comparison w ith  the form ula (20) when we take

* =  2 ; /3 =  82-5 ; y  =  0'14.

Since the constant a is small com pared w ith  /3, one is not able to lay 

much stress on the m eaning of the first term . For as the  velocity functions

are of a suitable type, the  constants possess considerable e lastic ity  as regards 

fitting an experim ental curve. For instance, if we om it values of c below 

about 0*9, i t  is possible to represen t the previous curves fairly well by a 

form ula

R  =  /3 {1 —7 cos (10*2/c2)} g- t(c'/c)2.

In  the previous exam ples we took the value 1*3 for c'. In  Case IV  above 

we find now the values

/3 =  87 ; 7 =  0*14; =1*3.

For a sim ilar curve taken from the same paper, viz., M odel No. 891, dis­

placem ent 1000 lbs., we find a good correspondence, except for slightly higher 

values near c =  1*1, w ith  the values

/3 — 174 ; 7 =  0*14 ; c' =  1*4.

*  D . W . T ay lo r, S o c ie ty  o f N a v a l A r c h ite c ts ,  N e w  Y o r k , N o v e m b e r  19, 1908.

VOL. LX X X II.— A. X
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292 D r. T. H . H avelock . [A pr. 1,

V. I . I . Yates, Destroyer Model C *

Displacem ent =  575 lb s .; length =  20 fee t; cyl. coeff. =  0‘529.

The experim ental curve is given in lbs. for the model on a base of V in 

knots, and is a to ta l resistance curve, th a t is, it includes the frictional 

resistance. The curve is reproduced in  fig. 8.

F i g . 8 .

This curve is not analysed here so as to compare the  residuary resistance 

w ith the formula (20), but i t  is included in order to draw attention  to certain 

possible complications. I t  m ay be noticed th a t the curve is carried to a high 

value of the speed-length ratio  c, and th a t it  continues to rise more rapidly 

after about c =  2‘3 than  m ight be expected on the present theory. Now in 

the first place it  is possible th a t the frictional resistance may account partly  

for th is rise. The ordinary estim ation of the frictional resistance assumes 

th a t it can be calculated separately from some expression like / S V r85; now 

the legitimacy of th is is beyond doubt in all ordinary cases, bu t a t high speeds 

i t  is possible th a t th§ form of the  expression may change, or even th a t it 

may not be a fair simplification to divide the to tal resistance into simple 

additive components.

In  the second place a more im portant consideration m ust be taken into 

account, and th a t is the depth of the tank. For the experim ents now under

*  I . I . Y a te s , T h e sis , 1907, M ass. In s t . T ech . U .S .A . S ee H o v g a a rd , loc. cit. ante.
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The W ave-m aking  Resistance o f  Ships. 2931909.]

consideration the dep th  of w ater in  the  tan k  is not known. The deepest 

experim ental tank  appears to be the  U.S. G overnm ent tan k  a t W ashington, 

which has a m axim um  depth  of about 14*7 feet. Now in  th a t  tank , w ith  

a 20-foot model, there  would be a “ critica l ” condition near the  value 

c — 2*9 ; before and up to th a t po in t the  residuary  resistance curve would 

rise sharply and abnorm ally. This effect is discussed more fu lly  in  the nex t 

section, and curves are given in  fig. 11, w ith  w hich fig. 8 m ay be com pared. 

I t  appears, then, as far as one is able to judge, th a t  i t  is possible the 

resistance curve in  fig. 8 is com plicated by th e  effect of finite dep th  of the 

tank.

§ 6. The Effect o f  Shallow  W ater.

W e saw in  the  first section th a t  the  w ave-m aking resistance E  can be 

w ritten  in  the  form
E  =  \w a? ( v —

where u  is the  group-velocity corresponding to wave-velocity  v. For deep 

water u  — and the formulae are com paratively  sim ple. B u t for w ater of 

finite depth  h  the  re la tion  betw een u  and  v  depends upon th e  w ave-length 

(27 t / k ). W e have

v  =  ^tanh 

u  =  (k v) =  \ v  (1*+ 2 /^ /s in h  2
(JjK>

Consequently we find

E  =  \wa?  (1
2 Kh \

sinh 2k 1i
( 21 )

As v increases from  zero to y / ( gh), E  dim inishes from

the am plitude rem ains constant. B u t as Prof. Lam b rem arks.*  the 

am plitude due to a d isturbance of given character w ill also vary w ith  the 

velocity. I t  is the  variation  of th is factor th a t  we have to exam ine in 

the m anner used in  the  previous sections for deep water.

I f  a sym m etrical line-pressure system  F(&), su itable for Fourier analysis, 

is moving uniform ly w ith  velocity v over the  surface of water, the  surface 

disturbance rj is given by
l*oo * o o

TTWt] — \sin k  V) die
J o  J o

* o o  * c o

— £ I d t I /cY(f>(k )sin (v-4
J o  J o

where <f> (k ) =  l' F  (<w) cos k w doo.
J  — 00

*  H . L am b , ‘ H y d r o d y n a m ic s ,’ p . 391 , 1906.

x 2
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294 D r. T. H . H avelock. [A pr. 1,

The m ethod of evaluating these in tegrals approxim ately so as to give the 

regular w ave-trains has been discussed in a previous paper and it is followed
4

now in the case of finite depth.* W e take, under certain  lim itations, the 

value of an in tegral such as

V =

to be the value of its principal group, viz.,

* (2 2 a )

where w0 is such th a t g' (u0) =  0.

Now in the in tegrals in (22) we have to find successively two principal 

groups, first w ith regard to k  and then  in the variable t ; and thus we may 

evaluate the am plitude factor in the resulting  regular wave-trains.

For w ater of depth h we m ay w rite

/.(* )  =  V >— y j  ( ^ ta n h

The group w ith respect to /c gives a term  proportional to

cos (/c) +  Dr},

where k  has the value given by

/ ( * )  +  * / '  (jc) (23)

From  (22a ), th is introduces into the am plitude a factor

i  m * {2/ « + « r  (*>}]• (24>

F urther, the group w ith respect to t occurs for

|  {**»/'(*)} =  0 or / ( * )  =  0.

Also we have in these circum stances

= 4  { « ■ / ( * ) + ? } = |  { - * / « }

=  _ 2  / + « /  _ l ( / + * / T _  0 7 7  (25)
t * 2 f + Kf "  t +  ref"  (2 / ' +  *

Hence from (22a ),'(24), and (25) the selection of the two groups adds to 

the am plitude a factor 1 /« /'(« ), where

/ ( * ) \ J [$- tanh /ch^J.

* H a v e lo c k , ‘ R o y . Soc, P r o c .,’ A , vol. 81, p. 411, 1908.
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1909.] The W ave-m aking  R esistance o f  Ships. 295

Also if u is the group-velocity for w ave-length  27 and wave-velocity Y, 

we have, in  th is case,

u  =  ~  (k Y)  ' =  { tc v -  tcf ( # ) }  =  v  { / ( / c )  +  * /  ( * ) } .

Hence, since in  the final v a lu e /( /c )  =  0, we have * / ( * )  equal to v — u. Thus 

if k  is the  w ave-length of the  regular w ave-trains in the  rear of the 

disturbance, we find th a t  they  are given by

K V (b  ( / c )  • ,
--- Sin KX ,

i

77 =  const, x
v — u

(26)

where v  =  i s j  tan h  /ch j , 

Hence for the  am plitude a we have

a  =  C/c</> (/c) /(1

u  =
2k Ji \

sinh 2

2 /ch \

sinh 2

Substitu ting  now in  (21) we obtain  for the  w ave-m aking resistance, K 

proportional to '

K2 {(f) (/c)}:
2/ch \

sinh 2 tch '

If  we take the same distribution  of pressure in  the  travelling  d isturbance, 

namely, F  (x) =  Y ol\ it (a2 +  a:2), we have (ft (k ) =  Pe_a,c; fu rther, we may

again assume th a t the  pressure P  varies as v2, so th a t  we have the resistance 

in the form

A  k 2vH PK 1
2tcli

sinh 2/chJ ’
• :

w ith
tan h  ich 

tck gh
(27)

Considering R given as a function of v  by these two equations, we see 

th a t R increases slowly a t first and then  rap id ly  up to a lim iting  value a t 

the  critical velocity {gh) ; a fte r this point R  is zero, for there  is no value of 

k  satisfying the second equation w ith  v2/g h  1.

Further, the lim iting value of R  a t the  critical velocity is finite, for we

have

k 2Ji2
L im ----
#c = o (1 — 2/e7i/sinh

1-5.

W e see th a t the R, v curve given by  (27) is of the type sketched in fig. 9. 

W e may compare th is w ith some of the curves given by Scott Russell for 

canal boats.’ The continuous curve in fig. TO is an experim ental curve of
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296 D r. T. H . H avelock. [A pr. 1,

to ta l r e s is ta n c e ,* and th e  d o tte d  cu rv e  is  a p a rab olic  cu rve  in se r ted  h ere to  

rep resen t a p p r o x im a te ly  th e  fr ic tio n a l r e s is ta n c e  ; th e  d ifferen ce  b e tw e en  the  

tw o  cu rv es  r ep resen ts  th e  res id u a ry  res is ta n ce , an d  is  c le a r ly  o f  th e  sam e 

ty p e  as th e  th eo r e tic a l cu rv e  in  fig. 9.

I

I F i g . 9 .

W e can obtain a b e tte r estim ate of equation (27) by taking an experi­

m ental curve for a model in deep water, and then  building up curves for 

different depths. W e m ust first p u t (27) into a form suitable for com­

parison w ith  deep w ater results.

L im iting the problem  to one of transverse waves only, the  form ula (27) 

m ust reduce to R  =  Ae-2 '53̂ 2, for h  infinite and c (speed in  k n o ts ) /^ ( le n g th  

in feet).

W riting  v ' for v / \ / ( g h )  we find c2 =  thus although the actual

critical velocity does not depend upon the length of the  ship bu t only on the 

depth of water, the speed-length ratio  ( c )  has a critical value which is 

proportional to the square root of the ratio  (depth  of w ater)/(leng th  of ship).

In  (27) we cannot fix any value of v or c and then  calculate R  d ire c tly ; 

we m ust work through the in term ediate variable k Ti . The equations may 

now be w ritten  as

R  =  A  (Kh)2v%~^ ‘7 ( 1  -  2 /cA /sin h  2 (2 8 )

v '2 =  (tanh  k K)/k % ; /3' =  0-218L j h ; c2 =  li*3t>'*A/L.

W ith  h  infinite th is reduces to the previous form for deep w ater w ith the 

same constant A, so th a t a direct comparison is possible. As the velocity v 

increases from 0 to y/(gh), k  diminishes from oc to 0 ;  we sele

values of k K, calculate the values from tables of hyperbolic functions, and 

thus obtain the set of values in Table V II , w riting m  for

( * A ) V 7 ( l - 2 / o 7 s i n h  2

* J .  S c o tt  R u sse ll , ‘ E d in . P h il. T ra n s.,’ vo l. 14, p. 48, 1840.
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Table V II .

K%. vj J (g h ) . c2L/A. m.
1

— &KC2.

00 0 0 1 -o 2-53
10 0-316 1 13 1 -0 2-53

6 0-41 1 -87 1 -o 2 -53
4 0-5 2-82 1-005 2-53
2 0-69 5-42 1 -077 2 -43
1 0-87 8-57 1 -287 1-92
0 1 0 11 -3 1 -5 0

W e consider now the  experim ental curve analysed in  Case IY  in  the 

previous section, a model of 20’5 feet taken  up to a value c =  1*8. Assum ing 

th a t the  influence of finite depth  was inappreciable in th is range, we have for 

deep w ater
R  =  2e_2‘53/9c* +  82 ,5 { 1 -0 * 1 4  cos (10*2 e~2̂ c\  (29)

W e leave out of consideration a t p resen t the  first term , which is supposed 

to represent the diverging waves, and we extend the calculations for R  

(transverse) from the rest of the  form ula up to  C =  3*3 taken  a t in tervals 

of 0*1 for C ; we obtain th u s the lowest curve given in  fig. 11. W ith  the  

help of Table V II , we calculate values of R  for depths of about 5, 10, 12, 15, 

and 20 feet, tak ing  in the form ula (28) A equal to

82*5 {1 -  0*14 cos (10-2

so th a t the  results apply to the same model a t different depths. A n exam ple 

of the calculations for one case m ay be su ffic ien t; Table V I I I  shows the 

interm ediate steps for h  =  12*3 ft., L =  20*5.

Table V I I I .

*  |
c. — 0 K. R/A. e—2-53/c».

0 -6 8 0 -8 2 5 3 -7 3 0 -0 2 4 0 -0 2 4
1 -12 1 -06 2 -2 6 0 -1 0 6 0 -1 0 6
1 -69 1 -3 1 -5 0 '2 2 4 0 -2 2 3
3 -2 5 1 -8 0 -7 5 0 -5 0 8 0 -4 7 2
5 14 2 -2 7 0 -3 7 4 0 -3 8 5 0 -6 8 7
6 -8 2 -6 1 0 1 -5 1

T he r e su lts  for  th e  fiv e  v a lu e s  o f h  are g iv e n  in  T a b le  I X ,  an d  from  th e se  

th e cu rves  in  fig. 11 h a v e  b een  draw n.

T he g en era l ch aracter  of th e  e ffect  o f f in ite  d ep th  is  c le a r  on  in sp e c tio n  of 

th e  se t  o f c u rv es  in  fig. 11. I f  i t  is  req u ir ed  to  go  to  h ig h  v a lu e s  o f th e  

sp e ed -le n g th  ratio  in  a  g iv e n  ta n k , th e  ra tio  o f th e  d e p th  o f  w a te r  to  th e  

le n g th  of th e  m od el m u st be a d ju sted  so th a t th ere  is  n o  ap p rec ia b le  effect in
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Table IX .

0 -8 4  
3 -3

1 - 6 8  
142 -5

F i g .II

,<r • ,

the range of the experiments. Since the curves given here are theoretical 

curves for transverse waves only, each of them  ends abruptly  a t the critical
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1 velocity— the resistance being zero after th a t  point. In  practice, we know 

that there are no such discontinuities in  the resistance curves, and there  are 

certain considerations which go to account for th is difference. F irst, as 

regards the  transverse waves alone, the preceding formulae show th a t the 

am plitude tends to become infinite a t the  critical velocity, although the 

corresponding resistance a t uniform  velocity rem ains f in ite ; but, even ap art 

from the effects of viscosity, there  is a h ighest possible wave w ith  a velocity 

depending partly  upon the am plitude. Secondly, we have left out of 

consideration the diverging w av es; b u t these m ust become more im portan t 

in the neighbourhood of the  critical velocity, for we m ay regard the two 

system s as coalescing into one so litary  wave in  the  lim it as the  critical 

velocity is reached. A fter th is poin t the  diverging waves persist, so th a t 

the effect of these would be of £he order of halving the drop in the  resistance 

as the critical velocity is passed.

Finally, we m ust consider the frictional resistance, which increases steadily 

w ith the v e lo c ity ; so th a t the  fall is finally a sm aller percentage of the to ta l 

resistance th an  m ight appear a t first. The curves given in  fig. 11 give 

an estim ate of a m axim um  effect of th is  kind, considering only the  transverse 

wave system.

§7. F urther Types o f  Pressure D istribution.
£7 / * i ■; ‘ i \- ' ~ ’ ' . ' * ^. .. ' ; .

The preceding formulae have been built up on the  effect of a travelling  

pressure disturbance of sim ple ty p e ; we consider now ano ther type which 

we m ay use as an illustration.

Let the pressure system  be given by

i p = f ( x ) =  +

The type of distribution is graphed in fig. 12.

•> ii

Proceeding as in §2, we have

(*0 =  2A f — cos dco =  7rA.fce~Kh. (30)
J 0 (a>2 +  /i2)2
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Hence the am plitude of the regular w ave-trains formed on deep water in 

the rear of this disturbance is proportional to and the effective

wave-m aking resistance is proportional to *4 W e  make the same

assum ption as before, viz., A proportional to v2, and w rite then the

resistance is given by
R  =  C v -4e~2M v\  (31)

W e use th is expression to show how R varies w ith the constant h  of the 

pressure system. L et v — 10 ft./sec., and let R  =  1 for 

the following relative v a lu e s:

T he W ave-m aking R esistance o f  Ships.

h. E .

0 1 -0
1 0 -5 2
5 0 -0 4

10 0 -0 0 1 6

R decreases very rapidly  as li is increased. W e have chosen this exam ple 

for the following reason. Consider the  motion of a th in  infinite cylinder in 

an infinite perfect f lu id ; if we consider a plane parallel to the  direction of 

motion and to the  cylinder and a t a distance h  from it, we find th a t the 

distribution of excess or defect of pressure due to the m otion is of the above 

type. Now, th is is no t the same as a cylinder moving in deep water at 

a depth h  below the  free surface, bu t it is suggested th a t as a first approxi­

m ation the wave-forming effect is th a t of an equivalent diffused pressure 

system. The illustra tion  shows how rapidly  the wave-m aking resistance 

diminishes w ith the  am ount of diffusion, th a t  is, w ith the depth h ; this, of 

course, agrees w ith the  experim ents on the resistance to motion of submerged 

bodies, and, in fact, w ith  the resistance of subm arine vessels.

In  the  preceding work no a ttem p t has been made to connect theoretically  

the  constants in the  pressure form ula w ith  those of the m odel; since the  

theory rests chiefly on the consideration of transverse waves only, this would 

presum ably bring into question the length of entrance, run, and so forth. The 

consideration of any “ transverse ” constants, such as the beam, would need 

a fuller trea tm en t of a diffused pressure system  in two dimensions on the 

surface so as to give a more detailed investigation of both transverse and 

diverging wave systems.
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