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THE (WEAK-L?) BOUNDEDNESS OF THE QUADRATIC
CARLESON OPERATOR

VICTOR LIE

Abstract. We prove that the generalized Carleson operator with polynomial phase
function of degree two is of weak type (2,2). For this, we introduce a new approach
to the time-frequency analysis of the quadratic phase.

1 Introduction

The historical motivation for the subject of this paper is rooted in Luzin’s conjecture
(1913), which asserts that the Fourier series of a function f € L?(T) converges
pointwise to f Lebesgue-almost everywhere. In 1966, L. Carleson gave a positive
answer to this conjecture in the celebrated paper [C]. His result can be essentially
reformulated, via [S1], as follows:

(In the sequel, we will always omit principal value notation.)

Theorem 0. If for f € C'(T) we define the expression

1 .
Cf(x) :=sup / e'Yf(x —y)dyl, (1)
a>0|JT Y
then C' is of weak type (2,2), i.e.
1C fllz2eo(ry < Allfllp2(T) 5 (2)
where here, by convention, T = [—1/2,1/2] and A > 0 is an absolute constant.

In addition to Carleson’s proof, we point out two more proofs of the above result:
one due to Fefferman [F], using a very beautiful geometric combinatorial argument,
and the other due to Lacey and Thiele [LT1], inspired by the subtle techniques they
developed for proving the Calderén conjecture ([LT2] and [LT3]). Now, given the
statement of Theorem 0, it is natural to hope that this result may be set in a broader
context. Following this direction, Stein conjectured that the generalized Carleson
operator defined by

Caf(x) = sup / L0 f (2 — )y (3)
deg(P)=d | JT Y
(here d € Z, d > 2, P is a polynomial of degree d, and f € C''(T)) obeys the same
bounds as C.
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In [S2] he proved this conjecture, subject to the key restriction that the supremum
in (3) be taken in the class of quadratic polynomials with no linear term. Further,
using the TT* method and a variant of van der Corput’s lemma, Stein and Wainger
[SW] extended this result for polynomials of any degree, but again without the first
degree term.

Our aim in this paper is to provide a positive answer to this conjecture for the case
d = 2. (We mention here that, using similar techniques to those in [LT1], M. Lacey
published in [L2] a proof of this result, but as was revealed later by A. Ionescu, this
was incorrect — for details see [L1].)

The main result of the article is given by
Theorem 1. Let 1 < p < 2; then the expression

Tf(z) = Cof(x) = sup / ettt p e ay (4)
a,beR | JT Yy

1T fllzecry Sp 12Ty -

Combining this result with the techniques developed by Stein in [S1], we easily
deduce

satisfies

COROLLARY 1. T is of weak type (2,2).

The proof of Theorem 1 is a combination of analytic and geometric facts; it relies
on a new perspective of the time-frequency localization of the quadratic phase to
which we adapt the techniques presented in [F].

One particular feature of this paper is that it presents for the first time a time-
frequency proof of the boundedness of a maximal operator which is invariant under
quadratic modulations.

Another novelty of this paper is that we show that one can prove the (quadratic)
Carleson theorem using a single dyadic grid partition, on each axis defining the time-
frequency plane. (For this, we will involve in our reasoning certain dilation factors
of our tiles; see section 7 — forest decomposition algorithm.)

Finally, given the powerful geometric intuition developed in Fefferman’s paper,
and also the fact that many of the reasonings here rely on his work, we have chosen
to present our paper maintaining the structure and some of the notation appearing
in [F].

Acknowledgements. [ would like to thank Ciprian Demeter, Camil Muscalu and
Terence Tao for reading the paper and offering several useful comments, and Zubin
Gautam for his care in improving the English presentation. I am grateful to my
advisor Christoph Thiele for suggesting this problem and for useful discussions.
Finally, I am indebted to Nicolae Popa for introducing me to the field of harmonic
analysis and for offering his constant moral support.
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2 Preliminaries and Outline of the Proof

As our problem is of a time-frequency nature, it will be based on two steps:

(A) — a discretization procedure, in which we split our operator into “small pieces”
that are well localized in both time and frequency;

(B) — a selection algorithm, which relies on finding (qualitative and quantitative)
criteria depending on which we decide how to glue the above-mentioned pieces
together to obtain a global estimate on our operator.

For task (A), we first need to study the symmetries of our operator. This is be-
cause these symmetries will determine the geometric properties of the time-frequency
portrait of our operator, properties that will provide a significant indication of how
to naturally decompose the operator “along its fibers.”

We define the following classes of symmetries (since the symmetries 1 and 2 do
not preserve the periodicity of the object on which they are acting, in what follows
one should regard L?(T) as the space of functions which are L2-integrable on any
given unit interval):

1. Modulations:
M, : L*(T) — L*(T) (@ €R) by M,f(z):= e f(z);
. Quadratic Modulations:
Qv: LX(T) — L*(T) (h€R) by Quf(x):=e" f(a);
3. Translations:
7y LA(T) — L*(T) (y €R) by 7,f(2):= f(z —y);

\V)

W

. Dilations:

Dy : L*(T) — L*(T) (A€ N) by Dyf(z):= f(\x).
The key observation is that we can recover the operators C' and 1" from the action of
these symmetries (particularly 1 and 2) on the Hilbert transform (strictly speaking,

the kernel of the Hilbert transform should be cot 7y; for convenience, we work instead
with 1/y), defined by

1
H: L*T)— L*T) Hf(zx) ::/ flz—y)dy.
TY
Indeed, the periodic Carleson operator

Cf(z) = sup /T ;ewyﬂx—y)dy'

a€eR

can be rewritten as

Cf(z) = sup |[MHM; f()

, (5)

ceR
while our periodic quadratic Carleson operator
. 1
Tf(z)= sup / et} (g — y)dy'
a,beR | JT Yy
can be rewritten as
Tf(x) = sup |M.QuHQ}M f(x)]. (6)

b,ceR
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(Note that in the previous formulas the action of translations and dilations is hidden
in the structure of the Hilbert transform, which is the unique — up to identity — L?-
bounded linear operator that commutes with both symmetries.)

These facts help us to conclude that C essentially obeys the relations

1. Cry =1,C
2. CD, = D,C
3. CM,=C

while for the operator T', besides the analogous relations we have the extra condition

4. TQp=T.

(The relations 1-4 are literally true if we work in the setting of R rather than T.
Relations 1, 3, and 4 remain true in the torus case, while 2 serves as a useful heuristic
inherited from the real case.)

We now analyze the effect of these symmetries on the time-frequency decompo-
sition of our operator T'. To help build up intuition, we will consider three cases
of increasing complexity: the Hilbert transform H, the Carleson operator C', and
finally the quadratic Carleson operator 1.

As announced, we first look at the simplest object, namely the Hilbert transform;
we begin by isolating the kernel and splitting it — taking advantage of the dilation

symmetry of H — as follows:
y = > ly)

keN
where ¢ € Cg§° is an odd function supported away from the origin and vy (y) =
2k4p(2Fy), k € N; consequently,

@) =Y [t - iy (7
keN
Now for each scale k we take the collection {I}, ;}; of all dyadic intervals in [0, 1]

of length 27%. Using the translation invariant property of H we write
1) = ¥ Hist @) = S { [onse v, @, ©)
k.j k.j

where x7 is, as usual, the characteristic function of I.

Now each Hj, ;f has time support included in Iy ; while on the frequency side it is
“morally” supported near the origin, in an interval of length |Ij ;| . Consequently,
the time-frequency picture of H is as given in Figure 1.

The above story can be expressed more intuitively as follows: Observe that
the translation symmetry acts on the j-direction, while the dilation symmetry acts
on the k-direction. If we approximate the piece Hiif by a smooth compactly
supported function ¢q, then the time-frequency portrait of ¢q is a square of area one
located near the origin. Since H f is, roughly speaking, just a sum of dilations and
translations of g, by basic properties of the Fourier transform we obtain Figure 1
as the time-frequency picture of H f. From the figure we also note that the origin
plays a special role in this decomposition.

We now consider the Carleson operator as described in (5). In this case we will
have to deal with one more symmetry given by the modulation invariance property,
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y
The action of the
symmetries:
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Figure 1: The time-frequency decomposition of the Hilbert transform

so we will try first to understand a simpler situation, namely how M. acts on a
smooth compactly supported function . As we may remark from Figure 2, in the
time-frequency plane, M, will translate the rectangle representing the localization
of ¢ by ¢ units in the frequency direction.

Now, as in (7), we have that

MHM; f(z) = M Hy, ;M f(z) = { /(Mcwk)(y)f(w - y)dy}xfk,j (z),
k,j k,j

and so combining this with the previous observation, we deduce that the time-
frequency picture of M. H M/} will be nothing more than a frequency-translation by
¢ units of the corresponding picture of H.

Exploiting this fact in the form of (5), we conclude that the time-frequency
localization of C'is as presented in Figure 3.

Note that, unlike the Hilbert transform case, there is no preferential point in the
splitting of C. Also, this picture suggests that C' may be written (after a linearization
procedure) as

Cf=) Crf
P

with each Cp a linear operator localized in a certain (Heisenberg) rectangle P
(Figure 3). This is a key observation used explicitly in both [F] and [LT1].

We finalize part (A) of our program with the analysis of our operator 7. As
before, we begin by isolating the extra symmetry, 0y, that adds to those appearing in
the previous cases. We will approach the study of the time-frequency representation
of this quadratic symmetry from two perspectives: (qI) a restrictive one and (¢2) a
relational one.
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y=c

i/localization of M@

localization of @

Figure 2: The time-frequency localization of M.¢

(q1) The restrictive perspective relies on the following basic approach: given an
object (Schwartz function on R) — call it i — describe (in terms of a picture) the space
and frequency regions (also called the “moral” support for h and h, respectively)
where “most” of the information carried by the function is located. As one may
notice this is an absolute way of quantifying the object since it relies on studying
the distribution of the L>-norm of h (and respectively ﬁ) and not on how h may
relate (interact) with some other objects (functions) living in a given environment.

Reasoning in this spirit (for ¢ defined as above), we have that the “moral”
support of Qe is given by the support of ¢ (here we rely on the equality supp Qpp =
supp @) while, with the notation of Figure 4, we have that the “moral support” of
@;o is identified with the frequency-interval U. (Note that Q) is a multiplication
operator and hence preserves the time localization of the object on which it acts —
this being the main reason for which we will split our operator T into pieces that are
compactly supported in time.) At this point, we observe that we lose the (global)
Heisenberg principle, this being one of the main difficulties that stood against solving
this conjecture. (Throughout this paper, we use the term “Heisenberg principle” to
refer to the optimal Heisenberg localization, i.e. the product of the sizes of the time
and frequency moral supports are comparable with 1.)

One may improve this time-frequency portrait if one further decomposes ¢ into
pieces which are better adapted to the oscillation of the quadratic factor imposed

by Qp; more exactly, writing
p=> o;
J

with each ¢; € C§° and | supp ;| &~ min((2b)~'/2, | supp ¢|) we squeeze the previous
localization to a sequence of area-one blocks concentrated near the diagonal of the
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Y x=1 X
Figure 3: The time-frequency decomposition of the Carleson operator

initial “big” rectangle. Now, even though on each such block — reflecting the time-
frequency portrait of a ¢; — we recover the Heisenberg principle, the parallelogram
formed by their union still offers a poor (global) localization of Qup. Using this
viewpoint, one cannot do better.

(¢2) The relational (relative) perspective, as the name suggests, focuses on de-
termining a contextual representation of our object depending on how it interacts
with other objects “living” in a given environment.

More exactly, in our case the environment is formed by objects like M., Qpp
and the interaction is given by the scalar product in L?*(T). (Eventually, we will
increase the complexity of these objects by composing the symmetries.)

Now taking, for example, the interaction

‘<Mc§0> Mc’90>‘ (9)
(here ¢, € R) we see that, applying the (non-)stationary phase principle, (9) is
controlled by a quantity depending on the ratio of |[V/|~! and the distance between
the lines 5y = ¢ and y = ¢ (where ¢ is a smooth function which is L2-normalized
and adapted to V, with suppy = V). By varying ¢/, this quantity suggests that
(on the frequency side) the information carried by M. should be localized “near
the line” y = ¢, and that this information is roughly constant on intervals of length
V|71, As a consequence we may interpret the relative time-frequency localization
of M.p as being given by the region (rectangle) centered near the line y = ¢’ of
width |[V|~! (measured on frequency axis) and with space support in the interval V.
(It is not surprising, in this case, that the relative time-frequency picture coincides
with the restrictive one described above, given how the Fourier transform acts on
modulation, translation, and dilation.)
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local Heisenberg principle:
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Figure 4: The (relative) time-frequency localization of Q¢

By analogy with the above description, we will now treat the following interac-
tion:

Qb Qu )| - (10)

As before, applying the (non-)stationary phase principle we remark that (10) is
controlled by a quantity depending on the ratio of |[V/|~! and the distance between
the lines y = 2bz and y = 2b'z obtained by differentiating the polynomial phase.
(Here the appropriate notion of distance is given by sup,cy |2bx — 2b'z| rather than
inf ey [2bx — 20'z|.) This fact invites us to think of the relative time-frequency
localization of Qe as being given by the region (parallelogram) centered near the
line y = 2bx of width |[V|~! (measured on the frequency axis) and with space support
in the interval V. Indeed, this perspective will prove to give an accurate geometric
representation of the relations among our objects. (See section 5.)

As a consequence, this should be the “true” time-frequency “story” reflected in
pictures (see Figure 4); it is of a relative nature since it tells us about the interaction
of Qpp with an exterior object and not about Qe itself. (Remark — see Figure 4 —
that using this approach, we recover, on each fiber, a local Heisenberg principle. For
the remainder of the paper, “time-frequency portrait” will refer to the relative repre-
sentation described in (¢2).) This time-frequency interpretation can be regarded as
a way of drawing pictures in which besides the magnitude we also encode the oscil-
lation of our function. (The point is that while \@,Tp] is big on the whole interval U,
when tested against same-structure functions, as in the expression (Cjb?p, @), the
oscillations of Cjb?p come into play, canceling out most of the oscillations of Cjb/\(p
up to the level given by the interaction of the corresponding parallelograms. For
further study of this interaction behavior as well as for some other local properties,
see section 5.)
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The moral of this story is that while M, translates the time-frequency picture
up and down, the operator () realizes a shearing of the same picture.

The idea presented above will be essential in the proof of Theorem 1, and might
be quite productive in a series of other problems involving quadratic time-frequency
analysis.

Now, coming back to our decomposition, if we let M, interfere with @, we ob-
tain the “elementary cell” of our operator modeled in M.Qpp; from the previous
discussion, this will be considered as being localized in a parallelogram of area one
living near the line I(x) = ¢ + 2bz and with the same time localization as before
(Figure 5).

i
.
|
|
|
‘ parallelogram of area
one reflecting the
1(x)= c+2xb {77777 localization of MeQp®
c
B
5\ ,,,,,,,,,,,,,,,,
tgB =2b
(0] X
supp ¢

Figure 5: The (relative) time-frequency localization of M.Qpe

Once we have gained this intuition, given the form (6), it is natural to split T’
into pieces that will be localized in the same (relative) region as our “elementary
cells” M.Qpp mentioned above. Consequently, we will divide our time-frequency
plane in parallelograms of area one as reflected in Figure 6.

The exact procedure will be described in section 4, and will have as a consequence

T=> Tp,
Pep
with each piece Tp having the time-frequency picture represented by the tile P =
[, w, I] (see section 3 for notation).

This way we have highlighted the dual nature of this problem: an analytic for-
mulation (providing L? bounds for a certain object) visualized in terms of geometric
interactions of some families of parallelograms (tiles). Consequently, there will be no
surprise that in the second stage of our program that we now initiate — the selection
algorithm — the geometric point of view in quantifying different interactions among
the “small pieces” Tp will play the essential role.
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Figure 6: The time-frequency decomposition of the quadratic Carleson operator

Indeed, we start by defining a measurable map that assigns to each point x € [0, 1]
a line I, € £ in R?; then we can regard Tpf as assigning the values

e L0 it ad¢lor I, ¢ P, (11)

x &2 (a quantity “oscillating alongl,”) ifx €l and I, € P. (12)

(See section 3 for notation.)

This way Tpf (and similarly Tp* f) encodes two different types of information:
(11) forces us to consider the density of the “flow” {l,},ec; through the tile P (this
concept will be made precise in section 5 — see (24) — and will be called the “density
factor” of P), while (12) implies that on Fourier side, the information given by ’fl;f
is localized near the central line of P denoted [p. The interplay between these two
features of Tp (or Tp* ) will be discussed in detail in section 5, and it is the key fact
in providing good bounds for the expression

2
H > TP*fH2 = > (T, Tpf), (13)
Pep P,P'cP
where here P is a certain finite collection of tiles and f some fixed element in L?(T).
In dealing with this problem, we first need to understand the quantity
(Tp* f. TP f)] - (14)
To obtain some intuition, we explain first the two possible extreme cases:

— When P = P’ (i.e. the diagonal term) the relevant point of view is given by
(11); this is natural since Tp* f and Tp/* f oscillate in the same region of the
time frequency-plane, making the information offered by (12) useless. Conse-
quently, the norm ||Tp||o will measure the density of P (see (23) and (24)).
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— When P and P’ are far apart from one another, (14) is small either due to the
time localization of Tp* f or due to the relation (12) that comes into play by

forcing Tp* f and Tp/* f to have different “moral supports”.

Consequently, via (11) and (12) (which also determines the time-frequency lo-
calization of Tpf and Tp* f) we expect the following principle to be true:
The magnitude of (14) is
— big— when P, P' have large overlaps and high density;
— small — when P, P' have small overlaps (are disjoint) or (15)
low density.
Now this principle simultaneously offers and demands a lot of information:

I. On the one hand, it suggests that to obtain good control of (13) we may need to
split the family of tiles P into sub-collections P; with each P; having uniform
characteristics (all the tiles inside it must have comparable densities and any
interaction between two of them must have the same degree of overlapping),
estimate separately each

177" flle o= || 32 7o |
P;Jj 2
with bounds depending on the previously mentioned characteristics of P;, and
then sum them up for obtaining the desired global bound.
II. On the other hand, it requires a clear formulation of the concepts:

a. the density of a tile
b. the degree of the overlapping between two tiles.

Point IT will be the object of our study in section 5. While II.a will be straight-
forward, for I1.b we will introduce two ways of measuring the corresponding concept:
a qualitative one, by defining an “almost” order relation between tiles, “<”, (Def-
inition 3) and a quantitative one, the actual measurement of how much two tiles
Py, P, overlap, that can be recovered from the geometric factor of the pair (Py, P»)
(Definition 1).

Now, guided by the observation made in I, our proof will be based on two propo-
sitions corresponding to the two main (geometric) possibilities appearing in the
study of a family of tiles (having uniform density): Proposition 1 will treat the case
where our family consists of “disjoint” (i.e. not comparable under “<”) tiles, while
Proposition 2 will deal with a family, called a “forest”, that can be organized into a
controlled number of clustered sets of tiles (i.e. trees).

With this done we will proceed (roughly) as follows:

We will decompose P into (J72 , Py, with

P,={PeP| 271 < the density factor of P < 27"}

Using a combinatorial argument, we will further prove that P, may be written

as a disjoint union of at most n sets, U;'L:1 Pnj, such that
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where, for each j, A,; is a family of at most n disjoint tiles and B,,; is a forest. Now,

denoting
TP = > Tp,
PEPy;
Propositions 1 and 2 will imply that
1773 ]jp S 27

for some absolute constant 1 > 0, from which we conclude that

[o.¢] (e.0) n
DT LY DT S
n=0 2

n=0j=1
(Throughout this paper we will denote by ||T'||2 the operator norm of 7" acting
from L? to L?.)

ITl2 =

3 Notation

Take the canonical dyadic grid in [0,1] = T and in R. (For convenience, from now
on we may choose to identify T with any unit interval, not necessarily [—1/2,1/2].)
A tile P = [o,w, I] consists of dyadic (half open) intervals o,w C R and I C [0, 1]
with the property that |a| = |w| = |I|7! (here |I| = m(I) where dm = dz stands for
the Lebesgue measure on [0, 1]). The collection of all tiles P will be denoted by P.
For simplicity of notation, P will encode two meanings (depending on the context):
a triple of intervals as defined above or the parallelogram formed by these intervals
in the time-frequency plane.

y

Inotin P

Figure 7: Notation

If I is any (dyadic) interval we denote by ¢(I) the center of I. Let I, be the “right
brother” of I, with ¢(I,) = ¢(I) + |I| and |I,| = |I|; similarly, the “left brother” of
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I will be denoted I; with ¢(I;) = ¢(I) — |I| and |[}| = |I]. If a > 0 is some real
number, by al we mean the interval with the same center ¢(I) and with length
lal| = a|I|. Now for P = [a,w, ] € P, we set aP := [aq, aw, I]. Also, if P C P then
by convention aP := {aP | P € P}.

Set £ := {all lines in the plane not parallel with the y-axis}. Then, for each
P = [a,w,I] € P and | € L, we write “/ € P” iff [ intersects both edges of P
which are parallel with the y-axis. Also, for any tile P as before, we will associate
the “central line” [p - the unique line [ € £ that passes through the midpoints of
the vertical edges (this line will give the “angle of P”, denoted p, and given by the
formula tan(fp) = W)

Now, for 3 € arctan(Z), define

Pk,B) ={P=[a,w I eP||I|=27" & Bp = p}.

Then this collection of disjoint (similar) parallelograms (tiles) defines a partition of
the band T x R. Fixing P = [a,w, I] € P(k, 3), denote the “upper brother” of P by
P, = [ay,wy, I] € P(k, 3); similarly, the lower brother of P will be P, = [ay,w;, I] €
P(k, 3).

For any dyadic interval I C [0, 1] define the (non-dyadic) intervals

L= [e() + 50 e(D) +3I) & I = [e(I) = 3l e(]) = 511)

I"=1I7UI and I = 131.

Similarly, for P = [, w, I] € P we adopt the following notation:

— P for the tile (parallelogram of area two) with time interval I and the same

central line [p as P
— Py for the tile (parallelogram of area two) with time interval I} and the same
central line [p as P.

The same procedure applies to P* and P (see Figure 7).
Throughout the paper, for f € L?(T), we denote by
1
M) =swp o [ 1]
zel ‘[‘ I
the Hardy—Littlewood maximal function associated to f.

If {I;} is a collection of pairwise disjoint intervals in [0, 1] and {E}} a collection
of sets such that for a fixed § € (0,1)
FE
EjCIj & %é& VieN, (16)
J
then we denote

1 .
sup;~r, 71 [ 1f],  if @ € Ej,
M, = i [ 17
51 (@) { 0, if o ¢ B . (17)
Remark that Vr > 1 we have
| M5 f17 S Sl fIl - (18)

For A, B > 0 we say A < B (2) if there exist an absolute constant C' > 0 such
that A < CB (>); if the constant C' depends on some quantity § > 0 then we may
choose to stress this fact by writing A <5 B.

If C7'A < B < OB for C some small (positive) absolute constant then we write
A~ B. For z € R we set [z] := ﬁ

The exponents 1 and € may change throughout the paper.



470 V. LIE GAFA

4 Discretization

Our aim is to “properly” decompose the operator
Tf(x) = sup |McQuHQy"M." f ()| = sup | Ty f ()]
b,ceR lel

where ' ,
Tif(e) = [ e po = g)ay

with [ € L given by I(z) = ¢ + 2bzx.
Now linearizing T we can write

where by [, we understand a line in £ given by l,(z) = c¢(x) + 2zb(z) where ¢(-)
and b(-) are certain measurable functions. (This procedure is often referred to as
the Kolmogorov linearization method.)

We start our decomposition by choosing 1 to be an odd C*° function such that
supp?y C {y € R | 2 < |y| < 8} and having the property

V= dily) YO<lyl <1,
k>0
where by definition 1 (y) := 2F¢(2Fy) (with k& € N). As a consequence, we deduce
that
Tf(@) = Y Tefa) = Y [ O )1 o~ )iy,
k>0 k>07T

Now for each P = [a,w,I] € P let E(P):={z €I |l, € P}. Also, if |I| = 27*

(k > 0) we define the operators Tp on L?(T) by

Tpf(r) = {/Tei{l”(x)y_b(x)yz}%bk(y)f(l‘ - y)dy}XE(P) ().

Clearly, as P runs through Py, := {P = [a,w, I] € P | |I| = 27%}, for fixed k, the
{E(P)} form a partition of [0, 1], and so
Tif(x)= ) Trf(z).

PePy,

Consequently, we have
Tf(x)=> Tpf(x)=> Tpf(x).
k>0 PeP

This ends our decomposition.
We finish this section with some remarks.

1. Because we want better separation properties between the support of Tpf
and that of T f (for fixed P and f), by further splitting ¢ as

13
Yly) = ()
j=1

(with each ¢ an odd, smooth function with supp )/ C {1 + % <lyl <2+ %}) we
may assume, relabeling for example 1% with v, that

suppy C {y e R[4 < Jy| < 5}.
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Consequently, for a tile P = [, w, I], the associated operator has the properties
suppTp €1 & suppTp C {a | 3|I| < dist(x,I) < 51|} = I*.
where here T} denotes, as usual, the adjoint of Tp.
2. In what follows (splitting P = U?:o Ukzo P1ok+;j) we can suppose that our
collection P is sparse enough; namely, if P; = [aj,wj, I;] € P with j € {1,2} such
that |Il| 75 |IQ| then |Il| < 2_10|I2| or |I2| < 2_10|Il|.

5 Quantifying the Interactions Between Tiles

Our aim in this section is to isolate the appropriate quantities that arise in the
behavior of the expression
(5, f. Th,9)| (19)

and further to show how they control this interaction.

We begin our study by presenting a summary of the main properties shared by
the operator(s) involved in our considerations.
5.1 Properties of Tp and T}. For P = [a,w,I] € P with |I| = 27%, k € N,
we have

Tpf(z) = { [ e g ) y)dy}xE<p><m>,
Thf(z) = —{ [ e e g 4) e ) y)dy} |

Notice that based on the previous interpretation of the symmetry @} (see sec-
tion 2), we may conclude

(20)

— the time-frequency localization of Tp is “morally” given by the tile P;
— the time-frequency localization of T% is “morally” given by the (bi)tile P*.

(21)
Also, we have the pointwise estimate
S 1FW)ldy
Tpf(z)| < g =X r)(7) (22)
and the norm-estimate 19
EP)\Y
1Tp|l2 ~ 7] : (23)

5.2 Factors associated to a tile. Now, once we have understood what the main
features of Tp and T are, we will relate them to concepts regarding the associated
tile P. Indeed, taking into account relations (22) and (23), and respectively (21),
for a tile P = [, w, I] we are naturally led to the following two quantities:

(a) an absolute one (which may be regarded as a self-interaction) that measures
how many lines from {l(z)}.cs pass through P relative to the length of I; more
exactly, we define the density (analytic) factor of P to be the expression

Ao(P) = % . (24)
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Notice from (23) that Ag(P) determines the L? norm of 7. Consequently, we
expect this quantity to play an important role in organizing and estimating
the family {Tp}pep.

(b) a relative one (interaction of P with something exterior to it) which is of
geometric type: let be [ € £ a line and P € P a tile as in Figure 8.

y

pr AP ~\d/\u)|

(approx)
d=dist! (1, 1)

1

=

Figure 8: The geometric factor of P with respect to [

For l1,1ly € £ we introduce the following notation:
disty (11, 12) = |l1(20) — la(z0)| &  dist?(I1,12) = sup { disty(l1,02)} -
re
Then we define the geometric factor of P with respect to | to be the term

’VAZ(P)—| )

infllep{distl(l, ll)}
]

where

A(P) = : (25)
5.3 The resulting estimates. We now make the final step by observing how
the above quantities relate in controlling the interaction in (19).

Given the heuristic (21) and the form of (19), we need to quantify the relative
position of P;* with respect to Py. To this end, we will need to adapt expression (25)
to our context. (In the following we consider only the nontrivial case I, N1}, # 0.)

DEFINITION 1. Given two tiles P; and P» (suppose that |I1| > |I2|), we define the
geometric factor of the pair (P, Py) by
[A(Pla PZ)—| )

where I
infllepl dist 2([1,l2)

A(Pl, P2) (: ALQ) = 12€P

|wa



GAFA BOUNDEDNESS OF THE QUADRATIC CARLESON OPERATOR 473

With this notation, remark that we have
[A12] & max {[A, (P2)], [Ap, (P11} -
We will also need to define the (eo-)critical intersection interval I o of the pair

(P, P) as ) ,
Lo =219 =722 +mel NN

(see Figure 9). Here (a:iz,yiz) = Ilp, Nlp, (if Ip, and [p, are parallel we set
a:iz = 00), and 712 is chosen to obey the relation
7,2 1_
_— = A12 27 €0 26
min(| 11, |12) a2l 26)

for €p some small fixed positive number.

Figure 9: The interaction of two tiles

With these preparations done, we have the following result:

LEMMA 0. Let Py, P, € P; then we have

- . nfEP |f|fEP 9]
‘ / i, T S Th,9| Sneo [A(PL, P2)] ;n;(ﬂ T |(122|)) VneN  (27)
T e fE(P)|f|fE(p)|g’
5 fT3 < |A(P, ) |2 0 ! 2 28
/11’2 B IThg| S AP Py e (T ARTA) (28)

where X ¢, is a smooth variant of the corresponding cut-off.
Applying same methods for the limiting case e¢g = 0, we obtain
* N RIC
T T3 S min { 2, L AP P AP AP (29
The proof of Lemma 0 relies on the (non-)stationary phase principle and is left
to the reader.
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6 The Preparation — Main Ingredients

As the title suggests, the role of this section is to present the important concepts
and results on which the proof of our theorem relies.

We start on our way by introducing some quantitative and qualitative notions
that will help us later to organize our family of tiles.

The first step is to define a quantity that inherits relevant features from both
the analytic and geometric factors.

DEFINITION 2. For P = [a,w, I] € P we define the mass of P as being
E(P'
A(P) = sup ’ (/ )’ [A(QP, QPI)—|N (30)
P'=[a! ' ,I'|cP |I|
cr

where N is a fixed large natural number.

Next, we introduce a qualitative concept that characterizes the overlapping re-
lation between tiles.

DEFINITION 3. Let Pj = [oj,wj, I;] € P with j € {1,2}. We say that
- P<Piff 1 Clyand dl € Py s.t. | € Py,
- PP iff [ C I and Vil € P, =€ Py.
OBSERVATION 1. i. Remark that < is not transitive while < is. However, < is not

so far from being a (partial) order relation; this may be encoded in the fact that if
P1 < P2 then 2P1 < 2P2

ii. Notice that the above definition can be meaningfully extended (in the obvious
manner) to any dilated tiles, i.e. it makes sense to speak about a1 P, < asPs and
respectively a1 Py < agPy (here ay,as > 0); in addition, we say that a; Py < agPs iff
a1 Py < asPy and ’Il| < ’IQ’

iii. There is a nice connection between the qualitative and quantitative concepts
that measure the overlapping of the tiles Pj(or Pj) and P(or Py): if I} C Iy then
|VA(P1,P2)—| =1 (<:> A(Pl,Pg) = 0) = {aP1 < P, Va > 1}

OBSERVATION 2. Notice that the notion of mass of a tile P is dependent on the
environment. This definition offers many advantages, two of which we will mention
here:
e the monotonicity property (mp): if P < P’ (or 2P < 2P’) then A(P) > A(P’);
e the smoothness property (sp): if P and P are two tiles such that Ip ~ Ip/
(i.e. 27%Ip C Ip C 2%Ip for a some small positive integer) and [A(P, P')] ~ 1
then A(P) ~ A(P').
NoOTATION. To avoid the boundary problems that may arise from working with a
single dyadic grid partition, we will define the concept of the top (of a tree — see the
next definition) as being a set of tiles P =9 {Pj}je{l,...,s} with s € N, § < 4 and
{PJ = [o?,w’, I']}; having the properties:
1. J=1IFVjke{l,...s}
2. 4P7 < 4Pk Vj ke {l,...s}.
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(This technicality is introduced only for smooth handling of the tree selection argu-
ment from section 7.)

For P € P we write P < P iff 3j € {1,..., s} such that P < P7. In what follows,
it will also be convenient to work with a representative of the top P - call it P -
which is some tile from the collection {P’ }ief1,...sy- (The reader may imagine a top
as consisting of only one “fat” tile; indeed, in the following definitions and results,
the accent will always fall on a representative of a top which may be regarded as a
“specialization” of the top itself.)

Using the relation just defined, we now introduce the fundamental (geometric)
set-configuration that will govern most of our reasonings.

DEFINITION 4. We say that a set of tiles P C P is a tree (relative to “ <) with
top Py if the following conditions are satisfied:

1.VPeP =3P <Py

2. If P € P and g‘Pu < Py then P, € P (analogously for P,);
3. If P,,P, € Pand P, <P <P, then P € P.

OBSERVATION 3. a. While conditions 1 and 3 have clear correspondents in [F] (the
only difference appearing here is the factor 3/2 in 1 which is used for overcoming
the boundary problems that will arise later — see section 7.2), the second condition,
added here, is the extra twist that offers our trees the advantage of being “centered”.
More exactly, the central line of the top (representative) splits the time-frequency
representation of our tree in two “halves”.

b. Sometimes we may exclude the (tiles forming the) top of the tree from the
collection P. Also, we say that a tree has (top) frequency line [ if [ is the central
line of one of the tiles (representative) belonging to the top.

In this framework, we can state the results that will be used for proving our
theorem; their proofs will be postponed until section 8.

PROPOSITION 1.  There exists n € (0,1/2) s.t. if P is any given family of incom-
parable tiles (i.e. no two of them can be related through “<”) with the property
that
A(P)<¢§, VPeP,
then
IT7|l2 < 8"

PROPOSITION 2. Let {P;}; be a family of trees with tops {ﬁj}J and respective
representatives {P; = [a;,w;j, I;]};. Suppose that

1. A(P)<oVj, PeP. .

2. Vk # j and VP € Pj, 2P & 2P,

3. No point of [0,1] belongs to more than K62 of the I;.

Then there is an absolute constant n € (0,1/2) and a set F' C T with |F| S
80K~ such that Vf € L*(T) we have

bt

< §"log K .
Lagpey 2 0" lo8 1£12
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(Remark: Any collection of tiles P that can be represented as U;P; with the family
{P;} respecting the conditions mentioned above will be called a “forest”.)

OBSERVATION 4. One may notice the similarity between the above propositions
and the corresponding statements in [F] (Lemma 2 and Main Lemma); this is not
surprising since the “only” difference between the quadratic case and the linear case
is that we have to deal with slanted rectangles. While the proof of Proposition 1 is
basically the same as in [F], for the second proposition we will have to deal with the
extra overlaps of our parallelograms.

7 Proof of “Pointwise Convergence”

We now present the proof of Theorem 1.

7.1 Organizing the family of tiles. We start by breaking up P into | J;2 , P»
where

P,={PeP|2" ! <AP)<27"}.

Thus we have .
T=> 1"
n=0

Here is the plan of our proof:

Step 1 (the remaining part of section 7.1): We modify each P, so that the
resulting set gains a certain structure: all the elements inside it have comparable
mass and are clustered near some “well-arranged” maximal elements.

Step 2 (section 7.2): Taking advantage of the above-mentioned structure, we
further show that each such P, may be decomposed (up to a negligible family of
tiles, in the sense of Proposition 1) into a certain number of forests.

Step 3 (section 7.3): Using Proposition 2, we will combine the estimates for each
forest into an estimate for the operator 7%, which allows us to obtain the desired
bound for T

As announced, we start the first part of our program by modifying (cutting) some
parts of the set P,. For this, we first define {P.}, Py = [ag, @k, [x] to be the set
of maximal triples with respect to “<” that obey the relation |E(P)|/|Ip| > 27"
Set P2 to be -

Pl ={PeP,|IkeNst 4P P}, (31)
and define also

Cn = {P € P, | there are no chains P < P < ... < P, & {P;}}_; C Py} .
With this notation we claim that
Pn\Cn C Py

Indeed, if P € P, \Cy, then there exists a family of tiles {P;}_; C P, such that P <
Py <--- < P,. Now, since 27" ! < A(P,) < 27", we deduce that 3P’ = [o/, ', I']
with I, C I' such that |[E(P)|/|I'| > 27! and A(P,,P’) < 2"/3. From the
maximality condition, we have that 3k € N s.t. P’ < P, and so A(P,, P) < on/2
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On the other hand, from the chain condition, we deduce that A(P, P,,) < 3/2 and
lwp| > 2"|wp,| > 2"|wp, |. Consequently, we have that

A(P,P,) < 3/2+27"2,
which implies that 4P < P, as we wanted.

Let D, C C,, be the set such that P, \ D, = PY; then D,, (or, in general, any
subset of C,,) contains no (ascending) chains of length n + 1 and so breaks up as a
disjoint union of a most n sets D,,; U Do U...U Dy, with no two tiles in the same
D,,; comparable. Consequently, from Proposition 1, we have

In e (0,1/2) st. [T, <27™, Vje{l,...n},
which applied to D,, translates into

n n
1Tl < > TPll, £ 327 s 27 (32)
J=1 Jj=1
As a consequence, we can now erase the set D, without affecting our plan.
The resulting structure of the collection P? will help us later to further split our
collection into forests, but for the moment we turn our attention towards the set
{P,}, with the intention of obtaining a rough bound for the counting function N
(defined below) associated to the intervals {I}}. For this we notice that {E(Py)}
are pairwise disjoint, which implies that >, |E(P;)| < 1. Now, using the definition
of Py, we deduce
NI =Y 1T < 2"THE(P)| < 2 where N(z) =%/ " x; ().
k k
Therefore the set defined as
Gy, = {z € T | is contained in more than 22" K of the I |}

has measure |G,,| < (2"K)~!. Because we want some control on the geometry of
{P:}, we will use G, for deleting more tiles from PY; indeed, if
PY={P=lo,w, 1] €P)|I¢L Gy},
we have that . .
TP f(z) =T f(x) Vfe L*(T) & € GS. (33)

(Since we have good control of the measure of G,,, we will focus on estimating
TP» only on GE.)

We delete from {P;} all P, with I, € G,. Then the resulting set PS¢ has the
following properties:

1. A(P) <27, VP e PY;

2. VP € PY = 3k € Ns.t. 4P < Py;

3. No z € T belongs to more than K22" of the I}’s.

7.2 Decomposing into forests. Now we shall prove that PHG decomposes (up
to a family of chains with length controlled by an absolute constant) as a disjoint
union of at most M = 2nlog K forests B,,o U B,,1 U B2 U---UB,5r, where each B,
satisfies the hypotheses of Proposition 2. In order to make the decomposition, we

first define B
B(P)=#{j |4P 9 P;} VPePy.
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Clearly 1 < B(P) < 2M. Now let’s define the sets
Pnj = {PePS |2 <B(P)< 2™} Vje{o,...,M}.
To better understand their behavior, we develop the following procedure: fix a
family of tiles P,; as defined before and
1. Select the tiles {P"},c(1, 53 € Pnj with the property that 4P" are maximal
elements with respect to the relation “<” inside the set 4P, ;. (Here we use
the following convention: let be D a collection of tiles; P is maximal relative
to “<” in D iff VP’ € D such that P < P’ we also have P’ < P.)

2. From the maximality, we have that
4P' < 4APF =1, = I}, (34)
VP € P,; 3P s.t. 4P < 4P (35)
3. From the definition of P,,; we deduce
, , 4P < 4P 4Pk < 4P!
it P € Py s.t. Ik # 1 with {4P§l4Pk’ , then {4Pl < 4pk

4. Define
Apj = {P € P, | VP = 3P ¢ P’}u

{P |13 s.t. |Ip| = |Ip|, 3P <P & P # P* Vk} — AL UAZ,
and set
Now, we claim that
(a) Ap; can be split into a controlled number of sets containing no chains (with
respect to the relation “<”).
(b) The collection B,,; defines a forest (up to a negligible family of tiles).
We start with the proof of (a), by supposing that we can find Py, P» € A}lj such
that Py < P»; suppose also (see (35)) that

4Py < 4P (36)
for some I.
Now from the definition of A}Lj we have that gPl & P!, but observing that
wp,| > 2'%wp, | (37)

we contradict relation (36). The fact that the remaining set A?Lj contains no chains
comes trivially from the maximality of the tiles {P"},cq1,. o)
For part (b), we proceed as follows. We choose k € {1,...,s} and define

Sk:{Pean | gpgpk‘}. (38)

We now collect all {P*}; for which S, = () and erase them using Proposition 1.
Consequently, by relabeling the remaining maximal tiles we can always suppose
that for each P we have Sy # () and that B,,; = |, {Sx U P*}. Further, we want
to study the separation properties of the family {Si}x. For this, we first introduce
the following relation: we say that

Sk 0.8 Sl
if and only if 3P, € S and 3P, € S; such that 2P, < 2P, or 2P, < 2P;.
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With this done, we first claim that
Sp o< Sy =4PF <4P = [k =" (39)

Indeed, suppose that Sy o S, and so (without loss of generality) we know that
k # 1 and there are P; € S, and P, € S) such that 2P; < 2P,. Then, since ng < p!
and |wi| > |wa| > 2'9w!|, we must have 4P; < 4P!. On the other hand, since
Py € Sy, we also have 4P; <4P* but this forces (see 3) 4P* < 4P'.

We now construct the sets

gk::SkUPk, kE>1,
and observe that with a similar reasoning as in (39) we obtain
S < §) = 4PF <4P' = [F = I". (40)

The point is that with respect to {S}r, oc becomes an equivalence relation.
Indeed, let us check the transitivity of our relation. Suppose that S o< S; o< S,,.
Now, since Sy oc S, we deduce from (40) that 4P* < 4P', and since Sy # ) we also
have that 3 P; € S; with S’Pl < P*. On the other hand, from S;  S,,, we have that
4P! < 4P™. Putting these facts together, we have that 10P* < 10P™, I* = ™,
and since |wi| > 219|w%| we deduce 2P, <t 2P™, which proves our claim.

Now let & := {m | Sy, < Si} (observe that the size of the orbit of each k (Sj) is
bounded from above by an absolute constant). Denote

- U S,

Now, choosing a unique representative in each equivalence class, and relabeling
the resulting elements in a consecutive order, we deduce that Sy NS, = 0 for any
k # 1, which implies {S})}, is a partition of By

We need some final modifications to each set Sj,. First, we denote by P¥ the set of
all the maximal tiles {P'}; contained in the collection Sk, now, using Proposition 1,
we delete, for each k, all the elements belonging to P*. Secondly, we define (for
each k) the set

mm_{PESk|VP,€Sk s.t. Ip/ﬂIp#@inCIp/}.

By construction, the set {S,gnln}k contains only pairwise incomparable tiles, so,
again applying Proposition 1, we can erase the set S}cnin from each Sj, and consider
Bn; = Uy S,.. In what follows we will prove that each S, is a tree with top P*.

Indeed, fix a collection Sy, of tiles; we will now verify conditions 1-3 in Definition 4.
Take P € Sj; first observe that condition 1 holds trivially since by construction
3P < P*. Suppose now that P € S with 3P < Pk. Then to show P, € Sy it
is enough to prove that P, € B,;. For this, we need first to prove that P, € PE.
Since S’Pu < P* (for some P* an element of P¥) the above statement reduces to
P, € P,. But we know that 2P, < 2P* and since A(P*) > 27", using (mp),
we deduce that also A(P,) > 27""!. At this point, we recall that (following the
previous procedure) .

E|P0€S]I€mn s.t. Ipogfp. ( )

Consequently, using (41), we have 2Py < 2P,,, and so by (mp) A(P,)<A(Fy)<2™"
For the second part, we need P, € P,;, but this comes from the fact that

4P, 4 4P* = B(P,) > 2
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and
4Py < 4P, = B(P,) < 2.

From this, we conclude that P, € S’k, so condition 2 is true.

The convexity condition 3 is trivial since if P; < P, < Py with P, & P5 € S’k we
have 3P, < 3P, < 3Py < 3 P*, which implies P, € Sy.

Consequently, we have proven S is a tree with top P*. Now, from the previous
considerations, we have that ) )

Sk X Sl =k=1 ,

and since By; = |, S’k we deduce that B,; becomes a forest as defined in Proposi-
tion 2.

7.3 Ending the proof. Now, we may conclude as in [F].
We first apply Proposition 2 for each family B,,; and obtain that

HTP“J'fHLz(Fﬁj) S 27" og K| fll2

where Fy,; is a small set with measure |Fp;| < 2"K~'. As a result, denoting
F, = U;F,;, we have that
2nlog K
e . - 2
TP Fllpamgy < D NT79 fllpege ) S n27 Q0 KPIfll2 - (42)
j=1
with |F| <nlog K/2"K.
Therefore, combining (32), (33) and (42), we deduce
- 2
|77 || o ey S 12" (log K)? (1 fl2,
where E,, = F,, UG, still has measure < nlog K /2"K.
Summing now over n, we obtain
1T £l p2(mey S (log K)*|1£l2
with E = U,E,, and |E| Slog K/K.
In conclusion, given v > 0, we have that for all K > 100

2
1T F1IZ2 e

2 logK
{ITf@)] >~} < % LB S <1ogK>4Hg% L g K

K
Now, if we pick K to minimize the right-hand side, we arrive at the relation

2—e
Tl > 5 (L) vee ),

which further implies
ITfllp <p Ifll2 VP <2,
ending the proof of our theorem.

8 Some Technicalities — The Proofs of Propositions 1 and 2

We now present the proofs of the statements made in section 6.

Proof of Proposition 1. The basic idea of our proof relies on combining the 771
and maximal methods. Indeed, once we have expressed the norm of our operator as
a sum of interactions among “small pieces” Tp, we split it in two terms:
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— for the first one (close to the diagonal) we use some maximal methods since
all our pieces Tp “oscillate” in the same region of the time-frequency plane;

— for the second one (far from the diagonal) we take advantage of the orthogonal-
ity of our terms, which is reflected in the smallness of the resulting geometric

factors.
LIy s < | > L@ { > TTiw)
Tt 1) e

,1/2fE | f]
AP

PI=[a
P’EG:P/; {PEaP’)
e [onf 3 qameyele e

Peb(P’) , |I/|

P'eP
where for the second inequality we used the estimate (cf. Lemma 0)

)'|1/2fE |f|

TpThf(x)] S [A(P, P 7 XEP)(T)

together with the following notation:
aPY={P=[a,w, I €P, [I[|<|I'| &I*"NI"#0| A(P,P) <5 >},
PYy={P=lo,w I €P, [I|<|I'|&I*"NI"#0|AP,P)>5>}.
(Here € € (0,1) is some fixed constant.)
Now the second term is easy to estimate:

B<Z/ 7z {|/|Z/ 'f'}d””

PP Peb(P")
<o [ @i [ e <5 [ 1@< f 12
B(P |7
prep /B
For the first term we use the following Carleson measure-type estimate:
> IB(P) <8, (43)
Pca(P’)

which is a consequence of the smoothness property (sp) of the mass A(P). Indeed,
define

J(P')={I|3P = ,w,I] €a(P)}.
Let Jmin(P’) be the set of minimal (with respect to inclusion) intervals inside J(P’),
and define

J(P) = {I c 301" | Exactly one of the left or right halves

of I contains an element of jmin(P')} U Tmin(P) .

Finally, set

aP)={P=[a,w, I eP|I€ J(P) & A(P,P) <5 *}.
Then using the property (sp) (with an appropriate choice of N in the definition of
A(P)), and the fact that any two tiles inside P are not comparable we have

Yo OIBMP)< Y (BRS8N |1 561,

Pea(P") Pea(P’) Iejgr)

which gives us the desired estimate (43).
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Now set Eps := Upeq(pry E(P); using Hélder’s inequality for some fixed 1 < r < 2,
we deduce

LRSS / () ()

Pep P’ P'eP

61 1/r—100e Z/ y)dy

P'ep

<61 1/r— 1006/[f (y)] Cly< 5= 1/r— 100erH2
T

(Here f7(x) = sup,e; ([, |£(y)["dy/|I|)¥/" designates the Hardy-Littlewood maximal
function of order 7.)
The conclusion of our proposition now follows, by properly choosing e > 0. O

The remainder of the section will be dedicated to proving Proposition 2. The
natural approach is to obtain control on

— the single tree estimate (Lemma 1),
— the interaction between (separated) trees (Lemmas 2 and 3).

We now start the study of the other extremal geometric configuration, namely the
tree (as opposed to the structure of the family of tiles appearing in Proposition 1).
For Lemma 1, due to the structure of our family, the geometric factors will play no
role, the entire effort being concentrated on properly using the (uniform) density
condition and the mean zero property.

LEMMA 1. Let § > 0 be fixed and let P C P be a tree with top Py, representative
Py = [, wo, Io], and frequency line ly and such that
AP)<d§ VYPeP.
Then
1772 < 642

Proof. The essence of the proof below (our case is a “quadratic perturbation” that
realizes a shearing of the linear tree case presented in [F]) relies on the following
outlook:

“For P a tree, the associated operator 77 behaves
like the (maximal) Hilbert transform.” (44)

[REMARK.  The easiest way to understand this heuristic is to take a particular
instance of P (T7): suppose that the top Py stays on the real axis, that [, = 0 for
any x € Iy and that all the minimal tiles in the collection P (we may assume P
finite) are in the same scale. Then, from the convexity condition 3 in Definition 4,
we remark that 3kg, k1 € Z, such that, for x € IO,

TPf(z)= > / Ur() f (2 = y)dy, (45)

ko<k<kj

i.e. TP is a truncation of (7).]
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To make this precise, we will further show that (45) is always true locally, on
suppT7. Indeed, let
ko(z) =inf {k eN|3IP € P st. [Ip| =27 ypp(z) #0},

ki(z) =sup{k e N|IP € P s.t. |Ip| = 9=k Xep)(x) #0} .
Using the convexity condition we then deduce

TP = ) ey (y) f (@ — y)dy (46)
ko(z)<k<ki(x)

Since we also want to obtain some decay, we need to take advantage of the “mass”
of our tree. For this, the key fact is to observe that heuristically our operator behaves
as follows: »

TP f . . .
x —> 0 ifeel’\FE,
Tpf . (47)
x —> constant(j) if x € E7 |
where here the sets {I7}; and {E7}; obey the conditions:

~ {I’} is a partition of Iy;

— EV C P and |E7|/|I7| < 6.

Indeed, one can define {17} ;j to be the maximal dyadic intervals contained in Iy that

tisf
satisty B, 1)

|
where E(lg,I) := {x € I | dist!(l,,lo) < 2|I|7'}. Now setting B/ = E(ly, I7) and
EJ = E7 N IV and making use of (sp) one concludes that if P = [a,w, ] € P with
INI #Qthen [ C I & E(P)NI7 C EJ (here IV is the dyadic interval containing
I’ and having twice the length).

Now, combining the views offered by (44) and (47) we proceed as follows: To
come closer to (45), our first step is to move our tree near the real axis: set 77 =
Quy* My *TT Moy Qp, and g(x) = M Qy f(z) (here lp(z) = co + 2bpz is the central
line of ). Then, for x € I fixed, we have

77 f (@ \—\TP (z)]

: { / e hole “>-b0>y2}—mwk(yn!g(x—yndy}

ko( <k<k1
T Aot} | - a0

Now for the first term, usmg (47) and the small oscillation of the exponential,

we deduce that
A(x) S Msf(z).

For the second term, as claimed initially, we remark that B(z) is the local version
of (45); to “achieve” (44) we need to compare B with some averages of the Hilbert

transform. Here, the main ingredient is
27K

> w(y) — 25 / R(y + 2)dz

k<K —27K
where R(y) = > cion Yk(y), K € Nand y € T.

> 1006

_.I_

-K
(48)

< T 9 ., a_9K
MV
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Now, for z € I; fixed, we conclude that

B(z) <sup< /‘ (R*g)(y \dy>+sup< /9 |dy>
ISVANL 1|

= Ms(R = g)(z) + Msg(z) .
Finally, combining our estimates for A and B and using the fact that the operator
g — Rx g is bounded on L2(T) (this comes from R € L*®(T), which is an easy
consequence of the fact that the function ¢ is compactly supported away from the
origin and has mean zero), we conclude that
77 fll2 < || Ms(R* (Mg,Q5 ), + IMs£ll2 S 52 fl2 - O
At this point we have learned how to estimate basic families of tiles, having a
simple geometric structure, for which we have uniform control on the density factor.
The next step (Lemmas 2 and 3) will be to understand the interaction between two
such basic families in the case in which we have no information about their density
factors, but we know that they are located in different regions of the time-frequency
plane. (Here we will use the fact that the geometric factor of pair (Pj, P,) is small
whenever P; and P, are not in the same family of tiles.)
Before presenting the lemmas, we will need several definitions.

DEFINITION 5. Fix a number 6 € (0,1). Let be Py and Py two trees with (tops Py
and Py) representatives P; = [aq,w1, 1] and Py = |9, ws, I2] respectively; we say
that Py and Py are (0-)separated if either Iy N Iy = () or else

(i) P=lo,w,I|eP &IC = [APP)] <d;

(i) P =, I'NeP&I' CL = [A(P,P)] <.
NOTATION.  Whenever we have two trees P; and P, as in Definition 5 we will
denote by a:ﬁDh p, = xi’Q the abscissa of the intersection point of [p, with {p,. With

this done, set (o~ m(f&ép"mw and define

AR
e [ — the separation interval (relative to the intersection) of Py and Py by
I, = [ZEiQ - w,x’i’z +wlNNIs.
e I. — the (e-)critical intersection interval (between Py and Pa) b
I, = 36Y27<],
where € is some small fixed positive real number.

OBSERVATION 5. (a) The two notions introduced above can be regarded as indica-
tors of how much the quadratic symmetry is involved in the interaction of the two
separated trees. Indeed, the procedure of estimating terms like (here P; € P; with

je{L,2})
<TP1*fv TP2*9> (49)

will roughly obey the following scenario:

—if Ip, NIy =0 (or Ip,N I, = ) then (49) can be treated as in Fefferman’s case,
neglecting the quadratic modulation;

— else, guided by the results obtained in section 5 (see Lemma 0), we will split
the integral in (49)in two: the first (integrated over the complement of I..) will
be treated as in the previous case, while the second term (integrated over a



GAFA BOUNDEDNESS OF THE QUADRATIC CARLESON OPERATOR 485

set included in I.) will be placed into a collection of objects representing the
critical contribution of the quadratic symmetry. (We use the fact that, for
properly chosen € and €g, the (eg-)critical intersection interval I; o of the pair
(P1, P) is always included in I,.)
(b) Further, we will make use of two essential properties of our above-defined
intervals:

1. VP € P; U Py such that :zzim € 5Ip we have [Ip| > |I|.
2. VP € P, U P, we have (for e properly chosen) [Ip N I.| < 6'/4|Ip|.
LEMMA 2. Let be {Pj}jc(1,2) two separated trees with tops Pj = [ay,wj, Io],
j € {1,2}. Then, for any f,g € L*(T) and n € N, we have that
(TP 1,172 6| S 61l a9l 2 iy + [er TP LT g, (50)
(REMARK: The first term in the right-hand side of (50) expresses the result of the
interaction (as if we were in the linear phase case - see [F]) far from the intersection

point of the trees while the second one reflects the correction needed for handling
the quadratic case in the critical region I..)

Proof. We start the proof of our lemma by making a partial (Whitney) dyadic
decomposition of the real axis with respect to the point zf »; more exactly (we may

assume that |I;| = 27" for some r € N), let
o Ao=(- Ooxlz_%)u(xlﬁ‘*'lm 00);
o Ay=[ri,- |IO| 12~ el u (295 + Lol ot 2t Ly,
o Ay=[af,- |I°| Ty o — |I°|) U (259 + |I°|,x1 2t |IO|]
. Ak—[x12 \f\xlzﬂﬂ]

For j € {1,2} define the following sets:
Sij = {P S Pj | $2172 € 5IP} 77]/- = 77]' — Sij

Sjo={PePj|Ip"N A0 & |Ip| < I}

Sj7l:{P€PJI~|IP*ﬂAl#@, P¢Sj7l_1&|fp|§|é—l|} Vie{l,...,k—1}.

With this notation it is clear that {S;;}_; form a partition of P;.
Now setting T = 3 pe S, Tp* we obtain

k
(TP, 177 = > (T Tow™) (51)
n,l=0
Now let A_y = 0, Apq = 0 and A; =% U res;, Ip; then supp Tj,* C A, with

_ JE{l 2}
Al C A JUAUA, VL eA{0,....k—2} & Ak—l N 3Ak = (). Consequently, to
estimate (51), we need to study the following expressions:

k—1 k—1
U:=) (T f Tos'g) Y =) (T f,To"g)

1=0 =0

o (52)
Z:=» (I, f,Tox"9) V= (T [, T39) -

N
Il
o
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(The terms of the form (7% ;" f,T5;-1"g) or (T1,;"f,T2,+1"g) have a similar treat-
ment. )

We concentrate now on the first term U.

For the beginning we will introduce several useful tools. For j € {1,2}, let
Ip;(w) = lj(x) = ¢j + 2xb; and dj; = min{|I||P = [a,w,I] € P; & P € Sj; 1US;; U
Sji+1} (here Sj 1,8 k41 := 0); also, define a real-valued function ¢ € C§°(R) with
the following properties:

o suppyp C {; <|z| <3}

e (iseven;
B(6)— 1] Su 161", ¥Ié] < 1 and n big enough

o 2] Snlel™, VIEI=1.
Now, for j € {1,2} and [ € {1,...,k — 1} set

pia(a) = (0"2d; ) (61 dj ) )
and define the operators
Pja: L*(R) — LAR) by @jif =i+ f

®jy s L(R) — L*(R) by By = Mc, Qb $5uQu," Me,” .
Remark that ¢;; and ®;; are self-adjoint for all j € {1,2} and ! € {1,...,k —1}.
Our first aim is to prove the following:

(53)

and

Cram. For j e {1,2},1e{1,...,k—1} andn € N, decomposing T} ;" as

T f=,T507 f +Q.f (54)
we have
195.0ll2 S 0™ (55)
and
(@1 Ty f @i Toy*g)| Sn 6™ [1 fll2llgll2 - (56)

Proof of the claim.  Suppose that dy; < dy;; now, since ®;; are self-adjoint, for

showing (56) it is enough to prove
v

* n
(@i @i T frux )| Sn 6" [|vll2fullz - (57)
Now fix z € A;; then
|2 1@ 0(2)| = [B2,1Qpy" Mey* Me, Qpy 1,1 Qb, M, *v()|
= / [v(s)] /902,1(95 — y)p1(y — s)ell b b Heamel gy,

K:l(xvs)
Now making the change of variable y = x — t51/3d27l we deduce

‘IC[(CL‘, s)‘

B ‘ / 0t o@Dt C RS o (1) oy (1 — s 51/3d2,zt)dt‘ .
R
Consequently, we need to estimate an expression of the form

Late) =| [ e“at%%s(t)dt\

ds.
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where ¢ € C§°(R) with supp¢ C {1/4 < |t| < 1/2}, a = 6'/3dy;(Ia(x) — 1 () and
B =—(6"3dyy)*(by — br). N
Now, since the trees are separated, and since z € A;, we have that
inf |la(2) —li(z)| > 0 doy ™! = |af > 672/3.
TEA;
Since for r(t) =t + gtz = () >1- %t >1- 512122"1 > 0 we can apply the
(non-)stationary phase method and deduce that
1Io3(8)] Sna™, VneN.
As a consequence, we have that
Ki(,5)] S 8" (62 din) " Xy <os12a, y (@ —5) Vo € Ay

g

uy,(2—s)
= ’<I>2,lfl>17w(:v)’ S 0" (uy g+ |v])(z) S 0" Mo(x),
o (57) holds.
We now discuss the expression
Quf =T f = ,T5.° f -
Keeping in mind the fact that Qy,, M., are unitary we have the following chain
of equalities:

1€ M2 = 1T50" — 5uT5." f |2
= ||Qb cj* G = PaQu, M, T f
=T @l 1@, M, j,l*Mchbjh — BaQb, Mo, " Tjy* Me, Qo b2
" DHenoteHg Iy |— Cibha eci;aft’l*Mchbj; then 7;; = Qu, "M, T;;M.;Qp, and since
il = 2 we hav

192;,ll2 = 11750 — Ta85ull2 -
Now fixing a tile P = [mw,[] € S;; (with |I| = 27* for some k € N) we set

= Qp,"M;"TpM_,Qy, .
Then, for z € E(P) C I we have

1T () — T30 x)]—’/ Hy(la (@)= @)= @) =)0} o ()[R — ;1 % b (z — y)dy

< [ 1)@ -l @ - 08« o) w)ldy
T

rP(y) = tla@=Li@)=0@)=b)y} ) (1)) (58)
Our next step is to provide an L bound on the expression

ﬁ@—@%%mm:/ﬁwu—m@m@@.

r

]l|

where

For this we write

32 .
B(e)] = ‘/ i [0 (@) =1 @) == G (G =0)} o 3 1|

and observe that |I,(z) — 1;(x)| < |wp| < 2F; from this, since [¢] > 2¥, we can apply
the method of (non—)statlonary phase to obtain

rP(e)] < <1+|f|) , YneN&ze E®P). (59)
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Using now (59) together with (53), we deduce that

- —n—2
[rRo-goes [ (1 5) T 0 e

—n—2
+ / (1 + ‘5—,J) d¢ < 2K (286" Bd; ).
l&[>(81/3d;)
As a consequence we have that for any P € P; and x € E(P) C Ip
L () — (rF w050 ()] < (61328 )" 2 Xk 91y (y) -
Then denoting R;;(y) = szg(djyl)q(51/32kdj7l)"2kx[_27k,271@](y) we obtain
IRjall S (8)"%, and so

T — T30 / ( [ 1 e =Rty dy> dp <OS

%5 5o [ e
Consequently, we have shown that

1/2
12 hla < 6”( / W) ,
Ay

ending the proof of our claim.

Now, reformulating the previous statements, we have V € {0,...,k — 1}

1/2
125:0ll 1Dl 505" (s 1)

1/2 12 -
(@1 Ty f, @i Toy*g)| S <fA |f|2) (f;;l |g2>

(Note that supp T, suppT i supp {27, supp{l;; C Al.)

Now since
(T f, Tog"g) = (@1 T f, PoyToy g) + (Quaf, PoyTo " g)
+ (D110, f, Q209) + (0 f,Q2,19)

5,0

we have that
(T, f, T2,l*9>‘ <N [T, Roy T g) |

=0

ol
=

U] =

(]

l

|l
| o

1 k

_l’_

(]

-1
(10, Q2.9)|
1=0

( A IfIQ)l ( A |g12)1/2+§um,l<f>!!2( A w)m

12
Hﬂzl </Af!2) +ZHQU D2, <C5 61711 lglle.

The terms Y and Z can be treated snmlarly, we leave these details for the reader.

k-1
Q0 f, P2 T g)| + Z (@1 T1* f,Q2,09)| +
1=0

N
=l
I o

S0

_|_

I™MI M



GAFA BOUNDEDNESS OF THE QUADRATIC CARLESON OPERATOR 489

Now, it remains to estimate the term
V= /TT{'ikf 15,9
Setting B, =T \ },)Ic we have that

V=g Do foxasn e g) + (.o foxs. Ton"g) = A+ B
Clearly, only the second term requires some work; for this, we need first to
introduce some adapted tools: for j € {1,2} and ¢ as above, we define

pi(@) = p(@) = (2|L]) " p((PIL) M) & Gi(f)=@(f) = ¢ f
®;: L*(R) — L*(R)  with ®; = M, Qy,5;Qu, " Me,"

and, finally, Q;f := xB.Tj " f — ®;xB. 51" f-
Then for j € {1,2}, we have

xB 1 kf = ®ix. 1} f + X2, Q25 f + Xe(s, )ij-
3 c
Using the facts:
i. for z € B, we have |l1(z) — la(z)| 2 §~¢|supp |,
11. XC(gIC) ij = XC(gIC)I_’j,k‘ f - XC(gIC)(bjTj,k: f?
we can repeat the previous arguments and obtain
195 gll2 < llgll2
X2, 2ixTin"flly S e T fll2 = Ix. T £,
HXC( 21.) &y f“z S " fll2

1/2 1/2
(@1xB. Tk f, PoxB.To k" 9)| Sn 5”(/ ’f’Q) (/ |9’2) -
Iy Iy

Putting these relations together we conclude

1/2 1/2
|B|,sn5n( / |f|2> ( / |g|2) T AL e TP,
0 0

Since we trivially have

Al < ||xe. 777 fll,Ix2. 77 9], .
our proof is now complete. d

DEFINITION 6. A tree P with top-representative Py = [ag, wo, Io] is called normal
if

P=lo,wleP=|I|< || & dist(I,0lp) > 2052 |Iy| .
(Here K > 10 is some fixed constant and 0Iy designates the boundary of I.)

OBSERVATION 6. Notice that if P is a normal tree then suppTF " f C {a: € Iy |
dist(x, Olo) > 105 |Io|}.

DEFINITION 7. A row is a collection P = UJGNPj of normal trees P’ with top-
representatives P] = [ad),w}, I]] such that the {I}} are pairwise disjoint.
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LEMMA 3.  Let P be a row as above, let P’ be a tree with top-representative
[ag, wp, Ip] and suppose that Vj € N, I} C I}, and P/, P" are separated trees; for
each j, denote by I the critical intersection interval between P’ and P'.

Then for any f,g € L?(T) and n € N we have that

(TP LT g)] S 6" gl + || D x| DX 7™, -
J J

Proof. First, observe that it is enough to show that, for a fixed j, we have
73/* Pj* 73/*
‘<T f7T g>‘ gn (5"(”M(Mf)HL2([(J)‘)+ HM(M(T f))HLQ(Ig))HgHLQ([(J)')

1% i %
+ T Fllllxn T gl
For simplicity, in what follows we will drop the index j. Repeating now the
procedures from the previous lemma, we define the following objects: {Al}{le{o,...,kz}}
— the dyadic decomposition with respect to the (abscissa of the) intersection point
= Uf”:OSl — the partition of the tree P in the well-localized (with respect
to the separation interval I) sets of tiles, and {ﬂ*}{le{07...7k}} the corresponding
decomposition of TP* (so we have TP" = Zf:o T7°). Also, for
d; :min{m ’ P = [a,w,[] cePUP & I - Al_1UAlUAl+1, IC I()}
define ¢y, ¢, ®; and ; as before. Finally, set
~ % * 1% 7%
®) = MoQuaQu*Me™ & Qf =T7 [ —®T"" f.
Then, for [ € {0,...,k — 1}, we have
(TP, Tirg) = (M7 £ Ti"g) +(B[T7 " f,ug) +(Q4f. Tr'g) . (60)
Now using the following relations (see the previous lemma):
’<I>E<I>lh(m)} <p 0" (ul * |h])(:v)
| h(z)| S (Rix [h]) ()
with ||Ry]l1 < (6)"/3, where
Ri(y) = Z (61328 d) 28X ok 91 (1)
2k<(dy)~1
and s )
() = (d"3d) ™ X qju<a5/3a (@) 5
we deduce (recall that P is a normal tree) for the first two terms
(@ £, 2iT1"g)| < 6" (M(TT" £), [T} g])
Pl*
SOMT D) a9 22 o) (61)
and respectively,

(@™ £, ug)| < (Ro* {x 4,0, MTT" )}, lgl)
S 6nHM(T7D,*f)HL2(AlﬁIQ)”Mg||L2(AlmIO) . (62)

We now treat the last term of the right-hand side of (60). For this, set first
P):={P = |a,w,I] € P'| |I| > d;}; then, for x € supp T}*, we have

(@) =T f(z) = T () = TP f(a) — DT f(w)
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and consequently we deduce
x € supp 1] = ‘Qg*h(x)‘ < (Rl * |h\)(x),
SO
(41, T )| S (LR 1T gl) S UM ool e - (69)
Now, adding the relations (61)—(63), we obtain
pr* " n ¥
(T £. 17 g)| S 0" (IMFll 2 ayor) + M T D 24,000 1790 22
and consequently from Cauchy—Schwarz we deduce
(T 1.7 )]
< 8 (M L2y + [T P oo 1Ml 2y + (T £, TEg) | (64
where T} = 3" peg Tp with S, = {P € P | 2* € 5Ip}.
Now, for the last term of the right-hand side of (8), we argue as follows:

Case 1: || 2 221

In this situation we have no tile P = [a,w, I] € P such that 1007 N Iy # 0, and
consequently 7}" = 0, so we have nothing to prove.
6100

Case 2: IIs| < o]
Let P/ = {P € P' | z' € 5Ip}, P =P\ (P, UP;) where P, = {P=la,w]] e
{P'\P/}| 1] < $|IO|}; define T;" = 3" pcp/ Th; then obviously
TP = TP T T
For the first term, from Lemma 2, we deduce that
(TP T g)| S 0" 1 12 1) 191 22 (1 -
Now using that P = [a,w, ] € P = |I| 2 |I,| and defining
-1 _ - -
(@) = o) = (0'2|L]) " ((6"21L)"2) & ¢(f) = @(f) =9 f
¢ = MCQbQBQb*Mc* & ' = Mc’Qb’@Qb’*Mc’*
we can follow the general ideas presented above and show that
TP £, Tig)| Sn 0" (IM fllz2cry) + || M{MTT f)}HL2(]O)>HMg”L2(IO)

and
(T 119 S 8" (1M F |2y + (1M LM )M o o) 1M 9 22 )

+ s T ol T gl

/% def *
M(TP" )= sup E Tpf‘.
P=[a,w,IleP’!

[I|z2—™

where

So to summarize, we proved that
KTP,*f, T ¢)| < (1M fll 21y + HM{M(TP,*f)}HL2(IO))HM9||L2(IO)

+ . T |y T gl
Now the conclusion follows if we add the observation that

M(TP" ) < Mf+MTP7f). (65)
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Indeed, we first see that (65) can be rewritten as
M(TP7f) < Mf+M(TP7f) (66)
where, as usual, 77" := Q%M(ZTPI*M:&Q;% and I'(z) = ¢ + 2byz is the central
line associated with the top of P’.
Now fix m € N, z € [0,1] and define a function ¢ € C3°(R) with the following

properties:
o+ supp¢ C {|z| <2}

(67)
/ b=1& 6>0.
R
Let J be the dyadic interval having the properties z € J and |J| = 27™; set
ng( )= |J|7te(| |~ 1(3: —¢(J))); we want to estimate the expression
Y i / b1(s)TP" f(s)ds
Pep’
1pl=|J]
< [oof X ms@-msolast | [ o] X e}
pep’ Pep!
[pl=]J] pl<|J|
:=B+C.

We start by treating the first term; observe first, that with the notation (58) we
have (up to conjugation) that

Tp* f(x) = /P i o (@ =) f (W) xer) (y)dy . (68)
Relying on this, we further have
|Tp* f(z) — Tp* f (s /V rT—y —7” (s = |If W) xewp) (v)dy
Using now relation (59) (for |[Ip| = 27"%) we deduce
|r5(x —y)—rP(s— ‘ _ ‘/ ein(z—y) _ in(sy))dn‘
<[+ 22) W —sldn S 2471, (69)

where we used the fact that z, s € 5J and y € E(P).
From the previous relations, we conclude

55 [ osts { (r11191) [ \f(y)\X’P(y)dy}dsstu).

PeP’! |IP|
JC3ip
For the second term C we use the fact that 1) has the mean zero property. Indeed,
we have
c=| = [roneeo( [ oot - nis)al
pepr VR R
Hpl<lJ]|
< X [iwhemo( [ 16mmian)a.
pepr VR R

IpcioJ
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Now, for a fixed y, we argue as follows:

> xE(p)(y)< /R |65 (m)Py (n)\dn>

S vas) [ 1611+ 3 24l )an < oo o).

IpcioJs
k>m

Consequently,
Cs M f ( )

and replacing the bounds for B and C in (A), we conclude

\ Y T f(a ‘/m 77’ f(s)ds| + M f(x)

pPep’
1Ipl=|J]|

which is what we needed for (65) to hold. ]
Finally, we combine the previous results to prove that we can control the L?
norm of the operator associated to a forest.
Proof of Proposition 2. Define F' = J; {z € I; |dist(z,01;)) < 1005100 ;| =
U ; Ej
We will estimate our operator only on the complement of this set. This is safe
since we can control the measure of the excised set as follows:

550

m<2ww2u%wq(

where the last inequality is derlved from hypothe51s 3.

Now, on F¢, we intend to use the previous estimates obtained in Lemma 3, but
before this, we are forced to create enough space to apply the separation results.
(Here it is essential that our trees are “centered”; see Observation 3.a.) In the
following procedure, we will assume that there is no tree P; having two tiles with
same time interval; if this is not the case, then we must have (for some j) the
situation P € P; and P, € P; (or P, € P;), in which case we take the union of
these two tiles and consider it as a single tile, renamed P. Consequently, we start
by removing a few tiles from each tree P;.

Let P = U;P;; for M = log (K'9°67109) denote

Pt = {P € P | there is no chain P < P; < --- < Py with all P; € P}

and
~:={P € P | there is no chain P, < P, <--- < Py < P with all P; € P}.

Now, it is easy to see that each such set can be split into at most M subsets with
no two comparable tiles inside the same subset. Consequently, using Proposition 1,
we deduce that (as mentioned in section 3, n may change from line to line)

|77 77, 5 267 S 2Mlog K
We remove all the above mentioned sets from our collection P and decompose this
new set as follows:
P = UjP]Q where 73]0 =P;NP.

Now this modified collection P behaves much better than the initial one; indeed,

we have
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L VP = [a,w, I] € P, |T] < §'°/K'|I];
2. Vj # k, the trees PJQ and P} are §’-separated where &' = §100 /K100,
Moreover, if we split each PJQ = PJN U ch, with
C _d 0
PY =l (P =[a,w, 1] €P)|ICF;},
we conclude that {ij }; represents a collection of normal, §’-separated trees, while
for the remaining parts of the trees we have the relation
suppT Py C Fj.
Consequently, on F¢ we have that
TPp=3 1",
J
and so our conclusion reduces to

| S 277, < oo Kl (70)
J

Now we are ready to apply the results from Lemma 3. We start by dividing
Uj PJN into a union of at most K52 rows, Rq,Ra, ..., Ris—2. Thisis done by using
an easy maximal argument: choose from {Ij}j a collection of maximal (disjoint)
dyadic intervals - call it rq; after that, erase the set r1 from the previous collection
and repeat the same procedure with the remaining one obtaining a new set ry; due
to condition 3 in our hypothesis, we know that this procedure will end in at most
K52 steps; now take R; to be the set containing all trees that have their top inside
the set ;. Now, denoting by T Ri the operator associated with R;, we claim that

(C1) TR {20y S 6V/2.
(C2) | TR TRi|| 59y = 0 if k # j.

S 10 . .
(C3) ITRTR | fomny S () if ke # J.

If we accept this for the moment, then applying the Cotlar—Stein lemma we
deduce that PN » /2
17, = | ], s e
H; 1 Rl PO L

This last relation trivially implies (70), ending our proof.

We now pass to the analysis of our claims; for (C1), we just remark that since
R; is a row all the trees that belong to it are spatially disjoint, which together with
Lemma 1 implies our statement. (C2) is trivial since for k # j, the operators Tk
and T live in disjoint parts of the unit interval. The only interesting claim is (C3).
Fix kg, j0 and suppose that jo < kg. To avoid working with double indices, we will
use the following notation: let {A;}; be the tree-decomposition of R, with top
time intervals {A;}; and {By} the trees corresponding to Ry, and with top time
intervals { By }i. Since jo < ko (from the way we constructed our rows) we have that
A; N By, # 0 implies B, C A;. Given this fact, we may assume that there exists
{n;}; C N a strictly increasing sequence of natural numbers (ny = 1) such that

A; D U By .

nj_1§k<nj
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Now, from the fact that our trees are normal, we have
<TRj0*f, TRkg *g> _ Z <TAj*f’ Z TB’“*g> 7
Jj=1 nj_1<k<n;
where here f, g are two arbitrary functions in L?(T).
Now define Ig’k to be the critical intersection interval associated with the trees
:14]-dand By, and let I} = Unj_1§k<nj Ig’k_ Then, applying Lemma 3 for a fixed j, we
educe

(T4 3 1) S O U lzrcap ol

nj,1§k<nj

Fha il S x|,
nj,1§k<nj
where we recall that the trees A; and By are §’-separated with ¢’ = §100/ K190,

Now, using the relations (see Observation 5.b)

) 5 525

|IgﬂIP| Sﬁ’lpya VPE'Ajv (72)
) _ 525

PR Ip| < el VP € By, (73)

together with Lemma 4 below and the fact that all trees involved are normal, we
have that L 5110
T2 Flly < () £ 122 cay

By * 10
H Z XL 9H2 S(R) gl -
”j—1§k<nj

and

Now replacing the last two relations in (71), we conclude
A * B, * 5§10
(T47r S T579) S ()" I lea Mgl zeay)
nj_1§k<nj
which together with an easy orthogonality argument gives us relation (C3), com-
pleting our proof. a
Heuristically, the next result is a “dual statement” of Lemma 1.
LEMMA 4. Let P be a tree with top-representative By = [, wo, Ip]; suppose also
that we have a set A C Iy with the property that
36 € (0,1) s.t. VP = [o,w,I] € P we have |[I" N A| < 0|I]. (74)
Then Vf € L*(T) we have
aT?" fll, S 6211 fll2. (75)

Proof. We start the proof with the following observation: if ly(z) = ¢o + 2box is the
central line of P then (75) is equivalent to
Ixa@3, M TP Meo Qo f |, < 521512
Consequently, we may assume that the top frequency line [p, coincides with the
real axis (indeed, for the general case, taking as usual TP = Qy,MeT 7D*MCOQbO,
one may repeat the procedure appearing below, by using relations (68) and (69)
in (78)).
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Another observation is that from the structure of the intervals {I}} we know
that even though they are not necessarily dyadic, each I}, can be written as a union
of at most 4 dyadic intervals with the same length - call them {/p };*:1. With this
done, set

S:{Ipvj’PE’P & jE {1,,4}}

Suppose now that P is a finite collection of tiles. Also, define J the collection

of maximal dyadic intervals I with the property
vJeS ifJNI#0then ICJ. (%)

Set then J to be any dyadic partition of [0, 1] that contains 7. Now, by inspect-
ing (75), we remark that we may consider A C suppZ”". Then from the maximality
of J and (74), we deduce

vieJ |AnJ|<6l]. (76)
On the other hand, we also have

TP f(2) = 3 xoma{ 32 Tt (o)}

Now our proof relies on the relation (z € J ﬁxed and J € ]
TP f(z) — /TP* s)ds / Mf(s)ds. (77)
/] \J |

If we accept this for the moment, then, denoting

ZXJ SuP|[|/‘f‘

Jeg
we have that . .
TP f(2)| S M7(T7" f)(2) + Mz (M[)(z) .
Now based on (76), we see that the relation (16) is satisfied for E; = AN J, and
so we conclude

XATP" f(@)] S Mo (TP [) () + Ms(M f)(w),
which combined with (17) implies (75).
We return now to (77). For fixed J € J and = € J we have

TP f(x) — |;| TP £(5)ds
:’m J{ 1;, / or(e =y ‘Pk(s_y)]f(y)XE(P)(y)dy}ds 78)
[Ip|>|J]
<o (1S P s £ Mp000),
2-k>|J]

and the proof of our claim is now complete. O
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9 Remarks

1. Using interpolation methods, one can show (see also [F, §8]) that the previous
results can be extended to handle the LP case (1 < p < 00); more exactly one
can show that for any f € LP(T) one has |T'f(x)| < oo a.e. z € T.

2. The general polynomial phase case requires further generalization of the tiles
to curved regions in the time-frequency plane. We hope to address this subject
in the future.
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