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❚❤❡ ❲❡✐❜✉❧❧✲▲♦♠❛① ❞✐str✐❜✉t✐♦♥✿ ♣r♦♣❡rt✐❡s ❛♥❞
❛♣♣❧✐❝❛t✐♦♥s

▼✳ ❍✳ ❚❛❤✐r∗ ✱ ●❛✉ss ▼✳ ❈♦r❞❡✐r♦† ✱ ▼✳ ▼❛♥s♦♦r‡ ❛♥❞ ▼✳ ❩✉❜❛✐r§

❆❜str❛❝t

❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♠♦❞❡❧ ❝❛❧❧❡❞ t❤❡ ❲❡✐❜✉❧❧✲▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤
❡①t❡♥❞s t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❤❛s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞❡❝r❡❛s✐♥❣
s❤❛♣❡s ❢♦r t❤❡ ❤❛③❛r❞ r❛t❡ ❢✉♥❝t✐♦♥✳ ❱❛r✐♦✉s str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
♥❡✇ ❞✐str✐❜✉t✐♦♥ ❛r❡ ❞❡r✐✈❡❞ ✐♥❝❧✉❞✐♥❣ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♠♦✲
♠❡♥ts ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥ts✱ ❇♦♥❢❡rr♦♥✐ ❛♥❞ ▲♦r❡♥③ ❝✉r✈❡s✱ ♠❡❛♥
❞❡✈✐❛t✐♦♥s✱ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡✱ ♠❡❛♥ ✇❛✐t✐♥❣ t✐♠❡✱ ♣r♦❜❛❜✐❧✐t② ✇❡✐❣❤t❡❞
♠♦♠❡♥ts✱ ❣❡♥❡r❛t✐♥❣ ❛♥❞ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❘é♥②✐ ❛♥❞ q ❡♥tr♦♣✐❡s
❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞✳ ❲❡ ♣r♦✈✐❞❡ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦r❞❡r st❛✲
t✐st✐❝s ❛♥❞ t❤❡✐r ♠♦♠❡♥ts✳ ❚❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ❡st✐♠❛t❡❞ ❜②
t❤❡ ♠❡t❤♦❞ ♦❢ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ✐♥❢♦r♠❛t✐♦♥ ♠❛✲
tr✐① ✐s ❞❡t❡r♠✐♥❡❞✳ ❚❤❡ ♣♦t❡♥t✐❛❧✐t② ♦❢ t❤❡ ♥❡✇ ♠♦❞❡❧ ✐s ✐❧❧✉str❛t❡❞ ❜②
♠❡❛♥s ♦❢ t✇♦ r❡❛❧ ❧✐❢❡ ❞❛t❛ s❡ts✳ ❋♦r t❤❡s❡ ❞❛t❛✱ t❤❡ ♥❡✇ ♠♦❞❡❧ ♦✉t♣❡r✲
❢♦r♠s t❤❡ ▼❝❉♦♥❛❧❞✲▲♦♠❛①✱ ❑✉♠❛r❛s✇❛♠②✲▲♦♠❛①✱ ❣❛♠♠❛✲▲♦♠❛①✱
❜❡t❛✲▲♦♠❛①✱ ❡①♣♦♥❡♥t✐❛t❡❞ ▲♦♠❛① ❛♥❞ ▲♦♠❛① ♠♦❞❡❧s✳

✷✵✵✵ ❆▼❙ ❈❧❛ss✐✜❝❛t✐♦♥✿ ✻✵❊✵✺❀ ✻✷◆✵✺✳

❑❡②✇♦r❞s✿ ❍❛③❛r❞ ❢✉♥❝t✐♦♥❀ ▲✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥❀ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥❀ ▼♦✲
♠❡♥t❀ ❲❡✐❜✉❧❧✲● ❝❧❛ss✳
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∗❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s✱ ❚❤❡ ■s❧❛♠✐❛ ❯♥✐✈❡rs✐t② ♦❢ ❇❛❤❛✇❛❧♣✉r✱ ❇❛❤❛✇❛❧♣✉r ✻✸✶✵✵✱ P❛❦✲
✐st❛♥✳
❊♠❛✐❧✿ ♠t❛❤✐r✳st❛t❅❣♠❛✐❧✳❝♦♠❀ ♠❤t❅✐✉❜✳❡❞✉✳♣❦ ❈♦rr❡s♣♦♥❞✐♥❣ ❆✉t❤♦r✳

†❉❡♣❛rt♠❡♥t ♦❢ ❙t❛t✐st✐❝s✱ ❋❡❞❡r❛❧ ❯♥✐✈❡rs✐t② ♦❢ P❡r♥❛♠❜✉❝♦✱ ✺✵✼✹✵✲✺✹✵✱ ❘❡❝✐❢❡✱ P❊✱ ❇r❛③✐❧✳
❊♠❛✐❧✿❣❛✉ss❅❞❡✳✉❢♣❡✳❜r❀ ❣❛✉ss❝♦r❞❡✐r♦❅❣♠❛✐❧✳❝♦♠

‡P✉♥❥❛❜ ❈♦❧❧❡❣❡✱ ✷✻✲❈ ❙❤❛❜❜✐r ❙❤❛❤❡❡❞ ❘♦❛❞✱ ▼♦❞❡❧ ❚♦✇♥✲❆✱ ❇❛❤❛✇❛❧♣✉r✱ P❛❦✐st❛♥✳
❊♠❛✐❧✿♠❛♥s♦♦r✳❛❜❜❛s✐✶✹✸❅❣♠❛✐❧✳❝♦♠

§●♦✈❡r♥♠❡♥t ❉❡❣r❡❡ ❈♦❧❧❡❣❡ ❑❛❤r♦r♣❛❝❝❛✱ ▲♦❞❤r❛♥✱ P❛❦✐st❛♥✳
❊♠❛✐❧✿③✉❜❛✐r✳st❛t❅②❛❤♦♦✳❝♦♠



✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ▲♦♠❛① ♦r P❛r❡t♦ ■■ ✭t❤❡ s❤✐❢t❡❞ P❛r❡t♦✮ ❞✐str✐❜✉t✐♦♥ ✇❛s ♣✐♦♥❡❡r❡❞ t♦ ♠♦❞❡❧
❜✉s✐♥❡ss ❢❛✐❧✉r❡ ❞❛t❛ ❜② ▲♦♠❛① ❬✹✺❪✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❤❛s ❢♦✉♥❞ ✇✐❞❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❛
✈❛r✐❡t② ♦❢ ✜❡❧❞s s✉❝❤ ❛s ✐♥❝♦♠❡ ❛♥❞ ✇❡❛❧t❤ ✐♥❡q✉❛❧✐t②✱ s✐③❡ ♦❢ ❝✐t✐❡s✱ ❛❝t✉❛r✐❛❧ s❝✐❡♥❝❡✱
♠❡❞✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧ s❝✐❡♥❝❡s✱ ❡♥❣✐♥❡❡r✐♥❣✱ ❧✐❢❡t✐♠❡ ❛♥❞ r❡❧✐❛❜✐❧✐t② ♠♦❞❡❧✐♥❣✳ ■t ❤❛s
❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♠♦❞❡❧ ❞❛t❛ ♦❜t❛✐♥❡❞ ❢r♦♠ ✐♥❝♦♠❡ ❛♥❞ ✇❡❛❧t❤ ❬✸✼✱ ✶✻❪✱ ✜r♠ s✐③❡ ❬✷✸❪✱
s✐③❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦♠♣✉t❡r ✜❧❡s ♦♥ s❡r✈❡rs ❬✹✵❪✱ r❡❧✐❛❜✐❧✐t② ❛♥❞ ❧✐❢❡ t❡st✐♥❣ ❬✸✽❪✱ r❡❝❡✐✈❡r
♦♣❡r❛t✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ✭❘❖❈✮ ❝✉r✈❡ ❛♥❛❧②s✐s ❬✷✶❪ ❛♥❞ ❍✐rs❝❤✲r❡❧❛t❡❞ st❛t✐st✐❝s ❬✸✹❪✳

❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ✇❛②s✳ ■t ✐s
❦♥♦✇♥ ❛s ❛ s♣❡❝✐❛❧ ❢♦r♠ ♦❢ P❡❛rs♦♥ t②♣❡ ❱■ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❤❛s ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠✐①✲
t✉r❡ ♦❢ ❡①♣♦♥❡♥t✐❛❧ ❛♥❞ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥s✳ ■♥ t❤❡ ❧✐❢❡t✐♠❡ ❝♦♥t❡①t✱ t❤❡ ▲♦♠❛① ♠♦❞❡❧
❜❡❧♦♥❣s t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❞❡❝r❡❛s✐♥❣ ❢❛✐❧✉r❡ r❛t❡ ❬✷✹❪ ❛♥❞ ❛r✐s❡s ❛s ❛ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥
♦❢ r❡s✐❞✉❛❧ ❧✐❢❡t✐♠❡s ❛t ❣r❡❛t ❛❣❡ ❬✶✽❪✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ ❛s ❤❡❛✈②
t❛✐❧❡❞ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧✱ ❲❡✐❜✉❧❧ ❛♥❞ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥s ❬✶✾❪✳ ❋✉rt❤❡r✱ ✐t
✐s r❡❧❛t❡❞ t♦ t❤❡ ❇✉rr ❢❛♠✐❧② ♦❢ ❞✐str✐❜✉t✐♦♥s ❬✺✺❪ ❛♥❞ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❢r♦♠ ❝♦♠♣♦✉♥❞ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥s ❬✸✵❪✳ ❙♦♠❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥
❛♥❞ P❛r❡t♦ ❢❛♠✐❧② ❛r❡ ❣✐✈❡♥ ✐♥ ❆r♥♦❧❞ ❬✶✷❪ ❛♥❞ ❏♦❤♥s♦♥ ❡t ❛❧✳ ❬✹✶❪✳

❚❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ♣r♦♣❡rt✐❡s✱ ❡st✐♠❛t✐♦♥ ❛♥❞ ✐♥❢❡r❡♥❝❡ ♦❢ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❛r❡
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛s ❢♦❧❧♦✇s✳ ■♥ r❡❝♦r❞ ✈❛❧✉❡ t❤❡♦r②✱ s♦♠❡ ♣r♦♣❡rt✐❡s ❛♥❞ ♠♦✲
♠❡♥ts ❢♦r t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ ❬✼✱ ✶✼✱ ✹✸✱ ✶✶❪✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥
♦❢ ❇❛②❡s✐❛♥ ❛♥❞ ♥♦♥✲❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ❢r♦♠ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❜❛s❡❞ ♦♥ r❡❝♦r❞
✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✐♥ ❬✹✱ ✹✾❪✳ ❚❤❡ ♠♦♠❡♥ts ❛♥❞ ✐♥❢❡r❡♥❝❡ ❢♦r t❤❡ ♦r❞❡r st❛t✐st✐❝s ❛♥❞
❣❡♥❡r❛❧✐③❡❞ ♦r❞❡r st❛t✐st✐❝s ✭❣♦s✮ ❛r❡ ❣✐✈❡♥ ✐♥ ❬✺✷✱ ✷✺❪ ❛♥❞ ❬✹✼❪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡st✐♠❛✲
t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ✐♥ ❝❛s❡ ♦❢ ♣r♦❣r❡ss✐✈❡ ❛♥❞ ❤②❜r✐❞ ❝❡♥s♦r✐♥❣ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥
❬✶✸✱ ✷✽✱ ✶✵✱ ✸✾❪ ❛♥❞ ❬✶✹❪✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❇❛②❡s✐❛♥ ♣r❡❞✐❝t✐♦♥ ❜♦✉♥❞s ❢♦r ❢✉t✉r❡ ♦❜s❡r✈❛✲
t✐♦♥ ❜❛s❡❞ ♦♥ ✉♥❝❡♥s♦r❡❞ ❛♥❞ t②♣❡✲■ ❝❡♥s♦r❡❞ s❛♠♣❧❡ ❢r♦♠ t❤❡ ▲♦♠❛① ♠♦❞❡❧ ❛r❡ ❞❡❛❧t ✐♥
❬✸❪ ❛♥❞ ❬✾❪✳ ❋✉rt❤❡r✱ t❤❡ ❇❛②❡s✐❛♥ ❛♥❞ ♥♦♥✲❇❛②❡s✐❛♥ ❡st✐♠❛t♦rs ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ ✐♥ ❝❛s❡
♦❢ t②♣❡✲■ ❝❡♥s♦r❡❞ s❛♠♣❧❡s ❢♦r t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✶❪✱ ❛♥❞ t❤❡ ❡st✐✲
♠❛t✐♦♥ ✉♥❞❡r st❡♣✲str❡ss ❛❝❝❡❧❡r❛t❡❞ ❧✐❢❡ t❡st✐♥❣ ❢♦r t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞
✐♥ ❬✸✽❪✳ ❚❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ t❤r♦✉❣❤ ❣❡♥❡r❛❧✐③❡❞ ♣r♦❜❛❜✐❧✐t② ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts
✭P❲▼s✮ ✐s ❛❞❞r❡ss❡❞ ✐♥ ❬✷❪✳ ▼♦r❡ r❡❝❡♥t❧②✱ t❤❡ s❡❝♦♥❞✲♦r❞❡r ❜✐❛s ❛♥❞ ❜✐❛s✲❝♦rr❡❝t✐♦♥ ❢♦r
t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs ✭▼▲❊s✮ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥
❛r❡ ❞❡t❡r♠✐♥❡❞ ✐♥ ❬✸✸❪✳

❚❤❡ ♠❛✐♥ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡ ❛♥♦t❤❡r ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥
✉s✐♥❣ t❤❡❲❡✐❜✉❧❧✲● ❣❡♥❡r❛t♦r ❞❡✜♥❡❞ ❜② ❇♦✉r❣✉✐❣♥♦♥ ❡t ❛❧✳ ❬✷✵❪✳ ❙♦✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ♥❡✇
❲❡✐❜✉❧❧✲▲♦♠❛① ✭✏❲▲✑ ❢♦r s❤♦rt✮ ❞✐str✐❜✉t✐♦♥ ❜② ❛❞❞✐♥❣ t✇♦ ❡①tr❛ s❤❛♣❡ ♣❛r❛♠❡t❡rs t♦
t❤❡ ▲♦♠❛① ♠♦❞❡❧✳ ❚❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ r❡s❡❛r❝❤ ❛r❡ t♦ st✉❞② s♦♠❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ♣r♦♣♦s❡❞ ❞✐str✐❜✉t✐♦♥✳

❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Z ❤❛s t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ✇✐t❤ t✇♦ ♣❛r❛♠❡t❡rs α ❛♥❞ β✱ ✐❢ ✐t
❤❛s ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭❝❞❢✮ ✭❢♦r x > 0✮ ❣✐✈❡♥ ❜②

✭✶✳✶✮ Hα,β(x) = 1−
[
1 +

(x
β

)]−α

,

✇❤❡r❡ α > 0 ❛♥❞ β > 0 ❛r❡ t❤❡ s❤❛♣❡ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t②
❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✭♣❞❢✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✶✳✶✮ r❡❞✉❝❡s t♦

✭✶✳✷✮ hα,β(x) =
α

β

[
1 +

(x
β

)]−(α+1)

.



❚❤❡ s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ S(t) ❛♥❞ t❤❡ ❤❛③❛r❞ r❛t❡ ❢✉♥❝t✐♦♥ ✭❤r❢✮ h(t) ❛t t✐♠❡ t ❢♦r t❤❡ ▲♦♠❛①
❞✐str✐❜✉t✐♦♥ ❛r❡ ❣✐✈❡♥ ❜②

S(t) =
[
1 +

(x
β

)]−α

and h(t) =
α

β

[
1 +

(x
β

)]−1

,

r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ rt❤ ♠♦♠❡♥t ♦❢ Z, ✭❢♦r r < α✮ ❝♦♠❡s ❢r♦♠ ✭✶✳✷✮ ❛s µ
′

rZ = αβr B(r + 1, α − r)✱

✇❤❡r❡ B(p, q) =
∫ 1

0
wp−1 (1 − w)q−1dw ✐s t❤❡ ❝♦♠♣❧❡t❡ ❜❡t❛ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠❡❛♥ ♦❢

Z ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s E(Z) = β/(α − 1)✱ ❢♦r α > 1✱ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ✐s V ar(Z) =
β2/[(α− 1)2 (α− 2)]✱ ❢♦r α > 2✳ ❆s α t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡ ♠❡❛♥ t❡♥❞s t♦ β✱ t❤❡ ✈❛r✐❛♥❝❡
t❡♥❞s t♦ β2✱ t❤❡ s❦❡✇♥❡ss t❡♥❞s t♦ ✸✻ ❛♥❞ t❤❡ ❡①❝❡ss ❦✉rt♦s✐s ❛♣♣r♦❛❝❤❡s ✷✶✳

❚❤❡ tr❡♥❞ ♦❢ ♣❛r❛♠❡t❡r✭s✮ ✐♥❞✉❝t✐♦♥ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❞✐str✐❜✉t✐♦♥ ❤❛s r❡❝❡✐✈❡❞ ✐♥❝r❡❛s❡❞
❛tt❡♥t✐♦♥ ✐♥ r❡❝❡♥t ②❡❛rs t♦ ❡①♣❧♦r❡ ♣r♦♣❡rt✐❡s ❛♥❞ ❢♦r ❡✣❝✐❡♥t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛✲
r❛♠❡t❡rs✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s♦♠❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❛r❡ ❛✈❛✐❧❛❜❧❡
s✉❝❤ ❛s t❤❡ ❡①♣♦♥❡♥t✐❛t❡❞ ▲♦♠❛① ✭❊▲✮ ❬✻❪✱ ▼❛rs❤❛❧❧✲❖❧❦✐♥ ❡①t❡♥❞❡❞✲▲♦♠❛① ✭▼❖❊▲✮
❬✸✷✱ ✸✺❪✱ ❜❡t❛✲▲♦♠❛① ✭❇▲✮✱ ❑✉♠❛r❛s✇❛♠②✲▲♦♠❛① ✭❑✇▲✮✱ ▼❝❉♦♥❛❧❞✲▲♦♠❛① ✭▼❝▲✮ ❬✹✹❪
❛♥❞ ❣❛♠♠❛✲▲♦♠❛① ✭●▲✮ ❬✷✼❪✳

❚❤❡ ✜rst ♣❛r❛♠❡t❡r ✐♥❞✉❝t✐♦♥ t♦ t❤❡ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ✇❛s s✉❣❣❡st❡❞ ❜② ❬✻❪ ✉s✐♥❣
▲❡❤♠❛♥♥ ❛❧t❡r♥❛t✐✈❡ t②♣❡ ■ ♣r♦♣♦s❡❞ ❜② ●✉♣t❛ ❡t ❛❧✳ ❬✸✻❪✳ ❚❤❡ t❤r❡❡✲♣❛r❛♠❡t❡r ❊▲ ❝❞❢
✭❢♦r x > 0✮ ✐s ❞❡✜♥❡❞ ❜②

✭✶✳✸✮ Ga,α,β(x) =
{
1−

[
1 +

(x
β

)]−α}a

,

✇❤❡r❡ a > 0 ✐s ❛ s❤❛♣❡ ♣♦✇❡r ♣❛r❛♠❡t❡r✳ ❚❤❡ ♣❞❢ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✶✳✸✮ ✭❢♦r x > 0✮ ✐s
❣✐✈❡♥ ❜②

✭✶✳✹✮ ga,α,β(x) =
aα

β

[
1 +

(x
β

)]−(α+1){
1−

[
1 +

(x
β

)]−α}a−1

,

✇✐t❤ t✇♦ s❤❛♣❡ ♣❛r❛♠❡t❡rs ❛♥❞ ♦♥❡ s❝❛❧❡ ♣❛r❛♠❡t❡r✳
▲❡t Y ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❤❛✈✐♥❣ t❤❡ ❊▲ ❞✐str✐❜✉t✐♦♥ ✭✶✳✹✮ ✇✐t❤ ♣❛r❛♠❡t❡rs a✱ α

❛♥❞ β✳ ❯s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ t = 1− [1 + (x/β)]−α ❛♥❞ t❤❡ ❜✐♥♦♠✐❛❧ ❡①♣❛♥s✐♦♥✱ t❤❡
rt❤ ♠♦♠❡♥t ♦❢ Y ✭❢♦r r < α✮ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✶✳✹✮ ❛s

✭✶✳✺✮ µ
′

r,Y (x) = a βr
r∑

m=0

(−1)m
(

r

m

)

B
(
a, m−r

α
+ 1
)
.

❚❤❡ rt❤ ✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥t ♦❢ Y ✐s ❣✐✈❡♥ ❜②

✭✶✳✻✮ µ
′

(r,Y )(z) =

∫ z

0

yr ga,α,β(y) dy = a βr
r∑

m=0

(−1)m
(

r

m

)

By

(
a, m−r

α
+ 1
)
,

✇❤❡r❡ By(p, q) =
∫ y

0
wp−1 (1 − w)q−1dw ✐s t❤❡ ✐♥❝♦♠♣❧❡t❡ ❜❡t❛ ❢✉♥❝t✐♦♥✳ ❙♦♠❡ ♦t❤❡r

♠❛t❤❡♠❛t✐❝❛❧ q✉❛♥t✐t✐❡s ♦❢ Y ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✺✱ ✻✱ ✹✷❪✳
❚❤❡ s❡❝♦♥❞ ♣❛r❛♠❡t❡r ❡①t❡♥s✐♦♥ t♦ t❤❡ ▲♦♠❛① ♠♦❞❡❧✱ ♥❛♠❡❞ t❤❡ ▼❖❊▲ ❞✐str✐❜✉t✐♦♥✱

✇❛s ♣r♦♣♦s❡❞ ❜② ❬✸✷❪ ✉s✐♥❣ ❛ ✢❡①✐❜❧❡ ❣❡♥❡r❛t♦r ♣✐♦♥❡❡r❡❞ ❜② ▼❛rs❤❛❧❧ ❛♥❞ ❖❧❦✐♥ ❬✹✻❪✳
❚❤❡ t❤r❡❡✲♣❛r❛♠❡t❡r ▼❖❊▲ ❝❞❢ ✐s ❣✐✈❡♥ ❜②

✭✶✳✼✮ Fα,β,δ(x) = δ
{[

1 +
(x
β

)]α
− δ
}−1

.

❚❤❡ ♣❞❢ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✶✳✼✮ ❜❡❝♦♠❡s

✭✶✳✽✮ fα,β,δ(x) = αβδ
[
1 +

(x
β

)]α−1 {[
1 +

(x
β

)]α
− δ
}−2

,

✇❤❡r❡ δ = 1− δ ❛♥❞ δ > 0 ✐s ❛ s❤❛♣❡ ✭♦r t✐❧t✮ ♣❛r❛♠❡t❡r✳



❚❤❡ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❧✐❛❜✐❧✐t② ❢♦r t❤❡ ▼❖❊▲ ❞✐str✐❜✉t✐♦♥ ❛r❡
st✉❞✐❡❞ ✐♥ ❬✸✷❪ ❛♥❞ ❬✸✺❪✳ ❚❤❡ ❛❝❝❡♣t❛♥❝❡ s❛♠♣❧✐♥❣ ♣❧❛♥s ✭❞♦✉❜❧❡ ❛♥❞ ❣r♦✉♣❡❞✮ ❜❛s❡❞ ♦♥
♥♦♥✲tr✉♥❝❛t❡❞ ❛♥❞ tr✉♥❝❛t❡❞ s❛♠♣❧❡s ❢♦r t❤❡ ▼❖❊▲ ❞✐str✐❜✉t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞
❜② ❬✶✺✱ ✺✸✱ ✺✹✱ ✺✵❪✳

▲❡♠♦♥t❡ ❛♥❞ ❈♦r❞❡✐r♦ ❬✹✹❪ ❞✐s❝✉ss❡❞ t❤r❡❡ ♣❛r❛♠❡t❡r ✐♥❞✉❝t✐♦♥s t♦ t❤❡ ▲♦♠❛① ❞✐s✲
tr✐❜✉t✐♦♥s✱ ♥❛♠❡❧② t❤❡ ❇▲✱ ❑✇▲ ❛♥❞ ▼❝▲ ❜② ✐♥❝❧✉❞✐♥❣ t✇♦✱ t✇♦ ❛♥❞ t❤r❡❡ ❡①tr❛ s❤❛♣❡
♣❛r❛♠❡t❡rs ✉s✐♥❣ t❤❡ ❜❡t❛✲●✱ ❑✉♠❛r❛s✇❛♠②✲● ❛♥❞ ▼❝❉♦♥❛❧❞✲● ❣❡♥❡r❛t♦rs ❞❡✜♥❡❞ ❜②
❊✉❣❡♥❡ ❡t ❛❧✳ ❬✸✶❪✱ ❈♦r❞❡✐r♦ ❛♥❞ ❞❡ ❈❛str♦ ❬✷✻❪ ❛♥❞ ❆❧❡①❛♥❞❡r ❡t ❛❧✳ ❬✽❪✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❝❞❢s ♦❢ t❤❡ ❇▲✱ ❑✇▲ ❛♥❞ ▼❝▲ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

✭✶✳✾✮ FBL(x; a, b, α, β) = I{
1−

[

1+( x
β
)
]−α

}

(x)
(a, b),

✭✶✳✶✵✮ FKwL(x; a, b, α, β) = 1−
[
1−

{
1−

[
1 +

(x
β

)]−α}a]b

❛♥❞

✭✶✳✶✶✮ FMcL(x; a, b, c, α, β) = I{
1−

[

1+( x
β
)
]−α

}c

(x)
(a, b),

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ Iw(p, q) = Bx(p, q)/B(p, q) ✐s t❤❡ ✐♥❝♦♠♣❧❡t❡ ❜❡t❛ ❢✉♥❝t✐♦♥ r❛t✐♦✱ ❛♥❞
a > 0✱ b > 0 ❛♥❞ c > 0 ❛r❡ ❡①tr❛ s❤❛♣❡ ♣❛r❛♠❡t❡rs ✇❤♦s❡ r♦❧❡ ✐s t♦ ❣♦✈❡r♥ t❤❡ s❦❡✇♥❡ss
❛♥❞ t❛✐❧ ✇❡✐❣❤ts✳

❚❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✶✳✾✮✱ ✭✶✳✶✵✮ ❛♥❞ ✭✶✳✶✶✮ ❛r❡ ❣✐✈❡♥ ❜②

✭✶✳✶✷✮ fBL(x; a, b, α, β) =
α

β B(a, b)

[
1 +

(x
β

)]−(αb+1){
1−

[
1 +

(x
β

)]−α}a−1

,

✭✶✳✶✸✮ fKwL(x; a, b, α, β) =
a bα

β

[
1 +

(x
β

)]−(α+1) {
1−

[
1 +

(x
β

)]−α}a−1

×
[
1−

{
1−

[
1 +

(x
β

)]−α}a]b−1

❛♥❞

✭✶✳✶✹✮ fMcL(x; a, b, c, α, β) =
c α

β B(a c−1, b)

[
1 +

(x
β

)]−(α+1)

×
{
1−

[
1 +

(x
β

)]−α}a−1 [
1−

{
1−

[
1 +

(x
β

)]−α}c]b−1

,

r❡s♣❡❝t✐✈❡❧②✳
❘❡❝❡♥t❧②✱ ❈♦r❞❡✐r♦ ❡t ❛❧✳ ❬✷✼❪ ✐♥tr♦❞✉❝❡❞ ❛ t❤r❡❡✲♣❛r❛♠❡t❡r ❣❛♠♠❛✲▲♦♠❛① ✭●▲✮ ❞✐s✲

tr✐❜✉t✐♦♥ ❜❛s❡❞ ♦♥ ❛ ✈❡rs❛t✐❧❡ ❛♥❞ ✢❡①✐❜❧❡ ❣❛♠♠❛ ❣❡♥❡r❛t♦r ♣r♦♣♦s❡❞ ❜② ❩❛❣r❛❢♦s ❛♥❞
❇❛❧❛❦r✐s❤♥❛♥ ❬✺✻❪ ✉s✐♥❣ ❙t❛❝②✬s ❣❡♥❡r❛❧✐③❡❞ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥ ❛♥❞ r❡❝♦r❞ ✈❛❧✉❡ t❤❡♦r②✳
❚❤❡ ●▲ ❝❞❢ ✐s ❣✐✈❡♥ ❜②

✭✶✳✶✺✮ F (a, α, β)(x) =
Γ
(
a, α log

[
1 +

(
x
β

)])

Γ(a)
, x > 0,

✇❤❡r❡ α > 0 ❛♥❞ a > 0 ❛r❡ s❤❛♣❡ ♣❛r❛♠❡t❡rs ❛♥❞ β > 0 ✐s ❛ s❝❛❧❡ ♣❛r❛♠❡t❡r✳ ❚❤❡ ♣❞❢
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✶✳✶✺✮ ✐s ❣✐✈❡♥ ❜②

✭✶✳✶✻✮ f(a, α, β)(x) =
αa

β Γ(a)

[
1 +

(x
β

)]−(α+1){
log
[
1 +

(x
β

)]}a−1

, x > 0.

▼♦r❡ r❡❝❡♥t❧②✱ ❇♦✉r❣✉✐❣♥♦♥ ❡t ❛❧✳ ❬✷✵❪ ♣r♦♣♦s❡❞ t❤❡ ❲❡✐❜✉❧❧✲● ❝❧❛ss ✐♥✢✉❡♥❝❡❞ ❜② t❤❡
❩♦❣r❛❢♦s✲❇❛❧❛❦r✐s❤♥❛♥✲● ❝❧❛ss✳ ▲❡t G(x; Θ) ❛♥❞ g(x; Θ) ❞❡♥♦t❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❛♥❞ ❞❡♥✲
s✐t② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✇✐t❤ ♣❛r❛♠❡t❡r ✈❡❝t♦r Θ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❲❡✐❜✉❧❧

❝❞❢ FW (x) = 1 − e−a xb

✭❢♦r x > 0 ❛♥❞ a, b > 0✮✳ ❇♦✉r❣✉✐❣♥♦♥ ❡t ❛❧✳ ❬✷✵❪ r❡♣❧❛❝❡❞ t❤❡



❛r❣✉♠❡♥t x ❜② G(x; Θ)/G(x; Θ)✱ ✇❤❡r❡ G(x; Θ) = 1−G(x; Θ)✱ ❛♥❞ ❞❡✜♥❡❞ t❤❡✐r ❝❧❛ss ♦❢
❞✐str✐❜✉t✐♦♥s✱ s❛② ❲❡✐❜✉❧❧✲●✭a, b,Θ✮✱ ❜② t❤❡ ❝❞❢

✭✶✳✶✼✮ F (x; a, b,Θ) = a b

∫ [

G(x;Θ)

G(x;Θ)

]

0

xb−1 exp
(
−a xb

)
dx = 1− exp

{

−a

[
G(x; Θ)

G(x; Θ)

]b}

.

❚❤❡ ❲❡✐❜✉❧❧✲● ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

✭✶✳✶✽✮ f(x; a, b,Θ) = a b g(x; Θ)

[
G(x; Θ)b−1

G(x; Θ)b+1

]
exp

{

−a

[
G(x; Θ)

G(x; Θ)

]b}

, x ∈ ℜ.

■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ♣r♦♣♦s❡ ❛♥❞ st✉❞② t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥ ❜❛s❡❞ ♦♥ ❡q✉❛t✐♦♥s ✭✶✳✶✼✮
❛♥❞ ✭✶✳✶✽✮✳ ❚❤❡ ♣❛♣❡r ✐s ♦✉t❧✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❞❡✜♥❡ t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥✳
❲❡ ♣r♦✈✐❞❡ ❛ ♠✐①t✉r❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ✐ts ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❙tr✉❝t✉r❛❧
♣r♦♣❡rt✐❡s s✉❝❤ ❛s t❤❡ ♦r❞✐♥❛r② ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥ts✱ ❇♦♥❢❡rr♦♥✐ ❛♥❞ ▲♦r❡♥③ ❝✉r✈❡s✱
♠❡❛♥ ❞❡✈✐❛t✐♦♥s✱ ♠❡❛♥ r❡s✐❞✉❛❧ ❧✐❢❡✱ ♠❡❛♥ ✇❛✐t✐♥❣ t✐♠❡✱ ♣r♦❜❛❜✐❧✐t② ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts✱
❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡
♦❜t❛✐♥ t❤❡ ❘é♥②✐ ❛♥❞ q ❡♥tr♦♣✐❡s✳ ❚❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♦r❞❡r st❛t✐st✐❝s ✐s ❞❡t❡r♠✐♥❡❞ ✐♥
❙❡❝t✐♦♥ ✻✳ ❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐s ❞✐s❝✉ss❡❞ ✐♥
❙❡❝t✐♦♥ ✼✳ ❲❡ ❡①♣❧♦r❡ ✐ts ✉s❡❢✉❧♥❡ss ❜② ♠❡❛♥s ♦❢ t✇♦ r❡❛❧ ❞❛t❛ s❡ts ✐♥ ❙❡❝t✐♦♥ ✽✳ ❋✐♥❛❧❧②✱
❙❡❝t✐♦♥ ✾ ♦✛❡rs s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

✷✳ ❚❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥

■♥s❡rt✐♥❣ ✭✶✳✶✮ ✐♥ ❡q✉❛t✐♦♥ ✭✶✳✶✼✮ ②✐❡❧❞s t❤❡ ❢♦✉r✲♣❛r❛♠❡t❡r ❲▲ ❝❞❢

✭✷✳✶✮ F (x; a, b, α, β) = 1− ❡①♣

{

−a

{[
1 +

(
x

β

)]α
− 1

}b
}

.

❚❤❡ ♣❞❢ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✷✳✶✮ ✐s ❣✐✈❡♥ ❜②

f(x; a, b, α, β) =
abα

β

[
1 +

(x
β

)]b α−1 {
1−

[
1 +

(x
β

)]−α}b−1

× ❡①♣

{

−a

{[
1 +

(
x

β

)]α
− 1

}b
}

,✭✷✳✷✮

✇❤❡r❡ a > 0 ❛♥❞ b > 0 ❛r❡ t✇♦ ❛❞❞✐t✐♦♥❛❧ s❤❛♣❡ ♣❛r❛♠❡t❡rs✳

P❧♦ts ♦❢ t❤❡ ❲▲ ♣❞❢ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❍❡♥❝❡✲
❢♦rt❤✱ ✇❡ ❞❡♥♦t❡ ❜② X ∼❲▲(a, b, α, β) ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❤❛✈✐♥❣ t❤❡ ♣❞❢ ✭✷✳✷✮✳ ❚❤❡
s✉r✈✐✈❛❧ ❢✉♥❝t✐♦♥ ✭s❢✮ ✭S(x)✮✱ ❤r❢ ✭h(x)✮✱ r❡✈❡rs❡❞✲❤❛③❛r❞ r❛t❡ ❢✉♥❝t✐♦♥ ✭r❤r❢✮ ✭r(x)✮ ❛♥❞
❝✉♠✉❧❛t✐✈❡ ❤❛③❛r❞ r❛t❡ ❢✉♥❝t✐♦♥ ✭❝❤r❢✮ ✭H(x)✮ ♦❢ X ❛r❡ ❣✐✈❡♥ ❜②

✭✷✳✸✮ S(x; a, b, α, β) = ❡①♣

{

−a

{[
1 +

(
x

β

)]α
− 1

}b
}

,

h(x) =
a bα

β

[
1 +

(x
β

)]b α−1 {
1−

[
1 +

(x
β

)]−α}b−1

,

r(x) =

ab α
β

[
1 +

(
x
β

)]b α−1 {
1−

[
1 +

(
x
β

)]−α}b−1
❡①♣

{
−a
{[

1 +
(

x
β

)]α
− 1
}b
}

1− ❡①♣

{
−a
{[

1 +
(
x
β

)]α
− 1
}b
}

❛♥❞

H(x) = −a
{[

1 +
(x
β

)]α
− 1
}b

,



r❡s♣❡❝t✐✈❡❧②✳ P❧♦ts ♦❢ t❤❡ ❲▲ ❤r❢ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✷✳

✭❛✮ ✭❜✮ ✭❝✮

0.0 0.5 1.0 1.5 2.0

0
.0

0
.5

1
.0

1
.5

α = 2,β = 1

x

f(
x)

a=0.5,b=0.5
a=1.5,b=0.1
a=1.0,b=0.5
a=2.0,b=1.0
a=3.5,b=0.5

0.0 0.5 1.0 1.5

0
.0

0
.5

1
.0

1
.5

2
.0

2
.5

α = 0.75,β = 0.5

x

f(
x)

a=1.5,b=1.3
a=2.5,b=1.5
a=3.0,b=2.0
a=2.5,b=4.0
a=1.5,b=5.0

0.0 0.5 1.0 1.5 2.0 2.5

0
.0

0
.5

1
.0

1
.5

2
.0

α = 3,β = 5

x

f(
x)

a=1.5,b=0.5
a=2.5,b=1.5
a=2.0,b=5.0
a=1.5,b=4.0
a=1.0,b=2.5

❋✐❣✉r❡ ✶✳ P❧♦ts ♦❢ t❤❡ ❲▲ ♣❞❢ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s
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❋✐❣✉r❡ ✷✳ P❧♦ts ♦❢ t❤❡ ❲▲ ❤r❢ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s

✸✳ ▼✐①t✉r❡ r❡♣r❡s❡♥t❛t✐♦♥

❚❤❡ ❲▲ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

✭✸✳✶✮ f(x; a, b, α, β) = a b g(x)
G(x)b−1

G(x)b+1
exp

{

−a

[
G(x)

G(x)

]b}

.

■♥s❡rt✐♥❣ ✭✶✳✶✮ ❛♥❞ ✭✶✳✷✮ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✶✮✱ ✇❡ ♦❜t❛✐♥

f(x; a, b, α, β) =
abα

β

[
1 +

(x
β

)]−(α+1)

{
1−

[
1 +

(
x
β

)]−α
}b−1

[
1−

{
1−

[
1 +

(
x
β

)]−α
}]b+1

× ❡①♣




−a

{
1−

[
1 +

(
x
β

)]−α

1−
{
1−

[
1 +

(
x
β

)]−α}

}b



 .✭✸✳✷✮

■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ ❛ s✐♠♣❧❡ ❢♦r♠ ❢♦r t❤❡ ❲▲ ♣❞❢✱ ✇❡ ❝❛♥ ❡①♣❛♥❞ ✭✸✳✶✮ ✐♥ ♣♦✇❡r s❡r✐❡s✳

▲❡t A = ❡①♣




−a

{
1−
[
1+
(

x
β

)]−α

1−
{
1−
[
1+
(

x
β

)]−α}
}b



✳



❇② ❡①♣❛♥❞✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✐♥ A✱ ✇❡ ❤❛✈❡

A =

∞∑

k=0

(−1)k ak

k!

{
1−

[
1 +

(
x
β

)]−α
}kb

[
1−

{
1−

[
1 +

(
x
β

)]−α
}]kb .

■♥s❡rt✐♥❣ t❤✐s ❡①♣❛♥s✐♦♥ ✐♥ ✭✸✳✷✮ ❛♥❞✱ ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ ✇❡ ♦❜t❛✐♥

f(x; a, b, αβ) =
∞∑

k=0

(−1)k ak

k!

a bα

β

[
1 +

(x
β

)]−(α+1)

×
{
1−

[
1 +

(x
β

)]−α
}b(k+1)−1

×
[
1−

{
1−

[
1 +

(x
β

)]−α
}]−[b(k+1)−1]

︸ ︷︷ ︸
Bk

.

❆❢t❡r ❛ ♣♦✇❡r s❡r✐❡s ❡①♣❛♥s✐♦♥✱ t❤❡ q✉❛♥t✐t② Bk ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

Bk =

∞∑

j=0

(−1)j
(
−[(k + 1)b+ 1]

j

) {
1−

[
1 +

(x
β

)]−α
}j

.

❈♦♠❜✐♥✐♥❣ t❤❡ ❧❛st t✇♦ r❡s✉❧ts✱ ✇❡ ❝❛♥ ✇r✐t❡

f(x; a, b, α, β) =

∞∑

k,j=0

(−1)k ak+1

k! j!

b

[(k + 1)b+ j]

Γ([k + 1]b+ j + 1)

Γ([k + 1]b+ 1)
︸ ︷︷ ︸

vk,j

× [(k + 1)b+ j]
α

β

[
1 +

(x
β

)]−(α+1)
{
1−

[
1 +

(x
β

)]−α
}[(k+1)b+j]−1

︸ ︷︷ ︸
ga,α,(k+1)b+j

.

❚❤❡ ❧❛st ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

✭✸✳✸✮ f(x; a, b, α, β) =

∞∑

k,j=0

vk,j ga,α,(k+1)b+j(x).

❊q✉❛t✐♦♥ ✭✸✳✸✮ r❡✈❡❛❧s t❤❛t t❤❡ ❲▲ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❤❛s ❛ ❞♦✉❜❧❡ ♠✐①t✉r❡ r❡♣r❡s❡♥✲
t❛t✐♦♥ ♦❢ ❊▲ ❞❡♥s✐t✐❡s✳ ❙♦✱ s❡✈❡r❛❧ ♦❢ ✐ts str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢♦r♠ t❤♦s❡
♦❢ t❤❡ ❊▲ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts vk,j ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❣❡♥❡r❛t♦r ♣❛r❛♠❡t❡rs✳
❚❤✐s ❡q✉❛t✐♦♥ ✐s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

✹✳ ❙♦♠❡ ❙tr✉❝t✉r❛❧ Pr♦♣❡rt✐❡s

❊st❛❜❧✐s❤❡❞ ❛❧❣❡❜r❛✐❝ ❡①♣❛♥s✐♦♥s t♦ ❞❡t❡r♠✐♥❡ s♦♠❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❲▲
❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ ❝♦♠♣✉t✐♥❣ t❤♦s❡ ❞✐r❡❝t❧② ❜② ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥
♦❢ ✐ts ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦♥❡ t♦ r♦✉♥❞✐♥❣ ♦✛ ❡rr♦rs ❛♠♦♥❣ ♦t❤❡rs✳

✹✳✶✳ ◗✉❛♥t✐❧❡ ❋✉♥❝t✐♦♥✳ ◗✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥s ❛r❡ ✐♥ ✇✐❞❡s♣r❡❛❞ ✉s❡ ✐♥ ❣❡♥❡r❛❧ st❛t✐st✐❝s
❛♥❞ ♦❢t❡♥ ✜♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ❧♦♦❦✉♣ t❛❜❧❡s ❢♦r ❦❡② ♣❡r❝❡♥t✐❧❡s✳ ❚❤❡ q✉❛♥t✐❧❡
❢✉♥❝t✐♦♥ ✭q❢✮ ♦❢ X ✐s ♦❜t❛✐♥❡❞ ❜② ✐♥✈❡rt✐♥❣ ✭✷✳✶✮ ❛s

✭✹✳✶✮ Q(u) = β

{[{
−a−1 log(1− u)

}1/b
+ 1
]1/α

− 1

}
.

❙✐♠✉❧❛t✐♥❣ t❤❡ ❲▲ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ■❢ U ✐s ❛ ✉♥✐❢♦r♠ ✈❛r✐❛t❡ ♦♥ t❤❡
✉♥✐t ✐♥t❡r✈❛❧ (0, 1)✱ t❤❡♥ X = Q(U) ❢♦❧❧♦✇s ✭✷✳✷✮✱ ✐✳❡✳ X ∼❲▲(a, b, α, β)✳



✹✳✷✳ ▼♦♠❡♥ts✳ ❙♦♠❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ ❞✐str✐❜✉✲
t✐♦♥ ❝❛♥ ❜❡ st✉❞✐❡❞ t❤r♦✉❣❤ ♠♦♠❡♥ts ✭❡✳❣✳ t❡♥❞❡♥❝②✱ ❞✐s♣❡rs✐♦♥✱ s❦❡✇♥❡ss ❛♥❞ ❦✉rt♦s✐s✮✳
❚❤❡ rt❤ ♠♦♠❡♥t ♦❢ X ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✸✳✸✮ ❛s

µ′

r = E(Xr) =

∞∑

k,j=0

vk,j

∫
∞

0

xr ga,α,(k+1)b+j(x) dx.

❯s✐♥❣ ✭✸✳✸✮✱ ✇❡ ♦❜t❛✐♥ ✭❢♦r r ≤ α✮

✭✹✳✷✮ µ′

r = βr
r∑

m=0

∞∑

k,j=0

(−1)m [(k + 1)b+ j]

(
r

m

)

vk,j B
(
[k + 1]b+ j, m−r

α
+ 1
)
.

❙❡tt✐♥❣ r = 1 ✐♥ ✭✹✳✷✮✱ ✇❡ ❤❛✈❡ t❤❡ ♠❡❛♥ ♦❢ X✳ ❋✉rt❤❡r✱ t❤❡ ❝❡♥tr❛❧ ♠♦♠❡♥ts ✭µn✮
❛♥❞ ❝✉♠✉❧❛♥ts ✭κn✮ ♦❢ X ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✹✳✷✮ ❛s

µn =
n∑

k=0

(
n

k

)

(−1)k µ′k
1 µ′

n−k and κn = µ′

n −

n−1∑

k=1

(
n− 1

k − 1

)

κk µ
′

n−k,

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ κ1 = µ′
1✳ ❚❤✉s✱ κ2 = µ′

2 − µ′2
1 ✱ κ3 = µ′

3 − 3µ′
2µ

′
1 + 2µ′3

1 ✱ ❡t❝✳ ❚❤❡
s❦❡✇♥❡ss ❛♥❞ ❦✉rt♦s✐s ♠❡❛s✉r❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♦r❞✐♥❛r② ♠♦♠❡♥ts ✉s✐♥❣
✇❡❧❧✲❦♥♦✇♥ r❡❧❛t✐♦♥s❤✐♣s✳

❚❤❡ nt❤ ❞❡s❝❡♥❞✐♥❣ ❢❛❝t♦r✐❛❧ ♠♦♠❡♥t ♦❢ X ✭❢♦r n = 1, 2, . . .✮ ✐s

µ′

(n) = E(X(n)) = E[X(X − 1)× · · · × (X − n+ 1)] =
n∑

j=0

s(n, j)µ′

j ,

✇❤❡r❡ s(n, j) = (j!)−1 [djj(n)/dxj ]x=0 ✐s t❤❡ ❙t✐r❧✐♥❣ ♥✉♠❜❡r ♦❢ t❤❡ ✜rst ❦✐♥❞✳

✹✳✸✳ ■♥❝♦♠♣❧❡t❡ ♠♦♠❡♥ts✳ ❚❤❡ ❛♥s✇❡rs t♦ ♠❛♥② ✐♠♣♦rt❛♥t q✉❡st✐♦♥s ✐♥ ❡❝♦♥♦♠✐❝s
r❡q✉✐r❡ ♠♦r❡ t❤❛♥ ❥✉st ❦♥♦✇✐♥❣ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✱ ❜✉t ✐ts s❤❛♣❡ ❛s ✇❡❧❧✳ ❚❤✐s
✐s ♦❜✈✐♦✉s ♥♦t ♦♥❧② ✐♥ t❤❡ st✉❞② ♦❢ ❡❝♦♥♦♠❡tr✐❝s ❜✉t ✐♥ ♦t❤❡r ❛r❡❛s ❛s ✇❡❧❧✳ ❚❤❡ rt❤
✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥t ♦❢ X ✭r ≤ α✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✸✮ ❛s

✭✹✳✸✮ mr(z) = βr
r∑

m=0

∞∑

k,j=0

(−1)m [(k + 1)b+ j] vk,j

(
r

m

)

Bz

(
[k + 1]b+ j, m−r

α
+ 1
)
.

❚❤❡ ♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✜rst ✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥t r❡❢❡rs t♦ t❤❡ ❇♦♥❢❡rr♦♥✐ ❛♥❞
▲♦r❡♥③ ❝✉r✈❡s✳ ❚❤❡s❡ ❝✉r✈❡s ❛r❡ ✈❡r② ✉s❡❢✉❧ ✐♥ ❡❝♦♥♦♠✐❝s✱ r❡❧✐❛❜✐❧✐t②✱ ❞❡♠♦❣r❛♣❤②✱ ✐♥s✉✲
r❛♥❝❡ ❛♥❞ ♠❡❞✐❝✐♥❡✳ ❋♦r ❛ ❣✐✈❡♥ ♣r♦❜❛❜✐❧✐t② π✱ t❤❡② ❛r❡ ❞❡✜♥❡❞ ❜② B(π) = m1(q)/(π µ′

1)
❛♥❞ L(π) = m1(q)/µ

′
1✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ m1(q) ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ✭✹✳✸✮ ✇✐t❤ r = 1

❛♥❞ q = Q(π) ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✭✹✳✶✮✳
❚❤❡ ❛♠♦✉♥t ♦❢ s❝❛tt❡r ✐♥ ❛ ♣♦♣✉❧❛t✐♦♥ ✐s ♠❡❛s✉r❡❞ t♦ s♦♠❡ ❡①t❡♥t ❜② t❤❡ t♦t❛❧✐t② ♦❢

❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ♠❡❛♥ ❛♥❞ ♠❡❞✐❛♥ ❞❡✜♥❡❞ ❜② δ1 =
∫

∞

0
|x − µ|f(x)dx ❛♥❞ δ2(x) =∫

∞

0
|x − M |f(x)dx✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ µ′

1 = E(X) ✐s t❤❡ ♠❡❛♥ ❛♥❞ M = Q(0.5) ✐s

t❤❡ ♠❡❞✐❛♥✳ ❚❤❡s❡ ♠❡❛s✉r❡s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ δ1 = 2µ′
1F (µ′

1) − 2m1(µ
′
1) ❛♥❞

δ2 = µ′
1 − 2m1(M)✱ ✇❤❡r❡ F (µ′

1) ❝♦♠❡s ❢r♦♠ ✭✷✳✶✮✳
❆ ❢✉rt❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✜rst ✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥t ✐s r❡❧❛t❡❞ t♦ t❤❡ ♠❡❛♥ r❡s✐❞✲

✉❛❧ ❧✐❢❡ ❛♥❞ t❤❡ ♠❡❛♥ ✇❛✐t✐♥❣ t✐♠❡ ❣✐✈❡♥ ❜② m(t; a, b, α, β) = [1 − m1(t)]/S(t) − t
❛♥❞ µ(t; a, b, α, β) = t − [m1(t)/F (t; a, b, α, β)]✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ F (·; ·) ❛♥❞ S(·; ·) =
1− F (·; ·) ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✷✳✶✮✳



✹✳✹✳ Pr♦❜❛❜✐❧✐t② ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts ✭P❲▼s✮
❛r❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ q✉❛♥t✐❧❡s ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❞✐str✐❜✉t✐♦♥s✳
❚❤❡s❡ ♠♦♠❡♥ts ❤❛✈❡ ❧♦✇ ✈❛r✐❛♥❝❡s ❛♥❞ ♥♦ s❡✈❡r❡ ❜✐❛s❡s✱ ❛♥❞ t❤❡② ❝♦♠♣❛r❡ ❢❛✈♦r❛❜❧② ✇✐t❤
❡st✐♠❛t♦rs ♦❜t❛✐♥❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞✳ ❚❤❡ (s, r)t❤ P❲▼ ♦❢ X ✭❢♦r
r ≥ 1, s ≥ 0✮ ✐s ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜② ρr,s = E[Xr F (X)s] =

∫
∞

0
xr F (x)s f(x)dx✳ ❲❡ ❝❛♥

✇r✐t❡ ❢r♦♠ ✭✷✳✶✮

F (x; a, b, α, β)s =

∞∑

i=0

(−1)i
(
s
i

)
exp

{

−i a

{(
1 +

x

β

)α

− 1

}b
}

.

❚❤❡♥✱ ✇❡ ❝❛♥ ❡①♣r❡ss ρs,r ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛ ❢r♦♠ ✭✷✳✶✮ ❛♥❞ ✭✷✳✷✮ ❛s

ρr,s =
∞∑

i=0

(−1)i
(
s
i

)

i+ 1

∫
∞

0

xr f(x; (i+ 1)a, b, α, β)dx.

❇② ✉s✐♥❣ ✭✹✳✷✮✱ ✇❡ ♦❜t❛✐♥ ✭❢♦r r < α✮

ρr,s = βr
∞∑

i,j,k=0

(−1)i
(
s
i

)

(i+ 1)
si,k,j

r∑

m=0

B
(
[k + 1]b+ j, (m−r)

α
+ 1
)
,

✇❤❡r❡

si,k,j =
(−1)k ak (i+ 1)k Γ((k + 1)b+ j + 1)

[(b+ 1)k + 1] Γ((k + 1)b+ 1) j! k!
.

✹✳✺✳ ●❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♠♦♠❡♥t ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ✭♠❣❢✮MX(t) ♦❢ ❛ r❛♥❞♦♠
✈❛r✐❛❜❧❡ X ♣r♦✈✐❞❡s t❤❡ ❜❛s✐s ♦❢ ❛♥ ❛❧t❡r♥❛t✐✈❡ r♦✉t❡ t♦ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❝♦♠♣❛r❡❞ ✇✐t❤
✇♦r❦✐♥❣ ❞✐r❡❝t❧② ✇✐t❤ t❤❡ ♣❞❢ ❛♥❞ ❝❞❢ ♦❢ X✳ ❲❡ ♦❜t❛✐♥ t❤❡ ♠❣❢ ♦❢ t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥
❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✸✮ ❛s

MX(t) =
∞∑

k,j=0

vk,j

∫
∞

0

[(k + 1)b+ j]
α

β

[
1 +

(x
β

)]−(α+1)

×
{
1−

[
1 +

(x
β

)]−α}[(k+1)b+j]−1

etx dx.

❇② ❡①♣❛♥❞✐♥❣ t❤❡ ❜✐♥♦♠✐❛❧ t❡r♠s✱ ✇❡ ❝❛♥ ✇r✐t❡

MX(t) =
α

β

∞∑

k,j=0

vk,j

∞∑

m=0

(−1)m
(
[(k + 1)b+ j]− 1

m

) ∫
∞

0

[(k + 1)b+ j]

×
(
1 +

x

β

)−(m+1)α−1

etx dx.

❇② ❡①♣❛♥❞✐♥❣ t❤❡ ❜✐♥♦♠✐❛❧ t❡r♠s ❛❣❛✐♥✱ ✇❡ ♦❜t❛✐♥ ✭❢♦r t < 0✮

MX(t) = α
∞∑

k,j,m,n=0

(−1)m [(k + 1)b+ j] vk,j n!

βn+1

(
[(k + 1)b+ j]− 1

m

)

×

(
−(1 +m)α− 1

n

)

(−t)−(n+1),

✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳



✺✳ ❘é♥②✐ ❛♥❞ q✲❊♥tr♦♣✐❡s

❚❤❡ ❡♥tr♦♣② ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✉♥❝❡rt❛✐♥ ✈❛r✐❛t✐♦♥✳ ❚❤❡
❘é♥②✐ ❡♥tr♦♣② ✐s ❞❡✜♥❡❞ ❜②

IR(δ) =
1

1− δ
log [I(δ)],

✇❤❡r❡ I(δ) =
∫
ℜ
fδ(x) dx, δ > 0 ❛♥❞ δ 6= 1✳ ❲❡ ❤❛✈❡

I(δ) =
(a bα

β

)δ ∫ ∞

0

(
1 +

x

β

)δ(bα−1) {
1−

(
1 +

x

β

)−α}δ(b−1)

× exp

{

−aδ

{(
1 +

x

β

)α

− 1

}b
}

dx.

❇② ❡①♣❛♥❞✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ t❡r♠ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥t❡❣r❛♥❞✱ ✇❡ ❝❛♥ ✇r✐t❡

I(δ) =
(a bα

β

)δ ∫ ∞

0

(
1 +

x

β

)δ(bα−1) {
1−

(
1 +

x

β

)−α}δ(b−1)

×

∞∑

k=0

(−1)k (δ a)k

k!

{(
1 +

x

β

)α

− 1

}bk

dx.

❯s✐♥❣ t❤❡ ❜✐♥♦♠✐❛❧ ❡①♣❛♥s✐♦♥ t✇✐❝❡ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♥❣✱ ✇❡ ♦❜t❛✐♥

✭✺✳✶✮ I(δ) =
(a bα

β

)δ ∞∑

m=0

tm.

❍❡♥❝❡✱ t❤❡ ❘é♥②✐ ❡♥tr♦♣② r❡❞✉❝❡s t♦

✭✺✳✷✮ IR(δ) =
1

1− δ
log

[(a bα

β

)δ ( ∞∑

m=0

tm
)]

,

✇❤❡r❡

tm =
∞∑

k,j=0

(−1)k βm+1 Γ(δ(b+ 1) + bk + j) Γ(m− δ(b− 1) + bk + j)

k! j!m! [mα+ δ(α+ 1)− 1] Γ(δ(b+ 1) + bk) Γ(bk − δ(b+ 1) + j)
.

❚❤❡ q✲❡♥tr♦♣②✱ s❛② Hq(f)✱ ✐s ❞❡✜♥❡❞ ❜②

Hq(f) =
1

q − 1
log [1− Iq(f)] ,

✇❤❡r❡ Iq(f) =
∫
ℜ
fq(x) dx, q > 0 ❛♥❞ q 6= 1✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✺✳✷✮✱ ✇❡ ❝❛♥ ❡❛s✐❧② ♦❜t❛✐♥

Hq(f) =
1

q − 1
log

[
1−

(a bα

β

)q ( ∞∑

m=0

tm
)]

.

✻✳ ❖r❞❡r ❙t❛t✐st✐❝s

❍❡r❡✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✐t❤ ♦r❞❡r st❛t✐st✐❝ Xi:n✱ fi:n(x) s❛②✱ ✐♥ ❛ r❛♥❞♦♠
s❛♠♣❧❡ ♦❢ s✐③❡ n ❢r♦♠ t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥✳ ❇② s✉♣♣r❡ss✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs✱ ✇❡ ❤❛✈❡ ✭❢♦r
i = 1, . . . , n✮

✭✻✳✶✮ fi:n(x) =
f(x)

B(i, n− i+ 1)

n−i∑

j=0

(−1)j
(
n−i
j

)
F (x)i+j−1.

❚❤✉s✱ ✇❡ ❝❛♥ ✇r✐t❡

F (x)i+j−1 =
∞∑

k=0

(−1)k
(
i+j−1

k

)
exp

{

−ak

{(
1 +

x

β

)α

− 1

}b
}



❛♥❞ t❤❡♥ ❜② ✐♥s❡rt✐♥❣ ✭✷✳✷✮ ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✶✮✱ ✇❡ ♦❜t❛✐♥

✭✻✳✷✮ fi:n(x) =

∞∑

m=0

tm+1 f(x; (m+ 1)a, b, α, β),

✇❤❡r❡

tm+1 =
1

(m+ 1)B(i, n− i+ 1)

n−i∑

j=0

(−1)j+m (
n−i
j

) (
i+j−1

m

)

❛♥❞ f(x; (m+1)a, b, α, β) ❞❡♥♦t❡s t❤❡ ❲▲ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (m+1)a, b✱
α ❛♥❞ β✳ ❙♦✱ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❲▲ ♦r❞❡r st❛t✐st✐❝s ✐s ❛ ♠✐①t✉r❡ ♦❢ ❲▲ ❞❡♥s✐t✐❡s✳
❇❛s❡❞ ♦♥ ❡q✉❛t✐♦♥ ✭✻✳✷✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ s♦♠❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢ Xi:n ❢r♦♠ t❤♦s❡ ❲▲
♣r♦♣❡rt✐❡s✳

❚❤❡ rt❤ ♠♦♠❡♥t ♦❢ Xi:n ✭❢♦r r < α✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✷✮ ❛♥❞ ✭✻✳✷✮ ❛s

✭✻✳✸✮ E(Xr
i:n) = βr

r∑

m=0

(−1)m
(

r

m

)

tm+1

∞∑

k,j=0

[(k+1)b+j] vk,j B
(
[k+1]b+j, m−r

α
+1
)
,

✇❤❡r❡ vk,j ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳
❚❤❡ ▲✲♠♦♠❡♥ts ❛r❡ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦r❞✐♥❛r② ♠♦♠❡♥ts ❜✉t ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ❧✐♥❡❛r

❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♦r❞❡r st❛t✐st✐❝s✳ ❚❤❡② ❡①✐st ✇❤❡♥❡✈❡r t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❡①✐sts✱
❡✈❡♥ t❤♦✉❣❤ s♦♠❡ ❤✐❣❤❡r ♠♦♠❡♥ts ♠❛② ♥♦t ❡①✐st✱ ❛♥❞ ❛r❡ r❡❧❛t✐✈❡❧② r♦❜✉st t♦ t❤❡ ❡✛❡❝ts
♦❢ ♦✉t❧✐❡rs✳ ❇❛s❡❞ ✉♣♦♥ t❤❡ ♠♦♠❡♥ts ✭✻✳✸✮✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡
▲✲♠♦♠❡♥ts ♦❢ X ❛s ✐♥✜♥✐t❡ ✇❡✐❣❤t❡❞ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ♠❡❛♥s ♦❢ s✉✐t❛❜❧❡ ❲▲
❞✐str✐❜✉t✐♦♥s✳ ❚❤❡② ❛r❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ♦❢ ❡①♣❡❝t❡❞ ♦r❞❡r st❛t✐st✐❝s ❞❡✜♥❡❞ ❜② ✭❢♦r s ≥ 1✮

λs = s−1∑s−1
p=0(−1)p

(
s−1
p

)
E(Xs−p:p)✳

❚❤❡ ✜rst ❢♦✉r ▲✲♠♦♠❡♥ts ❛r❡✿ λ1 = E(X1:1)✱ λ2 = 1
2
E(X2:2 −X1:2)✱ λ3 = 1

3
E(X3:3 −

2X2:3 +X1:3) ❛♥❞ λ4 = 1
4
E(X4:4 − 3X3:4 + 3X2:4 −X1:4)✳ ❲❡ ❝❛♥ ❡❛s✐❧② ♦❜t❛✐♥ t❤❡ λ✬s

❢♦r X ❢r♦♠ ✭✻✳✸✮ ✇✐t❤ r = 1✳

✼✳ ❊st✐♠❛t✐♦♥

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥
❜② t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞✳ ▲❡t x1, . . . , xn ❜❡ ❛ s❛♠♣❧❡ ♦❢ s✐③❡ n ❢r♦♠ t❤❡ ❲▲
❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ❜② ✭✷✳✷✮✳ ❚❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs
Θ = (a, b, α, β)⊺ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

✭✼✳✶✮ ℓ = ℓ(Θ) = n log (abα)− n log β − (α− 1)

n∑

i=1

log
[
1 +

xi

β

]

+ (b− 1)

n∑

i=1

log
{[

1 +
xi

β

]α
− 1
}
− a

n∑

i=1

{[
1 +

xi

β

]α
− 1
}b

.

▲❡t zi =
(
1 + xi

β

)α
− 1✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ✇r✐t❡ ℓ ❛s

✭✼✳✷✮ ℓ = n log (abα)− n log β −
(
1− 1

α

) n∑

i=1

log
(
zi + 1

)
+ (b− 1)

n∑

i=1

log(zi)− a
n∑

i=1

zbi .

❚❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ♠❛①✐♠✐③❡❞ ❡✐t❤❡r ❞✐r❡❝t❧② ❜② ✉s✐♥❣ t❤❡ ❘✲♣❛❝❦❛❣❡ ✭❆❞✲
❡q✉❡❝②▼♦❞❡❧✮✱ ❙❆❙ ✭P❘❖❈ ◆▲▼■❳❊❉✮ ♦r t❤❡ ❖① ♣r♦❣r❛♠ ✭s✉❜✲r♦✉t✐♥❡ ▼❛①❇❋●❙✮
✭s❡❡ ❉♦♦r♥✐❦✱ ❬✷✾❪✮ ♦r ❜② s♦❧✈✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ❧✐❦❡❧✐❤♦♦❞ ❡q✉❛t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ❞✐❢✲
❢❡r❡♥t✐❛t✐♥❣ ✭✼✳✶✮ ♦r ✭✼✳✷✮✳ ■♥ t❤❡ ❆❞❡q✉❡❝②▼♦❞❡❧ ♣❛❝❦❛❣❡✱ t❤❡r❡ ❡①✐st ♠❛♥② ♠❛①✐♠✐③❛✲
t✐♦♥ ❛❧❣♦r✐t❤♠s ❧✐❦❡ ◆❘ ✭◆❡✇t♦♥✲❘❛♣❤s♦♥✮✱ ❇❋●❙ ✭❇r♦②❞❡♥✲❋❧❡t❝❤❡r✲●♦❧❞❢❛r❜✲❙❤❛♥♥♦✮✱
❇❍❍❍ ✭❇❡r♥❞t✲❍❛❧❧✲❍❛❧❧✲❍❛✉s♠❛♥✮✱ ◆▼ ✭◆❡❧❞❡r✲▼❡❛❞✮✱ ❙❆◆◆ ✭❙✐♠✉❧❛t❡❞✲❆♥♥❡❛❧✐♥❣✮



❛♥❞ ▲✐♠✐t❡❞✲▼❡♠♦r② q✉❛s✐✲◆❡✇t♦♥ ❝♦❞❡ ❢♦r ❇♦✉♥❞✲❈♦♥str❛✐♥❡❞ ❖♣t✐♠✐③❛t✐♦♥ ✭▲✲❇❋●❙✲
❇✮✳ ❍♦✇❡✈❡r✱ t❤❡ ▼▲❊s ❤❡r❡ ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ▲✲❇❋●❙✲❇ ♠❡t❤♦❞✳

❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s❝♦r❡ ✈❡❝t♦r U(Θ) ❛r❡ ❣✐✈❡♥ ❜②

Ua = n
a
−
∑n

i=1 zbi ,

Ub = n
b
−
∑n

i=1 log zi − a
∑n

i=1 zbi log zi,

Uα = n
α
+ 1

α2

∑n
i=1 log (zi + 1) +

(
1− 1

α

) ∑n
i=1 log (zi + 1)

1
α

+(b− 1)
∑n

i=1

[(
1 + z−1

i

)
log (zi + 1)

1
α

]

−ab
∑n

i=1

(
zbi + zb−1

i

)
log (zi + 1)

1
α ,

Uβ = −n
β
− α

β2

(
1− 1

α

)∑n
i=1 (zi + 1)−

1
α

−α(b−1)

β2

∑n
i=1 z−1

i (zi + 1)1−
1
α + abα

β2

∑n
i=1 zb−1

i (zi + 1)1−
1
α .

❙❡tt✐♥❣ t❤❡s❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s t♦ ③❡r♦ ❛♥❞ s♦❧✈✐♥❣ t❤❡♠ s✐♠✉❧t❛♥❡♦✉s❧② ❛❧s♦ ②✐❡❧❞ t❤❡
▼▲❊s ♦❢ t❤❡ ❢♦✉r ♣❛r❛♠❡t❡rs✳

❋♦r ✐♥t❡r✈❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ✇❡ r❡q✉✐r❡ t❤❡ 4× 4 ♦❜s❡r✈❡❞ ✐♥❢♦r✲
♠❛t✐♦♥ ♠❛tr✐① J(Θ) = {Jrs} ✭❢♦r r, s = a, b, α, β✮ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ❯♥❞❡r st❛♥❞❛r❞

r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ N4(0, J(Θ̂)−1) ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞

t♦ ❝♦♥str✉❝t ❛♣♣r♦①✐♠❛t❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ❍❡r❡✱ J(Θ̂) ✐s

t❤❡ t♦t❛❧ ♦❜s❡r✈❡❞ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① ❡✈❛❧✉❛t❡❞ ❛t Θ̂✳ ❚❤❡♥✱ t❤❡ 100(1 − γ)% ❝♦♥✜✲

❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r a✱ b✱ α ❛♥❞ β ❛r❡ ❣✐✈❡♥ ❜② â ± zγ/2 ×
√

var(â)✱ b̂ ± zγ/2 ×

√
var(b̂)✱

α̂ ± zγ/2 ×
√

var(α̂) ❛♥❞ β̂ ± zγ/2 ×

√
var(β̂)✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ t❤❡ var(·)✬s ❞❡♥♦t❡

t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ J(Θ̂)−1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ❛♥❞ zγ/2 ✐s
t❤❡ q✉❛♥t✐❧❡ ✭1 − γ/2✮ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❚✇♦ ♣r♦❜❧❡♠s t❤❛t ❝❛♥ ❜❡
❛❞❞r❡ss❡❞ ✐♥ ❛ ❢✉t✉r❡ r❡s❡❛r❝❤ ❛r❡✿ ✭✐✮ ❤♦✇ ❧❛r❣❡ ❛r❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♣❛r❛♠✲
❡t❡r ❡st✐♠❛t❡s❄ ❛♥❞ ✭✐✐✮ ❤♦✇ ❛❜♦✉t t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ✐♥ ♦r❞❡r ❢♦r t❤❡ ❛s②♠♣t♦t✐❝
st❛♥❞❛r❞ ❡rr♦rs t♦ ❜❡ r❡❛s♦♥❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥s❄ ❚❤❡ ❛♥s✇❡r t♦ ♣r♦❜❧❡♠ ✭✐✮ ❝♦✉❧❞ ❜❡
✐♥✈❡st✐❣❛t❡❞ t❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥ st✉❞✐❡s✳ ❚❤❡ ❛♥s✇❡r t♦ ✭✐✐✮ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❛❞❡q✉❛❝② ♦❢

t❤❡ ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ▼▲❊ Θ̂✳ ❈❧❡❛r❧②✱ s♦♠❡ ❛s②♠♣t♦t✐❝ t❡❝❤♥✐q✉❡s ❝♦✉❧❞ ❜❡

❛❞♦♣t❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ♥♦r♠❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r Θ̂✳
❚❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ✭▲❘✮ st❛t✐st✐❝ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❤❡❝❦ ✐❢ t❤❡ ✜tt❡❞ ♥❡✇ ❞✐str✐❜✉t✐♦♥ ✐s

str✐❝t❧② ✏s✉♣❡r✐♦r✑ t♦ t❤❡ ✜tt❡❞ ▲♦♠❛① ❞✐str✐❜✉t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ❞❛t❛ s❡t✳ ❚❤❡♥✱ t❤❡ t❡st ♦❢
H0 : a = b = 1 ✈❡rs✉s H1 : H0 ✐s ♥♦t tr✉❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝♦♠♣❛r❡ t❤❡ ❲▲ ❛♥❞ ▲♦♠❛①

❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡ ▲❘ st❛t✐st✐❝ ❜❡❝♦♠❡s w = 2{ℓ(â, b̂, α̂, β̂)− ℓ(1, 1, α̃, β̃)}✱ ✇❤❡r❡ â✱ b̂✱

α̂ ❛♥❞ β̂ ❛r❡ t❤❡ ▼▲❊s ✉♥❞❡r H1 ❛♥❞ α̃ ❛♥❞ β̃ ❛r❡ t❤❡ ❡st✐♠❛t❡s ✉♥❞❡r H0✳

✽✳ ❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐❧❧✉str❛t❡ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ ❲▲ ♠♦❞❡❧✳ ❲❡ ✜t t❤❡ ❲▲ ❞✐str✐✲
❜✉t✐♦♥ t♦ t✇♦ ❞❛t❛ s❡ts ❛♥❞ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ✇✐t❤ t❤♦s❡ ♦❢ t❤❡ ✜tt❡❞ ▼❝▲✱ ❑✇▲✱ ●▲✱
❇▲✱ ❊▲ ❛♥❞ ▲♦♠❛① ♠♦❞❡❧s✳



✽✳✶✳ ❆✐r❝r❛❢t ❲✐♥❞s❤✐❡❧❞ ❞❛t❛ s❡ts✳ ❚❤❡ ✇✐♥❞s❤✐❡❧❞ ♦♥ ❛ ❧❛r❣❡ ❛✐r❝r❛❢t ✐s ❛ ❝♦♠♣❧❡①
♣✐❡❝❡ ♦❢ ❡q✉✐♣♠❡♥t✱ ❝♦♠♣r✐s❡❞ ❜❛s✐❝❛❧❧② ♦❢ s❡✈❡r❛❧ ❧❛②❡rs ♦❢ ♠❛t❡r✐❛❧✱ ✐♥❝❧✉❞✐♥❣ ❛ ✈❡r②
str♦♥❣ ♦✉t❡r s❦✐♥ ✇✐t❤ ❛ ❤❡❛t❡❞ ❧❛②❡r ❥✉st ❜❡♥❡❛t❤ ✐t✱ ❛❧❧ ❧❛♠✐♥❛t❡❞ ✉♥❞❡r ❤✐❣❤ t❡♠♣❡r✲
❛t✉r❡ ❛♥❞ ♣r❡ss✉r❡✳ ❋❛✐❧✉r❡s ♦❢ t❤❡s❡ ✐t❡♠s ❛r❡ ♥♦t str✉❝t✉r❛❧ ❢❛✐❧✉r❡s✳ ■♥st❡❛❞✱ t❤❡②
t②♣✐❝❛❧❧② ✐♥✈♦❧✈❡ ❞❛♠❛❣❡ ♦r ❞❡❧❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦♥str✉❝t✉r❛❧ ♦✉t❡r ♣❧② ♦r ❢❛✐❧✉r❡ ♦❢ t❤❡
❤❡❛t✐♥❣ s②st❡♠✳ ❚❤❡s❡ ❢❛✐❧✉r❡s ❞♦ ♥♦t r❡s✉❧t ✐♥ ❞❛♠❛❣❡ t♦ t❤❡ ❛✐r❝r❛❢t ❜✉t ❞♦ r❡s✉❧t ✐♥
r❡♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ✇✐♥❞s❤✐❡❧❞✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❞❛t❛ ♦♥ ❢❛✐❧✉r❡ ❛♥❞ s❡r✈✐❝❡ t✐♠❡s ❢♦r ❛ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧ ✇✐♥❞s❤✐❡❧❞
❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✻✳✶✶ ♦❢ ▼✉rt❤② ❡t ❛❧✳ ❬✹✽❪✳ ❚❤❡s❡ ❞❛t❛ ✇❡r❡ r❡❝❡♥t❧② st✉❞✐❡❞ ❜② ❘❛♠♦s
❡t ❛❧✳ ❬✺✶❪✳ ❚❤❡ ❞❛t❛ ❝♦♥s✐st ♦❢ ✶✺✸ ♦❜s❡r✈❛t✐♦♥s✱ ♦❢ ✇❤✐❝❤ ✽✽ ❛r❡ ❝❧❛ss✐✜❡❞ ❛s ❢❛✐❧❡❞
✇✐♥❞s❤✐❡❧❞s✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ✻✺ ❛r❡ s❡r✈✐❝❡ t✐♠❡s ♦❢ ✇✐♥❞s❤✐❡❧❞s t❤❛t ❤❛❞ ♥♦t ❢❛✐❧❡❞ ❛t
t❤❡ t✐♠❡ ♦❢ ♦❜s❡r✈❛t✐♦♥✳ ❚❤❡ ✉♥✐t ❢♦r ♠❡❛s✉r❡♠❡♥t ✐s ✶✵✵✵ ❤✳

❋✐rst ❞❛t❛ s❡t✿ ❋❛✐❧✉r❡ t✐♠❡s ♦❢ ✽✹ ❆✐r❝r❛❢t ❲✐♥❞s❤✐❡❧❞

✵✳✵✹✵✱ ✶✳✽✻✻✱ ✷✳✸✽✺✱ ✸✳✹✹✸✱ ✵✳✸✵✶✱ ✶✳✽✼✻✱ ✷✳✹✽✶✱ ✸✳✹✻✼✱ ✵✳✸✵✾✱ ✶✳✽✾✾✱ ✷✳✻✶✵✱ ✸✳✹✼✽✱ ✵✳✺✺✼✱

✶✳✾✶✶✱ ✷✳✻✷✺✱ ✸✳✺✼✽✱ ✵✳✾✹✸✱ ✶✳✾✶✷✱ ✷✳✻✸✷✱ ✸✳✺✾✺✱ ✶✳✵✼✵✱ ✶✳✾✶✹✱ ✷✳✻✹✻✱ ✸✳✻✾✾✱ ✶✳✶✷✹✱ ✶✳✾✽✶✱
✷✳✻✻✶✱ ✸✳✼✼✾✱✶✳✷✹✽✱ ✷✳✵✶✵✱ ✷✳✻✽✽✱ ✸✳✾✷✹✱ ✶✳✷✽✶✱ ✷✳✵✸✽✱ ✷✳✽✷✱✸✱ ✹✳✵✸✺✱ ✶✳✷✽✶✱ ✷✳✵✽✺✱ ✷✳✽✾✵✱
✹✳✶✷✶✱ ✶✳✸✵✸✱ ✷✳✵✽✾✱ ✷✳✾✵✷✱ ✹✳✶✻✼✱ ✶✳✹✸✷✱ ✷✳✵✾✼✱ ✷✳✾✸✹✱ ✹✳✷✹✵✱ ✶✳✹✽✵✱ ✷✳✶✸✺✱ ✷✳✾✻✷✱ ✹✳✷✺✺✱
✶✳✺✵✺✱ ✷✳✶✺✹✱ ✷✳✾✻✹✱ ✹✳✷✼✽✱ ✶✳✺✵✻✱ ✷✳✶✾✵✱ ✸✳✵✵✵✱ ✹✳✸✵✺✱ ✶✳✺✻✽✱ ✷✳✶✾✹✱ ✸✳✶✵✸✱ ✹✳✸✼✻✱ ✶✳✻✶✺✱
✷✳✷✷✸✱ ✸✳✶✶✹✱ ✹✳✹✹✾✱ ✶✳✻✶✾✱ ✷✳✷✷✹✱ ✸✳✶✶✼✱ ✹✳✹✽✺✱ ✶✳✻✺✷✱ ✷✳✷✷✾✱ ✸✳✶✻✻✱ ✹✳✺✼✵✱ ✶✳✻✺✷✱ ✷✳✸✵✵✱
✸✳✸✹✹✱ ✹✳✻✵✷✱ ✶✳✼✺✼✱ ✷✳✸✷✹✱ ✸✳✸✼✻✱ ✹✳✻✻✸✳

❙❡❝♦♥❞ ❞❛t❛ s❡t✿ ❙❡r✈✐❝❡ t✐♠❡s ♦❢ ✻✸ ❆✐r❝r❛❢t ❲✐♥❞s❤✐❡❧❞

✵✳✵✹✻✱ ✶✳✹✸✻✱ ✷✳✺✾✷✱ ✵✳✶✹✵✱ ✶✳✹✾✷✱ ✷✳✻✵✵✱ ✵✳✶✺✵✱ ✶✳✺✽✵✱ ✷✳✻✼✵✱ ✵✳✷✹✽✱ ✶✳✼✶✾✱ ✷✳✼✶✼✱ ✵✳✷✽✵✱

✶✳✼✾✹✱ ✷✳✽✶✾✱ ✵✳✸✶✸✱ ✶✳✾✶✺✱ ✷✳✽✷✵✱ ✵✳✸✽✾✱ ✶✳✾✷✵✱ ✷✳✽✼✽✱ ✵✳✹✽✼✱ ✶✳✾✻✸✱ ✷✳✾✺✵✱ ✵✳✻✷✷✱ ✶✳✾✼✽✱
✸✳✵✵✸✱ ✵✳✾✵✵✱ ✷✳✵✺✸✱ ✸✳✶✵✷✱ ✵✳✾✺✷✱ ✷✳✵✻✺✱ ✸✳✸✵✹✱ ✵✳✾✾✻✱ ✷✳✶✶✼✱ ✸✳✹✽✸✱ ✶✳✵✵✸✱ ✷✳✶✸✼✱ ✸✳✺✵✵✱
✶✳✵✶✵✱ ✷✳✶✹✶✱ ✸✳✻✷✷✱ ✶✳✵✽✺✱ ✷✳✶✻✸✱ ✸✳✻✻✺✱ ✶✳✵✾✷✱ ✷✳✶✽✸✱ ✸✳✻✾✺✱ ✶✳✶✺✷✱ ✷✳✷✹✵✱ ✹✳✵✶✺✱ ✶✳✶✽✸✱
✷✳✸✹✶✱ ✹✳✻✷✽✱ ✶✳✷✹✹✱ ✷✳✹✸✺✱ ✹✳✽✵✻✱ ✶✳✷✹✾✱ ✷✳✹✻✹✱ ✹✳✽✽✶✱ ✶✳✷✻✷✱ ✷✳✺✹✸✱ ✺✳✶✹✵✳

❲❡ ❡st✐♠❛t❡ t❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ♦❢ ❡❛❝❤ ♠♦❞❡❧ ❜② ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ✉s✐♥❣
▲✲❇❋●❙✲❇ ♠❡t❤♦❞ ❛♥❞ t❤❡ ❣♦♦❞♥❡ss✲♦❢✲✜t st❛t✐st✐❝s ❆❦❛✐❦❡ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❆■❈✮✱
❇❛②❡s✐❛♥ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❇■❈✮✱ ❝♦♥s✐st❡♥t ❆❦❛✐❦❡ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❈❆■❈✮✱
❍❛♥♥❛♥✲◗✉✐♥♥ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥ ✭❍◗■❈✮✱ ❆♥❞❡rs♦♥✲❉❛r❧✐♥❣ ✭A∗✮ ❛♥❞ ❈r❛♠ér✕✈♦♥
▼✐s❡s ✭W ∗✮ ❛r❡ ✉s❡❞ t♦ ❝♦♠♣❛r❡ t❤❡ ✜✈❡ ♠♦❞❡❧s✳ ❚❤❡ st❛t✐st✐❝s A∗❛♥❞ W ∗ ❛r❡ ❞❡s❝r✐❜❡❞
✐♥ ❞❡t❛✐❧s ✐♥ ❬✷✷❪✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ s♠❛❧❧❡r t❤❡ ✈❛❧✉❡s ♦❢ t❤❡s❡ st❛t✐st✐❝s✱ t❤❡ ❜❡tt❡r t❤❡ ✜t t♦
t❤❡ ❞❛t❛✳ ❚❤❡ r❡q✉✐r❡❞ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ t❤❡ ❘✲s❝r✐♣t ❆❞❡q✉❛❝②▼♦❞❡❧
❞❡✈❡❧♦♣❡❞ ❜② P❡❞r♦ ❘❛❢❛❡❧ ❉✐♥✐③ ▼❛r✐♥❤♦✱ ❈í❝❡r♦ ❘❛❢❛❡❧ ❇❛rr♦s ❉✐❛s ❛♥❞ ▼❛r❝❡❧♦ ❇♦✉r✲
❣✉✐❣♥♦♥✳ ■t ✐s ❢r❡❡❧② ❛✈❛✐❧❛❜❧❡ ❢r♦♠
❤tt♣✿✴✴❝r❛♥✳r✲♣r♦❥❡❝t✳♦r❣✴✇❡❜✴♣❛❝❦❛❣❡s✴❆❞❡q✉❛❝②▼♦❞❡❧✴❆❞❡q✉❛❝②▼♦❞❡❧✳♣❞❢✳

❚❛❜❧❡s ✶ ❛♥❞ ✸ ❣✐✈❡ t❤❡ ▼▲❊s ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮
♦❢ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♠♦❞❡❧ s❡❧❡❝t✐♦♥ ✐s ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ t❤❡ ❆■❈ ✱ ❇■❈✱ ❈❆■❈
❛♥❞ ❍◗■❈ st❛t✐st✐❝s ❞❡✜♥❡❞ ❜②✿

AIC = −2ℓ(·) + 2p, BIC = −2ℓ(·) + p ❧♦❣(n),

CAIC = −2ℓ(·) +
2pn

n− p− 1
, ❛♥❞ HQIC = 2 log

[
log(n)

(
k − 2 ℓ(·)

) ]
,

✇❤❡r❡ ℓ(·) ❞❡♥♦t❡s t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t❡❞ ❛t t❤❡ ▼▲❊s✱ p ✐s t❤❡ ♥✉♠❜❡r
♦❢ ♣❛r❛♠❡t❡rs✱ ❛♥❞ n ✐s t❤❡ s❛♠♣❧❡ s✐③❡✳ ❚❤❡ ✜❣✉r❡s ✐♥ ❚❛❜❧❡s ✶ ❛♥❞ ✸ ✐♥❞✐❝❛t❡ t❤❛t
t❤❡ ✜tt❡❞ ▲♦♠❛① ♠♦❞❡❧s ❤❛✈❡ ❤✉❣❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✱ ❛❧t❤♦✉❣❤ t❤❡② ❛r❡ ❛❝❝✉r❛t❡
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡✐r st❛♥❞❛r❞ ❡rr♦rs✳ ❙♦♠❡t✐♠❡s✱ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❝❛♥ ❜❡❝♦♠❡ q✉✐t❡
✢❛t ❜② ✜tt✐♥❣ s♣❡❝✐❛❧ ♠♦❞❡❧s ♦❢ t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥ ❧❡❛❞✐♥❣ t♦ ♥✉♠❡r✐❝❛❧ ♠❛①✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s✳ ❋♦r t❤❡s❡ ❝❛s❡s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❞✐✛❡r❡♥t ▼▲❊s ❢♦r t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✉s✐♥❣



❛❧t❡r♥❛t✐✈❡ ❛❧❣♦r✐t❤♠s ♦❢ ♠❛①✐♠✐③❛t✐♦♥ s✐♥❝❡ t❤❡② ❝♦rr❡s♣♦♥❞ t♦ ❧♦❝❛❧ ♠❛①✐♠✉♠s ♦❢ t❤❡
❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥✳ ❚❤✉s✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❣❧♦❜❛❧ ♠❛①✐♠✉♠✳

❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❆■❈✱ ❈❆■❈✱ ❇■❈✱ ❍◗■❈✱ A∗ ❛♥❞ W ∗ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡s ✷ ❛♥❞
✹✳ ❚❛❜❧❡s ✷ ❛♥❞ ✹ ❝♦♠♣❛r❡ t❤❡ ❲▲ ♠♦❞❡❧ ✇✐t❤ t❤❡ ▼❝▲✱ ❑✇▲✱ ●▲✱ ❇▲✱ ❊▲ ❛♥❞

❚❛❜❧❡ ✶✳ ▼▲❊s ❛♥❞ t❤❡✐r st❛♥❞❛r❞ ❡rr♦rs ✭✐♥ ♣❛r❡♥t❤❡s❡s✮ ❢♦r
❢❛✐❧✉r❡ t✐♠❡s ♦❢ ✽✹ ❆✐r❝r❛❢t ❲✐♥❞s❤✐❡❧❞ ❞❛t❛

❉✐str✐❜✉t✐♦♥ a b c α β

❲▲ ✵✳✵✶✷✽ ✵✳✺✾✻✾ ✲ ✻✳✼✼✺✸ ✶✳✺✸✷✹

✭✵✳✵✶✶✹✮ ✭✵✳✸✺✾✵✮ ✲ ✭✸✳✾✵✹✾✮ ✭✶✳✸✽✻✸✮

▼❝▲ ✷✳✶✽✼✺ ✶✶✾✳✶✼✺✶ ✶✷✳✹✶✼✶ ✶✾✳✾✷✹✸ ✼✺✳✻✻✵✻

✭✵✳✺✷✶✶✮ ✭✶✹✵✳✷✾✼✵✮ ✭✷✵✳✽✹✹✻✮ ✭✸✽✳✾✻✵✶✮ ✭✶✹✼✳✷✹✷✷✮

❑✇▲ ✷✳✻✶✺✵ ✶✵✵✳✷✼✺✻ ✲ ✺✳✷✼✼✶ ✼✽✳✻✼✼✹

✭✵✳✸✽✷✷✮ ✭✶✷✵✳✹✽✺✻✮ ✲ ✭✾✳✽✶✶✻✮ ✭✶✽✻✳✵✵✺✷✮

●▲ ✸✳✺✽✼✻ ✲ ✲ ✺✷✵✵✶✳✹✾✾✹ ✸✼✵✷✾✳✻✺✽✸

✭✵✳✺✶✸✸✮ ✲ ✲ ✭✼✾✺✺✳✵✵✵✸✮ ✭ ✽✶✳✶✻✹✹✮

❇▲ ✸✳✻✵✸✻ ✸✸✳✻✸✽✼ ✲ ✹✳✽✸✵✼ ✶✶✽✳✽✸✼✹

✭✵✳✻✶✽✼✮ ✭✻✸✳✼✶✹✺✮ ✲ ✭✾✳✷✸✽✷✮ ✭✹✷✽✳✾✷✻✾✮

❊▲ ✸✳✻✷✻✶ ✲ ✲ ✷✵✵✼✹✳✺✵✾✼ ✷✻✷✺✼✳✻✽✵✽

✭✵✳✻✷✸✻✮ ✲ ✲ ✭✷✵✹✶✳✽✷✻✸✮ ✭✾✾✳✼✹✶✼✮

▲♦♠❛① ✲ ✲ ✲ ✺✶✹✷✺✳✸✺✵✵ ✶✸✶✼✽✾✳✼✽✵✵

✲ ✲ ✲ ✭✺✾✸✸✳✹✽✾✷✮ ✭✷✾✻✳✶✶✾✽✮

❚❛❜❧❡ ✷✳ ❚❤❡ st❛t✐st✐❝s ℓ(·)✱ ❆■❈✱ ❇■❈ ✱ ❈❆■❈ ✱ ❍◗■❈✱ A∗ ❛♥❞
W ∗ ❢♦r ❢❛✐❧✉r❡ t✐♠❡s ♦❢ ✽✹ ❆✐r❝r❛❢t ❲✐♥❞s❤✐❡❧❞ ❞❛t❛
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■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ ❢♦✉r✲♣❛r❛♠❡t❡r ❲❡✐❜✉❧❧✲▲♦♠❛① ✭❲▲✮ ❞✐str✐❜✉t✐♦♥✳ ❲❡
st✉❞② s♦♠❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❲▲ ❞✐str✐❜✉t✐♦♥ ✐♥❝❧✉❞✐♥❣ ❛♥ ❡①♣❛♥s✐♦♥ ❢♦r t❤❡
❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❛♥❞ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♦r❞✐♥❛r② ❛♥❞ ✐♥❝♦♠♣❧❡t❡ ♠♦♠❡♥ts✱ ♠❡❛♥
r❡s✐❞✉❛❧ ❧✐❢❡✱ ♠❡❛♥ ✇❛✐t✐♥❣ t✐♠❡✱ ♣r♦❜❛❜✐❧✐t② ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts✱ ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞
q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥✳ ❋✉rt❤❡r✱ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❘é♥②✐ ❡♥tr♦♣②✱ q ❡♥tr♦♣②
❛♥❞ ♦r❞❡r st❛t✐st✐❝s ❛r❡ ❛❧s♦ ❞❡r✐✈❡❞✳ ❚❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞ ✐s ❡♠♣❧♦②❡❞ ❢♦r
❡st✐♠❛t✐♥❣ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ t❤❡ ♦❜s❡r✈❡❞ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐①✳ ❲❡ ✜t
t❤❡❲▲♠♦❞❡❧ t♦ t✇♦ r❡❛❧ ❧✐❢❡ ❞❛t❛ s❡ts t♦ s❤♦✇ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❞✐str✐❜✉t✐♦♥✳
❚❤❡ ♥❡✇ ♠♦❞❡❧ ♣r♦✈✐❞❡s ❝♦♥s✐st❡♥t❧② ❛ ❜❡tt❡r ✜t t❤❛♥ t❤❡ ♦t❤❡r ♠♦❞❡❧s✱ ♥❛♠❡❧②✿ t❤❡
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❋✐❣✉r❡ ✸✳ P❧♦ts ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣❞❢s ❛♥❞ ❝❞❢s ❢♦r t❤❡ ❲▲✱ ▼❝▲✱
❑✇▲✱ ●▲✱ ❇▲✱ ❊▲ ❛♥❞ ▲♦♠❛① ♠♦❞❡❧s t♦ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❛t❛
s❡ts✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts

❚❤❡ ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❊❞✐t♦r ❛♥❞ t❤❡ t✇♦ r❡❢❡r❡❡s ❢♦r ❝❛r❡❢✉❧ r❡❛❞✐♥❣
❛♥❞ ❢♦r ❝♦♠♠❡♥ts ✇❤✐❝❤ ❣r❡❛t❧② ✐♠♣r♦✈❡❞ t❤❡ ♣❛♣❡r✳

❆♣♣❡♥❞✐① ❆

❚❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ 4 × 4 ♦❜s❡r✈❡❞ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐① J(Θ) = {Jrs} ✭❢♦r r, s =
a, b, α, β✮ ❛r❡ ❣✐✈❡♥ ❜②

Jaa = − n
a2 ,

Jab = −
∑n

i=1 zbi log zi,

Jaα = −b
∑n

i=1 zb−1
i (zi + 1) log (zi + 1)

1
α ,



Jaβ = αb
β2

∑n
i=1 zb−1

i (zi + 1)1−
1
α ,

Jbb = − n
b2

− a
∑n

i=1 zbi [log(zi)]
2 ,

Jbα =
∑n

i=1

(
1 + z−1

i

)
log (zi + 1)

1
α

−a(b+ 1)
∑n

i=1

[
zb−1
i (zi + 1) log (zi + 1)

1
α

]
,

Jbβ = − α
β2

∑n
i=1 z−1

i (zi + 1)1−
1
α − aα

β2

∑n
i=1 zb−1

i (zi + 1)1−
1
α [1 + b log zi] ,

Jαα = − n
α2 +

∑n
i=1 (zi + 1)

[
α+ (b− 1)

{
α
(
1 + z−1

i

)
− z−2

i

}

−ab
{
α
(
zbi + zb−1

i

)
+ b zbi + (b− 1) zb−2

i

} ]
,

Jαβ = − 1
β2

∑n
i=1 (zi + 1)−

1
α

−
∑n

i=1 (zi + 1)1−
1
α

[
− (b−1)

β2

{
z−1
i − z−2

i log (zi + 1)
1
α

}

+ ab
β2

{(
zbi + zb−1

i

)
(zi + 1)−1 + log (zi + 1)

[
b zb−1

i + (b− 1)zb−2
i

]} ]
,

Jββ = − n
β2

+ α
β3

(
1− 1

α

)∑n
i=1 (zi + 1)−

1
α

{
zi +

1
β
(zi + 1)1−

1
α log (zi + 1)

}

− α
β3 (b− 1)

∑n
i=1 (zi + 1)1−

1
α

[
− 2 z−1

i − α
β
z−2
i (zi + 1)1−

1
α − α

β

(
1− 1

α

)
z−1
i (zi + 1)−

1
α

]

+abα
β3

∑n
i=1 (zi + 1)1−

1
α

[
− 2 zb−1

i − (b−1)α
β

zb−1
i (zi + 1)1−

1
α − α

β

(
1− 1

α

)
zb−1
i (zi + 1)−

1
α

]
.
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